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Abstract

We bring a control perspective to the problem of identifying paths of measures
for sampling via dynamic measure transport (DMT). We highlight the fact that
commonly used paths may be poor choices for DMT and connect existing methods
for learning alternate paths to mean-field games. Based on these connections
we pose a flexible family of optimization problems for identifying tilted paths of
measures for DMT and advocate for the use of objective terms which encourage
smoothness of the corresponding velocities. We present a numerical algorithm for
solving these problems based on recent Gaussian process methods for solution of
partial differential equations and demonstrate the ability of our method to recover
more efficient and smooth transport models compared to those which use an untilted
reference path.

1 Introduction

Sampling from a target probability distribution 7 € P(R) is a fundamental task in modern machine
learning, enabling, e.g., uncertainty quantification in Bayesian inference [16] and generation of
convincing synthetic data [8, 29} [13]. Many recent sampling algorithms are grounded in a dynamic
measure transport (DMT) framework, which typically makes use of a stochastic differential equation
(SDE)

dX; =v( X, t)dt + odWy, t€[0,T], Xo~n, 1)

where v : R? x [0, T] — R? is the drift or velocity, o > 0 is a fixed noise level, W; is white noise, 7
is a reference measure, and 7' > 0 is a stopping time. Broadly speaking, the goal is to design the
dynamics (1)) such that X1 ~ 7. In practice, due to limitations of data and computation, we ask for
an approximate process X ¢ such that Law()? 1) ~ 7. This can often be cast as a learning problem
for an approximate drift ¥ &~ v. With © in hand, we can generate approximate samples from 7 by
simulating (T)) with ¥ to transform samples from 7 into approximate samples from 7.

The SDE (T} (an ODE for o = 0) induces a path of distributions (p(t))¢co,)> Where p(t) = Law (X}),
satisfying p(0) = n and p(T") = 7. In some DMT approaches, such as neural ODEs and continuous

normalizing flows [10l [17], this path is implicit or of little concern, but in more recent methods, such
as diffusion models or stochastic interpolants [30} 1} 26} 9l 34], the path is explicit and at the heart of

the methodology. In these latter methods the drift v is identified not only such that Law()A(T) ~ m, but
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also such that Law (X;) ~ p(t), for all t € [0,T). As p and v must jointly satisfy a Fokker—Planck
equation (FPE) corresponding to (T)), the entire problem of DMT can be cast as one of approximately
solving the FPE; some recent techniques are based precisely on this idea [31} 26, [25].

2 Good and bad paths of measures

In this article we consider the following question:

Can we identify a problem-dependent path of densities p(t) for which an associated
drift v and sample trajectories X, can be well approximated?

Our motivation stems from the fact that some DMT approaches can be used with virtually any
tractable path of measures so long as the required “ingredients” for approximating v are available. For
instance, stochastic interpolants [[1, 2] use paths given by the law of a random variable interpolation
which can be constructed rather arbitrarily. Likewise, density-driven DMT approaches often use the
geometric annealing path between 7 and 7, but there are some, e.g., [25, 126} 131} 34], that could, in
principle, be used with any path of measures with an accessible log-derivative. Within these flexible
frameworks it is not often clear which paths are best, especially given that canonical paths like the
McCann interpolant [27] are typically intractable. The current practice in DMT approaches that allow
a choice of path is seemingly to choose one which is easy to write down: in stochastic interpolants
[2 23] 124] the default path corresponds to a linear interpolation between reference and target random
variables, and in density-driven settings practitioners tend to employ the geometric annealing path.

2.1 Issues with the geometric annealing path

The geometric annealing path, given by u(t) < n'~txt, ¢t € [0, 1] is convenient for density-driven
DMT because it has a log-derivative which is independent of normalizing constants. Moreover,
it possesses Fisher—Rao gradient flow structure [14} [12]] and variational characterizations (e.g., [4}
Theorem 4.9]). It may, however, be problematic for DMT with certain combinations of 1 and 7.
This issue was, to our knowledge, first highlighted in Maté and Fleuret [25]. We demonstrate this
phenomenon via the example n = A/(0,1) and m = ZA/(—8,1) + $A(4,1) in the top row of
Figure The evolution of y(t) is dominated by transport from 7 to the closest mode of 7 until
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Figure 1: Geometric annealing path (top) and path resulting from solving our proposed control
problem (@) (bottom) for the example = A(0,1) and m = ZN(—8,1) +
generated by the respective velocity fields are plotted overtop in red.

tN(4,1). Samples

t ~ 0.8, at which point “teleportation of mass” from the lesser to the greater mode begins. Capturing
this teleportation with DMT is difficult; the velocity we identify by numerically solving the FPE (see
Section[4) almost completely fails to place samples in the left mode. The physics-informed neural
network (PINN) approach used in Maté and Fleuret [25]] faced similar difficulties with analogous
examples. Even if an algorithm could learn a velocity achieving transport along (t) for this (1, 7),
such a velocity would be large and irregular; see Chemseddine et al. [9]] for results in this vein.

2.2 A fix and an explanation

The approach taken in Maté and Fleuret [23] to correct teleportation behavior of p(t) is to add a
perturbation f : R x [0,1] — R to the log of the geometric mixture,

log u? (-, 1) = (1 = t)logn(-) + tlogm(-) + (1 — ) f(-,t) — log Z(1), e



where Z(t) = [pan*trtet(1=DF(D dz is the normalizing constant. The interpolation (2) ensures
! (0) =n and p/ (1) = 7 and corresponds to a tilting pu/ (-, ) oc (-, t)et=9FC0 of 4, In 23], f
is learned alongside a velocity field v by minimizing a PINN loss corresponding to the continuity
equation for ODE transport along the path (2). This optimization problem is strongly ill-posed—there
are infinitely many fs one could use in (2, and even for fixed f there are infinitely many valid
velocities v. Yet, remarkably, the f and v [25] recovers are quite well-behaved [25, Figure 8].

Obtaining a nice path by minimizing a PINN loss over neural networks is not a given; in replicating the
results of [25] we found that considerable tuning was necessary. This behavior and the ill-posedness
of the underlying optimization problem suggest that implicit regularization is occurring. In fact, the
interpolation (2)) can alternately be grounded in an explicif regularization approach. Many generative
models which make use of DMT can be identified with solutions of mean-field games (MFGs), which
are infimizations of structured cost functionals over paths of measures p and drifts v jointly satisfying
a FPE [35]. A particular MFG which fits into the framework of Zhang and Katsoulakis [35] is

1

inf {DKL<p<1>|7r> + / (1 — t)Dyew (p(8)]l7) + D (plt) ) lt + /

v,p

Ep(t)[L(Xt,U(Xt7t))] dt}
24V () =0, p0)=n. ()

In (@), the terminal cost Dky,(p(1)||7) encourages p(1) = m, while fol E, ) [L(Xe, v(Xy, t))] dt is
an action cost used to penalize v; a typical choice is L(z,v) = 1|v|?. We choose interaction costs
T(p) = (1 — t)Dkw(plln) + tDxwL(p||7), t € [0, 1], because they are minimized by pu(t) oc n' =t
[4]. Thus, the solution p(t) to (B) will be close to 1(t) to the extent that it does not incur large action
costs. The optimality conditions for (3) imply that

log p(- 1) = (1 — ) logn(-) + tlog () — 5 4+ H(., VU (1)) - (1), @)

i.e., p(t) is a tilting of the geometric mixture p(t), similar to the model posed in (2). In (@), U is the
value function and H is the Hamiltonian; see Appendix [B|for details.

3 Path identification via regularization

Given the surprising performance of the learned interpolation approach [25]] and its connection to
mean-field games [35] or related control problems, we propose to identify tilted paths of measures

log p?(x,t) = log p™*! (z, 1) + g(x, t) — log Z (1),

and corresponding velocity fields v for ODE transport by solving control problems of the form

1)6%211569 ”UH%}‘*‘)‘g”g”é s.t. _v'(Upg) :pg<at logpg), p O(pref g(vo) :g(al> =0.

)
In the above, p™! : [0, 1] — P(R?) is a reference path of measures (such as p(t)), g : [0, 1] xR? — R
is a perturbation taken in a Banach space G, Z(t fRd prf(z,t)e?®b dz is the normalizing

constant, and A\, > 0 is a regularization parameter. We additionally take v : R? x [0,1] — R%ina
Banach space V We justify the formulation (3] as follows:

* Parametrizing pY as a tilting is tractable and expressive. Tilted measures are already used to
obtain diffusion-based samplers from unnormalized densities via stochastic optimal control
[36, 18116, 133]], and fine-tuning of diffusion models is frequently cast as one of sampling
from a tilting of the distribution of the base model (e.g., [[15]]).

* Equation (3] captures a wider range of penalties on v than those that arise in MFGs [33].
Note that if we take V = L2([0, 1], V) to be a Bochner space, where V is an appropriate
Banach space, we obtain a penalty ||[v]|}, = fol lv(-, )13, dt akin to the action cost in a
MFG (3). Action costs in MFGs, however, must be of the form fol E,, [L(X¢, v (Xy))] dt,
precluding the use of, e.g., Sobolev or reproducing kernel Hilbert space (RKHS) norms to

regularize v. Recent works suggest that smoothness plays an important role in convergence
of learned DMT models [7, 132]], and we argue that it is important to capture this explicitly.



* The constraints in (3) enforce p9(1) = 7 rather than encouraging p?(1) ~ 7 via a terminal
cost. Our formulation may thus be better able to capture the regularization phenomena
occurring in the approach of Mété and Fleuret [25] and is also more relevant to other DMT
approaches which enforce p(1) = 7, such as stochastic interpolants [T} 24} 23].

3.1 Comparison to other control approaches for sampling and path identification

Several works use a stochastic optimal control (SOC) approach to construct samplers (given an
unnormalized density) as solutions to a Schrodinger bridge problem [36, [18} 6, 33]. The SOC
formulation, which can also be cast as a mean-field game [33]], is

1
meigE[/ (X, It +log ZLD (x| st dXpE = o(u(XE, £ dt + o(t) AW,
u 0

Xy=0, (6)

where U is a set of allowable controls, o : [0, 1] — R%*? is a diffusion coefficient, and pc¢ (-, 1) is
the ¢ = 1 density of the uncontrolled process, e.g.,

dX, =o(t)dW,, te€0,1], X, =0. 7

The motivation for adopting (6) is that one can show, via Girsanov’s theorem, that the optimally
controlled process (X}*" )te[o,1) has terminal distribution p* “(-,1) = 7. The path measure of the

process (Xt“ )telo,1 is in fact the Schrodinger bridge (SB) between 7 = dg and 7 with base process
(7). While we also use control in our framework (3)), we seek a path of measures resultmg in smooth
dynamics, whereas the SB seeks a path of measures which is as close as possible, in KL divergence,
to a reference path while satisfying desired terminal and initial conditions. When the SB problem is
cast as an SOC problem, the Lo norm of the drift is penalized, which promotes small magnitude but
not necessarily smoothness, and the terminal condition is replaced with a terminal cost. Our approach
also differs from @ in that we focus on ODEs rather than SDEs; we assume that 1 has a density (i.e.,
is not a Dirac); and we use explicit boundary conditions to ensure p?(1) = 7.

Another related recent work is Hernandez et al. [[19]], which considers action-minimization problems
for identifying paths between probability measures. Like our framework, [19] includes more general
costs via an interaction energy term and enforces p(0) = n and p(1) = 7 via explicit boundary
conditions. The motivation in [[19] is to enable obstacle avoidance and to incorporate other application-
specific costs in settings such as robotics, whereas our aim is principled design of DMT-based
samplers. Numerically, [19] recasts the action-minimization problem as a static transport problem
and lifts to a space of parametric pushforward measures, which is quite different from the dynamic
PDE-constrained optimization approach we adopt here.

4 Numerical approach & experiments

Here we consider (3) with V = H,, and G = H,, as follows: H, is a scalar-valued RKHS [5]] with

kemmel K, : Y XY — R, where Y = R? x [0,1], and H,, is a vector-valued RKHS [3, 21]]. We take
‘H, to be curl-free and identify v = Vu, where w is an element of a scalar-valued RKHS #,, with
kernel K, : Y X Y — R (in our one-dimensional example this is WLOG). The problem () is then

lullde, + AallglF, st =V - (p'Vu) = p?(Bilog p?), p? o pe?,
g

9(0)=g(,1)=0. (8)

To solve (§) we employ the Gaussian-process PDE (GP-PDE) solution method of [T1]]. In brief,
we enforce the PDE constraint and the boundary condition g(-,0) = ¢(-,1) = 0 at finite sets of
collocation points on the interior and boundary of X. Representer theorems for w and g [28]] simplify
I 9”319 and ||u|\§{z and we relax the constraints, ultimately obtaining the equivalent discrete problem

UEH 4, gEH

ER(dJirrll)ff eRrY ZIK“((P’w)_lz'fi_)‘gngﬂ(w’w "2+ Apde Z ‘F ZJ’ZJ’ZJ"ZJ’C ’ +)‘ch |Z %
Zy 7y
Zg6R<d+1>Jc+~’b =1

(9)



where Apde, Abe > 0 are regularization parameters, {F; : j € [J]} encode the PDE constraint, and
z,, and z, completely parametrize the optimal v and g. We use a Levenberg-Marquardt algorithm
to solve (9) with a Cholesky change-of-variables as advocated in [20]. As proof of concept, we
use (8) and () to find a path p¢ and velocity v, = Vugy for ODE transport between n = N (0, 1)
and 7 = %N(—& 1)+ %N(él, 1), with p**f = 1. For comparison, we use a GP-PDE approach to
directly compute a velocity field v, = Viurer for transport along p*f. Both approaches use the same
collocation points and kernels; in particular, we take K, ((xz,t), (2',t")) = (x,t), (2',t)) =
K, (z,2")K(t,t"), where K, and K are kernels on R. See Appendicesﬁand for further details.

n(a, t) o< n(z)" ()" (2,) o a(a, H)es)

(z,t)
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Figure 2: Space-time plots of the reference path p(z,t) o n(x)'~tp(z)! (left), the tilting e9(*:*)
(center), and the path p9(z,t) oc pu(x, t)ed®? resulting from (@) (right).
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In Figures |1| and [2| we show the two paths, p™ = u and pY, and in Figure |1| we show samples
generated using the corresponding velocities, vyef and v,,. The tilting 9 recovered from (9)) eliminates
the teleportation present in u, leading to better-quality samples generated by v,. In Figure E| we
display the trajectories of particles sampled from 7 and transported by v;.f, v4, and the velocity
corresponding to the McCann interpolant (computed analytically in this 1D example). We see
that, in addition to placing more samples in the left mode of 7 than v,¢¢, the learned velocity Vu, is
spatially smoother than the McCann velocity. This result is similar in flavor to that of Tsimpos et al.
Figure 3], wherein a time-rescaling is applied to the McCann interpolant to obtain a smoother
velocity field. Our approach differs from [32]] in that we do not use the McCann interpolant as a
starting point and that the path of densities itself, rather than just the schedule, is allowed to deviate
from the reference. In Figure |5|we plot the spatial RKHS norms |[ug (-, t)||3, and [|tres (-, )2, »
where H,, is the RKHS with kernel K, as a function of {. We see that ||uyes (-, t)||7, increases by
more than tenfold over the course of [0, 1] in order to capture the teleportation in p™f, while ||ug |3,
stays relatively constant. We assess the quality of the samples generated by vy and v,¢f in Tablem
While vg does not sample perfectly, it still represents a dramatic improvement OVer vyef.

5 Conclusion

We have presented a flexible, general control framework (3)) for identifying paths of measures for
DMT as tiltings of accessible reference paths. Our framework enables the promotion of smoothness
of the associated dynamics via penalization with, e.g., Sobolev or RKHS norms, and can serve as the
basis for a range of numerical implementations. We have used one such implementation to generate
proof-of-concept results demonstrating clear benefits of using a learned path with smooth dynamics,
but looking ahead we are considering other formulations based on alternate functional penalties,
for example, Bochner space norms on v and g. We anticipate that our framework will enable us to
discrern the relative roles of spatial and temporal regularity in influencing the tractability of a given
path, and ultimately inform better choices of path in sampling applications, like Bayesian inference
and data assimilation, where annealing is often employed and the reference n cannot be modified.
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A Additional numerical results

Here we provide additional figures and tables corresponding to the experiment in Section 4]

Reference Trajectories Learned Trajectories McCann Trajectories
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Figure 3: Trajectories corresponding to three different velocity fields for DMT between 7 and 7:
the reference velocity vrer = Vurer (left), the learned velocity v, = Vuy (center), and the McCann
interpolant velocity (right). The learned velocity v, places more mass in the left mode than the
reference velocity v, and is spatially smoother than the McCann interpolant velocity.
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Figure 4: Potentials u,ef and u4 and velocity fields vref = Vs and vy = Vug, corresponding to the
geometric path p*f = 11 and the path p? obtained from (9). In the first two columns of panels we show
the absolute potentials/velocities, and in the second two columns we show the potentials/velocities
weighted by their respective probability densities, which better capture how the mass is moving.
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Figure 5: Spatial RKHS norms of uy(-, t) (blue) and u,¢ (-, t) (red) as a function of time.

Fractionin  Relative Error  Relative Error MMD | Il %
left mode  in Mean | in Variance |
Reference Interpolation  0.005 1.80 0.96 0.743 770.
Learned Interpolation  0.375 0.88 0.016 0.137 136
Ground Truth Samples  0.654 0.040 0.024 7.21 x 1074 n/a

Table 1: Quality metrics evaluated on 1000 samples generated by v, and by v,.t. We evaluate the
same metrics on 1000 ground-truth samples from 7 for comparison. In truth 2/3 of the mass of 7
belongs in the left mode, the mean of 7 is —4 and the variance of 7 is 33.

B Optimality conditions for mean-field game

In Section[2.2] we introduce the mean-field game

1

inf {DKL<p<1>|7r> + / (1 — ) Dyew (p(8)]l7) + D (plt) ) lt + /

v,p

Ep(t) [L(Xt,v(Xt,t))] dt}
st 24V (po) =0, p0)=n. (10)

The optimality conditions for this game consist of a coupled system of a Hamilton-Jacobi-Bellman
equation (TI) and a continuity equation ,

SOUD 4 B, VU, ) = og pla, 1) — (1~ 1) log () — tlog () + c(t) (1)

U,1) =b+1og @), p,0) =9, (3
where H(z,p) = sup,[—p'v — L(z,v)] is the Hamiltoniar[} U : R? x [0,1] — R is the value

function, b € R is constant, and ¢ : [0,1] — R is a time-varying constant. Equations to (13)
follow from standard results in control theory [22 35]].

C GP-PDE computational approach

C.1 For the reference solution

Before describing the GP-PDE solution approach to (), we first describe the kernel collocation
approach used to approximately solve the elliptic equation

=V - (@, ) Ve (2, 1)) = p(,t) (log L (x) — By p[log 2]) (14)

1e.g., if L(z,v) = %\v|2, then H(x,p) = %\p\Q and Vo H (z,p) = p.




which recovers a velocity field Vi, for transport along the geometric mixture (t) = n'~txt. This
approach is used as a basis for comparison to (8) and is a building block of the approach to (8).

We denote the linear operator on the LHS of (T4) by Lu := —V - (uVu), and denote the right-hand-
side of (T4) by f(x,t) = p(x,t)(log Z(x) — E, .+ [log Z]). Thus, the PDE (T4) reads Lucr = f.
We only enforce the PDE (T4) at a set of collocation points {(z;,t;)}7_, C Y, obtaining

(ﬁuref)(mj,tj) :f(.%'j,tj), ] = 1,...,J. (15)

We now seek a solution uef : Y — R to (I3)), where Y = R9 x [0, 1], in the RKHS #,, with kernel
K, having minimum norm,

Uref = arg min ||uH%_Lu st (Lu)(xj, t;) = f(xj,t5), j=1,...,J. (16)
UEH,
Forj=1,...,J,let ¢; : H, — R denote the linear functional

¢;(u) = (Lu)(z;,t5),
and let ¢ = (¢1,...,¢3) : Hy — R’ be the linear feature map comprised of ¢1, ..., ¢ . Denoting

f=(f(x1,t1),..., f(xs,ts)) € R, the problem (T6) reads
Urer = argmin ||ull3,, st ¢(u) = f. (17)
uEHy

Equation (T7)) is an optimal recovery problem and has a well-known solution arising from representer
theorems on RKHS (e.g., Owhadi and Scovel [28]], see also Chen et al. [[11], Jalalian et al. [20]),

namely
uref(') :Ku(a¢)Ku(¢v¢)_1f (18)
In (T8) K, : Y — R/ is a vector field with elements
Ku(7¢) = (Ku(a¢)1 Ku(,¢)J), Ku(y7¢)1:¢l(Ku(ya))a i = 17'~-3Ja (19)
and K, (¢, ¢) € R7*7 is a symmetric matrix with entries
Moreover, the RKHS norm of the optimal recovery solution uv* is
”uref”’QHu = fTKu((ba ¢)_1f~

. . . x o .
In our experiments, we approximate the unknown expectations E ;) [log ;] appearing in (T4) using
quadrature, since our examples are one-dimensional.

C.2 For the control problem

Now we return to the problem in Equation (8],

werdtE e, Il +Xgll5, st =V-(p"Vu) = p? (D, log p7). p% ox ue?, g(-,0) = g(-,1) = 0.
| 1)

Recall that H, is a scalar-valued RKHS with kernel K, : Y x Y — R and H,, is a scalar-valued
RKHS with kernel K,, : Y x Y — R. This problem is similar to (I6) except that the constraint
is nonlinear in u and g jointly. We proceed similarly as before, only enforcing the PDE constraint,
which can be equivalently written

F(J?, t; 9, u) = IOg %(x) + 6159(3:7 t) - E§~p~‘7(t) IOg %(5) + 8159(57 t):|
at the same finite set of points {(x;,¢;)}7/_; € R? x [0, 1] used for the reference method. Likewise,
we enforce the boundary conditions g(-,0) = g(-,1) = 0 at finite sets of points on the boundary,
{(=9, O)};-IO:1 and {(z}, 1)}}]1:1, obtaining
F(zj,tj;9,u)=0 je{l,...,J}

. 2 2 0 _ ;
v lullzg, + Allgll, st g(xTO) =0 €L, Ao} (23)
g(x5,0) =0 je{l,..., i},



The first set of constraints in (23)) can be expanded

F(xj,tj;9,u) = log (x;) + Org(w;, t;) — C(t;)
—((1 =t;)Viogn(z;) +t;Vlogm(x;) + Vg(x;,t5), Vu(zj, t;)) — Au(zy,t;) =0,
=10, (24)

where
Clty) = Bepae,) |08 T(€) + Di9(6,15)] -

C(t) is the time-derivative of the log normalizing constant of p¢ and is typically unknown; in our
implementation we learn needed evaluations of C' (at all distinct ¢; in our collocation point set),
which we denote by ¢ € R, simultaneously with « and g; see also M4té and Fleuret [25, Lemma 1].
Notice that the constraints (24) only depend on the values of 9;g, Vg, Vu, and Aw at {(x;, tj)}f:y
Likewise, the boundary constraints in (23) only depend on the values of g at {(:c?70)}3]°:1 u
{(=z}, D)}, = {(«b, %)}/, where J, = Jo + J1. As such we denote these values

1

)

hg(zj,t;) =z; €R
Vg(zi,t;) =12z2€cR?

9@ 1) A S S NP (25)
Vu(zj,t;) =12z} €R
Au(zj,t;) =zj €R,

and

g(w?,ts) = 2]5 eR, j=1,...Jp.
For brevity, we also introduce notation for the known quantities in @,
™ .
log 5(%) =l eR

(1 —t;)Viogn(z;) +t;Viogn(z;) :=s; €RL  j=1,...J.

With this notation in hand, the collocation Equations (23) and (24) can be written
Fj(2},2%,23, 27, c) Eﬁj—i—z]l- — C(t;) — (s; —l—z?, z3> —z? =0, je{1,...,J}, (26)

VAR R R R J
and
=0, je{l,.....}. (27)
Thus, fulfilling the constraints of @) consists in identifying suitable values of z}, z?, z?, and z?,

jef{1,...,J}, z?, j € {1,...,Jp}, and ¢ € RY. Therefore we return to (23), replacing the
constraints with the collocation Equations (26) and (27) and obtaining a bilevel optimization problem

Oig(zj,t;) =z €R, je€[J]

Vy(zjt;) =2z €RY jelJ]

inf inf lull3, + Mlgl3, st Vu(z;,t;) =2z R jelJ

Ziﬁﬁv%’ﬂewl u€Hwu,gEM, h ’ Au(xj' tj‘) = zg* eR, jel[J]
27, J€lTb Y i

ceR™ g(l‘?,t?) = 35 S Ra J € [Jb]

st Fj(z),22,20,2),¢) =0, je[J], 20=0, je[h]. (28)

The inner problem in (28)), being separable in u and g, has a solution analogous to (T8),

u*() = Ku(7 QD)KU(QQ (p)_lzu, g*() = Kg(W)Ku(i/M/J)_lZg (29)
We use z,, € R7(41) to denote
Z, = (z‘ll o @B (Z?})T)T’ (30)



and z, € R7(@+D+7% 10 denote
.
zg= (21 - 2z o2 o2, (@) o (Z)T) .
In @9) ¢ : Ho — R7(@HD s the linear feature map
.
e()= (') - PI() e) e M) e () e 9Ti()
T
= (') o @) @) e e e pJERD ()

where the component linear functionals
o'(u) = Au(zi, i), @7 (u) = (Vu(z,t));, i€{l,....J}, j€{l,....,d}, (32)

give rise to the elements of z,,. Similarly, ¢ : H; — R’ (d+1)+7s is the linear feature map

3D

¢:(’(/}17""wJ7wJ+17"'7’(/}J+Jb7¢11?"'71/}1(17"'7wJ17"‘7z/JJd)T

33
T O CRear Ol Gy

where the component linear functionals
Vi(g) = Ohg(wi, ti), ¥ (u) = (Vg(xi,t;);, i€{l,...,J}, je{l,...,d}
VI (g) = g(al. ), i€ {l,... B}
give rise to the elements of z.

The vector fields K, : YV — R>J/E+D and K (-,4) : YV — R>JEFD+L are defined
analogously to (T9), and the symmetric matrices K (¢, ) € R7(FDXJA+) and K (1,1)) €
R (d+1)+70)x(J(d+1)+J) are defined analogously to (20).

The norm of u* in @9) is [[u*]|3,, = z,Ku.(p,¢) 'z, and the norm of g* is ||9*H§{g =

z;—K ¢(, w)’lzg. These norms define the optimal value of the inner problem in (28)) such that
the problem reduces to

inf oz} Ku(,0) 2y + Az} Ky (i, 4) 7!

zuER<d+l)J
de]R(dJrl)JJer y s 4
ceR™ s.t. F(Z]7ZJ,Z],ZJ,C)—O, ]E[‘”? Z?:Oa ]E[Jb] (34)

Following the relaxation approach of Chen et al. [[11], in practice we exchange the constrained
problem (34) for the penalized unconstrained problem

inf 7, Ky (o, 0)” zu—l—)\z Ky(,)~ ‘7+)‘PdeZ’F zj,z],zj,zj’c ‘ +)\ch|2'52

2, ER(4TDT
ZQGR(d+1)J+Jb

ceR™
(35
Problems of the form (33)) can be solved via Gauss-Newton or Levenberg-Marquardt algorithms;
we take the approach of Jalalian et al. [20, Appendix C.2] and employ Levenberg-Marquardt with
Cholesky changes of variables w,, = L'z, and w, = L;lzg, where K, (p,p) = L,L} and

Ky(4,¢) = Ly L] are the Cholesky factorizations of K, (¢, ¢) and K,(1), ).

D Experimental details

In the experiment of Section {4 our collocation points {(x;,;)}7_, are the tensor-product of a
uniform spatial grid over the interval [—2s — 3, s + 3] and a uniform time grid over the interval
[0,1]. We take N, = 50 spatial points and N; = 51 time points, for a total of J = N, N; = 2550
space-time collocation points. Additionally, the boundary points {(z% 7 té’)} * , are the tensor product
between the same uniform spatial grid and {0, 1} for a total of J, = 2N, boundary points.
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We take K, ((z,t), (2/,t")) = Kq((x, 1), (2, 1)) = Ky(z,2") K(t,t'), where K, and K are SPD
kernels on R. We choose K, and K; to both be Matern kernels,
2
K " =
(x’x ) 1—\

(. (525,

where I' is the Gamma function and K, is the modified Bessel function of the second kind. We
take the smoothness v = 5/2. We set the lengthscale of K; tobe oy = 1 +/N; and the lengthscale
of K, to be o, = 180/Nx. We initialize the unknowns in Equation (éb atz, = 0 € R/(4+1),
z, =0 € R/@+D+% and ¢ = 0 € RY. For the first few iterations of optimization we dynamically
adjust the regularization parameters to balance the terms of the loss, ultimately settling on A, = 51.8,
Apde = 2.63 x 10°, and Ape = 6.01 x 10%.

The ensembles appearing in Figure|l|and for which the metrics in Table 1| were computed consist
of 1000 particles each and were generated using the forward Euler method with a uniform step-size
At = 0.01.

We make use of the implementation of the GP-PDE approach provided by Jalalian et al. [20]. All
experiments were run on one Nvidia A100 GPU, although they could be feasibly run on a standard
CPU (e.g., on a laptop) as well.

v
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: The abstract succinctly summarizes the contributions of our paper.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: This is a workshop paper and the results are preliminary. The conclusion
discusses avenues for future work.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: While we do not have any formal theorems/proofs, the mathematical connec-
tions we draw are well-explained and justified.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Algorithms and hyperparameters are detailed in Section[d]and Appendices [C]
and

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: While our code is not ready to be released at this time, we will provide a link
to a repository containing code to reproduce the experiments in the camera-ready version.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: See Appendix
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]

Justification: Our algorithms and their initializations are deterministic and thus error bars
are not needed. For testing the performance of our learned velocities in sampling, we used a
large enough ensemble (1000 samples in one dimension) that any statistical errors are very
small.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: See Appendix [D}
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: No human subjects were involved in this research. This reseach does not rely
on any datasets.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The methods proposed are primarily concerned with sampling from probability
measures known through their densities, and as such the potential for direct societial impacts
is low.

Guidelines:
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11.

12.

» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We cite the paper corresponding to the code we used for the GP-PDE imple-
mentation and will also acknowledge the creators in the camera-ready version.

Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: New code will be released with the camera-ready version.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: LLMs were not used in any aspect of the methods of this paper.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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