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ABSTRACT

Natural actor-critic (NAC) methods have demonstrated remarkable effectiveness
in various reinforcement learning problems. However, there remains a noticeable
gap in the literature regarding the finite-time analysis of this practical algorithm.
Previous theoretical investigations of actor-critic techniques primarily focused on
the double-loop form, involving multiple critic steps per actor step, or the two-
timescale form, which employs an actor step size much slower than that of the critic.
While these approaches were designed for ease of analysis, they are seldom utilized
in practical applications. In this paper, we study a more practical single-loop
single-timescale natural actor-critic algorithm, where step sizes are proportional
and critic updates with only a single sample per actor step. Our analysis establishes
a finite sample complexity of O(e~*), ensuring the attainment of the e-accurate
global optimal point. To the best of our knowledge, we are the first to provide
finite-time convergence with the global optimality guarantee for the single-loop
single-timescale natural actor-critic algorithm with linear function approximation.

1 INTRODUCTION

Actor-Critic (AC) algorithms have achieved significant success and emerged as a popular approach in
various reinforcement learning algorithms since their introduction (Konda & Borkar, |1999; [Konda &
Tsitsiklis| |1999)). In the AC algorithm, the actor updates the policy by estimating the policy gradient
(PG), a function of the Q-value corresponding to the policy. To accurately evaluate the Q-value,
the AC algorithm employs the critic to track the value function. This design often reduces variance
and accelerates convergence in practice, compared to using the Monte Carlo rollout to estimate the
Q-value in the PG method. The Natural Actor-Critic (NAC) algorithm is a variant of AC, in which
the actor adopts the Natural Policy Gradient (NPG) algorithm. NAC methods are widely used in
practice, such as in trust region policy optimization (TRPO) and proximal policy optimization (PPO),
and they often outperform AC in numerous applications.

Previous theoretical analyses for AC and NAC primarily focus on two variants based on the same
concept. First, numerous studies consider double-loop variants, wherein the inner critic takes multiple
update steps to accurately approximate the Q-value per actor step. The analysis for the actor and
critic can be decoupled, reducing the problem to the policy estimation sub-problem in the inner loop
and the policy gradient with the error sub-problem in the outer loop. It is important to note that this
double-loop design is primarily for simplifying analysis and is seldom used in practice. Generally,
it is sample inefficient compared to single-loop AC (NAC) as it requires accurate estimation of the
Q-value function for the current policy.

The second variant involves two-timescale methods, wherein the actor’s step size decays much slower
than the critic’s, with the ratio of their rates converging to zero as the iteration number approaches
infinity. This design ensures that the actor always has an accurate Q-value estimation. Consequently,
the analysis can be decoupled for the actor and the critic, akin to the double-loop variation analysis.
It is important to note that two-timescale methods are not frequently employed in practice, as they
necessitate artificially slowing down the actor, leading to inefficient sample complexity.

The theoretical analysis for the more practical single-loop single-timescale AC (NAC) presents
a greater challenge. As the actor and the critic diminish at the same timescale, the decoupling
analysis technique becomes inapplicable. It is necessary to control the actor’s and critic’s errors
simultaneously, as they are deeply coupled due to the parallel update rule. Existing works analyze the
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single-timescale Actor-Critic and demonstrate an O (6_2) sample complexity to reach the stationary
point. These studies treat the two errors as components of an interconnected system. Analyzing the
single-loop single-timescale NAC is more challenging than the Actor-Critic and remains unexplored.
Since NAC employs the Fisher information matrix for the actor update, it is also essential to control
the error of estimating the Fisher information matrix, which depends on the current policy. In the
double-loop NAC, the Fisher information matrix can be approximated using multiple samples in
the inner loop (Xu et al., 2020). However, in the single-loop single-timescale algorithm, only one
sample is induced from the current policy and can be used to approximate the Fisher information
matrix unbiasedly. A potential approach is to compute the Fisher information matrix as a linear
combination of the estimation in the last iteration and the unbiased estimation of the current sample.
Then, the estimating error can be controlled by the estimating error in the last round and the policy
shift between iterations, which is related to the actor’s and critic’s errors. Consequently, it is necessary
to simultaneously control these three estimating errors. This requirement makes the analysis for NAC
more challenging.

1.1 CONTRIBUTION

* In this paper, we provide the first finite time sample complexity guarantee for the single-loop
single-timescale NAC algorithm with linear function approximation, which is O (672) to

find an e-approximate stationary point (|| V4V (6)]|5 < € + error) and O (e7*) to find an
e-global optimal (V* — V(0) < e + error), where V' (0) is the value function of policy 7y,
and V™ is the value function of the optimal policy.

* To reduce the Fisher information matrix estimation’s variance, we combine the previous
estimation with the unbiased estimation using one sample. This update rule makes the
estimation error related to the actor’s and the critic’s errors. Intuitively, when the actor takes
a step small enough, the Fisher information matrix estimation is accurate since it does not
change much between two iterations.

* The technical challenge in the analysis is that we need to simultaneously control the error
of the actor update, the critic update, and the Fisher information matrix estimation. In the
analysis of AC, |Olshevsky & Gharesifard| (2022)) use the small gain analysis that bounds
the critic error and the actor error with each other. The main difference and challenge in
analyzing NAC is that we also need to bound the error for estimating the Fisher information
matrix. Here we control these three errors together as an interconnected system and derive
the final bound for the sample complexity.

2 RELATED WORK

The AC algorithm was initially proposed by |[Konda & Borkar (1999)), which was later extended to
the NAC algorithm by Kakade| (2001). The asymptotic convergence of AC algorithms has been
well-established in various settings (Kakadel 2001} Bhatnagar et al., [2009; |Castro & Meir, [2010;
Zhang et al.||2020). Recent research has focused on the finite-time convergence of AC methods. [Yang
et al.| (2019) established global convergence of AC methods for solving the linear quadratic regulator
(LQR) under the double-loop setting. [Wang et al.|(2019) investigated the global convergence of AC
methods using neural network parameterization for both the actor and critic. [Kumar et al.| (2019)
studied the finite-time local convergence of several AC variants with linear function approximation.

For the two-timescale AC algorithm, a study by [Wu et al.| (2020) demonstrated finite-time local
convergence to a stationary point with a sample complexity of O(e~2-%) for finite action spaces.
Another work by Xu et al.| (2020) investigated both local and global convergence for double-loop
AC, achieving sample complexities of O(e=2®) and O(e~*), respectively, under the discounted
accumulated reward setting. (Chen et al.|(2022) established global convergence of two-timescale AC
methods for solving LQR, utilizing a single sample to update the critic in each iteration.

For the single-timescale algorithm, |Fu et al.| (2020) considered the least-squares temporal difference
update for the critic and obtained the optimal policy within the energy-based policy class for both
linear function approximation and nonlinear function approximation using neural networks. Further-
more, Olshevsky & Gharesifard| (2022); |Chen et al.|(2021); |(Chen & Zhao| (2022) investigated the
single-timescale AC in general MDP cases.
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setting paper convergence rate
Wang et al.[(2019) O(1/eh)
double-loop | [Kumar et al.[(2019) O(1/€%)
Xu et al.| (2020) O(1/€?)
AC | single-loop Qiu et al.[(2021) O(1 / )
two-timescale | [Wu et al.|(2020) O(1/¢€ 5)
single-loop Chen et al.| (2021) O(1/e%)
single-timescale | Chen & Zhao, (2022) O(1/€%)
Olshevsky & Gharesifard| (2022) O(1/e%)
double-loop Xu et al.[(2020) O(1/€%)
NAC fmgl‘."lo"P Khodadadian et al.(2021) 0(1/)
wo-timescale
single-loo .
single-timléscale this work O(1/€")

Table 1: Comparisons of settings and convergence rates with most related works.

3 PRELIMINARIES

This section introduces the basics of the discounted Markov decision process, natural policy gradient
algorithm, and single-timescale NAC.

We consider a discounted Markov Decision Process (MDP) with finite states and actions, where S is
the state space, A is the action space, and P(s’|s, a) denotes the transition kernel that the current state
s transits to s after taking action a. Denote r(s, a) € [0, 1] as the reward given the state-action pair
(s,a). We will assume that we parameterize the set of policies by § € © with g (a/|s) is the probability
of choosing action a in state s. Define the value-function Vy(s) = Eg [>_,2 v're(se, ar) | s0 = s],
where the expectation [y is taken over the Markov chain under the policy my. Define the Q-value as
Qo(s,a) = Eg [> ;20 v're(se,ar) | so = s, a0 = a]. Denote the distribution over the starting state
as p, and we ca define the expected value function under policy 7y as

V(0) =E[Va(s)] =Y _ p(s)Va(s)

Denote py, ¢(s) the probability that the state transits to s at step k if policy 7y is followed. Denote
g as the stationary state distribution induced by my. Following the policy gradient theorem, we can
differentiate Vj as:

VoV (0 Z Z AP Die,o( Zm (a]s)Qy(s,a)Valogmg(a | s)
s k=0,1,..
= Z o (s, a)Qe(s7 a)Vglogmg(a | s).

s,a

This form allows us to apply a stochastic version of gradient descent. For the policy 7, estimated at
t, we can generate a random sample (s, a;) from the stationary distribution ¢, and update as

Or41 = 0 — B1Qo, (5¢,a:) Vo log mg, (ay | s¢) .

For the natural policy gradient, it applies natural gradient descent, which is invariant to the parametriza-
tion of policies. Define F(6;) = E,, [Vglogmg, (ai|s;)Velogme,(as|s:)”]. the natural policy
gradient method updates as follows:

O = 0y — ﬂtF(et)TQ@,(Sta a;)Vlogmy, (ar | s¢),

where F(0;)" denotes the Moore-Penrose pseudoinverse of F(6;).

In practice, F'(6;) and Qg, (s¢, a¢) can be estimated via sampling. Both PG algorithm and NPG
algorithm apply the Monte Carlo method to estimate the Q-value, which might suffer from large
variance and high sample complexity. This motivates us to apply AC and NAC algorithms.
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We consider the single-loop single-timescale NAC method, where the critic is bootstrapping and uses
a single sample to update. The state-value function is approximated by the following linear function

Q@(Sv (L) ~ ¢(Sa a)TWG )

where ¢(s,a) € R is a known feature mapping for state action pair (s, a), wg € Q C R? and we
assume § is a compact convex set.

It is usually assumed that the best weight wy is unknown while a method to compute the features is
available. To compute good weights, the critic will perform a TD(0) update by generating the tuple
(8¢, ag, 1, S5, a)) by following the MDP and the policy 7y and the critic finally performs the update:

wiy1 = Po [Wt + o (ry + ’)’¢(5;a aé)th - ¢(St>at)TWt)¢(3taat)] )
where oy € (0, 1) is the step size of the critic’s update.

Then the actor can update using the Q-value estimated by the critic. We also need to estimate the
fisher information matrix F'(6;) via only one sample for the natural actor-critic method. We update
its estimation F} at each iteration ¢ as

Fy = (1= G)Fi1 + (Volog g, (ar|s¢) Vo log ma, (ar|se) ",
where (; € (0,1) is the step size of the Fisher information matrix’s update.
Remark 1. In the double-loop NAC algorithm (Xu et al.| 2020), F'(0;) can be approximated by
a sufficient number of samples induced from g in the inner loop, while only one sample can be
accessed in the single-loop algorithm. To handle the problem of insufficient samples, we update the
estimated Fisher information matrix F; using F;_1 updated in the last iteration. Intuitively, when the
policy’s distribution shift from 7g,_, to Tp, is small enough, then F(0;_1) and F(0;) are also close.
Thus it is natural and reasonable to utilize the Fisher information matrix estimated in the previous
iterations.

Thus the actor can update as follows:
011 = 0y — Be(Fy + M) "' d(se,ar) wi Vo log mo, (ar | s¢)

where A/ is the regularization term to prevent the matrix from being singular, 8; € (0, 1) is the step
size.

Algorithm 1 Single-loop single-timescale natural actor critic

1: Initialize at arbitrary 64, wy, Fp.

2: fortimet=1,2,--- do

3:  Generate (¢, a;) from pi,,, then sample s; ~ P(- | s¢,a¢),a} ~ m, (- | s1).
4:  Estimated Fisher information matrix update:

Ft = (1 — Ct)Ft—l —+ CtVQ IOgﬂ'Qt (at|st)V9 logﬂ'gt (at|st)T .

5. Actor update:
0111 = 0p — Be(Fy + M) 7 p(s4, ar) " wi Vg log mo, (ay | s¢) -

6:  Critic update:

w1 = Po [Wt + o (e + vo(s5, a;)TUJt - ¢(5t7at)th)¢(3taat)] .

7: end for

Remark 2. The “single-loop” refers to only one sample being used to update the critic per actor
step. The algorithm samples (s, a;) from the stationary distribution [y induced by the policy T,,
which is a mild requirement in the analysis of uniformly ergodic Markov chain. Additionally, the
i.i.d. sample is commonly used in the literature of the single-timescale AC analysis (Olshevsky &
Gharesifard, 2022, |Chen et al.| 2021} 2022). Note that many existing theoretical works all start with
i.i.d samples from the stationary distribution. It is widely recognized as the first important step toward
the analysis of more practical algorithms. In practice, one can run the Markov chain in the simulator
a sufficient number of steps and sample one state from the last step. In addition, “single-timescale”
refers to the fact that the stepsizes for the critic and the actor updates are constantly proportional.
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4 MAIN RESULTS

In this section, we show the finite-time global convergence of the single-loop single-timescale NAC
algorithm.

4.1 ASSUMPTIONS

Before giving the finite-time convergence guarantee for the single-loop single-timescale NAC algo-
rithm, we first present several standard assumptions commonly used in the literature of analyzing AC
(NAC) with linear function approximation.

Assumption 1 (Uniform mixing). Let ji; ¢ be the distribution over state-action pairs after k transi-
tions following policy my in the given MDP. There is a distribution pg and constants C and p such
that

|0 — poll, < Cp*

This assumption guarantees the existence of the stationary distribution. It is commonly employed to
address the issues of the noise induced by Markovian sampling and is widely used in the finite-time
analysis of various RL algorithms with Markovian samples (Qiu et al.,|2021; Wu et al., [2020; | Xu
et al.| 20205 Olshevsky & Gharesifard, [2022; |Chen et al.; 2021}, |Chen & Zhaol 2022)).

Assumption 2 (Smoothness of policy). The function wy(a|s) is a twice continuously differentiable
function of 0 for all state-action pairs s, a. Further, there exist constants K1, Ko, K3 such that for
all 0, s, a we have

|Vologmg(als)| < K1, |Vemg(als)| < Ko, |V§ logwe(a\5)| < Kj.

This assumption is also standard in the literature of policy gradient methods (Qiu et al., 2021; Wu
et al., [2020; [ Xu et al., [2020; |Olshevsky & Gharesifard, 2022} |Chen et al.|[2021}; |Chen & Zhao} [2022).
It holds for many policy classes, such as tabular softmax policy and Gaussian policy. This assumption
ensures that the quantities throughout the execution of NAC are smooth.

Assumption 3 (Nonredundancy and norm of features). The feature matrix ® is non-singular and
each of its rows has at most unit norm.

This assumption states that the features are not redundant, ensuring the critic has the unique optimal
solution when approximating the value function. It is standard and assumed in previous work
(Olshevsky & Gharesifard, 2022).

Assumption 4 (Approximation of the Q-value). Define wg to be the limit of temporal difference
update when the policy is fixed to wg. Then for some 6 > 0,

Sl;p Es,aw,ug ‘Q@(S, CL) - (]5(3, a)TWG‘ S 4.

This assumption is standard in the literature of linear function approximation settings (Qiu et al.,
2021;|Wu et al., [2020; Xu et al., 2020; |Olshevsky & Gharesifard, 2022} |Chen et al.,[2021; |Chen &
Zhaol 2022). Here ¢ determines how well the Q-value is approximated and = 0 when the linear
approximation perfectly describes the Q-value functions.

Before making the next assumption, we introduce some notation. Rewrite the critic update as
wir1 = Po [(I + apAp)ws — aby] | (H
where Ay, b; are defined as

Ay = ¢(s1,a)(vd(sy, ap) — (st at))Ta by = —11p(51, ) -
Assumption 5 (Exploration). Denote Ay, = E [A;] and by, = E [b;] where the expectation is being
taken by generating the sample from g,. There exists v € (0,1) such that

sup sup zl Agx < _K <0
6 =1 2

The assumption is labeled “exploration” because it holds if the policies 7y explore all state-action
pairs. It is standard in the literature of TD learning with linear function approximation. In the same
way, the projected Bellman error is strongly convex, it is known that A is positive definite. Such
an assumption is made to guarantee the problem is solvable [ Kumar et al.|(2023)); |Qiu et al.|(2021);
Olshevsky & Gharesifard (2022)); (Chen et al.|(2021);|Chen & Zhao| (2022)).
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4.2 FINITE-TIME CONVERGENCE

For convenience, we use the shorthand A; = w; — wy, to denote the critic estimated error, and
denote V; = VV(6;) as the actor stationary. Further, we use the shorthand e; = F; — F'(6;) as the
Fisher information estimated error. We show that these three errors converge to zero on average. It is
convenient to take the average over the last half of the iteration, which is a slight modification.
Theorem 1. Suppose Assumptions|I|- E] hold. By choosing step sizes oy = c1/\/t, By = co/V1,
¢t = c3/\/t, where ¢y, ca, c3 are appropriate constants chosen depending on the problem parameters,
the sequence of iterates produced by single-loop single-timescale NAC satisfies

T—1 { _ 1
XIEmFso(ﬁ+)7
=T/2 ) VT

1
7 1
E |||V, <0<52+>7
[II 7] < =

2

)‘ﬂ o~

SO
7R
_

B [lad?] <o (2+ ).

N

t

T/2

where all parameters except 8, T are treated as constants in the O(+) notation.

The above results show that if the critic approximation error § = 0, the Fisher information estimator,
the critic, and the actor all converge at a sub-linear rate of O(T~1/2). Note that O(T~1/2) is the rate
one would obtain from stochastic gradient descent (SGD) on a non-convex function with unbiased
gradient updates. In terms of sample complexity, to obtain an e-approximate stationary point, it takes
a number of O(e~?) samples, which matches the state-of-the-art performance of SGD on the non-
convex optimization problem. This result also matches the state-of-the-art result of single-timescale
AC (Olshevsky & Gharesifard, |2022; |Chen & Zhao, [2022; (Chen et al., 2021}

Given the finite-time convergence of Ay, V¢, e;, we can further attain the globally optimal solution
in terms of the V-value function convergence. Note that this is due to the parameter invariant
property of the NPG update. We define ¢’ = maxgee miny, |E,, [Vologmo(als)"p — Ar,(s,a)]|.
where A, (s,a) = Vy(s) — Qo(s,a) is the advantage value function corresponds to 7y. §’ is the
approximation error caused by the insufficient expressive power of the parameterized policy class O.
It can be shown that ¢’ is zero or very small when the policy class is sufficient to express all possible
policies, such as the tabular policy or over-parameterized neural policy (Wang et al., 2019). This
error definition is also used in previous work when analyzing the global convergence of the NAC (Xu
et al.l [2020).

Theorem 2. Suppose Assumptions|l|- |5|hold. By choosing step sizes oy = c1/V/t, Bi = ca/\V/1,
(¢ = c3/\/t, where c1, co, c3 are appropriate constants chosen depending on the problem parameters,
the value functions V (0;) produced by single-loop single-timescale NAC satisfies

T-1
2
* < 2 s ~-1/4
1% tET/QE[V(Ht)] 0(5 18+ T ) ,

where all parameters except §', 8, T are treated as constants in the O(+) notation.

The above result shows that if the critic approximation error 6 = 0 and the actor approximation error
4§’ = 0, then the value function V' (6;) will converge to the globally optimal value function V* at a
sub-linear rate O(7T"~1/4). Thus we can infer that it takes O(¢~*) samples to obtain the e-approximate
globally optimal point. It is essential to note that we are the first to provide the finite time global
convergence for the single-loop single-timescale NAC methods with linear function approximation.

The “two-timescale” step size is primarily considered for the ease of establishing convergence,
wherein the analysis heavily relies on the favorable property of lim; o, oz/8: = 0. Unlike the
"two-timescale" approach, the single-timescale step size considered in our paper does not possess
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such a property, and our proof does not require it either. It is true that, in practice, we often select an
actor’s step size smaller than the critic’s step size, but they always shrink at the same scale. This is
also the single-timescale setting, while the constants c1, ¢, we choose in Theorem I}

5 PROOF SKETCH

This section gives a proof sketch for the finite time convergence results of the single-loop single-
timescale NAC algorithm. The detailed proof can be found in Appendix

The main challenge in the finite-time analysis for single-loop single-timescale NAC algorithm is that
the estimation errors of the Fisher information matrix, critic, and the policy gradient are strongly
coupled. To control these three errors simultaneously, we view the propagation of these errors as an
interconnected system.

5.1 ANALYSIS OF CRITIC UPDATE

Our first step is to obtain a performance error bound on the critic. The final bound we will derive in
this subsection will bound the critic’s performance ||A;|| in terms of the closeness to the stationary
point of the actor, i.e., || V¢]|.

We first show that, without noise, a small enough TD learning step starting from w; makes it
closer to wyp,. Recall that the critic update rule can be rewritten as in Eq. (I). We then denote

@(ﬁt, w) := —Ag,wt + byg,, where Ay, and by, are defined in Assumption
Lemma 1 (Contractivity of the TD update). If o < p/(2L%), then

e = wo, = eV (@0 < (1 = s/ ] -

The definition of Ly can be found in Appendix [A] The above lemma states the fact that following
the expected TD direction can reduce the estimated error ||A;||. With this lemma, we can derive a
recursion relation of the critic update.

Lemma 2 (Recursion relation of the critic update). If a; < uu/(2L%,), then
2
E {[lorsr = wor [[*] <= aupn/a) e = o, | + 0o
+2L2 BN (02 + 3LIE [||At||2] +3E [Hvtllﬂ +36°)
ALEHWM
¢ 2
N 17 %
BENT? 50 2 4+ BIANTILLG ) 1A

+ B\ +BATN(1/2+ Lo)E [|A?]

where o, L,,04,Lg, J, ol N are all problem parameters and are treated as constants. Their
definition can be found in the Appendix[A]

With the above recursion relation of the critic update, we can take summation overt = T/2,--- , T—1
and obtain the bound of Y°, ., E [A?] in terms of Y-, ,  [V?] and other problem parameters.

Lemma 3. Suppose that o, B, are non-increasing sequences with o jo < coa and B2 < cpfy for
all t and for some constants ca, cg. If oy < p/(2L%), then

2 8
Il Z E [[|A]* <f*||w:r/2 Wor s | +char—o;
T I n
f T/2
2 92y —2 2 92y —2
012 BUTA TS o o2 GUTA T8 5,
w ar o a w ar L
n 4Cﬁ5TU2 N+ SCQﬂT)\fle(g 1

7 E:EN&H}

t=T/2

ari
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ar T

5.2 ANALYSIS OF ACTOR UPDATE

Now we analyze the actor’s stationary ||V||. It depends on the critic estimating error ||A|| and the
fisher information matrix approximating error ||F; — F'(6;)||. Using the actor update rule and the
smoothness property of V' (6), we derive

Lemma 4. Suppose B; < ﬁfor allt > T/2, then

16E [V (01)2)] — 16E [V (67)] 36c5L2 = 3643062
= Z E[Iv.)?] < Y /5] - ogrs 2 E[IA]+ =5
t T/2 T t=T/2
ISCﬂﬂTLVo's
2 + A2 ( )2T/2tZT:/2E [HetH }

It can be seen that the actor stationary || V|| can be bounded by the actor’s performance difference,
the critic estimated error ||A¢||, i i
problem parameters such as the critic’s approximation bias § and the variance upper bound o,.

5.3 ANALYSIS OF THE FISHER INFORMATION ESTIMATOR

For the Fisher information matrix estimated error ||e;||, recall that F}; is updated as follows:
Ft = (1 — Ct)Ft—l + CtVO IOg 7T(at|8t)V9 log W(at‘St)T

Then we can decompose the difference of F; and Fy, as

— F(6y) =(1 = G)Fi—1 + Vo log m(as|s:) Ve log m(ay|s,)” — F(6;)
=(1 = G)(Fi—1 — F(0i-1)) + G(Vg log m(ar]s:) Vg log 7T(at|51t)T — F(6))
+ (1= G)(F(0i—1) — F(0r)) -

This leads to a contractive property similar to the critic update. It can be seen that ||e;]| is controlled
by the |le;—1|| in the last iteration, the variance of the unbiased estimator using the current sample,
and the difference between F'(6;) and F'(6;_1), which is related to | V|| and || A¢]|.

Lemma S. Suppose that (; are non-increasing sequences satisfying ;o < c¢C; and for all t and for
constant c¢. For the Fisher information matrix estimator, we have

2 (S 2 1 ) , ,
Tt_z:T/2E [lex]] <o e = F0r) |+ oot

C2 2)\72 C2 2)\72 B
+ ZL%Lﬁ L or2 BT 5

¢r ¢ B
T-1
c 5T)\ 'Lp 2
+ S Y BV
t T/2
T—1
CBBT/\fngLF 2 2
e E[||A
s PO
= /2

where Lp, o is the problem parameter, and its definition can be found in Appendix|[A]

5.4 INTERCONNECTED ITERATION SYSTEM ANALYSIS

Now we have already controlled the approximating errors of the Fisher information matrix, critic,
and the policy gradient. We define X7, Y7, and Z7 as the expectation of the critic error, the square
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norm of the policy gradient, and the Fisher information estimated error, respectively:

g T-1 9 T—1 g =1
2 2 2
Xr=n S E[IAS] Yo =2 Y B[V 20 =2 3 E[lel?]
t=T/2 t=T/2 t=T/2

By choosing o, B¢, v: = O(1/+/t) We can get the following inequalities:

1
X7 <O —= ) + C1 /X1 + CoYr,
T > (\/T) 1 T 24T

1
Yr <O [ ——= ) + Cs X5 + CaZp + Cs,
T > (\/T) 3AT 44T 5

1
Zr <O | —= | + CeXp + CrYp,
o (L) saue s e

where C1 to C7 are all positive constants. by solving the above three inequalities, we show that when

the above constants satisfy 1 — C4C7 > 0O and 1 — 202013%%076 > 0, X7, Yp, Zp all converge at a

rate of O(1/+/T + 62). This condition can be satisfied by tuning the step sizes o, 3;, ¢;. Thus, it
completes the proof of convergence to a stationary point.

Given the convergence results of these three errors, we can further derive the convergence to the
globally optimal point, which leverages the parameter invariant property of the NPG update. The
algorithm needs O(e~*) number of samples to attain the e-accurate global optimality, i.e., V* —
V(6;) < e. Due to the page limit, we defer to Appendix |A|for detailed proof.

6 CONCLUSION

In this paper, we provide the first finite-time sample complexity guarantee for the single-loop single-
timescale NAC algorithm, which needs O (6’2) samples to find an e-approximate stationary point

and O (e~ *) to find an e-global optimal value function.

The novelty of this work stems from the design of the Fisher information matrix estimator. To decrease
the variance of the Fisher information matrix estimation, we combine the previous estimation with the
unbiased estimation using a single sample. This update rule links the estimation error to the actor’s
and critic’s errors. Intuitively, when the actor takes a sufficiently small step, the Fisher information
matrix estimation is accurate as it does not change substantially between two iterations. In our
theoretical analysis, we derive the recursion relation for this estimator and control the error with the
critic error and the norm of the policy gradient.

Future Work Our work assumes that at each iteration, we can draw a sample from the stationary
distribution (g, , which may not be so easy to obtain in practice. It will be more practical if the sample
is Markovian, which means the sample is taken from the state of the last iteration and the action taken
by following my,. The analysis is more complicated for Markovian samples, and we leave it as an
interesting future work.

Note that our result builds on the finite-time analysis, which may not imply the asymptotic conver-
gence. This finite-time objective is commonly used in the optimization literature, and we leave it as a
future work to further show the asymptotic guarantee.

Moreover, there still remains a gap between our globally optimal O(e~*) sample complexity and
the state-of-the-art O(e~?) complexity obtained when analyzing double-loop NAC method Xu et al.
(2020). This is because in single-loop single-timescale NAC, the actor and the critic both use O(1/ \/i)
step sizes and thus we are unable to balance the terms in the global optimality analysis. It should be
noted that the convergence result of attaining a stationary point matches the state-of-the-art sample
complexity when analyzing AC (NAC). Thus our result is still comparable, and we leave it as future
work to derive a tighter sample complexity for globally optimal convergence.
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A PROOF OF MAIN RESULTS

A.1 REFORMULATING NAC AND PROPERTIES OF UPDATES

Rewrite the critic update rule as
Wit1 = PQ [wt — Ot (6(9,5,(«]15) + wc(t))} .

w,(t) is a random variable with zero expectation conditioned on the entire history. V(6;,w;) :=
—Ap,w; + by, is the expected TD direction. Note that wy is the limiting point of TD learning. Thus
we have

@(9,&)9) =0.
Further, it can be implied that
V(0,w)T (w—ws) = (—Agw + bs) T (w — wp)
= ( Agw + bg) (w — (.(}9) — (7149&)9 + bg)T(w — w9>
> L Jlw — wol?
-2

Then we turn to the actor update. We can rewrite the actor update as

Orp1 = 0p — Be(Fy + M)~ (ZMA s,a)Q1(s,a)Vglogm, (als) + wq(t )) ;

S,a

where w, (t) is a random variable with zero expectation conditional on the past trajectory, Q);(s,a) =
(o T
o(s,a)" wy

Then we define (0, Q) = >, , po(s, a)Q(s,a)Vomg(als), and define g(0,w) = §(0, Pw), where

® is the feature matrix. Then the actor’s update can be rewritten as

Opi1 =0, — Be(Fy + /\])71 (9(0s, wi) +wql(t)) -

By Assumption 2] we have
(8, wa) — (6, Qo) < |6(s,a)"wp — Qo] K1

s,a

<Kd.

To analyze gradient descent, one typically needs some assumptions on the underlying functions.
These tend to involve the continuity of various gradients and updates, boundedness and finite variance
of the noise.

Lemma 6 (Lipschitz of critic update (Lemma 5.2 in Olshevsky & Gharesifard| (2022))). There exists
a constant Ly < oo such that for all 0, w1, wo,

H@(e,wl) - @(Q,W)H < Ly |lwr — wal -

Lemma 7 (Lipschitz of actor update (Lemma 5.5 in |Olshevsky & Gharesifard (2022))). There exists
a constant Ly < 0o. For all 0, w1, ws, we have that
[9(0,w1) — g(8,w2)|| < Lg |lw1 — w2

Lemma 8 (Lipschitz of the TD fixed point (Lemma 5.10 in|Olshevsky & Gharesifard! (2022))). There
exists a constant L,, < oo such that

||w91 - (.(}92H S Lu} ||61 - GQH .

Lemma 9 (Lipschitz gradient for value function (Proposition 5.7 in|Olshevsky & Gharesifard (2022))).
There exists some Ly < oo such that the function V (0) has Ly -Lipschitz gradient

VeV (01) — VoV (02)|| < Lv [|6h — 2] .

12
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Lemma 10 (Lipschitz of the Fisher information matrix). There exists a constant Ly < oo such that

[F(61) — F(62)]| < L [|6h — 62 -

Proof.
|F(01) - F(6)]
=||Eq, [Vologms, (als)Velogme, (als)"] — e, [Velogmo,(als)Velogma,(als)"]|
< max || Vg log 7, (als) Vg log me, (a|s)T — Vg log g, (a|s) Vg log e, (a|s)TH

<|S|JA|K?T .

O

Lemma 11 (Bounded support for critic noise (Lemma 5.3 in|Olshevsky & Gharesifard| (2022))). The
support of the random vector w.(t) belongs to some compact set. And then there exist constants
0. < 00 and o < 0o such that for all t,

E w17 <o?
E [Jwe(®)]*17.] <02

Lemma 12 (Bounded support for actor noise (Lemma 5.4 in|Olshevsky & Gharesifard| (2022))). The
support of the random vector w,(t) belongs to some compact set. And then there exist constants
04 < 00 and oy, < 0o such that for all t,

E | lwa®I 17] <o?
E [Jwa (0 172] <02
Lemma 13 (Bounded curvature of the TD fixed point (Lemma 5.11 in Olshevsky & Gharesifard

(2022))). There is some quantity \; independent of 0 such that
SUP Amax(Vawg (1)) < \; .
0

We can further define N = /", \2.

A.2 ANALYSIS OF CRITIC UPDATE

Our first step is to obtain a performance error bound on the critic. The final bound we will derive in
this subsection will bound the critic’s performance in terms of the closeness to the stationary point of
the actor.

Lemma 14 (Contractivity of the TD update). If o < p/(2L%), then

wp — wa, — arV (0, wp)|| < (1 — appe/4) || A -

Proof.
2

~ 2 ~
Wy — W, — atV(Qt,wt) = ||wt - W@t”Z - QQtV(Ht,wt) + Oé? V(@t,wt)

2

V(Gt, wt)

< Jlwe = wo,|I* = 2005 lws — wa, |* + o

< (1= aup + L3a7) |wr — wa, ||
< (1= aep/2) ||lwp — we, ||

13
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Proof of Lemmap] Recall that the critic update can be rewritten as
Wil = Wr — Qy (@(Hnwt) + wc(t)) ;

where ?(Gt,wt) = —Ap,wt + by, and w.(t) = —(A; — Ap, )w: + (be — by, ).

From the critic update rule, we have that
2

W — at@(&, wy) — apwe(t) — we,, ,

[EAE

‘ 2

— H(wt — wy, — at@(et,wt) — apwe(t)) + (wo, — wo,,, )

Taking the expectation of both sides, we obtain
2 - 2
E |:HOJt+1 — w.9t+1 H |./T"t:| SE [Hwt — OJ@t — atV(Ht,wt) — atwc(t)H |]:t}
2
+E [Hwat T Wit || |‘7:t]
T ~
+ 2K {(wgt - wgtﬂ) (wt —wp, — 4tV (0r,wy) — atwc(t)> |]-'t]
_ 2
<E [Hwt — wo, = @V (O] |]-"t] +E [l () 1]
— 2(w; — wp, — .V (0, wy), apwe(t))
2
+E [Hwot Wiy H |‘7:t]
T ~
+ 2E {(wgt — wgtH) (wt —wp, — V(0 wy) — atwc(t)> |}'t]
<(1 — arp/4) |wr — wa, |* + afo?
2
+E [lwo, —wou. |I* 7]
T ~
+ 2E {(wgt — wgtﬂ) (wt —wp, — tV(0r,w) — atwc(t)) |]-'t]
<(1 = aep/4) |wr — wp, |* + ofo?
+2L2 BN (02 + (961, w) 1)

+ BN L, lg(0¢, wy)|] ‘ wr — we, — at@(et;wt)

2\ —2 )\I 2
+ Bi A 5 O | Al
<(1— agp/4) |we — we, || + afo?
+2L2 I (02 + |g(0s,wy)]I%)
+ BN Ly [|g (0, wi) || | A |

/

oA
AN

For term E {HW& — W, H2 |]—'t} , we have
E [Hwat — Wl H2 |‘7:t} SLSJIE [Het-H - 9t||2 |-7:t}
<LE {H/Bt(Ft + A" (g (O, wi) + wa(t))H2 |]:t}
<L2EAE [l(9(00,wn) + wa(8) | |F]

<212 BEA(E [I(g(60 w)|* 1 7] +02)

14
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For the term E [(w(;f — wg,Jrl)T (wt —wp, — at@(ﬁt wi) — aqwe(t )) \ft} we further define
Ory1/2 = 0r — Brg(0s,w;) and thus 0y 1 = 04412 — Brw,(t). Then we have

E [(wgly —wo,,) (wt —wy, — oV (O, wi) — atwc(t)) \]:t}
=E [ (w0, —wo,.,,2)" (= wo, = iV (Bh,00) — @ (t)) ||
+E [(wem/z — W) (wt —wp, =V (0r,0) — Oétwc(t)> \]‘—L}
SLLE (g0 ) | |FE [[we = wo, — eV (0r,0) | 17:]
[ BT (wt —wp, — oV (0, wp) — atwc(t)) \ft}
SLOEllg (O, wo) || 1Fe] [| Al
[ Woy 12 — Wm/z)T (Wt — wp, =V (0, wp) — et )) \]:f} :

For the term || g(0¢,w;)||, we have

19(Oe; we)ll =119 (0, wi) + g(6r, wa,) = g(Or, wa, )|
SLQ ||wt - wet” + ”g(gtvwet)”
=Ly [|Adll + [lg(62, wo,) — 901, Qo,) + 9(01, Qo, )|
SLg Al + Vel +6-
Using (a + b+ ¢)? < 3(a® + b% + ¢?), we further get

lg(82, we)[I* < BLE [IA* +3[Vl|* + 36

For the term E {(WQt+l/2 — u)9t+1/2)1 <wt —wp, — oV (B, wp) — et )) |]-"f} from lemma 5.13
in[OIshevsky & Gharesifard] (2022), we have that

E (@001 = @00010)" (w0 = wo, = 0V (01, 000) — avwe(t)) 1] < BENG2 A

Thus we can conclude the proof.

Proof of Lemma[3 If we have the recursion form

for 0 < ¢ < 1, then we have

Applying this with { = au/4 since sequence a; is non-increasing and a;p < 1 by assumption.

T-—1
14 2 T4
> Ellwr = wolI* <= [lwryz = wor,.| +cz;aT§_gg
— ar [ 7]
t=T/2
cﬁﬂT

+ 212 21612

= Z E||V|* +6L2

2 BT T4 ,
2 p Pz T/2

ar

BB
+6L2 55 L2 Z E|A
t=T/2

15
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40%&2«)\_202, (N/2) + csBrLyo

arfh

T—-1
VT2, | E Y A

t=T/2
T—1 T—1
C BT)\ 1 2Lw C ﬁT)\ 2Lw 2
+ LR N RV P N B A
t=T/2 H t=T/2
T—1
c A
LGP S Bl
ar o
t=T/2

Let us observe that the coefficient of Zt 772 1A ||* on the right-hand side is

cHATA? A oL A1 4 1
6LZ&§L3+ %7‘” + %7[@[]{] <=
ar p ar M ar 2
Then we can have
T—1
2 1 8
7 > Ellad)’ <——||wm wor |’ + Gar=o?
arT W 1%
t T/2
c2 B2\ —2 232 —2
+or2 2 201 o2 +2I2 2 TC A8 5
ar M ar J7
428202, N +8cgBrA LS | 1
+ BFT BPT w Z E HAtH
arh /2 t=T/2
T—1
8c /BT)\ L 2
Tl S of [\ o
TH t=T/2

A.3 ANALYSIS OF ACTOR UPDATE

Proof of Lemma[d] Now we analyze the actor stationary ||V, |, it depends on the critic estimated
error ||A;|| and the fisher information matrix estimated error ||F} — F(6;)]|.
Denote uy(w;) = (Fy + M)~ 1é(s¢, ar)Twi Vo log m, (ar | s¢)
Ly 2
E [V/(60+1)) ZE [V (8)] +E[(VaV (60), 0141 — 00)] = ZE [ 611 — 0,
L
—E V(8] + AE(ToV 0. uw)] — 2L [ ]
=E[V(0,)] + BE [(VoV (0r), (F(0:) + )~ 1V0V(9t)>]
+ BE[(VoV (6:), ur(wi) — (F(8:) + M)~ VgV (6,))]

Ly B} —1 —1 2
— ZVPLR [[lun(wn) = (F(00) + AT VoV (0) + (F(8) + A1) VoV (6]

>E[V(6:)] + 1 f_t)\E [”VF)V(Gt)”ﬂ + BE [(VoV (8:), up(wi) — (F(8:) + M) ™ VoV (61))]
— Ly BZE [lus(w) = (F(8) + XD WV (8)||"] = LvBZE [ (F(00) + A1)~ VoV (6]

BV + o5 E 196V (6]

= (g [I9eV @0l +

— Ly B2E [|[un(wr) — (F(6,) + M)—lvngt)ﬂ - fot E VoV (6,)]°]

T2 E [ — (F () + A1) "WV (60)] H2)
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£ 0]+ (5 - b )E[Ivave0]

(Btuz“)ﬂﬂa[ we) = (F(6:) + D)"YV (6)] |

~ Ly BZE [||urlw) = (F(6) + AD 9oV (6)]*] -

Denote vy (wy) = (i)(st,at)thd—de log g, (at | st).

For the term ||u, (w;) — (F(6;) + )\I)’1V9V(9t)”2, we have that

e (we) = (F(6,) + ML) VeV (8,)]|°
= [Jug(we) — (F(0;) + M) " g (wy) + (F(0;) + M) " og(we) — (F(0:) + M)~ VeV (6y) H
<2 Jur(wr) = (F(8;) + M) op(wn) ||” + 2 || (F(6:) + AT) " vy (wy) — (F(6:) + L) VeV (8,)]|°
=2|[[(F + AD) ™" = (F(6:) + D)~ wi(wn)|* + 2 || (F(6:) + AT) ™ (vi(wi) — VoV (6))|)?
=2 ||[[(Fs + A1) " = (F(6:) + M) ] (vi(wi) — VoV (6:) + VoV (6,)]”
+2[|(F(6:) + M)~ (v (we) — VoV (61) H
<4||[(Fy + M) ™" = (F(6:) + M) (vi(wr) — VoV (6,)]|”
A4 ||[(F 4+ A1) = (F(0,) + AD) Y] VoV (6,)]
+ 2| (F(6:) + M)~ vy (wr) — VoV (6))|”
< |4 (F A+ AT = (F0) + AD 7Y + 2| (F(8) + AD 7] velwr) = VoV (60)]*
+4[|(F+ M) ™h = (F(6) + AI) 1” VeV (6,
< [8[1(F + ADTH* + 10 [[(F(8) + AD 7 *] llve(wr) = VoV (811
+4[|(F+ )" = (F(6) + M) 1” VeV (6,
si—i [ve(we) — VoV (0:)|1> + 4 ||(F + M)~ — (F(6,) + AI)—1H2 VoV (6,)]?

18

=F||vt(wt) VoV (00> + 4 ||(Fy + A1) ™ (Fy — F(0,))(F(6:) + AI) _1H2||V9V(9t)||2
18

Spllvt(wt)—VeV(Gt)ll +4H(Ft+/\1)71|| |(Fy — F(6,))|? | (F(6,) + AI) 1|| VeV (6:)]°
18 2 4

<3z [ve(we) — VoV (0:)]] +m |Fy — F(0,)])* .

For the term ||v¢ (w;) — VoV (6;) ), we have that

[ve(we) — VoV (0)|1> < BL2 || A]|* + 367 + 302

Rearranging the term, we then have

L L@
(it - 552 ) Ivov 60

<V(0:) = V(0r+1)

() (3 vt ) g -
e - FOOIF)

18
+ Ly B2 ( (3L2\|Atu +352+30)
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Using the assumption that L‘/{—fi < 10D /\’81{1) and summing over t = T'/2,--- ;T — 1, we have that
2 T—1
2 2
Z 01D /\+1 E[IVil’] <E [V(6ry2)] ~E[V(6r L S e N5
t=T/2 t=T/2
3662 = 18L 02
Z 5t V Z ﬁt
t=T/2 t=T/2
yegp— Z BE [IF — F@)I7] -
t=T/2

Dividing by (8r/4(A + 1))(T/2) we get
T—1 _ 2 T-1 2
2 Z E IIVtIIQ} S16]E [V (0r/2)] —16E [V (0r)]  36csL? {HAtHQ} N 36c36

+ 2 2
t=T/2 prT XT/2 =T/2 A
18055TLV03 8 2
s )QT/Qt;/QE [I1F: = P@)I7] -

A.4 ANALYSIS FOR FISHER INFORMATION UPDATE

Proof of Lemma [5| Recall the update of the estimated fisher information matrix: Fy11 = (1 —
C)Fy + ¢V iog m(at|s:)Vlog m(as|ss)T, then we have

E [P = F(004)?]

=E [[[(1 ~ G)Fs + GV log m(arlse) V log m(arlse)” — F(Br4)||']

=E [H(l — i) (Fy = F(61)) + G (V1og m(ar|s)Viogm(asse)” — F(0r41)) = (1= ) (F(0r41) — F(Qt))}ﬂ

<(1-G)E[IF - F(Gt)ﬂ + GE ||V log m(arls) V log w(arls)” = F(0e)|*] + (1 = G)°E [I F(8rs1) — F(0)|?]
+2(1 = G)’E[(F; = F(6:), F(0:41) — F(0:))] +2¢:(1 — G)E [(Fy — F(6:), Vg m(as|se)Vlog m(ay|s:)" — F(r11))]
+2G(1 = G)E [(F(0:41) — F(6:), Viog m(ay|s:)V log m(as|s:) " — (9t+1)>}

<= GE [|F: = FO)I] + GFok + LrE [[0041 = 00l*] +2(1 = G)PE[(Fy = F(6.), F(011) = F(6.))] -

For term (F; — F(6,), F(0:+1) — F(6;)), we adopt the same analysis as the critic update and can
derive the upper bound:

(Fy = F(01), F(0141) — F(64))
<LpBA g0, wo)ll | Fy — F(6)|| + BEA>N ok, [|F — F(6,)|
SLpBA " lg(On,wo)|l | Fy — F(6y)|| + BEA*Nobop .

Similar to the critic update, we use the recursion form to derive the final bound of the estimated fisher
information matrix error.

1 .
= Z {HFI‘ F(0.)|l } SCT7T | Frj2 — F(QT/2)||2 + clrot

t T/2
2\ 2 2 \—2 20212/, 2
+2L2 L 2L2 56 52 4 CﬁﬂT/\ Nogop
¢r Cr ¢r
T—
AN 1Lp 2
4 PrA Lp CdﬁT F = E [V,

t=T/2
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T—1
C{jﬁj'/\ilL(LF 2 2
y @PrA T Lle 2 S g
Cr T =,
t=T/2

1Fe1 — F(641)]
=||(1 = G)Fy + GV log w(ar|s;) V log w(ar|s;)" — F(9t+1)||2
=||(1 = ¢o) (F = F(8,)) + ¢ (Vogm(as|s) Viog m(ar|s))” = F(0i41)) — (1= G) (F(6r41) —
<(1 = G) [|Fs = F(0)|I” + ¢ ||V log m(as|se) V log m(axse)” — F(9t+1)H2 + (1 =) [|1F'(Or+1)
<1 =) I1F = FO)IP + ot + LE 10141 — 6,

<(1=G) 1B = FO)I + For

+ 203 BN (02 + L2 | A” + 3| V|* + 35%).

Similar to the critic update, we can use this recursion form to derive the final bound of the estimated
fisher information matrix error

1
- Z E {HFt F(0,)|l } SC7T | Fr /e —F(HT/2)||2+CgCTU%
Tz T/2 T
GBI
¢r
T-1

C,BBT)\ 'L 2

T
t=T/2

-1
AN L,L
_,_Cﬁ*BT—F Z E[||A|]?
T

2\—2
20%57«)\ -

+2L% o2+ 2L% = 52

+ E (|| V|]?

A.5 ATTAIN STATIONARY POINT CONVERGENCE
Proof of Theorem(I] We perform an interconnected iteration system analysis. We choose oy =
O(1/V/1), By = O(1/+/1), ¢ = O(1/+/1), and denote ¢’ = B; /s, ¢ = Bi/~v:. We define X7, Yr

and Z7, which denote the expectation of the critic error, the square norm of the policy gradient, and
the Fisher information estimated error, respectively:

9 Tl 9 T-1 9 T—1
=7 > E[lad] e =5 Y E[IVP] Ze =5 3 Eflel]

t=T/2 t=T/2 t=T/2

Then we have that

1
XTSO( >+Cl\/XT+CQYT7

VT
1
Y <O (== + CsXp + CuZp + Cs,
T (\/T) 3AT 44T 5
1
Zr <0 (ﬁ> L CoXr + CrYr,
where C; = 8cgc/ N~ Lud Cy = W’ Oy = SﬁiiLg Cy = )\2(81(:_37)2’ Cs = 36§252, Cs =

c”cﬁ)ﬁngLp, Cr=c"cgA 1 Lp.
For Y, we can further imply that

YT§0(1

+ O3 X7 + CuCs X7 + CsCrYr + Cs .
\/T) 3AT 4Ce AT 4CrYr 5
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Rearranging the term we have if 1 — CyC7 > 0, then
Cs + C4Cs Cs
Yr <O X+ ——.
T ( ) 1—aic T i o0

Denote Cf = Ciﬁ(i 4007 ¢ Cf = g . Let us substitute X7 = z2, then

1
2<0<>+C +CyYr.
> \/T 1T 2XT

We can upper bound x by the largest root of this quadratic:

Gt V€2 +4(0(1/VT) + CaYr)
< 5 .
Squaring both sides and using the inequality (z + y)? < 222 + 2y2, we have

2 < 208+ 2(CE + 40(U/VT) + CoYr))
— 4 )

2

and then using X; = z* we obtain

1
X <O —
= (ﬁ

> +2CYr + 012 .
Now use the bound of Y we have

1
X <O0O|(—=
= (ﬁ

Rearranging the term, if 1 — 2C2CY% > 0, we have

) + QCQC:;XT + CQCé .

1 OC
Xr < — —_—
T‘O<\/T>+1—2020§’

where 5 C;CC o = O(4?). We can then get the final result by using this bound to control Y7 and Z7.

At last, we need to select appropriate step sizes such that 1 — C4C7 > 0 and 1 — 2C2C% > 0
hold. These two conditions can be satisfied by selecting ¢’, ¢’ small enough. More specifically, to

3 2
guarantee 1 — C4C7 > 1/2, we can let ¢/ < 1’\66(21%. To guarantee 1 — 2C>C% > 0, we can
3
let ¢ < min{ mgcglL 'YL)F’z , 2885/\2 2L, }. This can be ensured by making the step size of the actor
update small enough O

A.6  ATTAIN GLOBAL OPTIMALITY CONVERGENCE

Proof of Theorem 2] Given the above convergence result on the gradient norm, we proceed to prove
the convergence of NAC in terms of the function value. Denote D(0) = Dy, (7*(-|s), m(-|s)), and
denote Ly = K. Then we proceed as follows:

D(0:) — D(0r+1)
:E* [log(7r9t+1(a\s)) - IOg T, (Q‘S)]
L
>E. [Vglog g, (als)]” (0141 — 0r) — 71& [0c41 — 0|

7 >
(|t (we)l

=BiE. [V log o, (als)]" us(we) —

=BE. [Vologm, (als)]" ug, x + BE. [Vologm, (als)]" (ue(we) — ue, ») — e (we)||?

=B,E. [Volog o, (a|s)]" uf, + BB+ [Vglogmo, (als)]" (ug, x — u},)
2

7 e ()

Ly 57
2

+ BeEx [Vo log ma, (als)] " (ue(we) — ug,») —
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BB [Ary, (o) | + BB« [Vologmo, (als)]" (o, x — uf,)

L 2
9 o)

+ BE, [V logma, (als)]" (wr(we) — ug, n) —
+ ,Bt]E* [V@ log o, (a|3)TuI)t — A"'ﬂt (S7a)}

—(1 =) (V* = V™) + BE. [V log mo, (als)]” (g, » — uf,)

Ly 37

2L )

+ BE. [Vo log mo, (als)]” (us(we) — ug, z) —
+ BE, [V@ log g, (a|s)Tu};t — Ar,, (S’a)}
>(1 )8 (V* = V™) + BiE, [Vglog m, (als)]” (ug, » —u))

Ly}

2

+ BB« [V log ma, (als)] " (us(we) — ug, ) — e (cor) I

2
- ﬂt \/E* |:v9 lOg o, (a|5)TU’gt - Aﬂ'et (S,a):|
>(1—7)8; (V* = V™) + BE, [Vglogmg, (als)]” (ug, » —u}))

+ BE. Vo log o, (als)]” (urler) = un, 1) = 2% ) P

/ o= \/ Ery, Vglogﬂgt(a| )" ue Az, Sa)
,U‘rret

)8 (V* = V™) + BiE. [Volog o, (als)]" (ug, x — u,)

PPy P

+ BE. [Vo log mo, (als)]” (us(we) — ug, \) —

1_'7 Mﬂ'eo

oo

1 - 2
— = ﬁ\/E [Valog o, (als)"uh, = Ar,, (o0

>(1—7)B: (V¥ = V™) — 3,0\ — BiE. [V log mg, (als)]” (ur(wi) — ug, »)

L= || fire,

o0

>(1 = )Be (V* = V70) = B0\ — B, [V log g, (a]s)] (uue(wr)

1 _— L., 32
b || g5~ TP )2
L= || tro, 2

o0

1 o 2
I I | 2 ﬂt\/Emt {VQIOgWHt(aB)TUJ;t*Am,t(s@)} _

- uet,/\)

>(1 =) (V* = V™) — B,Co X\ — BiE, [V log ma, (als)]” (us(wi) — ug, »)

1 o

— =117 B0 — LB [lue(we) — ugall* — Ly 7 [[ug, AlI°

L= || thrg,

oo

>(1—7)Be (V* = V7o) — B,C A — BE, [V log mg, (G|3)}T (ug(we) — ug, \)

1 Lo
1- Y Mﬂ'so

L 52
Bed — Ly 52 Jus(we) — ug, plI* — =25

oo

Rearranging the equation, we have
Vi —E[V(6)]
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E [D(0:)] — E[D(0¢41)] 1 Hore /
= (1—7)B¢ M (1—7)3 H,, ’
LwﬁtE |:||ut(wt) - u9t,>\||2:| Lwﬁt 2 CrA
N - e 19V @] +
E [E* [V log 7, (a|s)]T (ue(wy) — U&,A)}
+ =
E[D(0:)] — E[D(0¢41)] 1 Pore /
= (L —7)B * (1 =7)% || s, ’
Llpﬁt]E |:||ut(wt) - u9t,>\||2:| L¢ﬂt 2 Cr>‘
N - e 19V @] + 72
B [us(w;) — ug, Al
1—7v '

Recall that for E {Hut(wt) — Ug, A ||2} , we have the bound

4

E [ lue(wr) - uwnﬂ <= (3L2 [1AdP] + 362+ 302) + »E " (17 = P@0I?] -

=2
‘We also have the bound

2 18 9 2 9 4 2
— < — - —
IE fue(wr) — o, a]I* < 55 (BL2E [I1Ac)] +30%) + wa—rE (17 - F o)) -

Summing over T/2,T/2+ 1,--- ,T — 1 yields

2 T-1
Ve- 2 Y EV(6)

t=T/2
PSR v oy RN ) TR
~(L=7)Br (L=7)% || bome, 1—~

LerT/2T Zt T/2 [||Vt||2] Cr A 2\/_\/Zt T/2 [E [ue(we) — uo, x ]||2
" 1= T -7
<0 (62 +8 +T V44 /\) .

The first inequality is due to the Cauchy-Schwarz inequality. In the last inequality, we use the results
in Theorem || to obtain the final bound. If we set A = O(62 + ¢'), then the result is what we desire,
and thus the proof is completed.

B ANALYSIS FOR MARKOVIAN SAMPLE

Indeed the i.i.d assumption in the update is too strong and needs a simulator to output a stationary
(s,a) sample at each step, a more natural approach is to use the Markovian sampling at each step.
The major difference of Markovian from i.i.d. sampling is that at the ¢-th iteration, the state s; is
evolving the Markov chain instead of sampling from the stationary distribution. More specifically, at
time ¢, the state s; is induced by the distribution P(- | s;_1, a;—1), where (s;_1,a;_1) are samples
used in the ¢ — 1 step. Then we follow policy 7y, and take an action a;. Then we use (s, a;) to
update the actor, critic, and estimated Fisher information matrix. Then the next state s, is induced
from P(- | s¢, a;) and will be used in the next update.
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The main challenge in applying the Markovian sample is that the estimated gradient Vg log 7y, (s¢, at),
the feature ¢(sy, a;) which use (s, a;) sample are no longer the unbiased estimation of the true
gradient and feature. Thus we need to control the distance between the distribution of the Markovian
sample and the distribution of the stationary sample. More specifically, we need to bound the total
variant distance between those two distributions.

Similar to[Chen & Zhao| (2022)), We make use of the following auxiliary Markov chain to deal with
the Markovian noise.

Auxiliary Markov Chain:

0t~ P Or—+ P . Ot 7 P .
St—r > Qp—7 > St—r41 7 Qp—741 > St—742 —7 Qp—742° " 7 St —> Gt

Original Markov Chain:

0y~ P Ot 741 P t—7+2 P %
St—r —7 Qt—7 —> St—741 7 Qt—741 7 St—742 > Q742 > St > Q¢

We denote that the auxiliary Markov chain (§;, a;) is induced from the distribution /i, the original
Markov chain (s¢, a;) is induced from the distribution /i, and recall that the stationary distribution is

Hot-

We then show the total variant distance between these distributions, conditioned on $;_ 41, 60¢ .

drv (e fir)
=dpy (P (s¢, a1 € |st—ry1,0i—7) P (3,00 € -|S¢—741,0i—7))

- 1
<dry (P (st € “|st—r41,0t—1) ,P(5¢ € +[st—741,0—7)) + §LwE [10: — 0:—-][]

N ~ 1
<dry(P(si—1,ai—1 € *[S¢—741,0t—7) , P (5¢—1,01—1 € “|St—r41,0i—7)) + §L7rE 16: — 60—+ 1|]

Here L is the constant that satisfies |79 — mg/|| < L ||6 — 6’||. Repeat the above argument from ¢
tot — 7+ 1, we have

t
- 1
drv (e, fir) <5Lx D B0k — 0]

Then we turn to bound drv (fit, ptg,) conditioned on s;—1,60;—,. By the uniform ergodicity
Assumption [T} it shows that

drv (fie, po,) <mp™ '
Thus we can conclude the distance between the Markovian sample and i.i.d, sample is bounded by
drv (e po,) < (LaLg) 7(T 4+ 1)Bpr +mp™ 1.

L

VT

—1
. Therefore, we choose 7 = 28m2 1 5 log T

We can choose 77 := mini > 0 | mp*~! < oz 1 TogpT =

O(logT).

Thus the total variant can be bounded by O(log?(T')/v/T) if we select the step size O(1/+/T). This
associates with the upper bound of the norm of || A||, || V.||, || F'(6:)]| is the unique term that we

need to control, which adds additional O(log® T'//+/T') term in the error term.
We can then give the new theorem for attaining stationary point and global optimum:

Theorem 3. Suppose Assumptions - hold. By choosing step sizes a; = ¢1/\Vt, By = c2/ V1,
¢t = c3/\/t, where ¢y, ca, c3 are appropriate constants chosen depending on the problem parameters,
the sequence of iterates produced by single-loop single-timescale NAC satisfies

9 1 log® T
7 3 B[l <o(#+ L)

t=T/2
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f" 2 log®> T
2
> E[Iv:)] s0<6 e )

T/2

S|

t

S
—- T~

Nl

log? T)

E[|a?] <o (52 R

t

Il
S

/2

where all parameters except 3, T are treated as constants in the O(-) notation.

Theorem 4. Suppose Assumptions - Ehold. By choosing step sizes oy = ¢1/ Vi, By = ¢ / Vi,
¢t = c3/\/t, where ¢y, co, c3 are appropriate constants chosen depending on the problem parameters,
the value functions V (0;) produced by single-loop single-timescale NAC satisfies

T—1
2 2 / 1/4
v T;T:/QE[V(@)] <0 (8% + ' +10gT/T'*) ,

where all parameters except §', 0, T are treated as constants in the O(-) notation.
The analysis for these two theorems is both similar with the i.i.d. sampling algorithm except

that additional term ||-|| dpv (g, po, ) appears, where ||-|| varies from ||Aq|, || Vel , || F(0:)]] when
controlling these three terms, and these three norms are all bounded by some constants. Then we can

get the above two theorems, which state the 0(6*2) sample complexity to attain the stationary point
and O(e~*) sample complexity to attain the global optimum.
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