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Abstract

Recent empirical studies have demonstrated that diffusion models can effectively
learn the image distribution and generate new samples. Remarkably, these mod-
els can achieve this even with a small number of training samples despite a large
image dimension, circumventing the curse of dimensionality. In this work, we
provide theoretical insights into this phenomenon by leveraging key empirical ob-
servations: (i) the low intrinsic dimensionality of image data, (ii) a union of man-
ifold structure of image data, and (iii) the low-rank property of the denoising au-
toencoder in trained diffusion models. These observations motivate us to assume
the underlying data distribution of image data as a mixture of low-rank Gaussians
and to parameterize the denoising autoencoder as a low-rank model according to
the score function of the assumed distribution. With these setups, we rigorously
show that optimizing the training loss of diffusion models is equivalent to solving
the canonical subspace clustering problem over the training samples. Based on
this equivalence, we further show that the minimal number of samples required to
learn the underlying distribution scales linearly with the intrinsic dimensions un-
der the above data and model assumptions. This insight sheds light on why diffu-
sion models can break the curse of dimensionality and exhibit the phase transition
from failure to success in learning distributions. Moreover, we empirically estab-
lish a correspondence between the subspaces and the semantic representations of
image data, facilitating image editing. We validate these results with extensive
experimental results on both simulated distributions and image datasets.

1 Introduction

Generative modeling is a fundamental task in deep learning, which aims to learn a data distribution
from training data to generate new samples. Recently, diffusion models have emerged as a new fam-
ily of generative models, demonstrating remarkable performance across diverse domains, including
image generation [} 2| 3], video content generation [4} 5], speech and audio synthesis [6, (7], and
solving inverse problem [8, [9]. In general, diffusion models learn a data distribution from train-
ing samples through a process that imitates the non-equilibrium thermodynamic diffusion process
[2, 110, [L1]]. Specifically, the training and sampling of diffusion models involve two stages: (i) a
forward diffusion process where Gaussian noise is incrementally added to training samples at each
time step, and (ii) a backward sampling process where the noise is progressively removed through
a neural network that is trained to approximate the score function at all time steps. As described in
prior works [[12} [11]], the generative capability of diffusion models lies in their ability to learn the
score function of the data distribution, i.e., the gradient of the logarithm of the probability density
Sfunction (pdf). We refer the reader to [[13, |14} [15] for a more comprehensive introduction and survey
on diffusion models.
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(@ (b)
Figure 1: (a) Visualization of the union of manifold structure of image data. Here, different images
lie on different manifolds M; C R" of intrinsic dimension d with d < n. (b) An illustration of
training samples that are generated according to the MoLRG model. This model is a local linearization
of a union of manifolds.

Despite the recent advances in understanding sampling convergence [16} 17, |18], distribution learn-
ing [19} 20]], memorization [21} 22} 23| 24], and generalization [25} 26} 127]] of diffusion models, the
fundamental working mechanisms remain poorly understood. One of the key questions is

When and why can diffusion models learn the underlying data distribution without suffering from
the curse of dimensionality?

At first glance, the answer might seem quite straightforward. If a diffusion model can learn the em-
pirical distribution of the training data that accurately approximates the underlying data distribution,
then the puzzle is solved! However, it has been shown in [28] that the number of samples for an
empirical distribution to approximate the underlying data distribution could grow exponentially with
respect to (w.r.t.) the data dimension. Moreover, [20} 29]] showed that to learn an e-accurate score
estimator measured by the ¢5-norm via score matching or kernel-based approach, the required size
of training samples grows at the rate of O(e~"), where n is the data dimension. These theoretical
findings indicate that learning the underlying distribution via diffusion models suffers from the curse
of dimensionality. In contrast, recent studies [25, [27]] showed that the number of training samples
for a diffusion model to learn the underlying distribution is much smaller than the worst-case sce-
nario, breaking the curse of dimensionality. Therefore, there is a significant gap between theory and
practice.

In this work, we aim to address the above question of learning the underlying distribution via dif-
fusion models by leveraging low-dimensional models. Our key observations are as follows: (i) The
intrinsic dimensionality of real image data is significantly lower than the ambient dimension, a fact
well-supported by extensive empirical evidence in [30, [31} 32]]; (ii) Image data lies on a disjoint
union of manifolds of varying intrinsic dimensions, as empirically verified in [33} 34} 35]] (see Fig-
ure [T[(a)); (iii) We empirically observe that the denoising autoencoder (DAE) [36| 37] of diffusion
models trained on real-world image datasets exhibit low-rank structures (see Figure [2). Based on
these observations, we conduct a theoretical investigation of distribution learning through diffusion
models by assuming that (i) the underlying data distribution is a mixture of low-rank Gaussians (see
Definition[T)) and (ii) the denoising autoencoder is parameterized according to the score function of
the MoLRG. Notably, these assumptions will be carefully discussed based on the existing literature
and validated by our experiments on real image datasets.

1.1 Our Contributions

This work studies the DAE-based training loss of diffusion models under the above low-dimensional
data model and network parameterization. Our contributions can be summarized as follows:

* Equivalence between training diffusion models and subspace clustering. Under the above
setup, we show that the training loss of diffusion models is equivalent to the unsupervised subspace
clustering problem [38] 39| 40] (see Theorem 3)). This equivalence implies that training diffusion
models is essentially learning low-dimensional manifolds of the data distribution.

* Understanding breaking the curse of dimensionality in learning distributions. By leveraging
the above equivalence and the data model, we show that if the number of samples exceed the
intrinsic dimension of the subspaces, the optimal solutions of the training loss can recover the
underlying distribution. This explains why diffusion models can break the curse of dimensionality.
Conversely, if the number of samples is insufficient, it may learn an incorrect distribution.
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* Correspondence between semantic representations and the subspaces. Interestingly, we find
that the discovered low-dimensional subspaces in a pre-trained diffusion model possess semantic
meanings for natural images; see Figure[5] This motivates us to propose a training-free method to
edit images on a frozen-trained diffusion model.

2 Problem Setup

In this work, we consider an image dataset consisting of samples {w(i) } ;N:1 C R™, where each data
point is i.i.d. sampled from an underlying data distribution pgata (). Instead of learning this pdf
directly, score-based diffusion models aim to learn the score function from the training samples.

2.1 Preliminaries on Score-Based Diffusion Models

Forward and reverse SDEs of diffusion models. In general, diffusion models consist of forward
and reverse processes indexed by a continuous time variable ¢ € [0, 1]. Specifically, the forward
process progressively injects noise into the data. This process can be described by the following
stochastic differential equation (SDE):

day = f(Hadt + g(t)dw, (1)

where &g ~ Pdata, the scalar functions f(¢), g(t) : R — Rrespectively denote the drift and diffusion
coefficients|' |and {w; };¢ [0,1] is the standard Wiener process. For ease of exposition, let p; () denote
the pdf of @; and p;(+|x() the transition kernel from g to ;. According to Eq. , we have

g%(§)
52(€)

where s; := s(t) and o, := o(t) for simplicity. The reverse process gradually removes the noise
from x; via the following reverse-time SDE:

dx; = (f(t):ct — g2(t)Vlogpt(:Bt)) dt + g(t)dw, (3)

where {w; };c[o,1] is another standard Wiener process, independent of {w; }, running backward in
time from ¢ = 1 to ¢t = 0. It is worth noting that if ; and V log p; are provided, the reverse process
has exactly the same distribution as the forward process at each time ¢ > 0 [42].

t t
pt(wt|$0) = N(wt; Stm07S§U§In)a where s; = exp (/ f(§)d§> , Ot = / d§, (2
0 0

Training loss of diffusion models. Unfortunately, the score function V log p; is usually unknown,
as it depends on the underlying data distribution pq,t,. To enable data generation via the reverse
SDE (3), a common approach is to estimate the score function V log p; using the training samples
{m(i)}fil based on the scoring matching [2, [11]]. Because of the equivalence between the score
function V log p;(z;) and the posterior mean E [x¢|z], i.e.,

s E [zo|xe] = 24 + ngtZVIngt(mt)a 4

according to Tweedie’s formula and (2)), an alternative approach to estimate the score function
V log p; is to estimate the posterior mean E [xg|x;]. Consequently, extensive works [43] 23] 41
371 144]] have considered training a time-dependent function g (-,¢) : R™ x [0,1] — R"™, known as
denoising autoencoder (DAE), parameterized by a neural network with parameters 6 to estimate the
posterior mean E [xg|x:]. To determine the parameters 8, we can minimize the following empirical
loss:

N 1
. 1 ) .
mn 10) = 33 [ NEeeton [[eatoia® +ie.0)

2
} dt, (&)

where \; : [0,1] — R is a weighting function and 7; := s;0;. As shown in [37], training the DAE
is equivalent to performing explicit or implicit score matching under mild conditions. We refer the
reader to Appendix [A.T|for the relationship between this loss and the score-matching loss.

'In general, the functions f(¢) and g(t) are chosen such that (i) «; for all ¢ close to 0 approximately follows
the data distribution paasa and (ii) a+ for all ¢ close to 1 is nearly a standard Gaussian distribution; see, e.g., the
settings in [2 411 [11].
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2.2 Low-Dimensional Data and Models

Mixture of low-rank Gaussian data distribution. Although real-world image datasets are
high dimensional in terms of pixel count and overall data volume, extensive empirical works
[30,134] 31} 132]] suggest that their intrinsic dimensions are much lower. For instance, [31] indicated
that even for complex datasets like ImageNet [45], the intrinsic dimensionality is approximately 40,
which is significantly lower than its ambient dimension. Recently, [33} 34} 135]] empirically validated
the union of manifolds hypothesis, demonstrating that high-dimensional image data often lies on a
disjoint union of manifolds instead of a single manifold. These observations motivate us to model
the underlying data distribution as a mixture of low-rank Gaussians, where the data points are gen-
erated from a mixture of several Gaussian distributions; see Figure b). We formally define the
MoLRG distribution as follows:

Definition 1 (Mixtures of Low-Rank Gaussians). We say that a random vector x € R follows a
mixture of K low-rank Gaussian distribution with parameters {my }1_, and {U} H<_ | if

K
T~ ZWkN(O, UruT), (6)
k=1

where U} € O™* denotes the orthonormal base of the k-th component and 7}, > 0 is the mixing
proportion of the k-th mixture component satisfying Zszl m, = 1.

Before we proceed, we make some remarks on this data model. First, to study how diffusion mod-
els learn the underlying data distribution, many recent works have studied a mixture of full-rank
Gaussian distributions (see Eq. ); see, e.g., [46l 47, 48]. However, compared to this model,
MoLRG is a more suitable model for capturing the low-dimensionality in image data distribution.
Second, [33, 134] conducted extensive numerical experiments to validate that image datasets such
as MNIST and ImageNet approximately lie on a union of low-dimensional manifolds. Because a
nonlinear manifold can be well approximated by its tangent space (i.e., a linear subspace) in a local
neighborhood, the MoLRG model, which represents data as a union of linear subspace, serves a good
local approximation of a union of manifolds. Finally, assuming Gaussian distributions in each sub-
space in the MoLRG model is to ensure theoretical tractability, making it a practical starting point for
theoretical studies on real-world image datasets. Now, we compute the ground-truth posterior mean
E [xo|x,] when x satisfies the MoLRG model as follows.

Lemma 1. Suppose that x satisfies the MoLRG model. For each time t > 0, it holds that
K
si Yopey meexp (o|[Ur @ ||?) U U where 6, = 52
t *— T 5, 5 o\ -
57 + ¢ Zszl T exp (]| UFTx4]|?) ’ 297 (7 +77)

E[zo|z:] =

)

We defer the proof of this lemma to Appendix Notably, this lemma provides guidance on the
network parameterization of the DAE x¢ (-, t) as discussed below.

Low-rank network parameterization. When we train diffusion models with the U-Net architec-
ture [49] on various image datasets, it is observed that the numerical rank of the Jacobian of the
DAE, i.e., Vg, xg(x¢, ), is substantially lower than the ambient dimension in most time steps; see
Figure 2{a). When training diffusion models with U-Net on the samples generated according to the
MoLRG model, the Jacobian of the DAE also exhibits a similar low-rank pattern; see Figure[2b). The
above observations motivate us to consider a low-rank parameterization of the network. According
to the ground-truth posterior mean of the MoLRG model in Lemma|l} a natural parameterization for
the DAE is

zo(xs,t) = ot zK:w (0: 2)URUT z1, wi(0; 21) — —r P (UL x4]?) ®
[°) 9 — 5 9 k 3 k R k ; = ,
t 3t2+7t2 Pt t kLt t leil T exp (¢t‘|UlT$tH2)

where the network parameters 8 = {Uj }5_, satisfy Uy, € Om™*dx - Although this approach may
seem idealized, it offers several practical insights. First, if we consider a single low-rank Gaussian,
the network parameterization takes the form @ — s, /(s? +~2)UU™ z, which resembles the structure
of a practical U-Net with a linear encoder, decoder, and skip connections. This provides theoretical
insights into why U-Net is preferred for training diffusion models. Second, to learn the underlying
distribution, the number of samples should be proportional to its intrinsic dimension. In practice,
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Figure 2: Low-rank property of the DAE of trained diffusion models. We plot the ratio of the
numerical rank of the Jacobian of the denoising autoencoder, i.e., Vg, g (s, t), over the total di-
mension against the signal-to-noise ratio (SNR) 1/0; on trained diffusion models. (a) We train
diffusion models on image datasets CIFAR-10, CelebA, FFHQ, and AFHQ. The experimental de-
tails are provided in Appendix [C.I} (b) We respectively train diffusion models with the low-rank
parameterization (@) and U-Net on a mixture of low-rank Gaussian distributions.

this informs us on how to use a minimal number of samples to train diffusion models to achieve
generalization.

Similar simplifications have been widely used for theoretical analysis in various ideal data distribu-
tions; see, e.g., [19, 46l 47, 48]]. Notably, under this specific network parameterization in Eq. (8),
learning the score function V log p;(x;) reduces to learning the network parameters 6 in Eq. (8)
according to Lemma([T]and Eq. ().

3 Main Results

Based on the setups in Section [2.2] we are ready to conduct a theoretical analysis of distribution
learning using diffusion models.

3.1 A Warm-Up Study: A Single Low-rank Gaussian Case

To begin, we start from a simple case that the underlying distribution pqat, is a single low-rank
Gaussian. Specifically, the training samples {x(}¥., C R™ are generated according to

z® =U*a; +e;, )

where U* € O"* denotes an orthonormal basis, a; "< A (0, I,;) is coefficients for each i € [N],
and e; € R™ is noise for all i € [V ]E| According to , we parameterize the DAE into

St

———UU"z,, 10
ST +7 t (o

xo(xy,t) =

where @ = U € O"*4, Equipped with the above setup, we can show the following result.

Theorem 1. Suppose that the DAE xg(-,t) in Problem is parameterized into @) for each
t € [0,1). Then, Problem (3)) is equivalent to the following PCA problem:

N
UTz®)? t. UTU = 1,. 11
Uglﬂggdgll 0 a (1)

We defer the proof to Appendix [A.3] In the single low-rank Gaussian model, Theorem [I] shows
that training diffusion models with a DAE of the form (I0) to learn this distribution is equivalent to
performing PCA on the training samples. Leveraging this equivalence, we can further characterize
the number of samples required for learning underlying distribution under the data model (9).

2Since real-world images inherently contain noise due to various factors, such as sensor limitation, environ-
ment conditions, and transition error, it is reasonable to add a noise term to this model.
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Theorem 2. Consider the setting of Theorem I Suppose that the training samples {m(z) Y, are

generated according to the noisy single low-rank Gaussian model defined in @ Let U denote an
optimal solution of Problem (). The following statements hold:

i) If N > d, it holds with probability at least 1 —1 /2N ~4+! —exp (—cy N) that any optimal solution
U satisfies

N 2
C1 i=1 l1€i
| cayIhilel )

Ht)’tAJTfU*U*T PN T

where c1,co > 0 are constants that depend polynomially only on the Gaussian moment.

ii) If N < d, there exists an optimal solution U e O™ guch that with probability at least 1 —
124N+ Zoxp (~ch),

¢ zfvl ||ez~||2
f

where ¢}, ch, > 0 are constants that depend polynomially only on the Gaussian moment.

HUUT UUT (13)

‘ > /2min{d — N,n — d} —

Remark 1. We defer the proof to Appendix[A.4] Building on the equivalence in Theorem[I|and the
DAE parameterization (I0), Theorem 2] clearly shows a phase transition from failure to success in
learning the underlying distribution as the number of training samples increases. This phase transi-
tion is further corroborated by our experiments in Figures [3(a) and[3[b). Note that our theory cannot
explain why diffusion models memorize training data (i.e., learning the empirical distribution). This
is because the parameterization (I0) is not as sufficiently over-parameterized as architectures like
U-Net. We plan to explore this over-parameterized setting in future work to better understand how
diffusion models achieve memorization and to extend our theoretical insights accordingly.

3.2 From Single Low-Rank Gaussian to Mixtures of Low-Rank Gaussians

In this subsection, we extend the above study to the MoLRG distribution. In particular, we consider
a noisy version of the MoLRG model as defined Definition[I] Specifically, the training samples are
generated by

x) = Ufa; + e; with probability 7, Vi € [N], (14)

where U} € O™*% denotes an orthonormal basis for each k € [K], a; N (0, I,,) is coeffi-
cients, and e; € R™ is noise for each i € [N]. As argued by [33]], image data lies on a disjoint union
of manifolds. This motivates us to assume that the basis matrices of subspaces satisty U;” U} = 0

for each k # [. To simplify our analysis, we assume that d; = --- = dg = d and the mixing
weights satisfy m = --- = mx = 1/K. Moreover, we consider a hard-max counterpart of Eq.
for the DAE parameterization as follows:
K
To(zi,t) = 5——5 Y _ (0, 20)UpUf (15)
st ""Yt 1

where 6 = {U, }/_, and the weights {1y (0; o)}, are set as
Wi (0; o) = 1, if k = ko, wr(0;x0) = 0, otherwise, (16)

where ko € [K] is an index satisfying || U}l @o|| > ||U aol| for all I # ko € [K]. We should point
out that we use two key approximations here. First, the soft-max welghts {wk(0 x;)} in Eq. (8)
are approximated by the hard-max welghts {wy(8; o)} . Second, [|[Ul'z;|| is approximated by
its expectation, i.e., Ec[| Ul @ ||*] = Ec [|[UL (sio + vi€)||?] = s3||[UL o||? +77d. We refer the
reader to Appendix E] for more details on these approximation. Now, we are ready to show the
following theorem.
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Theorem 3. Suppose that the DAE x¢g(-,t) in Problem is parameterized into (n) for each
t € [0,1], where Wy (0, o) is defined in foreach k € K Then, Problem (5 is equivalent to
the following subspace clustering problem:

maX—Z SUfeDP st [U,... Uk € 0", (17)
k=14€C}(0)
where Cy,(0) := {i € [N]: [UFz®| > (|UFz||, VI # k} for each k € [K].

We defer the proof to Appendix When the DAE is parameterized into (T3], Theorem 3] demon-
strates that optimizing the training loss of diffusion models is equivalent to solving the subspace
clustering problem [39,40]]. Moreover, the equivalence allows us to characterize the required mini-
mum number of samples for learning the underlying MoLRG distribution.

Theorem 4. Consider the setting of Theorem I Suppose that the training samples {:c(Z Y, are
generated by the MoLRG distribution in Definition|l} Suppose d 2 log N and ||e;|| < \/d/N for

alli € [N). Let {U}K_| denote an optimal solution of Problem (El) and Ny, denote the number of
samples from the k-th Gaussian component. Then, the following statements hold:

(i) If N, > d for each k € [K), there exists a permutation 11 : [K] — [K] such that with
probability at least 1 —2K* N1 — Zszl (1/2Ne=d+1 4 exp (—coNy)) for each k € [K],

N
‘ _a > e lledll?
F~ V/N,—vVd—-1’

where c1,co > 0 are constants that depend polynomially only on the Gaussian moment.

|On Uy~ URUET (18)

(ii) If Ny, < d for some k € [K], there exists a permutation 11 : [K] — [K] and k € [K] such
that with probability at least 1 — 2K2N~1 — S (1/29-Net! exp (—chNy)),
N
1y iz llesll?
Vi- VR T

where ¢, ¢, > 0 are constants that depend polynomially only on the Gaussian

H ﬁH(k)ﬁg(k) - UI:UI:T

’F > /2min{d — Np,n —d} — (19)

Remark 2. We defer the proof to Appendix[B.3] We discuss the implications of our results below.

* Phase transition in learning the underlying distribution. This theorem demonstrates that when
the number of samples in each subspace exceeds the dimension of the subspace and the noise
is bounded, the optimal solution of the training loss () under the parameterization (I5) can re-
cover the underlying subspaces up to the noise level. Conversely, when the number of samples is
insufficient, there exists an optimal solution that may recover wrong subspaces; see Figures[3|c,d).

* Connections to the phase transition from memorization to generalization. We should clarify the
difference between the phase transition described in Theorems 2 & @] and the phase transition from
memorization to generalization. Our phase transition refers to the shift from failure to success of
learning the underlying distribution as the number of training samples increase, whereas the latter
concerns the shift from memorizing data to generalizing from it as the number of training samples
increases. Nevertheless, our theory still sheds light on the minimal number of samples required
for diffusion models to enter the generalized regime.

4 Experiments & Practical Implications

In this section, we first investigate phase transitions of diffusion models in learning distributions
under both theoretical and practical settings in Section [#.I} Next, we demonstrate the practical
implications of our work by exploring the correspondence between low-dimensional subspaces and
semantic representations for controllable image editing in Section .2}

4.1 Phase Transition in Learning Distributions

In this subsection, we conduct experiments on both synthetic and real datasets to study the phase
transition of diffusion models in learning distributions.

7
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Figure 3: Phase transition of learning the MoLRG distribution. The x-axis is the number of train-
ing samples and y-axis is the dimension of subspaces. Darker pixels represent a lower empirical
probability of success. When K = 1, we apply SVD and train diffusion models to solve Problems
(T1) and (3), visualizing the results in (a) and (b), respectively. When K = 2, we apply a subspace
clustering method and train diffusion models for solving Problems and (3)), visualizing the re-
sults in (c) and (d), respectively.

Learning the MoLRG distribution with the theoretical parameterizations. To begin, we opti-
mize the training loss (3) with the theoretical parameterization (8), where the data samples are
generated by the MoLRG distribution. First, we apply stochastic gradient descent (see Algorithm [T))
to solve Problem (5) with the DAE parameterized as (). For comparison, according to Theorem
(resp., Theorem [3), we apply a singular value decomposition (resp., subspace clustering [40])) to
solve Problem (resp, Problem (I7)). We conduct three sets of experiments, where the data
samples are respectively generated according to the single low-rank Gaussian distribution (9) with
K = 1 and a mixture of low-rank Gaussian distributions (I4) with K = 2, 3. In each set, we set
the total dimension n = 48 and let the subspace dimension d and the number of training samples
N vary from 2 to 8 and 2 to 15 with increments of 1, respectively. For every pair of d and IV, we
generate 20 instances, run the above methods, and calculate the successful rate of recovering the
underlying subspaces. The simulation results are visualized in Figure [3|and Figure[7] It is observed
that all these methods exhibit a phase transition from failure to success in learning the subspaces as
the number of training samples increases, which supports the results in Theorems [2] and 4]

Learning the MoLRG distribution with U-Net. Next, we optimize the training loss with pa-
rameterizing the DAE (-, t) using U-Net, detailed experiment settings are in Appendix [D.2} We
measure the generalization ability of U-Net via generalization (GL) score defined in Eq. (48)). The
trained diffusion model is in the memorization regime when the GL score is close to 0, while it is
in the generalization regime when the GL score is close to 1. Detailed discussions about the metric
are in Appendix [D.2] In the experiments, we generate the data samples using the MoLRG distribution
with K = 2, n = 48, and dj, € {3,4,5,6}. Then, we plot the GL score against the N} /d}, for
each dj, in Figure d[a). It is observed that for a fixed dy, the generalization performance of diffu-
sion models improves as the number of training samples increases. Notably, for different values of
dy, the plot of the GL score against the Ny, /d} remains approximately consistent. This observation
indicates that the phase transition curve for U-Net learning the MoLRG distribution depends on the
ratio Ny /dy, rather than on Ny, and dj, individually. When Ny, /dj = 60, GL score ~ 1.0 suggesting
that U-Net generalizes when N, > 60dj. This linear relationship for the phase transition differs
from Ny > dj in Theorem {4 due to training with U-Net instead of the optimal network parame-
terization in Eq. (§). Nevertheless, Theorem [2] and Theorem [4] still provide valuable insights into
learning distributions via diffusion models by demonstrating a similar phase transition phenomenon
and confirming a linear relationship between Ny, and dy.

Learning real image data distributions with U-Net. Finally, we train diffusion models using U-
Net on real image datasets AFHQ, CelebA, FFHQ, and CIFAR-10. The detailed experiment settings
are deferred to Appendix we utilize the generalization (GL) score on the real-world image
dataset according to [27]. The definition of the metric is in Eq. (#9) and detailed discussions are
in Appendix Intuitively, GL score measures the dissimilarity between the generated sample
z and all N samples y; from the training dataset {y;} ;. A higher GL score indicates stronger
generalizability. For each data set, we train U-Net and plot the GL score against the number of
training samples in Figure [d[(b). The phase transition in the real dataset is illustrated in Figure f{b).
As observed, the order in which the samples need to generalize follows the relationship: AFHQ
> CelebA > FFHQ ~ CIFAR-10. Additionally, from our previous observations in Figure 2] the
relationship of the intrinsic dimensions for these datasets is: AFHQ > FFHQ > CelebA ~ CIFAR-
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10. Both AFHQ and CelebA align well with our theoretical analysis, which indicates that more
samples are required for the model to generalize as the intrinsic dimension increases.

4.2 Semantic Meanings of Low-Dimensional Subspaces

In this subsection, we conduct experiments to verify the correspondence between the low-
dimensional subspaces of the data distribution and the semantics of images on real datasets. We
denote the Jacobian of the DAE xg(x;,t) by J; := Vg, xe(xs,t) € R and let J; = USVT
be an singular value decomposition (SVD) of J;, where r = rank(Jy), U = [uq,- - ,u,] € O™,
V = [vy,-,v,] € O™, and ¥ = diag(oy,...,0.) with oy > --- > o, being the singular
values. To validate the semantic meaning of the basis vectors v;, we vary the value of « from neg-
ative to positive and visualize the resulting changes in the generated images. In the experiments,
we use a pre-trained diffusion denoising probabilistic model (DDPM) [2] on the MetFaces dataset
[S0]. We randomly select an image x( from this dataset and use the reverse process of the diffusion
denoising implicit model (DDIM) [S1] to generate x; at ¢ = 0.77', where T denote the total num-
ber of time steps. We respectively choose the changed direction as the leading right singular vectors
V1, V3, Vg, U5, Vg and use &; = x;+aw; to generate new images with o € [—4, 4] shown in Figure
It is observed that these singular vectors enable different semantic edits in terms of gender, hairstyle,
and color of the image. For comparison, we generate a random unit vector s and move x; along
the direction of s, where the editing strength « is the same as the semantic edits column-wise. The
results are shown in the last column of Figure[5} Moving along random directions provides minimal
semantic changes in the generated images, indicating that the low-dimensional subspace spanned
by V is non-trivial and corresponds to semantic meaningful image attributes. More experimental
results can be found in Figure[8] Figure [9]in Appendix [D.3]

5 Related Works

Learning a mixture of Gaussians via diffusion models. Recent works have extensively stud-
ied distribution learning and generalizability of diffusion models for learning a mixture of full-
rank Gaussian (MoG) model [46} 152} 147, 148} |53]]. Specifically, they assumed that there exist centers
Ui, .., i € R™ such that image data approximately follows from the following distribution:

K
x o~ N (s In), (20)

k=1

where 7, > 0 is the mixing proportion of the k-th mixture component satisfying 25:1 mp = 1.
Notably, the MoLRG model is distinct from the above MoG model that is widely studied in the litera-
ture. Specifically, the MoG model consists of multiple Gaussians with varying means and covariance
spanning the full-dimensional space (see Eq. (20)), while a MoLRG comprises multiple Gaussians
with zero mean and low-rank covariance (see Eq. (6)), lying in a union of low-dimensional sub-
spaces. As such, the MoLRG model, inspired by the inherent low-dimensionality of image datasets
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(30, 311 [32]], offers a deeper insight into how diffusion models can learn underlying distributions in
practice without suffering from the curse of dimensionality.

Memorization and generalization in diffusion models. Recently, extensive studies [23] 26}
empirically revealed that diffusion models learn the score function across two distinct regimes —
memorization (i.e., learning the empirical distribution) and generalization (i.e., learning the underly-
ing distribution) — depending on the training dataset size vs. the model capacity. For a model with
a fixed number of parameters, there is a phase transition from memorization to generalization as the
number of training samples increases [25} 27]. Notably, most existing studies on the memorization
and generalization of diffusion models are empirical. In contrast, our work provides rigorous theo-
retical explanations for these intriguing experimental observations based on the MoLRG model. We
demonstrate that diffusion models learn the underlying data distribution with the number of training
samples scaling linearly with the intrinsic dimension.

6 Conclusion & Discussion

In this work, we studied the training loss of diffusion models to investigate when and why diffusion
models can learn the underlying distribution without suffering from the curse of dimensionality.
Motivated by extensive empirical observations, we assumed that the underlying data distribution is a
mixture of low-rank Gaussians. Specifically, we showed that minimizing the training loss is equiv-
alent to solving the subspace clustering problem under proper network parameterization. Based on
this equivalence, we further showed that the optimal solutions to the training loss can recover the
underlying subspaces when the number of samples scales linearly with the intrinsic dimensionality
of the data distribution. Moreover, we established the correspondence between the subspaces and se-
mantic representations of image data. Since our studied network parameterization is not sufficiently
over-parameterized, a future direction is to extend our analysis to an over-parameterized case to fully
explain the transition from memorization to generalization.

10
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Supplementary Material

In the appendix, the organization is as follows. We first provide proof details for Section [2| and
Section [3|in Appendix [A] and Appendix [B] respectively. Then, we present our experimental setups
for Figure 2] in Appendix [C] and for Section ] in Appendix [D] Finally, some auxiliary results for
proving the main theorems are provided in Appendix [E]

To simplify our development, we introduce some further notation. We denote by N (p, ¥) a multi-
variate Gaussian distribution with mean g € R™ and covariance 3 > 0. Given a Gaussian random
vector ¢ ~ N (u, X), if ¥ > 0, with abuse of notation, we write its pdf as

1 1
N(z; 1, X) = exp (- x—p) IS Y- ) 1)
(w5 p, X) 2r) 2 et (3) 5@ —n) (x—p)
If a random vector z € R satisfies x ~ N (u, UUT) for some p € R™ and U € O™*¢, we have
x=p+Ua, (22)

where a ~ N(0, I;). Therefore, a mixture of low-rank Gaussians in Deﬁnitioncan be expressed
as

P(x = U}ay) = 7y, where a, ~ N(0,1,,), Vk € [K]. (23)

A Proofs in Section

A.1 Relation between Score Matching Loss and Denoiser Autoencoder Loss

To estimate V log p;(x), one can train a time-dependent score-based model sg(x,t) via minimizing
the following objective [11]:

1
min / 6o pana B oo |50(1,) = ¥ log pu(@i|wo) ] at, (24)
0

where & : [0,1] — R* is a positive weighting function. Let xg(-,1) : R? x [0,1] — R? de-
note a neural network parameterized by parameters 8 to approximate E[xq|x;]. According to the
Tweedie’s formula (@), s¢(x,t) = (s;xo(z¢,t) — x¢) /77 can be used to estimate score functions.
Substituting this and V log p;(z;|xo) = (si2o — x¢) /77 due to (2) yields

2

] a

1
min/ §tErgnpania Bz, |20 [
o Jo
1
&t

= | S BarpinEenio.n) [lzo(simo + e, t) — o] dt,
0 S0y

1 1
— (sixo(@e,t) — @) — — (S0 — TY)
‘%2 Vi

where the equality follows from x; = s;xo + 7€ due to . Then, we obtain

1
meln/ )‘tEmo’VPdacaEENN(OJn) {H"BG(St"BO + M€, t) - :130||2] dt, (25)
0

where \; = &;/(s?0}). However, only data points {z(?} , sampled from the underlying data
distribution pg,¢, are available in practice. Therefore, we study the following empirical counterpart
of Problem over the training samples, i.e., Problem @) We refer the reader to [25, Section 2.1]

for more discussions on the denoising error of this problem.

A.2 Proof of in Lemmal[ll

Assuming that the underlying data distribution follows a mixture of low-rank Gaussians as defined
in Definition [I] we first compute the ground-truth score function as follows.

Proposition 1. Suppose that the underlying data distribution pqasa follows a mixture of low-rank
Gaussian distributions in Definition|l| In the forward process of diffusion models, the pdf of x for
eacht > 0 is

K
pi(x) =Y mN(@;0, ;UL UL +471), (26)
k=1
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557 where v = si0y. Moreover, the score function of p,(x) is

v

Viegp(a) = 5 (@ - = Vi mN (@0, s ULUT + ¢ L) UL T
S%JF’YtQ Zszl ij\f(w 0 StU*U*T—i—’thI )

sss Proof. LetY € {1,..., K} be a discrete random variable that denotes the value of components of
559 the mixture model. Note that ; = sy0;. It follows from Deﬁnitionthat P(Y = k) = my, for each
seo Kk € [K]. We first compute

pe(z|Y =k) = /pt (x]Y = k,ar)N(ax; 0,1, )day = /pt(a:|:c0 =Ufar)N (ax; 0,1, ) day

= /N(:B;StUJ:aka'YtQIn)N(aMO,Idk)dak
— 1 1 * 2 1 2
- gy | o0 (~gsle - sUiwl ) exp (znak ) dax
1 2 2\ —d/2 1 2
(QW)H Ve Vi 277 +’Yt

1 i\ 57+ 7 ) 4
dp/2 \ §2 2 exp | — 5 x aj
(2m) s¢ + % 2v;

1 1 57

L 7 T
= exp| —=—s=z" (I, — U |z
27 \n/2 n—d 1/2 ( 2~2 ( 52 4+ ~2
(27) ((Sg 2y )) i it

1 LG I S—— 27 V1 )
= exp | —=-x* (s;UU; +v;1,) =
(271—)71/2 detl/Q(s%U*U*T +21,) < 9 ( tYEYE Ve )

St

*
2 Uk

ap — 2
s+

561 where the second equahty follows from (2), the third equality uses , the fourth equahty is due

se2  to the fact that (&, U} a) is an odd function, and the second to last equahty uses det(s;UFURT +
2(n—d *T T* — *

0. F L) = (s + 7)Y and (SPURULT + 97 1) ™! = (I = 57/ (53 +97)URULT) o due

s64 to the matrix inversion lemma and U;T U} = I,,. This, together with P(Y = k) = m, for each

ses k€ [K], yields

K K
pi(@) =Y pu(@lY = k)P(Y = k) = Y mN(2;0, s;ULULT + 7).
k=1

k=1

se6 Next, we directly compute

\Ya (z) = th(a;) Zk LN (30, S2UFURT +421) (—%a} + WU*U*T )
ogp
' pi(z) Zk:l N (230, 53 U*U*T +97 1)
i s7 Zszl N (250, s7UFURT + 421, Ur U )
B \" s+ SF mN(@;0, s2ULURT +421,,) '
567 O
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se8  Proof of Lemmal[l} According to (@) and Proposition [T} we compute

xy + 72V log py(xy) s Zszl N (z; 0, UL URT + A2 1,) U U

st st e MmN (240, 82U U +421,)
K 1 2 2 *7xT
o Siimenn (—o (el - 10w ) UiUE e,

52 + 2 K 1
e D km1 TRexp ( — 5y ([lzel]? = &3 2||U;:T$t\|
27 L
t

E[zo|2:]

+
1 2

2

Zkﬂkexp< U

se9  where the third equality uses and (s;U; U + ’YfIn)il = (I, — s7/(s} + 2 )URUET) 2
570 due to the matrix inversion lemma. O

St
=2 2
s+

1
Zszl Tk €Xp (2 ||U*Tmt||2> U*U*Tmt

b

51 A.3  Proof of Theorem I

572 Proof of Theorem[l] Plugging (I0) into the integrand of (3)) yields

| T

e 5 5 uvu” (stm(i) + 'yte) —z®

S + 4
2 (sem)?
= SUU 2 — 2O 4 Y g [|JUUT €|
S? +% cEzweal I"
2
: (5¢72)%d
= ||z U0UTe® — 2| +
St ‘*‘% (s7 + )

573 where the first equality follows from E.[(x, €)] = 0 for any given € R" due to € ~ N(0,I,,),
s74 and the second equality uses E [|[UUT€|?] = Ec [[UTe[?] = 20, Ec [[|ule]?] = d due to
555 U € O"*%and € ~ N(0, I,,). This, together with v; = s;0; and , yields

1+ 207 ; oid
)2 t T, .(i))2 t
Nz/ (IO - GEZE U TR0 4 s Yt

s76 Obviously, minimizing the above function in terms of U amounts to

1+ 207)A
min f/ wdtiz”UTw( 112,
UTU=1I, o (140}

577 which is equivalent to Problem (TT). ]

57 A.4 Proof of Theorem 2]
579 Proof of Theorem|2] For ease of exposition, let
X=[z® ... 2™ eR”N A=[a; ... any]eR"N E=[e; ... ey]eR™N.
ss0  Using this and (9)), we obtain
X =-U*A+E. (28)

ss1 Letra :=rank(A) < min{d, N} and A = UoX 4 VI be an singular value decomposition (SVD)
se2 of A, where Uy € 074V, € ONXra and ¥4 € R™4%74_ [t follows from Theorem that
ss3  Problem (3)) with the parameterization (10} is equivalent to Problem (TT).

17



584
585

586
587

588
589

590

591
592

593
594
595

597

598

599

600

601

603

604

605

606

607

(i) Suppose that N > d. Applying Lemma with e = 1/(2¢1) to A € RN it holds with
probability at least 1 — 1/2V=4+1 — exp (—cy V) that

>\/N—\/d—1

Umin(A) = O‘d(A) 201

(29)

ra =dand Uy € O% Since Problem (11)) is a PCA problem, the columns of any optimal solution

U € 0™*4 consist of left singular vectors associated with the top d singular values of X. This,
together with Wedin’s Theorem [54] and (28)), yields

where c1, c2 > 0 are constants dependiolynomially only on the Gaussian moment. This implies

NI 2| FE 4cq || E

vuT —vrurT = )
H F Umin(A) \/N— \/d -1

This, together with absorbing 4 into ¢4, yields (12).

(ii) Suppose that N < d. According to Lemma[3|with e = 1/(2¢y), it holds with probability at least
1 —1/29"N+1 _exp (—cod) that

- Vd—+vN=1

Umin(A) = (TN(A) 201

(30)

where c1, c2 > 0 are constants depending polynomially only on the Gaussian moment. This implies
ra=NandUy € OV, This, together with the fact that A = U4 X 4V is an SVD of A, yields
that U*A = (U*U4) AV isan SVD of U* A with U*U4 € O™ V. Note that rank(X) < N.
Let X = UxXx ViL be an SVD of X, where Ux € O"*N Vy € OV, and Tx € RV*N_ This,
together with Wedin’s Theorem [54]] and (30), yields

2|Ellr _  4al|E|r

Umin(A) \/C?—\/N— 1

Note that Problem has infinite optimal solutions when N < d, which take the form of

UZ [UX Ux] S OnXd.

|[UxUx —UUAULU ||, < (D)

Now, we consider that Uy € O™*(¢=N) is an optimal solution of the following problem:

min IVIU(I - UL UY)||%. (32)
Veonx(d-N) yZv=0

Then, one can verify that the rank of the following matrix is at most d:
B:=[Ux U*(I-U.U})]

Then, if n > 2d — N, it is easy to see that the optimal value of Problem is0. If n < 2d — N,
the optima value is achieved at V* = [V}* V| with V;* € R"*("=4) and V& ¢ R**(2d-N-n)
satisfying V;*7 B = 0, which implies

IVU(I -~ UAUR) |7 = V37U (I~ UaUJ)|% < 2d = N —n.
Consequently, the optimal value of Problem (32) is less than
max {0,2d — (n+ N)} (33)
Then, we obtain that

HUUT _ U*U*T

‘F = HUXU):? +UxUY —Uru UTUT —U~(1 - UAUZDU*TH
> |[UxUY - U*(I = UUDU | p - |UxU = U ULULU ||,

der| Bl r
> /2(d— N) —2max{0,2d — (n+ N)} — ——————
Vd— VN -1
_ 41| E| p
> +2min{d— N,n —d} - ——————,
Z V/2min{ b Va- N1

where the second inequality follows from Uy = V* and . Then, we complete the proof.
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B Proofs in Section 3.2]

B.1 Theoretical Justification of the DAE (135)

Since x; = s;xg + Y:€, we compute
Ec [[|U}} (sto + :€)|*] = s7 U @ol|® + 17 Ee[|UY €] = 871U 2o |1? +27d,

where the first equality is due to € ~ N(0,1,,) and E (Ul o, Ul'e >} = 0 for each k € [K]. This
implies that when n is sufficiently large, we can approximate wy,(0; ;) in ( . 8) well by

exp (¢ (57U} o|* +17d))
ity exp (60 (SFIUT o2 +77d))
This soft-max function can be further approximated by the hard-max function. Therefore, we di-
rectly obtain (T6).

B.2 Proof of Theorem[3

w(0; ) ~

Equipped with the above setup, we are ready to prove Theorem 3]

Proof of Theorem 3] Plugging (I3) into the integrand of (3) yields
2

€

-3 Zwk 0; YULUF (st:c( 04 Vi€) — x®

57 +’Yt et
2
785 zK:wk(H e NUL U 2D — 2@ | + 7(&%)2 E EK: k(0; 2N UL UL e
st +7i i (s7 +77)? —
A i St’Yt
= w@a: —2wk0;m(l))U D2 4+ [|l2@]% + wkew
Sfﬂtszl(stﬂz £(6:2) — 20082 ) [UF ) + 201+ 570 Z

where the first equality follows from E.[(x, €)] = 0 for any fixed x € R™ due to € ~ N (07 In),
and the last equality uses U, € O"*¢ and U'U, = 0 for all k # [. This, together with (5) and
Y+ = S:0¢, yields

IREARNIRE 1 , , :
1O=52.2 /O T (ngwzw;w“)) - mk(e;w@)) At Uy 2|+
o2\ d on & .
N/ a3 ([ ) 3 st

According to , we can partition [N] into {C(0)}/_,, where Cj, () for each k € [K] is defined
as follows:

C(8) = {2 € [N]: JUTzD | > |UTzD]], Vi # k} Vk € [K]. (34)
Then, we obtain
K K
S a0 -3 Y 1-N
i=1 k=1 k=1ieCy(0)

This, together with plugging into the above loss function, yields minimizing ¢(0) is equivalent
to minimizing
N

K 1
1 At 1 . . . . .
N / T (1 (82 ) - 2wk<e;w(“>) d|Uf =)
t t

i=1 k=1

_</1 A ( 1 > ) i Z U2
o 1+02\1+0? = k .

)
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Since 7 _i‘;f (1 Jrlag - 2) < Oforall ¢t € [0,1], minimizing the above function is equivalent to

K

1 Z Z T (i))2 xdK

mé-LXN ‘ ||Uk£L'Z|| s.t. [Ul ..UK}EO” .
k=1icCy(6)

Then, we complete the proof. O

B.3 Proof of Theorem @
Proof of TheoremH] For ease of exposition, let § := max{|e;|| : i € [N]},
K .
FO)=3% > Uiz,
k=1i€C}(0)

and for each k € [K],
Cf = {z € [N]:2® = Ufa; + ei}.

Suppose that (51) and (52) hold with V' = Uy, forall i € [N] and k # [ € [K], which happens with
probability 1 — 2K2N~T according to Lemma This implies that for all ¢ € [N] and k # [ € [K],
Vd — (2¢/log N +2) < |la;|| < Vd + (21/log N +2), (35)
IULUf |IF = 2V10g N +2) < U Ufaill < UL Uf |+ (2¢/log N +2).  (36)
Recall that the underlying basis matrices are denoted by * = {U}}X_, and the optimal basis
matrices are denoted by 8 = {U,} K.

First, we claim that C},(0*) = Cj} for each k € [K]. Indeed, for each ¢ € C}, we compute

U2 = [U;T (Ufai + €)= lai + Ui eill = llaill - |leill, 37
. T
Ui T2V = [U (Ufai + el = U el < lleill, VI # k. (38)
This, together with (35) and ||e;|| < (V/d — 2y/Iog N)/2, implies | U a;|| > U ;|| for all [ #
k. Therefore, we have ¢ € C}(0*) due to (34). Therefore, we have C} C C(6*) for each k € [K].

This, together with the fact that they respectively denote a partition of [V], yields Cj(6*) = C} for
each k € [K]. Now, we compute

K K
1) =3 Y U e@P =" > llai + UiTeil?

k=14€C} k=14€Cj:
N K K

=D lailP+2) 0 ) e Uifen + 3 ) U e” (39)
i=1 k=1ieC;}: k=14i€C}

Next, we compute

K K K

FO)=> "> 105 D1P=>">" > U (Utai+e)
k=1iccy(6) =1 k=1ieCy(6)nC}
K K

K
- S (107U ail? + 200, U "0 e ) + 30 3 [0 el
=1 k=1ieCy(6)nC} k=1icCy(6)
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41 This, together with f ( ) > f(0*) and , yields

K K
leazll2 ZZ Yo 0Ual* <Y > Y. 2anUTUU e+

=1 k=1 7€Ck(9)ﬁC* =1 kzliECk(é)ﬁC,f
K K
Z YooUel? =2 (anUiTe) = > > U el?
k=1c0, (6) k=14ieC}: k=14ieC}:
N
<46 |lai]| + No* < 66NVd + N&?, (40)
=1

642 where the second inequality follows from ||e;|| < & for all i € [N] and U}, U, € O™ for all
s43  k € [K], and the last inequality uses (35).

44 For ease of exposition, let Ny := |C}.(6 )ﬁC*| According to the pigeonhole principle, there exists
e45 a permutation 7 : [K] — [K] such that there exists k € [K] such that N (), > N/K?. This,
es6  together with {@0), yields
6ONVA+ N2> 3 (Jlail? ~ 107, Ukail?)
ZECﬂ(k)(é)ﬁC,;
T A~
=(I-U} U.yULyUs, > aa]). (41)

zEC,,(k) (é)ﬁc;
647 According to Lemma|§|and Nrgoyr = N/K 2 it holds with probability at least 1 — 2K *N 2 that

1 Z aal — T 9(Vd + /log(N ”(k)k
N, v /N
m(k)k i€C (1) (B)NCE m(k)k

e4¢ This, together with the Weyl’s inequality, yields

Amin Z aia] | > Nugoyr — 9/ Neopn (\[4- log(N. (k)k))

zeCﬂ(k)(é)ﬁC,:

N 9N e
Z ﬁ - (\f + log N ) K2 s
s49  where the second inequality follows from N/K? < N,r( &k < N and the last inequality is due to

50 /N > 18K (v/d + \/log N). Using this and Lemma we obtain
(I = U U1 UL U, > a;al)
zecﬂ(m(é)ﬁcg

> )\min Z aia’zT Tr (I - Ul:le—‘n'(k:) lj—g(k) UI:)
iecw(k)(é)ﬁcg
N
= 2K2TI' (I Uk Uﬂ—(k;)U (k)Uk)
es1  This, together with (#I)), implies
T (I - U U U2 Ur ) < 2K (66v/d + 67).

es2  Using this and [U7, ..., Uf] € 0" we obtain

S NULL U =T [ S UL, Ui U Uy | < T (I — Ufrp(k)U,:U,:TUﬂ(k)>

12k 1#k

9 9 3d
< 2K (66\/3+6 ) < 42)
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where the last inequality follows § < v/d/(24K?). According to , we have

K
6oNVA+ N >Y Y (lad? - 108, Ul

I#k ieCr 1) (8)NC}

K A ) P
> ZNﬂ(k)l ((\/g —a)? - (HUz(k)Ul*”F + a) ) > 3 ZNw(k)b

1k 1£k
where the second inequality uses and (36), and the last inequality follows from d > log N.
Therefore, we have for each k € [K],

K
485N Vd + 86*N
Z Nrey < 7 <

L,

I£k
where the last inequality uses 6 < /d/N. This implies Ny ), = 0 for all [ # k, and thus
Cﬂ(k)(é) C Cf. Using the same argument, we can show that Cﬂ(l)(é) C Cf foreach | # k.
Therefore, we have C,r(k)(é) = Cj for each k € [K]. In particular, using the union bound yields

event holds with probability at least 1 — 2K2N ~1. Based on the above optimal assignment, we can
further show:

(i) Suppose that Ni, > d for each k € [K]. This, together with (i) in Theoremand Ny, > d, yields
(18).

(ii) Suppose that there exists k € [K] such that Ny, < d. This, together with (ii) in Theorem and
Ny, > d, yields (I9).

Finally, applying the union bound yields the probability of these events. O

C Experimental Setups in Section [2.2]

In this section, we provide detailed setups for the experiments in Section [2.2] These experiments
aim to validate the assumptions that real-world image data satisfies a mixture of low-rank Gaussians
and that the DAE is parameterized according to . To begin, we show that V, E[xo|x,] is of low

rank when pgata follows a mixture of low-rank Gaussians and Zszl dir. < n, where n is the ambient
dimension of training samples.

C.1 Verification of Mixture of Low-Rank Gaussian Data Distribution

In this subsection, we demonstrate that a mixture of low-rank Gaussians is a reasonable and in-
sightful model for approximating real-world image data distribution. To begin, we show that

Vz, E[xo|z:] is of low rank when pgata follows a mixture of low-rank Gaussians with Zszl dp <mn,
where n is the dimension of training samples.

Lemma 2. Suppose that the data distribution pqata follows a mixture of low-rank Gaussian distri-
butions as defined in Definition[l} For all t € [0,1], it holds that

K
in dj, < rank (V, E <N d,. 43
min dj < rank (Ve, [wolwt})_; 8 43)

Proof. For ease of exposition, let
hi(r) = exp (6|UF ) . ik € [K].
Obviously, we have
th(act) = 2¢t exp ((bt”U]:TIEtHQ) U]:U]:th = 2¢thk(wt)U]:U]:T$t. (44)
According to Lemma[I} we have

K *7*T
> h U U,
El[xzo|z:] = %f(wt% where f(z;) = £k=1 WZ k(@) UL Uy T
5t +7t E k=1 thk(wt)

22



682

683

684
685
686
687
688
689
690
691
692

693

695

696
697
698
699

701

702

704
705
706
707
708

710
71
712

713
714

Then, we compute

K K

1 * * * * * *

Vo f (@) = ————— (2603 mihu @) UL UL 2,2l URUET + S mph () UL UL”
> k=1 b () k=1 k=1

2¢ K K T
- ! . (Z wkhk(xt)UgUgTa:t> (Z wkhk(wt)U,:U,jTact>
(Zkzl thk(wt)) k=1 k=1
K

1
= mhu(zs) 20 ULU ! + 1) USUET -
e t

K K
2
Pt (Z thk(ibt)U;:U;:T> mtm? (Z thk(mf)Ul:Ul:T> :

p 2
(Zk:l thk(:vt)) k=1 k=1
This directly yields forall ¢ € [0, 1]. O

Now, we conduct experiments to illustrate that diffusion models trained on real-world image datasets
exhibit similar low-rank properties to those described in the above proposition. Provided that the
DAE zg(x4,t) is applied to estimate E[xq|x;], we estimate the rank of the Jacobian of the DAE,
i.e., Vg, xo(xs, 1), on the real-world data distribution, where 6 denotes the parameters of U-Net
architecture trained on the real dataset. Also, this estimation is based on the findings in [55} 27] that
under the training loss in Equation (5), the DAE xg(x:,t) converge to E[xo|x;] as the number of
training samples increases on the real data. We evaluate the numerical rank of the Jacobian of the
DAE on four different datasets: CIFAR-10 [56]], CelebA [57]], FFHQ [58]] and AFHQ [59]], where
the ambient dimension n = 3072 for all datasets.

Given a random initial noise 1 ~ N (0, I,,), diffusion models generate a sequence of images {x; }
according to the reverse SDE in Eq. . Along the sampling trajectory {x;}, we calculate the
Jacobian V, xg¢(x, t) and compute its numerical rank via

Tl (Tazzet) , )
S o (Vewa(@nt) " )

In our experiments, we set n = 0.99. In the implementation, we utilize the Elucidating Diffusion
Model (EDM) with the EDM noise scheduler [41] and DDPM++ architecture [S1]. Moreover, we
employ an 18-step Heun’s solver for sampling and present the results for 12 of these steps. For each
dataset, we random sample 15 initial noise @, calculate the mean of rank(V, xe(x,t)) along
the trajectory {x;}, and plot ratio of the numerical rank over the ambient dimension against the
signal-noise-ratio (SNR) 1/0; in Figure[2] where o, is defined in Eq. ().

rank (Vg, xo(x,t)) := arg min {7’ €1l,n]: (45)

C.2 Verification of Low-Rank Network Parameterization

In this subsection, we empirically investigate the properties of U-Net architectures in diffusion mod-
els and validate the simplification of the network architecture to Eq. (8). Based on the results in
Appendix we use a mixture of low-rank Gaussian distributions for experiments. Here, we set
K =2,n=48,dy = dy = 6, 7 = m = 0.5, and N = 1000 for the data model Deﬁnition
Moreover, We use the EDM noise scheduler and 18-step Heun’s solver for both the U-Net and our
proposed parameterization (8). To adapt the structure of the U-Net, we reshape each training sample
into a 3D tensor with dimensions 4 x 4 x 3, treating it as an image. Here, we use DDPM++ based
diffusion models with a U-Net architecture. In each iteration, we randomly sampled a batch of im-
age {x)}% | C {zW}, along with a timestep ¢/) and a noise €7 for each image in the batch
to optimize the training loss ¢(0). We define

training iterations
1000

to represent the total samples used for training. Here, we pick up the specific model trained under
500 kimgs, 1000 kimgs, 2000 kimgs, and 6000 kimgs for evaluation, as shown in Figure [f[a).

kimgs = bs X (46)
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Figure 6: (a) Numerical rank of V, x¢(x:,t) at all time of diffusion models. Problem (5) is
trained with the DAE «xg(-, ¢) parameterized according to and U-Net on the training samples
generated by the mixture of low-rank Gaussian distribution. The z-axis is the SNR and the y-axis
is the numerical rank of V, xg(x,t) over the ambient dimension n, i.e., rank(Vz, g (x, t))/n.
Here, kimgs denotes the number of samples used for training, which equals to training iterations
times batch size of training samples. (b) Convergence of gradient norm of the training loss: The
z-axis is kimgs (see Eq. @)), and the y-axis is the gradient norm of the training loss.

Algorithm 1 SGD for optimizing the training loss (3)

Input: Training samples {x () }¥

for j=0,1,2,...,J do
Randomly select { (i, t,,)}_,, where i, € [N] and t,,, € (0,1) and a noise € ~ N (0, I)
Take a gradient step

) . ) ) 2
Ot 0 1 3 Voo, at) e ) -2t
me([M]

end for

We plot the numerical ranks of Vg, axg(x:,t) for both our proposed parameterization in (8)
and for the U-Net architecture in Figure 2[b). According to Lemma [2 it holds that 6 <
rank(Vg,xe(xs,t)) < 12. This corresponds to the blue curve in Figure 2(b). To supplement
our result in Figure 2b), we further plot the numerical rank against SNR at different training itera-
tions in Figure [p[a) and gradient norm of the objective against training iterations in Figure [f[b). We
observe that with the training kimgs increases, the gradient for the U-Net ||Vg{||r decrease smaller
than 10~ and the rank ratio of V, zg(x;, t) trained from U-Net gradually be close to the rank ratio
from the low-rank model in the middle of the SNR ([0.91, 10.0]).

D Experimental Setups in Section 4]

We use a CPU to optimize Problem (3] for the setting in Appendix For the settings in Ap-
pendix and Appendix [D.3] we employ a single A40 GPU with 48 GB memory to optimize
Problem ().

D.1 Learning the MoLRG distribution with the theoretical parameterzation

Here, we present the stochastic gradient descent (SGD) algorithm for solving Problem (3) as follows:
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Now, we specify how to choose the parameters of the SGD in our implementation. We divide the
time interval [0, 1] into 64 time steps. When K = 1, we set the learning rate n = 10~%, batch
size M = 128Nj, and number of iterations J = 10*. When K = 2, we set the learning rate
n=2x 1075, batch size M = 1024, number of iterations J = 10°. In particular, when K = 2, we
use the following tailor-designed initialization 8° = {U}} to improve the convergence of the SGD:

U) =U; +0.2A, k € {1,2}, (47)

where A ~ N(0,1,,). We calculate the success rate as follows. If the returned subspace basis
matrices {Uy, }X_; satisfy

1 K * *
?Zk:1||UH(k)U§(k) - UpUT( <05
for some permutation IT : [K] — [K], it is considered successful.

D.2 Learning the MoLRG distribution with U-Net

we measure the generalization ability of U-Net via generalization (GL) score defined in Equa-

tion (43).

D(z{) . N , A
GL score = #%7 D(z) = Zmin || — 2], (48)
D(xyorze) j=1 7

where {w&?mc}f\;l are samples generated from the MoLRG distribution and {:Bégl}i\’: | are new sam-
ples generated by the trained U-Net. Intuitively, D(méﬁl) reflects the uniformity of samples in the
space: its value is small when the generated samples cluster around the training data, while the value
is large when generated samples disperse in the entire space. Therefore, the trained diffsion model
is in memorization regime when D(wg%) < D(ac}(,[?mc) and the GL score is close to 0, while it is in
generalization regime when D(wég,) ~ D(w,(,IZ)LRG) and the GL score is close to 1.

In our implementation, we set the total dimension of MoLRG as n = 48 and the number of training
samples Ngy, = 1000. To train the U-Net, we use the stochastic gradient descent in Algorithmm
We use DDPM++ architecture [11] for the U-Net and EDM [41] noise scheduler. We set the learning
rate 10~3, batch size 64, and number of iterations J = 10%.

D.3 Learning real-world image data distributions with U-Net

According to [27]], we define the generalization (GL) score on real-world image dataset as follows:

GL score :=1—P <m[z]z\>fc] [Mssep(x, y:)] > 0.6) . (49)
1€

Here, the SSCD similarity is first introduced in [60] to measure the replication between image pair

(x1,x2), which is defined as follows:

B SSCD(x;) - SSCD(x2)

|ISSCD(1)]]z - ||SSCD(2)||2
where SSCD(-) represents a neural descriptor for copy detection of images. We empirically sam-

ple 10K initial noises to estimate the probability. Intuitively, GL score measures the dissimilarity
between the generated sample z and all N samples y; from the training dataset {y; }¥ ;.

Msscp(z1, x2)

To train diffusion models for real-world image datasets, we use the DDPM++ architecture [11]] for
the U-Net and variance preserving (VP) [ 1] noise scheduler. The U-Net is trained using the Adam
optimizer [61]], a variant of SGD in Algorithm [I| We set the learning rate n = 1072, batch size
M = 512, and the total number of iterations 10°.

D.4 Correspondence between low-dimensional subspaces and image semantics

We denote the Jacobian of the DAE xg(x,t) by J; := Vg, (x4, t) € R™*" andlet J, = UZVT
be an singular value decomposition (SVD) of J;, where r = rank(Jy), U = [uq,- - ,u,] € O™,
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Figure 7: Phase transition of learning the MoLRG distribution when K = 3. The z-axis is
the number of training samples and y-axis is the dimension of subspaces. We apply a subspace
clustering method and train diffusion models for solving Problems and (5), visualizing the
results in (a) and (b), respectively.

V = [vy, - ,v] € O, and ¥ = diag(oy,...,0,) with 01 > -+ > o, being the singular
values. According to the results in Figure 2] it is observed that J; is low rank, i.e., 7 < n. Now, we
compute the first-order approximation of &g (x;, t) along the direction of v; € R™, where v; is the
i-th right singular vector of J;:

xo(Ts + av;, t) = xo (x4, t) + aJyv; = To (T4, 1) + CUOU;,

where the last equality follows from Jyv; = UXV Ty, = ac;u,. To validate the semantic meaning
of the basis v;, we vary the value of o from negative to positive and visualize the resulting changes
in the generated images. Figures 5] [§] and [Ofa, c) illustrate some real examples.

In the experiments, we use a pre-trained diffusion denoising probabilistic model (DDPM) [2] on the
MetFaces dataset [50]. We randomly select an image x( from this dataset and use the reverse process
of the diffusion denoising implicit model (DDIM) [51] to generate &, at ¢ = 0.77 (ablation studies
for t = 0.17 and 0.97 are shown in Figure [J(b)), where 7" denote the total number of time steps.
We respectively choose the changed direction as the leading right singular vectors v1, vs, V4, Vs, Vg
and use &, = x; + aw; to generate new images with @ € [—6, 6] shown in Figures 5] [8|and [fa, ¢).

E Auxiliary Results

First, we present a probabilistic result to prove Theorem [2] which provides an optimal estimate of
the small singular values of a matrix with i.i.d. Gaussian entries. This lemma is proved in [62,
Theorem 1.1].

Lemma 3. Let A be an m x n random matrix, where m > n, whose elements are independent
copies of a subgaussian random variable with mean zero and unit variance. It holds for every e > (
that

P (0min(A) > e(v/m — Vi —1)) > 1 — (c1)™ " —exp (—cam),
where c1,co > 0 are constants depending polynomially only on the subgaussian moment.

Next, we present a probabilistic bound on the deviation of the norm of weighted sum of squared
Gaussian random variables from its mean. This is a direct extension of [63, Theorem 5.2.2].

Lemma 4. Let ¢ ~ N(0,1;) be a Gaussian random vector and A1, ..., \g > 0 be constants. It
holds for any t > 0 that
d d 2
2.2 2
P ;)\ 2 ;Ai >t 4+ 2hmax | < 2exp <—2A12m> (50)

where Amax = max{\; : 7 € [d]}.

Based on the above lemma, we can further show the following concentration inequalities to estimate
the norm of the standard norm Gaussian random vector.
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Lemma 5. Suppose that a; "% N(0,1,) is a Gaussian random vector for each i € [N]. The
following statements hold:
(i) It holds for all i € [N] with probability at least 1 — N~ that

la]| — Vd| < 2y/log N + 2. (51)

(i) Let V. € O™ < be given. For all i € Cf and all k € [K), it holds with probability at least
1 —2N ! that

IVTU;ai|| - [VIU; || < 21/log N + 2. (52)
Proof. (i) Applying LemmaE]to a; ~ N(0, I,;), together with setting ¢ = 2/log N and \; = 1 for
all j € [d], yields

P ([laill - V| = 2log N +2) < 2N
This, together with the union bound, yields that holds with probability 1 — N 1.

(ii) Let VIU} = PXQT be a singular value decomposition of VI U}, where ¥ € R4*¢ with the
diagonal elements 0 < 04 < ...07 < 1 being the singular values of VI U} and P, Q € O, This,
together with the orthogonal invariance of the Gaussian distribution, yields

VT Ua| = |2Q"ai]| £ | Sa;] = (53)
Using Lemmawith setting t = 201+/log N and \; = o; < 1 for all j yields
d d
P(||VTU || - [VTU; || > 010) =P > o2a2 - (| o} > o | <2N72
j=1 j=1
This, together with o7 < 1 and the union bound, yields (13_7[) O

Next, We present a spectral bound on the covariance estimation for the random vectors generated by
the normal distribution.

Lemma 6. Suppose that a1, ...,an € RY are i.i.d. standard normal random vectors, i.e., a; i
N(0,1,) for all i € [N). Then, it holds with probability at least 1 — 2N ~2 that

N
iza-aT _1l < 9(Vd + vIog N)
N i

i=1

—_ \/N b
Proof. According to [63| Theorem 4.7.1], it holds that

N
1 9(\d +n)
P —E aal —I;|| > =2—" | <2exp (—21?),
<NZ_1 e N = 2exp (=2)

where 77 > 0. Plugging n = /log N into the above inequality yields
N
1 9(vd+ v1og N
P *Zaia?—Id ZM <92N72
N i=1 VN
This directly implies (54). O

(54)

Lemma 7. Let A, B € R"*" be positive semi-definite matrices. Then, it holds that

Proof. Let UAUT = A be an eigenvalue decompositon of A, where U € O" and ¥ =
diag(Aq, ..., A, ) is a diagonal matrix with diagonal entries A; > --- > \,, > 0 being the eigenval-
ues. Then, we compute

(A,B) = (UAUT ,B) = (A,UBU") > )\yin(A)Tr(UBUT) = \in(A)Tr(B),
where the inequality follows from \; > 0 for all ¢ € [N] and B is a positive semidefinite matrix. O
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