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Abstract

Recent empirical studies have demonstrated that diffusion models can effectively
learn the image distribution and generate new samples. Remarkably, these mod-
els can achieve this even with a small number of training samples despite a large
image dimension, circumventing the curse of dimensionality. In this work, we
provide theoretical insights into this phenomenon by leveraging key empirical ob-
servations: (i) the low intrinsic dimensionality of image data, (ii) a union of man-
ifold structure of image data, and (iii) the low-rank property of the denoising au-
toencoder in trained diffusion models. These observations motivate us to assume
the underlying data distribution of image data as a mixture of low-rank Gaussians
and to parameterize the denoising autoencoder as a low-rank model according to
the score function of the assumed distribution. With these setups, we rigorously
show that optimizing the training loss of diffusion models is equivalent to solving
the canonical subspace clustering problem over the training samples. Based on
this equivalence, we further show that the minimal number of samples required to
learn the underlying distribution scales linearly with the intrinsic dimensions un-
der the above data and model assumptions. This insight sheds light on why diffu-
sion models can break the curse of dimensionality and exhibit the phase transition
from failure to success in learning distributions. Moreover, we empirically estab-
lish a correspondence between the subspaces and the semantic representations of
image data, facilitating image editing. We validate these results with extensive
experimental results on both simulated distributions and image datasets.

1 Introduction

Generative modeling is a fundamental task in deep learning, which aims to learn a data distribution
from training data to generate new samples. Recently, diffusion models have emerged as a new fam-
ily of generative models, demonstrating remarkable performance across diverse domains, including
image generation [} 2| 3], video content generation [4} 5], speech and audio synthesis [6, (7], and
solving inverse problem [8, [9]. In general, diffusion models learn a data distribution from train-
ing samples through a process that imitates the non-equilibrium thermodynamic diffusion process
[2, 110, [L1]]. Specifically, the training and sampling of diffusion models involve two stages: (i) a
forward diffusion process where Gaussian noise is incrementally added to training samples at each
time step, and (ii) a backward sampling process where the noise is progressively removed through
a neural network that is trained to approximate the score function at all time steps. As described in
prior works [[12} [11]], the generative capability of diffusion models lies in their ability to learn the
score function of the data distribution, i.e., the gradient of the logarithm of the probability density
Sfunction (pdf). We refer the reader to [[13, |14} [15] for a more comprehensive introduction and survey
on diffusion models.
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(a) (b)
Figure 1: (a) Visualization of the union of manifold structure of image data. Here, different images
lie on different manifolddM ;  R" of intrinsic dimensiord with d n. (b) An illustration of
training samples that are generated according tMibieR@odel. This model is a local linearization
of a union of manifolds.

Despite the recent advances in understanding sampling convergencel [16, 17, 18], distribution learn-
ing [19,[20], memorization [21, 22, P3,124], and generalization[[25], 26, 27] of diffusion models, the
fundamental working mechanisms remain poorly understood. One of the key questions is

When and why can diffusion models learn the underlying data distribution without suffering from
the curse of dimensionality?

At rst glance, the answer might seem quite straightforward. If a diffusion model can learn the em-
pirical distribution of the training data that accurately approximates the underlying data distribution,
then the puzzle is solved! However, it has been shown ih [28] that the number of samples for an
empirical distribution to approximate the underlying data distribution could grow exponentially with
respect to\.r.t.) the data dimension. Moreover, [20, 29] showed that to learnaccurate score
estimator measured by the-norm via score matching or kernel-based approach, the required size
of training samples grows at the rate@{ "), wheren is the data dimension. These theoretical
ndings indicate that learning the underlying distribution via diffusion models suffers from the curse
of dimensionality. In contrast, recent studies [25, 27] showed that the number of training samples
for a diffusion model to learn the underlying distribution is mwehallerthan the worst-case sce-
nario, breaking the curse of dimensionality. Therefore, there is a signi cant gap between theory and
practice.

In this work, we aim to address the above question of learning the underlying distribution via dif-
fusion models by leveraging low-dimensional models. Our key observations are as follows: (i) The
intrinsic dimensionality of real image data is signi cantly lower than the ambient dimension, a fact
well-supported by extensive empirical evidence in [30, 31, 32]; (ii) Image data lies on a disjoint
union of manifolds of varying intrinsic dimensions, as empirically veri ed in [33, 34, 35] (see Fig-
ure 1(a)); (iii) We empirically observe that the denoising autoencoder (DAE) [36, 37] of diffusion
models trained on real-world image datasets exhibit low-rank structures (see Figure 2). Based on
these observations, we conduct a theoretical investigation of distribution learning through diffusion
models by assuming that (i) the underlying data distributionisxdure of low-rank Gaussiar(see

De nition 1) and (ii) the denoising autoencoder is parameterized according to the score function of
the MoLRGNotably, these assumptions will be carefully discussed based on the existing literature
and validated by our experiments on real image datasets.

1.1 Our Contributions

This work studies the DAE-based training loss of diffusion models under the above low-dimensional
data model and network parameterization. Our contributions can be summarized as follows:

» Equivalence between training diffusion models and subspace clusteringdnder the above
setup, we show that the training loss of diffusion models is equivalent toihgpervisedubspace
clustering problem [38, 39, 40] (see Theorem 3). This equivalence implies that training diffusion
models is essentially learning low-dimensional manifolds of the data distribution.

» Understanding breaking the curse of dimensionality in learning distributions. By leveraging
the above equivalence and the data model, we show that if the number of samples exceed the
intrinsic dimension of the subspaces, the optimal solutions of the training loss can recover the
underlying distribution. This explains why diffusion models can break the curse of dimensionality.
Conversely, if the number of samples is insuf cient, it may learn an incorrect distribution.
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» Correspondence between semantic representations and the subspadeserestingly, we nd
that the discovered low-dimensional subspaces in a pre-trained diffusion model pessastic
meanings for natural images; see Figure 5. This motivates us to propose a training-free method to
edit images on a frozen-trained diffusion model.

2 Problem Setup

In this work, we consider an image dataset consisting of samiglékgly,  R", where each data
point isi.i.d. sampled from an underlying data distributipgi, (X). Instead of learning this pdf
directly, score-based diffusion models aim to learn the score function from the training samples.

2.1 Preliminaries on Score-Based Diffusion Models

Forward and reverse SDEs of diffusion models. In general, diffusion models consist of forward

and reverse processes indexed by a continuous time vatigblf0; 1]. Speci cally, the forward
process progressively injects noise into the data. This process can be described by the following
stochastic differential equation (SDE):

dx¢ = f (t)xdt + g(t)dwy; @)

wherexy Pqata » the scalar functionis(t); g(t) : R! R respectively denote the drift and diffusion
coef cients;" andf w g 0.1 is the standard Wiener process. For ease of expositiqn (b} denote
the pdf ofx; andp;(Xjx o) the transition kernel from ¢ to X;. According to Eq. (1), we have

Z TZig)
P(XtjX0) = N (Xt;8tX0; S ¢1n); wheres; =exp ~ f()d ; (= 204 @
0 0
wheres; ;= s(t) and ¢ := (t) for simplicity. The reverse process gradually removes the noise
from x ; via the following reverse-time SDE:
dxe = f(t)xe  gP(r logpe(xe) dt+ g(t)dwy; 3)

wheref wg:,01] is another standard Wiener process, independeftved, running backward in
time fromt =1 tot = 0. Itis worth noting that ifx 1 andr logp; are provided, the reverse process
has exactly the same distribution as the forward process at each tindgd42].

Training loss of diffusion models. Unfortunately, the score functian log p; is usually unknown,

as it depends on the underlying data distribufigg, . To enable data generation via the reverse
SDE (3), a common approach is to estimate the score functitmy p; using the training samples
fx(gN, based on the scoring matching [2, 11]. Because of the equivalence between the score
functionr logp:(x¢) and the posterior meda[x ojx¢], i.e.,

SE[Xojx(] = x¢ + 87 {1 logp(xe); (4)

according to Tweedie's formula and (2), an alternative approach to estimate the score function
r logp; is to estimate the posterior me&ixjx]. Consequently, extensive works [43, 25, 41,

37, 44] have considered training a time-dependent funetigh;t) : R" [0;1]! R", known as
denoising autoencod€bDAE), parameterized by a neural network with parametdrsestimate the
posterior meatk [X ojx]. To determine the parameterswe can minimize the following empirical

loss:

. R . o2
min ()= N (E N onny X (sx®+ 5t x® dt; (5)
i=1 0
where ; : [0;1]! R"* is aweighting function and, := s; . As shown in [37], training the DAE
is equivalent to performing explicit or implicit score matching under mild conditions. We refer the
reader to Appendix A.1 for the relationship between this loss and the score-matching loss.

!In general, the functiorfs(t) andg(t) are chosen such that ) for all t close to0 approximately follows
the data distributiopgata and (i) x; for all t close tol is nearly a standard Gaussian distribution; see, e.g., the
settings in [2, 41, 11].
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2.2 Low-Dimensional Data and Models

Mixture of low-rank Gaussian data distribution. Although real-world image datasets are
high dimensional in terms of pixel count and overall data volume, extensive empirical works
[30, 34, 31, 32] suggest that their intrinsic dimensions are much lower. For instance, [31] indicated
that even for complex datasets like ImageNet [45], the intrinsic dimensionality is approxirétely
which is signi cantly lower than its ambient dimension. Recently, [33, 34, 35] empirically validated
the union of manifolddypothesis, demonstrating that high-dimensional image data often lies on a
disjoint union of manifolds instead of a single manifold. These observations motivate us to model
the underlying data distribution agwixture of low-rank Gaussiansvhere the data points are gen-
erated from a mixture of several Gaussian distributions; see Figure 1(b). We formally de ne the
MoLR@istribution as follows:

De nition 1 (Mixtures of Low-Rank Gaussians)Ve say that a random vectar 2 R" follows a
mixture ofK low-rank Gaussian distribution with parametersy,gk_; andfU/gk.; if

X
X kN (0;UZU/ST); (6)
k=1

whereU? 2 O" 9 denotes the orthonormal baslg of theh component andx ~ Ois the mixing
proportion of thek-th mixture component sat|sfy|ngk o k=1.

Before we proceed, we make some remarks on this data model. First, to study how diffusion mod-
els learn the underlying data distribution, many recent works have studied a mixture of full-rank
Gaussian distributions (see Eq. (20)); see, e.g., [46, 47, 48]. However, compared to this model,
MoLR@ a more suitable model for capturing the low-dimensionality in image data distribution.
Second, [33, 34] conducted extensive numerical experiments to validate that image datasets such
as MNIST and ImageNet approximately lie on a union of low-dimensional manifolds. Because a
nonlinear manifold can be well approximated by its tangent space (i.e., a linear subspace) in a local
neighborhood, th&oLR@&odel, which represents data as a union of linear subspace, serves a good
local approximation of a union of manifolds. Finally, assuming Gaussian distributions in each sub-
space in théMloLR@odel is to ensure theoretical tractability, making it a practical starting point for
theoretical studies on real-world image datasets. Now, we compute the ground-truth posterior mean
E [xojX{] whenx satis es theMoLR@odel as follows.

Lemma 1. Suppose that satis es theMoLR@odel. For each time> 0, it holds that

I K
ex kU 7T x k2 Uy U 7T x 2
Pt ! K t where ; = St

St k=1, .
L okexp kU x k2 28+ O

2+ 2 (7)

. k
E[Xojxt] = P

k=
We defer the proof of this lemma to Appendix A.2. Notably, this lemma provides guidance on the
network parameterization of the DAE ( ;t) as discussed below.

Low-rank network parameterization. When we train diffusion models with the U-Net architec-

ture [49] on various image datasets, it is observed that the numerical rank of the Jacobian of the
DAE, i.e.,r x,X (Xt;t), is substantially lower than the ambient dimension in most time steps; see
Figure 2(a). When training diffusion models with U-Net on the samples generated according to the
MoLR@odel, the Jacobian of the DAE also exhibits a similar low-rank pattern; see Figure 2(b). The
above observations motivate us to consider a low-rank parameterization of the network. According
to the ground-truth posterior mean of thleLRGnodel in Lemma 1, a natural parameterization for

the DAE is

S kexp kU, xik?
t Wi 5 X)UKUT X Wi 5Xe) = P i S

X Xp;t)= 59— ;
s+ .. 21 1exp  (kUTxk2

8

where the network parameters= fUygK_; satisfyUx 2 O" de, Although this approach may
seem idealized, it offers several practical insights. First, if we consider a single low-rank Gaussian,
the network parameterization takes the forms;=(s?+ 2)UU T x, which resembles the structure

of a practical U-Net with a linear encoder, decoder, and skip connections. This provides theoretical
insights into why U-Net is preferred for training diffusion models. Second, to learn the underlying
distribution, the number of samples should be proportional to its intrinsic dimension. In practice,



157
158

159
160
161
162

163

164
165

166

167
168

169
170

171

172
173

174
175
176
177

(a) Real image datasets (b) Mixture of low-rank Gaussians
Figure 2: Low-rank property of the DAE of trained diffusion models. We plot the ratio of the
numerical rank of the Jacobian of the denoising autoencoder ieXx (X;t), over the total di-
mension against the signal-to-noise ratio (SNR); on trained diffusion models. (a) We train
diffusion models on image datasets CIFAR-10, CelebA, FFHQ, and AFHQ. The experimental de-
tails are provided in Appendix C.1. (b) We respectively train diffusion models with the low-rank
parameterization (8) and U-Net on a mixture of low-rank Gaussian distributions.

this informs us on how to use a minimal number of samples to train diffusion models to achieve
generalization.

Similar simpli cations have been widely used for theoretical analysis in various ideal data distribu-
tions; see, e.g., [19, 46, 47, 48]. Notably, under this speci ¢ network parameterization in Eqg. (8),
learning the score function logp;(x;) reduces to learning the network parameteris Eq. (8)
according to Lemma 1 and Eq. (4).

3 Main Results

Based on the setups in Section 2.2, we are ready to conduct a theoretical analysis of distribution
learning using diffusion models.

3.1 A Warm-Up Study: A Single Low-rank Gaussian Case

To begin, we start from a simple case that the underlying distribytigi is a single low-rank
Gaussian. Speci cally, the training samplest)g).,  R" are generated according to
x = U%a + e 9)
whereU? 2 0" 9 denotes an orthonormal basis, " N (0;1 4) is coef cients for each 2 [N],
ande; 2 R" is noise for alli 2 [N].2 According to (8), we parameterize the DAE into
St

X (X;t) = ——=UU Txy; (10)
F+ 7

where = U 20" 9. Equipped with the above setup, we can show the following result.

Theorem 1. Suppose that the DAE ( ;t) in Problem (5) is parameterized into (10) for each
t 2 [0; 1]. Then, Problem (5) is equivalent to the following PCA problem:

X _
max kUTxMK2  st: UTU = 1g: (11)
U2R" di:1

We defer the proof to Appendix A.3. In the single low-rank Gaussian model, Theorem 1 shows
that training diffusion models with a DAE of the form (10) to learn this distribution is equivalent to

performing PCA on the training samples. Leveraging this equivalence, we can further characterize
the number of samples required for learning underlying distribution under the data model (9).

2Since real-world images inherently contain noise due to various factors, such as sensor limitation, environ-
ment conditions, and transition error, it is reasonable to add a noise term to this model.
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Theorem 2. Consider the setting of Theorem 1. Suppose that the training sarfwiegl\, are

generated according to the noisy single low-rank Gaussian model de ned in (9)) ldetnote an
optimal solution of Problem (5). The following statements hold:
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1=29 N*1 exp( c3d),
Ip
¢ N keik?
goT uvuT p2minfd N:n dg pP— P (13)
F d N 1

wherec); ¢ > 0 are constants that depend polynomially only on the Gaussian moment.

Remark 1. We defer the proof to Appendix A.4. Building on the equivalence in Theorem 1 and the
DAE parameterization (10), Theorem 2 clearly shows a phase transition from failure to success in
learning the underlying distribution as the number of training samples increases. This phase transi-
tion is further corroborated by our experiments in Figures 3(a) and 3(b). Note that our theory cannot
explain why diffusion models memorize training data (i.e., learning the empirical distribution). This

is because the parameterization (10) is not as suf ciently over-parameterized as architectures like
U-Net. We plan to explore this over-parameterized setting in future work to better understand how
diffusion models achieve memorization and to extend our theoretical insights accordingly.

3.2 From Single Low-Rank Gaussian to Mixtures of Low-Rank Gaussians

In this subsection, we extend the above study toMio& R@istribution. In particular, we consider
a noisy version of thdoLR@&odel as de ned De nition 1. Speci cally, the training samples are
generated by

x@) = Ula; + e with probability ,; 8i 2 [N]; (14)

whereU? 2 O" % denotes an orthonormal basis for e&cB [K], a; " N (0;14,) is coef -
cients, ands; 2 R" is noise for each 2 [N]. As argued by [33], image data lies omligjoint union
of manifolds. This motivates us to assume that the basis matrices of subspacessatisfy = 0

for eachk 6 |. To simplify our analysis, we assume thdjt = = dk = dand the mixing
weights satisfy ; = = k =1=K. Moreover, we consider a hard-max counterpart of Eq. (8)
for the DAE parameterization as follows:
st X
X (X)) = 55— Wi( Xo)UkU| X (15)
SET

where = fUygK., and the weightéwy ( ;xo)df., are setas
Wi ( ;Xo)=1; if k= ko; W( ;Xo)=0; otherwise (16)

whereko 2 [K]is an index satisfyinggU kToxok k U xokforalll 8 ko 2 [K]. We should point

out that we use two key approximations here. First, the soft-max welighté ;x)gin Eq. (8)

are approximated by the hard-max weight ( ;X o)k, . SecondkU,” xk is approximated by

its expectation, i.eE [kKU/J x(k?] = E kU/ (stxo+  )k? = s?kU[ xok?+ 2d. We refer the
reader to Appendix B.1 for more details on these approximation. Now, we are ready to show the
following theorem.



212 Theorem 3. Suppose that the DAE (;t) in Problem (5) is parameterized into (15) for each
213t 2 [0;1], wherewy ( ;Xp) is de ned in (16) for eaclk 2 [K]. Then, Problem (5) is equivalent to
214 the following subspace clustering problem:

L X X |
max — kUl xWk?  st: [Ug;::z;Ug]20M & (17)
k=1i2Ck( )
215 whereCy( )= i 2 [N]:kUJx®Wk k UTxMk; 816 k foreachk 2 [K].

216 We defer the proof to Appendix B.2. When the DAE is parameterized into (15), Theorem 3 demon-
217 Strates that optimizing the training loss of diffusion models is equivalent to solving the subspace
218 clustering problem [39, 40]. Moreover, the equivalence allows us to characterize the required mini-
219 mum number of samples for learning the underlyiigL R@istribution.

220 Theorem 4. Consider the setting of Theorem 3. Suppose that the training sarfiw{ggl\, are
221 generated by th/oLR@istribution in De nition 1. Suppose & logN andkeik . d=N for

222 alli 2 [N]. Letf L’)kgﬁzl denote an optimal solution of Problem (5) aNg denote the number of
223 samples from thi&-th Gaussian component. Then, the following statements hold:

224 (i) f Ny dforeachk 2 [K], thqu exists a permutation: [ K] ! [K] such that with
225 probability at leastl. 2K 2N 1! K, 1=V @1 yexp( cNi) foreachk 2 [K],
c V. kek?
O O T U ?U i ‘pi—lzéiil, 18

(YK kU N 71 (18)
226 wherec;; ¢; > 0 are constants that depend polynomially only on the Gaussian moment.
227 (i) If N <d for somek 2 [K], there exists aqgrmutation [ K]! [K]andk 2 [K]such
228 that with probability at leasl. 2K 2N 1 K 1229 Nt pexp( 6Ny)

o PN 2

T 211 2T p - - G i=1 keik .

0007, U 2minfd Ng;n dg p=—p—=; (19)
F d Ny 1

229 wherec?; ¢ > 0 are constants that depend polynomially only on the Gaussian

230 Remark 2. We defer the proof to Appendix B.3. We discuss the implications of our results below.

231 ¢ Phase transition in learning the underlying distributiofthis theorem demonstrates that when

232 the number of samples in each subspace exceeds the dimension of the subspace and the noise
233 is bounded, the optimal solution of the training loss (5) under the parameterization (15) can re-
234 cover the underlying subspaces up to the noise level. Conversely, when the number of samples is
235 insuf cient, there exists an optimal solution that may recover wrong subspaces; see Figures 3(c,d).

236 ¢ Connections to the phase transition from memorization to generalizaiMmshould clarify the

237 difference between the phase transition described in Theorems 2 & 4 and the phase transition from
238 memorization to generalization. Our phase transition refers to the shift from failure to success of
239 learning the underlying distribution as the number of training samples increase, whereas the latter
240 concerns the shift from memorizing data to generalizing from it as the number of training samples
241 increases. Nevertheless, our theory still sheds light on the minimal number of samples required
242 for diffusion models to enter the generalized regime.

23 4 Experiments & Practical Implications

244 In this section, we rst investigate phase transitions of diffusion models in learning distributions
225 under both theoretical and practical settings in Section 4.1. Next, we demonstrate the practical
246 implications of our work by exploring the correspondence between low-dimensional subspaces and
247 semantic representations for controllable image editing in Section 4.2.

28 4.1 Phase Transition in Learning Distributions

249 In this subsection, we conduct experiments on both synthetic and real datasets to study the phase
250 transition of diffusion models in learning distributions.
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(a)PCA (b) Diffusion Model  (c) Subspace Clustering (d) Diffusion Model

Figure 3:Phase transition of learning theMoLR@istribution. Thex-axis is the number of train-

ing samples ang-axis is the dimension of subspaces. Darker pixels represent a lower empirical
probability of success. Whed = 1, we apply SVD and train diffusion models to solve Problems
(11) and (5), visualizing the results in (a) and (b), respectively. Wken 2, we apply a subspace
clustering method and train diffusion models for solving Problems (17) and (5), visualizing the re-
sults in (c) and (d), respectively.

Learning the MoLR@listribution with the theoretical parameterizations. To begin, we opti-

mize the training loss (5) with the theoretical parameterization (8), where the data samples are
generated by thMoLR@istribution. First, we apply stochastic gradient descent (see Algorithm 1)

to solve Problem (5) with the DAE parameterized as (8). For comparison, according to Theorem 1
(resp., Theorem 3), we apply a singular value decomposition (resp., subspace clustering [40]) to
solve Problem (11) (resp, Problem (17)). We conduct three sets of experiments, where the data
samples are respectively generated according to the single low-rank Gaussian distribution (9) with
K =1 and a mixture of low-rank Gaussian distributions (14) with= 2;3. In each set, we set

the total dimensiom = 48 and let the subspace dimensidmand the number of training samples

N vary from 2 to 8 and2 to 15 with increments oflL, respectively. For every pair afandN, we
generate 20 instances, run the above methods, and calculate the successful rate of recovering the
underlying subspaces. The simulation results are visualized in Figure 3 and Figure 7. It is observed
that all these methods exhibit a phase transition from failure to success in learning the subspaces as
the number of training samples increases, which supports the results in Theorems 2 and 4.

Learning the MoLR@listribution with U-Net.  Next, we optimize the training loss (5) with pa-
rameterizing the DAEK ( ;t) using U-Net, detailed experiment settings are in Appendix D.2. We
measure the generalization ability of U-Net generalization (GL) scorde ned in Eq. (48). The
trained diffusion model is in the memaorization regime when the GL score is close to 0, while it is
in the generalization regime when the GL score is close to 1. Detailed discussions about the metric
are in Appendix D.2. In the experiments, we generate the data samples usivigltR@istribution

with K =2, n =48, anddx 2 f 3;4;5;6g. Then, we plot the GL score against tNg=d, for

eachdy in Figure 4(a). It is observed that for a xedk, the generalization performance of diffu-

sion models improves as the number of training samples increases. Notably, for different values of
dk, the plot of the GL score against thi =d, remains approximately consistent. This observation
indicates that the phase transition curve for U-Net learningbeR@istribution depends on the
ratioNy=d rather than oNy anddy individually. WhenN,=d, 60, GL score 1.0 suggesting

that U-Net generalizes whad,  60dx. This linear relationship for the phase transition differs
from Ny  dx in Theorem 4 due to training with U-Net instead of the optimal network parame-
terization in Eq. (8). Nevertheless, Theorem 2 and Theorem 4 still provide valuable insights into
learning distributions via diffusion models by demonstrating a similar phase transition phenomenon
and con rming a linear relationship betwedh anddy.

Learning real image data distributions with U-Net. Finally, we train diffusion models using U-

Net on real image datasets AFHQ, CelebA, FFHQ, and CIFAR-10. The detailed experiment settings
are deferred to Appendix D.3. we utilize the generalization (GL) score on the real-world image
dataset according to [27]. The de nition of the metric is in Eq. (49) and detailed discussions are
in Appendix D.3. Intuitively, GL score measures the dissimilarity between the generated sample
x and allN samplesy; from the training datasdty;gl, . A higher GL score indicates stronger
generalizability. For each data set, we train U-Net and plot the GL score against the number of
training samples in Figure 4(b). The phase transition in the real dataset is illustrated in Figure 4(b).
As observed, the order in which the samples need to generalize follows the relationship: AFHQ
> CelebA> FFHQ CIFAR-10. Additionally, from our previous observations in Figure 2, the
relationship of the intrinsic dimensions for these datasets is: ABHEFHQ> CelebA CIFAR-
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(a) MoLR@istribution (b) Real image data distribution
Figure 4:Phase transition of learning distributions via U-Net. In (a), thex-axis is the number of
training samples over the intrinsic dimension, while in (b), it is the total number of training samples.
They-axis is the GL score. We train diffusion models with the U-Net architecture on (a) the data
samples generated by tMoLRGlistribution withK =2, n = 48 anddy varying from 3 to 6 and
(b) real image datasets CIFAR-10, CelebA, FFHQ and AFHQ. The GL score is low when U-Net
memorizes the training data and high when it learns the underlying distribution.

10. Both AFHQ and CelebA align well with our theoretical analysis, which indicates that more
samples are required for the model to generalize as the intrinsic dimension increases.

4.2 Semantic Meanings of Low-Dimensional Subspaces

In this subsection, we conduct experiments to verify the correspondence between the low-
dimensional subspaces of the data distribution and the semantics of images on real datasets. We
denote the Jacobian of the DAE (x¢;t) by J; := 1 4, X (X¢;t) 2 R™ "andletl; = U VT

be an singular value decomposition (SVD)Jgf wherer =rank( J¢),U =[uy; ;u,]20" ",

V =[vy; ;v ]20" ",and =diag( 1;:::; ) with 4 r being the singular
values. To validate the semantic meaning of the basis veetprge vary the value of from neg-

ative to positive and visualize the resulting changes in the generated images. In the experiments,
we use a pre-trained diffusion denoising probabilistic model (DDPM) [2] on the MetFaces dataset
[50]. We randomly select an image from this dataset and use the reverse process of the diffusion
denoising implicit model (DDIM) [51] to generabte, att = 0:7T, whereT denote the total num-

ber of time steps. We respectively choose the changed direction as the leading right singular vectors
V1;V3; Va4, Vs; Vg and uses = X+ Vj to generate new images with2 [ 4; 4] shown in Figure 8.

It is observed that these singular vectors enable different semantic edits in terms of gender, hairstyle,
and color of the image. For comparison, we generate a random unit \seeatmt movex; along

the direction ofs, where the editing strengthis the same as the semantic edits column-wise. The
results are shown in the last column of Figure 5. Moving along random directions provides minimal
semantic changes in the generated images, indicating that the low-dimensional subspace spanned
by V is non-trivial and corresponds to semantic meaningful image attributes. More experimental
results can be found in Figure 8, Figure 9 in Appendix D.3.

5 Related Works

Learning a mixture of Gaussians via diffusion models. Recent works have extensively stud-
ied distribution learning and generalizability of diffusion models for learning a mixture of full-
rank GaussianMo@model [46, 52, 47, 48, 53]. Speci cally, they assumed that there exist centers

1;::1; k2 R" such that image data approximately follows from the following distribution:
X

X kN ( kiln); (20)
k=1

where ¢ 0is the mixing proportion of thé&-th mixture component satisfying E:1 k = 1.
Notably, theMoLR@&odel is distinct from the abovdoGnodel that is widely studied in the litera-
ture. Speci cally, theMoGnodel consists of multiple Gaussians with varying means and covariance
spanning the full-dimensional space (see Eq. (20)), whildohR@omprises multiple Gaussians
with zero mean and low-rank covariance (see Eqg. (6)), lying in a union of low-dimensional sub-
spaces. As such, tHdoLR@nodel, inspired by the inherent low-dimensionality of image datasets



326
327

328
329
330
331
332
333
334
335
336
337

338

339
340
341
342
343
344
345
346
347
348
349

Figure 5: Correspondence between the singular vectors of the Jacobian of the DAE and se-
mantic image attributes. We use a pre-trained DDPM with U-Net on the MetFaces dataset [50].
We edit the original image& o by changingx; into x; + v;, wherev; is a singular vector of the
Jacobian of the DAK (x¢;t). In the last column, the editing directi@ns random.

[30, 31, 32], offers a deeper insight into how diffusion models can learn underlying distributions in
practice without suffering from the curse of dimensionality.

Memorization and generalization in diffusion models. Recently, extensive studies [25, 26, 27]
empirically revealed that diffusion models learn the score function across two distinct regimes —
memorization (i.e., learning the empirical distribution) and generalization (i.e., learning the underly-
ing distribution) — depending on the training dataset size vs. the model capacity. For a model with
a xed number of parameters, there is a phase transition from memorization to generalization as the
number of training samples increases [25, 27]. Notably, most existing studies on the memorization
and generalization of diffusion models are empirical. In contrast, our work provides rigorous theo-
retical explanations for these intriguing experimental observations based biottiR@&odel. We
demonstrate that diffusion models learn the underlying data distribution with the number of training
samples scaling linearly with the intrinsic dimension.

6 Conclusion & Discussion

In this work, we studied the training loss of diffusion models to investigate when and why diffusion
models can learn the underlying distribution without suffering from the curse of dimensionality.
Motivated by extensive empirical observations, we assumed that the underlying data distribution is a
mixture of low-rank Gaussians. Speci cally, we showed that minimizing the training loss is equiv-
alent to solving the subspace clustering problem under proper network parameterization. Based on
this equivalence, we further showed that the optimal solutions to the training loss can recover the
underlying subspaces when the number of samples scales linearly with the intrinsic dimensionality
of the data distribution. Moreover, we established the correspondence between the subspaces and se-
mantic representations of image data. Since our studied network parameterization is not suf ciently
over-parameterized, a future direction is to extend our analysis to an over-parameterized case to fully
explain the transition from memorization to generalization.

10
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526 Supplementary Material

527

s2s  In the appendix, the organization is as follows. We rst provide proof details for Section 2 and
529 Section 3 in Appendix A and Appendix B, respectively. Then, we present our experimental setups
ss0  for Figure 2 in Appendix C and for Section 4 in Appendix D. Finally, some auxiliary results for
531 proving the main theorems are provided in Appendix E.

ss2  To simplify our development, we introduce some further notation. We denadte(by ) a multi-
533 variate Gaussian distribution with mean2 R" and covariance 0. Given a Gaussian random

ssa vectorx N ( ; ),if 0, with abuse of notation, we write its pdf as
1 1
N(x; ; )= - ex Z(x T I(x : 21
)= e 2P 2% ) ) (21)

535 If arandom vectok 2 R" satisesx N ( ;UUT)forsome 2 R"andU 20" 9 we have
X = + Ua; (22)
sss Wherea N (0;14). Therefore, a mixture of low-rank Gaussians in De nition 1 can be expressed
537 as
P(x = Ulax) = «; whereax N (0;1q,); 8k 2 [K]: (23)

sss A Proofs in Section 2

s A.1 Relation between Score Matching Loss and Denoiser Autoencoder Loss

ss0 To estimate logp(X), one can train a time-dependent score-based nsodgl; t) via minimizing
sa1 the following objective [11]:
min i tExo pea Exijxo KS (X;t) T logpe(xtjxo)k® dt; (24)

s22 where { : [0;1] ! R* is a positive weighting function. Let (;t) : RY [0;1] ! RY de-

s43  note a neural network parameterized by parametdrsapproximateE[x ojx:]. According to the
saa Tweedie's formula (4)s (x¢;t) = (stx (X¢;t)  X¢) = 2 can be used to estimate score functions.
sss  Substituting this and logpy(XjXo) = (StXo Xt) = £ due to (2) yields

1 1 1 2
min tExo pam Exijixo 3 (StX (Xt;t) X))  —(StXo Xt)  dt
0 t t
Z, . h N
= 3274EX0 Pdata E N (0;ln) kx (StX0+ t ,t) Xok dt,
0 t ot
s46  Where the equality follows from; = s;xo +  due to (2). Then, we obtain
Z, h i
MmN (Exy pae E N 01,y KX (StXo+ ¢ 5t)  xoK dt; (25)
0
sa7 where { = (=(s? {). However, only data pointbx ()gN, sampled from the underlying data

sag  distributionpyata are available in practice. Therefore, we study the following empirical counterpart
sa9  Of Problem (25) over the training samples, i.e., Problem (5). We refer the reader to [25, Section 2.1]
ss0  for more discussions on the denoising error of this problem.

551 A.2  Proof of in Lemma 1

ss2 - Assuming that the underlying data distribution follows a mixture of low-rank Gaussians as de ned
ss3  in De nition 1, we rst compute the ground-truth score function as follows.

ss4  Proposition 1. Suppose that the underlying data distributipg, follows a mixture of low-rank
ss5  Gaussian distributions in De nition 1. In the forward process of diffusion models, the pdf foir
ss6  eacht> Ois

X
p(x) = kN (x;0;sZUZUT + 21h); (26)
k=1
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where ; = s; ;. Moreover, the score function pf(x) is

b !
S g KN(GOIPUZUT + PIa)URUTx

2 2 K .A- 2112
S k=1 kN(X,O,StzUk‘Uk‘T+ 21n)

X (27)

1
rlogp(x)= —
t

the mixture model. Note that = s; ;. It follows from De nition 1 thatP(Y = k) = ¢ for each
k 2 [K]. We rst compute

Z Z
pe(xjY = k)= p(XjY = k;ag)N (ak;0;14,)dax = pi(xjxo = UZax)N (ax;0;14,)dag
Z
=  N(x;stUJak; Z1n)N (ak;0;14,)dag
1 z 1
_ 2, 1,2 2
= 2 )22 o exp ﬁkx stUakks exp Ekakk dag
_ 1 st+ ¢ =2 1+ s¢ 201 2T
= @) ; 2 exp z—tzx I'n 755*‘ t2UkUk | X
Z d=2 2
1 5 ss+ ¢ St 2T
2)2 2+ 2 exp 27 ag S+ U X dag
1 1 1 . s? 20 19T
= — — exp —5X In Uy X
2 )n=2 on dy 172 2 2 2 4 2
2) (s2+ 2)d t(ﬂ ) t Sttt
_ 1 1+ 1

- ex —X
(2 y=2det™(S2UZUT + U n) P32

N (x;0;82U U7 + 21,);

where the second equality follows from (2), the third equality uses (21), the fourth equality is due
to the fact thatw ; U/ai is an odd function, and the second to last equality aetes?U U, +

Aa)y=(st+ 3" Vand(SUZUIT + 2n) t= 1y sPE(sP+ AULUYT = 2due
to the matrix inversion lemma arid,’" U/ = | 4,. This, together wittP(Y = k) =  for each
k 2 [K], yields

X X
pr(x) = pe(XjY = K)P(Y = k) = kN (x;0;S2UZUST + 2y
k=1 k=1

Next, we directly compute

P« ]
Fpx) ke kNOGOSEUZUTT + fln) X+ b UU T X
" loopbo = - Px 20707 + 2
Pt (Xx) ka1 kN (X;0;stUSUST + £1y) |
P -
1 st ke kKN OGO SPURURT + 21)U2U7TX)
¢ s+ 8 L kNGOSURUTT + 2l '
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Proof of Lemma 1 According to (4) and Proposition 1, we compute

P
E [ojx] = X¢+ Zrlogpe(xt) st K r kNGO SPUZUZT + 21,)UZUTT X,
- - r
St s+ ¢ ko1 kN (X 0;sPUPURT + 214)
P 1
. 1 keP o kak? t2kU Txk?2  U2UZT X,
— t
T2+ 2 P 1 2
toot K kexp 57 kak? a7 KU x k2
t
2
K 2T 2 2T
_ ex kU " x¢k UZU/Tx
_ s k=1 kEXp 22312_,_ 2 Ck X kK Xt
g+ 7P L3 ’

kUI?Tth2

K
. KeXp —5
k=1 p 22 2

where the third equality uses (21) arsfuk'-'U,ZT + 2, t= 1, s2(sR+ 2UZUT
due to the matrix inversion lemma.

=SS

A.3 Proof of Theorem 1

Proof of Theorem 1Plugging (10) into the integrand of (5) yields

H
SUUT sx @)+ x (1)
St2+ : t t
. . 2 2
SLguTx® x® 4 (St G IV
St+ 2 (s?+ 1)?
2 2 2
= S _yyTx® x4 (07,
st+ ¢ (s2+ )2

where the rst equality follows fronk [hx; i] = O for any glver]g; 2 R"dueto N (0;l,),

and the second equality usEs kUUT k?> = E kUT k*» = [, E kul k® = ddueto
U20" 9and N (0;1,). This, together with, = s;  and (5), yields
Z
RO . 1+2 2 2d
s - = k (I)kZ t k (I)k2 t .
V=g o X a+ 22 U Tx ar dt;

Obviously, minimizing the above function in termsldfamounts to

Zl
. 1+2 2
min +2 )«

oltixq kU Tx (K2
uTu=1y o @+ 32 N ’

i=1
which is equivalent to Problem (11). u
A.4  Proof of Theorem 2
Proof of Theorem 2For ease of exposition, let
X = x® ;0 xMN) 2R" N2 A=[a; ::: an]2RYN:E=[e; ::i en]2R"N:
Using this and (9), we obtain

X = U’A + E: (28)

Letra :=rank(A) minfd;NgandA = Uy AV, be an singular value decomposition (SVD)
of A, whereUy 2 0% "2 V, 2 0ON s and A 2 R™& "a_ |t follows from Theorem 1 that
Problem (5) with the parameterization (10) is equivalent to Problem (11).
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(i) Suppose thaiN d. Applying Lemma 3 with" = 1=(2c;) to A 2 RY N it holds with
probability at least. 1=2 9*1  exp( c,N) that
P— P—
N d 1
min (A) = d(A) T;
wherec;; ¢, > 0 are constants depending polynomially only on the Gaussian moment. This implies
ra = dandU, 2 OY. Since Problem (11) is a PCA problem, the columns of any optimal solution
O 2 0" 9 consist of left singular vectors associated with the dogingular values oK . This,
together with Wedin's Theorem [54] and (28), yields

(29)

2KE k 4c,KE k
00T UuUT = 00T (UPUL)(U?UL)T 2 g AT
. (U7UA)U7UA)T A P P

This, together with absorbinginto c,, yields (12).

(il) Suppose thalN < d . According to Lemma 3 withh = 1=(2c¢;), it holds with probability at least

1 1=2¢ N+l exp( cpd) that

P P—
d N 1

min (A) = n(A) T;

wherec;; ¢, > 0 are constants depending polynomially only on the Gaussian moment. This implies

ra = N andUs 209 N . This, together with the factthat = Ua AV, isan SVD ofA, yields

thatU®A = (U%Ua) AV, isanSVDofU’A withU?Ux 2 O™ N. Note thatrank(X ) N.

LetX = Ux xVy beanSVDofX ,whereUx 20" N vy 20N and x 2 RN N. This,

together with Wedin's Theorem [54] and (30), yields

2kE kp _ 4C]_kE k|: .
F min (A) d N 1
Note that Problem (11) has in nite optimal solutions wher< d , which take the form of
U= Ux Ux 20" %

(30)

Ux Uy UZUAULU7T (31)

Now, we consider thdtly 2 O™ (4 N) s an optimal solution of the following problem:

min kVTU?(I  UaUJ)kZ: (32)
V20N (@ N)»UJvV=0

Then, one can verify that the rank of the following matrix is at ntbst
B:= Ux U?(l UaU))

Then,ifn  2d N, itis easy to see that the optimal value of Problem 3®)iE n< 2d N,
the optima value is achieved %t = [V, V] with V7 2 R" (" @ andv,’ 2 R" (@d N n)
satisfyingV,"" B = 0, which implies

KVTU?(l  UaU)KkZ = kV,TUP(I UaUDkE 2d N n
Consequently, the optimal value of Problem (32) is less than
maxf0;2d (n+ N)g (33)
Then, we obtain that
gaT utu™ = UxUg + Ux Uy  U%UAUAZUTT U?(1 UsuHu™

k UxUy U’ UaUDU"Tke  UxUy U°UAUZUTT |

p 2(d N) 2maxf0;2d (n+ N)g pﬁlgi
d N 1
P 2minfd N;n dg fclkEL;
d N 1
where the second inequality follows frot = V 7 and (33). Then, we complete the proof.

u
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s B Proofsin Section 3.2

e09 B.1 Theoretical Justi cation of the DAE (15)

610 Sincex; = StXp +  , we compute
E KU/ (stxo+ 1 )k? = sPkUJT xok? + 2E [KU/] k2] = s?kU[] xok? + 2d;
s11  where the rstequalityisdueto N (0;1,) andE [HU[] xo; U, i]= 0O for eachk 2 [K]. This
e12 implies that whem is suf ciently large, we can approximate ( ; x¢) in (8) well by
exp 2kU T xok? + 2d
wic( X)) P tStsz ztz
= eXp ¢ sfkU,'xok?+ £d

613 This soft-max function can be further approximated by the hard-max function. Therefore, we di-
614 rectly obtain (16).

615 B.2 Proof of Theorem 3

e16 Equipped with the above setup, we are ready to prove Theorem 3.

617 Proofzof Theorem 3Plugging (15) into the integrand of (5) yi??lds
2

E 4 St2+ t2 Wk( ;X(I))UKUJ(SIX(I)-F t ) X(I) 5
k=1
2 X 2 2 ? X 23
U7 mCx U Ui x®  x0 s %E 47 W xMul 5
Sttt (st+ 9)? k=1
s X s 2 (i) (i) Ty ()2 ()2 (st 1)?d X M)
= Wi (o xt) 2 xY) kU xUkS+ kxWkS+ ——— Wi (5 x);
Fr 7, i : CEN

e1s Where the rst equality follows fronE [hx; i] = 0 forany xedx 2 R" dueto N (0;l,),
s19 and the last equality usés, 2 O" 9 andU] U, = O for all k & |. This, together with (5) and
620 = St t,Yyields

N 1 XX 23 t 1 2 0 0 Ty ()2
()= — i+ 72 1+ Wi (5 x) 2 (5 xt)  dtkUy x ke
i=1 k=1 0O t t
iZl dtxq kx (K2 + 2175 L dt EXQ X w2( xMy:
N o t i=1 o 1+ 9?2 N i=1 k=1 o .

s21  According to (15), we can partitiofN ] into f Cy ( )9k, , whereCy( ) for eachk 2 [K ] is de ned
622 as follows:

n (0]
Ce( )= i2[N]:ku/xDk k UTxWk; 816 k ;8k2[K]: (34)
623 Then, we obtain
XX
w2( ;xWy= 1=N:
i=1 k=1 k=1i2Cx( )

624 This, together with plugging (34) into the above loss function, yields minimiz{ng is equivalent
625 t0 minimizing

TR S N 1

2 2
o 1+ ¢ 1+ ¢

wW2( ix®y 2w x @) diku x Dk?
i=1 k=1
Z, X X
1 1 .
= t 2 dt = kU x (VK2
1+ 7 1+ 2 K
0 t t k=1 i2Cy( )
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Sincer‘g Tl? 2 < Oforallt 2 [0; 1], minimizing the above function is equivalent to

i% X T, ()2 e n dK .
max kU, x'"k st: [Ug ::: Uk]20 :
k=1i2Cy( )

Then, we complete the proof. u

B.3 Proof of Theorem 4

Proof of Theorem 4For ease of exposition, let:= maxfk ejk : i 2 [N]g,

XX .
f():= ku/l x Dk
k=1i2Cy( )

and for eactk 2 [K],

n _ 0
Cl= 12[N]:x®D=Ula + e

Suppose that (51) and (52) hold with= ) foralli 2 [N]andk 6 | 2 [K ], which happens with
probabilityl 2K 2N ! according to Lemma 5. This implies that for a2 [N]andk 6 | 2 [K],

p- P —— p— p——

d (2 logN +2) k ajk d+(2 logN +2); (35)
P —— P ——

KOJU’ke (2 logN +2) k OJUlak k UJUke +(2 logN +2):  (36)
Recall that the underlying basis matrices are denoted by fU//gl., and the optimal basis
matrices are denoted By= f Uygk_, .
First, we claim thaCyx( ?) = C/ for eachk 2 [K]. Indeed, for each2 C/, we compute

kUZTx Dk = kUJT (U7a; + ek = kai + UTTeik k aik k eik; (37)
kUI’?TX(i)k: kUI?T (Ulzai + ei)k: kU,?Teik k eik; 81 6 k: (38)

This, together with (35) ankie; k < (Io a 2P logN)=2, implieskU/Tx;k k U’Tx kforalll &
k. Therefore, we have2 Cy( ?) due to (34). Therefore, we ha@’ Cy( ) for eachk 2 [K].
This, together with the fact that they respectively denote a partitigN pfyieldsCy ( ?) = C/ for
eachk 2 [K]. Now, we compute

2 X< 2 i X< X 2
f(?)= kUZTx k2 = kaj + U.T ek?
k=1i2C} k=1i2C}
X X X . X X 7
= kajk?+2 hai; U  eji + KU/ e k?: (39)
i=1 k=1i2C} k=1i2C/
Next, we Compute
X X _ X X X
f(")= KO x K2 = kKO (Ula; + e))k?
k=l i2cy (M 1=1 k=1 j2¢ ("N €7
XX X XX
= kOkTUf’aikz +2|’Bi;U|?T Oklf)kTeii + klﬂkTei k?:
I=1 k=1 j2¢, (") c’ k=1 i2¢c, (M
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652

This, together with (") f ( ?) and (39), yields
X X X X , XX X ,
kaj k? kO, Ulaik? 2hei; UM 00 e+
i=1 I=1 k=1 iZCk(A)\ CI? 1=1 k=1 iZCk(A)\ CI?
X X X X , X X
kOl ek? 2 hai; U/ i kU eik?
k=1 i2¢c, (" k=1i2C} k=11i2C}
X p_
4 kaik+ N 2 6N d+ N 2 (40)
i=1
where the second inequality follows froke; k foralli 2 [N] andUk'-’; O, 2 0" 9 for all
k 2 [K], and the last inequality uses (35).

For ease of exposition, &t := jCk (™) \ C/j. According to the pigeonhole principle, there exists
a permutation : [K]! [K] such that there exists 2 [K] such thatN ()  N=K 2. This,
together with (40), yields

p_ X
6N d+ N 2 kaik® k 0T U7aik?

i2C (M ey X
=Hh U;TO (k)OT(k)U;, aiaiTi: (41)

i2C (M ey
According to Lemma 6 antl ()«  N=K?2, it holds with probability at least 2K *N 2 that

O S —
1 X a'aT | 9( d+n |Og(N (k)k)_
N i "N '
(k)k i2C (M c; (k)k

This, together \6vith the Weyl's ineqtiality, yields

@ X TA a po A
min a;a; N gk 9 N gk d+  1og(N (k)
i2C (M ey 0
N 9N PGP logN  —;
K?2 K 2K 2’

\6/here the s%cond inequality follows froNEK 2 N (o« N and the last inequality is due to
18K (" d+ " TogN). Using this and Lemr?(a 7, we obtain
Ho U0 1§07, Uy ajali

0 izlc (M e

X
min @ aalATr I Um0 (k)L'JT(k)Uk?

i2C (M ey
N
2K 2
This, together with (41), implies

p_
T 1 U0 0T Ul 2K?2 6 d+ 2

™1 U0 07, U/

Using thisandU;:::; U} ]20n dkwe obtain 1
kO T UrkE = Tr @ 0TUUm0 A T 1 0T UUT O
16 k 16 k

2K 2 6p8+ 2 %d; (42)
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653 where the last inequality follows P d=(24K 2). According to (40), we have

P 2 X X 2 T 24 1,2
6N d+N kaik? k 0T, U ak
18ki2c (™ ¢/
X p_ 2 aXx
N gy (d )2 kL')T(k)U,?k,: + 3 N 1
16 k 16 k

es4 Where the second inequality uses (35) and (36), and the last inequality followsdfi&ntog N .
655 Therefore, we have for ea¢h2 [K],

X asN P d+s 2N _
N ()i < 1

16 k d

ess Where the last inequality uses. P d=N. This impliesN (), = O for all | & k, and thus

7 C (")  CZ. Using the same argument, we can show Bagy (")  C; for eachl 6 k.

ess Therefore, we hav€ (k)('\) = C/ for eachk 2 [K]. In particular, using the union bound yields
es9 event holds with probability at leagt 2K 2N ', Based on the above optimal assignment, we can
ee0 further show:

e61 (i) Suppose thalNy  dfor eachk 2 [K]. This, together with (i) in Theorem 2 amdlk  d, yields

ec2 (18).

663 (i) Suppose that there exisks2 [K ] such thaNy < d. This, together with (ii) in Theorem 2 and
esa Ny d,yields (19).

e6s Finally, applying the union bound yields the probability of these events. u

s C Experimental Setups in Section 2.2

e67 In this section, we provide detailed setups for the experiments in Section 2.2. These experiments
e6s aim to validate the assumptions that real-world image data satis es a mixture of low-rank Gaussians
e6o and that the DAE is parameterized according to (8). To qggin, we show th&[X ojx ] is of low

670 rank whempgata follows a mixture of low-rank Gaussians andf:1 dq« n,wheren is the ambient
671 dimension of training samples.

72 C.1 Verication of Mixture of Low-Rank Gaussian Data Distribution

673 In this subsection, we demonstrate that a mixture of low-rank Gaussians is a reasonable and in-
674 sightful model for approximating real-world image data distribution. To bqgin, we show that

675 I x, E[XojX¢]is of low rank wherpgaa follows a mixture of low-rank Gaussians with E:l dq« n,
676 Wheren is the dimension of training samples.

677 Lemma 2. Suppose that the data distributigg,i, follows a mixture of low-rank Gaussian distri-
678 butions as de ned in De nition 1. For alt 2 [0; 1], it holds that

kr?[ig]dk rank (r x, E[XojXt]) :: dy: (43)
679 Proof. For ease of exposition, let
he(xt) :=exp KU/ Txk? ; 8k 2 [K]:
es0 Obviously, we have
rhe(xe) =2 rexp (kKU Txk? UZUZTxe =2 chie(x)UZUST x4 (44)
es1 According to Lemma 1, we have

St

P
Kea Kk (X)UZUZT x|
st+ ¢ -

f (Xt); wheref (x;) := P

E[xojxt] =
[XojXt] K e (x0)
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Then, we compute
!

1 X X
r th(Xt): PK—h(X) 2 t khk(Xt)UEUETXtXIUZUZT + khk(Xt)Ul;?Ul;?T
k=1 k=1 | k=1 | ;
2 X he (X )UZUST x X hie (X1 )UZU.T x
p > khk(X)U U™ Xq khk (X )U U X¢
k=1 khk(Xt) k=1 k=1
— 1 21177 T 21177
= PK— khk(Xt) 2 tUkUk XtXt + | UkUk
k=1 khk(xt) k=1 | |
2 ¢ 201 7T T X 20 7T
K 2 khk(xt)UkUk XtXt khk(xt)UkUk
k=1 khk(xt) k=1 k=1
This directly yields (43) for alt 2 [0; 1]. u

Now, we conduct experiments to illustrate that diffusion models trained on real-world image datasets
exhibit similar low-rank properties to those described in the above proposition. Provided that the
DAE x (x¢;t) is applied to estimat&[x gjx¢], we estimate the rank of the Jacobian of the DAE,

i.e., r x, X (X¢;t), on the real-world data distribution, wheredenotes the parameters of U-Net
architecture trained on the real dataset. Also, this estimation is based on the ndings in [55, 27] that
under the training loss in Equation (5), the DAE(X¢;t) converge tdE[x ojX¢] as the number of
training samples increases on the real data. We evaluate the numerical rank of the Jacobian of the
DAE on four different datasets: CIFAR-10 [56], CelebA [57], FFHQ [58] and AFHQ [59], where

the ambient dimension = 3072 for all datasets.

Given a random initial noise; N (0;1,), diffusion models generate a sequence of imdges
according to the reverse SDE in Eq. (3). Along the sampling trajedtorg, we calculate the
Jacobiarr x, x (Xt;t) and compute its numerical rank via

P, 5
, iz (M x X (Xi5t)
. — . - pi=l i t s 2
rank (r x, X (Xg;t)):=argmin r 2 [1;n]: in:1 Z( e X (x0;0)
In our experiments, we set= 0:99. In the implementation, we utilize the Elucidating Diffusion
Model (EDM) with the EDM noise scheduler [41] and DDPM++ architecture [51]. Moreover, we
employ an 18-step Heun's solver for sampling and present the results for 12 of these steps. For each
dataset, we random sample 15 initial noisg calculate the mean a&nk(r x, X (X¢;t)) along
the trajectoryf x;g, and plot ratio of the numerical rank over the ambient dimension against the
signal-noise-ratio (SNR)= ; in Figure 2, where ; is de ned in Eq. (2).

(45)

C.2 \Veri cation of Low-Rank Network Parameterization

In this subsection, we empirically investigate the properties of U-Net architectures in diffusion mod-
els and validate the simpli cation of the network architecture to Eq. (8). Based on the results in
Appendix C.1, we use a mixture of low-rank Gaussian distributions for experiments. Here, we set
K=2,n=48,d; = d, =6, 1 = 5 =0:5 andN = 1000 for the data model De nition 1.
Moreover, We use the EDM noise scheduler and 18-step Heun's solver for both the U-Net and our
proposed parameterization (8). To adapt the structure of the U-Net, we reshape each training sample
into a 3D tensor with dimensiors 4 3, treating it as an image. Here, we use DDPM++ based
diffusion models with a U-Net architecture. In each iteration, we randomly sampled a batch of im-
agefx()ghs; f x(g\,, along with a timestep'!) and a noise ) for each image in the batch

to optimize the training losy ). We de ne

training iterations
1000

to represent the total samples used for training. Here, we pick up the speci ¢ model trained under
500 kimgs, 1000 kimgs, 2000 kimgs, and 6000 kimgs for evaluation, as shown in Figure 6(a).

kimgs= bs (46)
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(a) Numerical rank (b) Norm of gradient

Figure 6: (a)Numerical rank of r x,x (x¢;t) at all time of diffusion models. Problem (5) is
trained with the DAEx ( ;t) parameterized according to (8) and U-Net on the training samples
generated by the mixture of low-rank Gaussian distribution. X4agis is the SNR and thg-axis

is the numerical rank of y, X (X;;t) over the ambient dimensiam i.e.,rank(r x, X (xt;t))=n.

Here, kimgsdenotes the number of samples used for training, which equals to training iterations
times batch size of training samples. Bnvergence of gradient norm of the training loss The
x-axis is kimgs (see Eqg. (46)), and theaxis is the gradient norm of the training loss.

Algorithm 1 SGD for optimizing the training loss (5)

Input: Training sample$x (g,
forj =0;1;2;:::;J do
Randomly seledt(im;tm)gM-; , whereiy, 2 [N]andty, 2 (0;1) and anoise N (0O;l)
Take a gradient step
X , , 2
— roX (s, XU+ ty)  xOm)
m2[M ]

j+1 j

end for

We plot the numerical ranks aof . x (X;t) for both our proposed parameterization in (8)
and for the U-Net architecture in Figure 2(b). According to Lemma 2, it holds éhat

rank(r x,x (Xi;t)) 12. This corresponds to the blue curve in Figure 2(b). To supplement
our result in Figure 2(b), we further plot the numerical rank against SNR at different training itera-
tions in Figure 6(a) and gradient norm of the objective against training iterations in Figure 6(b). We
observe that with the training kimgs increases, the gradient for the UjjfNetjjr decrease smaller
than10 * and the rank ratio of 4, x (x;t) trained from U-Net gradually be close to the rank ratio
from the low-rank model in the middle of the SN®:91; 10:0]).

D Experimental Setups in Section 4

We use a CPU to optimize Problem (5) for the setting in Appendix D.1. For the settings in Ap-
pendix D.2 and Appendix D.3, we employ a single A40 GPU with 48 GB memory to optimize
Problem (5).

D.1 Learning the MoLR@istribution with the theoretical parameterzation

Here, we present the stochastic gradient descent (SGD) algorithm for solving Problem (5) as follows:
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730 Now, we specify how to choose the parameters of the SGD in our implementation. We divide the
731 time interval[0; 1] into 64 time steps. Whelk = 1, we set the learning rate = 10 #, batch
732 sizeM = 128Ny, and number of iterationd = 10%. WhenK = 2, we set the learning rate
733 =2 10 °, batch sizeM = 1024, number of iterationd = 10°. In particular, wherK =2, we
73 use the following tailor-designed initializatior? = f U2g to improve the convergence of the SGD:
Ud=UZ+0:2 ; k2f1;2g; (47)

735 Where N (0;1,). We calculate the success rate as follows. If the returned subspace basis
73 matricesf Uy gk, satisfy

1X k
K k=t!
737 for some permutation: [ K]! [K], itis considered successful.

jU(oU{ UUT 05

738 D.2 Learning the MoLR@istribution with U-Net

733 We measure the generalization ability of U-Net ganeralization (GL) scorele ned in Equa-
720 tion (48).

D(x e .

S D(x) = minjix® xWjj; (48)
X(') o j6i
MoLR j=1

GL score=

741 wheref x,(\}lg,,_RgiNzl are samples generated from tMeLR@istribution and xge)ngi'\‘=1 are new sam-

722 ples generated by the trained U-Net. IntuitiveD/x Sgn) re ects the uniformity of samples in the
743 space: its value is small when the generated samples cluster around the training data, while the value
724 is large when generated samples disperse in the entire space. Therefore, the trained diffsion model

75 IS in memorization regime whebd (x ge)n) D (x fvi,z,,_m\, and the GL score is close to 0, while it is in

746 generalization regime whed(x Sgra D (x S,E,LRQ; and the GL score is close to 1.

747 In our implementation, we set the total dimensiorMdLR@sn = 48 and the number of training

728 samplesNegya = 1000. To train the U-Net, we use the stochastic gradient descent in Algorithm 1.
729 We use DDPM++ architecture [11] for the U-Net and EDM [41] noise scheduler. We set the learning
70 ratel0 3, batch sizes4, and number of iterations = 104,

751 D.3 Learning real-world image data distributions with U-Net

752 According to [27], we de ne the generalization (GL) score on real-world image dataset as follows:
GLscore=1 P T&)ﬁ [M ssco(X;yi)] > 0:6 : (49)
1

753 Here, the SSCD similarity is rst introduced in [60] to measure the replication between image pair
754 (X1;X2), which is de ned as follows:
SSCOx,1) SSCOXx32)
ISSCOX1)ji2 jiSSCOX2)jj2
755 Where SSCI) represents a neural descriptor for copy detection of images. We empirically sam-

756 ple 10K initial noises to estimate the probability. Intuitively, GL score measures the dissimilarity
757 between the generated sampland allN sampleg; from the training dataséty; g\, .

M sscp(X1;X2) =

758 10 train diffusion models for real-world image datasets, we use the DDPM++ architecture [11] for
70 the U-Net and variance preserving (VP) [11] noise scheduler. The U-Net is trained using the Adam
70 optimizer [61], a variant of SGD in Algorithm 1. We set the learning rate 10 3, batch size

1 M =512, and the total number of iteration€P.

762 D.4 Correspondence between low-dimensional subspaces and image semantics

763 \We denote the Jacobian of the DAE(x;t) byJ; == r x, X (X¢;t) 2 R" "andletly=U VT
764 be an singular value decomposition (SVD)ef wherer =rank(J;),U =[us; ;u,]20" T,
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(a)PCA (b) Diffusion model

Figure 7: Phase transition of learning the MoLR@listribution when K = 3. The x-axis is

the number of training samples ageaxis is the dimension of subspaces. We apply a subspace
clustering method and train diffusion models for solving Problems (17) and (5), visualizing the
results in (a) and (b), respectively.

765 V =[vy; ;v ]20" "Jand =diag( 1;:::; ;) with + being the singular
766 values. According to the results in Figure 2, it is observeddhas low rank, i.e.r  n. Now, we
767 compute the rst-order approximation &f (X;t) along the direction o¥; 2 R", wherev; is the
768 i-th right singular vector of;:

X (X¢+ vist) X (Xe;t)+ Jevi = X (X )+ Uy

0 Where the last equality follows frodyv; = U V Tv; = iu;. To validate the semantic meaning
770 of the basisvj, we vary the value of from negative to positive and visualize the resulting changes
771 in the generated images. Figures 5, 8 and 9(a, c) illustrate some real examples.

772 In the experiments, we use a pre-trained diffusion denoising probabilistic model (DDPM) [2] on the
773 MetFaces dataset [50]. We randomly select an imagfeom this dataset and use the reverse process
774 of the diffusion denoising implicit model (DDIM) [51] to generate att = 0:7T (ablation studies

775 fort = 0:1T and0:9T are shown in Figure 9(b)), whefe denote the total number of time steps.

776 We respectively choose the changed direction as the leading right singular wegtossvy; vs; Ve

777 and uses; = Xy + Vj to generate new images with2 [ 6; 6] shown in Figures 5, 8 and 9(a, c).

s E  Auxiliary Results

779 First, we present a probabilistic result to prove Theorem 2, which provides an optimal estimate of
7e0 the small singular values of a matrix with i.i.d. Gaussian entries. This lemma is proved in [62,
7s1  Theorem 1.1].

7s2 Lemma 3. LetA be anm n random matrix, wheren  n, whose elements are independent
783 copies of a subgaussian random variable with mean zero and unit variance. It holds fot' evely
784 that
" p_— pP—— nym n+l .
P mn(A) "(m "'n 1) 1 (c") exp( c2m);
7ss  wherecy; ¢, > 0 are constants depending polynomially only on the subgaussian moment.

7ss  Next, we present a probabilistic bound on the deviation of the norm of weighted sum of squared
7s7  Gaussian random variables from its mean. This is a direct extension of [63, Theorem 5.2.2].

7ss Lemma 4. Letx N (0;l4) be a Gaussian random vector and;:::; 4 > 0 be constants. It
7s9  holds for anyt > 0 that
oV v 1
P@ 22 2 t+2 naA 2exp 57 (50)
i=1 i=1 max
790 Where max = maxf ; :i 2 [d]g.

791 Based on the above lemma, we can further show the following concentration inequalities to estimate
792 the norm of the standard norm Gaussian random vector.
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Figure 8:Correspondence between the singular vectors of the Jacobian of the DAE and seman-
tic image attributes.
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