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ABSTRACT

Depth separation—why a deeper network is more powerful than a shallower one—
has been a major problem in deep learning theory. Previous results often focus on
representation power. For example, Safran et al. (2019) constructed a function
that is easy to approximate using a 3-layer network but not approximable by any
2-layer network. In this paper, we show that this separation is in fact algorithmic:
one can learn the function constructed by Safran et al. (2019) using an overparam-
eterized network with polynomially many neurons efficiently. Our result relies
on a new way of extending the mean-field limit to multilayer networks, and a de-
composition of loss that factors out the error introduced by the discretization of
infinite-width mean-field networks.

1 INTRODUCTION

One of the mysteries in deep learning theory is why we need deeper networks. In the early attempts,
researchers showed that deeper networks can represent functions that are hard for shallow networks
to approximate(Eldan & Shamir, 2016; Telgarsky, 2016; Poole et al., 2016; Daniely, 2017; Yarotsky,
2017; Liang & Srikant, 2017; Safran & Shamir, 2017; Poggio et al., 2017; Safran et al., 2019;
Malach & Shalev-Shwartz, 2019; Vardi & Shamir, 2020; Venturi et al., 2022; Malach et al., 2021).
In particular, seminal works of Eldan & Shamir (2016); Safran et al. (2019) constructed a simple
function (f.(z) = ReLU(1 — ||||)) which can be computed by a 3-layer neural network but cannot
be approximated by a 2-layer network.

However, these results are only about the representation power of neural networks and do not
guarantee that training a deep neural network from reasonable initialization can indeed learn
such functions. In this paper, we prove that one can train a neural network that approximates
fi(x) = ReLU(1 — ||x||) to any desired accuracy — this gives an algorithmic separation between
the power of 2-layer and 3-layer networks.

To analyze the training dynamics, we develop a new framework to generalize mean-field analysis of
neural networks (Chizat & Bach, 2018; Mei et al., 2018) to multiple layers. As a result, all the layer
weights can change significantly during the training process (unlike many previous works on neural
tangent kernel or fixing lower-layer representations). Our analysis also gives a decomposition of
loss that allows us to decouple the training of multiple layers.

In the remainder of the paper, we first introduce our new framework for multilayer mean-field anal-
ysis, then give our main result and techniques. We discuss several related works in the algorithmic
aspect for depth separation in Section 1.3. Similar to standard mean-field analysis, we first consider
the infinite-width dynamics in Section 3, then we discuss our new ideas in discretizing the result to
a polynomial-size network (see Section 4).

1.1 MULTI-LAYER MEAN-FIELD FRAMEWORK

We propose a new way to extend the mean-field analysis to multiple layers. For simplicity, we state
it for 3-layer networks here. See Appendix A for the general framework. In short, we break the
middle layer into two linear layers and restrict the size of the layer in between. More precisely, we
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Figure 1: Difference between previous Nguyen & Pham (2020) (Left) and our framework (Right).

define ) )
f(x) = meaérU(WzF(w)), F(x) = mflAlcf(Wlw%

where Wy € R %4, A € RP>*™m1 W, ¢ Rm2*P gy € R™2 are the parameters, and F'(x) € RP
represents the hidden feature. See Figure 1 for an illustration. Later we will refer to the step of
x +— F(x) as the first layer and F(x) — f(x) as the second layer, even though both of them
actually are two-layer networks.

In the infinite-width limit, we will fix hidden feature dimension D and let the number of neurons
m1,my go to infinity. Then, we get the infinite-width network
flx) = E aso(ws - F(x)), Fi(x)= E ayo(wy - x), Vie[D],

(az,w2)~p2 (a1,w1)~py

where (Nl,i)ie[ p) are distributions over R+ with a shared marginal distribution over wi, and ps

is a distribution over R'*. Note that, unlike the formulation in Nguyen & Pham (2020), here the
hidden layers are described using distributions of neurons, whence are automatically invariant under
permutation of neurons, which is one of the most important properties of mean-field networks. One
can choose (11, po to be empirical distributions over finitely many neurons to recover a finite-width
network. In fact, we will do so in most parts of the paper so that our results apply to finite-width
networks of polynomially many neurons. The network can be viewed as a 3-layer network with
intermediate layer W5 A, which is low rank. This is reminiscent of the bottleneck structure used in
ResNet (He et al. (2016)) and has also been used in previous theoretical analyses such as Allen-Zhu
& Li (2020) for other purposes.

Learner network Now we are ready to introduce the specific network that we use to learn the
target function. We set D = 1 and couple a1 with w;.
F(z) =F@ym) = E {[w|o(w- )},

w

f®) = f(xip2,pa) = E  o(waF(@;p1) + b2).

(w2,b2)~p2

(D

Here, o is the ReLU activation, and 11 € Z(R9) and pup € Z?(R?) are distributions encoding
the weights of the first and second hidden layers, respectively. We multiply each first layer neuron
by ||w]| to make F' more regular. This 2-homogeneous parameterization is also used in Li et al.
(2020) and Wang et al. (2020). In most parts of the paper, 11 and po are empirical distributions over
polynomially many neurons. We use 1, po to unify the notations in discussions on infinite- and
finite-width networks.

Restricting the intermediate layer to have only one dimension (D = 1) is sufficient as one can
learn  — « ||| for some o € R with the first layer F'(x) and « ||z| — o(1 — ||z|) with the
second layer. For the network that computes F'(x), we do not need a bias term as the intended
function is homogeneous in . Though we restrict the first layer to be positive, it does not restrict
the representation power of the network as the second layer can be either positive or negative. For
the second layer, even though a single neuron is sufficient, we follow the framework and over-
parameterize the network.
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1.2 MAIN RESULT AND OUR TECHNIQUES

Our main result applies the framework in the previous section to the function constructed in Safran
et al. (2019) (see details in Section 2). Informally, we prove:'

Theorem 1.1 (Main result, Informal). Given the learner network defined in (1) with input dimension
d, for any € > 0, we can choose layer widths as m; = poly(d, 1/¢), ma = ©(1) so that, with
probability at least 1 — 1/ poly(d, 1/e) over random initialization, running a simple variant of
gradient flow® reduces the loss L := Eq {(f.(x) — f(x))?} /2 to € within T = poly(d, 1/e) time.

This result shows that one can train a multilayer neural network to learn the function ReLU(1—||z||)
that cannot be approximated by any 2-layer network. There are some technical details caused by the
choice of a heavy-tail input distribution in Safran et al. (2019) which we discuss in Section 2.

To prove such a result, we first characterize the infinite-width dynamics (see Section 3). In particular,
we show that in the infinite-width dynamics, the first layer will always compute a multiple of ||x||,
while the second layer will behave like a single neuron.

However, it is often difficult to discretize such an infinite-width analysis to a polynomial-width
network. The main difficulty is in the potential amplification of error in the network: if at the
beginning, the first layer is d-close to computing a multiple of ||z||, this § value can potentially
increase exponentially during the training process (Mei et al. (2018)). Given the large polynomial
training time for our dynamics, this exponential increase would not be acceptable.

To fix this issue, we partition the analysis into two phases, and for the time-consuming second phase,
we rely on a decomposition of the loss function:

- w2 -
L E {(7.@) - f@)?} ~ S E{ (@)~ f@)?} + ZE{(F@) - F@)}. @

a 2 &~D

L:

Here F () is a multiple of ||z|| that is close to the actual first-layer output F(z), f(a) is the output

of the network if the first layer is replaced by F'(x) — that is, if the first layer actually computes
a multiple of ||| (see (5) for precise definition). The first term therefore characterizes the loss
conditioned on a perfect first-layer; while the second term characterizes the difference between the
first-layer output and a multiple of ||x|. We show that the gradients of these two terms do not
affect each other, at least approximately. Therefore, we can view the training process as simultane-
ously doing two things: minimizing the loss given a good first-layer representation (reducing first
term), and making first-layer output closer to a multiple of ||z|| (reducing second term). We believe
such a decomposition highlights how the lower-layer in the neural network receives useful gradient
information to learn good representation for this particular objective.

1.3 RELATED WORKS

Algorithmic aspect of depth separation There have been other works that add algorithmic in-
sights into depth separation. Allen-Zhu & Li (2020) showed that multi-layer quadratic networks can
learn certain target functions in a hierarchical way, which cannot be learned by any kernel meth-
ods or shallow neural networks. Our work deals with more standard neural network architectures
and target functions. A concurrent work Safran & Lee (2021) considers a similar problem as ours,
where they show that GD with a certain three-layer network can learn the ball indicator which is not
approximable by any two-layer network. Conceptually the main difference between our results lies
in the training dynamics — the first layer of Safran & Lee (2021) is fixed while we train both layers.
This leads to very different training dynamics and proof techniques.

Overparametrized Neural Networks One line of works studied the optimization of overparame-
terized neural network which couples the training dynamics to kernel regression with neural tangent
kernel (NTK) (e.g., Jacot et al., 2018; Allen-Zhu et al., 2018b; Du et al., 2018). However, it is shown

"We say some quantity a is poly(d, 1/¢) if it is bounded by C/(d/)€ for some universal constant C' > 0
that may change across lines.

>Though gradient flow, strictly speaking, is not a proper algorithm, it is common to use it as a surrogate for
gradient descent in theoretical analysis. See Appendix E for discussions on how to convert the argument to a
gradient descent one.
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that neural network behaves like kernel methods in NTK regime, and several lower bounds have been
developed (Yehudai & Shamir, 2019; Wei et al., 2019; Ghorbani et al., 2019; 2020). Our training
dynamics is not in the NTK regime as all the weights change significantly. Another line of works
studied the optimization of overparameterized neural network in the mean-field limit (Mei et al.,
2018; Chizat & Bach, 2018; Nitanda & Suzuki, 2017; Wei et al., 2019; Rotskoff & Vanden-Eijnden,
2018; Sirignano & Spiliopoulos, 2020). Chizat et al. (2019) showed that the parameters can move
away from its initialization in mean-field regime and learn useful features, which is different from
NTK regime. However, most of the existing works require exponential/infinite number of neurons
and do not provide a polynomial convergence rate. See more discussions in Appendix A.

Multi-layer mean-field Although mean-field analysis has been successful for the optimization of
two-layer overparameterized network, it is not easy to extend it to multiple-layer network since the
width of intermediate layer goes to infinity. Many works have tried to address this issue to generalize
mean-field analysis to deep networks. See e.g., Nguyen & Pham (2020); Pham & Nguyen (2021);
Aratjo et al. (2019); Sirignano & Spiliopoulos (2021); Fang et al. (2021); Lu et al. (2020); Ding
et al. (2021) and references therein. Unlike most of the existing works, our multi-layer mean-field
framework still has finite hidden feature dimension while the number of neurons can go to infinity
to become a distribution of neurons. See Section 1.1 and Appendix A for more discussions.

Mildly overparameterized neural networks Recently there are many works that consider the
problem of learning certain target function with mildly overparameterized (polynomial size) net-
work (Allen-Zhu et al., 2018a; Allen-Zhu & Li, 2019; Bai & Lee, 2019; Dyer & Gur-Ari, 2019;
Woodworth et al., 2020; Bai et al., 2020; Huang & Yau, 2020; Chen et al., 2020; Li et al., 2020;
Wang et al., 2020; Zhou et al., 2021). In particular, these works are different from the typical mean-
field analysis where usually the infinite-width network are considered, or the typical NTK analysis
where neural network behaves like kernel method. Our work is in a similar direction, but we need
new insights to extend the discretization to our new multilayer framework.

2 PRELIMINARIES

In this section, we discuss the additional technical conditions for the input distributions in Safran
et al. (2019), and how we deal with this in the training process.

Notations For a vector x, we let ||| denote its Euclidean norm. We use a = b =+ ¢ as a shorthand
for the condition a € [b — |¢|,b + |c|]. For a distribution u, we write v € p for the condition v
is in the support of p. Other notations we use are mostly standard. We usually use v; and w; to
denote a first layer neuron, and (ve, r2) and (w2, b2) to denote a second layer neuron. Keeping two
sets of notations for neurons is intentional. When we are taking expectations over neurons, we use
w; and (ws, by). When considering a single neuron, we use vy and (ve,73). For vectors, we write
v := v/ ||v||. We will use E,, as a shorthand for E,..p when it is clear from the context. We also
use v € p as a shorthand for v € supp(p).

Target Function and Input Distribution The target function we consider is f.(z) = o(1—||z||),
where 0 : R — R is the ReLU activation. To describe the input distribution, first, we define

/2
o(x) = (\I%H) Ja/2(2m Ry ||]), where Rq = ﬁ(F(d/ZJrl))l/d and J,, is the Bessel function

of the first kind of order v. Let o, 8 > 0 be the universal constants from Safran et al. (2019) (cf. the
proof of Theorem 5). We assume the inputs € R? are sampled from the distribution D whose
density is given by « — (v/dBa)%w?(Vdfax). Tt has been verified in Eldan & Shamir (2016)
and Safran et al. (2019) that this is indeed a valid probability distribution. Also, note that D is a
spherically symmetric distribution. For more properties of D, see Appendix B.2. By Theorem 5 of
Safran et al. (2019), no two-layer networks of width poly(d, 1/¢) can approximate f, to accuracy €
in L2(D).? This distribution is heavy-tailed in the sense that E,p[||z||%] is undefined. The choice
of such heavy-tailed distribution is mostly required for proving the lower bound. Our training result
holds for most reasonable spherically symmetric distributions.

3Strictly speaking, the result in Safran et al. (2019) requires £ = O(1/d®). Even in that regime, our algo-
rithm learns the function using poly(d) neurons, which is not achievable by any two-layer network, therefore it
is still a valid separation.
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Training Algorithm and Main Result We use gradient flow with clipping over MSE loss to train
a polynomial-size network. We write the loss as

L= L) =3 E (@)~ f(@)?} = EL(), G)

Define S(x) = (f«(x) — f(@)) Ew, ., {0’ (w2 F(x) + b2)ws}. One can verify that the dynamics of
the neurons are given by

v1= E {Hva [S(z) (v10(vy - ) + ||v1]| o (V1 - m)w)]} ,

o= E {lln, [(f(2) ~ f(@)0' (0:2F(x) +r2) F(x)]} | 4)
f2= E {IIp, [(f(2) - f(@))0' (v2F(2) +72)]},

where I stands for the projection to the ball of radius R, and R,, = O(d), R,, = O(d®),
R, = ©(1) are the projection threshold. We add these additional gradient clipping because without
them the gradients are not well-defined due to the heavy-tailed property of the distribution D. Note
that gradient clipping is indeed widely used in practice to avoid exploding gradients (Pascanu et al.,
2013; Zhang et al., 2020). In fact, we believe our optimization result without using gradient clipping
would still be true for a general spherically symmetric distribution D as long as it is more regular.

To initialize the learner network, we use Unif (alSdfl) to initialize the first layer weights w1,
N(0,03) for the second layer weights ws, and choose all second layer bias by to be o,., where
01,09, 0, are some small positive real numbers. We initialize w; on the sphere instead using a
Gaussian only for technical convenience. We initialize the bias term to be a small positive value so
that all second layer neurons are activated at initialization to avoid zero gradient.

Now we are ready to give our main result. It shows that gradient flow with a polynomial-sized
learner network (1) defined in our mean-field framework can learn f,(x) = o(1 — ||z||) efficiently,
which is not approximable by any two-layer network (Safran et al., 2019).

Theorem 2.1 (Main result). Given the learner network defined in (1) with initialization described
above and suppose we run gradient flow, assuming it exists, on this finite-width network with clipping
(4) on loss (3). Then, for any € > 0, we can choose my = poly,, (d,1/€), mo = O(1), 01 =
1/ poly,, (d,1/¢), o3 = 1/poly,,(d,1/e), or = O(1), Ry, = O(d), Ry, = O(d®) and R,, =
O(1) so that with probability at least 1 — 1/ poly(d, 1/€) over the random initialization, we have
loss L < ¢ within T = poly(d, 1/e) time.

3 THE INFINITE-WIDTH DYNAMICS

Our proof consists of analyzing the dynamics of the infinite-width mean-field network and con-
trolling the discretization error. In this section, we characterized the infinite-width dynamics. For
ease of presentation, we pretend there is no projection and the gradients are well-defined in this
subsection and defer the discussion on handling the projections to Section 4.

First, note that both the input distribution D and the infinite-width network are spherically symmet-
ric. That is, for any x, 2’ € R? with ||z|| = ||«’|, the density/function value are the same. Any
spherically symmetric g : RY — R can be characterized by a function h : [0,00) — R which
satisfies h(]|x||) = g(x). For convenience, we will abuse notation to also use g : R — R to denote
this function h.

Assuming that the distribution (i of the first layer neurons is spherically symmetric, which is true at
least at initialization, we can approximate the first layer with a simple function using the following
lemma. The proof of it can be found in Appendix B.3.

Lemma 3.1. Let p be a spherically symmetric distribution. We have

_ o Bon|wl? T(d/2)vd
B wlo(w @) = Cr =t e

Note that, as d — oo, we have Cr — 1/+/2m, so Cr is universally bounded for all d.

x| where Crp:=




Published as a conference paper at ICLR 2023

This lemma implies that, in the infinite-width limit, we have F'(x) = « ||z|| for some real o > 0, at
least at initialization. This suggests defining the infinite-width approximation as:

CI‘ 2 ~ ~ ~
a:=— E |wi]|", F(x):=alx|, x) = E o(wo F(x) + 1r2). 5
B il Fe)=alel, J@i=  E o)), O
Note that (5) is well-defined no matter y; is infinite-width or not, though only in the infinite-width
case will one have F' = F'. Later in Section 4 we will show that F' ~ F' throughout the entire

process in the discretization part of the proof.

For the infinite-width network, one can imagine that, thanks to the symmetry, as long as p; is
spherically symmetric at time ¢, then no first layer neuron will change its direction and the change in
norm is also uniform, i.e., it does not depend on the direction v1. (See Appendix B.4 for the proof.)
As aresult, 4 will remain spherically symmetric. Formally, one can show that, for any spherically
symmetric g : R? — R, we have

Ela(e)o(v-2)) = LE{a(e) [z} o] and E{g(@)o’(v-o)e} = LE{s(e) ]} 5

where © = v/ ||v||. Again, the proof of these two identities can be found in Appendix B.3. Apply
these identities to ©¥; with ¢ = .S and one can obtain

'—ﬁ x) |||} v
vy = \/315{5( ) |} 1.

As aresult, iy is always a uniform distribution over some sphere. Moreover, we have*

da dw, 4C3 40,

b= B gt = g ES@) ) E e =TT E(S(@) o
This implies that the dynamics of the first layer can also be characterized by « alone. This reduces
the dynamics of the first layer to a single real number «. That is, the outputs of the first layer depend
only on « and «, and the dynamics of « also depend only on « instead of every single neuron w; .
In other words, we do not need to look at the actual dynamics of w; in this infinite-width case.
We will later show that the spread of the second layer is always small, hence the second layer can
be approximated by « ||x|| — o(waa ||x|| + b2) where (w2,b2) = E(wg,by). Combining these
observations, one can characterize the dynamics of the entire network using three quantities: «, ws
and b,.

We close this section with another interpretation of F', which is going to be handy in Section 4.2.
Since we know that, in the idealized case, F' should be spherically symmetric. Hence, it makes sense
to define the “idealized” I to be the average over the sphere, that is, F(x) = Eg/c|psi-1 F ().
Note that in Lemma 3.1, the expectation is taken over the neurons while here it is over the inputs.
However, similar to the proof of Lemma 3.1, one can still show that

2 Cr Ewnyy ]
E F(@)= E E  |w|o(w- z)= ——w~m 20
@ Ell=[S* W @/ € al|si-1 Vd

In other words, these two derivations are equivalent. In some sense, this means that the infinite-width
network can be interpreted as a symmetrization of the actual finite-width network.

]| = a ||

4 DISCRETIZING THE DYNAMICS WITH POLYNOMIAL-SIZE NETWORK

In this section, we show how to discretize the infinite-width dynamics to get our main results. See
Fig. 2 for simulation results. As we can see, even though the network has a finite width, at any time
step, the function f(x) is close to a function of the form & — o (by — waa||x||), and throughout the
training the second layer weights are well-concentrated.

Let 02 1= maX(y, ), (v4,r4) || (V2,72) — (v3,75)]| be the spread of the second layer, we will split the
training procedure into two stages. Recall that (ws, 52) = E(wo,bo)~pis (wa, bs). In Stage 1, wsy will
decrease to — poly(d)da. We show that after this condition is true, the projection operators in (4)
can be ignored (that is, the corresponding terms never exceed the thresholds, see Lemma 4.1). In
Stage 2, we show that the network can fit the target function in polynomial time.

*As in the standard mean-field arguments, we rescale the gradients by m so that it does not go to 0 as
m — 0o. In most cases regarding gradient calculation, this is equivalent to using the formal rule 9, E., g(w) =

Fvg(v).
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Figure 2: Simulation results. The left figure shows the loss during training. Each vertical dashed
line corresponds to a time point plotted in the other two figures. The center figure depicts the shape
of f at certain steps. The right figure shows the values of the second-layer neurons at certain steps.
One can observe that f ~ f indeed holds, and the second layer neurons are concentrated around
(w2, by), which matches our theoretical analysis. Simulation is performed on a finite-width network
with widths m; = 512, my = 128 and input dimension d = 100.

4.1 STAGE 1: REMOVING THE PROJECTIONS

Our first step shows that after a short amount of time in training, it is OK to ignore the projection
operators in (4). To see why the projections can be ignored in certain circumstances, first note that
if f ~ f, second layer neurons concentrate around their mean, by = O(1) and we < 0, then
f =~ o(waa ||x|| + bz) vanishes outside {||z| < O(1/|wz2a|)}, whence the gradients also vanish for
those large . Meanwhile, by upper bounding the norm of the gradients, one can show that in order
for the projections to be triggered, it is necessary for ||x|| to be large. As a result, when f decreases
sufficiently fast, f(x) will reach 0 before |||| becomes too large. Formally, we have the following
lemma, whose proof can be found in Appendix C.

Lemma 4.1. Choose the projection threshold R,, = O(d), R,, = O(d®) and R,., = O(1) in (4).
Suppose that « = O(1/ \/&) Then, the projection operators in 13, ¥1 and Vs will no longer be

activated if all second layer weights are nonpositive, —is > O(1)ds for some large constant, and
—wg > O(1)/R,, for some large constant, respectively.

Based on this lemma, we further split Stage 1 into three substages. We define 77 ; to be the first
time all second layer weights become negative, and 7} 2 and 77 3 the first time |@3| becomes ©(d)d2
and ©(1/R,,), respectively. They represent the end time of Stage 1.1, 1.2, and 1.3, respectively.
We require |ws] to be ©(d)Jds instead of ©(1)d; at the end of Stage 1.2 so that the starting state of
Stage 1.3 is more regular. By definition and Lemma 4.1, after each substage, one more projection
can be ignored, and all of them can be ignored after Stage 1.

The main lemma of Stage 1 is as follows. Recall that R,,,, R,,,, R, are the clipping thresholds.

Lemma 4.2 (Stage 1, informal). Define the end time of Stage 1 as Ty := inf{t > 0 : —wa(t) =
C1/Ry,} for some large constant Cy. Under the assumptions of Theorem 2.1, we have Ty <
poly(d, 1/¢) and the following conditions hold throughout Stage 1.

(a) Approximation error of the first layer. For each vi € pq, both the tangent movement
and the radial spread can be controlled as ||v1(t) — v1(0)]| < 55%(15) and ||'01||2 =(1=x

5511)3@)) E ||lws ||, where (5%1% and 681)% are two processes which are always small.

(va,72) — (v, 75)|| is small.

w2| = O(1/R,,) = O(1/d’)

(b) Spread of the second layer. For any (va,12), (v, 15) € s,

(c) Regularity conditions. ro = ©(1) for all (vy,r2) € pa,
and o = O(Vd/R,,) = ©(1/d"?).

The first two conditions mean the approximation f(x) &~ o(ws« ||| + b2) is valid throughout
Stage 1 and the third condition describes the shape of f in Stage 1. To maintain these conditions, we
use the so-called continuity argument, which can be viewed as a continuous version of mathematical
induction. See Appendix B.1 for explanations of this technique.
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With the approximation F'(x) ~ « ||z|| and the fact f(x)o’ (voF(x) 4+ r2) = f(x) for most z, we
can rewrite the dynamics of vy as

s ~ E{Tlg,, [(fu(e) — f(@)o ]}

Since f is much flatter than f,, f is still Q(1) when f, vanishes because of ||z| > 1. As a result,
the RHS is always negative. In fact, we show that it is —O(«logd). Recall that T} o is the time
|ws| reaches ©(dds). If d3 roughly remains constant, the time needed for Stage 1.1 and Stage 1.2
is proportional to the initial §5. Then, we can make the initial §5 small by selecting a small enough
o9. This also helps control the movement of v; and r» in Stage 1.1 and Stage 1.2 as their dynamics
depend on |ws].

One also needs to show that d5 cannot increase too much during Stages 1.1 and 1.2 to maintain the
approximation f(x) & o(woF (x) + bs). Intuitively, this is because for inputs with small |||, the
gradient V,,, £(x) does not depend on (vg, 2) itself; for the inputs with a large norm, they cannot
contribute too much to the gradient due to gradient clipping. As a result, the dynamics of v, are
approximately uniform in Stage 1.1 and Stage 1.2, whence the distance between different (vg, r3),
(vh, %) stays small.

The same method does not work in Stage 1.3 as now the target value of w, no longer depends on &5,
and we need a finer analysis for the first layer. Recall that, after Stage 1.2, the projection in ¥; can
be ignored. Therefore, we can decompose v; along the radial and tangent direction as

01 = Rad(91) + Tan(v,) = (91,01) 01 + (I — 019, )9,
= ZImE {S(x)o(vy - x)} + ||vy]| IE {S(:B)O'/(’Ul cx) (I — 'le)lT):c} .

Then, we write S(xz) ~ (f.(x) — f(x))wy = (f.(x) — f(z))Dy + (f(z) — f(x))D2. The terms

related to f, — f is essentially what one should expect to have in the infinite-width dynamics.
For those terms, Ehe radial movement is uniform and tangent movement is 0. Then, we bound
terms related to f — f using the radial spread and tangent movement of the first layer to obtain
4 (6%11)3 + (59%) = (32(_15) (5?1)% + 6%1%) (cf. Lemma C.16). Though, with this bound, the error can

grow exponentially fast (exp(t/d?-)), this is sufficient since Stage 1.3 only takes O(d*-%) time.

4.2 STAGE 2: FITTING THE TARGET FUNCTION

The goal of Stage 2 is for the gradient flow to converge to a point with loss at most € in polynomial
time. The main difficulty in this stage is that we need to bound the approximation error of the first
layer more carefully, as Stage 2 is potentially long and the brute-force estimations used in Stage 1
is too loose towards the end of training. We write ' := F'/« and measure the approximation error
using || F|ga-1 — 1| and || F — [|-[5]| .- Strictly speaking, for the L? error, we only consider those
x with ||z|| < O(1/|wa|) = poly(d) since otherwise it can be ill-defined. This is valid because,
as we have discussed earlier, f vanishes for large x. In Stage 2, E,, always means E| ;| <o(1/|wsal)
and, for the simplicity of presentation, we usually do not explicitly state this. The main result of
Stage 2 is as follows.

Lemma 4.3 (Stage 2, informal). Define the end time of Stage 2 as To, := inf{t > T1 : L =

e}. Under the assumptions of Theorem 2.1, we have To — Ty < poly(d, 1/¢) and the following
conditions hold throughout Stage 2:

(a) Approximation error of the first layer. Both ||F — ||||||,, and ||F|sa-» —1||, .. are
small.

(b) Spread of the second layer. max(y, r,),(v},ry) ||(v2; 72) — (v5,75)|| does not grow.
(c) Regularity conditions. The shape of f is similar to the one shown in Figure 2.

As we mentioned, the main technical challenge is to bound the approximation error of the first layer.
The overall strategy is to first show that, in Stage 2, the L? error barely grows and then show that,
as long as the L? error is small, the L° error can also be controlled. Unlike Stage 1, |wqa is
fairly large in Stage 2 and, as a result, the first layer can receive some signal from the loss function.
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Intuitively, this signal should push the first layer to become closer to a multiple of ||| as that is
what the global optimal solution would do. Formally, we first show the following approximation:

~ SE{ (@)~ f@)’} + % E{(F(z) - F(x))*}, (©6)

in the sense that the gradients V,,, of both sides are approximately the same, where f(z) is defined as
E(ws,bs)~ps 0 (woF () +b2). The first term of (6) measures the distance between the target function
and the infinite-width network and the second term measures the approximation error of the first
layer. In some sense, one can view this formula as a bias-variance decomposition for discretizing
mean-field networks.

With this approximation in hand, we then show that, thanks to the 2-homogeneity of F, the first term,
after certain normalization, does not affect the approximation error of the first layer. Meanwhile,
since we are following the gradient flow, the second term can only decrease the approximation error.

To establish (6), we first decompose the loss function as

=5 e{(f@) — F@)?} + S B{(F@) — 1@)7} + B{(fu(@) — @) (F@) - f(a)}
=: L1+ Lo+ L3.

We claim that £, is approximately the second term of (6) and the third term is approximately 0°.
Let X be the largest spherically symmetric set on which vaF'(2) + r2 > 0 for all (v, r2) € ua.
We show that those x outside X contribute a little. Therefore, we can rewrite Lo as

Lo

l\D\F—‘

wa,ba wa,ba

B 2

£ {(Fl@) - F@)?}.

Similarly, we can rewrite £3 as L3 =~ Wy E {(f*( ) — f(x)(F(z) — (w))} Recall from
Section 3 that F(x) = Egc|w|se—1 F(x). With this in mind, one can easily verify that, for
any spherically symmetric function g : RY — R, E, {g(z)F(z)} = E, {g(m)ﬁ’(:c)} Setting

2
(a

g = f«(z) — f (x) gives L3 ~ 0. Combine these two estimations together and we obtain (6).

Provided that the L2 error is always small, we show that, up to some higher order terms,

%F(@) vz € St

In words, the change of < 4 F(x) can be bounded by the L2 =1 HLOC is always

small as long as we choose a sufficiently large m; so that F'(x)|,cga1 is close to 1 at initialization.
This should not be a surprise since, after all, in the infinite-width dynamics F'(z)|,cs¢-1 = 1. The
formal proof of the above argument can be found in Section D.2.

SO ||F = [Ill,]| - -

Given that the approximation error can be controlled, one can then derive a convergence rate using
the infinite-width dynamics. See Section D.3 for details.

5 CONCLUSION

In this paper we give a new framework for extending mean-field limit to multilayer networks, and
use this framework to show that three-layer networks can learn a function that is not approximable
by two-layer networks. There are still many open problems: for the current objective the loss is
spherically symmetric so the first-layer neurons don’t move much tangentially, what if the function
is instead (1 — || Psx||) where Ps is projection to some unknown subspace? How about functions
that require an intermediate layer of size more than 1? Can one generalize the saddle point analysis
to deeper networks? We hope this work will be a starting point for understanding how deep neural
networks can learn useful features.

>For the ease of presentation, here we are talking about the function values instead of the gradients. Strictly
speaking, this is incorrect as the function value being small does not necessarily imply the gradient is small.
The ideas, however, are essentially the same. See Section D.2 for the actual proof.
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A MULTI-LAYER MEAN-FIELD NETWORKS

In this section, we first briefly review existing theories of two-layer mean-field networks, and then
introduce our framework for multi-layer mean-field networks.

A.1 TWO-LAYER NETWORKS AND PERMUTATION INVARIANCE

A two-layer network f of width m can usually be represented by®
f@W.a) = ~a"o(Wa) = L3 aow, -2) a)
z;W,a)=—a c(Wzx)=— a;0(w; - x).
m m =

where W € R™* is the weight matrix of the hidden layer and @ € R™ the output weights. Let y
be the empirical distribution of {(a;, w;)}™,; C R¥*!. Then, we can write

flx;p)= E  {aoc(w-x)}. (8)

(a,w)~p

By allowing 1 to be an arbitrary sufficiently regular distribution over R, we obtain a neural network,
represented by (8), that can contain infinitely many neurons.

To describe the gradient flow of this infinite-width network, it suffices to assign a vector field to
R+ that describes how each neuron (a,w) € R4*! should move at time ¢. One simple heuristic
way to do so is to first compute the gradient in the finite-width case and then replace all summations
with expectations as in (8) and treat the gradient as a vector field. We now illustrate the idea under
realizable setting and with the MSE loss

£=SE{(fu(@) - f@)?}.

The theory can be generalized to much more general settings and can be formally justified using
the theory of Wasserstein gradient flow. Readers can refer to, for example, Chizat & Bach (2018)
and Mei et al. (2018) for details. For a finite-width network (7), the gradient of £ w.r.t. a neuron
(ag,wy) is

¥ £ = B{( (@)~ f(@ W @)t @),
—mV, L = ]E{(f*(w) — f(z; W, a))ao' (wi, - x)x}.

Replace f(x; W, a) with f(x; ), treat (ag, wy) as a generic neuron, and we obtain a vector field
VR — R

Flew) =E{(1(0) - sl [ T |}

At each time ¢, we update the neurons in p according to —V.

One of the most important properties of this mean-field formulation is that it factors out the permu-
tation invariance of neurons. That is, we can permute (a1, w1), ..., (¢m, Wy, ) without changing
the output of the network. However, when we treat training as an optimization problem over the
space of (a, W), i.e., R™ x R™*? permuting (a;,w;) entirely changes (a, W). On the other
hand, if we describe the network using a distribution z over R4*!, then it is automatically permu-
tation invariant. Note that this is not restricted to infinite-width networks. When we choose u to
be an empirical distribution over finitely many neurons, we recover a finite-width network without
breaking the permutation invariance.

®Here, w; € R? means the i-th row of W. Later we will notations v;, a; to denote i-th row or column
of the corresponding matrix. Whether it is a row or column can be easily inferred from the dimension. The
general rule is that if V' € RP*™ where m represents the number of neurons, then v; € R” is i-th column,
and if W € R™*P then w; € RP is the i-th row.
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A.2 MULTI-LAYER MEAN-FIELD NETWORKS

Unfortunately, the above strategy cannot be directly generalized to multi-layer networks. Consider
the three-layer network

1 1
f(z;a, Wy, W1) = —a' o (Wrh(z; W1)), h(z; W) = —o(Wix),
meo mi

where a € R™2, W, € R™2x™1 W, € R™ >4 QOne can still write

f(a;;a,WQ,Wl):m%zaig(wu.h(m;wl)): E  {ao(wsy - h(x; Wy))}.
=1

(ai,wa)~p2

However, now uo is a distribution over R™1, and if m; — oo, it will become a distribution over
R®°, which is not readily defined. One way to resolve this issue is to view W5 as a function from
[ma] x [m1] to R and then generalize it to handle the infinite-width case by replacing the index sets
[ma], [m1] by two general index sets I5, I; that can potentially be uncountable. For example, we
can choose I; = I, = R. This is the strategy employed by Nguyen & Pham (2020). (See Pham
& Nguyen (2021) for a more accessible version of this paper.) The drawback of this formulation
is that, with the introduction of index sets, the permutation invariance is no longer factored out.
Though with this formulation, it is still possible to obtain global convergence results for infinite-
width networks, it become less useful when we want to analyze a finite-width network as it becomes
essentially the same as the usual matrix formulation.

We now present a formulation that does factor out the permutation invariance of neurons, and it is
built upon composing a sequence of vector-valued two-layer networks. As a first step, we consider
a two-layer network with D-dimensional outputs:

Fws AW) = - Ao(Wa) ©

where A € RP*™ and W € R™*4. For each index i € [D], we still have

1 m
i(x; A W) =— a;jo(w;-xz)= E aoc(w -
il A W)= 23 ooty @)= K (aow-a).

where 11; is the empirical distribution of {(a; ;,w;)};eim) C R Range over i and we obtain
the output vector of this network. For two-layer networks with scalar outputs, in order to obtain
its mean-field counterpart, it suffices to allow 4 to take a general distribution over R x R?. This,
however, is not the case for networks with vector outputs as the W parts of y; are coupled. Hence,
we need to additionally impose the constraint that all (44;);e[p) share the same second margin, that
is, To# ;i = pw for some distribution iy over R and all € [D], where 7o : R x R? — R is the
projection that takes (a, w) to w. Intuitively, this condition says that they share the same first layer
weights W. We formalize this idea in the following definition.

Definition A.1. Let (11;);c(p) be D sufficiently regular’ distributions over R x R®. We call (p;)2,

an admissible configuration of dimension (D, d) if there exists a measure pyy over R such that
moftp; = pw holds for all i € D).

Remark. Note that here, by a neuron, we mean a (D + d)-dimensional vector (a1, ...,ap,w). In
the finite-width network (9), this corresponds to a row in W and the corresponding column in A.
This point of view is important when deriving the infinite-width gradient flow since, as in the two-
layer case, the vector field at the position of a certain neuron can only depend on the other neurons
as a whole. &

To complement the discussion, here we consider the problem that, given an admissible infinite-width
configuration (14;);e[p], how to obtain a finite-width network with m neurons. For a scalar-valued

"Our focus is on factoring out the permutation invariance and, in this paper, essentially all distributions are
empirical distributions over finitely many neurons, with respect to which the integral is just summation and is
always well-defined. We leave the work of figuring out specific regularity conditions to future works.
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mean-field network characterized by u, it suffices to generate m samples from . For a vector-
valued network, the procedure is slightly different. We first sample a weight vector w from the
shared margin py . Then, for each i € [D], we generate a real number a; conditioning on w. This
gives us a neuron (ay,...,ap,w) € RP x R? Repeat this procedure m times and we obtain a
finite-width network with m neurons.

We formally define two-layer vector-valued mean-field networks as follows.

Definition A.2. Given an admissible (1;);c|pj, the two-layer vector-valued network it defines is

F(x;/“L17"'7uD) = (Fl(w;#1)7"'7FD(m;ILLD))7 (10)
where
Fi(z;p))= E A{ac(w-z)}, Vie][D].
(CL,‘UJ)NHi

Now, we are ready to define a multi-layer mean-field network. Basically, a multi-layer mean-field
network is a composition of a sequence of two-layer vector-valued networks (10).

Definition A.3. Ler L > 1 be an integer. Let DY ... DW) be a sequence of positive in-
tegers and put D) = d. For each | € [L], let (MEZ))Z»E[D[} be an admissible configuration
of dimension (D(l),D(lfl)). The L-layer mean-field network f defined by the configuration
0= ((/h('l))ie[Dl])le[L] is defined recursively as

f(x;0) = FH)(x:;0),
FO(z:0) = F (F(l’l)(w;@);u(ll), . ,u%),) LW, (11)
FO(z;0) =z,

where F' is the two-layer mean-field network given by (10).

Example As an example, we consider the case L = 3 here. In this case, the finite-width network
corresponding to (11) is

1 1
f(:If; AQ, WQ,Al, Wl) = 7A20’ (WQAlU(W1$)> s
mao miq

which is exactly the usual multi-layer network used in practice except the normalizing terms 1/ms,
1/m1 and an additional matrix A; € RP**™1_ This matrix compresses an m; dimensional feature
vector to a D dimensional one, where D1 is an integer that does not go to co. It is a reminiscent of
the bottleneck structure used in ResNet (He et al. (2016)).

Remark. Note that this formulation is indeed invariant under permutation of each layer’s neurons.
However, it does not factor out all permutation invariance of a deep network. For example, one can
permute the columns of W7 and adjusting A, W5, A, accordingly without changing the output of
the network. In some sense, this corresponds to permuting the entires of the hidden feature F'(!). We
believe it is not necessary or useful to factor out this symmetry since, after all, even in the two-layer
case, we do not permute the entries of the inputs . &

Finally, we consider the problem of formulating mean-field gradient flow so that it matches the
usual gradient flow. The idea is simple: We compute the gradient in the finite-width setting and then
replace summations with integrals. For the ease of presentation, we consider a three-layer network
and the MSE loss. Again, this framework can be easily generalized to deeper networks and other
loss functions. We write

1
f(x) = f(z;a, W2, Vi, Wi) = m—2aTa(W2F(gg;V1,Wl)),
1
F(z) = F(z; Vi, W) = —Vio(Wia),
1

L= £(a,Ws, V., Wi) = SE{(F.(x) — (w0, W, V, W)},
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where a € R™2, W, € R™2%D v, ¢ RPxm1 W, e R™1 %4, We have

—maVo, L =E{(fu(x) - f(2))o(ws,; - F(2))}, Vi € [ma),
—myVa, L = E{(f.(®) - f(2))aio’ (w3, - F(x))F(2)}, Vi € [mo],
—mi Ve, L =E§ (fu(z) Zaa (wa,; - F(x))ws jo(w; ) o, Vi € [ma],
=M1V, L =Eq(f(2) Zaa (wa,; - F(x)) (w25, v1,) o' (wii - x)@ o, Vi € [mal.

Replace summations with integrals and we obtain

Fww = E{ 0 = 1) | o o
Ty =B{ (@) = 1@ | B {ao'twe F@) [, 2000, 1 a2

(a,wz)~p2 w27'u1> o

Namely, at each step ¢, we update the second layer neurons (a, ws) with —@(mwz), and first layer

neurons (vy, w;) with =V, 4,,). Note that, unlike many other multi-layer mean-field frameworks,
we do not introduce any notion of paths. The dynamics of each first layer neuron depends on the
second layer as a whole as we take expectation over u9 in (12). The same is also true for second
layer neurons. In some sense, the additional matrix V; decouples the dynamics of the first and
second layer neurons.

B PRELIMINARIES

B.1 INDUCTION HYPOTHESIS AND CONTINUITY ARGUMENT

We extensively use the continuos-time version of mathematical induction in our proof, which is also
called the continuity argument. We briefly discuss this technique in this subsection and explain some
conventions we employ in the writing of the proof. One may refer to, for example, Chapter 1.3 of
Tao (2006) for details.

Similar to the discrete-time induction argument, the goal is to maintain a collection of conditions,
which we call the Induction Hypothesis, throughout a period of time (cf. Induction Hypothesis C.2
and Induction Hypothesis D.1). There are mainly two types of conditions.

The first type has the form “certain process A; is bounded by another process B;”. In the proof,
Ay is usually the error we want to control and B, an non-decreasing process representing the cor-
responding upper bound. To maintain this type of condition, it suffices to show that A; < B; at
initialization and A, < B, as long as the Induction Hypothesis is true.

For this type of condition, usually we also have an upper bound for B;, say, By < By. The
most rigorous way to maintain these bounds is to argue by contradiction. Let 7' be the minimum
between the time 77 the process ends and the time 7% this bound first get violated. By definition,
the Induction Hypothesis holds for any ¢ < T'. Using the Induction Hypothesis, one can then derive
an upper bound 7" on T}, which then leads to an upper bound on 7. Then, all we need to show is
that By is smaller than B, so that T is attained by 77 instead of T5. For the ease of presentation,
for this type of conditions, instead of arguing by contradiction explicitly, we will simply show that,
provided that the Induction Hypothesis is true over [0, T3], then By, < B holds.

The second type has the form “certain process C; is bounded some value D”. Here, C} is usually
some quantity related to the shape of the learner function such as ws and «. In order to maintain,
say, Cy < D, we show that when C; € [D — ¢, D], we have C, < 0. This implies that, as long as
C} is continuous, this implies C; can never reach D.

16
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B.2 PROPERTIES OF THE INPUT DISTRIBUTION

In this subsection, we derive some basic properties of the input distribution that will be useful in
later analysis.

The following lemma gives the distribution of ||| and its tail bound.
Lemma B.1. Let x ~ D and let || D|| denote the distribution of ||x||. We have

d 1
1Dl (r) = ;Jg/Q(QwRdﬁa\/ar) =0 <ﬂ> . Vr>0.
As a result, we have the tail bound: for all R > 0, P[||z|| > R] < O (1/R).

We now give some regularity conditions on the input distribution that will be used in our proof.
Roughly speaking, it shows that the distribution is heavy-tailed and still has large enough mass for
|| € [0,1]
Lemma B.2 (Regularity conditions on input distribution). For the input distribution D, we have
(a) Ejzj<0.00 [|2] = O(1).
(b) Exnp fiu(x) = Q(1).

(¢) Ejay<a [zl = ©(logd) and E |z <poly(a) |2]| < ©(log(d)).

Proof of Lemma B.1. Recall that the input distribution of x is

(V)" ¢ (o),

where «, § > 0 are the universal constants from Safran et al. (2019) (cf. the proof of Theorem 5),

Ry \ Y2 )
o(x) = (Hw”) Ja2(2mRy ||]]), x € R,

Ry = %(F(d/Q +1))/¢ = ©(v/d) (Lemma 5 in Eldan & Shamir (2016)) and .J, is the Bessel

T
function of the first kind of order. Note that since ¢ only depends on |||, we can abuse the notation
to use ¢(r) to denote p(x) with ||z|| = r.

For any test function g : R — R, we have
d
Elallel) = [ alal) (3avid)” ¢*(avinyia
= (5a\/g)d5d71 /OO g(r)e*(Bav/dr)rt—tdr,
0

where Sq_1 = 27%/2/T'(d/2) is the surface of unit ball S*~!. Therefore, we have the density of
||| with ||z| = ris

od/2 (mﬂ)d RY
I'(d/2) (Bm/&r)
=4 13 a(2n Rapor/r)

o(2)

where we use the fact that J,(2) = O(1/+/z) (Krasikov (2006)). Then, it is easy to see that
P(lz|| > k) = O(1/R).

(ﬂa\/&)de_lgoz(ﬂoz\/gr)rd*l = dJg/z(2”1‘3(1504\/ET)T(F1

O

17
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Proof of Lemma B.2.

(@)

(b)

()

It is easy to see the upper bound
E x| <0.99.

| <0.99

For lower bound, note that |4 <o.99 || > 0.1P(0.1 < [[]] < 0.99). Hence, it suffices
to lower bound P(0.1 < ||z|| < 0.99). We have

0.99
d
P(0.1 < [lzf| <0.99) = / ;Jj/Q(szdﬂm/&r)dr
0.1

1.987RyBa/d
=) [ T3 a(r)dr
0.27RgBavd

=Q(1),
where in the last line we use Lemma 23 in Eldan & Shamir (2016). This implies that
Ejz|<0.00 [|Z|| = ©(1). Together with the upper bound, we have E 3| <q.99 [|Z]| = O(1).

We have
E fix)= E [1-—|x||> E 1— ||z
E (@) HmHSl[ [l|l] HEHS0~99[ [[|]
> 0.01P([|z|| < 0.99) > 0.01P(0.1 < ||| < 0.99) = Q(1),

where the last inequality we use the calculation in (a).

The upper bound follows directly from the tail bound ||D|| (r) < O(1/r?). For the lower
bound, recall the density of ||| when ||z|| = ris 2.J2 /2(2ﬂRdﬁa\/3r). For notational
simplicity, put Rp = ©(d). We have

lzl|<Rp

Rp
E || = /O d.J3 (27 RyBo/dr)dr

d QﬂRdRD,@Oé\/a 9
= J r)dr
siadi ) a0
cd?
>0(1) T3 /o(r)dr,

cd

where c is a large enough constant.

To lower bound E ||z ||, it suffices to lower bound fCCddQ J2 /o(r)dr. In the following, we will

lower bound it by following a similar calculation in Lemma 23 in Eldan & Shamir (2016).
From the proof of Lemma 23 in Eldan & Shamir (2016), we have for z > d > 2
2 (d+1)m _
2 SR S C e sy B 2
Jd/z(x) > — cos ( 1 + fd,mx> 3177,
where f; . is a quantity that depends on d and z, and satisfies 1.3 > f; , > 0.85.

Then, we have

cd? cd? ) (d+1)7‘( cd?
/Cd Jg/Q(x)dx Z/Cd P cos? (4 + fd,z:c> dz — /Cd 3z~ 2dx

cd? .
:2/ lcosz (—MT—&—fd,xx) dx_w

T Jog @ 4 cd?

Note that in the proof of Lemma 23 in Eldan & Shamir (2016), it is shown that

0 d? -1
7(fd,x$) =14/1-

<1.
ox

422 —
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Then, since 1.3 > f;, > 0.85 we have
9 e d+1
f/ _ C082 ((—'_)W + fd1x> dz
T Jed T 4 ’
cd?
S 2 0.85 cos? < (d+1)rm

0
"1 Jea faux 4 +fd7wx> %(fd,xfl?)dz

9 [lacaed d+1
:f/ %COSZ (—H)ﬁ +z> dz

T J fa,cacd z 4
1.7 [085cd ¢ d+1

>— = cos? (—H)?T + z) dz.
T J1.3cd < 4

Then, using integration by parts and the fact that cos?(z —(d+1)7/4) = % (z/24sin(2z—
(d+1)w/2)/4), we have

0.85¢d”
1 d+1
/ = cos? (—H)W + z) dz
1.3cd z 4

e = ) P G e = )
1.3¢d 1.3cd 22

1 1 1 0.85(}d2 1
> (— - ~d
=7y (0.85cd2 + 1.3cd) + /1_30d 1.

1 1 1 1. 0.85cd?
T (o.sscd2 * 1.3cd) T~ Qlesd).

dz

z

Therefore, we have
cd?
/ Jg/Q(x)dx = Q(logd),
cd
which implies E| 5 <e(q) [|Z]| = Q(log d).

B.3 PROPERTIES OF SPHERICALLY SYMMETRIC FUNCTIONS AND DISTRIBUTIONS

In this subsection, we give some useful proprieties of spherically symmetric functions and distribu-
tions. These will be useful tools in our later analysis. Basically, these lemmas allow us to disentangle
input & and neuron v when considering integration against spherically symmetric function.

Lemma 3.1. Let p be a spherically symmetric distribution. We have

Eep 2 I(d/2)Vd

—wep 0 lwll llx|| where Cr := (d/ )\[ .
Vd 2y/m0((d+1)/2)

Note that, as d — oo, we have Cr — 1/+/2m, so Cr is universally bounded for all d.

Lemma B.3. For any spherically symmetric g : R — R and v € R?, we have

Cr

E{g(@)o(v-z)} = ﬁg}{g(m) ][} [[o]]

Corollary B.4. Let g : R? — R be a spherically symmetric function. We have
E {g(x)F(2)} = o E {g(z) [z]}}

Lemma B.5. Let g : R — R be a spherically symmetric function. Then, for any v € R?, we have

E Iwlotw-2) = Cr

E, {90} (0-2)2) = E {5(0) al} o
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Proof of Lemma 3.1. For simplicity, put g(x) = Ey~, [|w] o(w - @). Since o is 1-homogenous
and p is spherically symmetric, we have

= [l ot - @)(w) du

/ /S » 2)u(riv)ri=t do?= (w)dr
7/0 Pt ()dr/Sdil o(@ - 2) do? ! ().

For the first term, note that®

w|)? p(w) dw = h r2pu(rw) de? 1 (w)dr = i Oordﬂ r)dr
Ll wwyaw = [ [ sy art -t = g [ et an

Hence,
>~ I'(d/2) 2 I'(d/2) 2
d+1 _ —
|ty ar = SEE [ ol utwydw = S5 B
Then we compute the second term as follows. Since it is also spherically symmetric, we have
[ oto-e)aottw) = el [ otonaottw) =151 [ a0t )
Sd-1 §d—1

Define I = [, lwy|e~II” dw. We have

d
]:/ |w1|He_“’?d'w:(/ lwy |e” wldwl)H/ —wi qu; = w(@D/2,
R i=1 -

We also have

(o) (o)
I:/ / r|u’)1|e_7'2rd_1drdod_1(w) :/ 6_7'2rdd7“/ || do?~! (w)
Sd—1 Jo 0 Sd—1

— F((d"gl)/2) \/Sd?l |7I}1|d0'd_1(15).

Therefore,
(d—1)/2
o(w-x dad_lu_J:Hw—” w dod_lwzwi:c. 13)
[, ot wpar=tw) = 50 [ jolart ) = gl el
Thus, )
 T(d/2) p  w@-D/2 _ o Bwny w0l
O

Proof of Lemma B.3. We compute
E, s@aoo-2)} = [ s(e)o(v-2)D(z) do
= /0 /Sd?l g(r&)o(v - (rz))D(rz)ri~t do? =t (2)dr

_ /O h /S gD D) o (@)dr
:/m g(r)D(r)rddr/d v 2)do' (@)

0 Sd=
00 4 ,n_(dfl)/2
= r)D(r)r®dr —————=||v
| atpetar s el
8Recall the surface area of the d-dimensional unit sphere is S do? ! = ?Erdd//; .
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where the last line comes from (13). (Note the integral is taken w.r.t. & instead of w here.) For the
first term, note that

B, @) el} = [ o(@) 2] D@) da

/ /Sd 9 x)rd do?=1(z)dr
_ /O /S gDy dot N (@)dr

7Td/2 00
= 7§(d/2) /0 g(r)D(x)rdr.

Thus,

[[w]|

ond/2 \ Tt p(d=1)/2
F(d/2)) I'((d+1)/2)

= ) || & v
= B, {o@) =]} 7 vl

E, (s(e)ov-2)} = E, {s(a) ) (

x~D

Proof of Corollary B.4. By the previous Lemma, we have
E {g(x)F(x)} = E {g<az> JE Alwllotw: w>}}
= E {lw|E{g@)o@w =)}
231 T

wn

— 2ﬁ z) ||z =« x) ||z
— & {10l SE (@) ol } = aB {o(e) o]}

O

Proof of Lemma B.5. Define R = o' — (I; — vv') = 200 ' — I,. Thatis, R is the reflection
matrix associated with v. Since D is spherically symmetric, we have R#D = D. For the same
reason, g o R = g. Moreover, by construction, Rv = v. Hence,

o 9@ (- z)a} = % (fp {lg@)o' (v -z)z}+ E {g(x)o’(v- w):c})
= ; <m~p {9(z)d’ (v - x)x + g(Rx)o’' (v - Rw)Rw})
% <w~D {9(z)o’(v-z)x + g(Rx)o' (Rv - w)R$}>
L (E_ (@)’ (v x) (@ + Ra)}).
Note that * + Rx = 200 « = 2 (v, x) ©. Hence,

E_{g(x)o'(v-2)z) = E [g@)o(®-2)}o= E_{g(x) 2]}

\f

where the second identity comes from Lemma B.3. O

B.4 THE INFINITE-WIDTH NETWORK REMAINS SPHERICALLY SYMMETRIC

In this subsection, we show that the infinite-width network remains spherically symmetric through-
out the whole process. Clear that (; is spherically symmetric at initialization. Now, assume that it
is spherically symmetric at time ¢. We claim that v; does not move tangentially, and its radial speed
does not depend on its direction v;. That is, ©1 = h(||v;||)v; for some function h.
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By our induction hypothesis, S is also spherically symmetric at time . Let T := 29,9, — I; be the
reflection w.r.t. v;. Clear that T'v; = v;. Moreover, it does not change the norm and, as a result,
S(Tx) = S(x), T#D = D and Il oT = T o II. Hence, we have

v = E {Ilg, [S(x)(vi0(vy @)+ ||vi]l o’ (v1 - @)2)]}

x~D
B ; w~D {Tg,, [S(x) (vi0(v1 - @) + V1] o' (v1 - )2)] }
HEPS T#D{ Ry, [S(x) (v10(v1 - @) + V1]l 0’ (v1 - ®)2)]} -

For the second term, we have

E {Hva [S(z) (v10(vy - ) + ||v1]| o' (V1 - az)w)]}

x~T#HD
= E_{Ilg,, [S@) (@:0(v: - T2) + [[os]| o' (01 - Tx)T)]}
= E_{Iln,, [S(x) @i0(v: - 2) + |01 o/ (01 - 2)Tw)]}
= E_{llg,, [S@T (o(v1 - )o + [oa]| o' (01 - 2)2)]}
= E {T g, [S(x)(o(vy 2)v1 + ||v1]| 0 (v - z)2)]} .
Thus,
vy = % (I+T) B {Tlg,, [S@)(10(v1- @)+ [o1] o' (01 - 2)2)] |
) <al,£p (Mg, [S(@) (B10(v; - @) + |o1] ' (v - m)az)]}> 1.

Namely, ¥ = h(v;)v; where
h(vy) =2 <1‘)1,w§D {HR” [S(z) (v10(v1 - ) + ||v1]] 0 (V1 - :c)a:)}}> .

Now, we show that A is spherically symmetric to complete the proof. Let R be an arbitrary rotation
matrix. We have

h(Rvy) = 2 <Rﬁ1,m§D {Tg,, [S(x) (Ro10(Ro; - @) + |[v1]| o (Roy - :c)a:)]}>

[S(z) (Roro(vr - RTa) + |or o' (01 - R 2)RR )] })
=2 <R1‘;17 E {lg, [Sx)(Roio(vy - @)+ [|lvi] o' (v1 - w)Rw)]}>
Ro,R_E_{llp,, [S(z) (0i0(v;-2) + o1 o' (v - 2))]})

o1, E_{Ilg,, [S(@) @10(v1 @) + 1] o' (01 - 2)2)]} )

Thus, h is spherically symmetric.

C STAGE 1

The goal of Stage 1 is for all vy to decrease to —©(1/R,,) so that we can ignore all projection
operators in 73, 1 and v. We split Stage 1 into three substages, in which vy decreases to 0,
—poly(d)dy and —O(1/R,,,), respectively. By Lemma C.3, at the end of each substage, one more
projection operator can be ignored. We also show that, in Stage 1, the approximation error of the
first layer and the spread of second layer cannot grow too much.

First, for the initialization, by some standard concentration argument, we have the following lemma.
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Lemma C.1 (Initialization). We choose m; = poly(d,1/¢), mo = O(1), oy = 1/Vd, 09 =
1/ poly(d,1/¢), and o, to be a small constant. We initialize wy ~ Unif(o1S%™1) for u, and
wy ~ N(0,02) and by = o, for ps.

Given 61,1 = 1/poly,(d,1/e), we choose a sufficiently large m so that, at initialization, with
probability at least 1 — 1/ poly(d), < 81.1. We also choose oy = &1 1/d". With
probability at least 1 — 1/ poly(d), we have max,,, |wz| < O(log d)os.

Then, we formally state the Induction Hypothesis we are going to maintain for Stage 1.

Induction Hypothesis C.2 (Stage 1). We deﬁne Ty :=inf {t >0 : —wa(t) = O(1)/ Ry, } for some

large constant. Define 5§1:)F, 5%11){, 5(1)

1 _
o = max {820). s o (0) - 010} }.
W ) [v1]]* = Eap, [Jr |*
). = max q &; (0), Eg}i E ||w1 H2 , in Stage 1.1 and Stage 1.2,
w1 1

(va,72),(v5,75)

5gl>:max{5§1>(o), max ||(v2,r2)—(v;,rg)||},

and
dsw _ — max [|51 () — 1(0)
at T d torcin ! :
450 _ Reru o] = Buy flwn in Stage 1.3
dt 1,R — tv1€,u1 w1 H’LU1||2 ’ -,

f(s(l) RLU( max Vo, 73) — (vh, 7, )
de (v2,72),(v5,75) [(v2,72) = (va, 73|

with initial value 5%1%(0) = (58})%(0) = 0and 65”(0) = O(o2logd).

We say that this Induction Hypothesis is true at time t € [0, T] if the following hold."°

(a) Approximation error of the first layer. For each vi € py, ||01(t) — v1(0)| < §§ 7 and
loal* = (1% 6%%) Buwy 10

(b) Spread of the second layer. For any (va,12), (Vh,75) € pa, |[(va, 72) — (vh, rh)|] < 5;1).

(c) The bias term. For any (vs,r2) € pa, 72 = O(1).
(d) Size of f. || = O(1/R,,) = O(1/d*) and o = ©(Vd/R,,) = ©(1/d*).
(e) Bounds for the errors. 5, < O(d"*(log d)os) and 8\, +61'). < O(d" (log d)os +d1.1)

The next lemma describes when the projection operators can be ignored. Roughly speaking, we
first bound the gradients to show that in order for a projection operator to be triggered, ||«|| must be
larger than a certain quantity. Meanwhile, note that f, whence the gradients, vanishes for those x
with ||z|| > ©(1/|w2«|). Hence, as long as ©(1/|wza|) is smaller than that quantity, we can ignore
the projection.

Note that we define these §’s to be upper bounds of the corresponding values instead the values themselves.
The only reason we define these §’s in such a twisted way is to make the proof easier to write rigorously. See
the footnote in Induction Hypothesis D.1, where this type of definitions plays more technically important role,
for further discussions.

19The first two conditions actually follow directly from the definition of the §’s. We put repeat them here
only for easier reference. The actual result we need to prove for these §’s is condition (e), which says that these
0’s are always small.
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Lemma C.3. Suppose that Induction Hypothesis C.2 is true. The projection operators in 12, v1 and

U9 will no longer be activated if all second layer weights are nonpositive, —y > @(1)5%1) for some
large constant, and —wy > ©(1)/R,,, for some large constant, respectively.

Remark. Though we only need —ws to be @(1)551) to ignore the projection operator in v, we will

actually define the end of Stage 1.2 to be the time —w, becomes poly(d)dél) to get a more regular
start for Stage 1.3. &

Now, we present the main lemma of Stage 1. One can see that, by properly choosing the parameters,
the errors can be made arbitrarily small without affecting the final value of o and w». To prove the
main lemma, it suffices to combine Lemma C.6, Lemma C.9 and Lemma C.10 together.

Lemma C.4 (Main lemma of Stage 1). Induction Hypothesis C.2 is true throughout Stage 1. Stage 1
takes at most O(d*cy + 1/d">) amount of time. At the end of Stage 1, we have o = ©(1/d*-°) and
—we = O(1/d®). For the errors, we have 552) < O(d'%log dos) and 5571;% + 5571% < O(61,1)-

Proof of Lemma C.3. First, note that when all vy are nonpositive, we have f = O(1). Since we
choose 7, to be a large constant, this implies the projection operator in 73 will not be activated.
When —wy > @(1)551), we have f(x) < o(cwsa ||| + O(1)) for some small constant ¢ > 0.
As aresult, f vanishes on {||z|| > (—cwoa)~1}. Then, for those = with ||| < (—cwoa) ™!, the
gradient w.r.t. v; can be bounded as

Vo, L(@)]| < OD)|we] [ [or]] < O1)]ws] [[o1]] O(d).

1
T— 1 S
|3 o

Since we choose R,, = ©(d) with a large constant, this implies the projection operator in ©; will
not be triggered. Finally, for v, for those  with ||z|| < (—cwaa) ™1, we have

VL) < O] < |Ou§1|)

By assumption, |w2| = ©(1)/R,, for some large constant. Hence, this inequality implies the
projection operator in v, will not be triggered.

C.1 STAGE 1.1

The goal of Stage 1.1 is to make sure that all second layer weights vo become non-positive, that is,
Ti1:= inf{t >0 : V(UQ,T‘Q) € g, v2 < 0}

As a result, at the end of Stage 1.1, f is O(1) and, by Lemma C.3, the projection operator in 75 can
be ignored. Since this stage only takes a very small amount of time, we shall control the first layer
error by directly bounding the movement of v;. For the second layer, we bound the movement of
the bias term in the same brute-force way. For second layer weights, we show that those positive
v9’s decrease faster than the negative v,’s, so the spread will not increase.

Lemma C.5. Suppose that Induction Hypothesis C.2 is true at time t and t < T1.1. Then the
following hold.

(a) ||01]] < Ry, and |72| < R,,.
(b) maxy, we — min,,, wy is non-increasing.

(c) For any positive second layer weight vo, we have 0o < —O(log d/d*).

Remark. In fact, (c) holds whenever o = Q(1/d*) and vy F(x)+7ro > O(1) for any (v, 72) € po
and x € {|z| < d*}, which is always true throughout Stage 1. This estimation will also be used
in Stage 1.2 and Stage 1.3. L)
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Lemma C.6 (Main lemma of Stage 1.1). Stage 1.1 takes at most O(d**5\")(0)) amount of time.
At the end of Stage 1.1, all second layer weights vy are non-positive. Hence, f = O(1) and, by
Lemma C.3, the projection operator in 15 can no longer be activated.

For the errors, we have 551)(T1,1) < O(dl'séél)(())), and both (581)3(T1,1) and 58%(T1_1) can be
bounded by O(d35§1) (0)).

Proof of Lemma C.5.

(a) This is obvious.
(b) First, we decompose vy as

Uy = {(fu(@) = f(@)F(x)} = E {lg, [f(2)0'(v2F (2) +r2)F(2)]}.

<1 =l =1

Note that the first term does not depend on vy, and, for the second term, o’ (vo F'(x) +72) =
1 whenever v > 0. As a result, the speed of positive v is uniform and more negative than
those vy < 0. Thus, max,,, ws — min,,, wo is non-increasing.

(¢) Clear that Bz <1 {(f«(2) — f(2))F ()} = O(a). For the second term, first note that for
any x with ||z|| < d'-5, we have

f(@)F(z) <0 (1 + maxusa |w||) allz| < Ry and (@) > O(1)-maxwsla ] = O(L).

As a result,

{Tg,, [f()o' (v2F(2) + r2) F(2)]} 2 O(0) _ E_lz] = O ((logd)a).

E
[l]|>1 1<|||[<dl-5

Thus, 92 < —O(logd/d5).
O

Proof of Lemma C.6. By Lemma C.5, it takes at most O(d'-55%"(0)) amount of time for all vs to
become nonpositive. Within this amount of time, 2 at most changes O(d1'55§1)(0)). Since the
spread of wo does not increase, this implies 5;1) (Tha) < O(d1'55§1) (0)). Finally, the change of v,
can be bounded by O(d2'55é1)(0)). As a result, both 5;111)2(T1_1) and 55’1%(T1,1) can be bounded by
o(d3s8M (0)). O

C.2 STAGE 1.2

The goal of Stage 1.2 is to make sure —wo > dé;l)(TM). Namely,
T142 := inf {t Z T1,1 D —Wy = dégl)(Tll)} .

We will also show that 6%1)(T1_2) = 0(551)(T1.1)) S0 551)(T1_2)/\1Z)2\ = O(1/d) at the end of
Stage 1.2. Moreover, by Lemma C.3, at the end of Stage 1.2, the projection operator in ©; will no
longer be activated. We also show that 75 remains ©(1) throughout Stage 1 in this subsection.

The first layer error is again controlled in a brute-force way. For the second layer spread, we show
that since |vg| is small, o’ (v F'(x) + r2) = 1 for most of  and, as a result, the change of (vq, r2) is
approximately uniform.

Lemma C.7. Suppose that Induction Hypothesis C.2 is true at time t. Then, for any (va,12) € s,
7o > 0whenr <E f./2 and 7o < 0 whenr > 2E f,. As a result, ro = ©(1) throughout Stage 1.
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Lemma C.8 (Spread of the second layer). Suppose that Induction Hypothesis C.2 is true at time t
and t < T .. Then, for any (va,r2), (v, 1h) € 2, we have

d 2
S wam2) = ()| < 0@ (857)

Though, by this Lemma, the error 5§1) can grow exponentially fast and the growth rate is quite large,
it will not blow up as v, < —O(logd/d"-%), so the time needed for Stage 1.2 is much shorter than
1/d*®.

Lemma C.9 (Main lemma of Stage 1.2). Stage 1.2 takes at most O(d>35$" (T1.1)) amount of time.
At the end of Stage 1.2, we have, for any (va,13) € g, —vg > @(d)éél)(Tm).

For the errors, the spread of the second layer is (1 + o(l))éé”(TM), and both 581)?((T1‘2) and
5§717)~(T1.2) can be bounded by O(d45§1) (T11)).

Proof of Lemma C.7. We write
t2 = E{(f.(®) = f(2))0" (v2F (%) + 12)} = E fu(2) — E{f ()0’ (02F(2) + 12)}

Since the spread of b is o(1), when 73 < E f.(x)/2 = ©(1), the RHS is a positive con-
stant. In other word, 7o will keep grow. Meanwhile, since the second term can be bounded as
Eg {f(x)o' (vaF (x) +12)} > Ejgj<az {f(x)} > (1 — 0(1))ba, when ro > 2E fi(x), 72 will
become a negative constant and ry will decrease. Combine this two cases together, and we complete
the proof. O

Proof of Lemma C.8. Since |vq| < déél)(TM), F(x) = 9(a) ||z|| and ro = O(1), vo F(x) + ro >
0 for all & with ||z| < @(ﬁ/éél)(Tu)). Hence, we can rewrite 05 as

{Ig,, [(fu(z) — f(2))F ()]}

- E {Ig,, [f (@)’ (v2F (x) +r2)F(x)]} .
]| >©(Vd/s5" (T1.1))

Vg =
=l <O(vd/é5" (T1.1))

The first term does not depend on vy and, by the tail bound, the second term can be bounded by
O(Ry, 65" (T1.1)/v/d). Similarly, for 75, we have

iy = E o {fu@)— f@)} £ 0 (60(Tia)/Va).

Izl <©(/d/s5" (T1.1))

Hence, for any (ve, r2), (v5,75) € w2, we have

(1) (1) 2
e~ (I < (ea-2h)O (R”%T“))wz—rg)o (‘”}f) SLRICYR

O

Proof of Lemma C.9. Recall from Lemma C.5 that 95 = —©(log d/d'®), whence Stage 1.2 takes
at most O(d>*5") (T ,)) amount of time. By Lemma C.8, we have

2

(09(12)) " < (88T1)) e (0()557(T1.1)) < (1 4+ 01) (587(11.0))

For vy, similar to the proof of Lemma C.6, both 581)2(T1,2) and 58%(T1_2) can be bounded by
O(d*s{")(Ty 1)) O
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C.3 STAGE 1.3

The goal of Stage 1.3 is to make sure —ws = O(1/R,,) for some large constant, so that, by
Lemma C.3, the projection operator in v can be ignored. That is, we define

Tl.g := inf {t Z T1.2 : —'(I]Q(t) = @(1/RU2)} .

The time needed for this stage is longer than the time needed for previous stages, so we need less
brute-force ways to control the errors. For the first layer, we show that the tangent movement is
almost zero and the radial movement is approximately uniform. For the second layer, we show that

the spread 651) cannot grow too fast.
Lemma C.10 (Main lemma of Stage 1.3). Stage 1.3 takes at most O(1/d"->) amount of time. At the
end of Stage 1.3, we have —ivy = O(1/R,,) and o = ©(Vd/ Ry, ).

For the errors, the spread of the second layer is O (551)(T1,2)) and the first layer errors are
0 (5§,11)2(T1.2) + 5§}%(T1.2) + 01,1 + 10g(d)5£1)(T1.2))-

Proof. Since to = —Q(logd/d'-%) and R,,, = ©(d?), Stage 1.3 takes at most O(1/d"->) amount of
time. Within this amount of time, by Lemma C.18, we have

o) 1
(057(T1.5))* < (85" (T1.2))* exp <Cl§_5)(l15> = (1+0(1) (64" (T3 2))*.
For the first layer, by Lemma C.16, we have

O(1 o) 1
08N (Ty3) + 60 1(T15) < (55}3%@,2) + 80 (Tu2) + ;3%1,1 +0 (1og(d)5§1>)) exp ( d§_5) dl_5>

o
=0 (6%@1_2) 017 (Tie) + 5 + log<d>6£”<T1,2>) .

Finally, by Lemma C.17, we have o(T1.3) = (1 4 o(1))a(T1 2). O

C.3.1 ESTIMATIONS RELATED TO ¢’ (va F'(x) + r2)

First, we need some helper results to handle o’ (vo F'() + r2). The conditions for them to hold are
mild and are always true throughout the entire training procedure, and we will use these results in
later stages, too.

First, we show that when the value of o’/ (voF'(x) + r2) can change across different (vo, ), the
function value must be small. Note that the error here depends on the ratio d5/|w2| and this is why
we need |ws| to be O(d)d- instead of merely ©(1)ds at the end of Stage 1.2.

Lemma C.11. Suppose that ro = O(1), —ve > Q(d2) for any (va,12) € o, where dy is the
spread of the second layer. If voF (x) + ro = 0 for some (va,7m2) € g, then v4F (x) + rh <
O(([mal" + 1)) for ail (v} € oo

Remark. It is not necessary that there really exists a (ve, 73) € uo with va F'(x) + ro = 0. As long
as vy F'(x) + rh < 0 and vJF(x) + 4 > 0 for some (v}, 75), (vy,74) € po, by the continuity,
there always exists some point (v, 7) between (vh, %) and (v4, r})) such that vo F'(x) + ro = 0.
Moreover, this point is within the spread of the second layer, so this lemma still applies.

Then, we show that we can absorb ¢’ into f, and f.

Lemma C.12. Suppose that the hypothesis of Lemma C.11 is true, and all second layer neurons are
activated on {||x|| < 1}. Then, for any (va,72) € iz and © € R, we have

Jo(@)o! (2 (@) +12) = fule) and  f(a)o’ (v2F(@) +12) = f(@) £ O ((|wa] " + 1)5).
As a corollary, we have
(v2F () 4 72) £ O ((Jwa| ' +1)d2) ,
(ng(a}) + 62) +0 ((|117)2|71 + 1)62) .
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As a corollary of Lemma C.11, the measure on which ¢’(veF(x) 4+ r2) can differ for different
(vg,72) is also small. Here we also use the fact that those x are around ©(1/|w2«|) the tail bound

D]l (r) < O@/r?).
Lemma C.13. Suppose that Induction Hypothesis C.2 is true at time t. For any (va,72), (v, 15) €
L2, we have

E{lo’ (v2F (@) +12) =o' (0 F(@) +19)[} < O (adf?).

Proof of Lemma C.11. For any (v, ) € us, we can write
vy F(x) + 1l = vaF(x) + ro +(vh — v2) F(x) + (15 — 12)
=0

vh — vy / V2 — V) /
— (vaF(x) + 19 —r2) + (ry —ro) = ro———= + (14, — 72).
V2 T V2
The last term can be bounded as O((|wo| ™! + 1)d5). O

Proof of Lemma C.12. Since all second layer neurons are activated on {||z| < 1}, we always have
fu(®)o'(vaF () + r2) = fu(x). Now we consider f(x)o' (voF(x) + r2). If vaF(x) + r2 > 0,
then we are done. If v F(x) + 14 < 0 for all (v}, 75) € e, then both f(x)o’ (vaF(x) + r2) and
f () are 0. Therefore, it suffices to consider the case where vy F'(x) + ro < 0 while f(x) > 0. By
Lemma D.6, in this case, we have f(z) < O ((|we| ! 4 1)d5). O

Proof of Lemma C.13. Since the norm and direction of a are independent, it suffices to fix a direc-
tion & and consider

LE Al (0arF(@) 4 r2) — o' (e (@) £ 73)]).

For notational simplicity, define i(va, ra, 1) = vorF (&) + ro. The integrand is nonzero iff the signs
of h(ve, ra,7) and h(vh, 1}, 1) are different. To bound the length of the interval on which the signs
can differ, we write

h(va, ro,7) = WorF (&) + by + (vo — wo)rF () + (12 — bo)
_ (@ +0 (55”)) rF(&) + by + O (5§”) .

Therefore, the length of this interval can be bounded by 0(5%1) /(w3c)). Moreover, note that this
interval is at ©(1/|w2), whence the density on it is O(w3«?). Thus, the measure of this interval

is O(asiM). O
C.3.2 ESTIMATIONS FOR THE FIRST LAYER

Before we control the error growth, we need a lemma that relates the approximation error with the
tangent movement and radial spread of the first layer.

Lemma C.14. Suppose that the tangent movement and radial spread of the first layer neurons can
be bounded as |61 (t) — ©1(0)|| < 01,7 and ||v1||> = (1 % 61, ) Ba, |Jw1||. Then

) = (1+ 00+ by + Vo) oz

As a simple corollary, we have the following.
Corollary C.15. Suppose that Induction Hypothesis C.2 is true at time t. Then, we have

(@) = F@)] = (61,0 + Vs, + Vo)) wsa ]
As a result, we have
E{(f(@) ~ f@) lell} < (515 + Vs + V() wsaE e
< 811+ Vo), + Vs
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Now, we are ready the control the error of the first layer.

Lemma C.16. Suppose that Induction Hypothesis C.2 is true at time t and t € [Ty 2, Ty 3]. Then we
have

4 (004 009) <0 (010 + VAol + Vas{')) w2) + O (tog(d)al”)

o) (s ny . 0@1) )
S @5 (55,1)% + 5%%) +—g 0+ 0 (log(d)éé )> .

Finally, we estimate the radial speed of v; to provide an estimation for the magnitude of « at the
end of Stage 1.

Lemma C.17. Suppose that Induction Hypothesis C.2 is true at time t and t € [T} 2, T} 3]. Then we

have q low d
(6]
ol = (250 g o

Proof of Lemma C.14. Define N2 = E,,, |Jw: . Let 1} be the distribution obtained by setting the
norm of neurons in pq to N. We have

Flzym) = E {(1+£d p)No(wr x)} = F(x;p14) £ O0(01,-N" []).

/\/IL
Let pf be the distribution obtained by moving o1 (¢) to ©1(0) in . Then, we have

Flosn) =N E (ol @)} +0 (01,78 fol) = F@ipf) 0 (618 ]

Finally, note that

N? N?
Fa; pf) = 2 F(@;11(0) = 5 (1 £ d1n)ao ]| = (1461, o [l
0 0

Combine these together and we complete the proof. O

Proof of Lemma C.16. First, we decompose v along the tangent and radial directions as follows:
Rad(9y) := (01,01) 01 = 2]E{S(a:)a('v1 . a:)} V1,
Tan(v) := (I — 0,9, )01 = ||v1] E {S(x) 1-x)(I — ﬁlﬁf)az}.
Note that ¥; = Rad(9;) + Tan(v;). By Lemma C.12, we have
Rad(i) = 2 E{(f.(x) ~ f(@))o(v1 - @)} 01 + O (log(d)of" en]])
Tan(ér) = |[or]| @2 E{(/. (%) ~ f(@))o’ (01 - @) (I = 0:9] )} + O (log(@)5 |Jvi])

For the radial term, by Lemma B.3 and Lemma C.15, we have

Rad(i) = 2 E{(f.(2) = f(@))o(v1 - @) } o1 + 202 E{ (f(@) - f(2))o(v1 - @) } 1 % O (log(d)s}

- 2B {(f.@)  Fle) =]} o
+0 (600 + Vas(h + Vs ) ws Jon) + 0 (log(@)3f” len]])
Therefore,
d

= ol = 2 (01, Rad (o)
C _
== f“ E{ (@)~ @) 2]} o]
£ 0 (610 + Vol + Vo)) s on ) £ O (tog(@es” [lor ).
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For any v, v] € pq with ||v1| > ||v1]|, we have

d 2 2
 Jou? = ol _ 3 (ol = I00°) o = ot & oi?
NPTE AR CAEA
4Cr @, . oI — flw 1
= E{(f.(2) - f(z)) |z
vi i T AR
io((5”+f5§1R+f51R)w2) (1og 5‘”)
a2 ~ [[4]1” 4Crw :
— E< (fi(x) — f(2)) ||lx
T va B @ fe) el
O Y e A 0 (1 + Vsl + Vas{h) ws) + HleQ—Hv’1|\20(10g(d>5§1))
AR AR

:io((51,1+f5<” +\f§<”) )j:O (log( )55”).
Now we consider the tangent movement. By Lemma B.5 and Lemma C.15, we have
Tan(i1) = o] @3 E{ (f. (@) — (@)’ (v1 - @) (I~ v10] ) }
+ ol E{ (F@) — f(@)o’ (01 - @)(T = 010] )2 } + O (log(@)o5" [[v1]))
— 40 ((51,, + Vs + Vs ) s ||'u1||) +0 (1og(d)5§1> ||vl||) .

As aresult,
d Tan(z
g, = Tl _ 4 ((51 [+ Vs + xﬁs(”) ) +0 (1og(d)5§1>) .
d [[oa]]
Combine these two bounds together and we complete the proof. O

Proof of Lemma C.17. By the proof of Lemma C.16, we have
.\ _ 2Crwe 5
Rad(é1) = =2 B{(f.(2) — f(@)) ] } 1
0 (01,1 + Vas{ ), + Vol ) ws [wr]]) + O (log(@)e” vn]))
logd\ _ 1 1\ - 1
e ( 7 ) gvy + 0 (81,1 + Vas('), + Vasl'}) iz o1} %O (log(d)ef" un]]) -
Recall that (551) < |w2|/d. Hence,

d log d
ont? =0 () o .0 (51 + VAL + VAL) s oul?) O (s o )

log d
@( jg)ww

C.3.3 ESTIMATIONS FOR THE SECOND LAYER

Now, we bound the growth of the spread of the second layer. Readers may first check the proof of
Lemma D.14, which is essentially a simpler case of this result where we do not need to deal with
the projections. In Lemma D.14, we show that the spread will never grow. Here, the error comes
from the projection.

Lemma C.18. Suppose that Induction Hypothesis C.2 is true at time t. Then we have
i (1)\2
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Proof. Let (v, 13), (v, 5) € g and define ho(x) = vo F(x) + ro and h(x) = viF(x) 4+ 5. We
write

b= E {(f(2) ~ f@)F@)}~ E {In, [f(@)o’(ha(@) F(@)]} = Ta(in) + Ta(bs).

flll<1 ll= H>1
T, does not depend on vs. For Ts, note that
g, [f(x)o' (he(x))F(x)] = 1R, /F@) [f(@)] o' (he(x)) F ().

Similarly, for 72, we have

d h)? = — x) (o' (ha(x)) — o’ (hy(x))) (re — 75
St =2 B (@) hala)) — o (@) 72 74)}
=2 B {lln,/r @) (a(a)) — o (a2 — )}

~2 & {(7@) T, pw @) (0 (ha()) — o' (By(@))(rs — 74 |

Combine these two equations together and we obtain
S (0 =5+ (ra = 13)?)
= 2 B {Ile, /e (@) (0 (ha(a) ~ o' (B5(a) (ha(e) ~ hi@)) }
-2 B {(F@) ~Ta, r [[(@)]) (0 (ha()) — ' (@) (72~ r5)

Since o’ is non-decreasing, the first term is nonpositive. For the second term, by Lemma C.11 and
Lemma C.13, it can be bounded as

al(si3 .
f(@)x E {0’ (ha(x >>a'<h;<w>>|}x|r2r;|30< e ) < Ay

max
a:sgn(ha(z))#sgn(h (z)) llz| ||
O
D STAGE?2

The goal of Stage 2 is for gradient flow to converge to a point with loss €. Similar to Stage 1, we
maintain a set of induction hypotheses.

Induction Hypothesis D.1. Define Ty := inf{t > T1 : L = c}. Define 8\, 01 1,05 as
2) d = 2) d = d @ _
751 12 = ReLU <dt |F - |-|||L2> , &51 1~ = ReLU (dt || Flsa-1 — 1|\LOQ) Cog =0,

with initial value satisfying'!
ar’ €
e (6(55300)2) <o), <0 (o).
2
2 € 2 € 2 €
pzo(F) sem=o(m). @ <o(gm)

For any t € [Ty, Ts), we say that this Induction Hypothesis is true if the following hold.

""As we have mentioned in the footnote in Induction Hypothesis C.2, these &’s are defined as upper
bounds for the corresponding errors. This gives certain degree of freedom in choosing their initial value.
By Lemma C.4, we can choose the parameters so that the errors at the beginning of Stage 2 is arbitrarily small
and these conditions can indeed be satisfied. The first condition, which requires the L? error to be left and right
controlled by the L°° error, may seem strange at the first sight. The only reason we need it is to merge some
second order error terms into first order ones.

31



Published as a conference paper at ICLR 2023

(a) Error of the first layer. |[F — [|||| ., < 6%22 and || Flga- — 1|, < 68200.

(b) Spread of the second layer. ||(va,72) — (vh, 75| < 552)f0r all (va,ra), (Vh,14) € pa.
(c) Regularity conditions. by < 1—0(\/¢). Woax > —14+O(1/2). |wa| < d. |wa| > O(1/d?).
a>0(1/dM?).

(d) Bounds for the errors. 8,°) .. = O(6\") . (T1)) and 6©), = O(8\).(T1)).

The main lemma for Stage 2 is as follows.

Lemma D.2 (Stage 2). Induction Hypothesis D.1 is true throughout Stage 2 and Stage 2 takes at
most O(d? /) amount of time.

The rest of this section is organized as follows. In Section D.1, we collect some auxiliary results that
will be used later. In Section D.2, we show that Induction Hypothesis D.1 is always true throughout
Stage 2. (Also see Section B.1 for discussion on the techniques used and some conventions.) Then,
we derive a lower bound on the convergence rate in Section D.3. Finally, we prove Lemma D.2 in
Section D.4.

D.1 AUXILIARY LEMMAS

D.1.1 THE DYNAMICS OF F', f AND L

Recall that, in Stage 2, we can ignore the projection operators, whence the dynamics of the neurons
is given by

o1 = E{S(x) (v10(v1 - @) + [[v1]| o' (v1 - 2))},
by = E{(fu(@) — f(2))o’ (v2F () + 72) F ()},
ty = E{(fu(z) — f(®))o" (v2F () +12)} .

Now, we derive the equations which describes the dynamics of «, F’, and the loss L.

= f(
= f(
Lemma D.3 (Dynamics of o). In Stage 2, we have
4Cr
a=—7=E{S&)F(z")}.
T E(S@)F@)

Lemma D.4 (Dynamics of F). In Stage 2, for each fixed x, we have

d ! !
aF(m) = 453/ {S(:l: )3::1 {o(w; - "o (w (B)}}

+ E, {S(:c’) zIE {||w1||2 o'(vy - &)o' (vy - &) (I — vlvlT)m’,:c>}} .

Note that in the above lemma, we decompose %F(az) into two terms where the first term corre-
sponds to the radial movement of v; and the second term the tangent movement.

Lemma D.5 (Dynamics of £). Define Wa(x) = Eu, b, {0/ (w2 F(x) + ba)ws}. In Stage 2, we
have

d
&Lz — E ||vw2,b2.,'w1H27

wa,ba, w1
where
0’(7«52F(;g) + b2)bF(~’v)
Vs by = E 4 (fu(®) = f(2)) ;V’[(/;U&)ga(:fz; ;3))

[ws || Wa(2)o' (wy - &) (I — w1, )z

The entries of V., 4, 4, correspond to the movements of vy, 73, radial movement of v, and tangent
movement of v, respectively.

The proofs of these three lemmas are as follows.
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Proof of Lemma D.3. Recall that o := C—\/FE Ew, |lw1|?. Hence, & = 2\% Euw, (w1, ;). We com-
pute

(91, 01) = E{S(2) (o(v1 - @) (51, 01) + [[1]| o' (01 - @) (@, 01))} = 2E{S(@) ]| o (w1 - )}
Hence,
L _4Cr

Vd

7ﬁ xr w olwy - :ﬁ €T €T
E {B{S(@) ]| o(w; - 2)}} = \/glg{sx ) E {Jlwi] 0w >}} 77 EAS@)F@)

O

Proof of Lemma D.4. First, we write
d

@ = 3 E (ol otor-a)} = B {5 10l?) oo b+ B {jwnl* Gotwn o)}

By the proof of Lemma D.3, the first term is 4 B/ {S(x) By, {o(w; - @')o(w; - )} } . For the
second term, we compute
d — / — 0y
- cx) = . I— Tt
oo @) =o'lor- @) (1= ool ) )
=o'(v; - T) <E {S(@')o’ (vy - &')(I — v19) )z’ } ,ac>
=E {S(z)o'(v1 - 2')o’ (v1 - z) (I — v10] )2’ , z) } .
m/
Hence, the second term is

E {|'w1||2 %a(ml -ac)} ~E {S(m’) E {||w1||20’('01 Yo' (vy - @) (T — 'ulvlT)sc’,a:>}} .

Combine these together and we complete the proof. O

Proof of Lemma D.5. First, we write

% J@)= E {0 (wsF @)+ b)inF@) + B [0/ (waP (@) + ba)b} + Wg(m)%F(m)

=1 (@) + 1 (@) 41 (@)

Note that &£ = — Zle Eq {(f«(z) — f(x))T; (%f(:c)) } . Now we compute each of these three
terms separately. We have

£{ (@) - f@)T (§57@) = B, {E(0) - 100 (0P (@) + )P (@) i}
— & {(B@) - f@)o wr@ + mr@)) |
B{ (@ - f@)T (51@) | = B {070 - @) wr (@) + 1)} )
= B { (@) - 1) war () + 1))}

Meanwhile, for T3, by Lemma D.4, we have

£{ ()~ st (/)|
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Combine these together and we complete the proof. O

D.1.2 ERROR-RELATED ESTIMATIONS

We collect some error-related estimations here. Most of them have been proved in Stage 1 except
that here we have used |wa| > O(1/d?) to replace (|wa| =1 +1) with O(d?). We repeat the statement
here for easier reference.

Lemma D.6. Suppose that Induction Hypothesis D.1 is true at time t. If vo F'(x) 4+ 12 = 0 for some
(v9,73) € o, then vhF(z) + 15 < O (d35§2>) for all (v}, 1) € pus.

Proof. See Lemma C.11. O

Lemma D.7. Suppose that Induction Hypothesis D.1 is true at time t. Then, for any (va,12) € Lo
and x € R, we have

fo(@)! (02 F (@) +72) = fu(@) and  f(2)0' (vaF (@) +12) = f(2) £ O (6).
As a corollary, we have
f(x) =0c(vaF(x)+12) £ O (dgééz)) ,

f(x) = o (@ F(x) + bs) £ O (d35§2>) .

Proof. See Lemma C.12. O

Lemma D.8. Suppose that Induction Hypothesis D.1 is true at time t. Then we have H f- f ’
O (J2als). ) .

<
L2

Proof. Since o is 1-Lipschitz, we have

|f (@) = f(a)| =

Thus,

wa,ba

E {a(ng(w) ¥ by) — o(waF(x) + bg)}’ <0 <|w2||F(sc) - F(x)|) .

|£-7 i <0 (B2 ||F ~ |1I) <0 (#30”52.7?).

D.2 MAINTAINING THE INDUCTION HYPOTHESIS

In this section, we show that Induction Hypothesis D.1 is true throughout Stage 2. See Section B.1
for discussion and conventions on the techniques used here.

D.2.1 ERROR OF THE FIRST LAYER

Recall that we can decompose the loss as

£=3E{(@) - @)} + 3 E{(F@) - 1@)?} +E{ (@) - @) (f(@) - f(2)}
=: L1+ Lo+ L3.

As we have discussed in the main text, the goal is to show that Lo ~ %3 E < (F(x) — F(x))?} and
L3 ~ 0, so that £ can be decomposed into two terms where the first term captures the difference
between the target function f, and the infinite-width network f, and the second term measures the
approximation error between F' and F. We will show in Lemma D.11 that, as one may expect, £;
does not affect F'. Estimating the gradients of £, and L3 is slightly more complicated. First we
need to introduce the following partition on the input space.
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Lemma D.9. Define
Ri={R>0 : Y(v2,72) € p2, ® € RS" !, v F(z) + 15 > 0},
Ry = {R >0 : I(va,72) € o, € RS vy F(x) 41y > 0}.
Then, we partition the input space into
Xii={le] <R}, Xo={Ri <ol <R},  Xoi={R: < |2|}.

In words, X, is the largest spherically symmetric set on which all second layer neurons are ac-
tivated, and X1 U X3 is the largest spherically symmetric set on which at least one second layer
neuron is activated. Suppose that Induction Hypothesis D.I is true at time t. Then the following
hold.

(a) f.«vanisheson XoU X3, ie, Ry > 1, f vanishes on X3, and R3 < O(1/|wz|/«).

(b) Ro—R1 <O (5%2200 + d5£2)) L —. 6%) As a corollary, we have P[X5] < O (552)

[wa]or
(c) f<O ((5&?2)) on Xo.

The above lemma implies that £, ~ 1 Ex, {(f(a:) - f(w))g} = ? Ex, {(F(ac) - F(a:))Q} and
Ly~ Ex, {(/.(@) - [@)([(@) - [@)} = w2 Ex, {(J.(@) = [(@)(F(@) — F(x))} = 0.
We formally establish this approximation in the following lemma.

Lemma D.10 (Gradient of £ and L3). Suppose that Induction Hypothesis D.1 is true at time t.
Then, for each v, € p1, we have

=2

Vo, L2 = Vo, <“’2 E {(F(m) - F(m))2}> +0 ((55?3)2 ;) o1l

2 X,

21
Vi, L3 = £0 ((552) a) Jon .

Now, we are ready to derive the equation that governs the dynamics of F. Note that this Lemma
implies that, at least approximately, the dynamics of F' depends only on Ls.

Lemma D.11 (Dynamics of F). Suppose that Induction Hypothesis D.1 is true at time t. Then, for
each fixed x, we have

%F(m) = _%3715 {<Vw1F(a:),le E {(F(m') - F(m’))2}>}ﬂ:0 <\/ﬁ (552)2 i) [Ep

xz'eX

Then, we show that the signal term in %F’ (x) can only decrease the L? error, which is intuitively
true as, after all, L5 is the (rescaled) L? error. As a result, the L? error barely grows.

Lemma D.12 (L? approximation error). Suppose that Induction Hypothesis D.1 is true at time t.
Then we have

d = 2 552 ()

G- <0 (@62 (52)°).

Finally, we show that the change F'|sa—1 depends on the L? error. As a result, as long as the L? error
is small, the L°° error cannot grow too fast.

Lemma D.13 (L*° approximation error). Suppose that Induction Hypothesis D.I is true at time t.
Then, for any & € S%=1 we have

@

2
2 (2
<0 <d35§’22 +a* (5%)) ) .
The proofs of these lemmas are as follows.
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Proof of Lemma D.9.

(a) This one follows directly from the construction of the partition and Induction Hypothe-
sis D.1.

(b) First, we write

. 6@
F(z) = alz| +allz| (F(@) - 1) = a |zl £ a |z 7). = az| £ 0 ( |11;_f2 - ).

where the last equality comes from the fact f vanishes on {||z| > Q(—by/(a|ws]))}.
Similarly, for any (vq,72) € po, we have

vt e = (2L 0] = ) (7)) (B - 2] [F))
= Wy F(x) + by + O (652)\/042 | + 1)
= @y F(x) + by £ O (d35§2>) :
Hence, for any R > 0 and = € RS%~!, we have

vaF(®) + 19 = Waa ||| + by £O (5@%) +0 (d35§2>) .

=: Omp
Therefore,
by — O - Orm
v F(x) 475 >0, if |z < =—%® = R—
—Wax — W
by + O - Orm
vaF (@) + 15 <0, if ||wf| > 21 0me _ fy Omme
—Wax — Wl
In other words, Ry > R — %“g’a and Ry < R+ _5;“;"&. Thus,
Ot
Ry = Ry € 222 <0 (60) + 0 (d%f)) d*° = bx,.
“ina ,

To complete the proof, it suffices to invoke Lemma B.1.

(c) Note that by the definition of Ry, for any o € RoS?~!, we have f (zo) = 0. Hence, for
any « € X, there exists some @y with f(xg) = 0 and ||z — xp|| < Ry — Ry = 5&?2)
Since f is O(1)-Lipschitz, we have, for any x € X, f(x) = f(x) — f(x0) < 0(5@)

O

Proof of Lemma D.10. Since both f, and f vanishes on X3, it suffices to consider X; and Xo.
Recall that that all second layer neurons are activated on X;. Hence,

- w2 -
L) = 5 E{U@) - 1@} =2 B {(F@) - F@)?},
& = B {(h@) - f@)fle) - f@)} =2 E {(f.(@) - f@) (F(a) - F(2))} =0,

where the last equality comes from Corollary B.4. Now, we bound the influence of X5. Note
that both V,,, f(z) and V,,, f(x) are bounded by O(|ws| ||v1]| ||z]|). Recall from Lemma D.9 that
f< O(égi)) on X5 and P[X5] < 0(5%?) Therefore,

1 21
<06 x 0 (58) x 0 (foal =) <0 ((5)" L) Il

VoL AT

X2

The proof for V., L3]x, is the same. O
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Proof of Lemma D.11. For fixed z € R%, we write
d., . $F@x _  a 1 _ 1

&F(m)* o F(m)a :*a}i‘:l(leF(l'%leE)+F(ﬂf)a£<vw10¢,vw1£>-

First, we consider £;. For each v; € 1, we have
Voi Ly = ~E{(f.(2) = [(@)) Vs, [(@) |
-2 e {(1.(@) - fl@) B, {otualle] + byus} bor = Congavr

Meanwhile, note that

(Vo F(@),01) = (Vo (Jo1|* 081 - @) 01 ) = (Vuu (01 [P)o(®1 - @), 01 ) = 2|01 o (21 - @),

_ Cr 9 2CT
(Vosr01) = 72 (Vo [nl* 00 = =72 ol
Hence,
Y5@)| = -l B (Va, F@), Vo, £1) + F(@) L E (Vur,, Vo, £1)
dr T . T T aw w L), Vaw, L1 T v w & Vap, &1
2 _ _ 12Cr
= ~Crusa, E {lwrl*o(@1 @)} + Conpa Fl) 2 =2 E flon
) _
= 70Tmp7laF(CC) —+ 2CTmp71F(CC)
=0.
Namely, £ does not affect F. Now we consider L. By Lemma D.10, we have
d _ 1
F = E w F w F - E w ) wi
7@ = B (Ve F@) Vo £2) 4 F@) ] E (Va0 Vs )
__l% nYOWANE "\\2
22 B {(VuF @ B, {(F&) - F@)?)
1117% n n / )2
+-F2F@E {<V“’1a’£xl {(F(:zc ) — F(z')) }

2\2 1
+0 <\/& (5;3) a) ]| -
Note that we can rewrite the V,, F'(z) in the first term as (Vq,, @) F(2) + a V4, F() so that part
of it cancel with the second term. Then, we get

d - _ w% TN N\ 2 (2) 21
ae@)|, __2w1{<vw1F( )V E {(F@) - F@)?}) 120 (Vi (0R)) =) el
For L3, we can simply merge it into the error term of %F ()|, O

Proof of Lemma D.12. By Lemma D.11, we have

SIE -1 =2 {(F@) - lel) (o)}
--Zg {F@ - 1) B {(TunF@. 905, {(F) - Fa)?} )}
e {(F(@) - el (VA (52)" 1 ) el |

F
The second term can be bounded by O <§§2L2 (5 (2)) ) The first term is equal to
~-Zg{{v,E || - F(a'))?
Tmp = ——= B w E{(F(@) = |[z])*}, Vs, E { (el’|| = F (=)} ) ¢ -
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To complete the proof, it suffices to show that this is negative. For each w;, we have

Vu, JE A{lale| - F@)?’} = E {(F@@)=2'])*} Vw,0® +® E {Vu, (Fa) = |2']))*}.

r'€Xy z’'€X1

Since the distribution of @ is spherically symmetric, Eqrcx, {Vuw, (F(z') — |2/[[)?} and
Ez {Vw, (F(x) — ||z|))*} have the same direction. Hence,

Tmp < _%% [ {<lelg{(p(w) = [l]1)?} ,Vw1a2>}

w1

Cr -2 n 2 n 2
—-ata B {(FE@) - IPVE{ B {(Tun(Fl0) - ||as||>,w1>}}.

Then, we compute

E_{(F)-|'])*}

xz'eXq

(Vo (Fla) = ) = 2(F (@) = ) (T2 = ) 20 o)

_ 2|lwi|?o(w,-x) -, . 12Cp 5
=2(F - — Fx)——— ||lw .
(F(x) wl)( o (z)~ i [ ||
Take expectation over w; and one can see that this is 0. Thus, Tmp < 0. O

Proof of Lemma D.13. Recall from Lemma D.11 that

P =2 E{(Vu F@). V0, B {(F) - F@)?}) |20 (V(52)" L) el

For the first term, we have

|V F(2)]| < HV“’QF(‘”) ‘ + HF(:::)Z <0 (W) 7
o 2, (e ro)}| < g, {JF- @] (o] + 15 o)
<o) _E_{|F@)-F@)|la/]l} Jwi]

<0 (wggl { ||w1(|)|é||w||6§2£2 1 — |w1||}> +0 (f (5(2)) a) |||
0 (ﬁ'j’g'l 6%222) 2]+ 0 (ﬁ (52)" 1) e

2
<0 (d%f{Z +d? (5@) ) ] -

IN

D.2.2 SPREAD OF THE SECOND LAYER

Lemma D.14. Suppose that Induction Hypothesis D.l is true at time t. Then for any
(va,72), (vh,75) € po, 3 ||(v2,712) — (W, )| < 0. In words, the spread of the second layer
never grows.

38



Published as a conference paper at ICLR 2023

Proof. Let (ve,r2), (vh,15) € ue be two second layer neurons. For notational convenience, we
define ha(x) = v F(x ) + 7o and hly(x) = v4F(x) + r}. We have
d

((v2 = v5)* + (r2 = 15)?)
— ) E{(fu(2) — f())F () (o' (ha()) — o’ (R (x))) }
(7’2 — 1) E{(f.(@) - f(2)) (o' (ha()) — 0 (h5())) }
= E{(f.(@) = f(2)) (ha(2) — hy()) (0 (ha(®)) — o’ (M (2))) } -
(h

2(x)) — o’ (hh(x)) = 0 for all  with ||z| < 1. Hence,

1
2dt
= (v

By Lemma D.9, o

1d 12 12
5&(@m—%)+03—@))
= i {(f.(x) — f(x)) (ha(z) — By(x)) (o’ (he(x)) — o’ (hy(x)))}
= - m:nf‘\m {f(@) (ha(z) — hy(x)) (o’ (he(x)) — o’ (Ky(x)))} -
Note that f > 0 and, since ¢’ is non-decreasing, (hao(x) — hi(x)) (o’ (ha(z)) — o’ (hy(x))) > 0.
Thus, 5§ ((v2 — v})* + (r2 — 15)*) < 0. O

D.2.3 REGULARITY CONDITIONS

As we have mentioned earlier, we will mainly use the continuity argument to maintain the regularity
conditions, so the problem can be reduced into estimating the derivative on the boundary. As an
example, suppose that b, = 1 — ¢ for some small § > 0. Then by Lemma D.15, which upper bounds
the loss using 1 — bg and —1 — Wav, we know | — 1 — W] must be large, otherwise we would have
L < e. Then, we can use the fact that | — 1 — Wy« is large to estimate the derivative. The proof for
the other regularity conditions is similar except the proof for |ws|, which is in the same spirit with
the ones for first layer errors.

Lemma D.15. Suppose that Induction Hypothesis D.| is true at time t. Then we have
. (-1 — waax)? 2 3.(2))2
£§0<(1b2)2+w+(5§}m+d35; >) :

Lemma D.16. Suppose that Induction Hypothesis D.1 is true at time t and by = 1 — ©(+/). Then,
4p, <0.

Lemma D.17. Suppose that Induction Hypothesis D.1 is true at time t and woa = —1 + O(1/€).
Then we have 3 (waa)) > 0.

Lemma D.18. Suppose that Induction Hypothesis D.1 is true throughout Stage 2. Then |w2| < d.

Lemma D.19. Suppose that Induction Hypothesis D.1 is true throughout Stage 2. Then |wg| >
O(1/d?®) and o > ©(1/d*5).

The proofs of this subsubsection are gathered bellow.

Proof of Lemma D.15. For any x € R4, by Lemma D.7 and the Lipschitzness of o, we have, for
any ¢ € X1 U Xo,

f(@) = o(@2aF(@) +5z) + 0 (a5
o(1— ) £ [1 = bo| % |- ||| — woaF(x)| + O <d36(2))

By Induction Hypothesis D.1, for any x € X; U X9, we have

|—Ha:H — WoaF(x | = |—1—w2aF | Il]|

_ 11—
< -1 wal o] + |1 - F(@)] loalalle] < 0 (=2 ) 4 0 (o)
|Wacy|

39



Published as a conference paper at ICLR 2023

Therefore,

f@) = fu(@) £ |1 —bo| £ O (||1“|’20‘|) +0 (5@@ + d35§2>) .

Thus,

L= %]E{(f*(w) — f(®))?} < % (1 —bo| +0 (1_;20") +0 (6§ Lo +d35(2)>>2

tet

I 2
SO((I—b2)2+( 1_2w2a) +(51 ) o + d36} 2)) )

2
W0

Proof of Lemma D.16. By Lemma D.7, for any (va,r2) € g2, we have
iy = E{fu() = 0(@:F(x) + bs)} £ O (d35§2>) .

Then, by Induction Hypothesis D.1 and the Lipschitzness of o, we have

o (02 F () + bs) = o(waax ||| F(Z) + bs) = o(wacx ||| + bs) £ O (5@@) .
Therefore,

by = E{f.(x) - o(isa |z + b2) }iO( @)+ dl )
Since £ > ¢, by Lemma D.15, we have
(—1 — ’LT]QO&)Q

( (2)
e 296 - 0(3%) — 0 (51 ) o+ d30S ) > Q(e).

Since woa > —1, this implies woa > —1+Q (|wa]|av/€) . In fact, this implies wocr > —1+Q(1/2)
even when ||« is o(1), as, in that case, Waar > —1 + Q(4/2) directly holds. Hence,

o(waa||z]| +b2) > o ((-1+Q2(Ve)) 2] +1-06) =0 (1 - [lzl| + Q (Vez|)) —9).
Thus,

by =E{f.(@) — o (1— |l + 2 (VE |el) - 8)} £ 0 (67 +d35;2>)
< E_{1-lell = (1~ llall + 2 (VEllal) 8)} +0 (67 + 55
=-Q(VE)+5+0 (6?2& - d35§2)> .
As long as the constant in § = ©(+/2) is sufficiently small, this implies by < 0 when by = 1—4. [

Proof of Lemma D.17. By Lemma D.3 and Lemma D.7, we have

d
dt( 2

_ _ - 4Cp’lf)%

E{(f* ) — o(Wae ||| F (&) + b2)) F(x)} | o+
Vd

401“&)% )
Now we estimate the coefficient of the first term. Suppose that W = —1 + ¢ for some 0 < ©(/¢)
with a sufficiently small constant. Then, by Lemma D.15, we have (1 — by)? > Q(e) — O(6?) =
Q(e). Hence, by < 1 — ©(y/¢). Also note that waa = O(1) implies that it suffices to consider x
with ||z|| = ©(1). As aresult, we have

+0 (d3 log(d)éf)) o <a +

o0 |2 F(2) + b2) = o(ia |2 + b2) 0 (5. )

<o (1- 2l - 0(v&) +0 (67)) .
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Then, we decompose the coefficient as
E{(f.(@) - o(waa||z| F(2) + b2)) F(x)} = E{(f.(x) — o(2a |@]| F(2) + b2)) F(z)}

= B {(owa -o(ah)) P
).

> Q (av/e
Thus,

S (w20) = (AVE) - O (a6 ) 10g(d) ) @ (a | dCrwy > > 0.

Proof of Lemma D.18. By Lemma D.3 and Lemma D.7, we have

= E{(fu(2) - f(2))F(@)} + (¢ log do{?))

o= 2 () F@) (@)} s + 0 (2 (logd)s?))

Ja &
a2 <o (a50).
d¢ \/g
Also recall that w% < « at T1. Thus, throughout Stage 2, we always have ‘a — 2\% w%‘ < 1/d.
Since |woa| < 1, this implies |w| < O(d'/%) < d. O

As aresult,

Proof of Lemma D.19. Recall from the proof of Lemma D.18 that | — 2\% w5| < 1/d. Hence,

when a = O(1/d"%), we have |wz| < O(1/d). The estimations in Stage 1, mutatis mutandis, show
that both « and || will grow in this case. O

D.3 CONVERGENCE RATE

Recall from Lemma D.5 that & £ = — Eo, by 001 | Vs b, |*, where
o' (waF(x) + b)) F(x)
o' (woF(x) + ba)
Vestaws = E{ (ful@) - () e k)

| Wal@)o' (s - @)(T — ] )

Lemma D.20. Suppose that Induction Hypothesis D.1 is true at time t. Then we have
d = |2 (2) 35(2)\ 74
Se< |9 vo (st r o)),

where

V=g {<f*<sc) - /() l“””' SN @304] } |

Lemma D.21. Suppose that Induction Hypothesis D.1 is true at time t. Then we have
[9] = 0ar) -0 (52 + 26) .

Lemma D.22 (Stage 2). Suppose that Induction Hypothesis D.1 is true throughout Stage 2. Then
T2 — Tl S O(d3/€)

Proof of Lemma D.20. Since it is the norm of V., j, ,, We can safely ignore the last entry and
only consider the first three entries. By Lemma D.7, we have
F(x) alog(d)
1 +0 | d*? 1 .
2’(1720’(’(1)1 . w) W Hw1H log(d)

[vw2 ba, wl} {(f*( ) f(w))
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Furthermore, we have

E{(f.(2) - f(@))F(2)} = E{(f.(2) - f(@))a 2ll} + E{(f.() — f(z)a(F(z) - |=I))}
=E{(f.(2) - f(@)a e} + 0 (as?),).

Meanwhile, for [V, b, w, )3, by Lemma B.3 and Lemma D.8, we have

2 E{(fu(x) — f(z))o(w: - @)}
=202 E{(.(@) - [(@))o(w: - @)} + 20, E{ (f(@) ~ f(@))o(w: - @) }

2CTwo s
= TP E{(h @) - f@) 2l } & el
Crw ; 2
:2%2 {(.@) = F@)) 2} llwi]| O (Jia]2a" oy H5§£z)~

Repeat the above procedure and we can replace the f in the first term with f. Therefore,

oz
(Vs by wn]1:3 = IE (fe(x) = f(=)) 2Crip 1
=5 [l ]| Jlw. ]
! alog(d)
+0 (6%, 0 +0 <d35§2> [ 1 D
o w2l [|w | Wy [|w: || log(d)

allz|
~E {(f*(w) - /(@) {Cw . H] }
Nz 1

iO(( L2+d35<2>)[_ g D

|@2] [[w:|[log(d)

Now, we estimate the the expected norm of [V, b, w0, ]1:3. First, we have
2
Vaswn i = (E{(fo(@) = f@)) [@l]}) " a? £0 (5, + a6 ) a*1og(a))
2
Vustawnld = (E{f(@) = f@)}) +0 (57, + %)

For [V, .b;,w, |3, We have

2@2 ) ,
402 2 (E{(f(@) — (@) [2]}) " E flwi]

ﬂ:O((é 2o+ a7 w3 !/3”11 (d)>

= (B{0@) - s ol})” 2520

+0 (((5 72+ d3§(2 ) wzalog(d))

1]1};‘ [ng,bg,wl]g =
1

Thus,
Vot 1l = (B4 @)~ Fa el})” (02 + 25520 ) 4 (B (1 (0) - st}
+0 (670, + d*of”) a*)

_ HvH +0 ((5@2 n d36§2)) d4) .
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Proof of Lemma D.21. For notational simplicity, put A := , /a2 + 4\% w3a. Then we can write
~ Allx
v =g { (@) - ) [ 1]},
Define
. -1 - O[}I)Q
V= {A(l —b2)] '

, it suffices to

< O(1). Hence, in order to lower bound ‘ Y

lower bound <@, ?> We have

(V.V) = AE{(f.() — f(@)) (- lll + 1 — (a2 |12 +52)) }.
First, for those « € {||z| < 1}, we have f.(z) = — ||| + 1 and
f(®) = @2 F (2) + by = w2ax ||| + b2 + Woax(F(z) — []]).

Hence, we have

oy {U+@) = f@) (=@l +1 = (az @] +82) }
B lel[%él {(fu(@) — f@))*} £0 (|w2a\51 L2) .

Then, for € {||z|| > 1}, note that — ||| + 1 < 0 and f,(x) = 0. Therefore, we have
{(fu(x) = f(2)) (= llz]l + 1 = (a2 [|z]| + b2)) }

= — H:cIIFZl {f(x) (— ||z + 1 — (aws ||| + b2)) } >

llzl=1

E @) e] + 5}

Then, we compute

oy (@) ez ]| +52)}
= B U@@Fe b))+ B {f@)(ea] - F@))

_ {2z }io(d36§2)) j:O(aw 5! Lz).

Hm\|>1

ll= ||>1

where the second equality comes from Lemma D.7 and Induction Hypothesis D.1. Combine these
two cases together and we obtain

(V.V) 2 AE{(f.(2) - f(@)*} - O (lwzals?),) - O (a65”).

Finally, note that A > «. Thus,

V| > ata) -0 (52, + 6.

O
Proof of Lemma D.22. By Lemma D.20 and Lemma D.21,
d L?
< - 22 (2) 35(2)) 44 <
SL< Q(aﬁ)—i—O((&l , + 6} )d) (=
Thus, for any T' € [T}, T3],
1\ &
L)< (QdHT-T)+ =] <O(=—).
@< (2@ -1+ =) <0757
Thus, it takes at most O(d? /) amount of time for L to reach . O
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D.4 PROOF OF THE MAIN LEMMA

Proof of Lemma D.2. The Induction Hypothesis is maintained in Section D.2 and by Lemma D.22,
we have Ty — Ty < O(d?/e). Now we consider the first layer errors. Recall that

d 5@ @ (5@)°
30012’ =0 (d%LLQ (52)).
d 2 2 2 2
6. =0 (d%;?;z +a? (5%)) > :

Recall that §x, = O(l)d4‘5(5f£m + dgééz)). For simplicity, we choose 55?%00 > dgééz) so that
Sx, = O(d4'55§?£m). Then, we have
d @ 2) (2
07 =0 (a5 617)?).

d
G0t = O (900 + 4" (07))?)

We choose 65222 (T1) and 6572])?(3 (T1) such that
A7 e 2 € (2 2 €
@(E(55,200)2)gég’izge(dﬁéﬂm) md s r)<0(5). ay

Note that this is possible because 5%222 (T1) and 55200 (T1) can be chosen to be arbitrarily polyno-

mially small. When this is true, we have

d 2 1) 2 d 2 g 2
S22 <0(5000)7) ad oL =0(50.).

Thus, by induction, within O(d? /) amount of time, these two errors can at most O((sz2 (T1)) and

0(68200 (T1)), respectively. -

E FROM GRADIENT FLOW TO GRADIENT DESCENT

Converting the above gradient flow argument to a gradient descent one can be done in a standard
one, provided that we can generate fresh samples at each iteration. First, by choosing a sufficiently
small step size, one can make sure within each step, the difference between gradient descent and
gradient flow is inverse polynomially small. Note that our argument is built upon the induction
hypotheses. Hence, we do not need to worry about the accumulation of errors. Moreover, our
estimations can tolerate an inverse polynomially large error. Then, at each step of gradient descent,
we generate sufficiently (but still polynomially) many samples to ensure that with high probability,
the difference between the population gradient and the finite-sample gradient is sufficiently small.
Since it only takes polynomial iterations to finish the process, the total amount of samples needed is
polynomial.
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