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Abstract

In active sequential testing, also termed pure exploration, a learner is tasked with the
goal to adaptively acquire information so as to identify an unknown ground-truth
hypothesis with as few queries as possible. This problem has several motivating
applications, including Best-Arm Identification (BAI) in bandits, where actions
index hypotheses, and generalized search problems, where strategically chosen
queries reveal partial information about a hidden label. In many modern settings,
however, the hypothesis, or recommendation space, is continuous: for example,
identifying a near optimal action in a continuous-armed bandit, localizing an e-
ball contained in a target region, or estimating the minimizer of a function from
noisy observations. Existing methods are predominantly frequentist and model-
specific, while learned approaches have been limited to finite recommendation
spaces. We introduce C-ICPE, a theory-guided learned model for Bayesian fixed-
confidence pure exploration with continuous recommendations. C-ICPE meta-
trains sequential architectures over a task prior to jointly learn exploration, stopping
and recommendations strategies. At inference time, it actively gathers evidence on

tasks and identifies an e-optimal recommendation without parameter updates.

1 Introduction

Several learning problems are inherently interactive: the learner
sequentially performs interventions or stages queries, observes
noisy evidence whose distribution depends on that intervention,
and stops once the accumulated evidence supports a reliable
conclusion. This type of interactive sequential decision-making
problem goes back to Chernoff [12] and has been formalized
through active sequential hypothesis testing [37] and pure ex-
ploration with fixed confidence [6, 14], where the learner min-
imizes the number of queries subject to returning an e-accurate
recommendation with probability at least 1 — 4.

This regime is well understood in canonical settings with finite
decision spaces, including best-arm identification in stochastic
multi-armed bandit models [19] and best-policy identification
in Markov Decision Processes (MDPs) [44]. In these settings
the learner chooses queries (e.g., arms) and outputs an object
of interest, often a best action/policy, and the theoretical guar-
antees have been studied in a range of settings [14, 43, 3, 52].

Despite this progress, practical methods for fixed-confidence

Ackley Function Value,

Figure 1: C-ICPE is able to identify
the global maxima (with e-accuracy
and 1 — ¢ confidence) of the in-
verted Ackley function (with ran-
dom parameters and observation
noise) without gradients while try-
ing to use the least number of data-
points.

pure exploration remain limited when the learner must return a recommendation in a continuous
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space. Existing continuous methods are either frequentist and model-specific [20, 58, 42, 48] or
Bayesian but restricted to Gaussian processes and not optimizing sample complexity [65]. Even in
finite arms, the theory of Bayesian fixed-confidence pure exploration is limited, and results are known
only in the finite setting with Gaussian likelihoods/priors [29]. No analogous Bayesian theory, nor
practical methods, are known for continuous recommendation spaces under general priors.

Recently, [53] proposed In-Context Pure Exploration (ICPE), which meta-trains sequential neural
policies for finite active-testing problems. However, ICPE is restricted to finite hypothesis and
action sets, and does not address the continuous recommendation setting. Hence, it is currently
missing a broadly reusable learned method for Bayesian fixed-confidence pure exploration when the
recommendation itself is continuous and performance is optimized over a task prior. We introduce
C-ICPE, a theory-guided method that learns to collect data, stop, and recommend directly from
trajectories in continuous recommendation spaces. This type of (e, §)-PAC exploration directly
addresses problems in experimental sciences such as materials discovery [36] and dose-finding [41],
where each trial is costly, observations are noisy, and practitioners need not just a good answer but a
guarantee that the answer is e-correct with a given confidence.

Contributions. First, we formulate Bayesian fixed-confidence pure exploration with continuous
recommendations, and establish the corresponding Bellman optimality structure. Second, we prove
Bayesian (¢, §)-correctness under a local closedness condition that is weaker than the uniqueness
assumption in [53], using a novel subdifferential argument. Third, we instantiate this framework into
a practical method, C-ICPE, to train exploration policies that deploy model-free, and evaluate it on
noisy binary search, e-best arm identification on the unit sphere, noisy Ackley minimization, value
estimation in Gaussian Processes and a real-world geochemical task where the goal is to locate peak
copper concentration from sparse soil measurements [1]. To our knowledge, this is the first practical
learned framework combining continuous recommendations and fixed-confidence stopping.

2 Problem Setting

We consider a Bayesian family of active sequential decision problems indexed by a latent parameter
6 € ©, where © C R is compact and @ ~ v. Each environment My specifies an initial observation
law pg € A(Y) and observation kernels Py ;(-|h¢, a;) over a compact observation space ) C R™.

In sequential testing, the learner interacts with My over time: in round ¢ it observes the history
Ht = (Yia A17 }/27 EERE At—lvy;f)a

chooses a query A, € A C R™ (compact), and observes Y; 1 ~ Py, (-|H;, A;). The goal is to
collect a history that is sufficiently informative to output a high-quality recommendation & € X,
where X is compact. We refer to X as the hypothesis or recommendation space. We distinguish
A from X: A is the query space used to collect information, while X is the space of objects the
learner may return. In many tasks X = A, but in value-identification tasks X may instead be a set of
possible function values.

Risk function. Recommendation quality is measured by a task-dependent loss, or risk, function
Ly : X — [0,00), satisfying inf,cx Lg(x) = 0. We say that x is e-optimal for task 0 if Ly(z) <,
and define

X (0) ={x € X : Ly(x) < ¢}.

In the following, we assume that (6, z) — Lg(z) is jointly lower semicontinuous (in Section B we
state the regularity assumptions used in the theoretical results). Throughout the paper, x denotes
a selected zero-loss target in the recommendation space X, i.e., Ly(z}) = 0. Depending on the
problem, this object may be an optimizer, a best arm, a threshold, or an optimal value. When the
zero-loss set is not a singleton, we assume a fixed continuous selector § — xj to ensure regularity.

In many examples, the loss is defined through a function fy parametrized by 6. In function optimiza-
tion problems, we set X = A, and the goal is to find a point & € X that optimizes the function. In this
case, one can take the risk loss Ly to be value-gap loss Lg(x) = fo(z) — fo(xj), with z} € F*(6),
where F*(6) := arg min, y fo(x), or a distance loss in the query space Lgy(z) := ||z} — || if the
goal is to find x close to a selected optimal point 2, € F™*(6). Other problems include the e-best arm
identification problem in multi-armed bandits where fy(z) is the mean reward of arm x, or noisy
binary search in a continuum, where the agent observes noisy observations of sign(x — ) and the
loss is defined in the query space. Problems where the recommendation space X is not identical to
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the query space A include optimal-value identification, where the learner returns a scalar estimate of
the optimal value: we take X C R, and set Ly(x) = |x — z}| where xj := max,c 4 fo(a).

Optimization objective. We work in the fixed-confidence ((¢, §)-PAC) regime. A learner is defined
by the triplet (m, I, 7): a sampling policy @ = (m;)¢>1 such that A, = m;(H;); a stopping time
7 with respect to F; = o(Hy), defining when to stop the data acquisition process; an inference
rule I = (I;);>1 such that &, = I.(H;). The goal of the learner is to adaptively choose queries
Ay, As, ... and a stopping time 7, so that the returned &, is e-optimal, i.e. &, € X (), with high
probability. Hence, for a given pair ¢ > 0,0 € (0,1/2), we seek to minimize the (expected) number
of queries while ensuring d-correctness: formally, we solve

ian Ej., 7] st Pp., (&, € X(0)) > 14, pn|T] < 00. (1

Our formulation is Bayesian: v is both a prior over environments and the task distribution used
for training and evaluation. This enables amortized learning across tasks: the models are trained
on episodes drawn from v and transfer to new tasks from the same family without parameter
updates. Second, it defines the posterior success probability ¢;(h, ) that drives our theory and
algorithms. Third, the average-case guarantee under v is the natural objective for applications where
the practitioner has domain knowledge about plausible task distributions. For this setup, we are not
aware of analogous Bayes-optimal characterizations for continuous recommendation spaces under
general priors, as results are limited to finite settings with Gaussian structure [29].

3 Theoretical Background

This section provides the theoretical foundation for C- ICPE, where we characterize an optimal learner.
Relative to the finite ICPE analysis of Russo et al. [53], the continuous setting introduces two technical
issues absent in finite spaces: (i) attainment of the Bellman equation over continuous actions requires
establishing a semicontinuity chain from the observation model through the posterior predictive to
the Q-function, and (ii) the (e, d)-correctness proof must handle non-singleton dual optima, which
we address via a weaker local closedness condition and a subdifferential argument that replaces the
uniqueness and monotonicity assumptions of the finite case. Together, these results provide the first
theoretical infrastructure for Bayesian pure exploration with continuous recommendations.

Posterior success and optimal inference. In the fixed-confidence setting with continuous &, the
relevant posterior object is the posterior probability that x is e-optimal:

gt(h,x) =P (Lo(z) <e| H = h), ri(h) = Imnea))(cqt(h,a:).

Here ¢;(h, x) is the posterior success probability of recommending x, and r; () is the best posterior
success probability achievable from history i. One can show that the maximum is attained and an
optimal inference rule is any selector (see Proposition 1 for a proof)

I (h) € argmax g;(h, x).
rEX

Dual formulation and Bellman optimality. We study the fixed-confidence problem in Eq. (1)
through its Lagrangian dual, following the ASHT literature [37, 53]. Introducing a multiplier A > 0
for the correctness constraint gives

W(m, I,7) = -Ej_,[7] + A (Ph., (I;(H,) € X(0)) —1+4), infO sup W\(m, I, 7). (2)

ZVr, 1,1

For fixed 7 and 7, optimizing over I replaces the terminal success probability by E” [r,-(H)]. Hence,
for fixed A, the inner problem is equivalent up to a constant to maximizing E™ [Ar, (H, ) —7]. Stopping
can also be embedded as an absorbing action agop: the learner continues with actions in .A until it
selects asop, at which point it stops and outputs I} (H;); see Lemma 6. Thus the fixed-A problem is
an optimal-stopping control problem on A = A U {astop }-

Fort > 1 and h € H,, define the optimal reward-to-collect value

Vi (hy A) = st}pEgNV [Mz(Hz)— (T —1t) | H. = h]. 3)
Define
:,stop(h; >‘) = )‘Tt(h)v Q;cont(hv a; )‘) =-14+E [ t:l(HH*l; )‘) | Hy = h? At = a] )

where the expectation is under the posterior predictive kernel P;(- | h, a).
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Theorem 3.1 (Bellman equation and greedy deterministic optimality). Assume the regularity condi-
tions of Section B.3 (Assumption 2 and Assumption 4), then

Vi (h; A) = max {Q;Stop(h; A), suB Qf,cont (h,a; )\)} . “4)
a€e
Moreover, let ay (h) € argmax,¢ 4 QF cont(h, a; N). The deterministic policy 7 defined by
%*(h) = aS'ﬁOp ifQ;stop(h; >‘) Z Q;cont(hv a:(h)’ >‘)7
and 7 (h) = a}(h) otherwise, is optimal for the fixed-\ inner problem.

Unlike the finite case, where Bellman attainment is automatic, the continuous setting requires
verifying that the supremum over a € A in Eq. (4) is attained. Our proof (Section B.3.3) establishes
this through a value-iteration construction that also handles the coupling with the stopping/continue
structure, and propagates lower semicontinuity from the observation model through the posterior
predictive kernel to the @-function. This semicontinuity chain is specific to this problem and does
not follow from any existing reference by specialization.

Zero duality gap and (¢, §)-correctness. The Bellman theorem characterizes the inner problem
for a fixed multiplier A. We now state when the Lagrangian relaxation is exact. Let ¢(m) = E™[r,],
p(m) =E"[r, (H; )], and K = {(c(n), p(7)) : m € T}, where 7, is the stopping time of a policy
whose action space embeds the stopping decision. The time-sharing assumption, stated formally in
Assumption 7, says that ex-ante randomization between two admissible policies remains admissible
and therefore convexifies .

Theorem 3.2 (Zero duality gap and (e, d)-correctness). Assume time-sharing (Assumption 7), and
assume strict feasibility (Assumption 8), i.e., there exists a feasible s € T such that p(mg) > 1 — 4.
Then, the duality gap is zero. Furthermore, let g(\) = inf cr{c(m) + A(1 — 6 — p(7))}, \* €
arg maxy s g(A), and let S(\*) be the set of dual minimizers at \*. If there exists €y > 0 such that

Kee W) ={(c,p) eL:ic+ XN (1=6—p) <g(X\)+e}

is closed in R?, then there exists a dual-optimal policy 7 € S(\*) that is primal optimal. Conse-
quently, with the posterior-optimal inference rule I} (h) € argmax, ¢y g (h, z),

Py, (Lo (15 (H,.)) <€) >1-06.

This theorem improves on the corresponding result in [53] in two ways. First, we replace the
assumption that the dual-optimal policy is unique with a weaker local closedness condition on
the near-optimal set /C, (A*): this allows multiple dual-optimal policies, which is more natural.
Second, while [53] derives correctness via a monotonicity argument on the optimal cost, our proof
(Section B.4) uses a direct subdifferential characterization to show that if all near-optimal policies
have p < 1 — §, then every subgradient of the dual value is strictly negative, contradicting optimality.
Zero duality gap follows from a standard perturbation argument [47, 10]; see Section B.5.

4 Continuous ICPE: C-ICPE

In this section we describe C-ICPE, a practical method based on the theory of the previous section.
C-ICPE has three components: inference, stopping, and exploration. Each of these are implemented
via learned sequential neural architectures, trained end-to-end from interaction data. Once trained, we
use C-ICPE at deployment time (a.k.a. test-time or inference-time) to perform pure exploration. We
now describe the models learned by C-ICPE and the training procedure. More details can be found in
Section C of the appendix.

Training Protocol. We adopt a similar meta-training protocol as the one used in [53] to train the
models. Briefly, we assume access to a simulator over v from which we can sample trajectories. We
use a meta-training, where we sample tasks 6 ~ v and assume access to a zero-loss target zj; € X,
collect trajectories using C-ICPE, store the data in a replay buffer B, and perform off-policy updates:
(1) a likelihood update of the parameters of the inference model, (2) a DQN-like update of the critic
and (3) an update of the actor based on the learned @ function. After training, we freeze all models;
deployment requires no access to xj or the prior. We now discuss the modeling of these components
more in detail.
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Algorithm 1 C-ICPE

// Training phase
. Initialize buffer 13, networks Qw, I $» actor .
: while Training is not over do
Sample environment My ~ v and hypothesis x; observe Y1 ~ p and set ¢ <— 1.
repeat
Execute action Ay ~ 7(- | H¢) according to actor 7 and observe Y7y 1.
Add partial trajectory (Hy, A¢, Yiy1,2}) to Band sett <t 4 1.
until Ql/) (th astop) > Qw (Ht7 At)
In the fixed confidence, update ¢ according to Eq. (9).
Sample batch B ~ B and update models using Lins(B; ¢) (Eq. (5)) and Leyitic(B; ) (Eq. (7)); for TD3, train 7
according to Lact (B; ) (Eq. (8)).
: end while

WX IDNE RN

)

// Inference/Deployment phase (models are fixed here)
11: Sample unknown environment M ~ v and collect a trajectory H- using 7 (until Qq, (Ht, At) < Qy (Ht, astop))-
12: Return &r = pi4(Hr) (recommendation).

Gaussian inference model. For a history h, the ideal inference rule maximizes the posterior success
probability g;(h, z) = P(Lg(z) < ¢|H; = h) over recommendations x € X. However, computing
q¢ 1s not straightforward, as the posterior distribution may have a complex shape. Instead, we train
the inference model to learn the posterior law of xj from trajectories and outputs a diagonal Gaussian
distribution characterizing the uncertainty around xj

Io(-h) = N (pg(h), diag(a (h))) -

The recommendation at stopping is defined as the mean & = 14 (h). The covariance characterizes the
uncertainty around this point, and, as shown in Proposition 7, the optimal mean and covariance are
the posterior mean and covariance of xj given H; = h. Thus the Gaussian is a moment projection
of the posterior law of z. The deployed recommendation & = 14 (h) should therefore be viewed
as a tractable approximation to arg max,¢ y ¢:(h, ), rather than as an exact maximizer of ¢;. In
Section B.7, we show that 114 is near-optimal when the posterior uncertainty on x is small relative
to the e-success margin (see Proposition 8). This justification is most direct for localization losses,
where X (6) is a neighborhood of x};.

We train ¢ using a log-likelihood loss on a batch of partial trajectories B = («7, Hy, ); sampled from
the buffer 3, where x} is the optimal point for trajectory ¢ and ¢; is a timestep sampled uniformly at
random for that trajectory

| B

Lint(B;¢) = = log Iy (x}|Hy,) . ©)

i=1
In the following, we denote by ¢ the target parameter of the inference model, updated via a Polyak
update ¢ < (1 — 77)¢ + 71¢ with 77 € (0,1).

Critic and reward definition. We parametrize the critic by 1, and model it with two heads: a
continuation head Q. (h, a) for a € A and a stopping head Q. (h, asop ). We also define the value:
let ayg (h') be the continuation target action proposed at the next history by the current policy, then
the value is defined as

Vw(hl) = max {Qw(h/a astOP)’ Qw (h/’ atgt(hl))} )

Using the definition of the ) function from Theorem 3.1, we learn the paramter 1) using TD-learning.
While the ideal reward would be r(h) = max, g;(h, ), to better capture the uncertainty around the
recommendation 4. (h), we use a sampled reward from the target inference model /;:

K
) 1
#(h,0) = §Z1{L9(X<k>) < e}, X~ I5(|h). ©)
k=1
Conditionally on (h, 6), this is an unbiased estimate of the probability that a sample from the inference
distribution lies in X, (). After averaging over the posterior, this reward is E x ., T5(1h) [q:(h, X)] <

r+(h), so it is a conservative version of the ideal posterior reward and allows the model to capture the
current uncertainty in the recommendation rule (Proposition 6 in the appendix makes this precise, as
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the gap between the practical reward 7 (h) and the ideal Bellman reward r,(h) is controlled by the
second moment of the inference model).

Then, we sample a batch of partial trajectories B = (Hy,, A¢,, Ht, 41, ds,, xF); from the buffer, where
t; is a uniformly sampled timestep for the ¢-th trajectory and d;, =1 When the maximum horizon is
reached. Then, we use targets

Y = #(H,y,,0), Yo = —c+dy, 7 (Hy 1, 0) + (1= dy, )V (Hy, 41),
where we reparametrized the Lagrange multiplier as a per-step cost ¢ = 1/ and the inner Lagrangian
objective remains the same. Then, the critic loss is
| B o
Lerisie(B; 1) = 2|B| Z { Qu(Hy;, Ar,) — Com) + (Qu(Hy,, astop) — 5 ") } )]

The critic also decides when to stop: at rollout time the current policy 7 first proposes Ay, and the

learner stops iff
Qw(Hta astop) > Qw (Hta At)
Hence, at deployment, no access to  is required as the stopping comparison uses only H;.

Policy and actors. The policy, or actor rule, decides what continuation action a € A to choose next.
Depending on the whether X = A, we propose three possible actor rules.

Thompson Sampling (TS) rule: this rule can be used when the recommendation space and the query
space coincide X = 4, and eliminates the need for a separate actor. This rule draws inspiration from
classical Thompson Sampling [60]: the policy is implicitly represented by the inference model, and
the actions are sampled according to A; ~ I4(-|H;). This is useful when informative queries are
themselves plausible recommendations. Early in an episode the exploration is more spread; later, as
the posterior target law contracts, TS concentrates near the current recommendation. As target action
for the critic we use the mean value of the inference model ag, (k) = 1 (h).

Top Two Posterior Sampling (TTPS) rule: also this rule can be used when the recommendation space
and the query space coincide X = A. This rule is similar to classical TTPS [54], but we extend
it to the continuous case. This rule draws a sample A; ~ I,(-|H;) and, with probability 1/2, it
samples until the new sample is farther from the mean 1, (H;). The logic is that the posterior mean
is the current recommendation, while samples farther from it represent plausible alternatives. TTPS
therefore spends some probability mass checking alternatives instead of repeatedly querying near the
current mean before the stopping critic is confident. As target action for the critic we use the mean
value of the inference model atg¢(h) = pt(h).

TD3 rule [18]: this rule can be used for general recommendation spaces when A # X', and formally
tries to solve the Bellman equation in Theorem 3.1. It learns a parametric actor 7y (h) € A from the
critic. The deterministic actor is trained by

Locr(B:9) = — 15 ZQw Hy,,mo(Hy,)). ®)

The critic target uses the usual TD3 stabilizers: a target actor, target-action smoothing, and twin
critics. In case X = A we can use a stochastic TD3 variants, where TD3 learns the mean & and
covariance ¥ of a Gaussian actor. In this case the loss is augmented with an imitation learning
loss KL(Zy(-|h)||my(-|h)) that provides a rich signal: the actor can increase variance when sampled
actions have higher continuation value and shrink it when exploration is no longer useful.

Cost update. We update the per-step cost ¢ by simply performing a gradient step on the
dual variable. We sample a fresh batch of trajectories, and estimate the success rate p =

|B‘ Z'Bl 1 { (HQ)) € Xe(G(i))}, and update the cost as follows

¢ 4= Projig 1y (¢ = ne (1 = 6) = p)). ©)

If empirical success is below 1 — §, the cost decreases and trajectories become longer; otherwise, if
above the target, the cost increases and stopping becomes more aggressive.

Correctness certification. The zero-duality result from the previous section justifies the ideal
Lagrangian objective, but a trained model is still approximate. In Section B.6 we outline how to
obtain formal (e, §)-guarantees on the trained model (see Proposition 5).
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5 Empirical Evaluation

We evaluate C-ICPE on various benchmarks: noisy binary search, e-best arm identification on the
unit sphere, Ackley minimization, and GP max-value estimation. We also validate on on a real-world
geochemical exploration task [1]. We compare four exploration rules: TS, TTPS, TD3, and uniform
sampling. For all experiments we set a maximum sample complexity ¢,,ax (details in Section D) and
report 95% confidence intervals using bootstrap. We also compare against Bayesian optimization
baselines whenever possible: Tree-structured Parzen Estimator (TPE) [8], Gaussian Process (GP)
with UCB or Expected Improvement [57, 5], and CMA-ES [24]. Each is given a fixed sample budget
larger than the median stopping time of C-ICPE. These methods are not (e, d)-correct competitors,
and optimize a fixed-budget objective. We include them to test whether standard methods already
attains the target correctness at comparable budgets. For e-best arm on the sphere, we additionally
compare against Lazy Track-and-Stop [30], an optimal frequentist fixed-confidence baseline.

5.1 Synthetic Benchmarks
We now provide a brief description of the benchmarks, and then discuss the results.

Noisy binary search. The environment parameter @ is drawn uniformly from [—1, 1]¢, with selector
2*() = 6. The agent queries a € [—1,1]% and observes, per coordinate, y; = &; - sign(6; — a;),
where &; € {—1, +1} are i.i.d. Rademacher random variables with P(§; = +1) = 1 — p. The loss is
Lg(x) = ||z — 0]|2, so the e-optimal set is X (0) = {x : || — 0|2 < €}. Here ¥ = A = [-1,1]¢.
The difficulty is controlled by the noise rate p and the dimension d: each coordinate provides one bit
of corrupted information per query, and the agent must simultaneously localize all d coordinates.

e-best arm on the sphere. The environment parameter  is drawn uniformly on the unit sphere
S9-1, with selector 2* () = 6. The agent queries a € [—1,1]¢ and observes a noisy linear reward
y = fo(a) + &, where fo(a) = 6" a and &€ ~ N(0,0?). The loss is defined via the inner product:
Lg(x) = 1 — fg(x), so the e-optimal set is X (0) = {x : fo(xr) > 1 — €}. Here X = A, and the
difficulty lies in estimating a direction from scalar projections.

Ackley minimization. The agent must locate the global minimizer of a randomly parametrized
Ackley function [40], a standard multimodal benchmark for global optimization. The parameter
is ® = (a, 83,7, 0*), where (a, 3,7) control the function shape and #* € [—1,1]¢ is the global
minimizer (selector z*(6) = 6*). The agent queries a € [—1,1]¢ and observes a normalized
function evaluation y = fo 5.~ (a — 0%) + &, & ~ N(0,02). The loss is Lg(x) = || — 6*||2. Here
X = A = [1,1]% The difficulty arises from the function’s many local optima and nearly flat outer
region, which can trap greedy strategies; the agent must explore globally before converging.

GP max-value estimation. A function f is sampled from a Gaussian process GP (0, krpr (¢, o))
on [0, 1]¢, with lengthscale £ ~ Unif[0.05,0.2] and output scale oy = 1. The target is the scalar
maximum value §* = max,, f(z), with selector z*(¢) = 6* € R. The agent queries a € [0, 1] and
observes y = f(a) + &, € ~ N(0,02). The loss is Lyg(x) = |z — 0*|. This is the X # A setting:
the recommendation space X C R is scalar while the action space A = [0, 1]¢ is d-dimensional,

W C-ICPE-TD3 VvV C-ICPE-uniform <1 GP-logEl LT&S uniform - accuracy target 1-6 =0.90
& C-ICPETS o TPE GP-UCB £ Uniform bin budget Tmax
A C-ICPETTPS & CMAES #  LT&S round-robin ©  Uniform top 5%
Ackley Binary search e-best arm
1.0 1.0 1.0 * * *
= T aoh - u - = s - A
a0.54 0.8 = 0.8
g 0.6 4 0.6 0.6
4
E 0.4 0.4 0.4
02 7 v 0.2 ¥ 02
Ed
—~ 00 o o os™ 0.0 ¥ 0.0
9 3 4 5 6 8 10 20 5 10 15
= 102 10?
10?
2 | a®A .
X 1 6 x 10 ¥
] 6 x 10 = v s Y )4 v "o
[ o 4x10! v
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O 3x100 "ox - #
@ [ | & 1
2 2x10 . o6 10 mea¥ *
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Figure 2: Accuracy (top) and sample complexity (bottom) at the hardest (e, o) per benchmark.
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requiring the TD3 actor to learn an exploration policy decoupled from the inference model. The
difficulty is twofold: the agent must both explore to find the region of high function values and
estimate the peak value to within e, without knowing the function’s lengthscale in advance. For this
problem we compare against two non-parametric baselines: (1) uniform sampling over the domain,
reporting the trimmed mean of the top-5% observed values; (2) partitioning the domain into uniform
bins, sampling uniformly within each bin, and reporting the highest bin average as the value estimate.

Results. Figs. 2-4 report accuracy and sample complexity (and their 95% confidence intervals) at
the hardest (g, o) per benchmark; full sweeps over (g, o, d), experimental details, and robustness
to prior misspecification are in Section D. Across all four tasks, C-ICPE with learned exploration
(TS, TTPS, or TD3) consistently meets the 1 — ¢ accuracy target, while BO baselines and non-
parametric estimators fall well below, confirming that fixed-budget optimization does not yield
(e, 6)-correctness. C-ICPE-uniform is competitive at low d but degrades as dimension increases on
Ackley and binary search, where directed exploration matters. On e-best arm, uniform exploration is
optimal by rotational symmetry [30], and Lazy Track-and-Stop achieves optimal sample complexity
by exploiting the linear structure; C-ICPE matches the accuracy target but uses more samples,
reflecting the cost of a model-agnostic stopping rule. On GP max-value estimation (X # .4), C-ICPE-
TD3 meets the target while non-parametric baselines fall short; BO methods are inapplicable here as
they return locations rather than values. Particularly, in Section B.9 we prove that (Theorem B.5),
under an RBF-GP prior with interior regularity, max-value estimation is asymptotically harder than
argmax localization: we establish a sample complexity lower bound for value estimation and an upper
bound for argmax identification via a two-stage algorithm (T-BAL; Algorithm 2), showing that the
geometric structure of the function helps localization but not value estimation.

5.2 Geochemical Exploration

Lastly, we construct a realistic task using data from the USGS Geochemical Survey [1], which
provides measurements of copper concentration across the United States. The goal is to identify the
location of peak copper concentration in an unknown region with (e, §)-guarantees. We partition the
data into geographic regions, fit a sparse variational Gaussian process to each, and split regions into
training and evaluation. Training regions are used to meta-train C-ICPE; we evaluate on held-out
regions whose spatial structure was not seen during training. See also Section D.5 for more details.

Results. In Fig. 4 we present the results. In this problem, for sake of simplicity we only test the
TD3 and TS actors for ICPE, and compare with respect to classical Bayesian baselines. The results
show accuracy and sample complexity on held-out regions: C-ICPE-TD3, C-ICPE-TS achieve the
1 — ¢ accuracy target, while BO baselines fall below the target while using a larger sample budget,
demonstrating that both learned exploration and learned stopping contribute on this real-data task.
This shows evidence that C-ICPE transfers across tasks with genuine distribution shift. In Section D.5
we report the experimental details, and results for different values of e.
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6 Discussion, Related Work and Conclusions

Active sequential hypothesis testing (ASHT) provides the broad conceptual umbrella for this paper.
In ASHT, a learner adaptively selects experiments and decides when to stop and declare a hypothesis,
with the objective of minimizing expected sample size subject to a correctness constraint [12, 62, 22,
37, 38]. A key methodological theme in this literature is that fixed-confidence constraints can be
handled via Lagrangian duality. Closely related line of works include Bayesian experimental design
and Bayesian active learning, which study adaptive data acquisition when the unknown is drawn
from a known prior, typically optimizing expected utility or information gain [35, 23, 45], and active
learning, which emphasizes selecting informative queries/labels to reduce uncertainty efficiently [13].
Despite the shared emphasis on adaptive measurement and sequential stopping, most classical ASHT
results assume substantial knowledge of the observation model: one typically has access to likelihoods
(or at least to a parametric family) for every experiment under every hypothesis, enabling explicit
likelihood-ratio statistics and model-based allocation [37]. While there are efforts toward relaxing
this assumption to partial model knowledge [11], the need for explicit likelihood structure remains
a limiting factor for modern continuous environments with complex, history-dependent feedback.
In many practical settings, the learner must instead infer both (i) which latent environment/task it is
facing and (ii) which actions are informative, using only interaction data and function approximation.
This motivates data-driven approaches that preserve the ASHT objective while reducing dependence
on fully specified likelihoods.

The most developed special case of ASHT is fixed-confidence pure exploration in bandits, where the
hypothesis is the identity of an optimal action. In finite-armed bandits [34], best-arm identification
(BAI) at e = 0 is characterized by a mature theory: instance-dependent lower bounds quantify the
intrinsic complexity of identifying the best arm [19, 14, 63, 30, 33, 50, 43, 52], and a family of
algorithms achieves near-optimal sample complexity by coupling adaptive allocation with statistically
valid stopping rules [6, 54, 19, 64, 31]. These results provide both sharp guidance and strong baselines,
but they rely on a finite decision set and model-specific likelihood constructions. Similar themes arise
in pure exploration for Markov decision processes, where the goal is to identify an optimal policy
with probability at least 1 — § [3, 59, 4, 49, 51]. This literature yields sharp insights into exploration
complexity but is likewise developed for finite state-action structure and frequentist guarantees.

Even under well-specified models, moving from € = 0 to (¢, §)-PAC identification in continuous
decision spaces can be technically demanding. Several recent works address continuous pure
exploration in bandit models [20]. Takemori et al. [58] give a tractable algorithm for continuous-arm
linear bandits and Poiani et al. [42] derive lower bounds and a Track-and-Stop framework for infinite-
answer problems; both are frequentist, model-specific, and require explicit likelihood structure.
In MDPs, some work begun to treat (¢, §)-PAC objectives in finite MDP settings for best policy
identification [61] and optimal data-collection for policy evaluation [48], both in the frequentist setting.
To our knowledge, no general Bayesian theory is known for continuous recommendation spaces under
general priors; current Bayesian fixed-confidence results are limited to finite bandits with Gaussian
likelihoods and Gaussian priors [29]. While Bayesian ideas drive exploration in finite bandit (with
frequentist guarantees), e.g. posterior sampling and top-two methods [55, 54, 56], the most developed
Bayesian framework in continuous spaces is Bayesian optimization (BO) [21], which maintains a
posterior over an unknown objective and selects queries via acquisition functions [28, 26]. BO aims
to identify an optimizer, but is typically posed as fixed-budget optimization without a correctness
constraint. Wilson [65] recently introduced a Bayesian (e, §)-stopping rule for BO, but it is restricted
to GP surrogates and does not optimize sample complexity. Despite this progress, no existing method
combines three elements: fixed-confidence (¢, ) stopping, continuous recommendations, and a
learned exploration and recommender procedure under a Bayesian formulation. C-ICPE addresses
this gap.

Conclusions. C-ICPE is a theory-inspired method for Bayesian fixed-confidence pure exploration
with continuous recommendations. On the theoretical side, we establish that the Lagrangian duality
and Bellman optimality structure of finite ASHT carries over to continuous spaces under regularity
conditions, and prove (e, §)-correctness under a local closedness assumption that is weaker than the
uniqueness condition required in [53]. On the algorithmic side, we show that C-ICPE achieves the
desired guarantees across different tasks, including a real-world geochemical exploration problem,
while using fewer samples than standard optimization baselines. To our knowledge, no prior method
combines continuous recommendations, fixed-confidence stopping in a single practical framework.
Limitations and broader impact are discussed in Section A.
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A Limitations and Broader Impact

Limitations. Parametric inference model. C-ICPE models the posterior law of the target x; with
a diagonal Gaussian. In the ideal NLL objective, this corresponds to a moment projection: the
mean matches E[xz}|H;] and the diagonal covariance matches the posterior coordinate variances.
This is only a surrogate for the Bayes e-rule arg max, c y ¢:(H¢, «). When the posterior over x is
multimodal, or poorly summarized by first and second moments, the mean recommendation may
lie between plausible targets and the covariance may misrepresent uncertainty. This can affect both
exploration and stopping, since the critic evaluates samples from the same inference distribution.
Richer posterior families, such as mixtures or normalizing flows, or a direct model of ¢;(h, x), could
reduce this mismatch at the cost of additional optimization and training complexity.

Note that this limitation is most benign in localization benchmarks, where X (#) is a ball or interval
around x}. It is more pronounced in value-gap tasks such as Ackley or geochemical optimization,
where the e-optimal set can be anisotropic, nonconvex, or multimodal. These tasks are therefore
useful stress tests for the Gaussian inference model.

Selector availability. Training the inference model requires access to the selector 2* () for each
sampled task § ~ v. In our benchmarks this is available in closed form (the shifted minimizer for
Ackley, the parameter itself for binary search, the GP maximum for max-value estimation). In general,
computing z*(#) may require numerical optimization, introducing approximation error in the NLL
targets. If the selector can only be evaluated approximately or with noise, the inference model may
learn a biased posterior, potentially affecting both recommendation quality and stopping calibration.
Extending C-ICPE to settings where only noisy or approximate selectors are available is an important
direction for future work.

Cost calibration. The dual variable ¢, which controls the exploration—stopping tradeoff, is updated
online during training via primal feedback on the empirical success rate. In practice, the convergence
of c and the sensitivity of stopping behavior to its value require careful tuning of learning rates and
update schedules.

Decoupled action and recommendation spaces. When X # A, C-ICPE requires a separate TD3
actor to learn the exploration policy. This adds architectural complexity and an additional source of
approximation error. Our GP max-value experiment exercises this setting.

Bayesian guarantee and prior dependence. The (e, 0)-correctness guarantee is average-case under
the task prior v. When the deployment distribution differs substantially from v, correctness may
degrade. Our robustness experiments and the prior-shift bounds in Section B.8 provide some
quantitative control, but worst-case guarantees for individual task instances are not provided. This
limitation is shared by all Bayesian methods and is analogous to the dependence of frequentist
methods on their parametric assumptions.

Scalability. The method’s behavior in higher dimensions (larger than d > 50), where posterior
concentration is slower and exploration is harder, remains to be investigated. The LSTM (or trans-
former) architecture scales with the maximum horizon ¢,,,,x, which may need to grow with dimension,
increasing both training and inference cost.

Broader impact. C-ICPE is a general-purpose tool for adaptive experimentation with correct-
ness guarantees. Potential applications include materials discovery, dose-finding in clinical trials,
environmental monitoring, and any setting where sequential experiments are costly and the practi-
tioner requires a principled stopping criterion. In such settings, reducing sample complexity directly
translates to reduced cost, time, and resource consumption.

We do not foresee direct negative societal impacts from the method itself. However, as with any
system that automates experimental decisions, users should be aware that the (¢, d) guarantee is
conditional on the modeling assumptions (the task prior v and the observation model). Deploying
C-ICPE in safety-critical domains, such as clinical dose-finding, would require careful validation of
these assumptions and, where appropriate, additional safeguards beyond the Bayesian guarantee.
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B Appendix: Theoretical Results

Roadmap and novelty guide. The theoretical analysis proceeds in four stages. We summarize
what is standard and what is new relative to the finite ICPE framework of Russo et al. [53].

* §B.2: Posterior success probability. We define ¢:(h,z) = P(Lg(x) < e | H; = h) and

establish its regularity properties. The proofs use standard tools (Radon—Nikodym, reverse
Fatou, Portmanteau); the object g, (h, ) itself, the natural continuous analogue of posterior
mass, has not previously been studied in the pure exploration literature.

§B.3: Bellman optimality. We prove that the optimal value satisfies a stop/continue Bellman
equation and that the supremum over continuation actions is attained by a measurable
selector. The proof adapts the value-iteration framework of Bertsekas and Shreve [9] to
our setting, with the main technical content being a semicontinuity induction that threads
likelihood continuity through posterior weak continuity, predictive weak continuity, Q-
function lower semicontinuity, and a sup—inf interchange. None of these steps appear in
Russo et al. [53], where attainment is automatic for finite action spaces. The resulting
dependency chain and its coupling with the posterior success payoff are specific to this
problem.

§B.4-B.5: Correctness and zero duality gap. We prove (¢, §)-correctness under a local
closedness condition that is strictly weaker than the uniqueness assumption in Russo et al.
[53]. Our proof uses a subdifferential characterization from Hantoute and Lépez [25]
to derive a contradiction without the monotonicity argument of Russo et al. [53]; this is
the strongest theorem-level novelty in the appendix. Zero duality gap follows using a
perturbation argument [46].

§B.6: Model certification. We introduce a checkpointwise certification protocol based on
mixture supermartingales [32]. Unlike the pooled approach in Russo et al. [53], it tests each
frozen checkpoint independently and requires no monotonicity assumption on the training
trajectory.

§B.7: Inference model and sampled reward. We relate the implemented Gaussian
inference model to the ideal posterior quantities used in the Bellman characterization. We
show that the sampled reward is an unbiased estimate of the success probability of the
stochastic selector and is conservative relative to the ideal reward 7, (h); the gap is controlled
by second moments of the inference distribution (Proposition 6). We also characterize the
Gaussian NLL as a moment projection of the posterior law of = and give conditions under
which the NLL mean is near-optimal (Propositions 7 and 8).

§B.8: Robustness to prior misspecification. We analyse the robustness to prior misspecifi-
cation, and what is the predicted impact on sample complexity and accuracy.

§B.9: Sample Complexity of Value Estimation vs Argmax Localization in Gaussian
Processes. In this section we prove that, under a hierarchical RBF-GP prior with a high-
probability interior regularity condition, max-value estimation is asymptotically harder than
argmax localization. Specifically, under this regularity assumption, we establish that the
value estimation problem cannot be circumvented by the geometric structure of the function.

— The analysis is based on showing a lower bound on the sample complexity of estimating
the max-value, and an upper bound on estimating the argmax.

— To this aim, we introduce an algorithm, Two-Stage Bayesian Argmax Localization
(T-BAL) Algorithm 2, for locating the argmax of a Gaussian Process.

— T-BAL works in two phases: first, searches the domain for a region where X* may be
located, and then perform gradient ascent using noisy finite differences to approximate
the gradients.

— We provide a sample complexity upper bound of T-BAL and provide (e, §)-guarantees.

B.1 Problem Modeling

We specialize to the fixed-confidence ((€, §)-PAC) setting introduced in Section 2, and provide a
self-contained definition of the induced probability measures.
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We now provide a formal definition of the underlying probability measures of the problem we consider.
To that aim, it is important to formally define what a model M is, as well as the definition of policy 7
and inference rule I (infernece rules are also known as recommendation rules).

Spaces and histories. Let © C R? be compact. Let A C R™ be a compact action (query) space
and Y C R"™ a compact observation space, each endowed with the Borel o-algebra. Let X be a
compact hypothesis/decision space (in our experiments X = A). For ¢t € N, define the history space

Hy = (yXA)t_l x Y, htz(y17a17~~~7at—1,yt)a

with its product Borel o-algebra. We also write Ho, == ) x (A x V)N for infinite histories. Since
A, Y are compact metric spaces, H; and H, are standard Borel spaces.

Environment (observation model). An environment is indexed by § € © and specified by an
initial observation law py € A()) and a sequence of (possibly history-dependent) observation kernels

PQ,t("htaat) GA()})’ t> 17

such that for every Borel C' C ) the map (h, a) — Py +(C|hy, a) is measurable. Optionally, one
may assume weak continuity in §. However, we do assume weak continuity in a, as this is later used
to prove optimality.
Assumption 1 (Weak continuity of the transition). For all § € © we assume a — Py 4(-|ht, a) to be
weakly continuous.'

Learner: policy, stopping time, inference rule. A (possibly randomized) sampling policy is a
sequence of probability kernels

7Tt('|ht) € A(.A), t>1,

measurable as maps H; — A(A). Let H;, = (Y1, A1, ..., A;_1,Y}:) be the random history and
Fi = o(H). A stopping time 7 is defined w.r.t. (F;)¢>1. An inference rule is a sequence of
measurable maps I; : H; — X, and the learner outputs

T, = I.(H;).

Loss and c-optimal set. For each 6 € O, the environment induces a loss function Ly : X — [0, 00)
with inf,cx Lg(x) = 0. Define the e-optimal set

X(0) ={x e X: Ly(x) <€}
In the following we the following conditions on Lg(x).
Assumption 2. We assume joint lower-semicontinuity of (x,0) — Lg(x) and joint Borel measurabil-

ity.
Remark 1 (Regularity of selector-based localization losses). Some of our localization examples
define the loss through a selected target x7.,(8) € X, for instance Lg(x) = || — x%,(0)||. In this
case, the standing lower-semicontinuity assumption on L(0,x) = Lg(x) is satisfied whenever the
selector 0 — x?,(0) is continuous. There are two standard ways to obtain such a selector.

1. First, if F(0) = argmax,¢c v fo(x) = {2*(0)} is singleton for every 0, f(0,x) is jointly
continuous, and X is compact, then the maximum theorem implies that the unique optimizer
is continuous, and thus x7,(0) = x*(0) is continuous. This covers the shifted Ackley
benchmark when the shift determines a unique optimizer continuously, the linear bandit
benchmark on the unit sphere where x*(0) = 0, and noisy binary search when the target

map is COntinuous.

2. Second, if F(0) is not singleton but has nonempty compact convex values and is Hausdor{f-
continuous in 0, then the minimum-norm selector x%,(0) := argmin, ¢ p () |z]|? is well-
defined and continuous: closed convex values give uniqueness of the minimum-norm point,
while Hausdorff continuity gives stability of this point as 6 varies.

Thus the selector-based distance loss is jointly continuous in these cases. This selector also gives a
canonical target for the Gaussian inference model: the NLL objective learns a moment projection of

the posterior law of x%,(0), while correctness remains defined through the loss Lg and the set X, (0).

IThat is, for all continuous bounded functions f we have that a > |- y f(y)Po,(dy|ht, a) is continuous.
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Path measures (Ionescu-Tulcea). Fix § € O and a policy 7. By the Ionescu—Tulcea theorem,
there exists a unique probability measure P , on (H;, B(H:)) such that for all cylinder sets C' =

Ci1 X By X+ xBi_1xC; (with C; € B(y) and B; € B(A)),

t—1

0= | pe<dy1>H[/ m(daclh) [ Pooldyanlhna)
C B, Cst1

s=1

Analogously, one obtains a unique path measure P} on (Hoo, B(Hoo))-

Mixture law over tasks. Given a prior v on O, define the joint law on © x H; by
Py (d0, dhy) = v(d0) Py ,(dhy),

and the trajectory marginal P7(-) = [P§ (-) v(df). We use Ef_,[] and P7_, (-) for expectation-

O~v
s/probabilities under this mixture.

Fixed-confidence objective. The learner is (e, §)-correct (under v) if
b (Tr € X(0)) > 1-04.

In the fixed-confidence regime, we seek to minimize the expected number of queries subject to
(e, 0)-correctness:
ﬁir}fT Ef., [7] st Pp_ (i, € X(0)) >1—06.

B.2 Posterior distribution over the true hypothesis and inference rule optimality
We first record a domination assumption that allows us to express likelihoods w.r.t. fixed reference
measures.
Assumption 3 (Domination). There exist probability measures Ao, A on (Y, B(Y)) such that, for all
0 €0, allt>1,andall (hy,a) € Hy x A,

po(-) K Ao(-) and Pyy(-|he,a) < A(+).
Let pgoly) = j%z(y) and po+(y'|he,a) = %}M(y’) be versions of the corresponding
densities, chosen jointly measurable in their arguments.

Remark. The assumption holds, for instance, when all py and Py .(-|h¢, a) admit densities w.r.t. a
common reference measure (e.g., Lebesgue on ) C R”™ or counting measure when ) is finite).

Under Assumption 3, define the (policy-independent) likelihood of a realized history h; =
(y1,a1,...,a¢—1,y:) € H; under parameter 6:

t—1
00, ) = po.o(nn) [ po.s(Wstalhs,as),  he = (1,01, ., 061, ).
s=1
We now give a posterior kernel representation that is independent of 7.

Lemma 1 (Posterior kernel over ©). Consider Assumption 3. For eacht € N there exists a probability
kernel Ry : Hy x B(©) — [0, 1], independent of m, such that for every policy m, all A € B(0©) and
YAS B(Ht),

P7(6c A H € 2) = [ R(AWET(dh)
z
where P} (d0, dh) = v(d0) P ,(dh) and PT is its H,-marginal. Moreover, for Pf-a.e. h € Hy,

B L4 6:(0,h)v(d9)
Jo €0, h)v(do)
Consequently, for any measurable map g : © — S into a standard Borel space S and any B € B(S),
P(g(0) € B|H; = h) = R({0 : g(0) € B}|h) forPf-a.e. h.

Ri(Alh)
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Proof. Fix m and t. Define the reference measure on H; (depending on )

vl (dhy) = Ao(dyy) H 7s(dag|hs) M(dys+1)] -

By construction and Assumption 3, P, < v for every ¢, with Radon-Nikodym density

dB%.. hy) = £,(0,h
dVZT ( t) - t( 9 t))

which does not depend on 7. Therefore, for A € B(©) and Z € B(H,;),

P70 € A, H, € Z) :/ / 0,0, h) vF (dh)v(de),
AJZ

_ /Z /@ 0:(6, 1) v(d6) v (dh).

Hence PT (6 € A,-) < P7 () and the Radon-Nikodym derivative is the displayed Bayes ratio, which
defines the kernel R;(A|h). Measurability and the fact that R;(:|h) is a probability measure follow
from standard properties of Radon—Nikodym derivatives. Independence of 7 is immediate from the
explicit formula. O

and

In the following we also need to consider in what cases the mapping h — R:(-|h) is weakly
continuous. To that aim, we require a further assumption.

Assumption 4 (Likelihood continuity). For each state s < t, the kernel py s(y|hs, as) is jointly con-
tinuous in (0,y, hs, as) with strictly positive density. Hence, (0, hi) — £(0, hy) is jointly continuous.
Under this assumption, we have the following.

Lemma 2 (Weak continuity of the posterior). Consider Assumption 3 and Assumption 4. For each t
we have that the mapping h — Ry(-|h), h € Hy, is weakly continuous.

Proof. Consider any sequence (hy, ), € H; such that h,, — h, h € H;. Fix f € C,(©) (continuous

and bounded). Since for P7-a.e. b’ € H, we have R;(df|h’) = %, we have that

Jis F(0)£,(6, 1) (0)
T (6, ) 1(d6)

Now, since © is compact and 6 — f is continuous and 6 — ¢;(6, h’) is continuous for each b’ € H;,
we have that supycg | f(0)€:(0, hy)| < oo, therefore by dominated convergence we have

/f VR, (6] hy) =

/@f(e)ﬁt(&,hn)y(de)H/@f(@)étw,h)y(de) and /@Et(ﬁ,hn)u(dﬂ)%/@Et(ﬁ,h)y(dﬁ).

Since [ £;(6, h)v(df) > 0 by strict positivity of the density p, we have that

[ 1660, hyw0) > [ 0)6,0,1)0(a0),
e e
so h — Ry(-|h) is weakly continuous. O

Optimal inference rule. Fix ¢ > 0 and ¢ € N. Recall that, for each § € O, the e-optimal set
is X.(0) = {x € X : Ly(z) < €}. Given arealized history h € H;, define the posterior success
probability of recommending x € X as

qi(h,z) = Pgwy(x € X(0)|H; = h) = Rt({é' €0: Ly(x) < e}|h), (10)
where Ry (+|h) is the posterior kernel from Lemma 1. We also define

ri(h) == sup q¢(h, z). (1)
reX
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Lemma 3. Under Assumption 2, we have that q;(h, x) is jointly Borel measurable in (h, x) and upper
semicontinuous in x for each fixed h. If in addition to Assumption 2 we also assume Assumption 4,
then q:(h, ) is jointly upper semicontinuous.

Proof. We prove the 3 properties separately.

* Regarding measurability, note that (x,6) — 1{Ly(z) < €} is Boreal measurable by As-
sumption 2. Using that for every A € B(©) we have that h — R;(A|h) is Borel-measurable,
then g, (h, z) = [ 1{Lo(x) < €} R;(df|h) is jointly measurable since integration preserves
measurability.

* Consider now the u.s.c. property of « — ¢, (h, =) for each h. If, for every 6, the map x —
Lg(x) is continuous on the compact set X, then X, () is closed and z — 1{z € X.(0)} is
upper semicontinuous. Consequently,  — ¢;(h, x) is upper semicontinuous P7T-a.s.. To see
this, let (x,, ), be a sequence in X such that z,, — «*. Define y,, = 1{z,, € X(0)}. By
Fatou’s reverse lemma we have

lim sup E¢ [y, |Hy = h] < E¢[limsup y, |H; = h] < P(z € X(0)|H: = h).
n n

where the last inequality follows from the fact that lim sup,, y, < 1{x € X.(#)} from the
upper semicontinuity. Thus the posterior is upper semicontinuous on P} -a.s.

* Define C. = {(0,2) € © x X : Ly(x) < €}. By assumption on L (joint continuity), we
have that C. is closed. Consider any sequence (hy,, x,,) — (h, ) and define the distribution
tn() = Ri(-|hn) ® 0z, and p() = Ri(-|hn) ® 0. Since h — R:(-|h) is weakly
continuous (Lemma 2, follows from Assumption 4), by Portmanteau’s lemma we have

limsup g, (Ce) < p(Ce).
n—oo

But p,(Ce) = f@ 1{Lg(zn) < €} R(dO)hy,) = qi(hn,xy) and p(Ce) = f@ 1{Ly(z) <
e}R:(dO|h) = qi(h, ), hence (h,x) — ¢ (h, z) is jointly upper semicontinuous.

O

Since X is compact, by the Extreme Value theorem we have that the supremum in (11) is attained (so
one may replace sup by max).

Proposition 1 (Optimal inference). Consider a fixed policy w and a fixed time t € N. Assume
Assumption 3 and Assumption 2. Among measurable inference rules I; : H; — X, the maximal value
of P7, (It(Ht) € X, (0)) is achieved by any rule satisfying, for PT-a.e. h € Hy,

O~v

I (h h,x).

o(h) € argmax g, (h, z)

Furthermore, a measurable arg max selector exists and I (h) is measurable.
Proof. Fix 7 and ¢, and let &; := I;(H;). Using the posterior kernel,

i (i€ 2.0) = [ 1ae 20} PE(@0.an)
-/ [ / 1{It<h>exe<9>}Rt<doh>] P (dh)
He ©
- / ge (h T, (1)) PF (dh)
Hy

< /H sup g;(h, x) B (dh) = /H () B (),

; TEX

If I;(h) € arg max,cx g:(h, x) for PT-a.e. h, then the inequality holds with equality, yielding the
optimal value.

The existence of an arg max rule, and measurability of I;, follows from an application of [27,
Proposition D.5]. O
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We also note the following lower bound on the posterior g;.
Lemma 4 (Markov lower bound on posterior success). Fix € > 0, t € N, and a realized history
h € H;. For any decision © € X, define the posterior success probability
qi(h,z) =Pq_, (Lg(x) <e€lHy = h),
and the posterior mean loss
Li(h,z) =Ef._,[Lo(x)|H, = h].
Then B
q(h,z) >1— M
Equivalently, with the (clipped) shaped reward r(6, z) = [1 — Lg(x) /€] o

qi(h,x) > Ej_,[re(0,2)|H, = h].

Proof. Since Ly(x) > 0, Markov’s inequality yields

Lt(h, I)

Py, (Lg(sr:) > ¢|Hy = h) < .

Taking complements gives the first claim. For the second, note that 1{Lg(x) < €} > [1 — Lg(z) /€] +
pointwise, and take conditional expectations. O

B.3 Fixed-confidence setting: formulation and optimal rules

We consider the fixed-confidence problem from Section 2 in its Bayesian (task-averaged) form. A
learner is a triplet (m, I, 7) with sampling policy 7, inference rule I = (I;);>1, and stopping time 7.
The objective is

inf Ej_,[r] st s I-(Hr) € X(0) > 1-6, Ej_,[r] < oc. (12)

O~v
1,7
Throughout this section, H; = (Y1, A1, ..., A¢s—1,Y%) is the history, &, = I.(H,) and F; = o(Hy).

Posterior success. For each t and realized history h € H;, define the posterior success probability
of recommending x € X as

qi(h,x) = P§., (a: € X(0)|H, = h),

and recall r(h) == sup,c y ¢+ (h, x). We have the following lemma that relates the success probability
to the expected posterior success.

Lemma 5 (Stopped success as expected posterior success). For any policy w, stopping time T, and

inference rule I,
Pg.., (‘%‘r € Xe(a)) =E" [CIT (H'rwf'r)] .

Proof. By the tower rule and & being o (H)-measurable,
o (Br € Xe(0)) =ET [E"[1{2, € X(0)} | H,]] = E7 [q-(H, 27)].

Therefore, we have that P7 (IT(HT) € Xe(ﬁ)) =E" [qT (HT, IT(HT))].

O~v
Lagrangian dual. Define, for A > 0, the Lagrangian value
Va(m, I,7) = B 1] +A((1-0) = Ph, (I (H) € X.(0)) ).
Using Lemma 5, this can be written as
W(m, I,7) =X1—-0)+E™ [T—/\qT(HT,IT(HT))} . (13)
The Lagrangian dual of (12) is then

sup inf Vy(m, I,7). (14)
A>0 m,I,7
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B.3.1 Optimal Inference Rule

Fix 7, A and t. Among all measurable inference rules I; : H; — A, the maximal probability of
e-success at time ¢ is achieved by any

Iy(h) € argmax gy (h, ),

equivalently, g:(h, I;(h)) = r(h) for PT-a.e. h. (see Proposition 1.)

Since 7 is adapted, plugging the optimal inference rule into Eq. (13) yields the simplified dual
objective
supinf \(1 — 0) + E7 [7 — Ar-(H,)]. (15)

A>0 T

B.3.2 Stopping as an action (equivalence)

The additional optimization over stopping rules can be avoided by introducing an additional stopping
aciton asgop. Introduce an augmented action space A := AU{astop }, Where choosing asop, terminates
interaction (no new observation is collected). Let 7 := inf{t > 1 : A; = astop}-

Lemma 6 (Embedding stopping times as a stop action). For every triplet (7,1, 7) with T < o0 a.s.,
there exists a policy ™ on A such that, under T, (i) T = T a.s., and (ii) the stopped history Hz has the
same distribution as H, under w. In particular, for every A > 0, V\(m, I, 7) = V)\(7, I, 7).

Proof. Since T is a stopping time w.r.t. F; = o(H;), the event {7 = ¢} belongs to F;; hence there
exists a measurable set S; C H; such that {7 = t} = {H; € S;}. Define 7 as follows: at time ¢,
given history h € H,

ﬁt(astop\h) = 1{h S St}, 7_Tt(|h) = 7Tf(|h) OnA when h ¢ St.

Then {A; = astop} = {H; € Si} = {7 =t}, so 7 = 7 a.s. Moreover, on the event {7 > t} the
action distribution and observation kernel coincide with those under 7, so the induced law of (Hy);< -
is the same; in particular H> under 7 has the same distribution as H; under 7. Hence, one can easily
show that the equality V\(r, I, 7) = Vi\(7, I, T) follows. O

B.3.3 Optimal Policy

Lemma 6 shows that (for fixed \) the inner problem in Eq. (15) can be viewed as an optimal-stopping
control problem on the augmented action space: each continuation step incurs unit cost, while
stopping at history h € H; incurs terminal cost —A r;(h).

Define the optimal cost-to-go (for fixed ) from a history h € H; as

7—1
VF(hs\) = inf Ej_, lz 1 — \ry(H;)
s=t

7=(T1)i>t

H, :h] , (16)

where the infimum is over policies on A and 7 is the first time Gstop 18 chosen. Similarly to [53], we
can define the following optimal Q-functions

sttop(h; >‘) = 7)\7}(}1), Qz,cont(hv a; A) =1+E [ t:—l(Ht-i-l; >‘)|Ht = h7 At = a] .
where the latter expectation is over the posterior mixture, defined as

Pt(yl S Y|Ht = h,At = CL) = /Pg’t(y/ S Y|Ht,At = a)Rt(dQ\Ht = h), VY € B(y)

Furthermore, similarly to [53], a standard decomposition yields the Bellman optimality relation
V;.*(h; )‘) = min {Q: stop(h; )‘)7 1n£ Q: cont (ha a; >‘) } . (17)
: o€ ;
However, in order to guarantee that the infimum ,inf,e 4 Q7 cont (7 @; A) is attained, since A is
compact, we need to guarantee that the ()-value is lower semicontinuous. We begin by showing that

V;* is lower semicontinuous. To that aim, we need some results first. We begin by showing that the
mixture posterior is weakly continuous.
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seo Lemma 7 (Weak continuity of the mixture posterior). Fixtand h € H;. Let R;(-|h) be the posterior
89t on © and define the posterior predictive kernel

Pi(-|h,a) ::/@P97t(-|h,a)Rt(d0|h).

82 Under Assumption I, a — Py(:|h, a) is weakly continuous. If in addition we assume Assumption 4,
ses  then (h,a) — Py(:|h,a) is jointly weakly continuous.

se4  Proof. We prove weak continuity in the action first. Fix f € C()) (continuous and bounded) and a
8e5  sequence (ay, ), such that a,, — a. For each 6, define

gn(0) = / ) Poa(dylhan),  g(8) = / £(9) P (dylh. a).

ses By Assumption I,

gn(0) = 9(0).
g7 Moreover, | [ f(y) Py:(dylh,an)| < [[fllec < oo for all #,n, and thus is also bounded. By
gos dominated convergence,

/ F(y) Pu(dylh,an) = /@ 0n(6) Ry(A6 | ),

_>/®(/f(y)P9,t(dyh,a)) Ry(d6 | h),

=g(0)

= / f(w)P(dyl|h, a). (Fubini-Tonelli)

899 Regarding the second part, it is less straightforward to prove. We assume Assumption 4. Recall that

90 R:(df|h)= %. We omit the normalization constant for simplicity, and simply include

901 itin 4.

902 Define some sequence (h,, a,) — (h,a), and consider

/ F)Pu(dy | by, a) = /@ / F@) Pos(dy | B, @) £(8, 1) (d6) = /@ G (B, i, B)64(0 ) (A6).

::G‘f(hn,anﬁ)

903 Clearly G is bounded and ¢, is jointly continuous by assumption. Since © is compact, we have that
904 along any convergence sequence h, — h, the likelihood ¢; is uniformly bounded. If G/ is jointly
905 continuous in (h, a), then, by dominated convergence, we obtain

[ Gt an )60, 10100 [ Gt 0)6u0,11w08) = [ £(0)Puldy | hoa)
e e
90s which shows the claim. Hence, we need to show that (h,a) — Py (- | h, a) is weakly continuous for
907 each 6.
908 Using that dPy (- | h,a) = pe,(y | h,a)d), and recalling that by Assumption 4 py ; is jointly
909 continuous. We have

[ £ Pty [ hosan) = [ F)p01(0 o)
910 using again compactness (of ))) and continuity of the arguments, we derive weak continuity of
911 (h,a) — Py (- | h,a), which concludes the proof.
912 O
913 The main technical challenge in the continuous case is showing that the infimum inf,ec 4 Q7 cont (P, @)

o14 in the Bellman equation is attained. In finite .4 this is trivial; in compact continuous A it requires
915 lower semicontinuity of a — Q7 .o (7, @). We establish this through a value-iteration construction
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that propagates lower semicontinuity from the observation model through the posterior predictive
to the (Q-function. The proof adapts the general template of negative dynamic programming [9, 27]
to our stop/continue structure, where the stopping payoff involves r(h) = sup,, ¢:(h, ) — itself a
supremum over a continuous set whose upper semicontinuity must be established first (Lemma 3).

We build a sequence of values Wt(n) (h) and show that these are L.s.c. in h.

Starting from V;*, we construct W;* and build an increasing sequence W, ™ from below. We show
that each Wt(") is L.s.c. in h and that for each fixed h, the map a +— an)(h, a) is L.s.c. on A. We

then show that Wt(") approaches ;. We conclude by showing that W} = V* 4 A, proving that V,*
isl.s.c.

Define Wt(o) (h) :== 0 for all ¢, h. Recursively for n > 0, define
=1t [ Wk 0Py o)
Ci"(h) = inf Q" (h.a).

W (h) = min{\ — Are(h); C™ (h)}.
Also define W (h) = Vi*(h; A) + A. We also define the operator 7; as follows:

(Tzw)(h) == min {/\(1 —r¢(h)), 1+ in u(h,a,y)P;(dy | h,a)} )

f
acA y
therefore Wt(nﬂ) = 7§Wt(ﬂ. One can clearly show that the operator is monotone, as for u(h) < v(h)
we have (T;u)(h) < (T;v)(h). Therefore U;(h) := sup,,>q Wt(”)(h) exists pointwise, and satisfies
0 < Ui(h) < A
Lemma 8. Assume Assumption 2 and Assumption 4. For every t € N, the iterates Wt(") and C’t(")

. . n . . .
are lower semicontinuous, and for each fixed h, a — QE )(h, a) is lower semicontinuous on A and
attains its minimum.

Proof. Let gi(h) = A(1 —r(h)) and fix ¢. We prove the argument by induction on n: for a fixed n,
w is Ls.c. for every s.

Base Step. Clearly, for all ¢, Wt(o) is Ls.c. , and since ng)(h, a) = 1 and C’t(o)(h) = 1, we have
WY (h) = min(gq(h), 1) which s Ls.c. if —r is Ls.c. (which is, by Lemma 3).

Then, assume the induction hypothesis. We use that Wt(fi is I.s.c. and prove that Wt(”H) is Ls.c.
We do so in 3 steps: first we prove that a — Q\" (h, a) is L.s.c. Then, we prove that i — C\™ () is
Ls.c. Lastly we show that Wt("'H) is Ls.c.

Step 1. Fix h and consider a sequence a,, — a. Define ji,,, = 64, @ Pi(- | h,a,,) and p =
0o @ Py(- | h,a). By Lemma 7 we have that a — P;(- | h,a) is weakly continuous, and thus

[m = . Since Wt(ﬂ is L.s.c. and bounded, the Portmanteau theorem yields

hminf/ Wt(ri(h,a/,y)dpm 2/ Wt(fi(h, a',y)du.
YxA YxA

m—ro0
therefore a — QE”) (h,a) is Ls.c. on compact A, and the infimum is attained.

Step 2. We now show that h +> C’t(n)(h) is Ls.c. Define a sequence (h., ), such that h,, — h.
Choose a subsequence (h,y, )i such that Ct(n) (hm,) — liminf,, oo C’t(”) (hm). For each k choose
Qm, € argminggc 4 an)(hmk,a). Since A is compact, by passing to a further subsequence if
necessary, we may assume a,,, — a. Define p,,, = (5(;17%@%) ® Pi(- | by, am,,) and p =
O(h,a) ® Py(- | h,a). Since by assumption we have that (h,a) — P;(- | h,a) is jointly weakly
continuous, then (., = . Similarly to before, we obtain

lim inf Q" (hyny s @) > Q4" (h,a) = G (h).
— 00
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base case inductive steps

Each diagonal arrow (3-step chain)

Step 1 Step 2 Step 3
(n) (m) . (n) (n+1)
Wt+ 1 Ot (h: ) Ct Wf
l.s.c. (IH) l.s.c.ina l.s.c.inh l.s.c.
Portmanteau compact A min(g, -)
+ weak cont. + seq. argument preserves |.s.c

Figure 5: Induction diagram used in the proof of Lemma 8.

But Q\"™ (hm, s am,) = C™ (), therefore lim inf,, o0 C\™ (hin) = limp_yo0 C™ (A, ) >
™ (h). Therefore C\™ is Ls.c. in h.

Step 3. Lastly, consider Wt(”+1) = min(g¢(h), Ct(n)(h)). Since both arguments are l.s.c., then

Wt("ﬂ) is L.s.c. Since ¢ was arbitrary, the statements holds for all ¢.
O

Then, since each Wt(”) is Ls.c., we get that Uy (h) is 1.s.c. (arbitrary suprema of L.s.c. functions are
Ls.c.).

Lemma 9. Assume Assumption 2 and Assumption 4. For every t € N, define
QtU(ha a) =1 +/ Ut+1(ha a)y)Pt(dy | h,CL), CtU(h) = Heli Qi[tj(ha a)7
y a

then U(h) = min{g;(h), CY (h)}. Furthermore, we have that a — QY (h,-) is lower semicontinu-
ous and QY (h, a) is jointly Borel measurable.

Proof. Let g;(h) = M1 — r¢(h)) and fix t. Since Wt(ﬂ 1 Uy and Wt(ﬁ > 0, by monotone

convergence for each (h, a) we have Q'™ 4 QY. By Lemma 8, each Q{™ (h, -) is Ls.c., thus QY is
also L.s.c. being the suprema of L.s.c. functions. Furthermore, since each U;41(h, a,y) is L.s.c., and
(h,a) — P;(- | h,a) is a Borel kernel, then QY (h, a) is jointly Borel measurable.

Next, we show that sup,, inf, Q\™ (h,a) = inf, sup, Q" (h,a) = CY(h). To show this, let
m, = inf, an)(h, a) and m = sup,, m,. First, note that by monotonicity for all N we have
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my = inf, Q" (h,a) < inf, QY (h,a) = CY(h), and thus m < CV(h). Now, choose some

minimizers a,, € argmin, QE”)(h,a). By compactness, there is some subsequence satisfying
an, — a. Choose some integers %o, then by monotonicity for all large k we have

QS&iO)(ha ank) S ank)(ha ank) = Mp,,-
Therefore liminfym,, = m > Qgi")(h,a). Since this holds for any i;, we have
m > sup;, EZO)(h,a) = QV(h,a) > CF(h), which shows that sup, inf, QE")(h,a) =
inf, sup,, an) (h,a) = CY (h).

Hence, we have that U (h) = sup, W." "V (h) = sup, min{g(h),C\" (h)}. Since C\™(h) 1
CY(h), we have U;(h) = min{g,(h), CY (h)}. O

Finally, we show that U, is actually the true optimal value W;.

Theorem B.1. Assume Assumption 2 and Assumption 4. For every t € N, we have that U;(h) =
Vi(h) + A\ and Vi is Ls.c.

Proof. Let gi(h) = A(1 — r¢(h)) . We first show that U, is actually a lower bound on the cost of any
policy. Then we construct a policy that achieves equality.

Step 1 (lower bound). Consider any admissible policy 7. At any history h at time ¢,

1. if 7 stops, then U;(h) < g;(h) since U;(h) = min{g;(h), CY (h)}.

2. if w continues with some action a, then

Un(h) <1+ / U1 (hya, ) Po(dy | b a),
y

since CY (h) < QY(h,a).

Let 7 be the first timestep the policy 7 decides to stop. Then, iterating up to min(7, ¢+ N)

min(7,t+N)—1
Uy(h) <E™ S 14 lpcinygr (He) + 1rseny Ui n (Hegn) | Hy = b | = TR (R).

s=t

If the policy achieves infinite cost, then the inequality is true for all N since U;(h) is bounded.
Then, consider the case where the cost is finite as N — co. Since g, > 0, this implies E™[7 — ¢ |
H; = h] < oo, therefore 7 < oo almost surely. Consequently, by dominated convergence the
remainder term +1;,,, nyUs v (Hiyn) vanishes as N — oo. Therefore, letting N — oo we
obtain Uy(h) < limy_,o0 J5(h) == J7(h), and taking infimum over 7 we get U (h) < W} (h).

Step 2 (equality). From Lemma 9, QY (h,a) is ls.c. on A for each h, and A is compact.
Furthemore QY (h,aU) is jointly Borel-measurable. Then, there exists a measurable selector
af(h) € argmin, QY (h,a) [17]. Then both CY (h) = QY (h, a; (h)) is Borel measurable. Consider
then a policy 7* that stops at A if g;(h) < CY (h), and otherwise continue with a} (h). Denote by 7*
this stopping rule. Along this policy, the Bellman minimum is attained with equality at every step,
therefore
min(7*,t+N)—1
Ui(h) =E" Yo Ul ge (Heo) + Lpospy Ui v (Hipn) | He = B

s=t
Since U (h) is bounded, we have
A > Uy(h) > E™ [min(7*, ¢t + N) — t | H, = h).

Letting N — oo, we obtain E™ [7—t | H; = h] < \. Therefore the remainder term 1 (-~ ¢4 ny Urt v
vanishes as N — oo by dominated convergence since U,y < A and 7° < oo almost surely.
Therefore we obtain Uy (h) = J™ (k). Since W*(h) is the minimal cost we obtain W7 (h) < U;(h),
but from the previous step we also have Uy (h) < W (h). Therefore U (h) = Wi (h) = V*(h; A)+ .
Finally, V;* is L.s.c. since U, is l.s.c. O
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Hence, we conclude with the following result

Proposition 2 (Actor over A and stopping action). Assume Assumption 2 and Assumption 4. and
let a*(h) € argminge 4 Q7 cont (M, @). Then an optimal policy can be implemented by: (i) selecting
a*(h) as the continuation action, and (ii) stopping iff Qf sop(h) < QF cont (h; a*(h)).

Proof. By (17), at each history & the optimal action is whichever attains the minimum between
QF stop(h) and inf,e 4 QF cone(h,a). If a*(h) attains the infimum over A, then the comparison

Q;,stop(h) S Q;cont(h7 a*(h)) iS eql'livalent to Qastop(h) S infa Q;cont(hﬁ a‘)’ i'e" StOppil’lg iS
optimal. Otherwise continuing with a*(h) is optimal.

O

This last result shows that an algorithm can act in the augmented space A while never explicitly
parameterizing a “stop action” in the actor.

Hence an optimal policy can be implemented by:

1. choose a continuation action a*(h) € argminge 4 Q7 con (P, @) (this is the actor over A
only);

2. stop if Q7 stop(h) < QF cont (R, a*(R)), otherwise continue with a*(h).

This is mathematically equivalent to having a single policy over A that selects
arg min{Q} sop (7), ming QF cone(h,a)}, but it decomposes the decision into (i) a continu-
ous control over A and (ii) an optimal-stopping comparison against a scalar stop value. Therefore,
one can learn a Q-value for the stop decision and comparing it to the ()-value of the actor-chosen
action: this is consistent with the optimal control structure of (17), provided the actor approximates
the minimizer of Q7 ..., (1, -) and the critic estimates are calibrated.

B.3.4 Reward Shaping and Removal of the Stop Action

The stop action need not be explicitly parameterized by the actor. Indeed, for fixed A > 0, the
Lagrangian objective

T—1
E™ | 1= X (Hy) | Hy=h
s=t

is equivalent, up to an additive constant independent of the policy, to maximizing the shaped return
obtained from the one-step reward

R = —1 4+ A (rop1(Hop1) — 75(H,)).

Thus the actor may be restricted to continuation actions a € A, while the stopping decision is
implemented by comparing the best continuation advantage against the stop value, which is zero in
the shaped formulation. Equivalently, using the rescaled reward

1
__j( + Ts—%],(}{s4fl) —Ts (}¥g)
gives the same optimal policies.

Lemma 10 (Reward shaping). Fix A > 0. For a continuation policy w and stopping time T, define
the original Lagrangian cost

T—1

> 1 r(H:)

s=t

JMh;w,7) =E"

11} = ll} 5
and the shaped return

GMhym,7) =E~

T—1
ZR;h(HS,AS,HSH)‘Ht - h] .

s=t

Then
argmin J) (h; 7, 7) = arg max G7 (h; 7, 7).

T, T ™, T
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