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Abstract

In active sequential testing, also termed pure exploration, a learner is tasked with the1

goal to adaptively acquire information so as to identify an unknown ground-truth2

hypothesis with as few queries as possible. This problem has several motivating3

applications, including Best-Arm Identification (BAI) in bandits, where actions4

index hypotheses, and generalized search problems, where strategically chosen5

queries reveal partial information about a hidden label. In many modern settings,6

however, the hypothesis, or recommendation space, is continuous: for example,7

identifying a near optimal action in a continuous-armed bandit, localizing an ϵ-8

ball contained in a target region, or estimating the minimizer of a function from9

noisy observations. Existing methods are predominantly frequentist and model-10

specific, while learned approaches have been limited to finite recommendation11

spaces. We introduce C-ICPE, a theory-guided learned model for Bayesian fixed-12

confidence pure exploration with continuous recommendations. C-ICPE meta-13

trains sequential architectures over a task prior to jointly learn exploration, stopping14

and recommendations strategies. At inference time, it actively gathers evidence on15

tasks and identifies an ϵ-optimal recommendation without parameter updates.16

1 Introduction17
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Figure 1: C-ICPE is able to identify
the global maxima (with ϵ-accuracy
and 1 − δ confidence) of the in-
verted Ackley function (with ran-
dom parameters and observation
noise) without gradients while try-
ing to use the least number of data-
points.

Several learning problems are inherently interactive: the learner18

sequentially performs interventions or stages queries, observes19

noisy evidence whose distribution depends on that intervention,20

and stops once the accumulated evidence supports a reliable21

conclusion. This type of interactive sequential decision-making22

problem goes back to Chernoff [12] and has been formalized23

through active sequential hypothesis testing [37] and pure ex-24

ploration with fixed confidence [6, 14], where the learner min-25

imizes the number of queries subject to returning an ϵ-accurate26

recommendation with probability at least 1− δ.27

This regime is well understood in canonical settings with finite28

decision spaces, including best-arm identification in stochastic29

multi-armed bandit models [19] and best-policy identification30

in Markov Decision Processes (MDPs) [44]. In these settings31

the learner chooses queries (e.g., arms) and outputs an object32

of interest, often a best action/policy, and the theoretical guar-33

antees have been studied in a range of settings [14, 43, 3, 52].34

Despite this progress, practical methods for fixed-confidence35

pure exploration remain limited when the learner must return a recommendation in a continuous36
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space. Existing continuous methods are either frequentist and model-specific [20, 58, 42, 48] or37

Bayesian but restricted to Gaussian processes and not optimizing sample complexity [65]. Even in38

finite arms, the theory of Bayesian fixed-confidence pure exploration is limited, and results are known39

only in the finite setting with Gaussian likelihoods/priors [29]. No analogous Bayesian theory, nor40

practical methods, are known for continuous recommendation spaces under general priors.41

Recently, [53] proposed In-Context Pure Exploration (ICPE), which meta-trains sequential neural42

policies for finite active-testing problems. However, ICPE is restricted to finite hypothesis and43

action sets, and does not address the continuous recommendation setting. Hence, it is currently44

missing a broadly reusable learned method for Bayesian fixed-confidence pure exploration when the45

recommendation itself is continuous and performance is optimized over a task prior. We introduce46

C-ICPE, a theory-guided method that learns to collect data, stop, and recommend directly from47

trajectories in continuous recommendation spaces. This type of (ϵ, δ)-PAC exploration directly48

addresses problems in experimental sciences such as materials discovery [36] and dose-finding [41],49

where each trial is costly, observations are noisy, and practitioners need not just a good answer but a50

guarantee that the answer is ϵ-correct with a given confidence.51

Contributions. First, we formulate Bayesian fixed-confidence pure exploration with continuous52

recommendations, and establish the corresponding Bellman optimality structure. Second, we prove53

Bayesian (ϵ, δ)-correctness under a local closedness condition that is weaker than the uniqueness54

assumption in [53], using a novel subdifferential argument. Third, we instantiate this framework into55

a practical method, C-ICPE, to train exploration policies that deploy model-free, and evaluate it on56

noisy binary search, ϵ-best arm identification on the unit sphere, noisy Ackley minimization, value57

estimation in Gaussian Processes and a real-world geochemical task where the goal is to locate peak58

copper concentration from sparse soil measurements [1]. To our knowledge, this is the first practical59

learned framework combining continuous recommendations and fixed-confidence stopping.60

2 Problem Setting61

We consider a Bayesian family of active sequential decision problems indexed by a latent parameter62

θ ∈ Θ, where Θ ⊂ Rd is compact and θ ∼ ν. Each environment Mθ specifies an initial observation63

law ρθ ∈ ∆(Y) and observation kernels Pθ,t(·|ht, at) over a compact observation space Y ⊂ Rn.64

In sequential testing, the learner interacts with Mθ over time: in round t it observes the history65

Ht := (Y1, A1, Y2, . . . , At−1, Yt),

chooses a query At ∈ A ⊂ Rm (compact), and observes Yt+1 ∼ Pθ,t(·|Ht, At). The goal is to66

collect a history that is sufficiently informative to output a high-quality recommendation x̂ ∈ X ,67

where X is compact. We refer to X as the hypothesis or recommendation space. We distinguish68

A from X : A is the query space used to collect information, while X is the space of objects the69

learner may return. In many tasks X = A, but in value-identification tasks X may instead be a set of70

possible function values.71

Risk function. Recommendation quality is measured by a task-dependent loss, or risk, function72

Lθ : X → [0,∞), satisfying infx∈X Lθ(x) = 0. We say that x is ϵ-optimal for task θ if Lθ(x) ≤ ϵ,73

and define74

Xϵ(θ) := {x ∈ X : Lθ(x) ≤ ϵ}.
In the following, we assume that (θ, x) 7→ Lθ(x) is jointly lower semicontinuous (in Section B we75

state the regularity assumptions used in the theoretical results). Throughout the paper, x⋆θ denotes76

a selected zero-loss target in the recommendation space X , i.e., Lθ(x⋆θ) = 0. Depending on the77

problem, this object may be an optimizer, a best arm, a threshold, or an optimal value. When the78

zero-loss set is not a singleton, we assume a fixed continuous selector θ 7→ x⋆θ to ensure regularity.79

In many examples, the loss is defined through a function fθ parametrized by θ. In function optimiza-80

tion problems, we set X = A, and the goal is to find a point x̂ ∈ X that optimizes the function. In this81

case, one can take the risk loss Lθ to be value-gap loss Lθ(x) := fθ(x)− fθ(x⋆θ), with x⋆θ ∈ F ⋆(θ),82

where F ⋆(θ) := argminx∈X fθ(x), or a distance loss in the query space Lθ(x) := ∥x⋆θ − x∥ if the83

goal is to find x close to a selected optimal point x⋆θ ∈ F ⋆(θ). Other problems include the ϵ-best arm84

identification problem in multi-armed bandits where fθ(x) is the mean reward of arm x, or noisy85

binary search in a continuum, where the agent observes noisy observations of sign(x− x⋆θ) and the86

loss is defined in the query space. Problems where the recommendation space X is not identical to87
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the query space A include optimal-value identification, where the learner returns a scalar estimate of88

the optimal value: we take X ⊂ R, and set Lθ(x) := |x− x⋆θ| where x⋆θ := maxa∈A fθ(a).89

Optimization objective. We work in the fixed-confidence ((ϵ, δ)-PAC) regime. A learner is defined90

by the triplet (π, I, τ): a sampling policy π = (πt)t≥1 such that At = πt(Ht); a stopping time91

τ with respect to Ft = σ(Ht), defining when to stop the data acquisition process; an inference92

rule I = (It)t≥1 such that x̂τ = Iτ (Hτ ). The goal of the learner is to adaptively choose queries93

A1, A2, . . . and a stopping time τ , so that the returned x̂τ is ϵ-optimal, i.e. x̂τ ∈ Xϵ(θ), with high94

probability. Hence, for a given pair ϵ > 0, δ ∈ (0, 1/2), we seek to minimize the (expected) number95

of queries while ensuring δ-correctness: formally, we solve96

inf
τ,π,I

Eπθ∼ν [τ ] s.t. Pπθ∼ν (x̂τ ∈ Xϵ(θ)) ≥ 1− δ, Eπθ∼ν [τ ] <∞. (1)

Our formulation is Bayesian: ν is both a prior over environments and the task distribution used97

for training and evaluation. This enables amortized learning across tasks: the models are trained98

on episodes drawn from ν and transfer to new tasks from the same family without parameter99

updates. Second, it defines the posterior success probability qt(h, x) that drives our theory and100

algorithms. Third, the average-case guarantee under ν is the natural objective for applications where101

the practitioner has domain knowledge about plausible task distributions. For this setup, we are not102

aware of analogous Bayes-optimal characterizations for continuous recommendation spaces under103

general priors, as results are limited to finite settings with Gaussian structure [29].104

3 Theoretical Background105

This section provides the theoretical foundation for C-ICPE, where we characterize an optimal learner.106

Relative to the finite ICPE analysis of Russo et al. [53], the continuous setting introduces two technical107

issues absent in finite spaces: (i) attainment of the Bellman equation over continuous actions requires108

establishing a semicontinuity chain from the observation model through the posterior predictive to109

the Q-function, and (ii) the (ϵ, δ)-correctness proof must handle non-singleton dual optima, which110

we address via a weaker local closedness condition and a subdifferential argument that replaces the111

uniqueness and monotonicity assumptions of the finite case. Together, these results provide the first112

theoretical infrastructure for Bayesian pure exploration with continuous recommendations.113

Posterior success and optimal inference. In the fixed-confidence setting with continuous X , the114

relevant posterior object is the posterior probability that x is ϵ-optimal:115

qt(h, x) := P (Lθ(x) ≤ ϵ | Ht = h) , rt(h) := max
x∈X

qt(h, x).

Here qt(h, x) is the posterior success probability of recommending x, and rt(h) is the best posterior116

success probability achievable from history h. One can show that the maximum is attained and an117

optimal inference rule is any selector (see Proposition 1 for a proof)118

I⋆t (h) ∈ argmax
x∈X

qt(h, x).

Dual formulation and Bellman optimality. We study the fixed-confidence problem in Eq. (1)119

through its Lagrangian dual, following the ASHT literature [37, 53]. Introducing a multiplier λ ≥ 0120

for the correctness constraint gives121

Vλ(π, I, τ) := −Eπθ∼ν [τ ] + λ (Pπθ∼ν (Iτ (Hτ ) ∈ Xϵ(θ))− 1 + δ) , inf
λ≥0

sup
π,I,τ

Vλ(π, I, τ). (2)

For fixed π and τ , optimizing over I replaces the terminal success probability by Eπ[rτ (Hτ )]. Hence,122

for fixed λ, the inner problem is equivalent up to a constant to maximizing Eπ[λrτ (Hτ )−τ ]. Stopping123

can also be embedded as an absorbing action astop: the learner continues with actions in A until it124

selects astop, at which point it stops and outputs I⋆t (Ht); see Lemma 6. Thus the fixed-λ problem is125

an optimal-stopping control problem on Ā = A ∪ {astop}.126

For t ≥ 1 and h ∈ Ht, define the optimal reward-to-collect value127

V ⋆t (h;λ) := sup
π̄

Eπ̄θ∼ν [λrτ̄ (Hτ̄ )− (τ̄ − t) | Ht = h] . (3)

Define128

Q⋆t,stop(h;λ) := λrt(h), Q⋆t,cont(h, a;λ) := −1 + E
[
V ⋆t+1(Ht+1;λ) | Ht = h,At = a

]
,

where the expectation is under the posterior predictive kernel P̄t(· | h, a).129
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Theorem 3.1 (Bellman equation and greedy deterministic optimality). Assume the regularity condi-130

tions of Section B.3 (Assumption 2 and Assumption 4), then131

V ⋆t (h;λ) = max

{
Q⋆t,stop(h;λ), sup

a∈A
Q⋆t,cont(h, a;λ)

}
. (4)

Moreover, let a⋆t (h) ∈ argmaxa∈AQ
⋆
t,cont(h, a;λ). The deterministic policy π̄⋆ defined by132

π̄⋆(h) = astop if Q⋆t,stop(h;λ) ≥ Q⋆t,cont(h, a⋆t (h);λ),

and π̄⋆(h) = a⋆t (h) otherwise, is optimal for the fixed-λ inner problem.133

Unlike the finite case, where Bellman attainment is automatic, the continuous setting requires134

verifying that the supremum over a ∈ A in Eq. (4) is attained. Our proof (Section B.3.3) establishes135

this through a value-iteration construction that also handles the coupling with the stopping/continue136

structure, and propagates lower semicontinuity from the observation model through the posterior137

predictive kernel to the Q-function. This semicontinuity chain is specific to this problem and does138

not follow from any existing reference by specialization.139

Zero duality gap and (ϵ, δ)-correctness. The Bellman theorem characterizes the inner problem140

for a fixed multiplier λ. We now state when the Lagrangian relaxation is exact. Let c(π) := Eπ[τπ],141

ρ(π) := Eπ[rτπ (Hτπ )], and K := {(c(π), ρ(π)) : π ∈ T }, where τπ is the stopping time of a policy142

whose action space embeds the stopping decision. The time-sharing assumption, stated formally in143

Assumption 7, says that ex-ante randomization between two admissible policies remains admissible144

and therefore convexifies K.145

Theorem 3.2 (Zero duality gap and (ϵ, δ)-correctness). Assume time-sharing (Assumption 7), and146

assume strict feasibility (Assumption 8), i.e., there exists a feasible πsf ∈ T such that ρ(πsf) > 1− δ.147

Then, the duality gap is zero. Furthermore, let g(λ) := infπ∈T {c(π) + λ(1 − δ − ρ(π))}, λ⋆ ∈148

argmaxλ≥0 g(λ), and let S(λ⋆) be the set of dual minimizers at λ⋆. If there exists ϵ0 > 0 such that149

Kϵ0(λ⋆) := {(c, ρ) ∈ K : c+ λ⋆(1− δ − ρ) ≤ g(λ⋆) + ϵ0}

is closed in R2, then there exists a dual-optimal policy π⋆ ∈ S(λ⋆) that is primal optimal. Conse-150

quently, with the posterior-optimal inference rule I⋆t (h) ∈ argmaxx∈X qt(h, x),151

Pπ
⋆

θ∼ν
(
Lθ
(
I⋆τπ⋆ (Hτπ⋆ )

)
≤ ϵ
)
≥ 1− δ.

This theorem improves on the corresponding result in [53] in two ways. First, we replace the152

assumption that the dual-optimal policy is unique with a weaker local closedness condition on153

the near-optimal set Kϵ0(λ⋆): this allows multiple dual-optimal policies, which is more natural.154

Second, while [53] derives correctness via a monotonicity argument on the optimal cost, our proof155

(Section B.4) uses a direct subdifferential characterization to show that if all near-optimal policies156

have ρ < 1− δ, then every subgradient of the dual value is strictly negative, contradicting optimality.157

Zero duality gap follows from a standard perturbation argument [47, 10]; see Section B.5.158

4 Continuous ICPE: C-ICPE159

In this section we describe C-ICPE, a practical method based on the theory of the previous section.160

C-ICPE has three components: inference, stopping, and exploration. Each of these are implemented161

via learned sequential neural architectures, trained end-to-end from interaction data. Once trained, we162

use C-ICPE at deployment time (a.k.a. test-time or inference-time) to perform pure exploration. We163

now describe the models learned by C-ICPE and the training procedure. More details can be found in164

Section C of the appendix.165

Training Protocol. We adopt a similar meta-training protocol as the one used in [53] to train the166

models. Briefly, we assume access to a simulator over ν from which we can sample trajectories. We167

use a meta-training, where we sample tasks θ ∼ ν and assume access to a zero-loss target x⋆θ ∈ X ,168

collect trajectories using C-ICPE, store the data in a replay buffer B, and perform off-policy updates:169

(1) a likelihood update of the parameters of the inference model, (2) a DQN-like update of the critic170

and (3) an update of the actor based on the learned Q function. After training, we freeze all models;171

deployment requires no access to x⋆θ or the prior. We now discuss the modeling of these components172

more in detail.173
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Algorithm 1 C-ICPE
// Training phase

1: Initialize buffer B, networks Qψ , Iϕ, actor π.
2: while Training is not over do
3: Sample environment Mθ ∼ ν and hypothesis x⋆θ ; observe Y1 ∼ ρ and set t← 1.
4: repeat
5: Execute action At ∼ π(· | Ht) according to actor π and observe Yt+1.
6: Add partial trajectory (Ht, At, Yt+1, x⋆θ) to B and set t← t+ 1.
7: until Qψ(Ht, astop) ≥ Qψ(Ht, At).
8: In the fixed confidence, update c according to Eq. (9).
9: Sample batch B ∼ B and update models using Linf(B;ϕ) (Eq. (5)) and Lcritic(B;ψ) (Eq. (7)); for TD3, train π

according to Lact(B;ψ) (Eq. (8)).
10: end while

// Inference/Deployment phase (models are fixed here)
11: Sample unknown environment M ∼ ν and collect a trajectory Hτ using π (until Qψ(Ht, At) ≤ Qψ(Ht, astop)).
12: Return x̂τ = µϕ(Hτ ) (recommendation).

Gaussian inference model. For a history h, the ideal inference rule maximizes the posterior success174

probability qt(h, x) := P(Lθ(x) ≤ ϵ|Ht = h) over recommendations x ∈ X . However, computing175

qt is not straightforward, as the posterior distribution may have a complex shape. Instead, we train176

the inference model to learn the posterior law of x⋆θ from trajectories and outputs a diagonal Gaussian177

distribution characterizing the uncertainty around x⋆θ178

Iϕ(·|h) = N
(
µϕ(h), diag(σ

2
ϕ(h))

)
.

The recommendation at stopping is defined as the mean x̂ = µϕ(h). The covariance characterizes the179

uncertainty around this point, and, as shown in Proposition 7, the optimal mean and covariance are180

the posterior mean and covariance of x⋆θ given Ht = h. Thus the Gaussian is a moment projection181

of the posterior law of x⋆θ . The deployed recommendation x̂ = µϕ(h) should therefore be viewed182

as a tractable approximation to argmaxx∈X qt(h, x), rather than as an exact maximizer of qt. In183

Section B.7, we show that µϕ is near-optimal when the posterior uncertainty on x⋆θ is small relative184

to the ϵ-success margin (see Proposition 8). This justification is most direct for localization losses,185

where Xϵ(θ) is a neighborhood of x⋆θ .186

We train ϕ using a log-likelihood loss on a batch of partial trajectories B = (x⋆i , Hti)i sampled from187

the buffer B, where x⋆i is the optimal point for trajectory i and ti is a timestep sampled uniformly at188

random for that trajectory189

Linf(B;ϕ) = −
|B|∑
i=1

log Iϕ (x
⋆
i |Hti) . (5)

In the following, we denote by ϕ̄ the target parameter of the inference model, updated via a Polyak190

update ϕ̄← (1− τI)ϕ̄+ τIϕ with τI ∈ (0, 1).191

Critic and reward definition. We parametrize the critic by ψ, and model it with two heads: a192

continuation head Qψ(h, a) for a ∈ A and a stopping head Qψ(h, astop). We also define the value:193

let atgt(h′) be the continuation target action proposed at the next history by the current policy, then194

the value is defined as195

Vψ(h
′) := max {Qψ(h′, astop), Qψ(h′, atgt(h′))} ,

Using the definition of the Q function from Theorem 3.1, we learn the paramter ψ using TD-learning.196

While the ideal reward would be rt(h) = maxx qt(h, x), to better capture the uncertainty around the197

recommendation µt(h), we use a sampled reward from the target inference model Iϕ̄:198

r̂(h, θ) :=
1

K

K∑
k=1

1
{
Lθ(X

(k)) ≤ ϵ
}
, X(k) ∼ Iϕ̄(·|h). (6)

Conditionally on (h, θ), this is an unbiased estimate of the probability that a sample from the inference199

distribution lies in Xϵ(θ). After averaging over the posterior, this reward is EX∼Iϕ̄(·|h)[qt(h,X)] ≤200

rt(h), so it is a conservative version of the ideal posterior reward and allows the model to capture the201

current uncertainty in the recommendation rule (Proposition 6 in the appendix makes this precise, as202
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the gap between the practical reward r̂t(h) and the ideal Bellman reward rt(h) is controlled by the203

second moment of the inference model).204

Then, we sample a batch of partial trajectoriesB = (Hti , Ati , Hti+1, dti , x
⋆
i )i from the buffer, where205

ti is a uniformly sampled timestep for the i-th trajectory and dti = 1 when the maximum horizon is206

reached. Then, we use targets207

ystopi = r̂(Hti , θ), yconti = −c+ dti r̂(Hti+1, θ) + (1− dti)Vψ̄(Hti+1),

where we reparametrized the Lagrange multiplier as a per-step cost c = 1/λ and the inner Lagrangian208

objective remains the same. Then, the critic loss is209

Lcritic(B;ψ) =
1

2|B|

|B|∑
i=1

[(
Qψ(Hti , Ati)− yconti

)2
+
(
Qψ(Hti , astop)− y

stop
i

)2]
. (7)

The critic also decides when to stop: at rollout time the current policy π first proposes At, and the210

learner stops iff211

Qψ(Ht, astop) ≥ Qψ(Ht, At).

Hence, at deployment, no access to θ is required as the stopping comparison uses only Ht.212

Policy and actors. The policy, or actor rule, decides what continuation action a ∈ A to choose next.213

Depending on the whether X = A, we propose three possible actor rules.214

Thompson Sampling (TS) rule: this rule can be used when the recommendation space and the query215

space coincide X = A, and eliminates the need for a separate actor. This rule draws inspiration from216

classical Thompson Sampling [60]: the policy is implicitly represented by the inference model, and217

the actions are sampled according to At ∼ Iϕ(·|Ht). This is useful when informative queries are218

themselves plausible recommendations. Early in an episode the exploration is more spread; later, as219

the posterior target law contracts, TS concentrates near the current recommendation. As target action220

for the critic we use the mean value of the inference model atgt(h) = µt(h).221

Top Two Posterior Sampling (TTPS) rule: also this rule can be used when the recommendation space222

and the query space coincide X = A. This rule is similar to classical TTPS [54], but we extend223

it to the continuous case. This rule draws a sample At ∼ Iϕ(·|Ht) and, with probability 1/2, it224

samples until the new sample is farther from the mean µϕ(Ht). The logic is that the posterior mean225

is the current recommendation, while samples farther from it represent plausible alternatives. TTPS226

therefore spends some probability mass checking alternatives instead of repeatedly querying near the227

current mean before the stopping critic is confident. As target action for the critic we use the mean228

value of the inference model atgt(h) = µt(h).229

TD3 rule [18]: this rule can be used for general recommendation spaces when A ̸= X , and formally230

tries to solve the Bellman equation in Theorem 3.1. It learns a parametric actor πϑ(h) ∈ A from the231

critic. The deterministic actor is trained by232

Lact(B;ϑ) = − 1

|B|
∑
i

Qψ(Hti , πϑ(Hti)). (8)

The critic target uses the usual TD3 stabilizers: a target actor, target-action smoothing, and twin233

critics. In case X = A we can use a stochastic TD3 variants, where TD3 learns the mean µ̄ and234

covariance Σ̄ of a Gaussian actor. In this case the loss is augmented with an imitation learning235

loss KL(Iψ(·|h)∥πϑ(·|h)) that provides a rich signal: the actor can increase variance when sampled236

actions have higher continuation value and shrink it when exploration is no longer useful.237

Cost update. We update the per-step cost c by simply performing a gradient step on the238

dual variable. We sample a fresh batch of trajectories, and estimate the success rate p̂ =239

1
|B|
∑|B|
i=1 1

{
µϕ(H

(i)
τ ) ∈ Xϵ(θ(i))

}
, and update the cost as follows240

c← Proj[0,1] (c− ηc ((1− δ)− p̂)) . (9)

If empirical success is below 1− δ, the cost decreases and trajectories become longer; otherwise, if241

above the target, the cost increases and stopping becomes more aggressive.242

Correctness certification. The zero-duality result from the previous section justifies the ideal243

Lagrangian objective, but a trained model is still approximate. In Section B.6 we outline how to244

obtain formal (ϵ, δ)-guarantees on the trained model (see Proposition 5).245
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5 Empirical Evaluation246

We evaluate C-ICPE on various benchmarks: noisy binary search, ϵ-best arm identification on the247

unit sphere, Ackley minimization, and GP max-value estimation. We also validate on on a real-world248

geochemical exploration task [1]. We compare four exploration rules: TS, TTPS, TD3, and uniform249

sampling. For all experiments we set a maximum sample complexity tmax (details in Section D) and250

report 95% confidence intervals using bootstrap. We also compare against Bayesian optimization251

baselines whenever possible: Tree-structured Parzen Estimator (TPE) [8], Gaussian Process (GP)252

with UCB or Expected Improvement [57, 5], and CMA-ES [24]. Each is given a fixed sample budget253

larger than the median stopping time of C-ICPE. These methods are not (ϵ, δ)-correct competitors,254

and optimize a fixed-budget objective. We include them to test whether standard methods already255

attains the target correctness at comparable budgets. For ϵ-best arm on the sphere, we additionally256

compare against Lazy Track-and-Stop [30], an optimal frequentist fixed-confidence baseline.257

5.1 Synthetic Benchmarks258

We now provide a brief description of the benchmarks, and then discuss the results.259

Noisy binary search. The environment parameter θ is drawn uniformly from [−1, 1]d, with selector260

x⋆(θ) = θ. The agent queries a ∈ [−1, 1]d and observes, per coordinate, yi = ξi · sign(θi − ai),261

where ξi ∈ {−1,+1} are i.i.d. Rademacher random variables with P(ξi = +1) = 1− p. The loss is262

Lθ(x) = ∥x − θ∥2, so the ϵ-optimal set is Xϵ(θ) = {x : ∥x − θ∥2 ≤ ϵ}. Here X = A = [−1, 1]d.263

The difficulty is controlled by the noise rate p and the dimension d: each coordinate provides one bit264

of corrupted information per query, and the agent must simultaneously localize all d coordinates.265

ϵ-best arm on the sphere. The environment parameter θ is drawn uniformly on the unit sphere266

Sd−1, with selector x⋆(θ) = θ. The agent queries a ∈ [−1, 1]d and observes a noisy linear reward267

y = fθ(a) + ξ, where fθ(a) = θ⊤a and ξ ∼ N (0, σ2). The loss is defined via the inner product:268

Lθ(x) = 1 − fθ(x), so the ϵ-optimal set is Xϵ(θ) = {x : fθ(x) ≥ 1 − ϵ}. Here X = A, and the269

difficulty lies in estimating a direction from scalar projections.270

Ackley minimization. The agent must locate the global minimizer of a randomly parametrized271

Ackley function [40], a standard multimodal benchmark for global optimization. The parameter272

is θ = (α, β, γ, θ⋆), where (α, β, γ) control the function shape and θ⋆ ∈ [−1, 1]d is the global273

minimizer (selector x⋆(θ) = θ⋆). The agent queries a ∈ [−1, 1]d and observes a normalized274

function evaluation y = f̃α,β,γ(a− θ⋆) + ξ, ξ ∼ N (0, σ2). The loss is Lθ(x) = ∥x− θ⋆∥2. Here275

X = A = [−1, 1]d. The difficulty arises from the function’s many local optima and nearly flat outer276

region, which can trap greedy strategies; the agent must explore globally before converging.277

GP max-value estimation. A function f is sampled from a Gaussian process GP(0, kRBF(ℓ, σf ))278

on [0, 1]d, with lengthscale ℓ ∼ Unif[0.05, 0.2] and output scale σf = 1. The target is the scalar279

maximum value θ⋆ = maxx f(x), with selector x⋆(θ) = θ⋆ ∈ R. The agent queries a ∈ [0, 1]d and280

observes y = f(a) + ξ, ξ ∼ N (0, σ2). The loss is Lθ(x) = |x − θ⋆|. This is the X ̸= A setting:281

the recommendation space X ⊆ R is scalar while the action space A = [0, 1]d is d-dimensional,282
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Figure 2: Accuracy (top) and sample complexity (bottom) at the hardest (ε, σ) per benchmark.

7



0.0 0.2 0.4 0.6 0.8 1.0
X

0.0

0.2

0.4

0.6

0.8

1.0

Y

0.08

0.
08

0.16

0.1
6

0.2
4

0.24 0.24

0.24

0.24

0.32

0.32

0.32

0.32

0.32

0.32

0.32

0.40

0.40

0.4
0

0.40

0.40

0.40

0.40

0.40
0.40

0.48

0.48

0.48

0.48

0.48

0.48

0.48

0.56

0.56

0.56

0.
56

0.56

0.56

0.56

0.64

0.
64

0.64

0.64

0.6
4

0.64

0.72
0.72

0.7
2

0.72

0.
72

0.7
2

0.72

0.7
2

0.7
2

0.72

0.72

0.72

0.
72

0.80

0.80

0.8
0

0.80

0.80

0.
88

0.88

0.88

0.96

0.0

0.2

0.4

0.6

0.8

1.0

No
rm

al
ize

d 
Co

nc
en

tra
tio

n 
(ln

)

Figure 3: copper concentra-
tion in a 2D region in the
geochemical exploration task.
Red regions indicate concen-
tration of copper within ϵ of
the maximum value.

0.2 0.15
0.00

0.25

0.50

0.75

1.00

Ac
cu

ra
cy

GP value estimation

0.2 0.15
0.00

0.25

0.50

0.75

1.00
Geochem

0.2 0.15
ε

102

3 × 101

4 × 101

6 × 101

Sa
m

pl
e 

co
m

pl
ex

ity
 (l

og
)

0.2 0.15
ε

102

2 × 101

3 × 101
4 × 101

6 × 101

C-ICPE-TD3
C-ICPE-TS
C-ICPE-uniform

TPE
CMA-ES
GP-logEI

GP-UCB
Uniform bin
Uniform top 5%

accuracy target 1−δ= 0.90
budget Tmax
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requiring the TD3 actor to learn an exploration policy decoupled from the inference model. The283

difficulty is twofold: the agent must both explore to find the region of high function values and284

estimate the peak value to within ϵ, without knowing the function’s lengthscale in advance. For this285

problem we compare against two non-parametric baselines: (1) uniform sampling over the domain,286

reporting the trimmed mean of the top-5% observed values; (2) partitioning the domain into uniform287

bins, sampling uniformly within each bin, and reporting the highest bin average as the value estimate.288

Results. Figs. 2-4 report accuracy and sample complexity (and their 95% confidence intervals) at289

the hardest (ε, σ) per benchmark; full sweeps over (ε, σ, d), experimental details, and robustness290

to prior misspecification are in Section D. Across all four tasks, C-ICPE with learned exploration291

(TS, TTPS, or TD3) consistently meets the 1 − δ accuracy target, while BO baselines and non-292

parametric estimators fall well below, confirming that fixed-budget optimization does not yield293

(ε, δ)-correctness. C-ICPE-uniform is competitive at low d but degrades as dimension increases on294

Ackley and binary search, where directed exploration matters. On ε-best arm, uniform exploration is295

optimal by rotational symmetry [30], and Lazy Track-and-Stop achieves optimal sample complexity296

by exploiting the linear structure; C-ICPE matches the accuracy target but uses more samples,297

reflecting the cost of a model-agnostic stopping rule. On GP max-value estimation (X ̸= A), C-ICPE-298

TD3 meets the target while non-parametric baselines fall short; BO methods are inapplicable here as299

they return locations rather than values. Particularly, in Section B.9 we prove that (Theorem B.5),300

under an RBF-GP prior with interior regularity, max-value estimation is asymptotically harder than301

argmax localization: we establish a sample complexity lower bound for value estimation and an upper302

bound for argmax identification via a two-stage algorithm (T-BAL; Algorithm 2), showing that the303

geometric structure of the function helps localization but not value estimation.304

5.2 Geochemical Exploration305

Lastly, we construct a realistic task using data from the USGS Geochemical Survey [1], which306

provides measurements of copper concentration across the United States. The goal is to identify the307

location of peak copper concentration in an unknown region with (ϵ, δ)-guarantees. We partition the308

data into geographic regions, fit a sparse variational Gaussian process to each, and split regions into309

training and evaluation. Training regions are used to meta-train C-ICPE; we evaluate on held-out310

regions whose spatial structure was not seen during training. See also Section D.5 for more details.311

Results. In Fig. 4 we present the results. In this problem, for sake of simplicity we only test the312

TD3 and TS actors for ICPE, and compare with respect to classical Bayesian baselines. The results313

show accuracy and sample complexity on held-out regions: C-ICPE-TD3, C-ICPE-TS achieve the314

1− δ accuracy target, while BO baselines fall below the target while using a larger sample budget,315

demonstrating that both learned exploration and learned stopping contribute on this real-data task.316

This shows evidence that C-ICPE transfers across tasks with genuine distribution shift. In Section D.5317

we report the experimental details, and results for different values of ϵ.318

8



6 Discussion, Related Work and Conclusions319

Active sequential hypothesis testing (ASHT) provides the broad conceptual umbrella for this paper.320

In ASHT, a learner adaptively selects experiments and decides when to stop and declare a hypothesis,321

with the objective of minimizing expected sample size subject to a correctness constraint [12, 62, 22,322

37, 38]. A key methodological theme in this literature is that fixed-confidence constraints can be323

handled via Lagrangian duality. Closely related line of works include Bayesian experimental design324

and Bayesian active learning, which study adaptive data acquisition when the unknown is drawn325

from a known prior, typically optimizing expected utility or information gain [35, 23, 45], and active326

learning, which emphasizes selecting informative queries/labels to reduce uncertainty efficiently [13].327

Despite the shared emphasis on adaptive measurement and sequential stopping, most classical ASHT328

results assume substantial knowledge of the observation model: one typically has access to likelihoods329

(or at least to a parametric family) for every experiment under every hypothesis, enabling explicit330

likelihood-ratio statistics and model-based allocation [37]. While there are efforts toward relaxing331

this assumption to partial model knowledge [11], the need for explicit likelihood structure remains332

a limiting factor for modern continuous environments with complex, history-dependent feedback.333

In many practical settings, the learner must instead infer both (i) which latent environment/task it is334

facing and (ii) which actions are informative, using only interaction data and function approximation.335

This motivates data-driven approaches that preserve the ASHT objective while reducing dependence336

on fully specified likelihoods.337

The most developed special case of ASHT is fixed-confidence pure exploration in bandits, where the338

hypothesis is the identity of an optimal action. In finite-armed bandits [34], best-arm identification339

(BAI) at ϵ = 0 is characterized by a mature theory: instance-dependent lower bounds quantify the340

intrinsic complexity of identifying the best arm [19, 14, 63, 30, 33, 50, 43, 52], and a family of341

algorithms achieves near-optimal sample complexity by coupling adaptive allocation with statistically342

valid stopping rules [6, 54, 19, 64, 31]. These results provide both sharp guidance and strong baselines,343

but they rely on a finite decision set and model-specific likelihood constructions. Similar themes arise344

in pure exploration for Markov decision processes, where the goal is to identify an optimal policy345

with probability at least 1− δ [3, 59, 4, 49, 51]. This literature yields sharp insights into exploration346

complexity but is likewise developed for finite state-action structure and frequentist guarantees.347

Even under well-specified models, moving from ϵ = 0 to (ϵ, δ)-PAC identification in continuous348

decision spaces can be technically demanding. Several recent works address continuous pure349

exploration in bandit models [20]. Takemori et al. [58] give a tractable algorithm for continuous-arm350

linear bandits and Poiani et al. [42] derive lower bounds and a Track-and-Stop framework for infinite-351

answer problems; both are frequentist, model-specific, and require explicit likelihood structure.352

In MDPs, some work begun to treat (ϵ, δ)-PAC objectives in finite MDP settings for best policy353

identification [61] and optimal data-collection for policy evaluation [48], both in the frequentist setting.354

To our knowledge, no general Bayesian theory is known for continuous recommendation spaces under355

general priors; current Bayesian fixed-confidence results are limited to finite bandits with Gaussian356

likelihoods and Gaussian priors [29]. While Bayesian ideas drive exploration in finite bandit (with357

frequentist guarantees), e.g. posterior sampling and top-two methods [55, 54, 56], the most developed358

Bayesian framework in continuous spaces is Bayesian optimization (BO) [21], which maintains a359

posterior over an unknown objective and selects queries via acquisition functions [28, 26]. BO aims360

to identify an optimizer, but is typically posed as fixed-budget optimization without a correctness361

constraint. Wilson [65] recently introduced a Bayesian (ϵ, δ)-stopping rule for BO, but it is restricted362

to GP surrogates and does not optimize sample complexity. Despite this progress, no existing method363

combines three elements: fixed-confidence (ϵ, δ) stopping, continuous recommendations, and a364

learned exploration and recommender procedure under a Bayesian formulation. C-ICPE addresses365

this gap.366

Conclusions. C-ICPE is a theory-inspired method for Bayesian fixed-confidence pure exploration367

with continuous recommendations. On the theoretical side, we establish that the Lagrangian duality368

and Bellman optimality structure of finite ASHT carries over to continuous spaces under regularity369

conditions, and prove (ϵ, δ)-correctness under a local closedness assumption that is weaker than the370

uniqueness condition required in [53]. On the algorithmic side, we show that C-ICPE achieves the371

desired guarantees across different tasks, including a real-world geochemical exploration problem,372

while using fewer samples than standard optimization baselines. To our knowledge, no prior method373

combines continuous recommendations, fixed-confidence stopping in a single practical framework.374

Limitations and broader impact are discussed in Section A.375
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A Limitations and Broader Impact604

Limitations. Parametric inference model. C-ICPE models the posterior law of the target x⋆θ with605

a diagonal Gaussian. In the ideal NLL objective, this corresponds to a moment projection: the606

mean matches E[x⋆θ|Ht] and the diagonal covariance matches the posterior coordinate variances.607

This is only a surrogate for the Bayes ϵ-rule argmaxx∈X qt(Ht, x). When the posterior over x⋆θ is608

multimodal, or poorly summarized by first and second moments, the mean recommendation may609

lie between plausible targets and the covariance may misrepresent uncertainty. This can affect both610

exploration and stopping, since the critic evaluates samples from the same inference distribution.611

Richer posterior families, such as mixtures or normalizing flows, or a direct model of qt(h, x), could612

reduce this mismatch at the cost of additional optimization and training complexity.613

Note that this limitation is most benign in localization benchmarks, where Xϵ(θ) is a ball or interval614

around x⋆θ . It is more pronounced in value-gap tasks such as Ackley or geochemical optimization,615

where the ϵ-optimal set can be anisotropic, nonconvex, or multimodal. These tasks are therefore616

useful stress tests for the Gaussian inference model.617

Selector availability. Training the inference model requires access to the selector x⋆(θ) for each618

sampled task θ ∼ ν. In our benchmarks this is available in closed form (the shifted minimizer for619

Ackley, the parameter itself for binary search, the GP maximum for max-value estimation). In general,620

computing x⋆(θ) may require numerical optimization, introducing approximation error in the NLL621

targets. If the selector can only be evaluated approximately or with noise, the inference model may622

learn a biased posterior, potentially affecting both recommendation quality and stopping calibration.623

Extending C-ICPE to settings where only noisy or approximate selectors are available is an important624

direction for future work.625

Cost calibration. The dual variable c, which controls the exploration–stopping tradeoff, is updated626

online during training via primal feedback on the empirical success rate. In practice, the convergence627

of c and the sensitivity of stopping behavior to its value require careful tuning of learning rates and628

update schedules.629

Decoupled action and recommendation spaces. When X ̸= A, C-ICPE requires a separate TD3630

actor to learn the exploration policy. This adds architectural complexity and an additional source of631

approximation error. Our GP max-value experiment exercises this setting.632

Bayesian guarantee and prior dependence. The (ϵ, δ)-correctness guarantee is average-case under633

the task prior ν. When the deployment distribution differs substantially from ν, correctness may634

degrade. Our robustness experiments and the prior-shift bounds in Section B.8 provide some635

quantitative control, but worst-case guarantees for individual task instances are not provided. This636

limitation is shared by all Bayesian methods and is analogous to the dependence of frequentist637

methods on their parametric assumptions.638

Scalability. The method’s behavior in higher dimensions (larger than d ≥ 50), where posterior639

concentration is slower and exploration is harder, remains to be investigated. The LSTM (or trans-640

former) architecture scales with the maximum horizon tmax, which may need to grow with dimension,641

increasing both training and inference cost.642

Broader impact. C-ICPE is a general-purpose tool for adaptive experimentation with correct-643

ness guarantees. Potential applications include materials discovery, dose-finding in clinical trials,644

environmental monitoring, and any setting where sequential experiments are costly and the practi-645

tioner requires a principled stopping criterion. In such settings, reducing sample complexity directly646

translates to reduced cost, time, and resource consumption.647

We do not foresee direct negative societal impacts from the method itself. However, as with any648

system that automates experimental decisions, users should be aware that the (ϵ, δ) guarantee is649

conditional on the modeling assumptions (the task prior ν and the observation model). Deploying650

C-ICPE in safety-critical domains, such as clinical dose-finding, would require careful validation of651

these assumptions and, where appropriate, additional safeguards beyond the Bayesian guarantee.652
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B Appendix: Theoretical Results653

Roadmap and novelty guide. The theoretical analysis proceeds in four stages. We summarize654

what is standard and what is new relative to the finite ICPE framework of Russo et al. [53].655

• §B.2: Posterior success probability. We define qt(h, x) = P(Lθ(x) ≤ ϵ | Ht = h) and656

establish its regularity properties. The proofs use standard tools (Radon–Nikodym, reverse657

Fatou, Portmanteau); the object qt(h, x) itself, the natural continuous analogue of posterior658

mass, has not previously been studied in the pure exploration literature.659

• §B.3: Bellman optimality. We prove that the optimal value satisfies a stop/continue Bellman660

equation and that the supremum over continuation actions is attained by a measurable661

selector. The proof adapts the value-iteration framework of Bertsekas and Shreve [9] to662

our setting, with the main technical content being a semicontinuity induction that threads663

likelihood continuity through posterior weak continuity, predictive weak continuity, Q-664

function lower semicontinuity, and a sup–inf interchange. None of these steps appear in665

Russo et al. [53], where attainment is automatic for finite action spaces. The resulting666

dependency chain and its coupling with the posterior success payoff are specific to this667

problem.668

• §B.4–B.5: Correctness and zero duality gap. We prove (ϵ, δ)-correctness under a local669

closedness condition that is strictly weaker than the uniqueness assumption in Russo et al.670

[53]. Our proof uses a subdifferential characterization from Hantoute and López [25]671

to derive a contradiction without the monotonicity argument of Russo et al. [53]; this is672

the strongest theorem-level novelty in the appendix. Zero duality gap follows using a673

perturbation argument [46].674

• §B.6: Model certification. We introduce a checkpointwise certification protocol based on675

mixture supermartingales [32]. Unlike the pooled approach in Russo et al. [53], it tests each676

frozen checkpoint independently and requires no monotonicity assumption on the training677

trajectory.678

• §B.7: Inference model and sampled reward. We relate the implemented Gaussian679

inference model to the ideal posterior quantities used in the Bellman characterization. We680

show that the sampled reward is an unbiased estimate of the success probability of the681

stochastic selector and is conservative relative to the ideal reward rt(h); the gap is controlled682

by second moments of the inference distribution (Proposition 6). We also characterize the683

Gaussian NLL as a moment projection of the posterior law of x⋆θ and give conditions under684

which the NLL mean is near-optimal (Propositions 7 and 8).685

• §B.8: Robustness to prior misspecification. We analyse the robustness to prior misspecifi-686

cation, and what is the predicted impact on sample complexity and accuracy.687

• §B.9: Sample Complexity of Value Estimation vs Argmax Localization in Gaussian688

Processes. In this section we prove that, under a hierarchical RBF-GP prior with a high-689

probability interior regularity condition, max-value estimation is asymptotically harder than690

argmax localization. Specifically, under this regularity assumption, we establish that the691

value estimation problem cannot be circumvented by the geometric structure of the function.692

– The analysis is based on showing a lower bound on the sample complexity of estimating693

the max-value, and an upper bound on estimating the argmax.694

– To this aim, we introduce an algorithm, Two-Stage Bayesian Argmax Localization695

(T-BAL) Algorithm 2, for locating the argmax of a Gaussian Process.696

– T-BAL works in two phases: first, searches the domain for a region where X⋆ may be697

located, and then perform gradient ascent using noisy finite differences to approximate698

the gradients.699

– We provide a sample complexity upper bound of T-BAL and provide (ϵ, δ)-guarantees.700

B.1 Problem Modeling701

We specialize to the fixed-confidence ((ϵ, δ)-PAC) setting introduced in Section 2, and provide a702

self-contained definition of the induced probability measures.703
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We now provide a formal definition of the underlying probability measures of the problem we consider.704

To that aim, it is important to formally define what a model M is, as well as the definition of policy π705

and inference rule I (infernece rules are also known as recommendation rules).706

Spaces and histories. Let Θ ⊂ Rd be compact. Let A ⊂ Rm be a compact action (query) space707

and Y ⊂ Rn a compact observation space, each endowed with the Borel σ-algebra. Let X be a708

compact hypothesis/decision space (in our experiments X = A). For t ∈ N, define the history space709

Ht := (Y ×A)t−1 × Y, ht = (y1, a1, . . . , at−1, yt),

with its product Borel σ-algebra. We also writeH∞ := Y × (A× Y)N for infinite histories. Since710

A,Y are compact metric spaces,Ht andH∞ are standard Borel spaces.711

Environment (observation model). An environment is indexed by θ ∈ Θ and specified by an712

initial observation law ρθ ∈ ∆(Y) and a sequence of (possibly history-dependent) observation kernels713

Pθ,t(·|ht, at) ∈ ∆(Y), t ≥ 1,

such that for every Borel C ⊂ Y the map (ht, a) 7→ Pθ,t(C|ht, a) is measurable. Optionally, one714

may assume weak continuity in θ. However, we do assume weak continuity in a, as this is later used715

to prove optimality.716

Assumption 1 (Weak continuity of the transition). For all θ ∈ Θ we assume a 7→ Pθ,t(·|ht, a) to be717

weakly continuous.1718

Learner: policy, stopping time, inference rule. A (possibly randomized) sampling policy is a719

sequence of probability kernels720

πt(·|ht) ∈ ∆(A), t ≥ 1,

measurable as maps Ht → ∆(A). Let Ht = (Y1, A1, . . . , At−1, Yt) be the random history and721

Ft = σ(Ht). A stopping time τ is defined w.r.t. (Ft)t≥1. An inference rule is a sequence of722

measurable maps It : Ht → X , and the learner outputs723

x̂τ := Iτ (Hτ ).

Loss and ϵ-optimal set. For each θ ∈ Θ, the environment induces a loss function Lθ : X → [0,∞)724

with infx∈X Lθ(x) = 0. Define the ϵ-optimal set725

Xϵ(θ) := {x ∈ X : Lθ(x) ≤ ϵ}.
In the following we the following conditions on Lθ(x).726

Assumption 2. We assume joint lower-semicontinuity of (x, θ) 7→ Lθ(x) and joint Borel measurabil-727

ity.728

Remark 1 (Regularity of selector-based localization losses). Some of our localization examples729

define the loss through a selected target x⋆sel(θ) ∈ X , for instance Lθ(x) = ∥x− x⋆sel(θ)∥. In this730

case, the standing lower-semicontinuity assumption on L(θ, x) = Lθ(x) is satisfied whenever the731

selector θ 7→ x⋆sel(θ) is continuous. There are two standard ways to obtain such a selector.732

1. First, if F (θ) := argmaxx∈X fθ(x) = {x⋆(θ)} is singleton for every θ, f(θ, x) is jointly733

continuous, and X is compact, then the maximum theorem implies that the unique optimizer734

is continuous, and thus x⋆sel(θ) = x⋆(θ) is continuous. This covers the shifted Ackley735

benchmark when the shift determines a unique optimizer continuously, the linear bandit736

benchmark on the unit sphere where x⋆(θ) = θ, and noisy binary search when the target737

map is continuous.738

2. Second, if F (θ) is not singleton but has nonempty compact convex values and is Hausdorff-739

continuous in θ, then the minimum-norm selector x⋆sel(θ) := argminx∈F (θ) ∥x∥2 is well-740

defined and continuous: closed convex values give uniqueness of the minimum-norm point,741

while Hausdorff continuity gives stability of this point as θ varies.742

Thus the selector-based distance loss is jointly continuous in these cases. This selector also gives a743

canonical target for the Gaussian inference model: the NLL objective learns a moment projection of744

the posterior law of x⋆sel(θ), while correctness remains defined through the loss Lθ and the set Xϵ(θ).745

1That is, for all continuous bounded functions f we have that a 7→
∫
Y f(y)Pθ,t(dy|ht, a) is continuous.
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Path measures (Ionescu–Tulcea). Fix θ ∈ Θ and a policy π. By the Ionescu–Tulcea theorem,746

there exists a unique probability measure Pπθ,t on (Ht,B(Ht)) such that for all cylinder sets C =747

C1 ×B1 × · · · ×Bt−1 × Ct (with Ci ∈ B(Y) and Bi ∈ B(A)),748

Pπθ,t(C) =
∫
C1

ρθ(dy1)

t−1∏
s=1

[∫
Bs

πs(das|hs)
∫
Cs+1

Pθ,s(dys+1|hs, as)

]
.

Analogously, one obtains a unique path measure Pπθ on (H∞,B(H∞)).749

Mixture law over tasks. Given a prior ν on Θ, define the joint law on Θ×Ht by750

Pπ
t (dθ,dht) := ν(dθ)Pπθ,t(dht),

and the trajectory marginal Pπt (·) =
∫
Pπθ,t(·) ν(dθ). We use Eπθ∼ν [·] and Pπθ∼ν(·) for expectation-751

s/probabilities under this mixture.752

Fixed-confidence objective. The learner is (ϵ, δ)-correct (under ν) if753

Pπθ∼ν(x̂τ ∈ Xϵ(θ)) ≥ 1− δ.

In the fixed-confidence regime, we seek to minimize the expected number of queries subject to754

(ϵ, δ)-correctness:755

inf
π,I,τ

Eπθ∼ν [τ ] s.t. Pπθ∼ν(x̂τ ∈ Xϵ(θ)) ≥ 1− δ.

B.2 Posterior distribution over the true hypothesis and inference rule optimality756

We first record a domination assumption that allows us to express likelihoods w.r.t. fixed reference757

measures.758

Assumption 3 (Domination). There exist probability measures λ0, λ on (Y,B(Y)) such that, for all759

θ ∈ Θ, all t ≥ 1, and all (ht, a) ∈ Ht ×A,760

ρθ(·)≪ λ0(·) and Pθ,t(·|ht, a)≪ λ(·).

Let pθ,0(y) := dρθ
dλ0

(y) and pθ,t(y
′|ht, a) :=

dPθ,t(·|ht,a)
dλ (y′) be versions of the corresponding761

densities, chosen jointly measurable in their arguments.762

Remark. The assumption holds, for instance, when all ρθ and Pθ,t(·|ht, a) admit densities w.r.t. a763

common reference measure (e.g., Lebesgue on Y ⊂ Rn or counting measure when Y is finite).764

Under Assumption 3, define the (policy-independent) likelihood of a realized history ht =765

(y1, a1, . . . , at−1, yt) ∈ Ht under parameter θ:766

ℓt(θ, ht) := pθ,0(y1)

t−1∏
s=1

pθ,s(ys+1|hs, as), hs = (y1, a1, . . . , as−1, ys).

We now give a posterior kernel representation that is independent of π.767

Lemma 1 (Posterior kernel over Θ). Consider Assumption 3. For each t ∈ N there exists a probability768

kernel Rt : Ht × B(Θ)→ [0, 1], independent of π, such that for every policy π, all A ∈ B(Θ) and769

Z ∈ B(Ht),770

Pπ
t (θ ∈ A,Ht ∈ Z) =

∫
Z

Rt(A|h)Pπt (dh),

where Pπ
t (dθ,dh) = ν(dθ)Pπθ,t(dh) and Pπt is itsHt-marginal. Moreover, for Pπt -a.e. h ∈ Ht,771

Rt(A|h) =
∫
A
ℓt(θ, h)ν(dθ)∫

Θ
ℓt(θ, h)ν(dθ)

.

Consequently, for any measurable map g : Θ→ S into a standard Borel space S and any B ∈ B(S),772

P(g(θ) ∈ B|Ht = h) = Rt({θ : g(θ) ∈ B}|h) for Pπt -a.e. h.
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Proof. Fix π and t. Define the reference measure onHt (depending on π)773

νπt (dht) := λ0(dy1)

t−1∏
s=1

[
πs(das|hs)λ(dys+1)

]
.

By construction and Assumption 3, Pπθ,t ≪ νπt for every θ, with Radon–Nikodym density774

dPπθ,t
dνπt

(ht) = ℓt(θ, ht),

which does not depend on π. Therefore, for A ∈ B(Θ) and Z ∈ B(Ht),775

Pπ
t (θ ∈ A,Ht ∈ Z) =

∫
A

∫
Z

ℓt(θ, h) ν
π
t (dh)ν(dθ),

and776

Pπt (Z) =
∫
Z

∫
Θ

ℓt(θ, h) ν(dθ) ν
π
t (dh).

Hence Pπ
t (θ ∈ A, ·)≪ Pπt (·) and the Radon-Nikodym derivative is the displayed Bayes ratio, which777

defines the kernel Rt(A|h). Measurability and the fact that Rt(·|h) is a probability measure follow778

from standard properties of Radon–Nikodym derivatives. Independence of π is immediate from the779

explicit formula.780

In the following we also need to consider in what cases the mapping h 7→ Rt(·|h) is weakly781

continuous. To that aim, we require a further assumption.782

Assumption 4 (Likelihood continuity). For each state s < t, the kernel pθ,s(y|hs, as) is jointly con-783

tinuous in (θ, y, hs, as) with strictly positive density. Hence, (θ, ht) 7→ ℓ(θ, ht) is jointly continuous.784

Under this assumption, we have the following.785

Lemma 2 (Weak continuity of the posterior). Consider Assumption 3 and Assumption 4. For each t786

we have that the mapping h 7→ Rt(·|h), h ∈ Ht, is weakly continuous.787

Proof. Consider any sequence (hn)n ∈ Ht such that hn → h, h ∈ Ht. Fix f ∈ Cb(Θ) (continuous788

and bounded). Since for Pπt -a.e. h′ ∈ Ht we have Rt(dθ|h′) = ℓt(θ,h
′)ν(dθ)∫

Θ
ℓt(θ,h′)ν(dθ)

, we have that789 ∫
Θ

f(θ)Rt(dθ|hn) =
∫
Θ
f(θ)ℓt(θ, hn)ν(dθ)∫
Θ
ℓt(θ, hn)ν(dθ)

.

Now, since Θ is compact and θ 7→ f is continuous and θ 7→ ℓt(θ, h
′) is continuous for each h′ ∈ Ht,790

we have that supθ∈Θ |f(θ)ℓt(θ, hn)| <∞, therefore by dominated convergence we have791 ∫
Θ

f(θ)ℓt(θ, hn)ν(dθ)→
∫
Θ

f(θ)ℓt(θ, h)ν(dθ) and
∫
Θ

ℓt(θ, hn)ν(dθ)→
∫
Θ

ℓt(θ, h)ν(dθ).

Since
∫
Θ
ℓt(θ, h)ν(dθ) > 0 by strict positivity of the density ps, we have that792 ∫

Θ

f(θ)ℓt(θ, hn)ν(dθ)→
∫
Θ

f(θ)ℓt(θ, h)ν(dθ),

so h 7→ Rt(·|h) is weakly continuous.793

Optimal inference rule. Fix ϵ > 0 and t ∈ N. Recall that, for each θ ∈ Θ, the ϵ-optimal set794

is Xϵ(θ) = {x ∈ X : Lθ(x) ≤ ϵ}. Given a realized history h ∈ Ht, define the posterior success795

probability of recommending x ∈ X as796

qt(h, x) := Pπθ∼ν
(
x ∈ Xϵ(θ)|Ht = h

)
= Rt

(
{θ ∈ Θ : Lθ(x) ≤ ϵ}|h

)
, (10)

where Rt(·|h) is the posterior kernel from Lemma 1. We also define797

rt(h) := sup
x∈X

qt(h, x). (11)
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Lemma 3. Under Assumption 2, we have that qt(h, x) is jointly Borel measurable in (h, x) and upper798

semicontinuous in x for each fixed h. If in addition to Assumption 2 we also assume Assumption 4,799

then qt(h, x) is jointly upper semicontinuous.800

Proof. We prove the 3 properties separately.801

• Regarding measurability, note that (x, θ) 7→ 1{Lθ(x) ≤ ϵ} is Boreal measurable by As-802

sumption 2. Using that for everyA ∈ B(Θ) we have that h 7→ Rt(A|h) is Borel-measurable,803

then qt(h, x) =
∫
Θ
1{Lθ(x) ≤ ϵ}Rt(dθ|h) is jointly measurable since integration preserves804

measurability.805

• Consider now the u.s.c. property of x 7→ qt(h, x) for each h. If, for every θ, the map x 7→806

Lθ(x) is continuous on the compact set X , then Xϵ(θ) is closed and x 7→ 1{x ∈ Xϵ(θ)} is807

upper semicontinuous. Consequently, x 7→ qt(h, x) is upper semicontinuous Pπt -a.s.. To see808

this, let (xn)n be a sequence in X such that xn → x⋆. Define yn = 1{xn ∈ Xϵ(θ)}. By809

Fatou’s reverse lemma we have810

lim sup
n

Et[yn|Ht = h] ≤ Et[lim sup
n

yn|Ht = h] ≤ Pt(x ∈ Xϵ(θ)|Ht = h).

where the last inequality follows from the fact that lim supn yn ≤ 1{x ∈ Xϵ(θ)} from the811

upper semicontinuity. Thus the posterior is upper semicontinuous on Pπt -a.s.812

• Define Cϵ = {(θ, x) ∈ Θ × X : Lθ(x) ≤ ϵ}. By assumption on L (joint continuity), we813

have that Cϵ is closed. Consider any sequence (hn, xn)→ (h, x) and define the distribution814

µn(·) := Rt(·|hn) ⊗ δxn
and µ(·) := Rt(·|hn) ⊗ δx. Since h 7→ Rt(·|h) is weakly815

continuous (Lemma 2, follows from Assumption 4), by Portmanteau’s lemma we have816

lim sup
n→∞

µn(Cϵ) ≤ µ(Cϵ).

But µn(Cϵ) =
∫
Θ
1{Lθ(xn) ≤ ϵ}Rt(dθ|hn) = qt(hn, xn) and µ(Cϵ) =

∫
Θ
1{Lθ(x) ≤817

ϵ}Rt(dθ|h) = qt(h, x), hence (h, x) 7→ qt(h, x) is jointly upper semicontinuous.818

819

Since X is compact, by the Extreme Value theorem we have that the supremum in (11) is attained (so820

one may replace sup by max).821

Proposition 1 (Optimal inference). Consider a fixed policy π and a fixed time t ∈ N. Assume822

Assumption 3 and Assumption 2. Among measurable inference rules It : Ht → X , the maximal value823

of Pπθ∼ν
(
It(Ht) ∈ Xϵ(θ)

)
is achieved by any rule satisfying, for Pπt -a.e. h ∈ Ht,824

It(h) ∈ argmax
x∈X

qt(h, x).

Furthermore, a measurable argmax selector exists and It(h) is measurable.825

Proof. Fix π and t, and let x̂t := It(Ht). Using the posterior kernel,826

Pπθ∼ν
(
x̂t ∈ Xϵ(θ)

)
=

∫
1{x̂t ∈ Xϵ(θ)}Pπt (dθ,dh)

=

∫
Ht

[∫
Θ

1{It(h) ∈ Xϵ(θ)}Rt(dθ|h)
]
Pπt (dh)

=

∫
Ht

qt
(
h, It(h)

)
Pπt (dh)

≤
∫
Ht

sup
x∈X

qt(h, x)Pπt (dh) =
∫
Ht

rt(h)Pπt (dh).

If It(h) ∈ argmaxx∈X qt(h, x) for Pπt -a.e. h, then the inequality holds with equality, yielding the827

optimal value.828

The existence of an argmax rule, and measurability of It, follows from an application of [27,829

Proposition D.5].830

21



We also note the following lower bound on the posterior qt.831

Lemma 4 (Markov lower bound on posterior success). Fix ϵ > 0, t ∈ N, and a realized history832

h ∈ Ht. For any decision x ∈ X , define the posterior success probability833

qt(h, x) := Pπθ∼ν
(
Lθ(x) ≤ ϵ|Ht = h

)
,

and the posterior mean loss834

L̄t(h, x) := Eπθ∼ν
[
Lθ(x)|Ht = h

]
.

Then835

qt(h, x) ≥ 1− L̄t(h, x)

ϵ
.

Equivalently, with the (clipped) shaped reward rϵ(θ, x) :=
[
1− Lθ(x)/ϵ

]
+

,836

qt(h, x) ≥ Eπθ∼ν
[
rϵ(θ, x)|Ht = h

]
.

Proof. Since Lθ(x) ≥ 0, Markov’s inequality yields837

Pπθ∼ν
(
Lθ(x) > ϵ|Ht = h

)
≤ L̄t(h, x)

ϵ
.

Taking complements gives the first claim. For the second, note that 1{Lθ(x) ≤ ϵ} ≥ [1−Lθ(x)/ϵ]+838

pointwise, and take conditional expectations.839

B.3 Fixed-confidence setting: formulation and optimal rules840

We consider the fixed-confidence problem from Section 2 in its Bayesian (task-averaged) form. A841

learner is a triplet (π, I, τ) with sampling policy π, inference rule I = (It)t≥1, and stopping time τ .842

The objective is843

inf
π,I,τ

Eπθ∼ν [τ ] s.t. Pπθ∼ν
(
Iτ (Hτ ) ∈ Xϵ(θ)

)
≥ 1− δ, Eπθ∼ν [τ ] <∞. (12)

Throughout this section, Ht = (Y1, A1, . . . , At−1, Yt) is the history, x̂τ = Iτ (Hτ ) and Ft = σ(Ht).844

Posterior success. For each t and realized history h ∈ Ht, define the posterior success probability845

of recommending x ∈ X as846

qt(h, x) := Pπθ∼ν
(
x ∈ Xϵ(θ)|Ht = h

)
,

and recall rt(h) := supx∈X qt(h, x). We have the following lemma that relates the success probability847

to the expected posterior success.848

Lemma 5 (Stopped success as expected posterior success). For any policy π, stopping time τ , and849

inference rule I ,850

Pπθ∼ν (x̂τ ∈ Xϵ(θ)) = Eπ [qτ (Hτ , x̂τ )] .

Proof. By the tower rule and x̂τ being σ(Hτ )-measurable,851

Pπθ∼ν(x̂τ ∈ Xϵ(θ)) = Eπ [Eπ[1{x̂τ ∈ Xϵ(θ)} | Hτ ]] = Eπ [qτ (Hτ , x̂τ )] .

852

Therefore, we have that Pπθ∼ν
(
Iτ (Hτ ) ∈ Xϵ(θ)

)
= Eπ

[
qτ
(
Hτ , Iτ (Hτ )

)]
.853

Lagrangian dual. Define, for λ ≥ 0, the Lagrangian value854

Vλ(π, I, τ) := Eπθ∼ν [τ ] + λ
(
(1− δ)− Pπθ∼ν

(
Iτ (Hτ ) ∈ Xϵ(θ)

))
.

Using Lemma 5, this can be written as855

Vλ(π, I, τ) = λ(1− δ) + Eπ
[
τ − λqτ

(
Hτ , Iτ (Hτ )

)]
. (13)

The Lagrangian dual of (12) is then856

sup
λ≥0

inf
π,I,τ

Vλ(π, I, τ). (14)
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B.3.1 Optimal Inference Rule857

Fix π, λ and t. Among all measurable inference rules It : Ht → X , the maximal probability of858

ϵ-success at time t is achieved by any859

It(h) ∈ argmax
x∈X

qt(h, x),

equivalently, qt(h, It(h)) = rt(h) for Pπt -a.e. h. (see Proposition 1.)860

Since τ is adapted, plugging the optimal inference rule into Eq. (13) yields the simplified dual861

objective862

sup
λ≥0

inf
π,τ

λ(1− δ) + Eπ [τ − λrτ (Hτ )] . (15)

B.3.2 Stopping as an action (equivalence)863

The additional optimization over stopping rules can be avoided by introducing an additional stopping864

aciton astop. Introduce an augmented action space Ā := A∪{astop}, where choosing astop terminates865

interaction (no new observation is collected). Let τ̄ := inf{t ≥ 1 : At = astop}.866

Lemma 6 (Embedding stopping times as a stop action). For every triplet (π, I, τ) with τ <∞ a.s.,867

there exists a policy π̄ on Ā such that, under π̄, (i) τ̄ = τ a.s., and (ii) the stopped history Hτ̄ has the868

same distribution as Hτ under π. In particular, for every λ ≥ 0, Vλ(π, I, τ) = Vλ(π̄, I, τ̄).869

Proof. Since τ is a stopping time w.r.t. Ft = σ(Ht), the event {τ = t} belongs to Ft; hence there870

exists a measurable set St ⊂ Ht such that {τ = t} = {Ht ∈ St}. Define π̄ as follows: at time t,871

given history h ∈ Ht,872

π̄t(astop|h) = 1{h ∈ St}, π̄t(·|h) = πt(·|h) on A when h /∈ St.

Then {At = astop} = {Ht ∈ St} = {τ = t}, so τ̄ = τ a.s. Moreover, on the event {τ > t} the873

action distribution and observation kernel coincide with those under π, so the induced law of (Ht)t≤τ874

is the same; in particular Hτ̄ under π̄ has the same distribution as Hτ under π. Hence, one can easily875

show that the equality Vλ(π, I, τ) = Vλ(π̄, I, τ̄) follows.876

B.3.3 Optimal Policy877

Lemma 6 shows that (for fixed λ) the inner problem in Eq. (15) can be viewed as an optimal-stopping878

control problem on the augmented action space: each continuation step incurs unit cost, while879

stopping at history h ∈ Ht incurs terminal cost −λ rt(h).880

Define the optimal cost-to-go (for fixed λ) from a history h ∈ Ht as881

V ⋆t (h;λ) := inf
π̄=(π̄i)i≥t

Eπ̄θ∼ν

[
τ̄−1∑
s=t

1− λrτ̄ (Hτ̄ )

∣∣∣∣ Ht = h

]
, (16)

where the infimum is over policies on Ā and τ̄ is the first time astop is chosen. Similarly to [53], we882

can define the following optimal Q-functions883

Q⋆t,stop(h;λ) := −λrt(h), Q⋆t,cont(h, a;λ) := 1 + E
[
V ⋆t+1(Ht+1;λ)|Ht = h,At = a

]
.

where the latter expectation is over the posterior mixture, defined as884

P̄t(y
′ ∈ Y |Ht = h,At = a) =

∫
Pθ,t(y

′ ∈ Y |Ht, At = a)Rt(dθ|Ht = h), ∀Y ∈ B(Y).

Furthermore, similarly to [53], a standard decomposition yields the Bellman optimality relation885

V ⋆t (h;λ) = min

{
Q⋆t,stop(h;λ), inf

a∈A
Q⋆t,cont(h, a;λ)

}
. (17)

However, in order to guarantee that the infimum , infa∈AQ
⋆
t,cont(h, a;λ) is attained, since A is886

compact, we need to guarantee that the Q-value is lower semicontinuous. We begin by showing that887

V ⋆t is lower semicontinuous. To that aim, we need some results first. We begin by showing that the888

mixture posterior is weakly continuous.889
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Lemma 7 (Weak continuity of the mixture posterior). Fix t and h ∈ Ht. Let Rt(·|h) be the posterior890

on Θ and define the posterior predictive kernel891

P̄t(·|h, a) :=
∫
Θ

Pθ,t(·|h, a)Rt(dθ|h).

Under Assumption 1, a 7→ P̄t(·|h, a) is weakly continuous. If in addition we assume Assumption 4,892

then (h, a) 7→ P̄t(·|h, a) is jointly weakly continuous.893

Proof. We prove weak continuity in the action first. Fix f ∈ Cb(Y) (continuous and bounded) and a894

sequence (an)n such that an → a. For each θ, define895

gn(θ) :=

∫
f(y)Pθ,t(dy|h, an), g(θ) :=

∫
f(y)Pθ,t(dy|h, a).

By Assumption 1,896

gn(θ)→ g(θ).

Moreover,
∣∣ ∫ f(y)Pθ,t(dy|h, an)∣∣ ≤ ∥f∥∞ < ∞ for all θ, n, and thus is also bounded. By897

dominated convergence,898 ∫
f(y) P̄t(dy|h, an) =

∫
Θ

gn(θ)Rt(dθ | h),

→
∫
Θ

(∫
f(y)Pθ,t(dy|h, a)

)
︸ ︷︷ ︸

=g(θ)

Rt(dθ | h),

=

∫
f(y)P̄t(dy|h, a). (Fubini-Tonelli)

Regarding the second part, it is less straightforward to prove. We assume Assumption 4. Recall that899

Rt(dθ | h) = ℓt(θ,h)ν(dθ)∫
Θ
ℓt(θ,h)ν(dθ)

. We omit the normalization constant for simplicity, and simply include900

it in ℓt.901

Define some sequence (hn, an)→ (h, a), and consider902 ∫
f(y)P̄t(dy | hn, an) =

∫
Θ

∫
f(y)Pθ,t(dy | hn, an)︸ ︷︷ ︸

=:Gf (hn,an,θ)

ℓt(θ, hn)ν(dθ) =

∫
Θ

Gf (hn, an, θ)ℓt(θ, hn)ν(dθ).

Clearly Gf is bounded and ℓt is jointly continuous by assumption. Since Θ is compact, we have that903

along any convergence sequence hn → h, the likelihood ℓt is uniformly bounded. If Gf is jointly904

continuous in (h, a), then, by dominated convergence, we obtain905 ∫
Θ

Gf (hn, an, θ)ℓt(θ, hn)ν(dθ)→
∫
Θ

Gf (h, a, θ)ℓt(θ, h)ν(dθ) =

∫
f(y)P̄t(dy | h, a),

which shows the claim. Hence, we need to show that (h, a) 7→ Pθ,t(· | h, a) is weakly continuous for906

each θ.907

Using that dPθ,t(· | h, a) = pθ,t(y | h, a)dλ, and recalling that by Assumption 4 pθ,t is jointly908

continuous. We have909 ∫
f(y)Pθ,t(dy | hn, an) =

∫
f(y)pθ,t(y | hn, an)dλ

using again compactness (of Y) and continuity of the arguments, we derive weak continuity of910

(h, a) 7→ Pθ,t(· | h, a), which concludes the proof.911

912

The main technical challenge in the continuous case is showing that the infimum infa∈AQ
⋆
t,cont(h, a)913

in the Bellman equation is attained. In finite A this is trivial; in compact continuous A it requires914

lower semicontinuity of a 7→ Q⋆t,cont(h, a). We establish this through a value-iteration construction915
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that propagates lower semicontinuity from the observation model through the posterior predictive916

to the Q-function. The proof adapts the general template of negative dynamic programming [9, 27]917

to our stop/continue structure, where the stopping payoff involves rt(h) = supx qt(h, x) — itself a918

supremum over a continuous set whose upper semicontinuity must be established first (Lemma 3).919

We build a sequence of values W (n)
t (h) and show that these are l.s.c. in h.920

Starting from V ⋆t , we construct W ⋆
t and build an increasing sequence W (n)

t from below. We show921

that each W (n)
t is l.s.c. in h and that for each fixed h, the map a 7→ Q

(n)
t (h, a) is l.s.c. on A. We922

then show that W (n)
t approaches W ⋆

t . We conclude by showing that W ⋆
t = V ⋆ + λ, proving that V ⋆t923

is l.s.c.924

Define W (0)
t (h) := 0 for all t, h. Recursively for n ≥ 0, define925

Q
(n)
t (h, a) := 1 +

∫
Y
W

(n)
t+1(h, a, y)P̄t(dy | h, a),

C
(n)
t (h) := inf

a∈A
Q

(n)
t (h, a),

W
(n+1)
t (h) := min{λ− λrt(h);C(n)

t (h)}.
Also define W ⋆

t (h) = V ⋆t (h;λ) + λ. We also define the operator Tt as follows:926

(Ttu)(h) := min

{
λ(1− rt(h)), 1 + inf

a∈A

∫
Y
u(h, a, y)P̄t(dy | h, a)

}
,

thereforeW (n+1)
t = TtW (n)

t+1. One can clearly show that the operator is monotone, as for u(h) ≤ v(h)927

we have (Ttu)(h) ≤ (Ttv)(h). Therefore Ut(h) := supn≥0W
(n)
t (h) exists pointwise, and satisfies928

0 ≤ Ut(h) ≤ λ.929

Lemma 8. Assume Assumption 2 and Assumption 4. For every t ∈ N, the iterates W (n)
t and C(n)

t930

are lower semicontinuous, and for each fixed h, a 7→ Q
(n)
t (h, a) is lower semicontinuous on A and931

attains its minimum.932

Proof. Let gt(h) = λ(1− rt(h)) and fix t. We prove the argument by induction on n: for a fixed n,933

W
(n)
s is l.s.c. for every s.934

Base Step. Clearly, for all t, W (0)
t is l.s.c. , and since Q(0)

t (h, a) = 1 and C(0)
t (h) = 1, we have935

W
(1)
t (h) = min(gt(h), 1) which is l.s.c. if −rt is l.s.c. (which is, by Lemma 3).936

Then, assume the induction hypothesis. We use that W (n)
t+1 is l.s.c. and prove that W (n+1)

t is l.s.c.937

We do so in 3 steps: first we prove that a 7→ Q
(n)
t (h, a) is l.s.c. Then, we prove that h 7→ C

(n)
t (h) is938

l.s.c. Lastly we show that W (n+1)
t is l.s.c.939

Step 1. Fix h and consider a sequence am → a. Define µm := δam ⊗ P̄t(· | h, am) and µ :=940

δa ⊗ P̄t(· | h, a). By Lemma 7 we have that a → P̄t(· | h, a) is weakly continuous, and thus941

µm ⇒ µ. Since W (n)
t+1 is l.s.c. and bounded, the Portmanteau theorem yields942

lim inf
m→∞

∫
Y×A

W
(n)
t+1(h, a

′, y)dµm ≥
∫
Y×A

W
(n)
t+1(h, a

′, y)dµ.

therefore a 7→ Q
(n)
t (h, a) is l.s.c. on compact A, and the infimum is attained.943

Step 2. We now show that h 7→ C
(n)
t (h) is l.s.c. Define a sequence (hm)m such that hm → h.944

Choose a subsequence (hmk
)k such that C(n)

t (hmk
)→ lim infm→∞ C

(n)
t (hm). For each k choose945

amk
∈ argmina∈AQ

(n)
t (hmk

, a). Since A is compact, by passing to a further subsequence if946

necessary, we may assume amk
→ a. Define µmk

:= δ(hmk
,amk

) ⊗ P̄t(· | hmk
, amk

) and µ :=947

δ(h,a) ⊗ P̄t(· | h, a). Since by assumption we have that (h, a) 7→ P̄t(· | h, a) is jointly weakly948

continuous, then µmk
⇒ µ. Similarly to before, we obtain949

lim inf
k→∞

Q
(n)
t (hmk

, amk
) ≥ Q(n)

t (h, a) ≥ C(n)
t (h).
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Figure 5: Induction diagram used in the proof of Lemma 8.

But Q(n)
t (hmk

, amk
) = C

(n)
t (hmk

), therefore lim infm→∞ C
(n)
t (hm) = limk→∞ C

(n)
t (hmk

) ≥950

C
(n)
t (h). Therefore C(n)

t is l.s.c. in h.951

Step 3. Lastly, consider W (n+1)
t = min(gt(h), C

(n)
t (h)). Since both arguments are l.s.c., then952

W
(n+1)
t is l.s.c. Since t was arbitrary, the statements holds for all t.953

954

Then, since each W (n)
t is l.s.c., we get that Ut(h) is l.s.c. (arbitrary suprema of l.s.c. functions are955

l.s.c.).956

Lemma 9. Assume Assumption 2 and Assumption 4. For every t ∈ N, define957

QUt (h, a) := 1 +

∫
Y
Ut+1(h, a, y)P̄t(dy | h, a), CUt (h) := inf

a∈A
QUt (h, a),

then Ut(h) = min{gt(h), CUt (h)}. Furthermore, we have that a 7→ QUt (h, ·) is lower semicontinu-958

ous and QUt (h, a) is jointly Borel measurable.959

Proof. Let gt(h) = λ(1 − rt(h)) and fix t. Since W (n)
t+1 ↑ Ut+1 and W (n)

t+1 ≥ 0, by monotone960

convergence for each (h, a) we have Q(n)
t ↑ QUt . By Lemma 8, each Q(n)

t (h, ·) is l.s.c., thus QUt is961

also l.s.c. being the suprema of l.s.c. functions. Furthermore, since each Ut+1(h, a, y) is l.s.c., and962

(h, a) 7→ P̄t(· | h, a) is a Borel kernel, then QUt (h, a) is jointly Borel measurable.963

Next, we show that supn infaQ
(n)
t (h, a) = infa supnQ

(n)
t (h, a) = CUt (h). To show this, let964

mn = infaQ
(n)
t (h, a) and m = supnmn. First, note that by monotonicity for all N we have965
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mn = infaQ
(n)
t (h, a) ≤ infaQ

U
t (h, a) = CUt (h), and thus m ≤ CUt (h). Now, choose some966

minimizers an ∈ argminaQ
(n)
t (h, a). By compactness, there is some subsequence satisfying967

ank
→ a. Choose some integers i0, then by monotonicity for all large k we have968

Q
(i0)
t (h, ank

) ≤ Q(nk)
t (h, ank

) = mnk
.

Therefore lim infkmnk
= m ≥ Q

(i0)
t (h, a). Since this holds for any i0, we have969

m ≥ supi0 Q
(i0)
t (h, a) = QUt (h, a) ≥ CUt (h), which shows that supn infaQ

(n)
t (h, a) =970

infa supnQ
(n)
t (h, a) = CUt (h).971

Hence, we have that Ut(h) = supnW
(n+1)
t (h) = supnmin{gt(h), C(n)

t (h)}. Since C(n)
t (h) ↑972

CUt (h), we have Ut(h) = min{gt(h), CUt (h)}.973

Finally, we show that Ut is actually the true optimal value W ⋆
t .974

Theorem B.1. Assume Assumption 2 and Assumption 4. For every t ∈ N, we have that Ut(h) =975

V ⋆t (h) + λ, and V ⋆t is l.s.c.976

Proof. Let gt(h) = λ(1− rt(h)) . We first show that Ut is actually a lower bound on the cost of any977

policy. Then we construct a policy that achieves equality.978

Step 1 (lower bound). Consider any admissible policy π. At any history h at time t,979

1. if π stops, then Ut(h) ≤ gt(h) since Ut(h) = min{gt(h), CUt (h)}.980

2. if π continues with some action a, then981

Ut(h) ≤ 1 +

∫
Y
Ut+1(h, a, y)P̄t(dy | h, a),

since CUt (h) ≤ QUt (h, a).982

Let τ be the first timestep the policy π decides to stop. Then, iterating up to min(τ, t+N)983

Ut(h) ≤ Eπ
min(τ,t+N)−1∑

s=t

1 + 1{τ≤t+N}gτ (Hτ ) + 1{τ>t+N}Ut+N (Ht+N )
∣∣∣Ht = h

 =: JπN (h).

If the policy achieves infinite cost, then the inequality is true for all N since Ut(h) is bounded.984

Then, consider the case where the cost is finite as N → ∞. Since gτ ≥ 0, this implies Eπ[τ − t |985

Ht = h] < ∞, therefore τ < ∞ almost surely. Consequently, by dominated convergence the986

remainder term +1{τ>t+N}Ut+N (Ht+N ) vanishes as N → ∞. Therefore, letting N → ∞ we987

obtain Ut(h) ≤ limN→∞ JπN (h) := Jπ(h), and taking infimum over π we get Ut(h) ≤W ⋆
t (h).988

Step 2 (equality). From Lemma 9, QUt (h, a) is l.s.c. on A for each h, and A is compact.989

Furthemore QUt (h, a) is jointly Borel-measurable. Then, there exists a measurable selector990

a⋆t (h) ∈ argminaQ
U
t (h, a) [17] . Then bothCUt (h) = QUt (h, a

⋆
t (h)) is Borel measurable. Consider991

then a policy π⋆ that stops at h if gt(h) ≤ CUt (h), and otherwise continue with a⋆t (h). Denote by τ∗992

this stopping rule. Along this policy, the Bellman minimum is attained with equality at every step,993

therefore994

Ut(h) = Eπ
∗

min(τ∗,t+N)−1∑
s=t

1 + 1{τ∗≤t+N}gτ∗(Hτ∗) + 1{τ∗>t+N}Ut+N (Ht+N )
∣∣∣Ht = h

 .
Since Ut(h) is bounded, we have995

λ ≥ Ut(h) ≥ Eπ
∗
[min(τ∗, t+N)− t | Ht = h].

LettingN →∞, we obtain Eπ∗
[τ−t | Ht = h] ≤ λ. Therefore the remainder term 1{τ∗>t+N}Ut+N996

vanishes as N → ∞ by dominated convergence since Ut+N ≤ λ and τ∗ < ∞ almost surely.997

Therefore we obtain Ut(h) = Jπ
∗
(h). Since W ⋆(h) is the minimal cost we obtain W ⋆

t (h) ≤ Ut(h),998

but from the previous step we also haveUt(h) ≤W ⋆
t (h). ThereforeUt(h) =W ⋆

t (h) = V ⋆t (h;λ)+λ.999

Finally, V ⋆t is l.s.c. since Ut is l.s.c.1000
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Hence, we conclude with the following result1001

Proposition 2 (Actor over A and stopping action). Assume Assumption 2 and Assumption 4. and1002

let a⋆(h) ∈ argmina∈AQ
⋆
t,cont(h, a). Then an optimal policy can be implemented by: (i) selecting1003

a⋆(h) as the continuation action, and (ii) stopping iff Q⋆t,stop(h) ≤ Q⋆t,cont(h, a⋆(h)).1004

Proof. By (17), at each history h the optimal action is whichever attains the minimum between1005

Q⋆t,stop(h) and infa∈AQ
⋆
t,cont(h, a). If a⋆(h) attains the infimum over A, then the comparison1006

Q⋆t,stop(h) ≤ Q⋆t,cont(h, a
⋆(h)) is equivalent to Q⋆t,stop(h) ≤ infaQ

⋆
t,cont(h, a), i.e., stopping is1007

optimal. Otherwise continuing with a⋆(h) is optimal.1008

1009

This last result shows that an algorithm can act in the augmented space Ā while never explicitly1010

parameterizing a “stop action” in the actor.1011

Hence an optimal policy can be implemented by:1012

1. choose a continuation action a⋆(h) ∈ argmina∈AQ
⋆
t,cont(h, a) (this is the actor over A1013

only);1014

2. stop if Q⋆t,stop(h) ≤ Q⋆t,cont(h, a⋆(h)), otherwise continue with a⋆(h).1015

This is mathematically equivalent to having a single policy over Ā that selects1016

argmin{Q⋆t,stop(h),minaQ
⋆
t,cont(h, a)}, but it decomposes the decision into (i) a continu-1017

ous control over A and (ii) an optimal-stopping comparison against a scalar stop value. Therefore,1018

one can learn a Q-value for the stop decision and comparing it to the Q-value of the actor-chosen1019

action: this is consistent with the optimal control structure of (17), provided the actor approximates1020

the minimizer of Q⋆t,cont(h, ·) and the critic estimates are calibrated.1021

B.3.4 Reward Shaping and Removal of the Stop Action1022

The stop action need not be explicitly parameterized by the actor. Indeed, for fixed λ > 0, the1023

Lagrangian objective1024

Eπ
[
τ−1∑
s=t

1− λrτ (Hτ ) | Ht = h

]
is equivalent, up to an additive constant independent of the policy, to maximizing the shaped return1025

obtained from the one-step reward1026

Rsh
s := −1 + λ (rs+1(Hs+1)− rs(Hs)) .

Thus the actor may be restricted to continuation actions a ∈ A, while the stopping decision is1027

implemented by comparing the best continuation advantage against the stop value, which is zero in1028

the shaped formulation. Equivalently, using the rescaled reward1029

− 1

λ
+ rs+1(Hs+1)− rs(Hs)

gives the same optimal policies.1030

Lemma 10 (Reward shaping). Fix λ > 0. For a continuation policy π and stopping time τ , define1031

the original Lagrangian cost1032

Jλt (h;π, τ) := Eπ
[
τ−1∑
s=t

1− λrτ (Hτ )
∣∣∣Ht = h

]
,

and the shaped return1033

Gλt (h;π, τ) := Eπ
[
τ−1∑
s=t

Rsh
s (Hs, As, Hs+1)

∣∣∣Ht = h

]
.

Then1034

argmin
π,τ

Jλt (h;π, τ) = argmax
π,τ

Gλt (h;π, τ).
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Proof. First, the shaped reward telescopes:1035

τ−1∑
s=t

Rsh
s (Hs, As, Hs+1) =

τ−1∑
s=t

[λ (rs+1(Hs+1)− rs(Hs))− 1] = λrτ (Hτ )− λrt(Ht)−
τ−1∑
s=t

1.

Conditioning on Ht = h gives1036

Gλt (h;π, τ) = Eπ
[
λrτ (Hτ )−

τ−1∑
s=t

1

∣∣∣∣∣Ht = h

]
− λrt(h).

Since1037

Jλt (h;π, τ) = Eπ
[
τ−1∑
s=t

1− λrτ (Hτ )

∣∣∣∣∣Ht = h

]
,

we obtain1038

Gλt (h;π, τ) = −Jλt (h;π, τ)− λrt(h).
The term −λrt(h) does not depend on (π, τ), so maximizing Gλt is equivalent to minimizing Jλt .1039

1040

Using this reward shaping, we do not need to learn the stopping Q-value, as shown in the next1041

proposition. The actor only needs to output a continuation action a ∈ A. The stopping rule is a scalar1042

gate:1043

continue iff Qsh
t,cont(h, at(h)) > 0.

Equivalently, the stop value in the shaped formulation is identically zero, and the state-value target is1044

St(h) = max{0, Qsh
t,cont(h, at(h))}.

Proposition 3 (Reward shaping does not require learning a stopping Q-value). Let1045

S⋆t (h) := sup
π,τ

Gλt (h;π, τ)

be the optimal shaped value. Then1046

S⋆t (h) = max

{
0, sup
a∈A

E
[
−1 + λ (rt+1(Ht+1)− rt(h)) + S⋆t+1(Ht+1)

∣∣∣Ht = h,At = a
]}

.

Define the shaped continuation Q-value1047

Qsh
t,cont(h, a) := −1 + E

[
λ (rt+1(Ht+1)− rt(h)) + S⋆t+1(Ht+1)

∣∣∣Ht = h,At = a
]
.

If the supremum over a ∈ A is attained by a measurable selector a⋆t (h) ∈ argmaxa∈AQ
sh
t,cont(h, a),1048

then an optimal policy is implemented by1049

stop at h ⇐⇒ Qsh
t,cont(h, a

⋆
t (h)) ≤ 0,

and otherwise continuing with a⋆t (h).1050

Proof. Next, in the shaped formulation, stopping immediately produces the empty sum and hence1051

shaped return 0. If instead the learner continues with action a, it receives the immediate shaped1052

reward1053

λ
(
rt+1(Ht+1)− rt(h)

)
− 1

and then obtains the optimal future shaped value S⋆t+1(Ht+1). Therefore1054

S⋆t (h) = max

{
0, sup

a∈A
Qsh
t,cont(h, a)

}
.

Thus stopping is optimal exactly when1055

sup
a∈A

Qsh
t,cont(h, a) ≤ 0.

If a⋆t (h) attains the supremum, this is equivalent to1056

Qsh
t,cont(h, a

⋆
t (h)) ≤ 0.

Otherwise, if1057

Qsh
t,cont(h, a

⋆
t (h)) > 0,

continuing with a⋆t (h) attains the continuation branch and is optimal.1058
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B.4 Fixed-confidence setting: (ϵ, δ)-correctness of dual-optimal points1059

In this section we provide fixed-confidence guarantees for the continuous ICPE setting. Compared to1060

the correctness argument in [53], our proof differs in three aspects, each addressing a limitation of1061

the finite-space analysis.1062

1. Posterior object. The finite ICPE framework uses P(x⋆ = x | Ht), which is ill-1063

defined in continuous X . We replace it with the posterior success probability rt(h) =1064

supx∈X P(Lθ(x) ≤ ϵ | Ht = h). This is the natural continuous analogue and the only1065

change forced by the setting.1066

2. Non-singleton dual optima (main technical improvement). Russo et al. [53] assume the1067

dual-optimal policy set S(λ) is a singleton for each λ. We relax this to local closedness of1068

the near-optimal cost-reward set Kϵ0(λ⋆) (Assumption 6). This is meaningful in continuous1069

spaces where the policy class is richer and uniqueness is harder to verify. The key proof step1070

is showing that if all policies in Kϵ0(λ⋆) have ρ < 1− δ, then a uniform gap propagates to1071

all near-optimal policies (Step 2 below), which requires the closedness assumption in an1072

essential way.1073

3. Subdifferential argument (alternative proof technique). Rather than deriving a contra-1074

diction from monotonicity of the optimal cost in λ (as in [53]), we use the subdifferential1075

characterization of Hantoute and López [25] directly. This avoids the monotonicity argument1076

entirely: we show that every subgradient of f(λ) = −g(λ) at λ⋆ is strictly negative, contra-1077

dicting 0 ∈ ∂f(λ⋆). This argument works with multiple dual optima without modification.1078

We begin by stating our assumptions. To do so, let Π denote the class of admissible policies on the1079

augmented action space Ā, and for each π let τπ be the corresponding stopping time, i.e., the first1080

tiem the policy chooses the stop action. Define1081

T := {π ∈ Π : Eπ[τπ] <∞},

be the set of admissible policies with finite expected sample complexity.1082

Assumption 5 (Strict feasibility). We assume there exists a policy π ∈ T such that1083

Eπ[rτπ (Hτπ )] > 1− δ.

We also make the following assumption of closedness on the attainable cost-reward set. For any1084

π ∈ T define c(π) := Eπ[τπ] and ρ(π) := Eπ[rτπ (Hτπ )]. Define also1085

g(λ) = inf
π∈Π:c(π)<∞

c(π) + λ(1− δ − ρ(π)), S(λ) = argmin
π∈Π:c(π)<∞

c(π) + λ(1− δ − ρ(π)),

and the set of attainable cost-rewards:1086

K := {(c(π), ρ(π)) : π ∈ T } ⊂ [0,∞)× [0, 1].

We have the following properties on g(λ).1087

Lemma 11. Under Assumption 5, g(λ) is finite, concave on [0,∞) and attains a maximum on [0,∞).1088

Proof. For simplicity, we write the dual value directly on the attainable cost-reward set:1089

g(λ) = inf
(c,ρ)∈K

c+ λ(1− δ − ρ),

Then, g(λ) ≥ −δλ. Let (c, ρ) be a point satisfying Assumption 5. Then ρ > 1 − δ, and thus1090

g(λ) ≤ c− λη for η = −(1− δ − ρ). Since η > 0, and −λδ ≤ g(λ) ≤ c− λη, then g(λ)→ −∞1091

as λ→∞.1092

Finally, since λ 7→ c + λ(1 − δ − ρ) is affine, the infimum of any family of concave functions is1093

concave, therefore g(λ) is concave. Then, since g is finite and concave, it’s continuous on (0,∞) and1094

u.s.c. in 0. Therefore g is u.s.c. on [0,∞), and since limλ→∞ g(λ)→ −∞, there exists λ⋆ ∈ [0,∞)1095

such that g(λ⋆) = maxλ≥0 g(λ).1096

We impose then the following assumption.1097
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Assumption 6 (Closed optimal cost-reward set). Let G = argmaxλ g(λ). We assume that for every1098

maximizer λ⋆ ∈ G there exists ϵ0 > 0 such that1099

Kϵ(λ⋆) := {(c, ρ) ∈ K : c+ λ⋆(1− δ − ρ) ≤ g(λ⋆) + ϵ}

is closed for all ϵ ∈ (0, ϵ0]1100

Essentially, this geometric assumption is used to relax the assumption used in [53] that S(λ) is a1101

singleton for each λ, and allows us to generalize the argument to multiple optimal dual policies.1102

To verify correctness, we use the fact that the sub-gradient of the optimal value of the dual problem is1103

non-decreasing. To show this result, we employ the following proposition from [25] (see Prop. 3.11104

therein), which characterizes the subdifferential of the supremum of a family of affine functions.1105

Proposition 4 (Subdifferential of the supremum of affine functions [25]). Given a non-empty set1106

{(at, bt) : t ∈ T } ⊂ R2, and the supremum function f(x) : R→ R ∪ {∞}1107

f(x) = sup{atx− bt : t ∈ T },

for every x ∈ domf we have1108

∂f(x) =
⋂
ϵ>0

cl (conv{at : t ∈ Tϵ(x)}+B(x))

with1109

Tϵ(x) := {t ∈ T : atx− bt ≥ f(x)− ϵ},
and1110

B(x) := {y ∈ R : (y, yx) ∈ (conv{(at, bt) : t ∈ T })∞} ,

where C∞ is the recession cone of a set C and conv(·) denotes the closed convex hull of a set. In1111

particular, if x ∈ int(domf) we have1112

∂f(x) =
⋂
ϵ>0

conv {at : t ∈ Tϵ(x)} .

This last proposition permits us to define the subdifferential of the supremum of affine functions, and,1113

as we see now, we can also find a lower bound on any subdifferential d ∈ ∂f(x).1114

1115

We are now ready to prove (ϵ, δ)-PAC guarantees for ICPE in the continuous setting.1116

Theorem B.2 ((ϵ, δ)-correctness in the continuous ICPE case). Under Assumption 5 and Assumption 61117

for all λ⋆ ∈ G := argmaxλ g(λ) there exists a dual-optimal policy π⋆ ∈ S(λ⋆) such that1118

Eπ
⋆

[rτπ⋆ (Hτπ⋆ )] ≥ 1− δ, and Pπ
⋆

(Lθ (I
⋆
τ⋆(Hτ⋆)) ≤ ϵ) ≥ 1− δ.

where I⋆t (h) ∈ argmaxh qt(h, x) is the optimal inference selector.1119

Proof. For simplicity, we write the dual value directly on the attainable cost-reward set:1120

g(λ) = inf
(c,ρ)∈K

c+ λ(1− δ − ρ),

and the active set M(λ) := argmin(c,ρ)∈K c+ λ(1− δ − ρ).1121

Consider Lemma 11, then there exists λ⋆ ∈ argmaxλ g(λ) such that λ ∈ [0,∞). We now prove that1122

M(λ⋆) contains at-least a point (c, ρ) with reward at-least 1− δ.1123

By contradiction, (HYP) assume that all points (c, ρ) ∈M(λ⋆) satisfy ρ < 1− δ.1124

1125

First step: there exists α > 0 such that ρ ≤ 1− δ − α for optimal policies. Under (HYP), we claim1126

that there exists α > 0 such that ρ ≤ 1 − δ − α for all (c, ρ) ∈ M(λ⋆). First, note that by1127

Assumption 6 there exists ϵ0 such that M(λ⋆) =
⋂
ϵ∈(0,ϵ0]

Kϵ(λ⋆). Note that each Kϵ(λ⋆) is closed,1128

non-empty (since g is finite), and since ρ ∈ [0, 1] and c ≤ g(λ⋆) + ϵ+ λ⋆δ, it’s bounded. Thus each1129

Kϵ(λ⋆) is compact: therefore, also the intersection M(λ⋆) is compact.1130
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Since M(λ⋆) is compact, we have that the maximum is achieved, and since (c, ρ) 7→ ρ is continuous,1131

we set ρmax = max{ρ : (c, ρ) ∈M(λ⋆)} and α = 1− δ − ρmax > 0.1132

1133

Second step: near optimal policies satisfy ρ ≤ 1− δ − α/2. Always under (HYP), we now claim1134

that for near-optimal points we actually have ρ ≤ 1− δ − α/2. Suppose that this is not true: then, by1135

Assumption 6 there exists ϵ0 such that for every ϵ ∈ (0, ϵ0] there exists a point (c, ρ) in Kϵ(λ⋆) such1136

that ρ > 1− δ − α/2. Let ϵn = 1/n and consider such a sequence (cn, ρn) ∈ Kϵn(λ⋆) satisfying1137

ρn > 1− δ − α/2 for all n Therefore, for each n we have that1138

cn + λ⋆(1− δ − ρn) ≤ g(λ⋆) +
1

n
.

Since ρn ∈ [0, 1] and cn ≤ g(λ⋆) + 1/n+ λ⋆δ, thus bounded, we have that the sequence (cn, ρn) is1139

bounded. Since for each ϵn the set Kϵn(λ⋆) is closed, we can take a convergent subsequence that1140

satisfies (cn, ρn)→ (c, ρ) for some (c, ρ) ∈ Kϵ0 . Therefore, we have that1141

lim
n→∞

cn + λ⋆(1− δ − ρn) ≤ g(λ⋆) + 1/n =⇒ c+ λ⋆(1− δ − ρ) ≤ g(λ⋆).

However, for any (c, ρ) we also have g(λ⋆) ≤ c+ λ⋆(1− δ − ρ), thus c+ λ⋆(1− δ − ρ) = g(λ⋆),1142

while also having ρ ≥ 1 − δ − α/2, which contradicts ρ ≤ 1 − δ − α. Therefore, for all ϵ0 close1143

points we have ρ ≤ 1− δ − α/2.1144

We now distinguish the cases λ⋆ = 0 and λ⋆ > 0.1145

1146

Third step: case λ⋆ = 0 is not optimal. Under (HYP), assume λ⋆ = 0 is optimal. We show that this1147

is not the case, and there exists λ : g(λ) > g(0). We proceed by showing there exists λ > 0 small1148

such that for any (c, ρ) ∈ K we have c+ λ(1− δ − ρ) > g(0), and thus there exists λ > 0 such that1149

g(λ) > g(0).1150

Let λ > 0 to be chosen. By Assumption 6 and the previous step there exists ϵ0 such that for all1151

(c, ρ) ∈ Kϵ(0) with ϵ ∈ (0, ϵ0] we have 1 − δ − α/2 ≥ ρ and c ≤ g(0) + ϵ. Consider then the1152

following two cases:1153

1. Case where (c, ρ) satisfies c ≥ g(0) + ϵ0 (far away point). Since ρ ∈ [0, 1], we have1154

1− δ − ρ ∈ [−1, 1], and thus λ(1− δ − ρ) ≥ −λ. Hence1155

g(0) + ϵ0 − λ ≤ c+ λ(1− δ − ρ).

2. Case where (c, ρ) satisfies c ≤ g(0) + ϵ0 (near optimal point). Then, in this case we have1156

that (1− δ − ρ) ≥ α/2, thus, using that g(0) ≤ c, combining the two inequalities we have1157

g(0) + λα/2 ≤ c+ λ(1− δ − ρ).

Then, choose λ ∈ (0, ϵ0/2): we obtain −λ > −ϵ0/2, and λ > 0, thus1158

g(0) < g(0) +
ϵ0
2
< c+ λ(1− δ − ρ), g(0) < g(0) + λ

α

2
≤ c+ λ(1− δ − ρ).

Therefore g(0) < c+ λ(1− δ − ρ) for all (c, ρ) ∈ K. This shows that g(λ) > g(0), and contradicts1159

the optimality of λ⋆ = 0.1160

Fourth step: case λ⋆ > 0 is not optimal. Define the function f(λ) = −g(λ). From Lemma 11 then1161

f is convex. Since λ⋆ > 0, it lies in the interior of dom(f). Then, by Proposition 4 , we have1162

∂f(λ⋆) =
⋂

ϵ∈(0,ϵ0]

conv{ρ− (1− δ) : (c, ρ) ∈ Kϵ(λ⋆)}

By step 2 we have 1− δ − α/2 ≥ ρ, therefore ρ− (1− δ) ≤ −α/2, implying that1163

d ≤ −α
2

∀d ∈ ∂f(λ⋆).

But λ⋆ minimizes the convex function f and is an interior point of the domain, so necessarily1164

0 ∈ ∂f(λ⋆), which is a contradiction.1165
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Last step. Since both cases are impossible, we conclude there exists (c, ρ) ∈M(λ⋆) with ρ ≥ 1− δ.1166

Hence, there exists a dual optimal policy π ∈ S(λ⋆) such that c(π) = c and ρ(π) ≥ 1 − δ.1167

Lastly, since I⋆t attains the supremum in the definition of rt(h), we have rt(h) = qt(h, I
⋆
t (h)) =1168

P(Lθ(I⋆t (h)) ≤ ϵ | Ht = h). Thus, we get1169

1−δ ≤ ρ(π) = Eπ[rτπ (Hτπ )] = EπHτπ

[
P
(
Lθ
(
I⋆τπ (Hτπ )

)
≤ ϵ
∣∣∣Hτπ

)]
= P

(
Lθ
(
I⋆τπ (Hτπ )

)
≤ ϵ
)
.

1170

Remark 2. The above result yields a Bayesian fixed-confidence guarantee under the prior ν. It1171

is therefore the natural continuous counterpart of the fixed-confidence correctness statement in the1172

discrete ICPE setting.1173

B.5 Fixed-confidence setting: zero duality gap via perturbation values1174

In the previous sections we reduced the Bayesian fixed-confidence problem to an optimal-stopping1175

problem with terminal posterior-success reward. We now study when the corresponding Lagrangian1176

relaxation is exact. The main point of this section is that, although the policy space is infinite-1177

dimensional, the duality question can be analyzed through the two-dimensional attainable cost-reward1178

set1179

K := {(c(π), ρ(π)) : π ∈ T } ⊂ [0,∞)× [0, 1],

where1180

c(π) := Eπ[τπ], ρ(π) := Eπ[rτπ (Hτπ )].

The zero duality gap result uses a standard one-dimensional perturbation argument from convex1181

duality [46, 16, 47, 10]. While the general technique idea is not new, what is new is its application to1182

this specific problem studied in this manuscript, where the attainable cost-reward set K arises from1183

an optimal-stopping control problem over continuous spaces.1184

After optimizing over the inference rule, the reduced primal problem is1185

P ⋆ := inf
π∈T

c(π) s.t. ρ(π) ≥ 1− δ. (18)

Equivalently, P ⋆ = inf{c : (c, ρ) ∈ K, ρ ≥ 1− δ}. The associated Lagrangian dual value is1186

D⋆ := sup
λ≥0

g(λ), g(λ) := inf
π∈T
{c(π) + λ(1− δ − ρ(π))} . (19)

Equivalently, g(λ) = inf(c,ρ)∈K{c+ λ(1− δ − ρ)}, and the multiplier satisfies λ ≥ 0. Clearly, by1187

Lagrangian duality, we have that the weak duality easily holds D⋆ ≤ P ⋆.1188

Assumptions. We state some assumptions. The first one is a convexification assumption on the1189

policy class.1190

Assumption 7 (Time-sharing). For every π0, π1 ∈ T and every α ∈ [0, 1], there exists a policy1191

πα ∈ T such that1192

c(πα) = αc(π1) + (1− α)c(π0), ρ(πα) = αρ(π1) + (1− α)ρ(π0).

This assumption is natural for randomized sequential policies: before the episode starts, the learner1193

samples an independent Bernoulli random variable and then follows either π1 or π0 for the entire1194

episode. We use a-priori randomization over complete policies, rather than only randomized actions1195

at each history, because the latter does not automatically convexify the full stopping-time law. Hence,1196

under this assumption one can easily show that the cost-reward set K is convex.1197

Assumption 8 (Strict feasibility). There exists πsf ∈ T such that ρ(πsf) > 1− δ.1198

This is the same assumption as in Assumption 5.1199

The next assumption is not needed for zero duality gap. It is only needed when we want to extract an1200

actual primal-dual saddle point from the zero-gap identity. Unlike global closedness of all bounded1201

slices of K, it only asks for closedness of one near-optimal dual level set around a dual maximizer.1202

Assumption 9 (Local closedness of near-optimal dual level sets). Let G := argmaxλ≥0 g(λ). For1203

every λ⋆ ∈ G, there exists ϵ0 > 0 such that1204

Kϵ0(λ⋆) := {(c, ρ) ∈ K : c+ λ⋆(1− δ − ρ) ≤ g(λ⋆) + ϵ0}
is closed in R2.1205
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B.5.1 Zero Duality by Perturbation1206

We now show how Assumption 7 and Assumption 8 can be used to prove zero duality gap via a1207

perturbed value. Define the scalar perturbation value function1208

φ(u) := inf {c : (c, ρ) ∈ K, 1− δ − ρ ≤ u} , u ∈ R, (20)

with the convention inf ∅ = +∞. The original primal value is1209

P ⋆ = φ(0).

The variable u is the allowed violation of the confidence constraint. If u > 0, the constraint is relaxed;1210

if u < 0, the constraint is strengthened.1211

Lemma 12 (Basic properties of the perturbation value). Consider Assumption 7 and Assumption 8.1212

Then φ is convex, nonincreasing, and finite on an open interval containing 0. In particular, φ is1213

continuous at 0, and ∂φ(0) ̸= ∅.1214

Proof. We prove the claims one by one.1215

Step 1: monotonicity. If u1 ≤ u2, then1216

{(c, ρ) ∈ K : 1− δ − ρ ≤ u1} ⊆ {(c, ρ) ∈ K : 1− δ − ρ ≤ u2}.

Therefore1217

φ(u2) ≤ φ(u1).
Thus φ is nonincreasing.1218

Step 2: convexity. Using Assumption 7 one can easily show that K is convex. Take u0, u1 ∈ R,1219

α ∈ [0, 1], and η > 0. If φ(ui) <∞, choose (ci, ρi) ∈ K such that1220

1− δ − ρi ≤ ui, ci ≤ φ(ui) + η, i ∈ {0, 1}.

If one of the two values is +∞, the convexity inequality is trivial. By convexity of K,1221

(cα, ρα) := α(c1, ρ1) + (1− α)(c0, ρ0) ∈ K.

Moreover,1222

1− δ − ρα = α(1− δ − ρ1) + (1− α)(1− δ − ρ0) ≤ αu1 + (1− α)u0.

Hence (cα, ρα) is feasible for φ(αu1 + (1− α)u0), and so1223

φ(αu1 + (1− α)u0) ≤ cα ≤ αφ(u1) + (1− α)φ(u0) + η.

Letting η ↓ 0 gives convexity.1224

Step 3: finiteness near zero. By strict feasibility, there exists (csf , ρsf) ∈ K such that1225

ρsf > 1− δ.

Let1226

ηsf := ρsf − (1− δ) > 0.

Then1227

1− δ − ρsf = −ηsf .
Therefore, for every u ≥ −ηsf , the same point (csf , ρsf) is feasible for φ(u). Hence1228

φ(u) ≤ csf <∞, ∀u ≥ −ηsf .

Also, since c ≥ 0 for all (c, ρ) ∈ K, we have φ(u) ≥ 0 whenever φ(u) <∞. Thus φ is finite on the1229

open interval (−ηsf ,∞), which contains 0.1230

Step 4: continuity and existence of a subgradient. A proper convex function that is finite on an open1231

interval is continuous on that interval. Since 0 ∈ int(domφ), the one-dimensional subdifferential1232

∂φ(0) is nonempty. Equivalently, one may take any slope between the left and right derivatives of φ1233

at zero.1234
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Theorem B.3 (Zero duality gap by perturbation). Assume Assumption 7 and Assumption 8. Then1235

there exists λ⋆ ≥ 0 such that1236

g(λ⋆) = P ⋆.

Consequently,1237

inf
π∈T :ρ(π)≥1−δ

c(π) = sup
λ≥0

inf
π∈T
{c(π) + λ(1− δ − ρ(π))} . (21)

In particular, the Lagrangian dual has no duality gap, and the dual supremum is attained.1238

Proof. By Lemma 12, choose s⋆ ∈ ∂φ(0). Since φ is nonincreasing, every subgradient at zero is1239

nonpositive. Indeed, for h > 0, the subgradient inequality gives1240

φ(h) ≥ φ(0) + s⋆h,

while monotonicity gives φ(h) ≤ φ(0). Therefore s⋆h ≤ 0, and hence s⋆ ≤ 0.1241

Define λ⋆ := −s⋆ ≥ 0. The subgradient inequality gives, for every u ∈ R,1242

φ(u) ≥ φ(0) + s⋆u = P ⋆ − λ⋆u.

Now fix any (c, ρ) ∈ K and set u = 1− δ − ρ. Since (c, ρ) is feasible for φ(u), we have c ≥ φ(u).1243

Thus1244

c ≥ φ(u) ≥ P ⋆ − λ⋆u = P ⋆ − λ⋆(1− δ − ρ).
Equivalently, c+ λ⋆(1− δ − ρ) ≥ P ⋆. Taking the infimum over all (c, ρ) ∈ K gives1245

g(λ⋆) = inf
(c,ρ)∈K

{c+ λ⋆(1− δ − ρ)} ≥ P ⋆.

By weak duality, we also have g(λ⋆) ≤ P ⋆. Hence g(λ⋆) = P ⋆. Taking the supremum over λ ≥ 01246

proves Eq. (21).1247

Remark 3. Strict feasibility (Assumption 8) is a simple sufficient condition. The exact perturbation1248

condition is lower semicontinuity of φ at the origin by the Fenchel-Moreau theorem. In fact, φ∗∗ is the1249

lower semicontinuous convex envelope of φ. Since φ is already convex, equality φ∗∗(0) = φ(0) holds1250

exactly when φ is lower semicontinuous at 0. Finally, Lemma 12 shows that strict feasibility implies1251

continuity, hence lower semicontinuity, at 0. We state Theorem B.3 under strict feasibility because it1252

is easier to interpret and check. Strict feasibility places 0 in the interior of domφ, and finite convex1253

functions are continuous on the interior of their domain. The price is that strict feasibility is stronger1254

than necessary.1255

B.5.2 Primal attainment and KKT1256

The zero-gap result above does not require any closedness assumption on K. However, zero duality1257

gap is only a statement about values. To obtain an actual policy that is both primal feasible and1258

dual optimal, we need an attainment condition. The local closedness assumption above is enough:1259

it compactifies a near-optimal dual level set around a dual maximizer, and a feasible minimizing1260

sequence can be extracted inside this compact set.1261

Lemma 13 (Primal-dual attainment from local closedness). Assume 7, 8, and 9. Let λ⋆ ∈ G be any1262

dual maximizer. Then there exists (c⋆, ρ⋆) ∈ K such that1263

ρ⋆ ≥ 1− δ, c⋆ = P ⋆, c⋆ + λ⋆(1− δ − ρ⋆) = g(λ⋆).

Equivalently, there exists a policy π⋆ ∈ T such that1264

c(π⋆) = P ⋆, ρ(π⋆) ≥ 1− δ, π⋆ ∈ S(λ⋆).

Moreover, λ⋆(1− δ − ρ(π⋆)) = 0.1265

Proof. By Theorem B.3, g(λ⋆) = P ⋆. Let (cn, ρn) ∈ K be a feasible minimizing sequence for the1266

primal problem, so that1267

ρn ≥ 1− δ, cn → P ⋆.

Define Lλ⋆(c, ρ) := c+ λ⋆(1− δ − ρ). Since ρn ≥ 1− δ and λ⋆ ≥ 0, we have1268

Lλ⋆(cn, ρn) ≤ cn.
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On the other hand, by definition of g(λ⋆),1269

Lλ⋆(cn, ρn) ≥ g(λ⋆) = P ⋆.

Therefore,1270

P ⋆ ≤ Lλ⋆(cn, ρn) ≤ cn → P ⋆,

and hence Lλ⋆(cn, ρn)→ P ⋆ = g(λ⋆).1271

Let ϵ0 > 0 be given by Assumption 9. For all sufficiently large n,1272

Lλ⋆(cn, ρn) ≤ g(λ⋆) + ϵ0,

so (cn, ρn) ∈ Kϵ0(λ⋆).1273

We now show that Kϵ0(λ⋆) is compact. It is closed by assumption. It is also bounded: for every1274

(c, ρ) ∈ Kϵ0(λ⋆), since ρ ∈ [0, 1], we have 1− δ − ρ ≥ −δ, and thus1275

c ≤ g(λ⋆) + ϵ0 + λ⋆δ.

Also c ≥ 0 and ρ ∈ [0, 1]. Hence Kϵ0(λ⋆) is closed and bounded in R2, and therefore compact.1276

Passing to a subsequence, we may assume (cn, ρn) → (c⋆, ρ⋆) for some (c⋆, ρ⋆) ∈ Kϵ0(λ⋆) ⊆ K.1277

Since cn → P ⋆, we have c⋆ = P ⋆. Since ρn ≥ 1− δ for all n, we have ρ⋆ ≥ 1− δ. By continuity1278

of Lλ⋆ ,1279

Lλ⋆(c⋆, ρ⋆) = lim
n
Lλ⋆(cn, ρn) = P ⋆ = g(λ⋆).

Because (c⋆, ρ⋆) ∈ K, there exists π⋆ ∈ T such that c(π⋆) = c⋆ and ρ(π⋆) = ρ⋆. The equality1280

Lλ⋆(c⋆, ρ⋆) = g(λ⋆) implies π⋆ ∈ S(λ⋆). Finally, since c⋆ = P ⋆ and Lλ⋆(c⋆, ρ⋆) = P ⋆, we obtain1281

λ⋆(1− δ − ρ⋆) = 0.

This proves the claim.1282

Define the dual-optimal policy set1283

S(λ) := argmin
π∈T

{c(π) + λ(1− δ − ρ(π))} .

Theorem B.4 (KKT and Bayesian correctness). Assume 7, 8, and 9. Let λ⋆ ∈ G be any dual1284

maximizer. Then there exists π⋆ ∈ S(λ⋆) such that1285

c(π⋆) = P ⋆, ρ(π⋆) ≥ 1− δ, λ⋆(1− δ − ρ(π⋆)) = 0.

Consequently, if I⋆t (h) ∈ argmaxx∈X qt(h, x) is a measurable posterior-optimal inference selector,1286

then1287

Pπ
⋆

θ∼ν
(
Lθ
(
I⋆τπ⋆ (Hτπ⋆ )

)
≤ ϵ
)
≥ 1− δ.

Proof. By Lemma 13, there exists π⋆ ∈ T such that1288

c(π⋆) = P ⋆, ρ(π⋆) ≥ 1− δ, π⋆ ∈ S(λ⋆),
and1289

λ⋆(1− δ − ρ(π⋆)) = 0.

It remains only to translate ρ(π⋆) ≥ 1− δ into the desired correctness statement.1290

By definition,1291

ρ(π⋆) = Eπ
⋆

[rτπ⋆ (Hτπ⋆ )] .

Since I⋆t is posterior-optimal, rt(h) = qt(h, I
⋆
t (h)). Hence1292

ρ(π⋆) = Eπ
⋆ [
qτπ⋆

(
Hτπ⋆ , I

⋆
τπ⋆ (Hτπ⋆ )

)]
.

By Lemma 5, the last display equals1293

Pπ
⋆

θ∼ν
(
Lθ
(
I⋆τπ⋆ (Hτπ⋆ )

)
≤ ϵ
)
.

Since ρ(π⋆) ≥ 1− δ, the result follows.1294

Remark 4 (What is stronger than the previous correctness statement). The result above separates1295

three issues that were previously entangled: (i) zero duality gap, (ii) attainment of a primal-dual1296

saddle point, (iii) Bayesian- (ϵ, δ)-correctness. Time-sharing plus strict feasibility gives zero duality1297

gap and dual attainment. The local closedness assumption is only used to extract an actual feasible1298

dual-optimal policy from the zero-gap identity. Finally, Bayesian correctness follows from the1299

posterior-optimal inference identity.1300
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Weaknesses and limitations. There are several limitations to keep in mind.1301

1. First, the theorem is a statement about the randomized, time-sharing closure of the policy1302

class. If one restricts to deterministic policies without ex-ante randomization, K need not be1303

convex and a Lagrangian duality gap can occur.1304

2. Second, zero duality gap does not imply that every dual-optimal policy is feasible. The1305

theorem guarantees the existence of a feasible dual-optimal policy under the local closedness1306

assumption. A learned policy that approximately minimizes the Lagrangian at λ⋆ is not1307

automatically certified by this theorem.1308

3. Third, local closedness is still an attainment assumption. It is weaker than requiring all1309

bounded slices of K to be closed, but it is not automatic. Without some local closedness, the1310

primal value may be approached by policies whose cost-reward pairs converge to a boundary1311

point outside K, so no exact optimal policy need exist.1312

B.6 Training-time certification of (ϵ, δ)-correctness1313

We now give a training-time correctness guarantee for ICPE that treats the learned policy, stopping1314

rule, and recommender as a black box. The guarantee is designed for the practical workflow used in1315

our experiments: every few training epochs we freeze the current model, evaluate it on a finite batch1316

of fresh task realizations, and certify whether the checkpoint satisfies the (ϵ, δ)-guarantees.1317

The key point is that certification must account for repeated testing. A fixed-level certificate applied1318

repeatedly at many checkpoints is not valid without correction. We therefore assign a certification1319

budget αm to checkpoint m, with total budget at most α ∈ (0, 1), and certify each checkpoint using1320

a checkpointwise mixture martingale.1321

Fix a target success threshold1322

q⋆ = 1− δ,
and an additional parameter α ∈ (0, 1) that controls the probability of ever falsely certifying a1323

checkpoint.1324

Protocol. We index certification checkpoints by m ≥ 1. In the experiments, for example, check-1325

point m may correspond to every 2500 training epochs. At checkpoint m, let1326

wm = (ϕm, ψm, ϑm)

denote the frozen parameters of the inference model Iϕ, the critic Qψ and the actor πϑ. We denote by1327

Im, πm, and τm, respectively, the induced inference rule, sampling policy, and stopping time. The1328

probability of success of checkpoint m is1329

pm := Pπm

θ∼ν(Im(Hτm) ∈ Xϵ(θ)) .
Thus pm is the probability of success of the actual recommender rule used by the frozen checkpoint.1330

For each checkpoint m, after wm is fixed, we draw i.i.d. a batch of B evaluation episodes. For1331

j = 1, . . . , B, let θ(m,j) ∼ ν be the task in the j-th evaluation episode for checkpoint m, and let1332

H
(m,j)
τm be the stopped history obtained by running the frozen snapshot wm on that task. Define the1333

success indicator1334

Zm,j := 1
{
Im

(
H(m,j)
τm

)
∈ Xϵ(θ(m,j))

}
.

We write1335

Sm,t :=

t∑
j=1

Zm,j , t = 0, 1, . . . , B.

Hence, For each checkpoint m, conditional on the training history before evaluating checkpoint m1336

and conditional on the frozen checkpoint wm, the variables1337

Zm,1, . . . , Zm,B

are independent and identically distributed as Ber(pm). Moreover, the certification batch at check-1338

point m is not reused for training updates before the certification decision for checkpoint m is1339

made.1340
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Checkpointwise mixture martingale. At checkpoint m, we test the null hypothesis1341

H0,m : pm ≤ q⋆.

Let Πm be a probability distribution on [q⋆, 1], chosen before observing the certification batch at1342

checkpoint m. For r ∈ [q⋆, 1], define1343

Lm,t(r) :=

(
r

q⋆

)Sm,t
(

1− r
1− q⋆

)t−Sm,t

, t = 0, 1, . . . , B,

with the usual convention 00 = 1. The checkpointwise mixture martingale is1344

Mm,t :=

∫ 1

q⋆
Lm,t(r)Πm(dr), Mm,0 = 1.

In implementation, Πm may be a finite grid distribution, in which case no numerical integration is1345

needed. If1346

Πm =

L∑
ℓ=1

ωm,ℓ δrm,ℓ
,

L∑
ℓ=1

ωm,ℓ = 1,

then1347

Mm,t =

L∑
ℓ=1

ωm,ℓ

(
rm,ℓ
q⋆

)Sm,t
(
1− rm,ℓ
1− q⋆

)t−Sm,t

.

Certification budgets. Let (αm)m≥1 be nonnegative certification budgets, chosen predictably1348

before observing the certification batch at checkpoint m, and satisfying1349 ∑
m≥1

αm ≤ α.

We declare checkpoint m certified if1350

max
1≤t≤B

Mm,t ≥ α−1
m .

Let1351

C :=
{
m ≥ 1 : max

1≤t≤B
Mm,t ≥ α−1

m

}
be the set of certified checkpoints.1352

Proposition 5 (Training-time certification by checkpointwise mixture martingales). Suppose that the1353

certification budgets satisfy
∑
m≥1 αm ≤ α almost surely. Then1354

P(∀m ∈ C, pm > q⋆) ≥ 1− α.

Equivalently, every certified checkpoint is (ϵ, δ)-correct, and, after training, any adaptively selected1355

checkpoint1356

m̂ ∈ C
is (ϵ, δ)-correct with confidence at least 1− α.1357

Proof. Fix a checkpoint m. We condition on the training history before the certification batch for1358

checkpoint m, and on the frozen checkpoint wm. Under this conditioning, pm, Πm, and αm are fixed,1359

and1360

Zm,1, . . . , Zm,B
i.i.d.∼ Bernoulli(pm).

Assume the null hypothesis1361

H0,m : pm ≤ q⋆

holds. Fix any r ∈ [q⋆, 1]. We show that {Lm,t(r)}Bt=0 is a nonnegative supermartingale under H0,m.1362

Let Fm,t be the sigma-field generated by the training history, the frozen checkpoint wm, and the first1363

t certification outcomes1364

Zm,1, . . . , Zm,t.
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For t < B,1365

Lm,t+1(r)

Lm,t(r)
=

{
r/q⋆, Zm,t+1 = 1,

(1− r)/(1− q⋆), Zm,t+1 = 0.

Therefore,1366

E
[
Lm,t+1(r)

Lm,t(r)

∣∣∣∣Fm,t] = pm
r

q⋆
+ (1− pm)

1− r
1− q⋆

.

A direct calculation gives1367

pm
r

q⋆
+ (1− pm)

1− r
1− q⋆

= 1 +
(pm − q⋆)(r − q⋆)

q⋆(1− q⋆)
.

Since pm ≤ q⋆ and r ≥ q⋆, the final term is nonpositive. Hence1368

E
[
Lm,t+1(r)

Lm,t(r)

∣∣∣∣Fm,t] ≤ 1.

Thus1369

E[Lm,t+1(r) | Fm,t] ≤ Lm,t(r),

so {Lm,t(r)}Bt=0 is a nonnegative supermartingale.1370

Because Mm,t is a mixture of the nonnegative supermartingales Lm,t(r), Tonelli’s theorem gives1371

E[Mm,t+1 | Fm,t] =
∫ 1

q⋆
E[Lm,t+1(r) | Fm,t] Πm(dr) ≤

∫ 1

q⋆
Lm,t(r)Πm(dr) =Mm,t.

Therefore {Mm,t}Bt=0 is a nonnegative supermartingale with Mm,0 = 1. By Ville’s inequality,1372

P
(

max
1≤t≤B

Mm,t ≥ α−1
m

∣∣∣∣ past, wm, H0,m

)
≤ αm.

Let1373

Am :=

{
pm ≤ q⋆ and max

1≤t≤B
Mm,t ≥ α−1

m

}
be the event that checkpoint m is falsely certified. From the conditional bound above,1374

P(Am | past) ≤ αm.

Taking expectations,1375

P(Am) ≤ E[αm].

By the union bound,1376

P(∃m ≥ 1 : Am) ≤
∑
m≥1

P(Am) ≤ E

∑
m≥1

αm

 ≤ α.
Thus, with probability at least 1− α, no checkpoint with pm ≤ q⋆ is certified. Equivalently,1377

pm > q⋆ ∀m ∈ C.

Taking q⋆ = 1− δ gives the stated (ϵ, δ)-correctness guarantee.1378

Remark 5 (What the guarantee certifies). The guarantee is simultaneous over all certified check-1379

points:1380

P(∀m ∈ C, pm > 1− δ) ≥ 1− α.
Thus the final returned model need not be the first certified model. It may be any checkpoint selected1381

after training, as long as it belongs to C. The result does not certify checkpoints that were never1382

certified, nor does it imply that all checkpoints after the first certified checkpoint are correct.1383
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Remark 6 (Relation to the original ICPE training-time argument). The original finite-hypothesis1384

ICPE argument pools evidence across checkpoints and tests a global null of the form1385

sup
m
pm ≤ q⋆.

That pooled martingale can show that training has produced evidence against the hypothesis that all1386

checkpoints are bad. However, by itself it does not certify an arbitrary later checkpoint unless one1387

adds a persistence or monotonicity assumption on the sequence (pm), as done in [53].1388

The checkpointwise martingale above is different. It tests each frozen checkpoint separately, spends1389

error probability across checkpoints, and therefore certifies the checkpoints that actually pass the1390

test. This matches the practical workflow in which we may check a model, fail to certify it, continue1391

training, and later certify a different checkpoint. No monotonicity or persistence assumption on the1392

training trajectory is required.1393

Remark 7 (Choice of certification budgets). If all checkpoints are treated symmetrically and a1394

maximum number Mmax of checks is fixed in advance, the uniform allocation1395

αm =
α

Mmax

is the simplest choice. If later checkpoints are expected to be better, one can use the exponentially1396

back-loaded allocation1397

αm = α
(γ − 1)γm−1

γMmax − 1
, γ > 1.

This preserves the same correctness theorem because the proof only uses1398 ∑
m

αm ≤ α.

The choice of schedule affects power, not validity. Larger αm makes checkpoint m easier to certify,1399

so back-loading the budget gives more power to later checkpoints at the expense of earlier ones.1400

Remark 8 (Finite-grid implementation). In practice we use a finite grid1401

q⋆ ≤ r1 < · · · < rL ≤ 1

with weights ω1, . . . , ωL. Then1402

Mm,t =

L∑
ℓ=1

ωℓ

(
rℓ
q⋆

)Sm,t
(
1− rℓ
1− q⋆

)t−Sm,t

,

which is easy to compute and remains a valid mixture martingale. The grid should place mass on1403

plausible alternatives above q⋆, for example rℓ ∈ {0.91, 0.92, 0.93, 0.94, 0.95, 0.97} when q⋆ = 0.9.1404

Placing mass closer to q⋆ improves power for small margins but requires larger batches; placing1405

mass farther above q⋆ improves power when the checkpoint is substantially better than the target.1406

B.7 Choice of inference model and reward modeling1407

This subsection clarifies the relation between the ideal posterior quantities used in the Bellman1408

characterization and the inference model used in the implementation. The ideal inference rule1409

maximizes1410

qt(h, x) := P(Lθ(x) ≤ ϵ|Ht = h), rt(h) := sup
x∈X

qt(h, x),

and any measurable maximizer is denoted by1411

I⋆t (h) ∈ argmax
x∈X

qt(h, x).

The implementation does not parameterize I⋆t directly. Instead, it uses a stochastic selector Ît(·|h),1412

represented by a diagonal Gaussian base distribution1413

Ît(·|h) = N (µt(h),Σt(h)).

The recommendation is the mean µt(h), while the critic evaluates samples from Ît(·|h).1414
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Sampled reward. For fixed (h, θ), define the success probability of the implemented stochastic1415

selector by1416

r̂t(h, θ) := Ex∼Ît(·|h)[1{x ∈ Xϵ(θ)}].

Its posterior average is1417

r̂t(h) := E[r̂t(h, θ)|Ht = h].

Given M Monte Carlo samples X(1)
t , . . . , X

(M)
t ∼ Ît(·|h), we use1418

r̂t,M (h, θ) :=
1

M

M∑
m=1

1{X(m)
t ∈ Xϵ(θ)}.

Lemma 14 (Sampled stochastic-selector reward). Conditionally on (Ht = h, θ),1419

E[r̂t,M (h, θ)|Ht = h, θ] = r̂t(h, θ), Var(r̂t,M (h, θ)|Ht = h, θ) ≤ 1

4M
.

Furthermore,1420

r̂t(h) = E[qt(h, X̂t)|Ht = h] ≤ rt(h).

Proof. The first claim follows because r̂t,M is the average of M Bernoulli random variables with1421

success probability r̂t(h, θ). The variance bound follows from p(1 − p) ≤ 1/4. For the posterior1422

identity, X̂t is conditional independent of θ given Ht = h, thus1423

r̂t(h) =

∫
X
P(x ∈ Xϵ(θ)|Ht = h)Ît(dx|h) =

∫
X
qt(h, x)Ît(dx|h).

The last display is bounded by supx∈X qt(h, x) = rt(h).1424

The reward r̂t(h) evaluates the stochastic selector we actually use. It is therefore conservative relative1425

to the ideal deterministic reward rt(h), which assumes access to the best posterior recommendation.1426

Second-moment robustness. The next proposition gives two sufficient conditions under which the1427

sampled reward is close to the ideal one. The first bound uses concentration around the task-level1428

zero-loss target x⋆θ . The second uses concentration around the posterior-optimal rule I⋆t (h).1429

For z ∈ X , define1430

Dt(h, z) := E[∥X̂t − z∥2|Ht = h], X̂t ∼ Ît(·|h).

Proposition 6 (Second-moment robustness and ideal-reward gap). Assume that, for posterior-a.e. θ,1431

there exists ρ(θ) > 0 such that1432

B(x⋆θ, ρ(θ)) ∩ X ⊆ Xϵ(θ).
where B(x, r) is an euclidean ball of radius r around x. Then1433

r̂t(h, θ) ≥ 1− Dt(h, x
⋆
θ)

ρ(θ)2
.

Moreover, assume X̂t is conditionally independent of θ given Ht = h. If I⋆t (h) ∈1434

argmaxx∈X qt(h, x) and qt(h, ·) is Lt(h)-Lipschitz on B(I⋆t (h), Rt(h)) ∩ X , then1435

0 ≤ rt(h)− r̂t(h) ≤ Lt(h)
√
Dt(h, I⋆t (h)) +

Dt(h, I
⋆
t (h))

Rt(h)2
.

If qt(h, ·) is globally Lt(h)-Lipschitz on X , the second term is unnecessary.1436

Proof. For the first claim, the margin assumption gives1437

{∥X̂t − x⋆θ∥ ≤ ρ(θ)} ⊆ {X̂t ∈ Xϵ(θ)}.

Therefore1438

1− r̂t(h, θ) ≤ P(∥X̂t − x⋆θ∥ > ρ(θ)|Ht = h, θ).
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Since the law of X̂t depends on h but not on θ conditional on h, Markov’s inequality gives1439

1− r̂t(h, θ) ≤
Dt(h, x

⋆
θ)

ρ(θ)2
.

For the second claim, by Lemma 14,1440

r̂t(h) = E[qt(h, X̂t)|Ht = h].

Since I⋆t (h) maximizes qt(h, ·),1441

rt(h)− r̂t(h) = E[qt(h, I⋆t (h))− qt(h, X̂t)|Ht = h] ≥ 0.

Let1442

Eh := {∥X̂t − I⋆t (h)∥ ≤ Rt(h)}.
On Eh, Lipschitzness gives1443

qt(h, I
⋆
t (h))− qt(h, X̂t) ≤ Lt(h)∥X̂t − I⋆t (h)∥.

On Ech, the same difference is at most 1. Hence1444

rt(h)− r̂t(h) ≤ Lt(h)E[∥X̂t − I⋆t (h)∥|Ht = h] + P(Ech|Ht = h).

Jensen’s inequality gives1445

E[∥X̂t − I⋆t (h)∥|Ht = h] ≤
√
Dt(h, I⋆t (h)),

and Markov’s inequality gives1446

P(Ech|Ht = h) ≤ Dt(h, I
⋆
t (h))

Rt(h)2
.

If qt(h, ·) is globally Lipschitz, take Eh = X and remove the last term.1447

The first bound gives the margin interpretation of the sampled reward: if the stochastic selector has1448

small second moment around x⋆θ , then its samples are likely to be ϵ-optimal. The second bound1449

is different: it compares the stochastic selector to the ideal posterior reward and is small when the1450

selector concentrates around I⋆t (h) and qt(h, ·) is locally regular. Thus the sampled reward evaluates1451

the implemented selector through the same event used for correctness; it does not assume that the1452

NLL mean is exactly optimal.1453

Gaussian NLL. We next characterize the population Gaussian NLL objective. Let1454

Z := x⋆θ

be the selected zero-loss target, viewed as a random variable under the posterior law θ|Ht = h. For1455

µ ∈ Rd and Σ ∈ Sd++, define1456

Lh(µ,Σ) := E[− logN (Z;µ,Σ)|Ht = h].

Let1457

µNLL
t (h) := E[Z|Ht = h], ΣNLL

t (h) := Cov(Z|Ht = h).

Proposition 7 (Gaussian NLL moment projection). Assume Z|Ht = h has finite second moment and1458

positive definite covariance. Then the unique minimizer of Lh(µ,Σ) over µ ∈ Rd and Σ ∈ Sd++ is1459

µ = µNLL
t (h), Σ = ΣNLL

t (h).

If the covariance is restricted to be diagonal, the optimal mean is still µNLL
t (h) and the optimal1460

diagonal entries are the posterior coordinate variances of Z.1461

Proof. Up to an additive constant,1462

Lh(µ,Σ) =
1

2
log detΣ +

1

2
E[(Z − µ)⊤Σ−1(Z − µ)|Ht = h].

42



For fixed Σ, the second term is minimized at µ = E[Z|Ht = h]. With this choice, the objective1463

becomes1464

1

2
log detΣ +

1

2
tr(Σ−1ΣNLL

t (h)).

The first-order condition in Σ gives1465

Σ = ΣNLL
t (h),

and strict convexity in the natural parameters gives uniqueness. The diagonal case follows by the1466

same calculation coordinate-wise.1467

Thus Gaussian NLL performs a moment projection of the posterior law of x⋆θ: it matches the first1468

two posterior moments, or the coordinate variances in the diagonal case. This does not imply that1469

µNLL
t (h) maximizes qt(h, ·) in general. The NLL objective learns the posterior target law, while1470

optimality for stopping is defined by the ϵ-success probability.1471

Near-optimality of the NLL mean. The NLL objective does not directly maximize qt(h, x). It1472

learns the posterior mean of the selected target x⋆θ under the Gaussian moment projection. The1473

next result gives a simple condition under which this mean is nevertheless close to the ideal rule in1474

posterior success probability. The condition is posterior concentration relative to the margin of the1475

success set, not exact equality between the posterior mean and the maximizer of qt(h, ·).1476

Proposition 8 (Near-optimality of the NLL mean). Fix a history h and write1477

Z := x⋆θ, µNLL
t (h) := E[Z|Ht = h], Vt(h) := E[∥Z − µNLL

t (h)∥2|Ht = h].

Assume that there exists ρ > 0 such that, posterior-a.s., B(x⋆θ, ρ) ∩ X ⊆ Xϵ(θ), where B(x, r) is1478

an Euclidean ball of radius r around x. Let µ̂t(h) ∈ X be the deployed mean recommendation and1479

assume1480

∥µ̂t(h)− µNLL
t (h)∥ ≤ et(h).

Then1481

0 ≤ rt(h)− qt(h, µ̂t(h)) ≤
Vt(h) + et(h)

2

ρ2
.

Moreover, if I⋆t (h) ∈ argmaxx∈X qt(h, x), qt(h, ·) is Lt(h)-Lipschitz on B(I⋆t (h), Rt(h))∩X , and1482

∥µ̂t(h)− I⋆t (h)∥ ≤ Rt(h), then1483

0 ≤ rt(h)− qt(h, µ̂t(h)) ≤ Lt(h)∥µ̂t(h)− I⋆t (h)∥.

Proof. The margin assumption implies1484

{∥µ̂t(h)− x⋆θ∥ ≤ ρ} ⊆ {µ̂t(h) ∈ Xϵ(θ)}.

Therefore1485

qt(h, µ̂t(h)) ≥ 1− P(∥µ̂t(h)− Z∥ > ρ|Ht = h).

By Markov’s inequality,1486

qt(h, µ̂t(h)) ≥ 1− E[∥µ̂t(h)− Z∥2|Ht = h]

ρ2
.

Since µ̂t(h) is deterministic conditional on Ht = h,1487

E[∥µ̂t(h)− Z∥2|Ht = h] = Vt(h) + ∥µ̂t(h)− µNLL
t (h)∥2 ≤ Vt(h) + et(h)

2.

The first claim follows because rt(h) ≤ 1. For the second claim, use rt(h) = qt(h, I
⋆
t (h)) and1488

Lipschitzness:1489

rt(h)− qt(h, µ̂t(h)) = qt(h, I
⋆
t (h))− qt(h, µ̂t(h)) ≤ Lt(h)∥µ̂t(h)− I⋆t (h)∥.

1490
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The proposition clarifies what is, and is not, implied by the Gaussian NLL. In general, µNLL
t (h) =1491

E[x⋆θ|Ht = h] need not maximize qt(h, ·): if the posterior law of x⋆θ is multimodal, the mean can lie1492

between modes. The first bound gives the guarantee tied to NLL training. If the posterior uncertainty1493

on x⋆θ is small relative to the margin of Xϵ(θ), then the deployed mean is near-optimal in posterior1494

success probability. The Lipschitz bound is different: it says that any deterministic recommendation1495

close to an ideal maximizer I⋆t (h) is near-optimal when qt(h, ·) is locally regular. Thus the Lipschitz1496

argument also applies to the NLL mean, but only if one separately controls its distance to I⋆t (h).1497

For localization losses Lθ(x) = ∥x− x⋆θ∥, the margin condition holds with ρ(θ) = ϵ. For smooth1498

value-gap losses, it follows from a local upper curvature bound near x⋆θ . For example, if1499

fθ(x)− fθ(x⋆θ) ≤
M

2
∥x− x⋆θ∥2

near x⋆θ , then1500

B

(
x⋆θ,

√
2ϵ

M

)
∩ X ⊆ Xϵ(θ).

Remark 9 (Exact alignment under symmetric localization). In special cases the NLL mean is exactly1501

Bayes-optimal. Suppose the success sets are translates of a fixed centrally symmetric convex set, i.e.,1502

Xϵ(θ) = {x ∈ X : x− x⋆θ ∈ Sϵ},

and suppose x⋆θ|Ht = h is Gaussian with mean µNLL
t (h), with µNLL

t (h) ∈ X . Then1503

µNLL
t (h) ∈ argmax

x∈X
qt(h, x).

Indeed, qt(h, x) is the posterior probability that a Gaussian random variable falls in a translate of1504

Sϵ, and this probability is maximized when the translate is centered at the Gaussian mean. Without1505

this type of symmetry, the posterior mean, posterior mode, and maximizer of qt(h, ·) can differ.1506

B.8 Robustness to prior misspecification1507

We now study deployment under a misspecified task prior. The controller C-ICPE is trained under a1508

prior ν on Θ and then frozen. At deployment, the same learned inference network, critic, action rule,1509

cost parameter, and stopping rule are used, but the environment parameter is drawn from a different1510

prior ν′. Thus, conditional on a fixed environment θ, the trajectory law Pπϕ

θ is unchanged; only the1511

outer averaging measure over θ changes.1512

Let1513

s(θ) := Pπϕ

θ

(
µϕ(Hτ̂ ) ∈ Xϵ(θ)

)
∈ [0, 1], t(θ) := Eπϕ

θ [τ̂ ] ∈ [0,∞].

For a prior η on Θ, define1514

p(η) :=

∫
Θ

s(θ) η(dθ), T (η) :=

∫
Θ

t(θ) η(dθ).

The training-prior guarantee is1515

p(ν) ≥ 1− δ.

The goal is to understand how p(ν
′) and T (ν′) change when ν is replaced by ν′.1516

Assumption 10 (Measurable performance profiles). The maps s : Θ→ [0, 1] and t : Θ→ [0,∞]1517

are Borel measurable. Moreover, t ∈ L1(η) for every prior η considered below.1518

Lemma 15 (Prior shift as reweighting). Under Assumption 10, correctness and stopping time under1519

any prior η are given by1520

p(η) = Eθ∼η[s(θ)], T (η) = Eθ∼η[t(θ)].

If η ≪ ν with density ratio wη = dη/dν, then1521

p(η) = Eν [wηs], T (η) = Eν [wηt].

44



Proof. Under prior η, the joint law factors as1522

η(dθ)Pπϕ

θ (dh).

Applying Tonelli’s theorem to the success indicator gives1523

p(η) =

∫
Θ

Pπϕ

θ

(
µϕ(Hτ̂ ) ∈ Xϵ(θ)

)
η(dθ) =

∫
Θ

s(θ) η(dθ).

The identity for T (η) follows similarly from Tonelli applied to the nonnegative random variable τ̂ .1524

The reweighting identities follow by the change of measure dη = wηdν.1525

The next proposition gives several complementary ways of transferring the training-prior guarantee1526

p(ν) ≥ 1− δ to a deployment prior ν′. The density-ratio and χ2 bounds are useful when ν′ ≪ ν; the1527

total-variation and good-set bounds do not require absolute continuity.1528

Proposition 9 (Success probability under prior shift). Assume Assumption 10, and write p = p(ν),1529

p′ = p(ν
′). Then:1530

(a) If ν′ ≪ ν and C = ∥dν′/dν∥∞, then 1− p′ ≤ C(1− p). In particular, p ≥ 1− δ implies1531

p′ ≥ 1− Cδ.1532

(b) If ν′ ≪ ν and χ2(ν′∥ν) < ∞, then |p′ − p| ≤
√
χ2(ν′∥ν)Varν(s).. Hence p ≥ 1 − δ1533

implies1534

p′ ≥ 1− δ −
√
χ2(ν′∥ν)δ.

(c) For arbitrary priors, |p′ − p| ≤ TV(ν′, ν). Consequently,1535

p′ ≥ 1− δ − TV(ν′, ν).

By Pinsker’s inequality, this also gives1536

p′ ≥ 1− δ −
√

1

2
DKL(ν′∥ν)

whenever DKL(ν
′∥ν) <∞, and the analogous bound with the KL arguments reversed.1537

(d) Let G ⊆ Θ be measurable. If s(θ) ≥ 1− η on G, then1538

p′ ≥ (1− η)ν′(G).

Moreover, if p ≥ 1− δ and1539

Gη := {θ : s(θ) ≥ 1− η},

then1540

ν(Gη) ≥ 1− δ

η
, p′ ≥ (1− η)ν′(Gη).

Proof. Let e(θ) = 1− s(θ) ∈ [0, 1].1541

For (a), if w = dν′/dν, then1542

1− p′ = Eν′ [e] = Eν [we] ≤ ∥w∥∞Eν [e] = C(1− p).

For (b), since Eν [w] = 1,1543

p′ − p = Eν [(w − 1)s] = Eν [(w − 1)(s− p)].

Cauchy–Schwarz yields1544

|p′ − p| ≤
√
Eν [(w − 1)2]

√
Varν(s) =

√
χ2(ν′∥ν)Varν(s).

Since 0 ≤ s ≤ 1, s2 ≤ s, hence1545

Varν(s) ≤ p(1− p) ≤ 1− p.

If p ≥ 1− δ, then Varν(s) ≤ δ, giving the displayed bound.1546
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For (c), since s ∈ [0, 1],1547

|p′ − p| =
∣∣∣∣∫ s d(ν′ − ν)

∣∣∣∣ ≤ TV(ν′, ν).

Pinsker’s inequality gives the KL consequences.1548

For (d),1549

p′ =

∫
G

s dν′ +

∫
Gc

s dν′ ≥ (1− η)ν′(G).

If G = Gη , then Gcη = {e > η}. Since Eν [e] ≤ δ, Markov’s inequality gives1550

ν(Gcη) ≤
δ

η
.

1551

The good-set formulation is often the most faithful explanation of empirical robustness. Average1552

correctness under ν implies that the controller is accurate on a large ν-measure set of environments.1553

Deployment remains accurate whenever ν′ continues to place most of its mass on that same set.1554

We now state the analogous bounds for the stopping time. Since t is not bounded by one, the bounds1555

require either density-ratio control, a second-moment assumption, or a bounded horizon.1556

Proposition 10 (Stopping time under prior shift). Assume Assumption 10, and write T = T (ν),1557

T ′ = T (ν′). Then:1558

(a) If ν′ ≪ ν and C = ∥dν′/dν∥∞, then T ′ ≤ CT .1559

(b) If ν′ ≪ ν, χ2(ν′∥ν) <∞, and t ∈ L2(ν), then1560

|T ′ − T | ≤
√
χ2(ν′∥ν)Varν(t).

(c) If τ̂ ≤ Tmax almost surely under every θ, then1561

|T ′ − T | ≤ Tmax TV(ν′, ν).

(d) If τ̂ ≤ Tmax almost surely and t(θ) ≤ τ0 on a measurable set F ⊆ Θ, then1562

T ′ ≤ τ0 + (Tmax − τ0)ν′(F c).

Proof. The first claim follows from1563

T ′ = Eν [wt] ≤ ∥w∥∞Eν [t] = CT.

For the second, use1564

T ′ − T = Eν [(w − 1)t] = Eν [(w − 1)(t− T )]
and apply Cauchy–Schwarz. For the third, t/Tmax ∈ [0, 1], so the total-variation bound applies. For1565

the fourth, split1566

T ′ =

∫
F

t dν′ +

∫
F c

t dν′

and use t ≤ τ0 on F and t ≤ Tmax everywhere.1567

Remark 10 (Beta–Uniform shifts). For one-dimensional shifts with ν = Unif(0, 1) and ν′ =1568

Beta(α, β), the constants in Proposition 9 can be evaluated in closed form. For example,1569

χ2(ν′∥ν) = B(2α− 1, 2β − 1)

B(α, β)2
− 1

when α, β > 1/2, and is infinite otherwise. The essential supremum ∥dν′/dν∥∞ is finite exactly1570

when α, β ≥ 1, with the usual interior-mode formula when α, β > 1. The reverse KL used to index1571

the robustness tables is1572

DKL(Unif∥Beta(α, β)) = logB(α, β) + α+ β − 2.

These constants are useful for interpreting the experimental tables, but the robustness mechanism1573

itself is entirely captured by the profile bounds above.1574

The results above are deliberately environment-agnostic and help identify generic failure modes:1575

robustness can fail only when the deployment prior emphasizes regions where the frozen controller1576

is inaccurate or slow, or when ν′ leaves the support region on which the controller was effectively1577

trained.1578
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B.9 Sample Complexity: Value Estimation vs Argmax Localization1579

In this subsection we study the sample complexity of estimating the maximum value of a gaussian1580

process F ∼ GP(0, kℓ) on D = [0, 1]d, and consider an RBF kernel kℓ(x, x′) := exp
(
−∥x−x′∥2

2ℓ2

)
1581

with x, x′ ∈ D.1582

We let the unknown lengthscale be random:1583

Λ ∼ ν, supp(ν) ⊆ [ℓ−, ℓ+] ⊂ (0,∞).

The learner observes1584

Yt = F (at) + ξt, ξt ∼ N (0, σ2),

where at ∈ D is chosen adaptively from the past history and σ > 0 is known.1585

Define1586

F ⋆ = max
x∈D

F (x), D⋆ = argmax
x∈D

F (x),

and write X⋆ whenever the maximizer is unique.1587

Argmax localization complexity. For r > 0 and δ ∈ (0, 1), define the Bayesian argmax-1588

localization complexity1589

Targ,ν(r, δ) = inf
A

EΛ,F,ξ[τ ],

where the infimum is over all sequential algorithms A that output X̂ and satisfy1590

PΛ,F,ξ

(
inf

X⋆∈D⋆
∥X̂ −X⋆∥ ≤ r

)
≥ 1− δ.

Max-value estimation complexity. Similarly, define the Bayesian max-value-estimation complex-1591

ity1592

Tval,ν(ϵ, δ) = inf
A

EΛ,F,ξ[τ ],

where the infimum is over all sequential algorithms that output v̂ and satisfy1593

PΛ,F,ξ (|v̂ − F ⋆| ≤ ϵ) ≥ 1− δ.

All probabilities and expectations are under the joint hierarchical law of (Λ, F ), the observation noise,1594

and any internal randomness of the algorithm.1595

Main result. To compare the sample complexity of argmax localization vs max-value estimation,1596

we use the fact that under regularity assumptions we approximately have r ∼
√
ϵ. This follows from1597

a Taylor’s expansion1598

F (X) = F (X⋆) +
1

2
(X −X⋆)⊤∇2F (X⋆)(X −X⋆) + o(∥X −X⋆∥2).

from which we find F (X)−F (X⋆) ≈ c∥X −X⋆∥22 for a suitable constant. Therefore, localizing to1599

radius r gives an error of roughly cr2 on the value. Therefore, for ϵ accuracy on the value, we can1600

take the radius to be r ∼
√
ϵ.1601

Then, we have the following main result.1602

Theorem B.5 (Bayesian value–argmax separation). Consider the hierarchical RBF-GP model:1603

Λ ∼ ν with supp(ν) ⊆ [ℓ−, ℓ+] ⊂ (0,∞), and F | Λ = ℓ ∼ GP(0, kℓ) on D = [0, 1]d, with1604

observations Yt = F (at) + ξt, ξt ∼ N (0, σ2).1605

Fix δ ∈ (0, 1). Suppose there exists η > 0 such that βη = PΛ,F (Icη) < δ, where βη is defined in1606

Lemma 17. Then:1607

1. (Argmax upper bound.) There exist constants B <∞ and C <∞, depending on ν, d, δ, σ1608

but not on ϵ, such that for all sufficiently small ϵ > 0,1609

TBayes
arg,ν (

√
ϵ, δ) ≤ B + C σ2 ϵ−3/2 log log

1

ϵ
.
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2. (Value lower bound.) There exist constants c > 0 and c′ <∞, depending on ν, d, δ, σ but1610

not on ϵ, such that for all ϵ > 0,1611

TBayes
val,ν (ϵ, δ) ≥ c σ

2

ϵ2
log

1

δ
− c′.

Consequently,1612

lim
ϵ→0

TBayes
val,ν (ϵ, δ)

TBayes
arg,ν (

√
ϵ, δ)

=∞.

Thus, under the high-probability interior regularity condition, max-value estimation is asymptotically1613

harder than argmax localization in the fully Bayesian hierarchical RBF model.1614

Proof. Set α ∈ (βη, δ). Since βη < α, Lemma 17 provides deterministic constants ρ, µ, L,M,Γ > 01615

and an event Eδ with P(Eα) ≥ 1− δ.1616

Part 1.We apply Theorem B.7 applies with r =
√
ϵ, giving1617

TBayes
arg,ν (

√
ϵ, δ) ≤ B +O

(
σ2ϵ−3/2 log log

1

ϵ

)
.

Part 2. By Theorem B.6, with C− = exp(−d/(2ℓ2−)) and C+ = exp(d/(4ℓ2−)),1618

TBayes
val,ν (ϵ, δ) ≥ σ2

C2
+

[
C2

− z
2
1−δ/2

ϵ2
− 1

]
+

.

For fixed δ and small ϵ, using z21−δ/2 ≥ c0 log(1/δ), this gives1619

TBayes
val,ν (ϵ, δ) ≥ c σ

2

ϵ2
log

1

δ
− c′.

Separation.1620

TBayes
val,ν (ϵ, δ)

TBayes
arg,ν (

√
ϵ, δ)

≥ c σ2ϵ−2 log(1/δ)− c′

B + C σ2 ϵ−3/2 log log(1/ϵ)
−→∞ as ϵ ↓ 0,

since ϵ−2 ≫ ϵ−3/2 log log(1/ϵ).1621

So value estimation can be asymptotically harder than argmax localization. Even at the radius where1622

localizing the argmax would "in principle" tell you the value to accuracy ϵ, the localization itself is1623

cheaper than directly estimating the value. The reason is simple: the algorithm exploits the geometry1624

(gradient information, smoothness) to localize at a fast rate, but it does not help with the problem of1625

estimating the height of a function.1626

B.9.1 Max-value estimation complexity1627

To derive a lower bound on Tval,ν(ϵ, δ), we convert the problem of estimating the maximum into the1628

problem of estimating a parameter Θ. We note that the lower bound is not tight, but for our purpose1629

(of showing that the argmax localization is easier) this is not important, as our goal is to show that1630

even this approximate lower bound still yields an harder problem. In particular, we assume the learner1631

has access to a particular quantity Wℓ that appears in the proof. We obtain the following result (note1632

that the constants are not optimized, and the only goal is to show the dependency on ϵ).1633

Theorem B.6. Consider the problem of estimating F ⋆ = maxx∈D F (x) where D = [0, 1]d, F |1634

Λ ∼ GP(0, kΛ) with kernel kℓ(x, y) = exp(−∥x− y∥22/(2ℓ2)) and Λ ∼ ν with continuous support1635

in [ℓ−, ℓ+] ⊂ (0,∞). Consider any sequential algorithm A that in each round selects at and1636

observes Yt = F (at) + ξt, where ξt ∼ N (0, 1). If the algorithm outputs v̂ at some stopping time τ1637

satisfying PΛ,F (|v̂ − F ⋆| ≤ ϵ) ≥ 1− δ, then we say that the algorithm is (ϵ, δ)-correct. Then, for1638

any (ϵ, δ)-correct algorithm we have that1639

inf
A:(ϵ,δ)−correct

E[τ ] ≥ σ2

C2
+

[
C2

−z
2
1−δ/2

ϵ2
− 1

]
+

,
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where z1−δ/2 = Φ−1(1− δ/2)2, C− = exp(−d/(2ℓ2−)) and C+ = exp(d/(4ℓ2−)).1640

Proof. The proof relies on converting the problem into that of estimating a parameter Θ. We use the1641

property of independent Gaussian r.v.: for jointly Gaussian X,Y we have that X = Cov(X,Y )
Var(Y ) Y +W ,1642

where W is an independent zero-mean Gaussian.1643

In this case, we take Y = Θℓ and X = F , where we define Θℓ as1644

Θℓ :=
1

sℓ

∫
D

F (x)dx, s2ℓ :=

∫
D×D

kℓ(x, y) dx dy.

Computing the covariance, we obtain1645

Cov(F (x),Θℓ) = E[F (x)Θℓ],

=
1

sℓ
E
[
F (x)

∫
D

F (y)dy

]
,

=
1

sℓ

∫
D

E [F (x)F (y)] dy,

=
1

sℓ

∫
D

kℓ(x, y) dy =: cℓ(x).

Therefore, we can rewrite the observation using that F (x) = cℓ(x)Θℓ +Wℓ(x) for some GP Wℓ1646

with 0-mean, and thus1647

Yt = [cℓ(at)Θℓ +Wℓ(at)] + ξt.

From the expression of F (x) we observe that1648

V (θ) = max
x

[cℓ(x)θ +Wℓ(x)],

is increasing in θ. Denote a maximizer by xθ, then, for θ′ ̸= θ we have1649

V (θ′) ≥ cℓ(xθ)θ′ +Wℓ(xθ) = V (θ) + cℓ(xθ)(θ
′ − θ).

Similarly,1650

V (θ) ≥ cℓ(xθ′)θ +Wℓ(xθ′) = V (θ′) + cℓ(xθ′)(θ − θ′).
We now derive bounds on cℓ. From the definition1651

cℓ(x) =
1

sℓ

∫
D

kℓ(x, y) dy,

since D is compact, and kℓ is the RBF kernel, we have that kℓ(x, y) ≤ 1 ⇒ cℓ(x) ≤ 1/sℓ and1652

kℓ(x, y) ≥ exp
(
−d/(2ℓ2)

)
⇒ cℓ(x) ≥ exp

(
−d/(2ℓ2)

)
/sℓ. Since s2ℓ ≥ exp

(
−d/(2ℓ2)

)
and1653

s2ℓ ≤ 1, we find1654

exp
(
−d/2ℓ2−)

)︸ ︷︷ ︸
=:C−

≤ cℓ(x) ≤
1

exp
(
−d/(4ℓ2−)

)︸ ︷︷ ︸
=:C+

.

Then, from the bounds above on V we find1655

V (θ′) ≥ V (θ) + C−(θ
′ − θ), V (θ) ≥ V (θ′)− C+(θ

′ − θ),
leading to1656

C−(θ
′ − θ) ≤ V (θ′)− V (θ) ≤ C+(θ

′ − θ).
Therefore V is bi-Lipschitz, and thus invertible. Choosing u = V (θ) and v = V (θ′), we obtain1657

|V −1(u)− V −1(v)| ≤ 1

C−
|u− v|.

Therefore, with v̂ = V (Θ̂) and F ⋆ = V (Θ) we get1658

|Θ̂−Θ| ≤ 1

C−
|v̂ − F ⋆|.

2Inverse of the CDF of a standard normal distribution.
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Hence, assuming the algorithm has access to Wℓ, we can obtain a lower bound on the sample1659

complexity by using Lemma 16. For any (ϵ′, δ)-algorithm that estimates Θ, we can choose ϵ′ = ϵ/C−1660

to obtain |V −1(Θ̂)− V −1(Θ)| ≤ ϵ′ at the stopping time. Therefore,1661

inf
A:(ϵ,δ)−correct

E[τ ] ≥ σ2

C2
+

[
C2

−z
2
1−δ/2

ϵ2
− 1

]
+

,

1662

Lemma 16 (Scalar estimation lemma). Let Θ ∼ N (0, 1). Suppose to observe Zt = CtΘ+ ξt with1663

|Ct| ≤ C chosen adaptively and ξt ∼ N (0, σ2). Let τ be a stopping time such that at τ the algorithm1664

outputs Θ̂ satisfying P(|Θ̂−Θ| ≤ ϵ) ≥ 1− δ for ϵ > 0, δ ∈ (0, 1). Then1665

inf
A:(ϵ,δ)−correct

E[τ ] ≥ σ2

C2

[
z21−δ/2

ϵ2
− 1

]
+

,

where z1−δ/2 = Φ−1(1− δ/2).1666

Proof. LetHt denote the filtration history after t observations. Since everything is Gaussian, also the1667

posterior law Θ | Ht is Gaussian, of parameter (mt, vt). In particular, the precision is1668

Pt = v−1
t = 1 +

1

σ2

t∑
s=1

C2
s .

After stopping, for any estimate u we have1669

P(|u−Θ| ≤ ϵ | Hτ ) = P(Θ ∈ [u− ϵ, u+ ϵ] | Hτ ).

This quantity is maximized when the interval is centered in mτ , therefore1670

P(|u−Θ| ≤ ϵ | Hτ ) ≤ Φ

(
ϵ
√
vτ

)
− Φ

(
− ϵ
√
vτ

)
= 2Φ

(
ϵ
√
vτ

)
− 1.

Then, for any (ϵ, δ)-PAC algorithm we have1671

1− δ ≤ E[P(|u−Θ| ≤ ϵ | Hτ )] ≤ 2E[Φ(ϵ
√
Pτ )]− 1.

Since Φ is concave, the argument is increasing and concave in Pτ , then s 7→ Φ(ϵ
√
s) is concave, we1672

also obtain1673

1− δ ≤ 2Φ
(
ϵ
√
E[Pτ ]

)
− 1.

Taking the inverse, and defining z1−δ/2 = Φ−1(1− δ/2), we find1674

z1−δ/2 ≤ ϵ
√

E[Pτ ].

Hence, we are just let with bounding Pτ :1675

Pτ ≤ 1 +
1

σ2
C2τ,

from which we get1676

z1−δ/2 ≤ ϵ
√
1 +

C2

σ2
E[τ ].

Therefore1677

E[τ ] ≥ σ2

C2

[
z21−δ/2

ϵ2
− 1

]
+

1678
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B.9.2 Argmax localization complexity1679

We now study the problem of locating the argmax of a GP. Recall that for r > 0 and δ ∈ (0, 1), define1680

the Bayesian argmax-localization complexity1681

Targ,ν(r, δ) = inf
A

EΛ,F,ξ[τ ],

where the infimum is over all sequential algorithms A that output X̂ and satisfy1682

PΛ,F,ξ

(
inf

X⋆∈D⋆
∥X̂ −X⋆∥ ≤ r

)
≥ 1− δ.

Our goal is to provide a meaningful upperbound on Targ,ν(r, δ). We provide an algorithm, T-BAL1683

(Two-Stage Bayesian Argmax Localization; see Algorithm 2), that locates the argmax of a GP with a1684

finite number of samples. The algorithm works in two phases: we first locate the nice region where1685

the argmax lies, and then perform gradient ascent on that region. The analysis relies on the argmax1686

being away from the boundary of D. Therefore, we introduce teh following regularity event.1687

Definition 1 (Interior regularity event). For η > 0, let dist(D⋆, ∂D) = infX∈D⋆ dist(X, ∂D) and1688

define1689

Iη = {dist(D⋆, ∂D) ≥ η} , βη = PΛ,F (Icη).

One can show that on Iη, the set of maximizer is a singleton almost surely (i.e., D⋆ = {X⋆}), and1690

similarly one can show that the Hessian is non-degenerate in X⋆. In fact, we have the following.1691

Remark 11. An RBF-GP on D is a.s. C∞, and its restriction to the interior int(D) is a.s. a Morse1692

function (every critical point has invertible Hessian, all critical values are distinct, and there are1693

finitely many critical points). If the maximizer is not attained at the boundary, then it is unique almost1694

surely.1695

We work under Iη: this not only allows the maximizer to be unique, but also allows us to be at-least1696

at a distance η from the boundary, where it is more degenerate. Then, we can show the existence of1697

the following constants.1698

Lemma 17 (Regularity under the RBF prior). Define B(x, ρ) to be the ball centered around x of1699

radius ρ with some norm ∥ · ∥. Fix η > 0 and suppose βη < 1. For every α ∈ (βη, 1) there exist1700

deterministic constants ρα, µα, Lα,Mα,Γα > 0 and an event Eα ⊆ Iη such that PΛ,F (Eα) ≥ 1−α,1701

and on Eα the following properties hold:1702

B(X⋆, ρα) ⊂ D,
1703

µαI ⪯ −∇2F (x) ⪯ LαI ∀x ∈ B(X⋆, ρα),
1704

sup
x∈B(X⋆,ρα)

∥∇3F (x)∥op ≤Mα,

and1705

F ⋆ − sup
x/∈B(X⋆,ρα/2)

F (x) ≥ Γα.

Proof. Let γ = α− βη .1706

Under Iη the maximizer X⋆ is in the interior, and unique almost surely. Define λ⋆ =1707

λmin(−∇2F (X⋆)): under Iη we have that λ⋆ > 0 almost surely, hence, there exists µα > 01708

s.t. P(Iη
⋂
{λ⋆/2 < µα}) ≤ γ/5.1709

Next, we use the fact that F ∈ C∞ and D is compact to obtain an upper bound on the Hessian:1710

sup
x∈D
∥∇2F (x)∥op ≤ L0 <∞.

Therefore, there exists Lα < ∞ such that P(Lα < L0) ≤ γ/5. With a similar reasoning, we also1711

obtain supx∈D ∥∇3F (x)∥op ≤M0, and thus there exists Mα <∞ such that P(Mα < M0) ≤ γ/5.1712
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Algorithm 2 Two-stage Bayesian argmax localization (T-BAL)

Require: Target radius r, confidence δ, noise level σ2, constants ρ, µ, L,M,Γ from Lemma 17
▷ Stage 1: Coarse grid search

1: Set h← min{ρ/8,
√
3Γ/(2L)}

2: Construct h-net G of D with |G| ≤ Cdh−d
3: Set n0 ← ⌈128σ2Γ−2 log(2|G|/δ0)⌉
4: for each g ∈ G do
5: Query F (g) exactly n0 times; compute sample mean F̂ (g)
6: end for
7: x0 ← argmaxg∈G F̂ (g)

▷ Stage 2: Local finite-difference gradient ascent
8: Set K ← ⌈ 4L3µ log ρ

2r ⌉, q ← 1− 3µ
4L , e0 ← ρ/2

9: for k = 0, . . . ,K − 1 do
10: ek ← e0 q

k

11: sk ← min

{
ρ/8,

√
3µek/(4

√
dM)

}
12: nk ← ⌈64d · σ2µ−2e−2

k s−2
k log(2dK/δ1)⌉

13: for j = 1, . . . , d do
14: Query F (xk + skej) and F (xk − skej) each nk times
15: ĝk,j ← Ȳ (xk+skej)−Ȳ (xk−skej)

2sk
16: end for
17: xk+1 ← xk +

1
L ĝk

18: end for
19: return X̂ = xK

Next, by continuity and the margin condition of Iη, the following quantity exists and is strictly1713

positive almost surely1714

ρ0(ω) = sup

{
q < η : sup

X∈B(X⋆,q)

∥∇2F (X)−∇2F (X⋆)∥op ≤
λ⋆

2

}
,

where ω denotes a realization of F . Therefore, there exists ρα > 0 such that P(Iη
⋂
{ρ0 < ρα}) ≤1715

γ/5.1716

Define then Γ(ρα) = F ⋆ − supX/∈B(X⋆,ρα/2) F (X): under Iη this is strictly positive since the1717

supremum does not attain F ⋆. Hence, there exists Γα > 0 such that P(Iη
⋂
{Γ(ρα) < Γα}) ≤ γ/5.1718

Define1719

E = Iη ∩ {λ⋆/2 ≥ µα} ∩ {Lα ≥ L0} ∩ {Mα ≥M0} ∩ {ρ0 ≥ ρα} ∩ {Γ(ρα) ≥ Γα}.

Then, since1720

Ec = Icη ∪ {λ⋆/2 < µα} ∪ · · · = Icη ∪ (Iη ∩ {λ⋆/2 < µα}) ∪ · · ·

we have P(Ec) ≤ βη+5γ5 = α. Hence, under E we have that B(X⋆, ρα) ⊂ D, and all the properties1721

follow quite immediately. We only show the lower bound on the Hessian: for any X ∈ B(X⋆, ρα):1722

−λ
⋆

2
I ⪯ ∇2F (x)−∇2F (X⋆) ⪯ λ⋆

2
I.

Hence1723

−∇2F (x) ⪰ −∇2F (X⋆)− λ⋆

2
I ⪰ λ⋆

2
I ⪰ µαI.

1724

52



Argmax upper bound. Under the event Iη , we want to construct an algorithm that localizes X⋆ to1725

within radius r with probability 1 − δ. The idea is to show an upper bound on the minimal lower1726

bound of the type1727

Targ,ν(r, δ) := inf
A

E[τ ] ≤ Bα +O(σ2r−γ log(1/r)),

for some γ > 0.1728

Under Iη , we have the guarantees from Lemma 17, and thus1729

F (X) = F (X⋆) +
1

2
(X −X⋆)⊤∇2F (X⋆)(X −X⋆) + o(∥X −X⋆∥2).

from which we find F (X)− F (X⋆) ≈ µα

2 ∥X −X
⋆∥22. Therefore, localizing to radius r gives an1730

error of roughly µαr
2

2 on the value. Therefore, for ϵ accuracy on the value, we can take the radius to1731

be r ∼
√
ϵ1732

Therefore, under Iη if βη < 1, and1733

lim inf
ϵ→0

Tval,ν(ϵ, δ)

Targ,ν(
√
ϵ, δ)

→∞

one can argue that the problem of estimating the max-value is intrinsically harder than the problem of1734

estimating the argmax as the accuracy radius decreases. In particular, considering the lower bound on1735

the max-value estimation problem Theorem B.6, and the proposed upper bound on Targ,ν(r, δ), we1736

obtain that1737
Tval,ν(ϵ, δ)

Targ,ν(
√
ϵ, δ)

≥ Ω(ϵ−2)

O(ϵ−γ/2 log log(1/
√
ϵ))

,

which diverges for γ ∈ (0, 4) as ϵ→ 0.1738

So value estimation is asymptotically harder than argmax localization. Even at the radius where1739

localizing the argmax would "in principle" tell you the value to accuracy ϵ, the localization itself is1740

cheaper than directly estimating the value. The reason is simple: the algorithm exploits the geometry1741

(gradient information, smoothness) to localize at a fast rate, but it does not help with the problem of1742

estimating the height of a function.1743

Analysis of T-BAL (Algorithm 2). We provide now an algorithm for argmax localization in1744

Gaussian processes. The algorithm, Two-Stage Bayesian Argmax Localization (T-BAL), outlined in1745

Algorithm 2, works in two phases. In the first phase we try to find a point inside B(X⋆, ρ/2), where1746

ρ is described in Lemma 17. In the second phase, assuming we are inside the above ball, we perform1747

gradient ascent to find the maximum using finite differences to approximate the gradients.1748

The second phase analysed gradient descent when x0 ∈ B(X⋆, ρ).1749

Theorem B.7 (Sample Complexity of T-BAL). Consider the event Eα in Lemma 17. Set r > 0, δ ∈1750

(0, 1), α ∈ (βη, δ) and δ0 = δ1 = (δ−α)/2. Then, T-BAL (Algorithm 2) satisfies PF,Λ(∥X̂−X⋆∥ ≤1751

r) ≥ 1− δ, using at-most1752

Bα +O

(
σ2

µ2
max(2, L/µ)

[
d2

ρ2r2
+
d5/2M

µr3

]
log

Ld log(ρ/r)

µδ1
.

)
samples, where Bα is an appropriate finite constant for each α that does not depend on r.1753

Proof. In this proof we consider the analysis of the second stage, while the first stage and the constant1754

Bα are provided in Proposition 11. The idea is to prove a bound on gradient ascent. We first show1755

that one step of the ideal gradient ascent brings us closer to X⋆. We then find the value of sk and nk1756

to compute the approximate gradient up to the desired accuracy. After that, we estimate how many1757

iterations we need, and compute the total number of required samples.1758

One step gradient ascent. Let x+ = x+ 1
L∇F (x).1759

Define ϕ(t) = ∇F (X⋆ + t(x − X⋆)). Since ∇F (X⋆) = 0, using the fundamental theorem of1760

calculus we have1761

∇F (x) = ϕ(1)− ϕ(0) =
∫ 1

0

ϕ′(t)dt = (x−X⋆)

∫ 1

0

∇2F (x⋆ + t(x−X⋆))dt︸ ︷︷ ︸
=:−A(x)

.
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Then1762

x+ −X⋆ = x− 1

L
(x−X⋆)A(x)−X⋆ = (I − A(x)

L
)(x−X⋆).

The matrix (I − A(x)
L ) has eigenvalues in [0, 1− µ/L] for x ∈ B(X⋆, ρ). Therefore,1763

∥x+ −X⋆∥ ≤
(
1− µ

L

)
∥x−X⋆∥

so the contraction factor is q0 = 1− µ/L.1764

Noisy gradients. Suppose we do not have access to the exact gradient, but only to a noisy gradient ĝk1765

in round k. Assume the noisy gradient satisfy1766

∥ĝk −∇F (xk)∥ ≤
µek
4
,

where ek = e0q
k. Then1767

∥xk+1 −X⋆∥ = ∥xk +
1

L
ĝk −X⋆∥,

= ∥xk +
1

L
∇F (xk) +

1

L
ĝk −

1

L
∇F (xk)−X⋆∥,

≤ ∥xk +
1

L
∇F (xk)−X⋆∥+ 1

L
∥ĝk −∇F (xk)∥,

≤
(
1− µ

L

)
∥xk −X⋆∥+ µek

4L
,

≤
(
1− 3µ

4L

)
ek.

So noisy gradients still guarantee convergence as long as we can show ∥ĝk −∇F (xk)∥ ≤ µek
4 .1768

Finite-difference gradient bound: bias term. We now bound ∥ĝk−∇F (xk)∥ through a bias-variance1769

decomposition:1770

∥ĝk −∇F (xk)∥ ≤ ∥ĝk − E[ĝk]∥+ ∥E[ĝk]−∇F (xk)∥.

We begin with the bias term ∥E[ĝk]−∇F (xk)∥. Note that the noisy gradients are computed as follow1771

for each direction ej :1772

ĝk,j ←
Ȳ (xk + skej)− Ȳ (xk − skej)

2sk
,

where Ȳ is an average over nk samples of the values observed. The idea is to bound |E[ĝk,j ] −1773

∂jF (xk)| using Taylor series and the fact that ∇3F is bounded in B(X⋆, ρ) by Lemma 17.1774

Then, fix a direction ej and let ϕ(t) = F (xk + tej). Then1775

ϕ(sk) = ϕ(0) + ϕ′(0)sk +
1

2
ϕ′′(0)s2k +

s3k
6
ϕ′′′(ξ+),

ϕ(−sk) = ϕ(0)− ϕ′(0)sk +
1

2
ϕ′′(0)s2k −

s3k
6
ϕ′′′(ξ−),

where ξ+ ∈ (0, sk), ξ− ∈ (−sk, 0). Then1776

ϕ(sk)− ϕ(−sk)
2sk

= ϕ′(0) +
s2k
12

[ϕ′′′(ξ+) + ϕ′′′(ξ−)].

Hence, for sk sufficiently small, sk < ρ/2 (we choose sk < ρ/8) we have |ϕ′′′| ≤M , and therefore1777 ∣∣∣ϕ(sk)− ϕ(−sk)
2sk

− ϕ′(0)
∣∣∣ ≤ s2kM

6
,

leading to1778

∥E[ĝk]−∇F (xk)∥ ≤
√
ds2kM

6
.
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Setting
√
ds2kM
6 ≤ µek/8 yields1779

sk ≤

√
3µek

4
√
dM

and we set sk = min
{
ρ/8,

√
3µek
4
√
dM

}
. Furthermore, note that for this choice of sk we can guarantee1780

that we stay inside the nice region B(X⋆, ρ): since ∥xk −X⋆∥ ≤ ek ≤ ρ/2 and sk ≤ ρ/8, then1781

∥xk ± skej −X⋆∥ ≤ 5ρ

8
< ρ.

Finite-difference gradient bound: variance term. We now bound the variance term ∥ĝk−E[ĝk]∥. We1782

have1783

ĝk,j − E[ĝk,j ] =
ξ̄(xk + skej)− ξ̄(xk − skej)

2sk
, ξ̄(x) =

1

nk

nk∑
i=1

ξi.

Therefore, Var(ĝk,j) = 2σ2

4s2knk
. Then1784

P(|ĝk,j − E[ĝk,j ]| > µek/(8
√
d)) ≤ 2 exp

(
−µ

2e2ks
2
knk

64d · σ2

)
.

Set the right hand-side smaller than δ1/(dK), where K is the total number of iterations k =1785

0, . . . ,K − 1, to obtain1786

nk ≥
64d · σ2

µ2e2ks
2
k

log
2dK

δ1
.

Then, a union bound over j = 1, . . . , d and k = 0, . . . ,K − 1, yields1787

P(∃j ∈ {1, . . . , d}, k ∈ {0, . . . ,K − 1} : |ĝk,j − E[ĝk,j ]| > µek/(8
√
d)) ≤ δ1.

Hence, with probability 1− δ1 we have that1788

∥ĝk −∇F (xk)∥ ≤
µek
8

+
µek
8

=
µek
4
,

which is what we wanted to show.1789

Sample complexity. Since we need eK ≤ r, and eK = e0q
K , we have1790

K =

⌈
log(e0/r)

log(1/q)

⌉
.

Since log(1/q)− log q = − log(1− 3µ/4L) ≥ 3µ/4L, we have1791

K ≤ 4L
log(e0/r)

3µ
≤ 4L

log(ρ/(2r))

3µ
,

where we used e0 ≤ ρ/2. Then, summing the number of samples from k = 0, . . . ,K − 1, we obtain1792

K−1∑
k=0

2dnk =

K−1∑
k=0

128d2 · σ2

µ2e2ks
2
k

log
2dK

δ1
.

Use that 1
s2k
≤ 64

ρ2 + 4
√
dM

3µek
and that ek = e0q

k with q ∈ (0, 1):1793

K−1∑
k=0

2dnk ≤
K−1∑
k=0

[
128 · 64 · d2 · σ2

µ2e2kρ
2

+
512d5/2M · σ2

3µ3e3k

]
log

2dK

δ1
,

<
∼
log

2dK

δ1

K−1∑
k=0

[
1

e2k
+

1

e3k

]
.

Regarding the series,1794

K−1∑
k=0

1

epk
=

1

ep0

K−1∑
k=0

1

qpk
≤ e−p0

1− q−pK

1− q−p
≤ e−p0 q−pK

q−p − 1
=

e−pK
q−p − 1

.
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Now, note that since K is the smallest integer achieving eK = e0q
K ≤ r, we have e0qK−1 ≥ r, and1795

thus eK = qeK−1 ≥ qr ⇒ (qr)−p ≥ e−pK . We obtain1796

K−1∑
k=0

1

epk
≤ (qr)−p

q−p − 1
=

r−p

1− qp
.

To lower bound the denominator, recall that q is of the form (1− x). Using that (1− x)p ≤ e−xp for1797

x ∈ (0, 1), we have 1− qp ≥ 1− e−p3µ/(4L).1798

Since 1 − e−t ≥ t/2 for t ∈ (0, 1), for p sufficiently small we obtain 1 − qp ≥ 3pµ
8L . If p is large,1799

such that t ≥ 1, then 1− e−t ≥ 1− e−1 ≥ 1/2. Therefore, 1
1−qp ≤ max(2, 8L

3pµ ), and1800

K−1∑
k=0

1

epk
≤ r−pmax

(
2,

8L

3pµ

)
.

Since p ∈ {2, 3} we also have
∑K−1
k=0

1
epk
≤ r−pmax

(
2, 8L6µ

)
.1801

Then, we conclude that the second phase sample complexity is upper bounded by1802

K−1∑
k=0

2dnk ≤
128σ2

µ2
·max

(
2,

8L

6µ

)
·
[
64d2

ρ2r2
+

4d5/2M

3µr3

]
log

2dK

δ1
,

≤ 128σ2

µ2
·max

(
2,

8L

6µ

)
·
[
64d2

ρ2r2
+

4d5/2M

3µr3

]
log

8Ld log(ρ/(2r))

3µδ1
.

Connecting everything together. In phase 1 we have probablity δ0 of failure, while in phase 2 we1803

have probability δ1 of failure. Since we work under the event Eα with failure probability α, we have1804

P(failure) ≤ δ0 + δ1 + α = δ.1805

The first phase analysis is provided in the following proposition. We construct an h-net G of D that1806

depends on the geometric of the problem (see Lemma 17). For each point in G, we sample F (g)1807

exactly n0 times, such that we have good concentration, and we return the point that achieves the1808

maximum.1809

Proposition 11. Consider Algorithm 2, and let δ0 ∈ (0, 1). Under Eα (see Lemma 17), the first1810

phase samples Bα ≤ 2dh−d⌈128σ2Γ−2 log(2d+1h−d/δ0)⌉ queries. Furthermore, we have that1811

x0 ∈ B(X⋆, ρ/2) with probability 1− δ0.1812

Proof. Consider the event Eα in Lemma 17, and omit the subscript α for simplicity. We construct an1813

h-net G of D such that for every x ∈ D there exists g ∈ D satisfying ∥x − g∥ ≤ h. Hence, there1814

exists a point g⋆ ∈ G satisfying ∥X⋆ − g⋆∥ ≤ h.1815

At each grid point g take n0 samples and compute the sample mean F̂ (g): by the Gaussian tail bound,1816

we have1817

P(|F̂ (g)− F (g)| > Γ/8) ≤ 2 exp

(
− n0Γ

2

128σ2

)
.

Choosing n0 = 128σ2

Γ2 log
(

2|G|
δ0

)
, for some δ0 ∈ (0, 1), and taking a union bound over g, we obtain1818

P(∃g ∈ G : |F̂ (g)− F (g)| > Γ/8) ≤ δ0.

We now choose h small enough such that a lower bound on F̂ (g⋆) upper bounds a valid upper bound1819

on F̂ (g) for g /∈ B(X⋆, ρ/2). Under the event E = {∀g ∈ G : |F̂ (g)− F (g)| ≤ Γ/8}, we have that1820

for g /∈ B(X⋆, ρ/2)1821

F̂ (g⋆) ≥ F (g⋆)− Γ/8, and F̂ (g) ≤ F (g) + Γ/8 ≤ F ⋆ − Γ + Γ/8 = F ⋆ − 7

8
Γ,

where we used the fact from Lemma 17 that F ⋆ − F (g) ≥ Γ for g /∈ B(X⋆, ρ/2). To construct a1822

lower bound on F (g⋆), we use the gradient properties of F in B(X⋆, ρ). To that aim, we need to1823

ensure g⋆ is sufficiently inside the ball, that is, choose h small enough.1824
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We require h ≤ ρ/2, and for simplicity, we just set h ≤ ρ/8. Then, g⋆ ∈ B(X⋆, ρ/2), nd since in1825

the ball the function is smooth, with ∇F (X⋆) = 0, we have1826

F (g⋆) ≥ F (X⋆)− L

2
∥X⋆ − g⋆∥2 ≥ F ⋆ − L

2
h2.

Hence, we require1827

F ⋆ − L

2
h2 − Γ

8
≥ F ⋆ − 7

8
Γ,

which is satisfied if h2 ≤ 3
2LΓ. Hence, any point outside B(X⋆, ρ/2) cannot upper bound F̂ (g⋆).1828

Therefore, x0 = argmaxg∈G F̂ (g) satisfies x0 ∈ B(X⋆, ρ/2) and1829

F̂ (x0) ≥ F̂ (g⋆) ≥ F ⋆ −
L

2

(
min{ρ/8,

√
3Γ/(2L)}

)2
− Γ

8
,

Lastly, the number of points sampled depends on the number of points in G is bounded by (1/h+1)d.1830

Since h ≤ 1, then |G| ≤ 2dh−d.1831
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C Appendix: Algorithms1832

This appendix describes the implementation of C-ICPE used in the experiments. We keep the notation1833

of the main text: Ht is the current history, Iϕ(·|Ht) is the inference distribution over the target x⋆θ ,1834

Qψ(Ht, a) is the critic for a continuation action a ∈ A, and Qψ(Ht, astop) is the value of stopping.1835

The implementation follows the Lagrangian view in Section B.3: the inference model learns a1836

stochastic selector, the critic learns the stop/continue Bellman comparison, and the actor rule proposes1837

the next continuation action. The main practical point is that all three objects are trained from replay.1838

For this reason we use target networks, conservative critic targets, and simple regularizers that keep1839

early noisy estimates from determining the stopping boundary.1840

C.1 History Encoder and Time Pooling Layer1841

The inference network, the critic, and the learned TD3 actors use the same sequential template,1842

although their parameters are separate. Each interaction step is embedded as a token by concatenating1843

the query and the next observation, us = [As;Ys+1], and passing it through a small embedding1844

network. The resulting sequence (e1, . . . , et) is processed by a causal sequential backbone. In1845

the code this backbone can be an LSTM, an attention stack, or a recurrent/linear-attention variant.1846

Padding is masked throughout, so replay batches can contain histories of different lengths without1847

leaking future observations.1848

The readout is not simply the last hidden state. After obtaining hidden states h1, . . . , ht ∈ Rd, we1849

use a query-conditioned pooling layer. Given a query q, it computes1850

αi(q,Ht) =
exp(⟨Wqq,Wkhi⟩/

√
d)∑t

j=1 exp(⟨Wqq,Wkhj⟩/
√
d)
, v(q,Ht) =

t∑
i=1

αi(q,Ht)Wvhi,

and then applies a feature-wise gate, z(q,Ht) = v(q,Ht)⊙ silu(Wmq). This is useful because the1851

relevant part of the history depends on what the model is asked to do. For inference and stopping, the1852

query is a time embedding, since we need a representation of the current prefix. For the continuation1853

critic, the query is the candidate action a, so the same history can be read differently when evaluating1854

different future measurements. The critic therefore has two readouts from the same encoded history:1855

a time-conditioned readout for Qψ(Ht, astop) and an action-conditioned readout for Qψ(Ht, a).1856

C.2 Replay Buffer and Prefix Sampling1857

Training is off-policy. A rollout samples a task θ ∼ ν, interacts with the corresponding environment1858

until the critic stops or the maximum horizon is reached, and stores the whole trajectory together1859

with x⋆θ and a flag indicating whether the trajectory ended by executing the stop action. Minibatches1860

are built by first sampling trajectories and then sampling prefixes inside them. The prefix sampler1861

uses a mixture of uniformly sampled prefixes, prefixes around the current average stopping time, and1862

terminal prefixes. This gives the inference network examples from all time scales, but also gives the1863

critic many prefixes close to the point where the decision changes from continue to stop.1864

There is one convention that matters. If a trajectory terminates because the agent stops at time t, the1865

training prefix for that terminal state is Ht, because no new observation is collected after the stop1866

action. If the trajectory terminates only because the maximum horizon is reached, the last collected1867

Linear
layer

LSTM
Or

Attention + FFN

x N layers

Tim
e  P

oolin
g

Linear
layer

Outputs

Hidden stateOutput

Learnables

Figure 6: Sequential encoder and query-pooling readout used by the inference network Iϕ, the critic
Qψ , and the learned TD3 actors.
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observation is included. This makes replay consistent with deployment: stopping is a decision made1868

before paying for the next sample.1869

C.3 Inference Update and Its Regularization1870

For a prefix h and target x⋆θ , the inference model outputs a diagonal Gaussian1871

Iϕ(·|h) = N (µϕ(h), diag(σ
2
ϕ(h))).

The ideal objective in the main text is the negative log-likelihood in Eq. (5). In the implementation1872

we use a robust version. Define the per-coordinate averaged NLL1873

ℓϕ(h, x
⋆
θ) = −

1

dX

dX∑
j=1

logN
(
(x⋆θ)j ;µϕ,j(h), σ

2
ϕ,j(h)

)
,

and1874

ρτ (u) = min{u, 0}+ τ log

(
1 +

[u]+
τ

)
, [u]+ = max{u, 0}.

For Euclidean recommendation problems we train with1875

Linf(ϕ) = E(h,x⋆
θ)∼B

[
ρτ
(
ℓϕ(h, x

⋆
θ)
)
+ αanc SmoothL1

(
µϕ(h), x

⋆
θ

)]
. (22)

The robust transform is a simple way of saying that early bad prefixes should not dominate the1876

variance head. A standard Gaussian NLL can become very large when the model underestimates1877

uncertainty for one minibatch, and this can push the log-variance to extremes. The logarithmic tail1878

keeps the ranking of ordinary examples, but reduces the influence of rare outliers. The SmoothL11879

anchor is also important: the final decision is the mean µϕ(Hτ ), so we want the mean to remain a good1880

deterministic recommendation even when the Gaussian still has large uncertainty. We additionally1881

clamp the predicted log-standard deviations to fixed lower and upper bounds for numerical stability.1882

For the ϵ-best-arm problem, the target is directional. The magnitude of a vector is not meaningful1883

once arms are represented on the sphere, and correctness is measured by cosine distance. Therefore1884

recommendations and samples are normalized before they are evaluated. In this case we keep the1885

robust NLL and replace the Euclidean anchor by a spherical alignment term. With Z ∼ Iϕ(·|h),1886

Lsph(ϕ) = −E
[〈

Z

∥Z∥2
,
x⋆θ
∥x⋆θ∥2

〉]
. (23)

The reason is that an Euclidean anchor would penalize harmless radial errors, while the bandit loss1887

only cares about the direction.1888

A target copy Iϕ̄ is maintained by Polyak averaging. The critic never uses the online inference model1889

inside its TD targets; it uses Iϕ̄. This separation is important because the reward itself is learned1890

through Iϕ, and bootstrapping from a rapidly moving reward makes the stop/continue comparison1891

unstable.1892

C.4 Reward, Critic Update, and Critic Regularization1893

The critic learns two quantities from the same replay prefixes. The stopping head learns the value of1894

recommending now, and the continuation head learns the value of paying for one more observation1895

and then acting optimally. Since the ideal reward rt(h) = maxx qt(h, x) is not available, we use the1896

target inference model to estimate how likely the implemented stochastic selector is to be already1897

ϵ-correct:1898

r̂ϕ̄,m(h, θ) =
1

m

m∑
k=1

1
{
Lθ

(
X(k)

)
≤ ϵ
}
, X(k) ∼ Iϕ̄(·|h). (24)

The reason for sampling is that the stopping decision should depend on posterior concentration, not1899

only on the posterior mean. If µϕ(h) is close to x⋆θ but σϕ(h) is still large, stopping is risky. The1900

sampled reward makes this visible to the critic, and this is exactly the gap controlled by Proposition 6.1901

Let d be the terminal flag for a replay transition, and let a+(h′) be the target continuation action at the1902

next prefix. This target action depends on the actor rule. For TS and TTPS it is the target inference1903
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mean plus small smoothing noise, projected to the feasible action set. For TD3 it is the target actor1904

action, again with small target-policy smoothing noise. The smoothing noise is much smaller than1905

the posterior sampling noise used during rollouts.1906

When using twin critics, we scalarize target values by the conservative minimum1907

Q̄ψ̄(h, a) = min{Qψ̄,1(h, a), Qψ̄,2(h, a)},

and define1908

Vψ̄(h
′) = max

{
Q̄ψ̄(h

′, astop), Q̄ψ̄(h
′, a+(h′))

}
.

The TD targets are1909

ystop(h, θ) = r̂ϕ̄,m(h, θ), (25)

ycont(h, a, h
′, d, θ) = −c(1− d) + d r̂ϕ̄,m(h′, θ) + γ(1− d)Vψ̄(h′). (26)

Thus the stopping head is directly supervised by the current confidence, while the continuation head1910

is supervised by the gain from collecting the next observation. The action-head loss is applied only to1911

prefixes that did not already stop, because a stopped transition has no genuine continuation action.1912

The stopping head is trained on every prefix, since stopping is a valid action at every prefix. With1913

M = 1 for non-stopped replay transitions and M = 0 for stopped transitions, the critic loss is1914

LQ(ψ) =
1

2
EB

M 2∑
j=1

(Qψ,j(h, a)− ycont)2
+

wstop

2
EB

 2∑
j=1

(Qψ,j(h, astop)− ystop)2
 ,

(27)
with the obvious single-critic version when twin critics are disabled. We also optionally clip the1915

bootstrap values in a minibatch to moderate quantiles before taking the maximum in Vψ̄ . It prevents a1916

few very optimistic target values from propagating through replay and moving the stopping boundary1917

too early.1918

At rollout time the default stopping test is1919

Qψ(Ht, astop) ≥ Qψ(Ht, At),

where both quantities are scalarized by the conservative twin rule. This is exactly the learned version1920

of the Bellman comparison in Theorem 3.1.1921

C.5 Actor Rules: TS, TTPS, and TD31922

The actor rule only chooses continuation actions. The stop action is handled by the critic comparison1923

above. We use three actor rules depending on the relation between the query space A and the1924

recommendation space X .1925

Thompson sampling. When A = X , we can use the inference distribution itself as the actor. The TS1926

rule samples1927

At = µϕ(Ht) + σϕ(Ht)⊙ ξt, ξt ∼ N (0, I). (28)

At evaluation in greedy mode we set ξt = 0, so the action is the projected posterior mean. This choice1928

is deliberately simple. Early in a task, the learned posterior is broad and TS explores. Later, when the1929

inference distribution contracts, the same rule automatically becomes exploitative. No separate actor1930

is trained, which removes one source of approximation error and is appropriate when informative1931

queries are themselves plausible recommendations. In the critic target, the next action for TS is the1932

target inference mean, with only the small target-smoothing noise described above.1933

Top-two posterior sampling. TTPS is also inference-based and therefore also assumes A = X .1934

It first draws a Thompson sample Z1. With probability 1/2 this sample is used directly. With the1935

remaining probability, the rule draws a challenger Z2 and keeps the sample that is farther from1936

the posterior mean, provided the current sample is too close to the mean. In Euclidean tasks the1937

distance is ∥z − µϕ(Ht)∥2; in ϵ-best-arm it is 1 − ⟨z, µϕ(Ht)⟩. The intuition is that the posterior1938

mean is the current recommendation, while farther posterior samples represent plausible alternatives.1939

TTPS spends part of the sampling budget checking those alternatives before the critic decides that1940

stopping is safe. As for TS, the target action used by the critic is the target inference mean plus small1941

smoothing noise.1942
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Algorithm 3 Implementation of C-ICPE
1: Initialize replay buffer B, inference network Iϕ, critic Qψ , actor rule Act ∈ {TS,TTPS,TD3}, target networks
Iϕ̄, Qψ̄ , and cost c.
// Training phase

2: while training is not over do
3: Sample a batch of tasks θ ∼ ν and initialize their histories H1.
4: for t = 1, . . . , Tmax do
5: Propose continuation actions At using TS, TTPS, or the TD3 actor with its current exploration schedule.
6: Stop tasks satisfying Qψ(Ht, astop) ≥ Qψ(Ht, At) after the warmup and minimum-time gates.
7: Execute At on the remaining tasks, observe Yt+1, and append (At, Yt+1) to the histories.
8: end for
9: Store the completed trajectories, stop flags, terminal times, and targets x⋆θ in B.

10: Sample replay prefixes and update Iϕ with Eq. (22); for ϵ-best-arm also use Eq. (23).
11: Estimate sampled rewards with Iϕ̄ using Eq. (24) and update Qψ using Eqs. (25) to (27).
12: If using TD3, update πϑ on the delayed actor schedule using Eqs. (29) and (30).
13: Polyak-update Iϕ̄, Qψ̄ , and, when present, πϑ̄; update c with Eq. (31).
14: end while

// Deployment phase
15: Freeze the learned networks and initialize a fresh test task.
16: for t = 1, . . . , Tmax do
17: Propose At using the selected actor rule.
18: if Qψ(Ht, astop) ≥ Qψ(Ht, At) then
19: return x̂ = µϕ(Ht).
20: end if
21: Execute At, observe Yt+1, and update Ht+1.
22: end for
23: return x̂ = µϕ(HTmax+1).

TD3 actor. TD3 is the actor rule used when we want to learn the continuation action from the critic,1943

and especially whenA and X are different objects. A target actor πϑ̄ is used in the critic target, while1944

the online actor πϑ is updated on a delayed schedule. The target action is1945

a+(h′) = tanh(πϑ̄(h
′)) + ζ, ζ ∼ N (0, σ2

tgtI),

with clipping or normalization depending on the domain. The target-policy smoothing noise ζ1946

prevents the critic from learning sharp artificial peaks in action space, and the delayed actor update1947

prevents the actor from chasing a critic that is still changing after every minibatch.1948

For a deterministic actor, the main update is1949

Ldet
act(ϑ) = −Eh∼B [Qψ,1 (h, tanh(πϑ(h)))] . (29)

The actor uses the first critic for the policy gradient, while the target uses the first critic.1950

WhenA = X and the actor is Gaussian, we regularize the TD3 actor toward the inference distribution,1951

LKL
act(ϑ) = −Eh∼B [Qψ,1(h,Aϑ(h))] + βKLEh∼B [KL (Iϕ(·|h)∥πϑ(·|h))] , Aϑ(h) ∼ πϑ(·|h).

(30)
1952

During training we also perform random exploration to encourage parametric exploration (with small1953

probability we sample a random action), and void collapsing of the actor.1954

C.6 Cost Update for Fixed Confidence1955

The scalar cost c is the implemented Lagrange tradeoff between confidence and sample complexity.1956

We update it from the empirical stopped success rate. For a batch of completed rollouts, let1957

Di =

{
∥µϕ(H(i)

τi )− x⋆θi∥2, Euclidean tasks,

1−
〈
µϕ(H

(i)
τi ), x

⋆
θi

〉
, ϵ-best-arm tasks,

and use the smooth accuracy proxy1958

p̂ =
1

B

B∑
i=1

σ

(
ϵ−Di

κϵ

)
.
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The update is1959

c← Proj[0,1]
(
c− ηc

(
(1− δ)− p̂

))
. (31)

Thus, if the observed correctness is below 1− δ, the cost decreases and continuing becomes cheaper,1960

so trajectories become longer. If correctness is above the target, the cost increases and stopping1961

becomes more aggressive. The sign of the update is still exactly the dual intuition in Eq. (9).1962
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D Appendix: Numerical Results1963

In this section we present more details on the numerical results. We refer the reader to the code for1964

more details (see the README.md file), especially regarding the hyperparameters. We now present the1965

synthetic benchmarks with additional numerical results. These additional results include sweeps over1966

various values of ϵ, σ, as well as checking robustness to prior misspecification. We conclude with1967

details and additional results regarding the geochemical exploration task.1968

Computational resources. All experiments were run on NVIDIA V100 GPU or NVIDIA L40S1969

GPU. For the synthetic benchmarks, each C-ICPE training run takes approximately 12 hours. With 31970

random seeds, at least 4 (ε, σ) configurations, and 3 dimensionalities per benchmark, the total training1971

budget per synthetic task is 12 × 3 × 4 × 3 = 432 GPU-hours. For the geochemical exploration1972

task, each training run takes approximately 70 hours; with 3 seeds, 2 ε configurations, and a single1973

dimensionality (d = 2), the total is 70× 3× 2 = 420 GPU-hours.1974

Confidence intervals via hierarchical bootstrap. To account for variability across both task1975

instances and trajectory randomness, we report 95% confidence intervals computed via hierarchical1976

bootstrap [15]. For each trained model (seed), we sample 300 test environments θ ∼ ν and collect1977

15 independent trajectories per environment. The total variance of a statistic µ̂ (e.g., accuracy)1978

decomposes as1979

Var(µ̂) = Vars
(
E[µ̂ | s]

)︸ ︷︷ ︸
between-seed

+Es
[
Varθ

(
E[µ̂ | s, θ]

)]︸ ︷︷ ︸
between-environment

+Es,θ
[
Var(µ̂ | s, θ)

]︸ ︷︷ ︸
within-environment

,

where the first term captures variability due to training, the second due to which tasks are drawn from1980

ν, and the third due to observation noise and policy stochasticity within a fixed task. A single bootstrap1981

replicate is constructed by (i) resampling seeds with replacement, then (ii) for each resampled seed,1982

resampling environments with replacement, then (iii) for each resampled environment, resampling1983

trajectories with replacement, and computing the statistic on the resampled dataset. This three-level1984

resampling preserves all components of variance. We draw 10,000 bootstrap replicates and report the1985

2.5% and 97.5% percentiles as the confidence interval.1986

Remark 12 (On testing the inference model). Several of our synthetic localization benchmarks fall1987

close to the symmetric case described in Section B.7 (after Proposition 8): the loss is a distance1988

to a selected target x⋆θ , so Xϵ(θ) is a ball, interval, or cap around this target. In the optimization1989

benchmarks, such as the value estimation task and the geochemical task, the loss is instead induced1990

by value gaps and the success sets need not be symmetric or convex. These experiments therefore1991

test the method beyond the setting where the Gaussian NLL mean has an exact Bayes-optimality1992

interpretation.1993

D.1 Synthetic Benchmarks: description1994

The synthetic benchmarks in Section 5 are designed to isolate different aspects of the continuous1995

fixed-confidence problem. Binary search is the cleanest localization problem: every query returns1996

a noisy comparison with the unknown target. The ϵ-best-arm problem keeps the same idea of1997

identifying x⋆θ , but changes the geometry to a sphere and makes the loss directional rather than1998

Euclidean. Ackley minimization adds nuisance parameters and a multimodal response surface, so the1999

agent has to learn an exploration rule that is not purely local. Finally, GP max-value estimation is2000

included because it is the case where the query space and the recommendation space are genuinely2001

different: the agent queries a location, but it recommends a scalar value. This is the setting where2002

a TD3 actor is necessary, since posterior samples from the inference network are no longer valid2003

actions.2004

Common protocol. Each training episode starts by sampling a fresh task parameter θ from the task2005

prior ν. The agent then observes a sequential history Ht = (A1, Y2, . . . , At−1, Yt) and either stops2006

or selects a new action. We use a maximum horizon tmax; if the learned stopping rule does not stop2007

before this horizon, the episode is truncated and the final recommendation is still evaluated. For the2008

synthetic experiments reported in the survival plots and correctness tables, we use tmax = 100 unless2009

otherwise stated.2010
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Figure 7: Binary search: visualization of how C-ICPE explores in 6 dimensions. From left to right:
the query action (left), posterior mean (middle), and posterior standard deviation (right) along an
exploration trajectory in the noisy binary search problem.

All fixed-confidence runs use δ = 0.1. The reported accuracy is2011

Âcc =
1

n

n∑
i=1

1 {Lθi(x̂i) ≤ ϵ} ,

and the goal is to achieve accuracy at least 1− δ while minimizing the expected stopping time E[τ ].2012

For Euclidean localization tasks we use Lθ(x) = ∥x− x⋆θ∥2. For ϵ-best-arm we use the directional2013

loss Lθ(x) = 1 − ⟨x, x⋆θ⟩ after normalizing both vectors to the unit sphere. For GP max-value2014

estimation the loss is the scalar absolute error Lθ(x) = |x− v⋆θ |. Confidence intervals are computed2015

with hierarchical bootstrap over test episodes and random seeds.2016

D.1.1 Noisy binary search.2017

In binary search the unknown target is x⋆θ = θ ∈ [−1, 1]d, sampled uniformly. A query a ∈ [−1, 1]d2018

returns one noisy comparison per coordinate,2019

Yt,i = ξt,i sign(θi −At,i), P(ξt,i = 1) = 1− p, P(ξt,i = −1) = p, (32)
independently over i and t. We use this problem because the statistically useful action is interpretable:2020

a good policy should place queries near the current posterior median in each coordinate and shrink2021

the feasible region. This makes binary search a sanity check for the inference network and critic. If2022

the inference model does not contract its posterior, or if the critic cannot recognize when the posterior2023

radius is below ϵ, the method will fail even in this simple setting. Since A = X = [−1, 1]d, TS and2024

TTPS can act directly by sampling from the learned posterior over the target.2025

D.1.2 ϵ-best-arm identification on the sphere.2026

For the continuous ϵ-best-arm problem, the task parameter is a direction x⋆θ = θ ∈ Sd−1 sampled by2027

normalizing a standard Gaussian vector. The agent queries a vector a and observes2028

Yt = θ⊤At + ξt, ξt ∼ N (0, σ2). (33)

The recommendation is correct if θ⊤x̂ ≥ 1− ϵ. Although the implementation stores the enclosing2029

action bounds as [−1, 1]d, the inference mean, posterior samples, TTPS candidates, and uniform2030

baseline actions are projected to Sd−1 for this benchmark. This projection is important: Euclidean2031

uncertainty is not the right object near the sphere, and two vectors with the same direction but different2032

norms should not be treated as different hypotheses. The reason for this benchmark is that each2033

observation is a scalar projection. The agent must choose directions that disambiguate the posterior2034

over θ, while the stopping rule must reason in terms of cosine error rather than Euclidean error.2035

This experiment also lets us compare to a specialized frequentist fixed-confidence baseline. Lazy2036

Track-and-Stop uses the known linear observation structure and an analytic generalized-likelihood-2037

ratio stopping rule. In our implementation it queries canonical directions and keeps a least-squares2038

estimate of θ, stopping only after both the likelihood-ratio condition and the spectral coverage2039

condition are satisfied. This is not a general baseline for all our tasks, but it is a useful reference point2040

on the one benchmark where a specialized fixed-confidence method is available. However, note that2041

in this problem the optimal exploration strategy is uniform [30]. Therefore, it shows to what degree2042

C-ICPE is able to learn a good inference model.2043
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Figure 8: Effect of Ackley function’s parameters on output range across multiple dimensions: (a)
range vs b; (b) range vs c.

D.1.3 Ackley minimizer identification.2044

The Ackley task is a shifted and randomly parametrized global-optimization problem. The task2045

parameter is2046

θ = (a, b, c, θ⋆), θ⋆ ∼ Unif([−1, 1]d),

where θ⋆ is the global minimizer and (a, b, c) control the shape of the response surface. In the2047

reported runs we fix a = 10 and sample b ∼ Unif[0.1, 0.5] and c ∼ Unif[π, 4π]. Given u = At− θ⋆,2048

the unnormalized Ackley value is2049

Fa,b,c(u) = a+ e− a exp

−b
√√√√1

d

d∑
j=1

u2j

− exp

1

d

d∑
j=1

cos(cuj)

 . (34)

We observe the sign-inverted and normalized value (more on this in the next page)2050

Yt = 1− 2
Fa,b,c(At − θ⋆)
Znorm(b, c, d)

+ ξt, ξt ∼ N (0, σ2), (35)

so that larger observations are better and the target remains the minimizer θ⋆. The nuisance parameters2051

are not provided to the agent. Thus, across episodes, C-ICPE must infer not only where the optimum2052

is but also how observations should be interpreted for that episode.2053

Ackley is included because it is deliberately hostile to naive local search. The function has many2054

oscillations near the optimum and a broad outer region where observations can be weakly informative.2055

The active policy therefore has to balance broad exploration with local refinement, and the critic has2056

to stop based on whether the inferred minimizer is accurate, not based on whether the last observed2057

function value was high.2058

Ackley function output normalization. The Ackley function’s global minimum is always at the2059

origin with a value of 0, but the maximum value within our defined recommendation space X depends2060

on the function parameters and dimensionality. Figs. 8a and 8b show how the values of b and c affect2061

the function output ranges. Larger b values consistently increase the range, while c has less significant2062

effect on the output ranges. From the figures, we also see that the ranges depend on dimensionality,2063

where lower dimensions tend to have larger ranges. The issue with varying output ranges is that2064

the influence of noise can vary across different priors sampled, and we want the noise effect to be2065

on the same scale. Additionally, without normalization, C-ICPE must not only learn the relative2066

patterns from Ht but also account for the scale differences across different Ht. For these reasons, we2067

derive a normalization constant empirically from multiple samples across different b, c values and2068

dimensionalities: Znorm(b, c, d) = π − 0.21 ·D + 9.68 · b+ 0.04 · c.2069
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Figure 9: Visualization of how C-ICPE explores in the max-value estimation problem. From left to
right: the query action (left), posterior mean (middle), and posterior standard deviation (right) along
an exploration trajectory in the GP value estimation problem. Darker samples are queried earlier in
the trajectory, while lighter samples are queried later.

D.1.4 GP max-value estimation2070

The GP benchmark separates the action and recommendation spaces. At the beginning of an episode2071

we sample a latent function2072

f ∼ GP(0, kRBF(ℓ, σf )), ℓ ∼ Unif[0.05, 0.2], σf = 1,

on [0, 1]d, with d = 1 in the implementation. The sample path is generated on a dense grid using2073

circulant embedding. Queries are continuous points At ∈ [0, 1]d; the observed value is obtained2074

by linear interpolation in one dimension or bilinear interpolation in two dimensions, followed by2075

Gaussian noise:2076

Yt = f(At) + ξt, ξt ∼ N (0, σ2). (36)
The target is the scalar maximum value2077

v⋆θ = max
u∈[0,1]d

f(u), X ⊆ R, A = [0, 1]d,

where the maximum is computed on the same grid used to generate the episode. The final recommen-2078

dation is the inference mean for this scalar value, and success is |x̂− v⋆θ | ≤ ϵ.2079

The reason for using max-value estimation rather than another argmax-localization task is that it tests2080

the decoupling of inference and exploration. In binary search, ϵ-best-arm, and Ackley, a posterior2081

sample of x⋆θ is itself a reasonable query, so TS and TTPS can be implemented directly from the2082

inference distribution. For GP value estimation this would be meaningless: a sample from the2083

inference model is a scalar value, not a point in [0, 1]d. Therefore the action must be learned through2084

the critic. We use the TD3 actor for this benchmark because the critic can assign value to a query2085

according to how much it is expected to improve the future estimate of v⋆θ , even though the query is2086

not itself a recommendation. This experiment is consequently the main empirical check that C-ICPE2087

handles the general A ̸= X .2088

D.2 Synthetic Benchmarks: baselines2089

The most important baseline is C-ICPE-Uniform, which keeps the same inference network, critic,2090

stopping rule, replay buffer, and fixed-confidence cost update as C-ICPE, but replaces the learned2091

active query rule by uniform exploration. This isolates the value of active experimentation: if C-ICPE2092

improves over C-ICPE-Uniform, the gain cannot be explained by the inference model alone, because2093

both methods use the same form of inference and the same stopping mechanism.2094

For tasks with A = X , we evaluate TS and TTPS because they use the learned posterior in the most2095

direct way. TS samples a plausible target and queries it. TTPS keeps the posterior mean as the current2096

recommendation and intentionally samples a plausible challenger that is sufficiently different. This is2097

useful when many posterior samples are small perturbations around the current mean: such samples2098

do not test the remaining uncertainty, whereas a challenger query can reveal whether another region2099

is still plausible. For GP value estimation, TS and TTPS are not the right action rules for the reason2100

described above, so we use TD3.2101
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For all benchmarks, we set the sample budget to tmax = 100 by default. If the trained C-ICPE policy2102

failed to reach the target (1− δ)-accuracy, we extended the sample budget by 50. For easier setting,2103

such as low dimension, we instead used a smaller budget. The settings in which tmax ̸= 100 are2104

listed in Table 1, all other configurations use tmax = 100.2105

Environment d ε tmax

ε-Best-Arm 15 0.005 150
GP-value estimation 1 0.2 60
Geochemical 2 0.15 150

Table 1: Sample budget tmax for setting where tmax ̸= 100

We also compare against standard fixed-budget optimization methods implemented through Optuna2106

[2]: TPE, GP-based Bayesian optimization, and CMA-ES. We also compare with GP-UCB via2107

BoTorch [7]. These baselines do not have a learned stopping rule and are not optimized for (ϵ, δ)-2108

correctness. To make the comparison conservative, we give them budgets tied to the empirical2109

stopping time of the corresponding C-ICPE variant.2110

They are then evaluated under the same success criterion Lθ(x̂) ≤ ϵ. This comparison asks whether2111

a generic optimizer, with a fixed budget equal to C-ICPE’s expected sample complexity, already2112

reaches the fixed-confidence target.2113

• TPE [8]: splits observations into good and bad groups based on a quantile threshold and2114

models the objective by building a density estimator for each group, then selects candidates2115

that maximize the ratio of good-to-bad.2116

• CMA-ES [24]: an evolutionary algorithm that samples a population of candidates and2117

iteratively updates a multivariate Gaussian distribution by adapting its covariance matrix2118

based on the successful candidates.2119

• GP-logEI [5]: updates the Matérn kernel’s hyperparameters by maximizing the marginal log-2120

likelihood on the past observations, and uses log expected improvement as the acquisition2121

function.2122

• GP-UCB [57]: a variant of GP-based Bayesian Optimization with a Matérn kernel that uses2123

upper confidence bound as the acquisition function.2124

• Uniform bin: partitions the query space into
⌈√

E[τ ]
⌉

bins, where E[τ ] is the corresponding2125

C-ICPE variant’s expected sample complexity, and uniformly sample within each bin. We2126

compute the average value of each bin and report the maximum.2127

• Uniform top 5%: queries uniformly and return the mean of the top 5% values. The number2128

of query matches the corresponding C-ICPE variant’s expected sample complexity.2129

• Lazy Track-and-Stop round robin [30]: queries the canonical basis in a round-robin2130

fashion. The method maintains a least square estimate θ̂t, and stops whenever2131

Zt ≥ β(δ, t) and min
j
Nt(j) ≥ max

(
c, ρ(δ,t)

∥θ̂t∥2

)
,

where Zt is the generalized likelihood ratio (GLR) for the εt best-arm hypothesis evaluated2132

against the worst-case competitor on the εt-boundary. This measures how much the current2133

guess is better than the closest alternative. Nt(j) is the number of pulls of the j-th element2134

of the canonical basis, and β(δ, t), ρ(δ, t), εt are the threshold rule, spectral threshold, and2135

gap-relaxation threshold. Lastly c is a constant defined in [30]. See also [30] for more2136

details. Upon stopping, the agent recommends ât = θ̂t/∥θ̂t∥.2137

• Lazy Track-and-Stop uniform [30]: Same as Lazy Track-and-Stop round robin except it2138

samples the basis uniformly.2139
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D.3 Synthetic Benchmarks: numerical results2140

We now present detailed accuracy and sample complexity results across all benchmarks, sweeping over2141

(ε, σ, d) configurations. Tables report mean accuracy and sample complexity with 95% confidence2142

intervals for every method and parameter combination. To complement these aggregate statistics,2143

we examine the stopping behavior of each actor through two diagnostics: (i) the survival function2144

P (τ > t), which reveals how quickly the learned critic commits to stopping, and (ii) the standard2145

deviation of the inference model over the horizon, which tracks how rapidly the posterior uncertainty2146

around x⋆θ contracts. Across all benchmarks, C-ICPE with learned exploration (TS, TTPS, or TD3)2147

consistently meets the 1−δ accuracy target while C-ICPE-Uniform degrades as dimension increases,2148

particularly on Ackley and binary search where directed exploration is essential.2149

D.3.1 Noisy Binary Search2150
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Figure 10: Results for Binary Search Problem with fixed confidence δ = 0.1 and N = 100 across
different dimensions at the most hardest (ε, σ) setting: (top) survival function of τ ; (bottom) inference
uncertainty convergence.

Tables 2 and 3 report accuracy and sample complexity across all (d, ε, σ) configurations; Figure 102151

shows the survival function of τ and the convergence of the inference model’s standard deviation. In2152

Fig. 7 we also show ho C-ICPE explores in 5 dimensions, depicting the queries chosen by the actor,2153

the posterior mean, and the posterior standard deviation over timesteps.2154

Accuracy. All three active actors (TS, TTPS, TD3) meet the 1 − δ = 0.90 target across every2155

configuration tested, with mean accuracy between 0.895 and 0.916. The confidence intervals confirm2156

that the target is met reliably: even the lower bounds remain at or above 0.886. C-ICPE-Uniform2157

matches the active methods at d = 6 with ε = 0.2 (accuracy ≥ 0.901) but degrades sharply as either2158

d increases or ε decreases. At (ε, σ) = (0.1, 0.05), accuracy drops from 0.688 at d = 6 to 0.4402159

at d = 8, 0.171 at d = 10, and 0.006 at d = 20. This confirms that passive exploration cannot2160

accumulate sufficient directional information per coordinate to localize the target within the allowed2161

horizon in high dimensions.2162

Sample complexity. Among active methods, C-ICPE-TS and C-ICPE-TTPS achieve comparable2163

sample complexity across all settings: at d = 20, (ε, σ) = (0.1, 0.05), C-ICPE-TS stops in 22.72164

queries on average and C-ICPE-TTPS in 24.2, both with tight confidence intervals. C-ICPE-TD32165

is competitive at moderate dimensions (d ≤ 10) but exhibits higher mean stopping times and2166

substantially wider confidence intervals at d = 20 (e.g., 35.8 [19.2, 67.6] at ε = 0.2, σ = 0.05),2167

suggesting that the learned actor is less stable in high dimensions. Sample complexity scales2168

sublinearly in d for the active actors: C-ICPE-TS increases from 11.1 (d = 6) to 16.4 (d = 20) at2169

(ε, σ) = (0.2, 0.05).2170

Stopping behavior. The survival functions (Figure 10, top) corroborate the sample complexity2171

results. At d ≤ 10, C-ICPE-TS and C-ICPE-TTPS exhibit sharp transitions: P (τ > t) drops2172

from 1 to 0 within a narrow window, indicating that the critic identifies a consistent stopping point.2173

C-ICPE-Uniform has a heavy-tailed survival function that extends to the horizon, and at d = 20 it2174

rarely stops before tmax. The inference standard deviation (bottom row) confirms that the active actors’2175
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posteriors contract rapidly, reaching near-zero uncertainty before the median stopping time (dashed2176

vertical lines), while C-ICPE-Uniform at d = 20 retains high residual uncertainty throughout the2177

episode.2178

d Method ε = 0.2 ε = 0.1

σ = 0.05 σ = 0.1 σ = 0.025 σ = 0.05

6 C-ICPE-TD3 0.895 [.886,.902] 0.898 [.886,.908] 0.903 [.893,.914] 0.901 [.889,.912]

C-ICPE-TS 0.904 [.895,.912] 0.907 [.899,.913] 0.909 [.899,.920] 0.900 [.893,.909]

C-ICPE-TTPS 0.897 [.890,.905] 0.903 [.893,.913] 0.900 [.893,.907] 0.898 [.889,.905]

C-ICPE-uniform 0.901 [.894,.908] 0.904 [.893,.914] 0.854 [.835,.874] 0.688 [.666,.709]

8 C-ICPE-TD3 0.903 [.897,.911] 0.898 [.890,.907] 0.901 [.891,.912] 0.899 [.890,.906]

C-ICPE-TS 0.905 [.892,.917] 0.898 [.889,.905] 0.916 [.902,.930] 0.909 [.899,.918]

C-ICPE-TTPS 0.903 [.896,.911] 0.905 [.893,.915] 0.907 [.895,.917] 0.901 [.891,.909]

C-ICPE-uniform 0.907 [.897,.918] 0.894 [.886,.901] 0.724 [.693,.756] 0.440 [.406,.477]

10 C-ICPE-TD3 0.901 [.892,.908] 0.898 [.889,.904] 0.904 [.893,.914] 0.915 [.891,.948]

C-ICPE-TS 0.896 [.886,.903] 0.903 [.890,.916] 0.916 [.905,.925] 0.904 [.892,.915]

C-ICPE-TTPS 0.902 [.895,.910] 0.900 [.891,.906] 0.901 [.891,.911] 0.904 [.897,.912]

C-ICPE-uniform 0.873 [.853,.891] 0.860 [.847,.873] 0.493 [.471,.514] 0.171 [.136,.201]

20 C-ICPE-TD3 0.897 [.888,.905] 0.905 [.896,.913] 0.925 [.908,.940] 0.903 [.895,.912]

C-ICPE-TS 0.911 [.893,.931] 0.903 [.892,.914] 0.901 [.891,.910] 0.903 [.889,.919]

C-ICPE-TTPS 0.896 [.887,.903] 0.907 [.897,.917] 0.900 [.890,.909] 0.913 [.906,.921]

C-ICPE-uniform 0.662 [.630,.698] 0.079 [.001,.136] 0.036 [.022,.049] 0.006 [.000,.013]

Table 2: Binary search: accuracy (mean and 95% CI) for every (d, ε, σ) configuration.

d Method ε = 0.2 ε = 0.1

σ = 0.05 σ = 0.1 σ = 0.025 σ = 0.05

6 C-ICPE-TD3 10.4 [10.2,10.6] 15.5 [15.2,15.9] 13.3 [12.5,14.2] 16.3 [15.7,16.8]

C-ICPE-TS 11.1 [11.0,11.3] 15.3 [15.2,15.4] 12.0 [11.9,12.0] 14.4 [14.3,14.6]

C-ICPE-TTPS 11.3 [11.0,11.6] 16.2 [16.1,16.3] 12.4 [12.1,12.6] 15.1 [14.9,15.4]

C-ICPE-uniform 36.3 [36.0,36.7] 54.1 [52.4,56.9] 60.0 [58.2,62.3] 57.3 [56.1,58.1]

8 C-ICPE-TD3 11.8 [11.7,11.9] 17.3 [17.0,17.5] 15.8 [15.0,16.8] 19.7 [19.1,20.2]

C-ICPE-TS 12.0 [11.5,12.4] 17.4 [16.9,17.7] 13.0 [12.6,13.4] 16.2 [15.8,16.5]

C-ICPE-TTPS 12.3 [12.2,12.4] 17.8 [17.6,18.0] 13.4 [13.2,13.6] 16.2 [15.9,16.5]

C-ICPE-uniform 44.0 [43.4,44.7] 62.1 [61.6,62.7] 62.1 [60.0,64.4] 56.0 [53.8,58.8]

10 C-ICPE-TD3 12.7 [12.5,12.8] 19.4 [18.5,20.7] 18.2 [16.2,20.4] 22.2 [20.5,23.6]

C-ICPE-TS 12.8 [12.7,12.8] 18.5 [18.1,18.8] 14.0 [13.8,14.1] 17.0 [16.7,17.3]

C-ICPE-TTPS 13.4 [12.9,13.8] 18.8 [18.7,18.9] 14.1 [14.0,14.2] 17.3 [17.0,17.7]

C-ICPE-uniform 47.6 [45.2,49.3] 68.1 [67.2,68.9] 59.2 [57.9,60.4] 51.7 [47.1,55.0]

20 C-ICPE-TD3 35.8 [19.2,67.6] 33.0 [27.2,42.2] 26.7 [23.1,32.3] 28.2 [26.9,29.5]

C-ICPE-TS 16.4 [16.2,16.6] 23.3 [23.0,23.5] 17.6 [17.3,17.9] 22.7 [21.8,23.5]

C-ICPE-TTPS 16.4 [16.1,16.6] 24.4 [24.1,24.7] 18.7 [18.0,19.4] 24.2 [23.2,25.5]

C-ICPE-uniform 64.0 [62.0,66.0] 47.5 [29.5,62.4] 81.1 [71.6,88.2] 59.6 [19.4,91.9]

Table 3: Binary search: sample complexity (mean and 95% CI) for every (d, ε, σ) configuration.
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D.3.2 ϵ-best arm problem2179

0 20 40 60 80 100
t

0.0

0.2

0.4

0.6

0.8

1.0
P(

ta
u 

> 
t)

d=5
0 20 40 60 80 100

t

d=10
0 20 40 60 80 100 120 140

t

d=15

C-ICPE-TS C-ICPE-TTPS C-ICPE-Uniform C-ICPE-TD3

0 20 40 60 80 100
Horizon

0.1

0.2

0.3

0.4

St
d

d=5

0 20 40 60 80 100
Horizon

d=10

0 20 40 60 80 100 120 140
Horizon

d=15

C-ICPE-TS C-ICPE-TTPS C-ICPE-Uniform C-ICPE-TD3

Figure 11: Results for ϵ-Best-Arm Identification Problem with fixed confidence δ = 0.005 and
N = 100/150 across different dimensions at the most hardest (ε, σ) setting: (top) survival function
of τ ; (bottom) inference uncertainty convergence.

Tables 4 and 5 report accuracy and sample complexity; Figure 11 shows the survival function and2180

inference uncertainty convergence.2181

Accuracy. All C-ICPE variants meet the 1− δ target across every (d, ε, σ) configuration, with mean2182

accuracy between 0.897 and 0.939. Notably, C-ICPE-Uniform also meets the target throughout2183

(accuracy 0.897–0.936), consistent with the rotational symmetry of the problem: since the loss2184

Lθ(x) = 1 − θ⊤x is invariant to orthogonal transformations, no query direction is intrinsically2185

more informative than another, and isotropic exploration is in general optimal. Lazy Track-and-Stop2186

achieves perfect accuracy (1.000) in all configurations by exploiting the known linear observation2187

structure and an analytic likelihood-ratio stopping rule.2188

Sample complexity. The gap between C-ICPE and LT&S is substantial and grows with dimension.2189

LT&S queries exactly d samples in every configuration, one per canonical direction, achieving the2190

minimum for a full-rank linear estimator. C-ICPE uses 2–6× more queries: at d = 15, (ε, σ) =2191

(0.005, 0.0025), C-ICPE-TS stops at 88.8 and C-ICPE-TTPS at 89.5, compared to 15.0 for LT&S.2192

This gap reflects the cost of a model-agnostic stopping rule: C-ICPE does not know the observation2193

model is linear and must learn when to stop from interaction data alone. Among C-ICPE variants,2194

C-ICPE-Uniform is competitive with and sometimes more sample-efficient than the active actors.2195

At d = 15, (ε, σ) = (0.005, 0.0025), C-ICPE-Uniform stops at 65.9 while C-ICPE-TS requires2196

88.8 and C-ICPE-TTPS 89.5. This inversion occurs because the problem’s symmetry makes directed2197

exploration unnecessary, and the overhead of posterior-driven action selection, which occasionally2198

concentrates queries in already well-estimated directions, slows convergence relative to uniform2199

coverage. We also note that the current noise levels are low relative to ε, placing the problem in a2200

regime where LT&S resolves the target direction in a single pass of d orthogonal queries. At higher2201

noise levels, where multiple measurement rounds are necessary, we expect the relative performance2202

of C-ICPE to improve.2203

Stopping behavior. The survival functions (Figure 11, top) show that all C-ICPE actors have similar2204

stopping profiles at d = 5, where episodes terminate within t ≈ 10. At d = 15, the curves spread:2205

C-ICPE-Uniform stops earlier (median ≈ 60) than C-ICPE-TS and C-ICPE-TTPS (median ≈ 75–2206

85), again reflecting the advantage of isotropic coverage in this symmetric problem. The inference2207

standard deviation (bottom row) converges at comparable rates across all actors, confirming that the2208

posterior contracts uniformly regardless of the exploration strategy, the sample complexity differences2209

are driven by stopping calibration, not by differences in information acquisition.2210
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d Method ε = 0.02 ε = 0.005

σ = 0.005 σ = 0.01 σ = 0.00125 σ = 0.0025

5 C-ICPE-TD3 0.925 [.907,.943] 0.915 [.905,.926] 0.898 [.890,.907] 0.902 [.893,.912]

C-ICPE-TS 0.939 [.912,.958] 0.939 [.929,.947] 0.908 [.890,.930] 0.904 [.891,.917]

C-ICPE-TTPS 0.934 [.922,.944] 0.938 [.930,.944] 0.902 [.891,.911] 0.900 [.893,.909]

C-ICPE-uniform 0.936 [.925,.946] 0.931 [.919,.943] 0.922 [.914,.928] 0.927 [.918,.935]

LT&S round-robin 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000]

LT&S uniform 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000]

10 C-ICPE-TD3 0.920 [.908,.931] 0.901 [.891,.909] 0.908 [.896,.919] 0.919 [.906,.932]

C-ICPE-TS 0.902 [.893,.911] 0.909 [.897,.920] 0.908 [.892,.922] 0.915 [.899,.930]

C-ICPE-TTPS 0.917 [.907,.926] 0.904 [.897,.911] 0.911 [.900,.921] 0.906 [.892,.920]

C-ICPE-uniform 0.911 [.901,.921] 0.905 [.895,.913] 0.905 [.894,.916] 0.900 [.890,.910]

LT&S round-robin 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000]

LT&S uniform 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000]

15 C-ICPE-TD3 0.904 [.894,.913] 0.906 [.896,.915] 0.909 [.898,.920] 0.910 [.902,.917]

C-ICPE-TS 0.918 [.898,.937] 0.918 [.900,.932] 0.908 [.895,.921] 0.898 [.889,.907]

C-ICPE-TTPS 0.907 [.894,.919] 0.907 [.894,.919] 0.910 [.887,.934] 0.923 [.893,.959]

C-ICPE-uniform 0.897 [.887,.905] 0.902 [.889,.913] 0.906 [.893,.919] 0.901 [.892,.910]

LT&S round-robin 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000]

LT&S uniform 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000] 1.000 [1.000,1.000]

Table 4: ϵ-best arm: accuracy (mean and 95% CI) for every (d, ε, σ) configuration.

d Method ε = 0.02 ε = 0.005

σ = 0.005 σ = 0.01 σ = 0.00125 σ = 0.0025

5 C-ICPE-TD3 7.4 [7.3,7.5] 7.5 [7.4,7.5] 9.4 [9.2,9.6] 9.4 [9.3,9.5]

C-ICPE-TS 7.3 [7.2,7.5] 7.6 [7.5,7.6] 8.9 [8.6,9.1] 9.0 [8.8,9.2]

C-ICPE-TTPS 7.3 [7.1,7.4] 7.5 [7.4,7.5] 8.7 [8.6,8.9] 8.8 [8.7,9.0]

C-ICPE-uniform 8.3 [8.2,8.4] 8.2 [8.0,8.4] 10.0 [9.9,10.1] 10.1 [10.0,10.3]

LT&S round-robin 5.0 [5.0,5.0] 5.0 [5.0,5.0] 5.0 [5.0,5.0] 5.0 [5.0,5.0]

LT&S uniform 5.0 [5.0,5.0] 5.0 [5.0,5.0] 5.0 [5.0,5.0] 5.0 [5.0,5.0]

10 C-ICPE-TD3 21.7 [21.1,22.6] 21.9 [21.6,22.3] 37.3 [35.3,39.0] 40.6 [38.2,43.3]

C-ICPE-TS 20.0 [19.5,20.7] 23.9 [22.8,25.3] 31.4 [30.1,33.7] 35.0 [34.7,35.5]

C-ICPE-TTPS 20.7 [20.4,21.0] 22.8 [22.6,23.0] 32.7 [30.9,34.6] 35.8 [33.8,37.3]

C-ICPE-uniform 22.1 [21.9,22.3] 22.4 [22.2,22.5] 31.1 [30.8,31.4] 30.7 [30.5,31.1]

LT&S round-robin 10.0 [10.0,10.0] 10.0 [10.0,10.0] 10.0 [10.0,10.0] 10.0 [10.0,10.0]

LT&S uniform 10.0 [10.0,10.0] 10.0 [10.0,10.0] 10.0 [10.0,10.0] 10.0 [10.0,10.0]

15 C-ICPE-TD3 46.9 [46.5,47.2] 48.6 [48.1,49.2] 71.4 [70.2,72.6] 75.7 [73.4,78.9]

C-ICPE-TS 46.5 [46.0,47.1] 53.8 [53.1,54.7] 74.8 [73.3,76.3] 88.8 [85.4,92.7]

C-ICPE-TTPS 45.2 [44.0,47.0] 52.7 [50.9,54.1] 78.9 [74.6,87.0] 89.5 [87.7,91.7]

C-ICPE-uniform 44.5 [43.3,45.8] 45.1 [43.6,46.9] 68.1 [65.6,70.8] 65.9 [64.1,69.4]

LT&S round-robin 15.0 [15.0,15.0] 15.0 [15.0,15.0] 15.0 [15.0,15.0] 15.0 [15.0,15.0]

LT&S uniform 15.0 [15.0,15.0] 15.0 [15.0,15.0] 15.0 [15.0,15.0] 15.0 [15.0,15.0]

Table 5: ϵ-best arm: sample complexity (mean and 95% CI) for every (d, ε, σ) configuration.
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D.3.3 Ackley minimization2211
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Figure 12: Results for Ackley function with fixed confidence δ = 0.1 and N = 100 across different
dimensions at the most hardest (ε, σ) setting: (top) survival function of τ ; (bottom) inference
uncertainty convergence.

Tables 7 and 6 report accuracy and sample complexity; Figure 12 shows the survival function and2212

inference uncertainty convergence.2213

Accuracy. All active C-ICPE variants meet the 1−δ = 0.90 target across every (d, ε, σ) configuration,2214

with mean accuracy between 0.896 and 0.928. C-ICPE-Uniform meets the target at d = 3 (accuracy2215

≥ 0.890) but degrades as dimension increases: at (ε, σ) = (0.1, 0.05), accuracy drops from 0.8902216

at d = 3 to 0.589 at d = 4 and 0.237 at d = 5. Unlike the ε-best arm problem, the Ackley function2217

has no symmetry that makes uniform exploration competitive: the multimodal landscape and flat2218

outer region require directed queries to distinguish the global minimizer from local optima. The2219

Bayesian optimization baselines fail across the board. GP-UCB achieves the highest accuracy among2220

them (0.344–0.426 at d = 3) but remains far below the 0.90 target even at the easiest configuration.2221

TPE and CMA-ES are near zero at d ≥ 4. These methods optimize a fixed-budget objective without2222

a stopping rule and are not designed for (ε, δ)-correctness; the comparison confirms that standard2223

continuous optimization does not yield fixed-confidence guarantees at comparable sample budgets.2224

Sample complexity. Active actors use roughly half the samples of C-ICPE-Uniform across all2225

dimensions. At d = 5, (ε, σ) = (0.1, 0.05), C-ICPE-TS stops at 47.5 and C-ICPE-TTPS at 45.8,2226

compared to 57.5 for C-ICPE-Uniform. C-ICPE-TS and C-ICPE-TTPS achieve similar sample2227

complexity throughout, while C-ICPE-TD3 is slightly higher (e.g., 53.0 at the same setting). Sample2228

complexity grows with dimension for all methods: C-ICPE-TS increases from 14.9 (d = 3) to 34.42229

(d = 5) at (ε, σ) = (0.2, 0.05). Increasing σ at fixed ε consistently raises sample complexity, as2230

expected from the noisier observations.2231

Stopping behavior. The survival functions (Figure 12, top) show a clear separation between active2232

and passive exploration. At d = 3, C-ICPE-TS and C-ICPE-TTPS exhibit sharp transitions around2233

t ≈ 15–25, while C-ICPE-Uniform has a heavy tail extending past t = 80. At d = 5, the active2234

actors stop around t ≈ 35–50 while C-ICPE-Uniform rarely stops before t = 60 and retains2235

substantial probability mass near the horizon. The inference standard deviation (bottom row) reveals2236

a qualitative difference from binary search: the posterior uncertainty plateaus around 0.05–0.1 rather2237

than converging to zero. This reflects the inherent difficulty of the Ackley landscape, the multimodal2238

structure and observation noise prevent the inference model from achieving the same posterior2239

concentration as in the unimodal binary search setting. Nevertheless, the critic learns to stop at an2240

appropriate uncertainty level that is sufficient for ε-correctness.2241
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d Method ε = 0.2 ε = 0.1

σ = 0.05 σ = 0.1 σ = 0.025 σ = 0.05

3 C-ICPE-TD3 15.3 [14.6,15.9] 18.9 [18.2,19.6] 18.9 [18.2,19.8] 20.6 [19.9,21.3]

C-ICPE-TS 14.9 [14.5,15.5] 18.8 [18.1,19.7] 17.5 [16.9,18.0] 19.3 [18.5,20.2]

C-ICPE-TTPS 15.4 [14.8,16.1] 18.7 [18.1,19.4] 18.0 [17.3,18.7] 19.2 [18.6,19.9]

C-ICPE-uniform 37.6 [34.4,40.2] 47.9 [46.3,49.4] 50.5 [48.6,52.2] 51.7 [49.8,53.7]

4 C-ICPE-TD3 25.9 [25.0,26.7] 32.8 [31.8,33.9] 31.5 [30.5,32.6] 33.9 [33.1,34.7]

C-ICPE-TS 24.4 [23.2,25.8] 31.1 [29.7,32.6] 27.5 [26.3,28.9] 31.3 [30.4,32.1]

C-ICPE-TTPS 24.2 [22.7,25.8] 32.2 [31.0,33.6] 27.9 [27.0,29.0] 31.4 [30.4,32.4]

C-ICPE-uniform 62.4 [60.3,64.6] 59.4 [56.8,61.4] 57.8 [57.3,58.3] 55.2 [54.0,56.5]

5 C-ICPE-TD3 38.1 [37.0,39.3] 50.7 [49.3,52.3] 44.1 [42.2,46.2] 53.0 [51.9,54.3]

C-ICPE-TS 34.4 [33.3,35.9] 45.8 [44.2,47.1] 38.5 [37.5,39.5] 47.5 [46.3,48.6]

C-ICPE-TTPS 35.6 [33.4,38.0] 47.0 [45.7,48.1] 37.7 [36.9,38.9] 45.8 [44.8,46.9]

C-ICPE-uniform 70.0 [63.9,79.2] 58.2 [57.1,59.7] 61.0 [55.3,68.6] 57.5 [55.1,60.1]

Table 6: Ackley: sample complexity (mean and 95% CI) for every (d, ε, σ) configuration.

d Method ε = 0.2 ε = 0.1

σ = 0.05 σ = 0.1 σ = 0.025 σ = 0.05

3 C-ICPE-TD3 0.915 [.902,.927] 0.904 [.894,.914] 0.898 [.888,.906] 0.908 [.899,.918]

C-ICPE-TS 0.896 [.886,.904] 0.899 [.890,.909] 0.899 [.887,.906] 0.907 [.895,.917]

C-ICPE-TTPS 0.902 [.894,.913] 0.907 [.894,.919] 0.911 [.900,.920] 0.912 [.899,.924]

C-ICPE-uniform 0.902 [.886,.915] 0.905 [.890,.918] 0.906 [.894,.914] 0.890 [.868,.910]

TPE 0.098 [.072,.124] 0.136 [.106,.166] 0.016 [.005,.027] 0.028 [.014,.042]

CMA-ES 0.086 [.061,.111] 0.124 [.095,.153] 0.020 [.008,.032] 0.034 [.018,.050]

GP-logEI 0.322 [.281,.363] 0.356 [.314,.398] 0.218 [.182,.254] 0.194 [.159,.229]

GP-UCB 0.400 [.357,.443] 0.426 [.383,.469] 0.344 [.302,.386] 0.350 [.308,.392]

4 C-ICPE-TD3 0.907 [.895,.919] 0.906 [.895,.914] 0.899 [.888,.908] 0.899 [.891,.907]

C-ICPE-TS 0.907 [.899,.918] 0.904 [.892,.916] 0.914 [.905,.924] 0.913 [.900,.923]

C-ICPE-TTPS 0.898 [.886,.908] 0.898 [.888,.908] 0.908 [.897,.919] 0.906 [.894,.915]

C-ICPE-uniform 0.908 [.897,.919] 0.739 [.713,.765] 0.735 [.712,.762] 0.589 [.560,.616]

TPE 0.048 [.029,.067] 0.084 [.060,.108] 0.006 [.000,.013] 0.006 [.000,.013]

CMA-ES 0.020 [.008,.032] 0.056 [.036,.076] 0.002 [.000,.006] 0.002 [.000,.006]

GP-logEI 0.270 [.231,.309] 0.206 [.171,.241] 0.132 [.102,.162] 0.104 [.077,.131]

GP-UCB 0.344 [.302,.386] 0.308 [.267,.349] 0.336 [.295,.377] 0.276 [.237,.315]

5 C-ICPE-TD3 0.904 [.888,.918] 0.904 [.891,.916] 0.907 [.892,.920] 0.904 [.891,.916]

C-ICPE-TS 0.909 [.900,.920] 0.912 [.899,.921] 0.913 [.905,.925] 0.911 [.897,.921]

C-ICPE-TTPS 0.905 [.893,.915] 0.904 [.889,.915] 0.928 [.916,.939] 0.912 [.895,.927]

C-ICPE-uniform 0.690 [.618,.756] 0.416 [.401,.437] 0.428 [.332,.538] 0.237 [.203,.279]

TPE 0.030 [.015,.045] 0.042 [.024,.060] 0.000 [.000,.000] 0.002 [.000,.006]

CMA-ES 0.014 [.004,.024] 0.040 [.023,.057] 0.002 [.000,.006] 0.004 [.000,.010]

GP-logEI 0.154 [.122,.186] 0.074 [.051,.097] 0.068 [.046,.090] 0.044 [.026,.062]

GP-UCB 0.344 [.302,.386] 0.214 [.178,.250] 0.284 [.244,.324] 0.220 [.184,.256]

Table 7: Ackley: accuracy (mean and 95% CI) for every (d, ε, σ) configuration.
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D.3.4 GP max-value estimation2242
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Figure 13: Results for GP value estimation with fixed confidence δ = 0.1 and N = 100 across
different dimensions at the most hardest (ε, σ) setting: (a) survival function of τ ; (b) inference
uncertainty convergence.

Tables 8 and 9 report accuracy and sample complexity; Figure 13 shows the survival function and2243

inference uncertainty convergence. This is the X ̸= A setting: the agent queries locations a ∈ [0, 1]d2244

but recommends a scalar value estimate x̂ ∈ R. Only C-ICPE-TD3 and C-ICPE-Uniform are2245

evaluated, since TS and TTPS require X = A. In Fig. 9 we also show ho C-ICPE explores in this2246

problem, depicting the queries chosen by the actor, the posterior mean, and the posterior standard2247

deviation over timesteps.2248

Accuracy. Both C-ICPE variants meet the 1− δ target across all (ε, σ) configurations. C-ICPE-TD32249

achieves 0.906–0.930 and C-ICPE-Uniform 0.901–0.931; the two methods are comparable in2250

accuracy, with C-ICPE-Uniform slightly higher at the noisier settings (e.g., 0.927 vs. 0.910 at2251

ε = 0.2, σ = 0.1). The non-parametric baselines fail to meet the target: Uniform bin achieves2252

0.130–0.230 and Uniform top 5% reaches 0.648–0.762. Bayesian optimization baselines are not2253

applicable to this task, as they return locations rather than value estimates.2254

Sample complexity. C-ICPE-TD3 uses substantially fewer samples than C-ICPE-Uniform, particu-2255

larly at the larger tolerance. At (ε, σ) = (0.2, 0.05), C-ICPE-TD3 stops at 13.7 queries on average2256

compared to 31.7 for C-ICPE-Uniform — a 2.3× reduction. At (ε, σ) = (0.2, 0.1) the ratio is 1.8×2257

(22.7 vs. 41.0). The gap narrows at ε = 0.15: 39.9 vs. 41.6 at σ = 0.0375 and 43.7 vs. 49.0 at2258

σ = 0.075. This pattern indicates that the learned exploration policy provides the largest benefit when2259

the tolerance is generous enough that a well-chosen sequence of queries can resolve the max-value2260

quickly, whereas at tighter tolerances both methods require extensive coverage and the advantage of2261

directed exploration diminishes.2262

Stopping behavior. The survival function (left plot in Fig. 13) shows that C-ICPE-TD3 stops earlier2263

than C-ICPE-Uniform, with the bulk of episodes terminating between t = 20 and t = 60. Both2264

methods exhibit gradual transitions rather than the sharp drops observed in binary search, reflecting2265

the greater variability in task difficulty under the GP prior (functions with short lengthscales require2266

more queries to resolve the peak value). The inference standard deviation (right plot in Fig. 13) starts2267

high (≈ 0.8) and contracts rapidly in the first 20−40 queries, then plateaus. This residual uncertainty2268

is consistent with the difficulty of estimating a function’s global maximum from noisy pointwise2269

observations: even after localizing the region of high values, the precise peak height remains uncertain2270

until sufficient samples accumulate near the optimum.2271
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d Method ε = 0.2 ε = 0.15

σ = 0.05 σ = 0.1 σ = 0.0375 σ = 0.075

1 C-ICPE-TD3 0.906 [.878,.928] 0.910 [.883,.932] 0.920 [.890,.942] 0.930 [.903,.948]

C-ICPE-uniform 0.902 [.889,.914] 0.927 [.915,.938] 0.901 [.887,.916] 0.931 [.915,.946]

Uniform bin 0.130 [.100,.160] 0.176 [.143,.209] 0.230 [.193,.267] 0.226 [.189,.263]

Uniform top 5% 0.648 [.606,.690] 0.672 [.631,.713] 0.762 [.725,.799] 0.696 [.656,.736]

Table 8: GP value estimation: accuracy (mean and 95% CI) for every (d, ε, σ) configuration.

d Method ε = 0.2 ε = 0.15

σ = 0.05 σ = 0.1 σ = 0.0375 σ = 0.075

1 C-ICPE-TD3 13.7 [12.3,15.4] 22.7 [21.8,23.8] 39.9 [36.6,43.4] 43.7 [41.3,45.8]

C-ICPE-uniform 31.7 [30.6,32.8] 41.0 [39.8,42.1] 41.6 [39.5,43.9] 49.0 [46.7,51.2]

Table 9: GP value estimation: sample complexity (mean and 95% CI) for every (d, ε, σ) configuration.
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D.4 Synthetic Benchmarks: robustness2272

When training C-ICPE, the task prior ν is uniform over the parameter space. We investigate robustness2273

to prior misspecification by evaluating frozen C-ICPE models under Beta(α, β) deployment priors2274

with varying concentration parameters. Figs. 14 to 17 report accuracy and confidence intervals for all2275

actor variants at the most challenging (ε, σ) configuration and highest dimensionality per benchmark.2276

D.4.1 Noisy Binary Search2277

The training prior is Uniform[−1, 1]20, corresponding to α = β = 1 (white box). In Fig. 14 we report2278

the results. C-ICPE-TS and C-ICPE-TTPS are robust across the full grid of Beta priors: accuracy2279

remains above 0.83 in all configurations, even under substantial distributional shift (α = 0.5, β = 72280

or vice versa). Performance improves mildly when both α, β ≥ 3, since concentrated priors place2281

more mass in the interior of [−1, 1]d, where localization is easier. C-ICPE-TD3 matches or exceeds2282

the other actors when the deployment prior is concentrated (α, β ≥ 3, reaching 0.943), but degrades2283

sharply when either parameter is small: at α = 0.5, β = 7 accuracy drops to 0.612. Small α or β2284

produces a U-shaped Beta distribution that concentrates mass near the boundary of the domain, where2285

targets are harder to disambiguate and the learned actor generalizes poorly. C-ICPE-Uniform fails2286

entirely in d = 20 (accuracy < 0.01), confirming that passive exploration cannot localize a target in2287

high-dimensional binary search within the allowed horizon.2288
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Figure 14: Robustness to prior misspecification on the 20D noisy binary search problem (ε = 0.1
and σ = 0.05). Each heatmap reports the mean accuracy and the confidence intervals under varying
Beta prior hyperparameters (α, β) ∈ {0.5, 1, 3, 5, 7}. The white box indicates the matched prior
(α = β = 1) during training.

D.4.2 ϵ-best arm problem2289

We report results in Fig. 15. All four C-ICPE variants are remarkably stable across the full Beta2290

prior grid at d = 15: accuracy varies by less than 0.04 across all (α, β) configurations for each2291

actor. This robustness is a direct consequence of the rotational symmetry of the problem. Since θ is2292

drawn on Sd−1 and the loss Lθ(x) = 1− θ⊤x is invariant to orthogonal transformations, the intrinsic2293
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difficulty of each task instance does not depend on the location of θ on the sphere. Reweighting2294

the prior therefore has little effect on the distribution of problem difficulty, unlike binary search or2295

Ackley where boundary effects create heterogeneous difficulty across the parameter space. Notably,2296

C-ICPE-Uniform performs well here (≈ 0.89–0.90 uniformly), consistent with the observation that2297

isotropic exploration is optimal [30]. C-ICPE-TTPS achieves the highest accuracy overall (0.92–2298

0.94), suggesting that the challenger mechanism provides a modest benefit even in a setting where2299

uniform exploration is already near-optimal.2300
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Figure 15: Robustness to prior misspecification on the 15D ε-best-arm identification problem
(ε = 0.005 and σ = 0.0025). Each heatmap reports the mean accuracy and the confidence intervals
under varying Beta prior hyperparameters (α, β) ∈ {0.5, 1, 3, 5, 7}. The white box indicates the
matched prior (α = β = 1) during training.

D.4.3 Ackley minimization2301

Results are reported in Fig. 16. The Ackley benchmark at d = 5 exhibits the strongest sensitivity2302

to prior misspecification among all tasks. At the training prior (α = β = 1), C-ICPE-TS achieves2303

0.911 and C-ICPE-TTPS 0.912. When both α, β ≥ 3, i.e., the deployment prior concentrates mass2304

toward the interior of [−1, 1]d, all active methods improve substantially, with C-ICPE-TS reaching2305

0.975 and C-ICPE-TD3 0.963. The gains reflect the structure of the Ackley function: targets near2306

the center of the domain sit in a region of higher curvature where observations are more informative,2307

making identification easier.2308

Conversely, when either α or β is small (0.5), the Beta prior becomes U-shaped or boundary-2309

skewed, placing significant mass on targets near the edges of [−1, 1]d. In the flat outer region of the2310

Ackley function, observations carry little signal, and the learned policies, trained under a uniform2311

prior that rarely produces such extreme configurations, degrade. The effect is most pronounced2312

for α = 0.5, β = 7. This asymmetry between interior and boundary targets is specific to the2313

Ackley geometry and is absent in the rotationally symmetric ε-best arm problem. C-ICPE-Uniform2314

fails across the board (accuracy ≤ 0.45), confirming that directed exploration is essential for this2315

multimodal benchmark regardless of the prior.2316
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Figure 16: Robustness to prior misspecification on the 5D Ackley function (ε = 0.1 and σ = 0.05).
Each heatmap reports the mean accuracy and the confidence intervals under varying Beta prior
hyperparameters (α, β) ∈ {0.5, 1, 3, 5, 7}. The white box indicates the matched prior (α = β = 1)
during training.

D.4.4 GP max-value estimation2317

We report results in Fig. 17. This is the X ̸= A setting (d = 1), so only C-ICPE-Uniform and2318

C-ICPE-TD3 are applicable. C-ICPE-TD3 achieves the highest accuracy when the deployment prior2319

is well-matched or concentrated with small β: it reaches 0.992 at (α, β) = (7, 0.5) and remains2320

above 0.94 throughout the upper-left triangle of the grid. However, it degrades when β is large (0.7722321

at α = 0.5, β = 7; 0.817 at α = 1, β = 7), indicating that the learned exploration policy is sensitive2322

to prior shifts that alter the distribution of task difficulty. C-ICPE-Uniform, by contrast, is more2323

robust: accuracy stays between 0.837 and 0.965 across the entire grid, with a milder gradient from2324

upper-left to lower-right. Because the uniform actor does not depend on a learned exploration policy,2325

its performance varies only through the stopping criterion and inference model, both of which appear2326

stable under moderate prior shift. At the training prior (α = β = 1), the two methods are comparable2327

(0.920 vs. 0.913), but C-ICPE-TD3 offers a clear advantage when the deployment prior concentrates2328

mass on tasks where directed exploration helps most (α ≥ 3, β ≤ 1). The overall pattern suggests2329

that the TD3 actor learns an exploration strategy well-adapted to the training distribution but with2330

limited extrapolation to deployment priors that shift the typical task structure.2331

78



0.5 1 3 5 7

0.5

1

3

5

7

0.908
[0.894, 0.920]

0.894
[0.876, 0.910]

0.850
[0.835, 0.863]

0.847
[0.828, 0.864]

0.837
[0.810, 0.861]

0.933
[0.913, 0.950]

0.920
[0.903, 0.935]

0.886
[0.869, 0.901]

0.856
[0.841, 0.870]

0.865
[0.850, 0.878]

0.952
[0.941, 0.963]

0.954
[0.938, 0.966]

0.926
[0.911, 0.941]

0.916
[0.903, 0.928]

0.905
[0.893, 0.917]

0.956
[0.943, 0.968]

0.965
[0.957, 0.973]

0.942
[0.927, 0.956]

0.929
[0.916, 0.942]

0.917
[0.900, 0.932]

0.959
[0.948, 0.968]

0.963
[0.952, 0.972]

0.953
[0.937, 0.965]

0.944
[0.932, 0.954]

0.934
[0.915, 0.949]

C-ICPE-Uniform, d=1

0.5 1 3 5 7

0.5

1

3

5

7

0.915
[0.890, 0.933]

0.877
[0.838, 0.908]

0.820
[0.782, 0.853]

0.812
[0.758, 0.858]

0.772
[0.733, 0.803]

0.943
[0.917, 0.963]

0.913
[0.880, 0.938]

0.863
[0.835, 0.890]

0.855
[0.823, 0.882]

0.817
[0.777, 0.852]

0.983
[0.965, 0.993]

0.965
[0.947, 0.977]

0.947
[0.913, 0.972]

0.905
[0.873, 0.932]

0.892
[0.862, 0.915]

0.965
[0.942, 0.982]

0.973
[0.957, 0.983]

0.965
[0.947, 0.977]

0.942
[0.917, 0.960]

0.940
[0.915, 0.957]

0.992
[0.978, 0.998]

0.977
[0.958, 0.987]

0.965
[0.945, 0.978]

0.958
[0.932, 0.978]

0.942
[0.910, 0.967]

C-ICPE-TD3, d=1

0.70

0.75

0.80

0.85

0.90

0.95

1.00

Ac
cu

ra
cy

Figure 17: Robustness to prior misspecification on the GP value estimation problem (ε = 0.15 and
σ = 0.075). Each heatmap reports the mean accuracy and the confidence intervals under varying
Beta prior hyperparameters (α, β) ∈ {0.5, 1, 3, 5, 7}. The white box indicates the matched prior
(α = β = 1) during training.
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D.5 Geochemical Exploration: Experimental Details and Numerical Results2332

The geochemical exploration task is a stylized version of a real problem in mineral exploration: given2333

a budget of field samples (each requiring physical collection, transport, and laboratory analysis),2334

identify the most promising location for further investigation. In practice, each sample costs hundreds2335

to thousands of dollars, and field campaigns are logistically constrained. A method that can identify2336

the target location with (ϵ, δ)-guarantees while minimizing the number of samples has direct economic2337

value.2338

D.5.1 Dataset and Motivation2339

We use data from the USGS National Geochemical Survey [1], which provides soil and sediment2340

measurements of element concentrations across the continental United States. We focus on copper2341

(Cu) concentrations, which are of direct interest in mineral exploration: copper deposits are spatially2342

heterogeneous, and identifying regions of peak concentration from sparse, noisy field measurements2343

is a costly sequential decision problem.2344

The dataset contains point measurements at irregularly spaced locations, each reporting the con-2345

centration of multiple elements. We extract copper concentration values and apply a log-transform2346

followed by z-score normalization per region, yielding standardized log-concentrations that serve as2347

observations.2348

As a concrete example, Fig. 19 shows the Kingman region in southeastern California and southern2349

Nevada. This region contains the Mountain Pass rare earth mine (35.5◦N, 115.5◦W), an open-pit mine2350

of rare earth elements in the Mojave Desert. A satellite image of the mine and surrounding terrain,2351

acquired by the Advanced Spaceborne Thermal Emission and Reflection Radiometer (ASTER)2352

instrument on NASA’s Terra spacecraft on March 28, 2010, is shown in Fig. 19 [39]. The region2353

exhibits spatially varying copper concentrations with a clear peak near the mining district, making it2354

a representative example of the kind of localization problem C-ICPE is designed to solve.2355

D.5.2 Region Partitioning and GP Fitting2356

We partition the geochemical survey data into 17 geographic regions, each covering approximately2357

1◦ × 2◦ in latitude and longitude. The regions span diverse geological settings across the western2358

and southeastern United States: Gadsden, Bozeman, Billings, Wells, Needles, Jenkins, Montgomery,2359

Millett, Prescott, Lovelock, Aurora, Holbrook, Atlanta, Ely, Kingman, Winnemucca, and Baker.2360

Fig. 20 shows all 17 regions with sample locations colored by normalized log-copper concentration.2361

The regions vary substantially in sample density (from∼50 to∼500 measurements), spatial structure,2362

and concentration range, providing a diverse task distribution for meta-training.2363
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Figure 18: Example copper concentration in a 2D region in the geochemical exploration task. Red
regions indicate concentration of copper within ϵ of the maximum value.
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For each region, we fit a sparse variational Gaussian process (SVGP) with a Matérn-3/2 ARD kernel2364

and Gaussian likelihood. The model is:2365

f ∼ GP(0, σ2
f kMatérn-3/2(·, · ; ℓ1, ℓ2)), yi = f(si) + ξi, ξi ∼ N (0, σ2

n), (37)

where si ∈ R2 are UTM coordinates (normalized to [0, 1]2 for numerical stability), yi is the stan-2366

dardized log-copper concentration, and (ℓ1, ℓ2, σf , σn) are per-region hyperparameters learned by2367

maximizing the variational evidence lower bound (ELBO). We use M = 500 inducing points initial-2368

ized via k-means clustering of the observation locations, and optimize for 1000 Adam iterations at2369

learning rate 0.01.2370

Fig. 21 shows the ELBO training curves for all 17 regions. All regions converge smoothly, confirming2371

that the SVGP fits are well-behaved. The fitted hyperparameters, in particular the lengthscales2372

(ℓ1, ℓ2), vary across regions, reflecting different spatial correlation structures: some regions exhibit2373

short-range variability (small lengthscales) while others have smoother concentration surfaces (large2374

lengthscales).2375

D.5.3 Ground Truth Construction2376

For each fitted SVGP, we evaluate the posterior mean on a dense 200× 200 grid over the normalized2377

domain [0, 1]2. The ground truth target is defined as:2378

θ⋆ = arg max
s∈grid

µGP(s), (38)

i.e., the grid location with the highest posterior mean copper concentration.2379

D.5.4 Task Prior and Train/Test Split2380

The 17 regions are split into training and evaluation sets. Training regions define the task prior ν:2381

during meta-training, each episode samples a region uniformly from the training set and presents2382

C-ICPE with the corresponding fitted GP as the unknown function. The agent queries 2D locations2383

a ∈ [0, 1]2 and observes noisy evaluations y = µGP(a) + ξ, ξ ∼ N (0, σ2
n), where σn is the fitted2384

noise standard deviation for that region. The goal is to identify the location θ⋆ of peak concentration2385

to within ϵ with probability at least 1− δ.2386

Evaluation is performed on held-out regions whose spatial structure, lengthscales, and concentration2387

patterns were not seen during training. This tests two properties simultaneously:2388

1. (ϵ, δ)-correct identification on realistic functions. The GP posterior means are spatially2389

structured, non-stationary (due to irregular sampling), and vary in smoothness across regions,2390

a substantial departure from the synthetic benchmarks.2391

2. Robustness to distribution shift. The evaluation regions have different hyperparame-2392

ters (ℓ1, ℓ2, σf , σn) from the training regions, so the agent must generalize across spatial2393

correlation structures it has not encountered during meta-training.2394
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Figure 19: Left: Normalized log-copper concentration in the Kingman region (southeastern California
/ southern Nevada). Each point is a soil sample from the USGS National Geochemical Survey [1];
the red star marks the location of peak GP posterior mean. Right: ASTER satellite image of the
Mountain Pass rare earth mine (35.5◦N, 115.5◦W) within this region, acquired March 28, 2010.
The mine area is visible as the light-colored open pit in the upper center of the image. Credit:
NASA/GSFC/METI/ERSDAC/JAROS, and U.S./Japan ASTER Science Team [39].
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Figure 20: All 17 geographic regions used in the geochemical experiment. Each panel shows soil
sample locations colored by normalized log-copper concentration. Regions are split into training and
evaluation sets; evaluation regions have spatial structure not seen during meta-training.
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Figure 21: ELBO training curves for sparse variational GP fits across all 17 regions (1000 Adam
iterations, M = 500 inducing points). All regions converge smoothly, indicating well-behaved GP
fits.
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D.5.5 Numerical Results2395

Baselines. We compare C-ICPE-TD3 and C-ICPE-TS against four black-box optimization baselines2396

that do not possess a stopping rule for (ε, δ)-correct identification: TPE [8], CMA-ES [24], GP-2397

logEI [5], and GP-UCB [57]. Since these methods optimize a fixed-budget objective and have no2398

principled mechanism for adaptive stopping, we allocate each a fixed sample budget calibrated to2399

the mean sample complexity of C-ICPE-TS: N = 22 for ε = 0.2 and N = 39 for ε = 0.15. After2400

exhausting this budget, each baseline returns the best-observed location as its recommendation. This2401

protocol is deliberately generous: the baselines receive as many samples as C-ICPE-TS typically2402

needs on average, yet bear no cost for deciding when to stop.2403

ε = 0.2 ε = 0.15
σ = 0 σ = 0

2 C-ICPE-TD3 0.913 [.894,.931] 0.916 [.904,.927]

C-ICPE-TS 0.913 [.894,.930] 0.925 [.905,.944]

TPE 0.438 [.394,.482] 0.526 [.482,.570]

CMA-ES 0.484 [.440,.528] 0.514 [.470,.558]

GP-logEI 0.564 [.520,.608] 0.724 [.685,.763]

GP-UCB 0.730 [.691,.769] 0.720 [.681,.759]

Table 10: Geochem: accuracy (mean and 95% CI) for every (d, ε, σ) configuration.

ε = 0.2 ε = 0.15
σ = 0 σ = 0

2 C-ICPE-TD3 23.9 [21.6,26.2] 44.4 [42.4,46.5]

C-ICPE-TS 22.0 [20.0,23.9] 38.7 [34.2,43.5]

Table 11: Geochem: sample complexity (mean and 95% CI) for every (d, ε, σ) configuration.

Accuracy and sample complexity. Table 10 reports identification accuracy (mean and 95% CI2404

over held-out regions) at the two tolerance levels, with δ = 0.1 and maximum horizon N = 150.2405

Both C-ICPE variants exceed the 1− δ = 0.90 correctness target in every configuration. At ε = 0.2,2406

C-ICPE-TD3 and C-ICPE-TS are tied at 0.913 [.894, .931] and 0.913 [.894, .930], respectively. At2407

the harder ε = 0.15, C-ICPE-TS pulls ahead with 0.925 [.905, .944] versus 0.916 [.904, .927] for2408

C-ICPE-TD3. Among the baselines, GP-UCB is the strongest, reaching 0.730 [.691, .769] at ε = 0.22409

and 0.720 [.681, .759] at ε = 0.15, still roughly 19–20 percentage points below C-ICPE despite2410

receiving a comparable sample budget. GP-logEI performs comparably to GP-UCB at ε = 0.152411

(0.724) but falls to 0.564 at ε = 0.2. TPE and CMA-ES remain below 0.53 in both settings, indicating2412

that gradient-free search without a surrogate is ineffective on these spatially structured surfaces.2413

Table 11 reports sample complexity for the two C-ICPE variants. C-ICPE-TS is more sample-efficient2414

in both settings: 22.0 [20.0, 23.9] versus 23.9 [21.6, 26.2] at ε = 0.2, and 38.7 [34.2, 43.5] versus2415

44.4 [42.4, 46.5] at ε = 0.15. The gap widens at the tighter tolerance, suggesting that Thompson2416

sampling’s implicit exploration adapts more efficiently to the difficulty of each region.2417

Survival function and uncertainty convergence. Figure 22a displays the survival function P(τ >2418

t) at the hardest setting (ε = 0.15, d = 2). Both variants exhibit a rapid initial decline. The shaded2419

confidence bands for C-ICPE-TD3 are noticeably slightly wider, reflecting higher variance in stopping2420

times, consistent with the wider confidence interval in Table 11.2421

Figure 22b shows the posterior standard deviation of the recommendation as a function of the2422

horizon. Both methods converge to approximately Std ≈ 0.19 by t = 150. The vertical dashed2423

lines mark each method’s median stopping time; C-ICPE-TS stops earlier than C-ICPE-TD3, and2424

at both stopping points the standard deviation has already dropped below 0.25. This confirms that2425

C-ICPE-TS stops at a point where the inference model’s posterior is sufficiently concentrated, rather2426

than stopping prematurely. However, it’s interesting to note that the posterior variance has an overall2427

larger decrease with TD3, confirming that C-ICPE-TD3 is learning a good explorative policy. The2428
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Figure 22: Results for geochemical problem with fixed confidence δ = 0.1 and N = 150 across
different dimensions at the most hardest ε setting: (a) survival function of τ ; (b) inference uncertainty
convergence.

slightly larger stopping time may then be due to the fact that training was stopped early, and one2429

could have trained for longer for better performance of C-ICPE-TD3.2430

Robustness to prior misspecification. Figure 23 reports accuracy under misspecified Beta priors2431

(α, β) ∈ {0.5, 1, 3, 5, 7}2 on the normalized [0, 1]2 domain, with ε = 0.15. The matched prior2432

used during meta-training corresponds to α = β = 1 (uniform). C-ICPE-TS maintains accuracy2433

between 0.90 and 0.93 across the entire 5× 5 grid, with no discernible degradation even at extreme2434

configurations such as (α, β) = (0.5, 7) or (7, 0.5). C-ICPE-TD3 is similarly stable in the upper2435

portion of the grid (α ≥ 3), but shows a mild decline to 0.90 at (α, β) = (0.5, 5) and (0.5, 7). Across2436

all 25 configurations, every cell remains at or above 0.90, satisfying the 1− δ correctness target. This2437

degree of robustness is notably stronger than what is observed on the Ackley benchmark (Figure 16),2438

where boundary-skewed priors cause substantial degradation.2439
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Figure 23: Robustness to prior misspecification on the Geochemical exploration (ε = 0.15). Each
heatmap reports the mean accuracy and the confidence intervals under varying Beta prior hyperpa-
rameters (α, β) ∈ {0.5, 1, 3, 5, 7}. The white box indicates the matched prior (α = β = 1) during
training.

Taken together, these results demonstrate that C-ICPE transfers to a real-data task involving genuine2440

distribution shift: the evaluation regions have spatial correlation structures, lengthscales, and noise2441

levels not seen during meta-training, yet both variants maintain (ε, δ)-correctness while using fewer2442

samples than fixed-budget baselines that fail to meet the accuracy target. This validates C-ICPE as a2443

practical tool for sequential experimental design.2444
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