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Structural Estimation of Partially Observable Markov Decision Processes

Yanling Chang *“, Alfredo Garcia

Abstract—Partially observable Markov decision processes
(POMDPs) is a well-developed framework for sequential decision-
making under uncertainty and partial information. This article con-
siders the (inverse) structural estimation of the primitives of a
POMDP based upon data in the form of sequences of observables
and implemented actions. We analyze the structural properties of
an entropy regularized POMDP and specify conditions under which
the model is identifiable without knowledge of the state dynam-
ics. We consider a soft policy gradient algorithm to compute a
maximum likelihood estimator, and illustrate the approach with an
equipment replacement problem.

Index Terms—Dynamic programming, maximum likelihood esti-
mation, observability.

|. INTRODUCTION

While there is extensive literature on the analysis and solution meth-
ods for partially observable Markov decision processes (POMDDPs), the
inverse problem, that is, the estimation of the primitives of a POMDP
model based upon observable histories has not been amply examined.
To our knowledge, the only method available in the literature for the
structural estimation of POMDPs is described in [1]. However, the
methodology proposed in [1] assumes the hidden-state dynamics and
the observation probabilities are known. In addition, the methodology
is heuristic as the search for policies that are consistent with data is
restricted to a finite set. Given that an optimal policy for a POMDP
is not necessarily unique, a POMDP may not be identifiable. Hence
when several reward functions are consistent with data, the estimates
obtained with the methodology proposed in [1] are of poor quality [2].

This article develops a methodology for the structural estimation
of POMDPs that addresses the described shortcomings. We assume
the model parameters are imprecisely known by the agent, and model
decision-making in such environment by introducing an information
processing cost (see, e.g., [3], [4], [5], [6]) which takes the form
of entropy-based regularization. We first characterize the solution of
entropy-regularized POMDPs to show the optimal policy is unique. This
result is then leveraged to prove that an entropy-regularized POMDP
model can be identified if the priori belief distribution, the cardinality
of the system state space, the discount factor, and the reward for a fixed
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reference action are given. If the priori belief distribution is unknown,
a set of model primitives can be identified. Such a set will converge to
the true model primitives as the length of the available data sequences
increases. We then develop a two-stage maximum likelihood estimation
method and a soft-policy gradient algorithm to compute maximum
likelihood estimators. We provide a finite-time characterization of the
algorithm’s performance. When rewards are linearly parametrized (with
known hidden dynamics asin [1]) the algorithm is guaranteed to identify
the parameters maximizing the log-likelihood in finite time.

The method is tested in an optimal engine replacement problem
with both synthetic and real data. Using synthetic data, our method
can accurately recover the true model primitives both with and without
the knowledge of the priori belief distribution. This experiment also
illustrates how model misspecification resulting from ignoring partial
state observability can lead to models with poor fit. We further apply our
method to a widely studied engine replacement real dataset. Compared
to the results in [7], our model can dramatically improve the data fit
by 17.7% in terms of the log-likelihood. The model also reveals a new
feature of engine utilization in the dataset which was hitherto ignored,
i.e., buses with engines believed to be in worse condition exhibit less
utilization (mileage) and higher maintenance costs.

Article Organization: The rest of this article is organized as follows:
Section Il provides a literature review. Section Il introduces an entropy-
regularized POMDP and the identification result is in Section I'V. Sec-
tion V provides an estimation method for the POMDP with numerical
illustration in Section VI. Finally, Section VII concludes this article.

Il. LITERATURE REVIEW

The structural estimation of MDPs has been an active research area in
artificial intelligence under the label of inverse reinforcement learning
(IRL). A maximum entropy method proposed in [8] has been highly
influential. Sample-based algorithms for implementing the maximum
entropy method have scaled to scenarios with nonlinear reward func-
tions (see, e.g., [9], [10]). Recently, L*-based learning algorithms are
also developed for MDPs (e.g., [11], [12]).

A literature on structural estimation of MDPs has also been devel-
oped in econometrics since [7] (see [13] for a recent survey). In this
literature, it is assumed that persistent random reward perturbations
are observed by the controller but nor by the modeler. Hence, from
the modeler’s standpoint, the controller’s observed actions are seen as
samples from a randomized policy. Papers addressing computational
challenges in estimating the structural MDP parameters include [13],
[14], [15], and [16].

[ll. ENTROPY REGULARIZED POMDP MODEL

At each period ¢t > 0, the state s; € S is not directly observable
to the controller nor to the external modeler. Both the controller and
the external modeler can receive an observation z; € Z correlated
with the underlying state s,. We assume finite spaces of action A,
state S and observations Z. If the hidden state is s; and a; € A is
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implemented, the reward accrued is g, (24, S¢, at), where §; € RP* for
some p; € N. The system dynamics are described by probabilities
Py, (zt41, St+1|2t, S¢, ar), where 05 € RP2 for some p, € Ny. Let
0 == (91, 02)

Let hy = {zt,...,20,0¢-1,...,00,%0} € H; be a publicly observ-
able history of the dynamic decision process including all past and
present observations and all past actions up to time ¢ > 0, where H, =
Z x At x X and X C RI®I-1is the unit simplex and 2o = {P(s) :
s € S} € X is the prior belief distribution (a probability mass vector)
over S. We consider randomized policies 7 adapted to the history of
the process, i.e., w(alh.) € [0,1],a € A and >, _, 7(alh,) =1 for
all h; € Hy.

Let H(m(-|ht)) = — > ,ca T(alhe) log w(a|h,) denote the entropy
of the distribution 7 (+|h;) given history h; € H;. The controller aims
to maximize the expected value of the entropy-regularized discounted
reward

Uy, o(h) £ supE Z,B

mell T>t

+aH(w(-[hr))]] @

7“91 Zrs Sty CL-,-)

where § € (0,1) is the discount factor, IT is the set of randomized
policies adapted to the history process, and the second term is related to
an information processing cost with « > 0 a scale parameter. Increasing
values of a > Oreflect an increasing cost for improving (and exploiting)
the information in the estimates available to the agent, whereas ov —
0T describes the case with negligible costs for improving estimates.
Entropy regularized MDP models have also been used in reinforcement
learning and IRL [17], [18]. In what follows, with no loss of generality
we assume o = 1, as the objective function in (1) above can be rescaled
by L.

Let x4, = Po,(-|h:) € X CRIS71 be the belief distribution
on the state, i.e., the conditional probability distribution of s; given
history h; (a column vector). Define the observation probabilities:
005 (2041, 20, Tr,05, A1) = 20 D0 Tr0, (8)Poy (241, 8|20, 8, @),
and the belief update function (in matrix form)

T
a L0, P92 (Zt+17 2ty llt)

092(2t+172t7xt,927at)

A92(2t+1azt’$t,92’at) 2)
assuming g, (2e41, 2t, Te,0,,a:) 70,  where  we  denote
the (s,s’) element of the matrix [Py, (2i41,2:, )]s =
Py, (2141, |2, 8,a4), 5,5 €S, x;92 is the transpose of x4 ,, and
[$292P92(2t+17 2, 0¢)]sy 4 20 0,05 (8)Poy (2041, Se41 20, 5, au).
By the Bayes’ rule, it is easy to verify that x4, =
Aoy (Ze+1, 26, Te,0,,0¢)  and  {z9,,t >0} is a controlled
Markov  process. Finally, we denote rg, (2, ¢.0,,a;) =
3, o, (2005, 0010 (5)

Let h, € H, denote a history with current observation z; = z and
belief x; g, = x and define V; 4(z, ) by

max
71'( |z,z)

Vio(z,x) {ngl (z,@,a)m(alz, z) + H(n(-|z,z))

+8 Z 00, (2, 2, ,0) Vit 9(2) 2/ (a))mw(alz, z)

z/a

3

where 2'(a) = Ag, (2, z,,a). Mathematical induction shows that
Ui o(hy) = Vi9(2¢, ) for all hy € Hy and hence, (2, z;) is a suf-
ficient statistic for solving (1).

For the infinite-horizon case, let Q be the Banach space of bounded,
measurable functions ) : Z x X x A — R under the supremum norm
[|.||- Define the soft Bellman operator By : Q — Q by

[BoQ](2,2,0) = 19, (2,2, 0)
+ 3 Z 00, (2, z,x,a)V (2, 2) 4)

where 2’ = X9, (2, 2z, x, a) and

Zsza

FH(#(|z,2))]. (5)

Theorem 1: (a) V(z,z) =log Y, exp(Q(z,z,a)) forall Q € Q.
(b) By : Q — Qisacontraction mapping with modulus 3 € (0, 1) and
(c) the optimal policy is Markovian and in the form of

V(z,x) max

(alz,z
7r(\z:r) lz)

exp Q9(27 €, a)
D weaexpQo(z,x,a’)

where Qg is the unique fixed point of By.

Remark 1: 1t is easy to verify Theorem 1 continues to hold for the
finite-horizon case. Evidently, the results in this case require that the
state-action function ), ¢ and the policy 7, ¢ are time-dependent ¢.

(©)

mo(alz,x) =

IV. MODEL IDENTIFICATION

The structure of the POMDP model is uniquely defined by the reward
parameter ¢, and the dynamics parameter 5. The conditional obser-
vation probabilities {cg, (z¢+1, 2¢, %1,0,,a¢)} and conditional choice
probabilities {7y (at|z¢, x1 g, ) } are called the reduced form observation
probabilities and choice probabilities under structure 6 = (6, 60s).
Under the true structure 6* = (65, 03), the reduced form probabilities
must be equal to those observed: V(z;y1, h¢, a;)

IED(ZHl‘ht,at) = 09; (Zt+1, 2ty xt,9;7 at) @)
Data Model
P(aelhe) = o (arl 21, 10 - (8)
Data e e—

where I@’(ztﬂ |ht,ar)  and ]f"(at\ht) are empirical distribu-
tions. Magnac and Thesmar [19] defines the observational equivalence
and identification as follows.

Definition 1 (Observational equivalence): Let © be the set of struc-
tures 6, and let <= be observational equivalence. V0,0’ € 0,0 <= ¢’
if and only if oy, (2141, 2¢, T 0,, a) = agg(ztﬂ,zt,xt,%,at) and
We(at\zz,lt,ez) = Fa/(at\zta mz,95)7vzt+17 2ty Q-

Definition 2 (Identification): The model is identified if and only if
v0,0' € ©,0 <= ¢ implies 6 = 0.

It is well known that the primitives of an MDP cannot be identified
in general [19], [20], and POMDPs are not an exception. In addition,
in the POMDP, the system dynamics cannot be directly observed.
However, the next theorem shows that we could identify the hidden
dynamics using two periods of data (including z(), assuming we
know the cardinality of the state space |S|, where the data consists
of N > 1 finite histories of pairs hr; = {o,i, 2¢,4,at,i,t =1,...,T}
fori e {1,...,N}.

Theorem 2: Assume |S| is known. The hidden system dynamics 65
can be uniquely identified from the first two periods of data (including
1’0).

Theorem 2 is crucial as once the hidden dynamic 6, is identified, we
can transform each history trajectory h, to abelief trajectory {z; g, , ¢ >
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0} by (2), which is only dependent on 0. Hence, the POMDP problem
is transformed to an MDP with “known” beliefs (unknown if 65 is
unknown), allowing us to generalize the identification results in [14]
and [19] for MDPs to POMDPs.

Theorem 3: The primitives of the (infinite-horizon) POMDP 6 =
(01,03) cannot be identified in general. However, 6; and 60y can
be uniquely identified from the data, given the initial belief z(, the
cardinality of the state space
ro, (2,8,a°),z € Z, s € Sforareference actiona® € A are all known.

Corollary 1: The (finite-horizon) POMDP model can be uniquely
identified from the data, if z¢, |S| and both the reward structure and the
terminal value function Q in the reference action a® € A are all known.

It is well known that the knowledge on the discount factor 3 and the
reward values for a reference action are necessary to uniquely identify
the primitives of an MDP model (e.g., [7], [14]). The identification
result of the POMDP in Theorem 3 requires two additional conditions
on the knowledge of the initial belief =y and the cardinality of the state
space. Theorem 4 next examines the case where the initial belief x( is
unknown to the modeler. It is an interesting future research question
to examine whether or under what conditions the POMDP model is
identifiable if |.S| is unknown. In practice, the number of possible states
can be obtained by domain knowledge for a particular application. A
practitioner can also try possible values of | S| to examine which value
can best explain the observed behaviors.

Given a finite history {2;,..., 2 ar, 0t 1,- - ar ) let A be
M applications of A function for an arbitrary z;_,; € X, namely,
M2t a0y hps enr) = hoy (26, Ze-1, Moy (- Aoy (2e-nrg1, 2o
Tomyae-n))yGio1),  where  zl o ={zt,..., 2z m},al b, =
{a¢-1,...,ar_pr} for short.

Theorem4: Assume |S| is known but z is unknown to the modeler.
A set of model primitives © can be obtained from the data (each € ©
is consistent with an unknown zy € X), given the discount factor 3,
and the reward 79, (Z, S, a®). The set © will shrink to the singleton
true value 6* as M — oo (hence, T" — 00).

Theorem 4 shows if x is unknown, we can obtain a set of 85 (hence
01) by repeated applications of A function and by varying zg € X.
The set of possible 0s will shrink to the singleton true value 6* as M
goes to infinity. In addition, in many applications, it is also possible
to obtain some (or a small range of) belief points, i.e., zo € X' C X.
This information of X’ can be very helpful in improving the accuracy
of the estimates. At last, z can also be treated as a model parameter to
estimate in order to understand the initial belief of the decision-making
agent (see Section V).

V. MAXIMUM LIKELIHOOD ESTIMATION
Define the log-likelihood of the data by
N

log £(0) & lOgH]P’ hrilTo,i)To

i=1
T—

,_\

I
Mz

10g002 Zt41,iy Rt,iy Lt,09,ir Bt ’L)

i=1 t=0

N

Jir Tt,05,1)] + Zlogwoﬂ-. )

i=1

+log g (

We now introduce a Soft policy gradient algorithm for approximately
maximizing the log-likelihood (9). A two-stage estimator can be ob-
tained as follows.

First stage: Solve for the value of 6 that maximizes the value of the
first term on the right-hand side in (9) if ¢ ; is known, or by maximizing

Algorithm 1 Soft Policy Gradient Algorithm.
t=1,...T,i=1,...,N;

Compute 92 andwy; = @, i
Initialize k& = 0, 69, Vglé(gﬁ)), e and p;
while Hw] é(e’f)H > ¢ do

k+—k+1;

Compute Vnggk (a Zti, %), a € A, and
) N
Vo, L(0F) = 2 Z Vo, log myr (sl 2t,i, 2¢,i);

i=1 t=0
Update parameters 05+ = 5 4 pVy 0(0F);

end

the value of the first term and the last term of (9) if x ; is unknown.
Note that given a fixed value of 65 and Vz ; € X, a sequence of belief
trajectories {x¢,0, i} can be recursively computed as z¢41,0,,; =
Xoy (Ze41,i> Zt,65 Tt,04,05 Qr,i) Via (2).

Second stage: Once ég (and an estimate of x ;) is obtained, solve
for the value of 6 that maximizes the log of pseudo-likelihood i 9)
defined as

T-1
0(61) = Z logﬂ'(@1 42) (@il 2,5, 2, by, i) (10)

i=1 t=0
We simplify notation by using 7y, and x,; to refer to

Toy.0,) and x4 ;. respectively. For a given value of 04,
consider the soft Bellman equation Qg (z,x,a) = rg, (2, x,a) +
B> . 04,(22,2,a0)Ve, (2, 2'), where ' =25, (2, 2,7,a). After
solving the soft Bellman equation for fixed 6; we can compute the
gradient: Vg, log g, (a|z,x) = Vg, log <Z;:ji?é;:(:>¢a')> -
Vo, Qoy (2, 2,a) — > o, (¢'|2,2) Ve, Qo (2,,a). The basic
steps of a soft policy gradient algorithm are listed in Algorithm 1.

Theorem 5: Assume rg, (z,x,a) is twice continuously differen-
tiable in #; € RP* and V(z,2z,a) € Z x X x A

sup [ Vo, 7o, (2,2, )| < Ly < o0

1

Sélp Hv§17n91 (27137CL)H S L'r,2 < 0.
1

The pseudo-log likelihood has Lipschitz continuous gradients with
constant L = NT(Lg + Ly). With step size p < 2 it holds that

1 007) — £(69)
p(1-5) K

where ¢} maximizes pseudo-log likelihood.

Remark 2: According to Theorem 5, the /east gradient norm con-
verges sublinearly to zero, i.e., it takes (9(%) iterations for the least
gradient norm to be less than or equal to € > 0. Thus, the stopping
rule in the algorithm will be met in finite time. When rewards are
linearly parametrized as 7(z,z,a) = 0" ¢(z, z, a) with feature vector
¢(z,x,a) > 0, the first-order condition is also sufficient as it can be
shown that the log-likelihood function (10) is concave.

ot

o <

VI. ILLUSTRATION: OPTIMAL EQUIPMENT REPLACEMENT

POMDPs have been widely used in engine maintenance problems
(e.g., [21], [22]). In this section, we demonstrate the estimation method

Authorized licensed use limited to: Texas A M University. Downloaded on October 01,2024 at 02:06:56 UTC from IEEE Xplore. Restrictions apply.
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TABLE |
PARAMETER ESTIMATES AND log-LIKELIHOOD OF POMDP-BASED MODEL

Parameter | 0300 0301 0302 0310 0311

03,12

00 021 010 611 RC | log-Likelihood

True value | 0.039 0.333 0.590 0.181 0.757

0.061

*

0949 0988 02 12 924

zo known | 0.038 0.327 0.596 0.181 0.754

0.064

0950 0987 02 12 -262,973

2o unknown | 0.038 0.327 0.596 0.181 0.754

0.064

0950 0987 02 12 9.23 -262,814

a=0.001 | 0038 0331 0592 0.186 0.750

0.062

*

0950 0987 02 12

|
|
923 |
|
923 |

using a bus engine replacement example with both synthetic and real
datasets.

The engine deterioration state s, € S = {0, 1}, where “0” is being
the “good state” and “1” is being the “bad state.” At each month,
the available actions are a; = 1 for engine replacement and a; = 0
for regular maintenance (can restore the engine to “like-new” condi-
tion with a small probability). The model for hidden state dynamics

1S
1-— 92,0
02,1

and Py, (s¢41 = 0]s¢, a; = 1) = 1. The cumulative mileage ranges

from 0 to 437.5 K miles and we discretize it into 175 bins
of 2.5 K miles. Thus, the cumulative mileage z; is in Z =
{0,1,2,...,174} and z, is a noisy observation of the true hidden
engine deterioration state s,. The monthly mileage increment z; 11 — 2,
is limited to A €{0,1,2,3}, corresponding to values between
[0,25K),25K,5K),[5K,7.5K)and[7.5 K, 10 K), respectively.
The distribution is parametrized as

02,0

P92(5t+1|5t7at = O) = (1 0
— U2

Py, (2zi41 = 2zt + Al z, 8¢ = 0,a, = 0)
=030,n, A e€{0,1,2}
Py, (2141 = 2zt + Al z, 8¢ = 0,a, = 0)
=1-030,0—03,01— 0302 A=3.

Similarly, we define Py, (2141 =2t +Alz, 50 =1,a, =0) =
03,1.a,A € {0,1,2,3}. Furthermore, after a replacement, the mileage
restarts from zero: P, (2441 = 0] 2, 54,0, = 1) = 1.

Per 2500-mile maintenance costs are parametrized by 6; o in good
state and 6, ; in bad state (state-dependent)

ro, (zt,5¢ = 0,a = 0) = —0.0016; oz
ro, (z,5¢ = 1,a = 0) = —0.0016; 1 2,

and the replacement cost is rg, (2¢,s:,a =1) = —RC, RC' > 0.
Hence, with abelief 2, € (0, 1) of the engine being in good state and z;
cumulative mileage after ¢ months, the expected (monthly) maintenance
cost is of the form

ro, (2, 21,0 = 0) = 0] ¢(2;,7,,a = 0)

7o, (21,7, 0 = 1) = 0] ¢p(2¢, 74,0 = 1)
where 6] = —[0.0016, ¢ 0.0016; ; RC] and

d(z, 2,0 =0)" = [z, 2, (1 —x,) 0]

¢z, x,a=1)" =[0 0 1].

A. Synthetic Dataset

We simulate 3000 buses for 100 decision epochs with ground truth
parameters in Table I. The estimation results in Table I shows our

12

-}~ 0=(6;,05)
11 -I- 6=6;
I 0=0;
10

679

o ¢
o oS

°
o

18estimate = Oeruell2

°
S

18estimate = Beruell2

°
S

03

0.2

o128 0103
X . 2082 9.083
L x

01

0.0

5
Period

Fig. 1. Estimation results are affected by the prior knowledge of z.
Without knowing o, more periods of data are needed for more accurate
estimation. The unknown z( induced deviation vanishes quickly, as the
number of data periods grows.

algorithm can accurately identify the model parameters. In addition, the
prior knowledge on initial belief xy does not influence the estimation
result in a significant way. Theorem 4 shows if x( is unknown, the
resulting estimates may deviate from their true values; however, the
difference between the estimated results and the true values quickly
diminishes as the number of decision epochs increases. Fig. 1 clearly
illustrates this fact (where the estimation deviation is caused by varying
xp € X). Using the same ground truth parameters, we build a classical
POMDP and approximate it by the entropy-regularized POMDP with
a = 0.001. The result in the last row of Table I shows that our method
can also estimate the classical POMDP model primitives with high
accuracy.

Model Misspecification: When the data are generated by a POMDP,
using existing MDP-based models will lead to misspecification errors.
To see this, we apply the MDP model in [7] to the same synthetic
dataset where the cumulative mileage z; is treated as the state variable.
The MDP model is specified as follows: With z; cumulative mileage
after ¢ months, the expected (monthly) maintenance costis rg, (z;,a =

Authorized licensed use limited to: Texas A M University. Downloaded on October 01,2024 at 02:06:56 UTC from IEEE Xplore. Restrictions apply.
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TABLE Il
PARAMETER ESTIMATES AND log-LIKELIHOOD PROVIDED BY THE MDP MODEL FOR THE SYNTHETIC DATA
Parameter | 03 031 032 033 01 RC | log-Likelihood
MDP Model | 0.1275 0.6009 0.2569 0.0147 1.1  9.8106 | -301,750
TABLE IlI
PARAMETER ESTIMATES AND log-LIKELIHOOD PROVIDED BY THE POMDP MODEL (STANDARD ERRORS OBTAINED BY BOOTSTRAPPING METHOD ARE IN
PARENTHESES)
Parameter ‘ 93’070 934)’1 6370,2 0371’0 93’1’1 93,172 0270 9271 91’0 01’1 RC ‘ log—Likelihood
Good State | 0.039 0.335 0.588 * * 0.949 * 0.3 *
(.005) (.018) (.018) (.004) (.3) 9.738 23819
Bad State * * * 0.182 0.757 0.061 * 0.988 * 1.3 (1.052)
(.008) (.008) (.006) (.002) (.2)
TABLE IV
PARAMETER ESTIMATES AND log-LIKELIHOOD WITH MDP MODEL
Parameter | O30 031 032 033 01 RC' | log-Likelihood
MDP Model [7] p. 1022 0.119 0.576 0.287 0.016 1.2 10.90 4495
(Standard errors in parentheses) | (0.005) (0.008) (0.007) (0.002) 0.3) (1.581) B

0) = —0.0016,2;, and rg, (z;, @ = 1) = —RC. The distribution of the
monthly mileage increment is parametrized as

P93(2t+1:Zt-i-AIZt,CLt:O):og,,A, AE{O,LQ}
Po, (241 = 2z + Al 2, a0 = 0)
=1-030—031— 032, A=3

and replacement action resets the mileage state of a bus: Py, (z¢41
=0lzt,a, =1) = 1.

The MDP estimation results are in Table II. Unsurprisingly, the
misspecification error manifests itself by a significant drop in log-
likelihood (20430202973 — 19 9%). In general, the modeling options
for a given dataset include MDPs (possibly high-order MDPs), POMDP,
or other non-Markovian processes. A central question for the modeler is
to select an appropriate model which may not necessarily be Markovian.
Thus, there is a clarion call for developing estimation methods for
possible (non-Markovian) stochastic processes. The developed method
for POMDP estimation represents an important building block toward
this direction.

B. Real Dataset

We further exhibit our estimation approach by revisiting a real dataset
in [7], Group 4 consisting of buses with 1975 GMC engines, and assume
the bus maintenance manager makes optimal maintenance/replacement
decisions by considering the tradeoff between minimizing maintenance
costs and minimizing the costs for potential breakdown due to pro-
longed course of use. Evidence of positive serial correlation in mileage
increments is quite strong as the Durbin—Watson statistic is less than
1.13 for all buses except one with a value of 1.32. Thus, we fit the
data by our POMDP model defined in Section VI-A, and compared
our estimation results with the results found in [7] (from an MDP
model). In terms of log-likelihood, our POMDP model outperformed
the MDP model by % = 17.7% (see Tables III and IV). The
POMDP model also captures a feature of engine utilization that are
conflated in the MDP model: the distribution of mileage increments
for engines considered in bad state is dominated (in the first-order
stochastic sense) by the distribution of mileage increments of engines in

good state (possibly because buses in worse condition are more likely
to experience mechanical problems and be in the shop for repairs).
Furthermore, we find that the marginal operation costs (61 1) for buses
in bad state is significantly higher than those (61 () in good state (at
least about two times, taking the standard deviation into consideration).

VIl. CONCLUSION

In this article, we developed a novel estimation method to recover
the primitives of a POMDP model based on observable trajectories of
the process. We provide a characterization of optimal decisions in an
entropy regularized POMDP model by means of soft Bellman equation
and analyzed identifiability of the model. We then developed a soft
policy gradient algorithm to obtain the maximum likelihood estimator
and provided a numerical illustration with an application to optimal
equipment replacement. Note that computational challenges of our
model are obviously not trivial. Thus, a future research direction is
to address computational challenges of high dimensional hidden state
models.

APPENDIX A

Proof of Theorem 1: The proof closely follows the proof in [18] for
the completely observable case. |

Proof of Theorem 2: For any given two system dynamics
of POMDP: Py, (z, z,a), Py, (2, z,a), where P(z,/z,a)=
{Pij (2 z,a) }i jes, Pij (2, 2,0) =P (2001 =2, st11 =j|ze =2, 8. =
i,a; = a), we show that they can be distinguished by the data.
Since the dataset contains xg,zg,a0 and |S| is known, we
can obtain 032 (21, 20, %0, a0) = >, To(8)Pa, (21|20, 8, ap), and
02/2 (217 20,0, ao) = Zs wD(S)Peg (21|207 S, ao)~

Note that 0'0(2’1, 20, X0, ao) = E)(Zl ‘Co, (IQ), where P(Zl |<Oa ao) is
a function of the first period data. Thus, o can be obtained from the
data and op, = oy, if and only if Py, (2|2, s,a) = Py, (2']2, 5, a).

2

If op, # crg,2 , we are done. However, it is possible that there

exists &' such that Py, (2,s|z,5,a) # Py, (2 |z,5,a) but
P, (2'|z,5,a) = Py, (2'|2,5,a). In this case, update belief by (2)
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ATP
@] Po, (21,20,a0) T z 9/ (21,20,a0)

: : T _
(in matrix form), z, 5, = T, (21,20,00,00)” 71,65

, (21 20,20,a0)
Then 1, =T10, if and only if ng(z,/z,a) Pg’ (2, z,a).
Now, 052(22,21,@,92,@1) =, %1,0,(5)Po, (22|21, 5, al)
0;’2 (2272171:179/2,041) =3, xlyg/z(s)IF’% (22|21,8,a1), and
ol is obtainable from the two periods of data as o'(z9, 21,
21,a1) = P(2]¢1,a1). Now, 04, = 0;’2 if and only if 1,9, = 21 9, ,

and
again

indicating Py, (z, z,a) = Pg/z(z,’z,a) assuming P(z, z,a) is not
rank-1 (each row is the same). |

Proof of Theorem 3: By Theorem 2, both 7(a|z;, z;) = P(alhs)
and hidden dynamics {P,(z, z,a)} can be identified from the

ro(alss) ) _
w9 (a0|z,z)

data. It is clear to see that per Theorem 1 that log(

Qo(z,7,a) — Qg(2,x,a") for a fixed reference action a® € A. We

also have Vp(z,z) =log Y, 4 exp (Qo(2,2,a) — Qo(z,x,a%)) +

Qo(z,m,a%). Note that Qg(z,x,a°%) =1y, (2,2,a°%) + BE.

[Vo(2, Ao, (z z,x,a%)|z,x,a’].  Accordingly, Q(z,z,a’) =

r91 (z,z,a )+BE [IOgZaeA exp(Qo(2, )»92(27’,2,557(10),(1) -
Qo(z) A92(z z,z,a%),a%))|z, z,a®]+ BE . [Qo (2, Aoy (2, 2,2, a"),
a®))|z, z, a’]. Note

Qo(z,2,a°) = ro, (z,2,a°) +C
+ﬁEz’[Q9(zyl )‘92 (27, Z,.Z',G/O),

n(alz/hgy (2)2,2,a%))

a®))|z,z,a°] (11)

where C' = SE./[log >, 4 T T (272w a0)) |z, x,a], and it can
be obtained from the dataset per Theorem 2. It is easy to show that
(11) is a contraction mapping; hence, there is a unique solution for
Qo(Z,X,a), for a given rg, (Z, X,a’). Thus, Qg(z,x,a) can be
identified for all a € A and consequently Vp(z,z) as well. Since
ro,(z,z,a) = Qo(z,x,a) — BEL [V (2, ho, (2, 2,2, a))|2,x,a] we
can get 79, (2, x, a), and consequently, rg, (2, s, a). |
Proof of Corollary 1: Given terminal value Qy(Z, X,a®) and
ro,(Z,5,a’), we obtain Q;0(Z,X,a’) via Qe(z,z,a%) =
7o, (2,7,a°%) + BE ./ [Qi11,0(2) Xo, (2, 2,7,a°),a"%) |z, 2,a"] +
BE. log > e s exp(Qit1,0(2) 2o, (2, z,2,a°),d) —
Qi41,0(2, oy (2, 2,2,a°),a°))|z, x, a®]. The rest follows exactly as
in the proof of Theorem 3. u
Proof of Theorem 4: Let D: X x X +— RT be a metric on
X, defined as D(z,z') £ max{d(z,z),d(x, z)}, where d(x,z') £
1 — min{ 2 ,( ) 1s€S,2'(s) > 0}Ve, 2’ € X.Letn(Py,(z,z,a)) =
max{D(Arg, (2, z,€;,a), ho, (2, z,€5,a)) : i,j € S}, where ¢; € X
with 1 on its ith element. The authors in [23] and [24] showed that
V.CEl, o € X

D(ho, (2, 2,11, a), 1o, (2, 2, 22,a)) < n(Poy (2, z,a)) <1

where 1)(Py,(z, z,a)) is called a contraction coefficient
(coefficient of ergodicity) for substochastic matrix Py, (2, z,a).
Then, given a finite history, {z¢,...,2t-nryGe—1s-- s Qeonr)s
D()‘é\g (zf—M7 aii}wv iUth), )‘%(zi—Mv az:}\l7 xlt—M)) <

(P, (2, 2,a)) )MV _pr, 2y, € X (see [24, Sec. 2.3]), showing
that the effect of x( decreases as M increases. The proof of Theorem 2
shows that 05 can be uniquely determined by

[ (Zt+17 2t )Lez (Zm Zt—1, @,17 at—1)7 at) = P(zt+l|ht7 at)

given the true value ;_, is known for h,. Namely, there exists a unique
0% such that

a6 (Zt41, 2, Ao (265 201, %1, Q1)  ap) = P(zeq1|he, ar)
and V0, # 03, there is an € > 0 such that

D(U(?z (s 2t K%(ZLM, ai:}wv Ty_oar)sar), P(fhe,ar)) > €

where x}_,, is the true belief at ¢ — M. Due to the contraction coeffi-
cient n( Py, (2, z,a)) < 1, we have

D(ké‘i (ZE—Mv aéj\/n Ty ar), )‘% (ZI—Ma ai:}\/p o)) < 77M

where 77 = max. /1, 1, 7(Pa, (2, z,a)) < 1 since |Z] < oo, |A| < oco.
Thus, V0, # 05, we have

]\}Iim D(092('a Zty )‘gg(zé—]blv ai:JlW? mt*M)v at)7 P('V"tv at))
—00

= lim D(O’gz( 7zta)"é\g(zf—]&hai:}wax:—M)vat)7P("htvat))

M —o00
>e€, VripyeX

indicating 0, can be distinguished by the data given M is sufficiently
large. Once 6, is determined, 6; can be determined by Theorem 3,
completing the proof. |

Lemma 1: Under the Assumptions of Theorem 5, Qy, (z,,a)
and Vp, (z,x) are also twice continuously differentiable in 6, €
R7 and supy, [|V3, Qo, (2. 2,0)|| < Lo. supg, V3, Vi, (,2) | <
Ly¥(z,2,a) € Z x X x A,where Lg & 25 Ly5 + 2555 (L)%,
Ly = ﬁLr,z + ﬁ(Lr,l)Q-

Proof of Lemma 1: For fixed 6; € RP!, consider the map-
ping Gj, : B B defined as: [Gy, g](z,2,a) = Vo, 70, (2,2,a) +
B> 04,(2) 2,2 a) Y, mo, (a2, 2')g(2, )" a’), where 2" = 4;,
(2, z,z,a). It follows that G 51 is a contraction map with unique fixed
point Vg, Qe and ||V, Qo, (2, z,a)|| < WLT,L Since

=2

it follows that Vg, Vp, also exists and ||V, Vo, || < 125 Lo,

Consider the mapping G91 :B+— B defined as follows:
[Gglg](z7 r,a) = vzlr% (z,2,a) + B Zz’ T4, (2 2,2,0) Za' Vo,
7o, (]2, 2" )V, Qo, (2, /') + B 04,(2) 2,3,a) Y, 7o, (0
|z 2")g(z, /' d), where o’ = X4 (2, 2,x,a). Thus, G7, is a con-
traction map with unique fixed point V3 Q, . Since V3 Vj, (2,'2) =
> Vormo, (d]2) 2')Ve, Qo (2 ) d') + 32, ma, (d/]2) ')V,
Qo, (2, x, ), Vi, Vo, exists, [V5,Qo, (2,2,0)| <
ﬁ(”vgl T, (Zv z, a)“ + 6” Zz’ T4, (Zv/ 2, T, a) Za’ v19177_191 (a/‘zvl
')V, Qo, (2, x,d')|). Also Vg, e, (a|z,z) = mg, (a|z,x)[Ve,
Q91 (27 x, a) - Za’ T, (a,‘za I)vﬁ Q91 (Zv x, a,)}'

Hence, || >°_ 04, (2, 2,7,a) 3 Vo, e, (a/|2',2") X Vo, Qo, (',
o', d)|| < G5z (Lra)*

Putting all together, we
g Le2 + g5 (Len)” = Lo- V3, Vaull < 1 20 Ve o, (@],
$/)VQ1 Qel (Z/v $/, a/) o' 01 (a’/|2l7 x/)vgl Q91 (Z/v xly a/) H <
(1,25)3 (L'r,l)z + ﬁLT,Q = LV~

Proof of Theorem 5: Recall that V2 £(6:) =31 3>/ ¢
Vnggl(zt iy Tty Qp i) — V31 Vo, (zt i»Ty:). By Lemma 1, it fol-
lows that || V3, £(6,)|] < Lwith L 2 NT(L¢ + Ly ) Or equivalently,
Vglé(é?l) is Lipschitz continuous in #; with constant L.

By Lipschitz continuous gradients, £(0¥+1) > /(%) 4+ Vi(0%)T

L gkt _ gt|2 = <9k>+p(1 PL)Hvel (042,

Vo, Vo, (2, ") a|z, ')\ Ve, Qo, (2, ) a")

obtain || V3 Qo, (z,2,a)| <

(elf+l - elf) Y

Hence, p( - %) Vo, £(6)|? < £(65+1) — £(6%). Adding over

k=1,... ,Kweobtainp( - %) S Ve, L0512 < 2(6F) —

0(09) < i(07) — é(@o) where 07 is a maximizerof log-likelihood. It
P(0*\_p(p0
follows that = § K IVe, £(69))1? < < 1 He)-uey) n

T
p(1-£5) K
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