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ABSTRACT

Bilevel optimization (BO) has recently gained significant attention in various ma-
chine learning applications due to its ability to model the hierarchical structures
inherent in these problems. Several gradient-free methods have been proposed to
address stochastic black-box bilevel optimization problems, where the gradients of
both the upper and lower-level objective functions are unavailable. However, these
methods suffer from high query complexity and do not accommodate more general
bilevel problems involving nonsmooth regularization. In this paper, we present a
query-efficient method that effectively leverages Bregman distance to solve nons-
mooth stochastic black-box bilevel optimization problems. More importantly, we
provide a non-asymptotic convergence analysis, showing that our method requires
only O(d1(d1 + d2)

2ϵ−2) queries to reach the ϵ-stationary point. Additionally,
we conduct experiments on data hyper-cleaning and hyper-representation learning
tasks, demonstrating that our algorithms outperform existing bilevel optimization
methods.

1 INTRODUCTION

Bilevel optimization (BO) (Bard, 2013; Colson et al., 2007) plays a central role in various significant
machine learning applications, including hyper-parameter optimization (Pedregosa, 2016; Bergstra
et al., 2011; Bertsekas, 1976; Shi & Gu, 2021; Shi et al., 2024), meta-learning (Feurer et al., 2015;
Franceschi et al., 2018; Rajeswaran et al., 2019), reinforcement learning (Hong et al., 2023; Konda &
Tsitsiklis, 2000). Generally speaking, the BO can be formulated as follows,

min
x∈X

Φ(x) = f(x,y∗(x)) + h(x) s.t. y∗(x) = argmin
y∈Y

g(x,y),

where X and Y are convex subsets in Rd1 and Rd2 , respectively; f is smooth and possibly nonconvex;
g is smooth and strongly convex; h(x) is convex and possibly nonsmooth. This problem involves
a competition between two parties or two objectives, and if one party makes its choice first, it will
affect the optimal choice of the other party.

Recently, hypergradient methods have shown great effectiveness in solving various white-box bilevel
optimization problems. Specifically, Franceschi et al. (2017); Pedregosa (2016); Ji et al. (2021)
proposed the double-loop algorithms, which use the gradient methods to approximate the solution
to the lower-level problem and then use the implicit differentiable methods (Pedregosa, 2016; Ji
et al., 2021) or explicit differentiable methods (Franceschi et al., 2017) to approximate the gradient
of the upper-level objective w.r.t x to update x. However, in some real-world applications, such as
in a sequential game, the problems must be updated simultaneously, which makes these methods
unsuitable. To solve this problem, Hong et al. (2023); Khanduri et al. (2021); Chen et al. (2021b);
Guo et al. (2021a); Shi et al. (2024) designed the single-loop methods, which use the Neumann series
to approximate the hypergradient and then update x and y simultaneously. To further improve the
performance, Dagréou et al. (2022); Yang et al. (2023); Chu et al. (2024); Huang (2024) proposed a
fully single-loop method by introducing an auxiliary variable.

In many real-world applications, both the upper- and lower-level objectives may be black-box
functions where gradient information is unavailable. Consequently, the abovementioned methods
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cannot be directly applied to solve such black-box bilevel optimization problems. Researchers have
increasingly focused on developing approaches to address this challenge in recent years, as shown in
Table 1. Gu et al. (2021) use the Gaussian convolution approach for the upper-level function while
assuming a good solution to the lower-level problem is available through an optimization algorithm
such as the zeroth-order (proximal) gradient method. However, no convergence analysis is provided.
Aghasi & Ghadimi (2024) use Gaussian smoothing on both upper and lower-level objectives and
propose a zeroth-order hypergradient estimation of hypergradient by solving a linear system. In
addition, the authors also show their method needs O( (d1+d2)

4

ϵ3 log d1+d2
ϵ ) queries to obtain the

stationary point of the original problem (i.e., ∥∇F (x)∥2 ≤ ϵ, where F (x) = f(x,y∗(x))). However,
this method needs to solve the lower-level problem using the zeroth-order gradient method, which
can result in high query complexity. Additionally, it is limited to addressing only the specific case of
stochastic bilevel optimization where h(x) = 0. Thus, developing methods to tackle the nonsmooth
black-box bilevel optimization with reduced query requirements remains an open challenge.

Table 1: Summary of stochastic black-box bilevel optimization methods (The fourth and fifth
columns show the property of the upper and lower-level problem e.g., S denotes smooth, NS denotes
nonsmooth, NC denotes nonconvex, SC denotes strongly convex; in the fifth column, we ignore the
loop of approximating the zeroth-order gradient of all the methods; the last column shows the query
complexity to achieve the stationary point ∥∇F (x)∥2 ≤ ϵ or 1

α∥x
t+1 − xt∥2 ≤ ϵ).

Methods Ref. UL LL Loops Query Complexity

ZDSBA Aghasi & Ghadimi (2024) S,NC SC Double O( (d1+d2)
4

ϵ3
log d1+d2

ϵ
)

HOZOG Gu et al. (2021) S,NC NC Triple ×
BreSB3O Ours NS,NC SC Single O( d1(d1+d2)

2

ϵ2
)

To fill this gap, in the paper, we propose a query-efficient bilevel optimization method to solve the
nonsmooth stochastic black-box bilevel optimization problem. Specifically, we first approximate
the bilevel optimization by using the Gaussian smoothing and then propose a fully single-loop
framework with the zeroth-order gradient method to solve the new problem. We incorporate the
Bregman distance and apply the mirror descent on the upper-level variables to solve the nonsmooth
term. Theoretically, we present our method can converge to the stationary point of the original
problem with O(d1(d1+d2)

2

ϵ2 ) queries. We conduct experiments on data hyper-cleaning and hyper-
representation learning tasks to demonstrate that our new algorithms outperform related bilevel
optimization approaches.

2 RELATED WORKS

2.1 HYPERGRADIENT BASED BILEVEL OPTIMIZATION

Bilevel optimization Bracken & McGill (1973) has been extensively studied for decades. Various
strategies have emerged in recent years for addressing stochastic bilevel optimization problems. The
first class of methods relies on a two-loop structure: an inner loop solves the lower-level problem,
and an outer loop updates the upper-level variable using an approximate stochastic hypergradient.
Bracken & McGill (1973); Chen et al. (2021a); Ji et al. (2021) employed SGD updates for the
lower-level problem, where each outer-loop iteration estimates the Hessian-inverse-vector product
by solving a linear system or use the explicit gradient method. Another class of methods focuses
on single-loop algorithms, which alternately/simultaneously update the upper-level and lower-level
variables. Specifically, Hong et al. (2023) introduced a method that uses Neumann approximations
for the inverse Hessian, coupled with a single SGD step for the lower-level problem. Shi et al. (2024)
proposed a new definition of the stationary point and proposed a new method for the lower-level
constrained bilevel optimization problem. Guo et al. (2021b); Yang et al. (2021); Khanduri et al.
(2021) incorporated momentum acceleration to improve convergence rates. However, these methods
are not truly single-loop, as estimating the Hessian-inverse-vector product via the Neumann series
requires an additional iterative subroutine. More recently, Dagréou et al. (2022) proposed a novel
framework for bilevel optimization that allows simultaneous updates of the lower-level variables, the
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linear system loss variables, and the upper-level variables. However, its applicability to black-box
bilevel optimization has not yet been explored.

2.2 BREGMAN DISTANCE-BASED METHODS

The Bregman distance-based method (Bregman, 1967; Censor & Lent, 1981; Censor & Zenios,
1992; Beck & Teboulle, 2003) is an approach commonly used in optimization and machine learning,
particularly in settings where traditional Euclidean distances are not the most suitable measure of
divergence or similarity between points. This method leverages Bregman divergences, a generalization
of distance measures tailored for convex functions and widely applied in problems such as convex
optimization, iterative algorithms, and regularization techniques. Recently, the mirror descent method
has been extended to address minimax or bilevel optimization challenges. Specifically, Babanezhad &
Lacoste-Julien (2020) proposed an algorithm rooted in mirror descent principles for tackling convex-
concave minimax scenarios. Rafique et al. (2022) designed a series of mirror descent strategies
suitable for minimax optimization in weakly convex contexts. Additionally, a novel approach
based on mirror descent principles (Mertikopoulos et al., 2019) has emerged for addressing certain
nonconvex-nonconcave minimax issues characterized by non-monotonic variational inequalities.
More recently, Huang et al. (2022) proposed a class of enhanced bilevel optimization methods
based on Bregman distance to solve the nonconvex-strongly-convex stochastic bilevel optimization
problems. In addition to first-order algorithms, some existing works focus on zeroth-order algorithms
for solving minimax/mini optimization problems. For example, Paul et al. (2023) proposed almost
sure convergence of zeroth-order mirror descent algorithm and can find an ϵ-stationary point with the
total complexity of O(ϵ−2). Maheshwari et al. (2022) proposed a gradient descent-ascent algorithm
with random reshuffling under convex-concave setting and obtained an ϵ-stationary point with the
total complexity of O(ϵ−4). Under the nonconvex-concave setting, Xu et al. (2024) proposed the
ZO-AGP algorithm and its iteration complexity of obtaining an ϵ-staitionary point is bounded by
O(ϵ−4). However, the Bregman distance-based method in the black-box bilevel optimization has not
been fully discussed.

3 PRELIMINARIES

3.1 NOTATIONS

Here, we give several important notations used in this paper. ∥ · ∥ denotes the ℓ2 norm for vectors and
spectral norm for matrices. Id denotes a d-dimensional identity matrix. ∥ · ∥1 denotes the ℓ1 norm for
vectors. A⊤ denotes transpose of matrix A. Given a convex set X , we define a projection operation
to X as PX (x′) = argminx∈X 1/2∥x− x′∥2.

3.2 PROBLEM SETTING

In this paper, we study the following stochastic bilevel optimization problem:

min
x∈X⊆Rd1

f(x,y∗(x)) + h(x) = Eξ[f(x,y∗(x); ξ)] + h(x), (1)

s.t. y∗(x) ∈ argmin
y∈Rd2

g(x,y) = Eζ [g(x,y; ζ)],

where function F (x) = f(x,y∗(x)) is smooth and possibly nonconvex, and function h(x) is convex
and possibly nonsmooth, and function g(x,y) is µg-strongly convex on y.

Then, we introduce several mild assumptions on the Problem 1.

Assumption 1. f and ∇f are Lipschitz continuous in (x,y) ∈ X × Rd2 with Lipschitz constant
Lf0and Lf1 ;

Assumption 2. (1) g,∇g and ∇2g are Lg0, Lg1 and Lg2 Lipschitz continuous in (x,y), respectively;
(2) g(x, ·) is µg-strongly convex on y for any given x ∈ X .

Assumption 3. The function h(x) is convex but possibly nonsmooth for any x ∈ X .

Assumption 4. Function Φ(x) = F (x) + h(x) is bounded, i.e., Φ = infx∈Rd1Φ(x) > −∞.

3
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Assumption 5. In the general expectation setting, there exist positive constant σf , σg1 and σg2
such that E

[
∥∇f(x,y; ξ)−∇f(x,y)∥2

]
≤ σ2

f , E
[
∥∇g(x,y; ζ)−∇g(x,y)∥2

]
≤ σ2

g,1 and

E
[∥∥∇2g(x,y; ζ)−∇2g(x,y)

∥∥2] ≤ σ2
g,2.

All these assumptions are commonly used in bilevel optimization problems (Ghadimi & Wang, 2018;
Hong et al., 2023; Ji et al., 2021; Khanduri et al., 2021; Shi & Gu, 2021; Shi et al., 2022; Huang et al.,
2022; Dagréou et al., 2022; Yang et al., 2023; Chu et al., 2024; Huang, 2024; Shi et al., 2024).

3.3 GAUSSIAN SMOOTHING FOR SMOOTH STOCHASTIC BLACK-BOX BILEVEL OPTIMIZATION

The traditional gradient-based methods for bilevel optimization need to calculate first and second-
order gradients. However, upper and lower-level objective functions are black-box problems in this
problem, and their gradient information is unavailable. To solve this problem, Aghasi & Ghadimi
(2024) proposed a method using the zeroth-order gradient to approximate the gradient of upper and
lower-level objective functions. Specifically, let η = {η1, η2} and µ = {µ1, µ2} be two vectors in
R2

+ and introduce the standard normal vectors u ∼ N (0, Id1) and v ∼ N (0, Id2), the Gaussian
smooth approximation to Problem 1 without h(x) can be formulated as

min
x∈Rd1

Fηµ(x) = fη1µ1(x,y
∗
η2µ2

(x)) = Euvξ[f(x+ η1u,y
∗
η2µ2

(x) + µ1v; ξ)] (2)

s.t. y∗
η2µ2

(x) = argmin
y∈Rd2

gη2µ2
(x,y) = Euvζ [g(x+ η2u,y + µ2v; ζ)].

Then, Aghasi & Ghadimi (2024) uses the zeroth-order gradient method to solve the lower-level
problem. However, it is hard to get the (stochastic) gradient ∇Fηµ(x) or ∇Fηµ(x; ξ) since there is
no closed form solution y∗

η2µ2
(x). To solve this problem, Aghasi & Ghadimi (2024) provides the

gradient estimator of ∇Fηµ(x) in the following lemma,

Proposition 1. (Aghasi & Ghadimi (2024)) Under Assumptions 1 and 2, for any x ∈ Rd1 , we have

∇Fηµ(x) =∇1fη1µ1(x,y
∗
η2µ2

(x))

−∇2
12gη2µ2

(x,y∗
η2µ2

(x))
[
∇2

22gη2µ2
(x,y∗

η2µ2
(x))

]−1 ∇2fη1µ1
(x,y∗

η2µ2
(x)). (3)

Since y∗
η2µ2

(x) is not available, Aghasi & Ghadimi (2024) use the results yTη2µ2
(x) of lower-level

problem after T iterations zeroth-order gradient descent as an estimation of y∗
η2µ2

(x). To efficiently
approximate the zeroth-order Hessian inverse, Aghasi & Ghadimi (2024) solve the following linear
system:

z∗(x) = argmin
z

1

2

〈
∇2

22gη2µ2(x,y
∗
η2µ2

(x))z, z
〉
−
〈
∇2fη1µ1(x,y

∗
η2µ2

(x)), z
〉
. (4)

The key challenge lies in solving the lower-level problem, as performing T iterations of zeroth-order
gradient descent typically result in a high query count. Moreover, it focuses on smooth optimization
problems, and its theoretical results cannot be directly extended to bilevel problems where the
upper-level objective is nonsmooth.

4 ZEROTH-ORDER STOCHASTIC BILEVEL ALGORITHM VIA BREGMAN
DISTANCE

In this section, we introduce our query efficient Zeroth-Order Stochastic Bilevel Algorithm via the
Bregman distance (BreZOSBA) to solve the black-box nonsmooth stochastic BO problems. The
algorithm is present in Algorithm 1.

4.1 FULLY SINGLE-LOOP ZEROTH-ORDER GRADIENT METHOD FOR BLACK-BOX BILEVEL
OPTIMIZATION

Before presenting our proposed method, we highlight key properties of y∗
η2µ2

(x) and z∗(x) in the
following lemmas (detailed proof is available in our appendix), which play a crucial role in the design
of our algorithm.

4



216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269

Under review as a conference paper at ICLR 2025

Algorithm 1 BreZOSBA: Zeroth-Order Stochastic Bilevel Algorithm via Bregman Distance

Input: x1 ∈ X ⊆ Rd1 ,y1 ∈ Rd2 , z1 ∈ Rd2 , number of iterations T , rz, batch size B and B′, 0 < α ≤ 1,
0 < β ≤ 1, 0 < τ ≤ 1 and 0 < λ ≤ 1

1: for t = 1, . . . , T do
2: Compute Dt

x, D
t
y, D

t
z.

3: Update x: xt+1 = argminx∈X⊆Rd1

{
⟨Dt

x,x⟩+ h(x) + 1
α
Bψt(x,x

t)
}

.
4: Update y: ỹt+1 = yt − βDt

y, y
t+1 = yt + τ(ỹt+1 − yt).

5: Update z: zt+1 = Pz∈Z(z
t − λDt

z).
6: end for

Lemma 1. (Lipschitz continuity of y∗
η2µ2

(x) and z∗(x)) Under the Assumptions 1 and 2,

y∗(x) and z∗(x) are Ly∗
ηµ

and Lz∗-Lipschitz continuous, where Ly∗
ηµ

=
Lg

1

µg
and Lz∗ =(

Lf
1

µg
+

Lf
0L

g
2

µ2
g

)(
1 +

Lg
1

µg

)
.

Lemma 2. (Boundness of z∗(x)) Under the Assumptions 1 and 2, z∗(x) is bounded by rz =
Lf

0

µg
, i.e.,

∥z∗(x)∥ ≤ Lf
0

µg
.

Then, based on the above properties, we first show our query-efficient method for solving the Problem
(2) where the nonsmooth term is ignored. Specifically, instead of using the results after T iterations
of the lower-level variable updating, we use y to replace the y∗

η2µ2
(x) and define a practical hyper

gradient estimator:

∇̄fηµ(x,y) = ∇1fη1µ1
(x,y)−∇2

12gη2µ2
(x,y)

[
∇2

22gη2µ2
(x,y)

]−1 ∇2fη1µ1
(x,y). (5)

To avoid calculating the Hessian inverse, one can solve the following linear system:

z∗(x,y) :=
[
∇2

22gη2µ2
(x,y)

]−1 ∇yfη1µ1
(x,y)

= argmin
z∈Z

R(x,y, z) = argmin
z∈Z

1

2

〈
∇2

22gη2µ2
(x,y)z, z

〉
− ⟨∇2fη1µ1

(x,y), z⟩ , (6)

where Z = {z ∈ Rd2 |∥z∥ ≤ rz}. This constraint is obtained from Lemma 2. Although this
problem is relatively simple, obtaining solution z∗(x,y) for each given x and y still takes high time
complexity. Therefore, as in (Dagréou et al., 2022; Yang et al., 2023; Chu et al., 2024; Huang, 2024),
we define the following hypergradient surrogates using z as an estimation of z∗(x,y):

∇̄fηµ(x,y, z) = ∇1fη1µ1
(x,y)−∇2

12gη2µ2
(x,y)z, (7)

where z ∈ Z is an auxiliary vector to approximate the solution of Problem (6). Therefore, we can
update x, y and z at the same time for solving Problem (2):

xt+1 = xt − αDt
x, y

t+1 = yt − βDt
y, z

t+1 = Pz∈Z(z
t − λDt

z), for t ≥ 1, (8)

where 0 < α ≤ 1, 0 < β ≤ 1, 0 < λ ≤ 1, ξ̄ti = [ξti , ζ
t
i ], ū

t
j = [ut1,j ,u

t
2,j ], v̄

t
j = [vt1,j ,v

t
2,j ] and

Dt
x =

1

BB′

B∑
i=1

B′∑
j=1

∇̄fηµ(xt,yt, zt; ξ̄ti , ūtj , v̄tj)

=
1

BB′

B∑
i=1

B′∑
j=1

[
∇̂1fη1µ1

(xt,yt; ξti ,u
t
1,j ,v

t
1,j)− ∇̂2

12gη2µ2
(xt,yt; ζti ,u

t
2,j ,v

t
2,j)z

t
]
, (9)

Dt
y =

1

BB′

B∑
i=1

B′∑
j=1

∇̂2gη2µ2(x
t,yt; ζti ,u

t
2,j ,v

t
2,j), (10)

Dt
z =

1

BB′

B∑
i=1

B′∑
j=1

∇zR(x
t,yt, zt; ξ̄ti , ū

t
j , v̄

t
j)

5
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=
1

BB′

B∑
i=1

B′∑
j=1

[
∇̂2

22gη2µ2
(xt,yt; ζti ,u

t
2,j ,v

t
2,j)z

t − ∇̂2fη1µ1
(xt,yt; ξti ,u

t
1,j ,v

t
1,j)
]
. (11)

Here, B > 0 and B′ > 0 denote the batch sizes; ∇̂1fη1µ1
, ∇̂2fη1µ1

, ∇̂2gη2µ2
, ∇̂2

12gη2µ2
and

∇̂2
22gη2µ2 are the stochastic zeroth-order gradient estimations defined as follows,

∇̂1fη1µ1(x,y; ξ,u,v) =
1

2η1

[
f+(x,y; ξ)− f−(x,y; ξ)

]
u, (12)

∇̂2fη1µ1
(x,y; ξ,u,v) =

1

2µ1

[
f+(x,y; ξ)− f−(x,y; ξ)

]
v, (13)

∇̂2gη2µ2
(x,y; ζ,u,v) =

1

2µ2

[
g+(x,y; ζ)− g−(x,y; ζ)

]
v, (14)

∇̂2
12gη2µ2(x,y; ζ,u,v) =

1

η2µ2

[
g+(x,y; ζ) + g−(x,y; ζ)− 2g(x,y; ζ)

]
uv⊤, (15)

∇̂2
22gη2µ2

(x,y; ζ,u,v) =
1

2µ2
2

[
g+(x,y; ζ) + g−(x,y; ζ)− 2g(x,y; ζ)

]
(vv⊤ − Id2), (16)

where f+(x,y; ξ) = f(x+η1u,y+µ1v; ξ), f−(x,y; ξ) = f(x−η1u,y−µ1v; ξ), g+(x,y; ξ) =
g(x + η2u,y + µ2v; ζ) and g−(x,y; ξ) = g(x − η2u,y − µ2v; ζ). Obviously, Dt

x, Dt
y

and Dt
z are unbiased estimations of ∇̄fηµ(xt,yt, zt), ∇2g(x

t,yt) and ∇zR(x
t,yt, zt), i.e.,

E[Dt
x] = ∇̄f(xt,yt, zt) = ∇1f(x

t,yt) − ∇2
12g(x

t,yt)zt, E[Dt
y] = ∇2g(x

t,yt), and E[Dt
z] =

∇zR(x
t,yt, zt) = ∇2

22g(x
t,yt)zt − ∇2f(x

t,yt). In addition, we have the bounded variance of
our batch zeroth-order estimations in the following lemma,
Lemma 3. Under Assumption 5, the batch zeroth-order gradient estimations have bounded vari-

ance such that E
[∥∥Dt

x − ∇̄fηµ(x,y, z)
∥∥2] ≤ σ2

x

BB′ , E
[∥∥Dt

y −∇2gη2µ2
(x,y)

∥∥2] ≤ σ2
y

BB′ and

E
[
∥Dt

z −∇zR(x,y, z)∥
2
]
≤ σ2

z

BB′ , where σ2
x > 0, σ2

y > 0 and σ2
z > 0 are defined in our Ap-

pendix.
Remark 1. Lemma 3 indicates that the bound of variance is related to d1 and d2. Setting η1 =
µ1 = O( ϵ√

(d1+d2)3
) and η2 = µ2 = O( ϵ√

(d1+d2)4
), we have σ2

x = O(d1(d1 + d2)
2), σ2

y =

O(d1(d1 + d2)
2) and σ2

z = O(d1(d1 + d2)
2).

4.2 MIRROR DESCENT FOR UPPER-LEVEL VARIABLES

In this subsection, we present our method based on Bregman distance for solving the following
Gaussian smoothing approximation of the nonsmooth bilevel optimization problem.

min
x∈Rd1

Φηµ(x) = Euvξ[f(x+ η1u,y
∗
η2µ2

(x) + µ1v; ξ)] + h(x) (17)

s.t. y∗
η2µ2

(x) = argmin
y∈Rd2

gη2µ2
(x,y) = Euvζ [g(x+ η2u,y + µ2v; ζ)].

Given a ρ-strongly convex and continuously-differentiable function ψ(x), i.e., ⟨x1 − x2,∇ψ(x1)−
∇ψ(x2)⟩ ≥ ρ∥x1 − x2∥2, we can define a Bregman distance (Censor & Lent, 1981; Censor &
Zenios, 1992) for any x1,x2 ∈ X :

Bψt
(x1,x2) = ψt(x1)− ψt(x2)− ⟨∇ψt(x2),x1 − x2⟩. (18)

Then, for the nonsmooth bilevel optimization problem, we can replace the update rule of x in Eqn.(8)
with the following mirror descent rule:

xt+1 = argmin
x∈X⊆Rd1

{
⟨Dt

x,x⟩+ h(x) +
1

α
Bψt

(x,xt)

}
. (19)

Let ψ(x) = 1
2∥x∥

2, we have Bψt(x1,x2) = 1
2∥x1 − x2∥2. If X = Rd1 , the Problem (19) is

equivalent to the proximal gradient descent. If X ⊆ Rd1 and h(x) = 0, Problem (19) is equivalent
to the projection gradient descent. When Bregman function ψt(x,xt) = 1

2 (x
t)⊤Htx

t, we have
Bψt(x,x

t) = 1
2 (x− xt)⊤Ht(x− xt). If Ht is an adaptive matrix, Problem (19) is equivalent to the

6
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proximal adaptive gradient decent. For example, we can generate the matrix Ht like in Adam-type
algorithms (Kingma, 2014).

In addition, instead of directly using the update rule of y in Eqn.(8), we introduce an addition
parameter 0 < τ ≤ 1 and modify the update rule as follows

ỹt+1 = yt − βDt
y, yt+1 = yt + τ(ỹt+1 − yt). (20)

Note that this rule is used to derive the convergence result in the next section.

5 CONVERGENCE ANALYSIS

In this section, we discuss the convergence performance of our proposed BreZOSBA. All proofs
are provided in our Appendix. We begin with introducing the metric ∥Gt∥2 ≤ ϵ or E∥Gt∥2 ≤ ϵ to
evaluate the convergence performance (Huang et al., 2022; Ghadimi et al., 2016), where Gt is defined
as: Gt = 1

α (x
t+1 − xt).

Then, we present several useful lemmas to derive our final result. (Detailed proofs are presented in
our appendix.)
Lemma 4. Under Assumptions 1, 2, and 5, setting 0 < λ ≤ 1

6Lg
2

and z∗t = z∗(xt,yt), we have

E∥zt+1 − z∗t+1∥2

≤
(
1− µgλ

4

)
E[∥zt − z∗t ∥2]−

3

4
E[∥zt+1 − zt∥2]

+
25λσ2

z

6µgBB′ +
20

3

(
Lf1
µg

+
Lf0L

g
2

µ2
g

)
(E[∥xt+1 − xt∥2] + E[∥yt+1 − yt∥2]). (21)

Lemma 5. Under Assumptions 1, 2, 3, 4, and 5, setting 0 < α ≤ 3ρ
4LF

, we have

Φ(xt+1)

≤Φ(xt)− 3αρ

8
∥Gt∥2 + 16α(Lg1)

2

ρ

∥∥zt − z∗t
∥∥2 + 2α

ρ
A+

4ασ2
x

ρBB′

+
2α

ρ

(
8(Lf1 )

2 + 8(Lg2rz)
2 + 8(Lg1)

2

(
2(Lf1 )

2

µ2
g

+
2(Lf0L

g
2)

2

µ4
g

))
∥yt − y∗

η2µ2
(xt)∥2, (22)

where LF = Lf1 +
2Lf

1L
g
2+(Lf

0 )
2Lg

2

µg
+

Lf
1 (L

g
1)

2+2Lf
0L

g
1L

g
2

µg
+

Lf
0 (L

g
1)

2Lg
2

µ3
g

and
√
A =

Lf1

√
2Lg

1

µg
(η22d1 + µ2

2d2) +
Lf

1

2 (η1(d1 + 3)
3
2 +

µ2
1

η1
d2d

1
2
1 +

η21
µ1
d1d

1
2
2 + µ1(d2 + 3)

3
2 ).

Lemma 6. Under Assumptions 1, 2, 3, 4, and 5, setting 0 < β ≤ 1
6Lg

2
and τ ≤ 1 ≤ 1

6µgβ
we have

E[∥yt+1 − y∗
η2µ2

(xt+1)∥2]

≤
(
1− µgτβ

4

)
E[∥yt − y∗

η2µ2
(xt)∥2]− 3τ

4
E[∥ỹt+1 − yt∥2] +

25βτσ2
y

6µgBB′ +
5L2

y∗
ηµ

3
E[∥xt − xt+1∥2]

Using the above lemmas and assumptions, we can provide the following convergence performance of
our method.
Theorem 1. Under Assumptions 1, 2, 3, 4, and 5, setting 0 < α ≤ 3ρ

4LF
, 0 < β ≤ 1

6Lg
2

, τ ≤
1 ≤ 1

6µgβ
, 0 < λ ≤ 1

6Lg
2

, and defining the following Lyapunov function for any t ≥ 1: Ht =

E[Φ(xt)] + E[∥yt − y∗
η2µ2

(xt)∥2] + E[∥zt − z∗t ∥2], we have

1

T

T∑
t=1

E[∥Gt∥2] ≤8H1

αρT
+

16

ρ2

(
A+

2σ2
x

BB′

)
+

200βτσ2
y

6αρµgBB′ +
200λσ2

z

6αρµgBB′ . (23)

Remark 2. According to our lemmas, setting η1 = µ1 = O( ϵ√
(d1+d2)3

) and η2 = µ2 =

O( ϵ√
(d1+d2)4

), we have σ2
x + σ2

y + σ2
z = O(d1(d1 + d2)

2) and A = O(ϵ2). If we take

BB′ = O(d1(d1 + d2)
2ϵ−1) and T = O(ϵ−1), we have 1

T

∑T
t=1 E[∥Gt∥2] ≤ ϵ. Therefore, the total

query complexity of our method is O(d1(d1 + d2)
2ϵ−2).
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6 EXPERIMENT

In this section, we evaluate the performance of our method in two applications: data hyper-cleaning
and hyper-representation learning.

6.1 BASELINES

We compare our method with the following black-box bilevel methods:

1. ZDSBA: The method proposed in (Aghasi & Ghadimi, 2024) uses the Gaussian smoothing
method to approximate upper and lower-level objectives and then solve a linear system to
approximate the hypergradient.

2. HOZOG: The method proposed in (Gu et al., 2021) uses the zeroth-order gradient to
solve the lower-level with perturbed upper-level variables and then use all the solutions to
approximate the hypergradient.

We implement all the methods by Pytorch (Paszke et al., 2019) for hyper-representation learning and
implement all the methods by Jax (Bradbury et al., 2018) and BenchmarkBilevel (Dagréou et al.,
2022)for data hyper-cleaning. We run all the methods 5 times on a PC with four RTX3090 GPUs.

6.2 APPLICATIONS

Table 2: Test accuracy of all the methods on data hyper-cleaning

MNIST FashionMNIST Cifar10 SVHN

BreZOSBA 86.42 ± 0.25 76.92 ± 0.19 38.08 ± 0.25 19.49 ± 0.45
ZDSBA 86.34± 0.17 76.92± 0.37 35.87± 0.15 16.15± 0.39
HOZOG 85.44± 0.47 76.29± 0.24 36.11± 0.03 16.98± 0.79
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Figure 1: Test accuracy against Queries of all the methods in hyper data-cleaning (We stop all the
methods if the training time is more than 600 seconds).

Data Hyper-cleaning. In many real-world applications, the training and testing sets often follow
different distributions, leading to performance discrepancies. To mitigate this issue, each data point is
assigned an importance weight to bridge the gap between these distributions, which is referred to as
data hyper-cleaning. This problem can be formulated as

min
x∈Rd1

∑
Dval

ℓ
(
y∗(x)⊤ai,bi

)
+ c∥x∥1 s.t. y∗(x) = argmin

y∈Rd2

∑
Dtr

[σ(x)]iℓ
(
y⊤ai,bi

)
,

where c = 0.1 is the regularization parameter, Dtr and Dval denote the training set and validation
set respectively; (ai,bi) denotes the data sample and label; σ(·) := 1/(1 + exp(−·)) is the Sigmoid
function; ℓ(·, ·) is the loss function; ℓ(·, ·) is the black-box loss function.

In this experiment, we compare our method with ZDSBA and HPZOG on datasets MNIST, Fash-
ionMNIST (Xiao et al., 2017), Cifar10, and SVHN. For ZDSBA and HOZOG, we set the inner
iteration T = 20 and search the learning rate of upper and lower-level variables from the set
{0.0001, 0.001, 0.01, 0.1, 1}. For our method, we set rz = 10, τβ = λ and choose λ and α from the
set {0.0001, 0.001, 0.01, 0.1, 1}. We set η1 = η2 = µ1 = µ2 = 0.0001 and B = 64 and B′ = 10

8
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Table 3: Test accuracy of all the methods on hyper-representation learning

MNIST FashionMNIST Cifar10 SVHN

BreZOSBA 89.31 ± 0.37 77.96 ± 0.31 22.81 ± 0.42 14.26± 0.86
ZDSBA 85.76± 0.59 76.36± 0.10 20.90± 0.08 14.51 ± 1.62
HOZOG 82.79± 1.08 75.11± 0.42 20.94± 0.44 14.48± 0.46
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Figure 2: Test accuracy against Queries of all the methods in hyper-representation learning (We stop
all the methods if the training time is more than 3600 seconds or the queries are more than 1e5).

for all the methods. In this experiment, we run all the methods for 512 epochs. We stop all the
methods if the running time exceeds 600 seconds.

Hyper-representation Learning. In this experiment, we perform the hyper-representation learning
task over MNIST, FashionMNIST, Cifar10, and SVHN. The formulation of this problem is as follows:

min
x∈Rd1

∑
DV

ℓ
(
y∗(x)⊤ϕ(x,ai),bi

)
+ c1∥x∥1 s.t. y∗(x) = argmin

y∈Rd2

∑
DT

ℓ
(
y⊤ϕ(x,ai),bi

)
+ c2∥y∥2,

where ℓ denotes the black-box loss function, DV and DT are training and validation datasets for
randomly sampled meta task; ϕ(x, ·) is a neural network parameterized by x, which denotes a
representation mapping; y denotes the parameters of the classifier; c1 = 0.0001 and c2 = 0.0001 are
the regularization parameters.

We use the LeNet-5 (LeCun et al., 1998) as ϕ to capture the features in this experiment. For ZDSBA
and HOZOG, we set the inner iteration T = 10 and search the learning rate of upper and lower-level
variables from the set {0.0001, 0.001, 0.01, 0.1, 1}. For our method, we set rz = 10, τβ = λ and
choose λ and α from the set {0.0001, 0.001, 0.01, 0.1, 1}. We set η1 = η2 = µ1 = µ2 = 0.0001,
B = 256, and B′ = 5 for all the methods. In this experiment, we run all the methods for 1000
epochs. We stop all the methods if the running time is larger than 3600 seconds or queries are larger
than 100, 000.

6.3 RESULTS AND DISCUSSION

All the results are presented in Figure 1, 2 and Table 2, 3. Across all experiments, our method
consistently demonstrates superior performance compared to ZDSBA and HOZOG, both in terms
of test accuracy and query efficiency. This performance advantage is particularly evident when
considering query costs, where our approach significantly reduces the number of queries required to
achieve comparable or better accuracy. One key reason for this improvement is that HOZOG, while
effective, depends on zeroth-order gradient approximations to compute the lower-level solution for
each perturbed upper-level variable. This process inherently results in a much higher query demand,
as zeroth-order methods are typically less query-efficient due to their reliance on sampling techniques.
Similarly, ZDSBA employs a zeroth-order method for solving the lower-level problem, further
exacerbating the query overhead and slowing convergence. In contrast, our method introduces a more
query-efficient framework by reducing the reliance on expensive zeroth-order computations. The
observed improvements in query efficiency and accuracy strongly support the theoretical convergence
guarantees we established in Theorem 1. These findings not only validate the effectiveness of our
approach but also highlight its potential for application in large-scale problems where query efficiency
is critical.
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Table 4: Test accuracy of our method on hyper data-cleaning with different B′

MNIST FashionMNIST Cifar10 SVHN

B′ = 1 85.19± 0.30 75.04± 0.63 34.15± 0.17 15.64± 0.54
B′ = 3 86.34± 0.16 76.39± 0.32 36.64± 0.42 18.13± 0.40
B′ = 5 86.30± 0.12 76.73± 0.41 36.98± 0.32 18.85± 0.52
B′ = 10 86.42 ± 0.25 76.92 ± 0.19 38.08 ± 0.25 19.49 ± 0.45
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Figure 3: Test accuracy against Queries of our method in hyper data-cleaning with different B′.

6.4 ABLATION STUDIES
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Figure 4: Test accuracy with different rz
of our method in hyper data-cleaning.

We conduct ablation studies on the hyperparameters B′

and rz to systematically evaluate their influence on per-
formance. To maintain controlled conditions, we vary
one hyperparameter while keeping all others fixed at their
default values, ensuring a clear understanding of each pa-
rameter’s effect. Additionally, we tune the step size for
each configuration, as specified in the experimental setup,
to optimize performance. The results of these experiments
are presented in Tables 4, Figure 3, and Figure 4, with
further supplementary results provided in the Appendix
for additional insights.

From the experiments, it is evident that increasing B′

consistently leads to both higher query requirements and
improved test accuracy. This behaviour can be attributed
to a larger B′ reducing the variance of gradient estimates,
resulting in smoother updates and better overall convergence. Moreover, the improved convergence
performance from a larger B′ suggests that the model can benefit from more stable gradients,
facilitating more accurate learning, especially in scenarios with noisy or uncertain data. These
findings highlight the importance of tuning B′ to balance queries and model accuracy. In addition,
We can find that our method exhibits considerable stability to the parameter rz.

7 CONCLUSION

In this paper, we propose a query-efficient algorithm for stochastic black-box nonsmooth bilevel
optimization, named BreZOSBA, and provide a comprehensive theoretical analysis. Our main result,
Theorem 1, demonstrates that, under specific assumptions and hyperparameter settings, the output
of BreZOSBA satisfies 1

T

∑T
t=1 E[∥Gt∥2] ≤ ϵ with the query complexity of O

(
d1(d1+d2)

2

ϵ2

)
, which

surpasses the performance of existing methods. We further validate the effectiveness of BreZOSBA
through experiments on two applications, where our method consistently demonstrates superior
performance.
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A ADDITIONAL EXPERIMENTAL RESULTS

A.1 IMPACT OF B′ AND rz

In this section, we show the results of our method using different B′ and rz in hyper-representation
learning in Figure 5 and Table 5 and Figure 6. We can find using a larger B′ can obtain a better
performance and increase the query. We can find that our method exhibits considerable stability to
the parameter rz.
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Figure 5: Test accuracy against Queries of our method in hyper-representation learning using different
B′.
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Figure 6: Test accuracy of our method in hyper-representation learning using different µ.

Table 5: Test accuracy of our method on hyper-representation learning with different B′

MNIST FashionMNIST Cifar10 SVHN

B′ = 1 78.96± 1.45 70.52± 0.55 18.37± 0.23 14.01± 1.22
B′ = 3 86.93± 0.59 76.05± 0.93 21.42± 1.43 14.51± 0.36
B′ = 5 89.31± 0.37 77.96± 0.31 22.81± 0.42 14.26± 0.86
B′ = 10 91.03 ± 0.58 79.57 ± 0.08 24.09 ± 0.06 15.06 ± 1.81

A.2 IMPACT OF µ

We conduct ablation studies on the hyperparameters η1 = η2 = µ1 = µ2 = µ to systematically
evaluate their influence on performance. To maintain controlled conditions, we vary one hyperpa-
rameter while keeping all others fixed at their default values, ensuring a clear understanding of each
parameter’s effect. Additionally, we tune the step size for each configuration, as specified in the
experimental setup, to optimize performance. We present the results in Table 6 and Table 7. We can
find that our method exhibits considerable stability to the parameter µ.
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Table 6: Test accuracy of our method on data hyper-clean with different µ

MNIST FashionMNIST Cifar10 SVHN

µ = 0.001 85.32± 0.21 76.88± 0.23 38.11± 0.34 18.45± 0.25
µ = 0.0001 86.42± 0.25 76.92± 0.19 38.08± 0.25 19.49± 0.45
µ = 0.00001 86.45± 0.18 76.43± 0.21 38.07± 0.21 19.52± 0.33

Table 7: Test accuracy of our method on hyper-representation learning with different µ

MNIST FashionMNIST Cifar10 SVHN

µ = 0.001 88.32± 0.15 75.52± 0.33 21.11± 1.34 13.44± 1.12
µ = 0.0001 88.38± 0.20 75.74± 0.26 21.51± 1.13 14.26± 0.86
µ = 0.00001 88.43± 0.16 75.81± 0.31 21.46± 0.78 14.56± 0.63

B ADDITIONAL LEMMAS

Lemma 7. Under Assumptions 1 and 2, we have (1) fηµ and ∇fηµ are Lipschitz continuous in (x,y)

with Lipschitz constant Lf0and Lf1 ; (3) ∇gη2µ2
and ∇2gη2µ2

are Lg1 and Lg2 Lipschitz continuous in
(x,y), respectively; (4) gη2µ2

is µg-strongly convex on y for any given x.

Proof. The results can be easily obtained according to (Aghasi & Ghadimi, 2024).

Lemma 8. (Smoothness of function F (Chu et al., 2024)) Under Assumptions 1 and 2, the function
F is LF -Lipschitz continuous, where

LF = Lf1 +
2Lf1L

g
2 + (Lf0 )

2Lg2
µg

+
Lf1 (L

g
1)

2 + 2Lf0L
g
1L

g
2

µg
+
Lf0 (L

g
1)

2Lg2
µ3
g

(24)

C DETAILED PROOF OF IMPORTANT LEMMAS

C.1 PROOF OF LEMMA 1

Proof. Using definition ∂y∗
η2µ2

(x) = [∇2
11gη2µ2

(x,y∗
η2µ2

(x))]−1∇2
12gη2µ2

(x,y∗
η2µ2

(x)) and

Lemma 7, we have Ly∗ =
Lg

1

µg
.

For z∗(x), we have

∥z∗(x1)− z∗(x2)∥
=∥[∇2

11gη2µ2(x1,y
∗
η2µ2

(x1))]
−1∇2fη1µ1(x1,y

∗
η2µ2

(x1))− [∇2
11gη2µ2(x2,y

∗
η2µ2

(x2))]
−1∇2fη1µ1(x2,y

∗
η2µ2

(x2))∥
≤∥[∇2

11gη2µ2
(x1,y

∗
η2µ2

(x1))]
−1(∇2fη1µ1

(x1,y
∗
η2µ2

(x1))−∇2fη1µ1
(x2,y

∗
η2µ2

(x2)))∥
+ ∥([∇2

11gη2µ2
(x1,y

∗
η2µ2

(x1))]
−1 − [∇2

11gη2µ2
(x2,y

∗
η2µ2

(x2))]
−1)∇2fη1µ1

(x2,y
∗
η2µ2

(x2))∥

≤

(
Lf1
µg

+
Lf0L

g
2

µ2
g

)
∥(x1,y

∗
η2µ2

(x1)))− (x2,y
∗
η2µ2

(x2)))∥

≤

(
Lf1
µg

+
Lf0L

g
2

µ2
g

)
(∥x1 − x2∥+ ∥y∗

η2µ2
(x1))− y∗

η2µ2
(x2)∥)

≤

(
Lf1
µg

+
Lf0L

g
2

µ2
g

)(
1 +

Lg1
µg

)
∥x1 − x2∥ (25)

Then defining Lz∗ =
(
Lf

1

µg
+

Lf
0L

g
2

µ2
g

)(
1 +

Lg
1

µg

)
concludes the proof.
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C.2 PROOF OF LEMMA 2

Proof. Using the definition of z∗(x), and Lemma 7, we can easily obtain

∥z∗(x)∥ ≤ Lf0
µg

= rz (26)

D DETAILED PROOF OF LEMMA 3

Here, we given the bound on the variance of the stochastic gradient estimation.

Lemma 9. The stochastic zeroth-order gradients have bounded variance as follows

E
[∥∥∇̄fηµ(x,y, z; ξ̄i, ūj , v̄j)− ∇̄fηµ(x,y, z)

∥∥2] ≤ σ2
x (27)

E
[∥∥∥∇̂2gη2µ2(x,y; ζi,u2,j ,v2,j)−∇2gη2µ2(x,y)

∥∥∥2] ≤ σ2
y (28)

E
[∥∥∇zR(x,y, z; ξ̄i, ūj , v̄j)−∇zR(x,y, z)

∥∥2] ≤ σ2
z (29)

where σ2
x = 2(Lf1 )

2(η21(d1+6)3+
µ4
1

η21
d1(d2+4)2)+4(d1+2)(

µ2
1

η21
+1)(σ2

f+(Lf0 )
2)+16(Lg2)

2[
η42
µ2
2
(d1+

8)4+
2µ4

2

η22
d1(d2+12)3]r2z+12(d1+2)(

η22
µ2
2
(d1+4)+6+

5µ2
2

η22
(d2+2))(d1+d2)(σ

2
g,2+(Lg1)

2)r2z,σ2
y =

(Lg1)
2(µ2

2(d2+6)3+
η42
µ2
2
d2(d1+4)2)+4(d2+2)(

η22
µ2
2
+1)(σ2

g,1+(Lg0)
2) and σ2

z = 2(Lf1 )
2(µ2

1(d2+

6)3+
η41
µ2
1
d2(d1+4)2)+4(d2+2)(

η21
µ2
1
+1)(σ2

f +(Lf0 )
2)+4(Lg2)

2(2η21(d1+16)4+
µ6
1

η41
(d2+6)3(d1+

3))r2z + 6(d1 + 6)( 52 (d1 + 6) +
3µ2

1

η21
+

µ4
1

2η41
(d2 + 2))(d1 + d2)(σ

2
g,2 + (Lg1)

2)r2z.

Proof. We have

E
[∥∥∥∇̂2gη2µ2

(x,y; ζi,u2,j ,v2,j)−∇2gη2µ2
(x,y)

∥∥∥2]
=E

[∥∥∥∇̂2gη2µ2(x,y; ζi,u2,j ,v2,j)
∥∥∥2]− ∥∇2gη2µ2(x,y)∥

2

≤E
[∥∥∥∇̂2gη2µ2

(x,y; ζi,u2,j ,v2,j)
∥∥∥2]

≤(Lg1)
2

(
µ2
2(d2 + 6)3 +

η42
µ2
2

d2(d1 + 4)2
)
+

4η22
µ2
2

d2E∥∇1g(x,y; ζi)∥2 + 4(d2 + 2)E∥∇2g(x,y; ζi)∥2

≤(Lg1)
2

(
µ2
2(d2 + 6)3 +

η42
µ2
2

d2(d1 + 4)2
)
+ 4(d2 + 2)

(
η22
µ2
2

+ 1

)
E∥∇g(x,y; ζi)∥2

≤(Lg1)
2

(
µ2
2(d2 + 6)3 +

η42
µ2
2

d2(d1 + 4)2
)
+ 4(d2 + 2)

(
η22
µ2
2

+ 1

)
(σ2
g,1 + (Lg0)

2) (30)

where the third inequality is due to Corollary 2.1 in (Aghasi & Ghadimi, 2024); the last inequality is
due to Assumption 2 and 5 .

Then, according to the definition of ∇̄fηµ(x,y, z; ξ̄i, ūj , v̄j), we have

E
[∥∥∇̄fηµ(x,y, z; ξ̄i, ūj , v̄j)− ∇̄fηµ(x,y, z)

∥∥2]
=E

[∥∥∥∇̂1fη1µ1(x,y; ξi,u1,j ,v1,j)− ∇̂2
12gη2µ2(x,y; ζi,u2,j ,v2,j)z−∇1fη1µ1(x,y) +∇2

12gη2µ2(x,y)z
∥∥∥2]

≤2E
[∥∥∥∇̂1fη1µ1

(x,y; ξi,u1,j ,v1,j)−∇1fη1µ1
(x,y)

∥∥∥2]
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+ 2E
[∥∥∥∇2

12gη2µ2(x,y)z− ∇̂2
12gη2µ2(x,y; ζi,u2,j ,v2,j)z

∥∥∥2]
(31)

For the first term, we have

E
[∥∥∥∇̂1fη1µ1

(x,y; ξi,u1,j ,v1,j)−∇1fη1µ1
(x,y)

∥∥∥2]
≤(Lf1 )

2

(
η21(d1 + 6)3 +

µ4
1

η21
d1(d2 + 4)2

)
+ 4(d1 + 2)

(
µ2
1

η21
+ 1

)
(σ2
f + (Lf0 )

2) (32)

where the inequality is due to Assumption 1 and 5. For the second term, we have

E
[∥∥∥∇2

12gη2µ2
(x,y)z− ∇̂2

12gη2µ2
(x,y; ζi,u2,j ,v2,j)z

∥∥∥2]
≤E

[∥∥∥∇̂2
12gη2µ2

(x,y; ζi,u2,j ,v2,j)z
∥∥∥2]

≤8(Lg2)
2

[
η42
µ2
2

(d1 + 8)4 +
2µ4

2

η22
d1(d2 + 12)3

]
r2z +

(
6η22
µ2
2

(d1 + 4)(d1 + 2)E∥∇2
11g(x,y; ζi)∥2F

+ 36(d1 + 2)E∥∇2
12g(x,y; ζi)∥2F +

30µ2
2

η22
d1(d2 + 2)E∥∇2

22g(x,y; ζi)∥2F
)
r2z

≤8(Lg2)
2

[
η42
µ2
2

(d1 + 8)4 +
2µ4

2

η22
d1(d2 + 12)3

]
r2z

+ 6(d1 + 2)

(
η22
µ2
2

(d1 + 4) + 6 +
5µ2

2

η22
(d2 + 2)

)
E∥∇2g(x,y; ζi)∥2F r2z

≤8(Lg2)
2

[
η42
µ2
2

(d1 + 8)4 +
2µ4

2

η22
d1(d2 + 12)3

]
r2z

+ 6(d1 + 2)

(
η22
µ2
2

(d1 + 4) + 6 +
5µ2

2

η22
(d2 + 2)

)
(d1 + d2)(σ

2
g,2 + (Lg1)

2)r2z (33)

where the third inequality is due to Proposition 2.5 b) in (Aghasi & Ghadimi, 2024); the last inequality
is due to Assumption 2 and 5. Therefore, we have

E
[∥∥∇̄fηµ(x,y, z; ξ̄i, ūj , v̄j)− ∇̄fηµ(x,y, z)

∥∥2] ≤ σ2
x (34)

According to the definition ∇zR(x,y, z; ξ̄i, ūj , v̄j) = ∇̂2
22gη2µ2

(x,y; ζi,u2,j ,v2,j)z −
∇̂2fη1µ1(x,y; ξi,u1,j ,v1,j), we have

E
[∥∥∇zR(x,y, z; ξ̄i, ūj , v̄j)−∇zR(x,y, z)

∥∥2]
=E

[∥∥∥∇̂2
22gη2µ2(x,y; ζi,u2,j ,v2,j)z− ∇̂2fη1µ1(x,y; ξi,u1,j ,v1,j)−∇2

22gη2µ2(x,y)z+∇2fη1µ1(x,y)
∥∥∥2]

≤2E
[∥∥∥∇̂2fη1µ1

(x,y; ξi,u1,j ,v1,j)−∇2fη1µ1
(x,y)

∥∥∥2]
+ 2E

[∥∥∥∇2
22gη2µ2

(x,y)z− ∇̂2
22gη2µ2

(x,y; ζi,u2,j ,v2,j)z
∥∥∥2] (35)

For the first term, we have

E
[∥∥∥∇2fη1µ1

(x,y)− ∇̂2fη1µ1
(x,y; ξi,u1,j ,v1,j)

∥∥∥2]
≤(Lf1 )

2

(
µ2
1(d2 + 6)3 +

η41
µ2
1

d2(d1 + 4)2
)
+ 4(d2 + 2)

(
η21
µ2
1

+ 1

)
(σ2
f + (Lf0 )

2) (36)
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For the second term, we have

E
[∥∥∥∇2

22gη2µ2(x,y)z− ∇̂2
22gη2µ2(x,y; ζi,u2,j ,v2,j)z

∥∥∥2]
≤E

[∥∥∥∇̂2
22gη2µ2

(x,y; ζi,u2,j ,v2,j)z
∥∥∥2]

≤2(Lg2)
2

(
2η21(d1 + 16)4 +

µ6
1

η41
(d2 + 6)3(d1 + 3)

)
r2z +

(
15

2
(d1 + 6)2E∥∇2

11g(x,y; ζi)∥2F

+
3µ2

1

η21
(3d1 + 13)E∥∇2

12g(x,y; ζi)∥2F +
3µ4

1

2η41
(d2 + 2)(d1 + 3)E∥∇2

22g(x,y; ζi)∥2F
)
r2z

≤2(Lg2)
2

(
2η21(d1 + 16)4 +

µ6
1

η41
(d2 + 6)3(d1 + 3)

)
r2z

+ 3(d1 + 6)

(
5

2
(d1 + 6) +

3µ2
1

η21
+

µ4
1

2η41
(d2 + 2)

)
r2zE∥∇2g(x,y; ζi)∥2F

≤2(Lg2)
2

(
2η21(d1 + 16)4 +

µ6
1

η41
(d2 + 6)3(d1 + 3)

)
r2z

+ 3(d1 + 6)

(
5

2
(d1 + 6) +

3µ2
1

η21
+

µ4
1

2η41
(d2 + 2)

)
(d1 + d2)(σ

2
g,2 + (Lg1)

2)r2z (37)

Therefore, we have

E
[∥∥∇zR(x,y, z; ξ̄i, ūj , v̄j)−∇zR(x,y, z)

∥∥2] ≤ σ2
z (38)

Using the above lemma, we can easily obtain the results in Lemma 3.

Proof. Using the results in Lemma 9, we have bounded variance as follows

E
[∥∥Dt

x − ∇̄fηµ(x,y, z)
∥∥2] ≤ σ2

x

BB′ (39)

E
[∥∥Dt

y −∇2gη2µ2(x,y)
∥∥2] ≤ σ2

y

BB′ (40)

E
[∥∥Dt

z −∇zR(x,y, z)
∥∥2] ≤ σ2

z

BB′ (41)

D.1 DETAILED PROOF OF LEMMA 4

Proof. Since z∗t = z∗(xt,yt) =
[
∇2

22gη2µ2(x
t,yt)

]−1 ∇2fη1µ1(x
t,yt), we have

∥zt+1 − z∗t+1∥2

=∥zt+1 − z∗t + z∗t − z∗t+1∥2

=∥zt+1 − z∗t ∥2 + 2⟨zt+1 − z∗t , z
∗
t − z∗t+1⟩+ ∥z∗t − z∗t+1∥2

≤(1 +
µgλ

4
)E∥zt+1 − z∗t ∥2 + (1 +

4

µλ
)∥z∗t − z∗t+1∥2, (42)

where the first inequality follows from Young’s inequality and Cauchy-Schwarz inequality; the second
follows from our Algorithm 1.

First, we discuss the bounds of the first term. Since R(x,y, z) = 1
2

〈
∇2

22gη2µ2
(x,y)z, z

〉
−

⟨∇2fη1µ1(x,y), z⟩, we can easily obtain R(x,y, z) is µg-strongly convex and Lg2-smooth on z.
Then, we have

R(xt,yt, z)
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≥R(xt,yt, zt) + ⟨∇zR(x
t,yt, zt), z− zt⟩+ µg

2
∥z− zt∥2

=R(xt,yt, zt) + ⟨Dt
z, z− zt+1⟩+ ⟨∇zR(x

t,yt, zt)−Dt
z, z− zt+1⟩

+ ⟨∇zR(x
t,yt, zt), zt+1 − zt⟩+ µg

2
∥z− zt∥2. (43)

Using R(x,y, z) is Lg2-smooth on z, we have

R(xt,yt, zt+1)

≤R(xt,yt, zt) + ⟨∇zR(x
t,yt, zt), zt+1 − zt⟩+ Lg2

2
∥zt+1 − zt∥2

(44)

Combining the above inequalities, we can obtain

R(xt,yt, z)

≥R(xt,yt, zt+1) + ⟨Dt
z, z− zt+1⟩+ ⟨∇zR(x

t,yt, zt)−Dt
z, z− zt+1⟩

+
µg
2
∥z− zt∥2 − Lg2

2
∥zt+1 − zt∥2 (45)

According to the update rule zt+1 = PZ(z
t − λDt

z) = argminz∈Z⟨Dt
z, z − zt⟩ + 1

2λ∥z − zt∥2,
where Z = {z ∈ Rd2 |∥z∥ ≤ rz} we have

⟨Dt
z +

1

λ
(zt+1 − zt), z− zt+1⟩ ≥ 0. (46)

Then, we have

⟨Dt
z, z− zt+1⟩ ≥ 1

λ
⟨zt+1 − zt, zt+1 − z⟩ = 1

λ
∥zt+1 − zt∥2 + 1

λ
⟨zt+1 − zt, zt − z⟩ (47)

Using the above inequalities, we have

R(xt,yt, z)

≥R(xt,yt, zt+1) +
1

λ
∥zt+1 − zt∥2 + 1

λ
⟨zt+1 − zt, zt − z⟩

+ ⟨∇zR(x
t,yt, zt)−Dt

z, z− zt+1⟩+ µg
2
∥z− zt∥2 − Lg2

2
∥zt+1 − zt∥2 (48)

Let z = z∗t = z∗(xt,yt) =
[
∇2

22gη2µ2(x
t,yt)

]−1 ∇2fη1µ1(x
t,yt), then we have

R(xt,yt, z∗t )

≥R(xt,yt, zt+1) +
1

λ
∥zt+1 − zt∥2 + 1

λ
⟨zt+1 − zt, zt − z∗t ⟩

+ ⟨∇zR(x
t,yt, zt)−Dt

z, z
∗
t − zt+1⟩+ µg

2
∥z∗t − zt∥2 − Lg2

2
∥zt+1 − zt∥2 (49)

Due to the strongly convexity of R(xt,yt, z), we have R(xt,yt, z∗t ) ≤ R(xt,yt, zt+1). Thus, we
can obtain

0 ≥
(
1

λ
− Lg2

2

)
∥zt+1 − zt∥2 + 1

λ
⟨zt+1 − zt, zt − z∗t ⟩+ ⟨∇zR(x

t,yt, zt)−Dt
z, z

∗
t − zt+1⟩

+
µg
2
∥z∗t − zt∥2 (50)

For ⟨zt+1 − zt, zt − z∗t ⟩, we have

⟨zt+1 − zt, zt − z∗t ⟩ =
1

2
∥zt+1 − z∗t ∥2 −

1

2
∥zt − z∗t ∥2 −

1

2
∥zt+1 − zt∥2 (51)

For ⟨∇zR(x
t,yt, zt)−Dt

z, z
∗
t − zt+1⟩, we have

⟨∇zR(x
t,yt, zt)−Dt

z, z
∗
t − zt+1⟩
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=⟨∇zR(x
t,yt, zt)−Dt

z, z
∗
t − zt⟩+ ⟨∇zR(x

t,yt, zt)−Dt
z, z

t − zt+1⟩

≥ − 2

µg
∥∇zR(x

t,yt, zt)−Dt
z∥2 −

µg
4
∥z∗t − zt∥2 − µg

4
∥zt − zt+1∥2

≥− 2

µg
∥∇zR(x

t,yt, zt)− 1

BB′

B∑
i=1

B′∑
j=1

∇zR(x
t,yt, zt; ξ̄ti , ū

t
j , v̄

t
j)∥2 −

µg
4
∥z∗t − zt∥2

− µg
4
∥zt − zt+1∥2

(52)

Taking expectations on both sides, we have

E⟨∇zR(x
t,yt, zt)−Dt

z, z
∗
t − zt+1⟩

≥ − 2

µg
E∥∇zR(x

t,yt, zt)− 1

BB′

B∑
i=1

B′∑
j=1

∇zR(x
t,yt, zt; ξ̄ti , ū

t
j , v̄

t
j)∥2 −

µg
4
E∥z∗t − zt∥2

− µg
4
E∥zt − zt+1∥2

=− 2σ2
z

µgBB′ −
µg
4
E[∥z∗t − zt∥2]− µg

4
E[∥zt − zt+1∥2] (53)

Using the above inequalities, we have
1

2λ
E[∥zt+1 − z∗t ∥2]

≤
(
Lg2
2

+
µg
4

− 1

2λ

)
E[∥zt+1 − zt∥2] +

(
1

2λ
− µg

4

)
E[∥zt − z∗t ∥2] +

2σ2
z

µgBB′

≤
(
3Lg2
4

− 1

2λ

)
E[∥zt+1 − zt∥2] +

(
1

2λ
− µg

4

)
E[∥zt − z∗t ∥2] +

2σ2
z

µgBB′

=

(
1

2λ
− µg

4

)
E[∥zt − z∗t ∥2]−

(
3

8λ
+

1

8λ
− 3Lg2

4

)
E[∥zt+1 − zt∥2] + 2σ2

z

µgBB′

≤
(

1

2λ
− µg

4

)
E[∥zt − z∗t ∥2]−

3

8λ
E[∥zt+1 − zt∥2] + 2σ2

z

µgBB′ (54)

where the second inequality holds by Lg2 ≥ µg, and the last inequality is due to 0 < λ ≤ 1
6Lg

2
.

Therefore, we have

E[∥zt+1 − z∗t ∥2] ≤
(
1− µgλ

2

)
E[∥zt − z∗t ∥2]−

3

4
E[∥zt+1 − zt∥2] + 4λσ2

z

µgBB′ (55)

For the second term in Eqn. (42), since z∗t+1 = z∗(xt+1,yt+1) =[
∇2

22gη2µ2
(xt+1,yt+1)

]−1 ∇2fη1µ1
(xt+1,yt+1) and z∗t = z∗(xt,yt) =[

∇2
22gη2µ2(x

t,yt)
]−1 ∇2fη1µ1(x

t,yt), we have

∥z∗t − z∗t+1∥2

=
∥∥∥[∇2

22gη2µ2
(xt+1,yt+1)

]−1 ∇2fη1µ1
(xt+1,yt+1)−

[
∇2

22gη2µ2
(xt,yt)

]−1 ∇2fη1µ1
(xt,yt)

∥∥∥2
≤2
∥∥∥[∇2

22gη2µ2(x
t+1,yt+1)

]−1
(∇2fη1µ1(x

t+1,yt+1)−∇2fη1µ1(x
t,yt))

∥∥∥2
+ 2

∥∥∥([∇2
22gη2µ2

(xt+1,yt+1)
]−1 −

[
∇2

22gη2µ2
(xt,yt)

]−1
)∇2fη1µ1

(xt,yt))
∥∥∥2

≤4Lf1
µg

(∥xt+1 − xt∥2 + ∥yt+1 − yt∥2) + 4Lf0L
g
2

µ2
g

(∥xt+1 − xt∥2 + ∥yt+1 − yt∥2)

=

(
4Lf1
µg

+
4Lf0L

g
2

µ2
g

)
(∥xt+1 − xt∥2 + ∥yt+1 − yt∥2), (56)
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where the second inequality holds by Lemma 7.

Combining Eqn. (55), Eqn. (56) and Eqn. (42), we have

E∥zt+1 − z∗t+1∥2

≤(1 +
µgλ

4
)E∥zt+1 − z∗t ∥2 + (1 +

4

µλ
)E∥z∗t − z∗t+1∥2

≤
(
1 +

µgλ

4

)(
1− µgλ

2

)
E[∥zt − z∗t ∥2]−

(
1 +

µgλ

4

)
3

4
E[∥zt+1 − zt∥2]

+

(
1 +

µgλ

4

)
4λσ2

z

µgBB′ +

(
1 +

4

µλ

)(
4Lf1
µg

+
4Lf0L

g
2

µ2
g

)
(E[∥xt+1 − xt∥2] + E[∥yt+1 − yt∥2])

(57)

Since 0 < λ ≤ 1
6Lg

2
and Lg2 ≥ µg , we have λ ≤ 1

6Lg
2
≤ 1

6µg
. Then, we have(

1 +
µgλ

4

)(
1− µgλ

2

)
=1− µgλ

2
+
µgλ

4
− µ2λ2

8
≤ 1− µgλ

4
, (58)

−
(
1 +

µgλ

4

)
3

4
≤− 3

4
, (59)(

1 +
µgλ

4

)
4λσ2

z

µgBB′ ≤
(
1 +

1

24

)
4λσ2

z

µgBB′ =
25λσ2

z

6µgBB′ , (60)(
1 +

4

µgλ

)
≤ 5

3
. (61)

Therefore, we have

E∥zt+1 − z∗t+1∥2

≤
(
1− µgλ

4

)
E[∥zt − z∗t ∥2]−

3

4
E[∥zt+1 − zt∥2]

+
25λσ2

z

6µgBB′ +
20

3

(
Lf1
µg

+
Lf0L

g
2

µ2
g

)
(E[∥xt+1 − xt∥2] + E[∥yt+1 − yt∥2]) (62)

D.2 DETAILED PROOF OF LEMMA 5

Proof. In our algorithm, we have

xt+1 = argmin
x∈Rd1

{
⟨Dt

x,x⟩+ h(x) + Bψt(x,x
t)
}

(63)

where Bψt(x1,x2) = ψ(x1) − ψ(x2) − ⟨∇ψ(x2),x1 − x2⟩. Since Gt = 1
α (x

t+1 − xt), we have
for all t ≥ 1,

⟨Dt
x,Gt⟩ ≥ ρ∥Gt∥2 + 1

α
(h(xt+1)− h(xt)) (64)

where ρ > 0 depends on ρ-strongly convex function ψt(x).

According to Lemma 8, using the above result, we have

F (xt+1)

≤F (xt) + ⟨∇F (xt),xt+1 − xt⟩+ LF
2

∥xt+1 − xt∥2

=F (xt)− α⟨∇F (xt),Gt⟩+ α2LF
2

∥Gt∥2

=F (xt)− α⟨Dt
x,Gt⟩+ α⟨Dt

x −∇F (xt),Gt⟩+ α2LF
2

∥Gt∥2
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≤F (xt)− αρ∥Gt∥2 − h(xt+1) + h(xt) + α⟨Dt
x −∇F (xt),Gt⟩+ α2LF

2
∥Gt∥2

≤F (xt)− αρ∥Gt∥2 − h(xt+1) + h(xt) + α∥Dt
x −∇F (xt)∥∥Gt∥+ α2LF

2
∥Gt∥2

≤F (xt)− αρ∥Gt∥2 − h(xt+1) + h(xt) +
α

ρ
∥Dt

x −∇F (xt)∥2 + αρ

4
∥Gt∥2 + α2LF

2
∥Gt∥2

≤F (xt) + (
α2LF
2

− 3αρ

4
)∥Gt∥2 − h(xt+1) + h(xt) +

α

ρ
∥Dt

x −∇F (xt)∥2

≤F (xt) + (
α2LF
2

− 3αρ

4
)∥Gt∥2 − h(xt+1) + h(xt) +

2α

ρ
∥Dt

x −∇Fηµ(xt)∥2

+
2α

ρ
∥∇Fηµ(xt)−∇F (xt)∥2

≤F (xt) + (
α2LF
2

− 3αρ

4
)∥Gt∥2 − h(xt+1) + h(xt) +

2α

ρ
∥Dt

x −∇Fηµ(xt)∥2 +
2α

ρ
A

(65)

where the last inequality is due to Proposition 3.1 in (Aghasi & Ghadimi, 2024) and
√
A =

Lf1

√
2Lg

1

µg
(η22d1 + µ2

2d2) +
Lf

1

2 (η1(d1 + 3)
3
2 +

µ2
1

η1
d2d

1
2
1 +

η21
µ1
d1d

1
2
2 + µ1(d2 + 3)

3
2 ).

For ∥Dt
x − ∇Fηµ(xt)∥2, since Dt

x = 1
BB′

∑B
i=1

∑B′

j=1 ∇̄fηµ(xt,yt, zt; ξ̄ti , ūtj , v̄tj) =

∇̂1fη1µ1(x
t,yt; ξti ,u

t
1,j ,v

t
1,j) − ∇̂2

12gη2µ2(x
t,yt; ζti ,u

t
2,j ,v

t
2,j)z

t, ∇̄fηµ(xt,yt, zt) =

∇1fη1µ1(x
t,yt) − ∇2

12gη2µ2(x
t,yt)zt and ∇Fηµ(xt) = ∇1fη1µ1(x

t,y∗
η2µ2

(xt)) −
∇2

12gη2µ2(x
t,y∗

η2µ2
(xt))z∗(xt), we have

∥Dt
x −∇Fηµ(xt)∥2

=2∥ 1

BB′

B∑
i=1

B′∑
j=1

∇̄fηµ(xt,yt, zt; ξ̄ti , ūtj , v̄tj)− ∇̄fηµ(xt,yt, zt)∥2

+ 2∥∇̄fηµ(xt,yt, zt)−∇Fηµ(xt)∥2

=2∥ 1

BB′

B∑
i=1

B′∑
j=1

∇̄fηµ(xt,yt, zt; ξ̄ti , ūtj , v̄tj)− ∇̄fηµ(xt,yt, zt)∥2

+ 2∥∇1fη1µ1
(xt,yt)−∇1fη1µ1

(xt,y∗
η2µ2

(xt))

+∇2
12gη2µ2(x

t,yt)zt −∇2
12gη2µ2(x

t,y∗
η2µ2

(xt))zt

+∇2
12gη2µ2(x

t,y∗
η2µ2

(xt))zt −∇2
12gη2µ2(x

t,y∗
η2µ2

(xt))z∗(xt,yt)

+∇2
12gη2µ2

(xt,y∗
η2µ2

(xt))z∗(xt,yt)−∇2
12gη2µ2

(xt,y∗
η2µ2

(xt))z∗(xt)∥2

≤2∥ 1

BB′

B∑
i=1

B′∑
j=1

∇̄fηµ(xt,yt, zt; ξ̄ti , ūtj , v̄tj)− ∇̄fηµ(xt,yt, zt)∥2

+ 8∥∇1fη1µ1
(xt,yt)−∇1fη1µ1

(xt,y∗
η2µ2

(xt))∥2

+ 8
∥∥(∇2

12gη2µ2
(xt,yt)−∇2

12gη2µ2
(xt,y∗

η2µ2
(xt))

)
zt
∥∥2

+ 8
∥∥∇2

12gη2µ2
(xt,y∗

η2µ2
(xt))(zt − z∗(xt,yt))

∥∥2
+ 8∥∇2

12gη2µ2
(xt,y∗

η2µ2
(xt))(z∗(xt,yt)− z∗(xt))∥2

≤2∥ 1

BB′

B∑
i=1

B′∑
j=1

∇̄fηµ(xt,yt, zt; ξ̄ti , ūtj , v̄tj)− ∇̄fηµ(xt,yt, zt)∥2

+ (8(Lf1 )
2 + 8(Lg2rz)

2)∥yt − y∗
η2µ2

(xt)∥2

+ 8(Lg1)
2
∥∥zt − z∗t

∥∥2
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+ 8(Lg1)
2∥z∗(xt,yt)− z∗(xt)∥2

(66)

For the last term, we have

∥z∗(xt,yt)− z∗(xt)∥2

=∥
[
∇2

22gη2µ2(x
t,yt)

]−1 ∇yfη1µ1(x
t,yt)−

[
∇2

22gη2µ2(x
t,y∗

η2µ2
(xt))

]−1 ∇yfη1µ1(x
t,y∗

η2µ2
(xt))∥2

≤2∥
[
∇2

22gη2µ2
(xt,yt)

]−1
(∇yfη1µ1

(xt,yt)−∇yfη1µ1
(xt,y∗

η2µ2
(xt)))∥2

+ 2
∥∥∥([∇2

22gη2µ2
(xt,yt)

]−1 −
[
∇2

22gη2µ2
(xt,y∗

η2µ2
(xt))

]−1
)
∇yfη1µ1

(xt,y∗
η2µ2

(xt))
∥∥∥2

≤2(Lf1 )
2

µ2
g

∥yt − y∗
η2µ2

(xt))∥2 + 2(Lf0L
g
2)

2

µ4
g

∥yt − y∗
η2µ2

(xt))∥2

≤

(
2(Lf1 )

2

µ2
g

+
2(Lf0L

g
2)

2

µ4
g

)
∥yt − y∗

η2µ2
(xt))∥2 (67)

Combining Eqn (70), Eqn (66) and Eqn (67), we can obtain

F (xt+1)

≤F (xt) + (
α2LF
2

− 3αρ

4
)∥Gt∥2 − h(xt+1) + h(xt)

+
2α

ρ
(2∥ 1

BB′

B∑
i=1

B′∑
j=1

∇̄fηµ(xt,yt, zt; ξ̄ti , ūtj , v̄tj)− ∇̄fηµ(xt,yt, zt)∥2

+ (8(Lf1 )
2 + 8(Lg2rz)

2)∥yt − y∗
η2µ2

(xt)∥2

+ 8(Lg1)
2
∥∥zt − z∗t

∥∥2 + 8(Lg1)
2

(
2(Lf1 )

2

µ2
g

+
2(Lf0L

g
2)

2

µ4
g

)
∥yt − y∗

η2µ2
(xt))∥2) + 2α

ρ
A

=F (xt) + (
α2LF
2

− 3αρ

4
)∥Gt∥2 − h(xt+1) + h(xt)

+
4α

ρ
∥ 1

BB′

B∑
i=1

B′∑
j=1

∇̄fηµ(xt,yt, zt; ξ̄ti , ūtj , v̄tj)− ∇̄fηµ(xt,yt, zt)∥2

+
2α

ρ

(
8(Lf1 )

2 + 8(Lg2rz)
2 + 8(Lg1)

2

(
2(Lf1 )

2

µ2
g

+
2(Lf0L

g
2)

2

µ4
g

))
∥yt − y∗

η2µ2
(xt)∥2

+
16α(Lg1)

2

ρ

∥∥zt − z∗t
∥∥2 + 2α

ρ
A (68)

Then, taking expectation on both sides, we have

F (xt+1)

≤F (xt) + (
α2LF
2

− 3αρ

4
)E[∥Gt∥2]− h(xt+1) + h(xt)

+
2α

ρ

(
8(Lf1 )

2 + 8(Lg2rz)
2 + 8(Lg1)

2

(
2(Lf1 )

2

µ2
g

+
2(Lf0L

g
2)

2

µ4
g

))
E[∥yt − y∗

η2µ2
(xt)∥2]

+
16α(Lg1)

2

ρ
E[
∥∥zt − z∗t

∥∥2] + 2α

ρ
A+

4ασ2
x

ρBB′

≤F (xt)− 3αρ

8
E[∥Gt∥2]− h(xt+1) + h(xt)

+
2α

ρ

(
8(Lf1 )

2 + 8(Lg2rz)
2 + 8(Lg1)

2

(
2(Lf1 )

2

µ2
g

+
2(Lf0L

g
2)

2

µ4
g

))
E[∥yt − y∗

η2µ2
(xt)∥2]
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+
16α(Lg1)

2

ρ
E[
∥∥zt − z∗t

∥∥2] + 2α

ρ
A+

4ασ2
x

ρBB′ (69)

where the last inequality is due to 0 < α ≤ 3ρ
4LF

. Since Φ(xt) = F (xt) + h(xt), we have

Φ(xt+1)

≤Φ(xt)− 3αρ

8
E[∥Gt∥2] + 16α(Lg1)

2

ρ
E[∥zt − z∗t ∥2] +

2α

ρ
A+

4ασ2
x

ρBB′

+
2α

ρ

(
8(Lf1 )

2 + 8(Lg2rz)
2 + 8(Lg1)

2

(
2(Lf1 )

2

µ2
g

+
2(Lf0L

g
2)

2

µ4
g

))
E[∥yt − y∗

η2µ2
(xt)∥2] (70)

D.3 DETAILED PROOF OF LEMMA 6

Proof. Here, we rewrite the rule yt+1 = yt − βτDt
y in our algorithm as yt+1 = yt + τ(ỹt+1 − yt)

and ỹt+1 = yt − βDt
y. Then, using the µg-smoothness of gη2µ2

in Lemma 7, we have

gη2µ2
(xt,y)

≥gη2µ2
(xt,yt) + ⟨∇2gη2µ2

(xt,yt),y − yt⟩+ µg
2
∥y − yt∥2

=gη2µ2(x
t,yt) + ⟨Dt

y,y − ỹt+1⟩+ ⟨∇2gη2µ2(x
t,yt)−Dt

y,y − ỹt+1⟩

+ ⟨∇2gη2µ2
(xt,yt), ỹt+1 − yt⟩+ µg

2
∥y − yt∥2 (71)

Using the Lg2-smoothness of gη2µ2 in Lemma 7, we have

gη2µ2(x
t, ỹt+1) ≤ gη2µ2(x

t,yt) + ⟨∇2gη2µ2(x
t,yt), ỹt+1 − yt⟩+ Lg2

2
∥ỹt+1 − yt∥2. (72)

Then, combining the above inequalities, we can obtain

gη2µ2
(xt,y) ≥gη2µ2

(xt, ỹt+1) + ⟨Dt
y,y − ỹt+1⟩ − Lg2

2
∥ỹt+1 − yt∥2

+ ⟨∇2gη2µ2(x
t,yt)−Dt

y,y − ỹt+1⟩+ µg
2
∥y − yt∥2 (73)

Since ỹt+1 = yt − βDt
y, we have

⟨Dt
y,y − ỹt+1⟩

=
1

β
⟨ỹt+1 − yt, ỹt+1 − y⟩

=
1

β
∥ỹt+1 − yt∥2 + 1

β
⟨ỹt+1 − yt,yt − y⟩. (74)

Thus, we can obtain

gη2µ2
(xt,y)

≥gη2µ2
(xt, ỹt+1) +

1

β
∥ỹt+1 − yt∥2 + 1

β
⟨ỹt+1 − yt,yt − y⟩ − Lg2

2
∥ỹt+1 − yt∥2

+ ⟨∇2gη2µ2
(xt,yt)−Dt

y,y − ỹt+1⟩+ µg
2
∥y − yt∥2. (75)

Then, setting y = y∗
η2µ2

(xt), we have

gη2µ2
(xt,y∗

η2µ2
(xt))

≥gη2µ2
(xt, ỹt+1) +

1

β
∥ỹt+1 − yt∥2 + 1

β
⟨ỹt+1 − yt,yt − y∗

η2µ2
(xt)⟩ − Lg2

2
∥ỹt+1 − yt∥2
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+ ⟨∇2gη2µ2
(xt,yt)−Dt

y,y
∗
η2µ2

(xt)− ỹt+1⟩+ µg
2
∥y∗

η2µ2
(xt)− yt∥2. (76)

Due to the strong convexity of gη2µ2
, we have gη2µ2

(xt,y∗
η2µ2

(xt)) ≤ gη2µ2
(xt, ỹt+1). Therefore,

we can obtain

0 ≥
(
1

β
− Lg2

2

)
∥ỹt+1 − yt∥2 + 1

β
⟨ỹt+1 − yt,yt − y∗

η2µ2
(xt)⟩

+ ⟨∇2gη2µ2
(xt,yt)−Dt

y,y
∗
η2µ2

(xt)− ỹt+1⟩+ µg
2
∥y∗

η2µ2
(xt)− yt∥2. (77)

For ⟨ỹt+1 − yt,yt − y∗
η2µ2

(xt)⟩, we have

⟨ỹt+1 − yt,yt − y∗
η2µ2

(xt)⟩ = 1

2τ
∥yt+1 − y∗

η2µ2
(xt)∥2 − τ

2
∥ỹt+1 − yt∥2 − 1

2τ
∥yt − y∗

η2µ2
(xt)∥2.
(78)

For ⟨∇2gη2µ2(x
t,yt)−Dt

y,y
∗
η2µ2

(xt)− ỹt+1⟩, we have

⟨∇2gη2µ2
(xt,yt)−Dt

y,y
∗
η2µ2

(xt)− ỹt+1⟩
=⟨∇2gη2µ2

(xt,yt)−Dt
y,y

∗
η2µ2

(xt)− yt⟩+ ⟨∇2gη2µ2
(xt,yt)−Dt

y,y
t − ỹt+1⟩

≥ − 2

µg
∥∇2gη2µ2

(xt,yt)−Dt
y∥2 −

µg
4
∥y∗

η2µ2
(xt)− yt∥2 − µg

4
∥yt − ỹt+1∥2 (79)

Using the above inequalities, we have

1

2τβ
∥yt+1 − y∗

η2µ2
(xt)∥2

≤
(
Lg2
2

− 1

2β
+
µg
4

)
∥ỹt+1 − yt∥2 +

(
1

2τβ
− µg

4

)
∥yt − y∗

η2µ2
(xt)∥2

+
2

µg
∥∇2gη2µ2

(xt,yt)−Dt
y∥2

≤
(
3Lg2
4

− 1

2β

)
∥ỹt+1 − yt∥2 +

(
1

2τβ
− µg

4

)
∥yt − y∗

η2µ2
(xt)∥2 + 2

µg
∥∇2gη2µ2(x

t,yt)−Dt
y∥2

≤
(

1

2τβ
− µg

4

)
∥yt − y∗

η2µ2
(xt)∥2 −

(
3

8β
+

1

8β
− 3Lg2

4

)
∥ỹt+1 − yt∥2

+
2

µg
∥∇2gη2µ2(x

t,yt)−Dt
y∥2

≤
(

1

2τβ
− µg

4

)
∥yt − y∗

η2µ2
(xt)∥2 − 3

8β
∥ỹt+1 − yt∥2 + 2

µg
∥∇2gη2µ2

(xt,yt)−Dt
y∥2 (80)

where the first inequality is due to 0 < τ ≤ 1 and the second inequality is due to Lg2 ≥ µg; the last
inequality is due to 0 < β ≤ 1

6Lg
2

. Then, taking expectation on both sides and rearranging the above
inequality, we have

E[∥yt+1 − y∗
η2µ2

(xt)∥2] ≤
(
1− µgτβ

2

)
E[∥yt − y∗

η2µ2
(xt)∥2]− 3τ

4
E[∥ỹt+1 − yt∥2] +

4βτσ2
y

µgBB′

(81)

Next, we decompose the E[∥yt+1 − y∗η2µ2
(xt+1)∥2] as follows:

E[∥yt+1 − y∗η2µ2
(xt+1)∥2]

=E[∥yt+1 − y∗η2µ2
(xt) + y∗η2µ2

(xt)− y∗η2µ2
(xt+1)∥2]

=E[∥yt+1 − y∗η2µ2
(xt)∥2] + 2E[⟨yt+1 − y∗η2µ2

(xt), y∗η2µ2
(xt)− y∗η2µ2

(xt+1)⟩]
+ E[∥y∗η2µ2

(xt)− y∗η2µ2
(xt+1)∥2]
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≤
(
1 +

µgτβ

4

)
E[∥yt+1 − y∗η2µ2

(xt)∥2] +
(
1 +

4

µgτβ

)
L2
y∗
ηµ
E[∥xt − xt+1∥2]

≤
(
1 +

µgτβ

4

)((
1− µgτβ

2

)
E[∥yt − y∗

η2µ2
(xt)∥2]− 3τ

4
E[∥ỹt+1 − yt∥2] +

4βτσ2
y

µgBB′

)

+

(
1 +

4

µgτβ

)
L2
y∗
ηµ
E[∥xt − xt+1∥2]

=

(
1 +

µgτβ

4

)(
1− µgτβ

2

)
E[∥yt − y∗

η2µ2
(xt)∥2]− 3τ

4

(
1 +

µgτβ

4

)
E[∥ỹt+1 − yt∥2]

+

(
1 +

µgτβ

4

)
4τβσ2

y

µgBB′ +

(
1 +

4

µgτβ

)
L2
y∗
ηµ
E[∥xt − xt+1∥2] (82)

where the first inequality is due to Young’s inequality and Lemma 1. Since 0 < β ≤ 1
6Lg

2
and

Lg2 ≥ µg , we have β ≤ 1
6Lg

2
≤ 1

6µg
and τ ≤ 1 ≤ 1

6µgβ
. Then, we have(

1 +
µgτβ

4

)(
1− µgτβ

2

)
=1− µgτβ

2
+
µgτβ

4
− µ2τ2β2

8
≤ 1− µgτβ

4
, (83)

−
(
1 +

µgτβ

4

)
3τ

4
≤− 3τ

4
, (84)(

1 +
µgτβ

4

)
4τβσ2

y

µgBB′ ≤
(
1 +

1

24

)
4τβσ2

y

µgBB′ =
25βτσ2

y

6µgBB′ , (85)(
1 +

4

µgτβ

)
≤ 5

3
. (86)

Therefore, we have

E[∥yt+1 − y∗η2µ2
(xt+1)∥2]

≤
(
1− µgτβ

4

)
E[∥yt − y∗

η2µ2
(xt)∥2]− 3τ

4
E[∥ỹt+1 − yt∥2]

+
25βτσ2

y

6µgBB′ +
5L2

y∗
ηµ

3
E[∥xt − xt+1∥2] (87)

D.4 THE DETAILED PROOF OF THEOREM 1

Proof. According to Lemma 5, we have

Φ(xt+1)− Φ(xt)

≤− 3αρ

8
∥Gt∥2 + 16α(Lg1)

2

ρ

∥∥zt − z∗t
∥∥2 + 2α

ρ
A+

4ασ2
x

ρBB′

+
2α

ρ

(
8(Lf1 )

2 + 8(Lg2rz)
2 + 8(Lg1)

2

(
2(Lf1 )

2

µ2
g

+
2(Lf0L

g
2)

2

µ4
g

))
∥yt − y∗

η2µ2
(xt)∥2

≤− 3αρ

8
∥Gt∥2 + 16α(Lg1)

2

ρ

∥∥zt − z∗t
∥∥2 + 2α

ρ
(A+

2σ2
x

BB′ ) +
2αL̂2

ρ
∥yt − y∗

η2µ2
(xt)∥2 (88)

where L̂2 = 8(Lf1 )
2 + 8(Lg2rz)

2 + 8(Lg1)
2
(

2(Lf
1 )

2

µ2
g

+
2(Lf

0L
g
2)

2

µ4
g

)
. According to Lemma 6, we have

E[∥yt+1 − y∗η2µ2
(xt+1)∥2]− E[∥yt − y∗

η2µ2
(xt)∥2]

≤− µgτβ

4
E[∥yt − y∗

η2µ2
(xt)∥2]− 3τ

4
E[∥ỹt+1 − yt∥2] +

25βτσ2
y

6µgBB′ +
5L2

y∗
ηµ

3
E[∥xt − xt+1∥2]

26



1404
1405
1406
1407
1408
1409
1410
1411
1412
1413
1414
1415
1416
1417
1418
1419
1420
1421
1422
1423
1424
1425
1426
1427
1428
1429
1430
1431
1432
1433
1434
1435
1436
1437
1438
1439
1440
1441
1442
1443
1444
1445
1446
1447
1448
1449
1450
1451
1452
1453
1454
1455
1456
1457

Under review as a conference paper at ICLR 2025

≤− µgτβ

4
E[∥yt − y∗

η2µ2
(xt)∥2]− 3τ

4
E[∥ỹt+1 − yt∥2] +

25βτσ2
y

6µgBB′ +
5L2

y∗
ηµ
α2

3
E[∥Gt∥2] (89)

According to Lemma 4, we have

E[∥zt+1 − z∗t+1∥2]− E[∥zt − z∗t ∥2]

≤− µgλ

4
E[∥zt − z∗t ∥2]−

3

4
E[∥zt+1 − zt∥2]

+
25λσ2

z

6µgBB′ +
20

3

(
Lf1
µg

+
Lf0L

g
2

µ2
g

)
(E[∥xt+1 − xt∥2] + E[∥yt+1 − yt∥2])

≤− µgλ

4
E[∥zt − z∗t ∥2]−

3

4
E[∥zt+1 − zt∥2]

+
25λσ2

z

6µgBB′ +
20L̃2

3
(α2E[∥Gt∥2] + τ2E[∥ỹt+1 − yt∥2]) (90)

where L̃2 =
Lf

1

µg
+

Lf
0L

g
2

µ2
g

.

Then, we define the following Lyapunov function for any t ≥ 1,

Ht = E[Φ(xt)] + E[∥yt − y∗
η2µ2

(xt)∥2] + E[∥zt − z∗t ∥2] (91)

By using the above inequalities, we have

Ht+1 −Ht

≤− 3αρ

8
E[∥Gt∥2] + 16α(Lg1)

2

ρ
E[
∥∥zt − z∗t

∥∥2] + 2α

ρ
(A+

2σ2
x

BB′ ) +
2αL̂2

ρ
E[∥yt − y∗

η2µ2
(xt)∥2]

− µgτβ

4
E[∥yt − y∗

η2µ2
(xt)∥2]− 3τ

4
E[∥ỹt+1 − yt∥2] +

25βτσ2
y

6µgBB′ +
5L2

y∗
ηµ
α2

3
E[∥Gt∥2]

− µgλ

4
E[∥zt − z∗t ∥2]−

3

4
E[∥zt+1 − zt∥2]

+
25λσ2

z

6µgBB′ +
20L̃2

3
(α2E[∥Gt∥2] + τ2E[∥ỹt+1 − yt∥2])

≤−

(
3αρ

8
−

5L2
y∗
ηµ
α2

3
− 20L̃2α2

3

)
E[∥Gt∥2]

+

(
16α(Lg1)

2

ρ
− µgλ

4

)
E[
∥∥zt − z∗t

∥∥2]
+

(
2αL̂2

ρ
− µgτβ

4

)
E[∥yt − y∗

η2µ2
(xt)∥2]

+

(
20L̃2τ2

3
− 3τ

4

)
E[∥ỹt+1 − yt∥2]

+
2α

ρ

(
A+

2σ2
x

BB′

)
+

25βτσ2
y

6µgBB′ +
25λσ2

z

6µgBB′ (92)

Then, setting α ≤ min

{
3ρ

4(5L2
y∗
ηµ

+20L̃2)
,
ρµgβ

8L̂2
,

ρµgλ
64(Lg

1)
2

}
and 0 < τ ≤ 9

80L̃2
, we have

αρ

8
E[∥Gt∥2] ≤Ht −Ht+1 +

2α

ρ

(
A+

2σ2
x

BB′

)
+

25βτσ2
y

6µgBB′ +
25λσ2

z

6µgBB′ (93)

Taking the average over t = 1, · · · , T on both sides of the above inequality, we have

1

T

T∑
t=1

E[∥Gt∥2]
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≤8(H1 −HT+1)

αρT
+

16

ρ2

(
A+

2σ2
x

BB′

)
+

200βτσ2
y

6αρµgBB′ +
200λσ2

z

6αρµgBB′

≤8H1

αρT
+

16

ρ2

(
A+

2σ2
x

BB′

)
+

200βτσ2
y

6αρµgBB′ +
200λσ2

z

6αρµgBB′ (94)
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