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Abstract

Pretrained Transformers can perform in-context learning (ICL) from a few demonstrations, but
this ability can fail sharply when the test distribution differs from pretraining—a common deploy-
ment setting. We study attention temperature as a simple inference-time control for improving ICL
robustness under such shifts. In a high-dimensional linear-regression framework, we analyze a
Transformer with “approximate softmax” attention, which preserves softmax’s normalization and
temperature-dependent selectivity while remaining tractable. We derive a closed-form expression
for the ICL generalization error under distribution shift, and show that it is minimized by an ex-
plicit optimal attention temperature. This characterization yields interpretable guidance by linking
the best temperature to moments of the pre-softmax attention scores, and predicts when tempera-
ture adjustment can recover near Bayes-optimal performance. We validate the theory with exten-
sive simulations, and further demonstrate gains on pretrained LLMs (GPT-2 and Llama2-7B) on
question-answering benchmarks under distribution shift induced by noisy in-context demonstra-
tions. Overall, attention temperature emerges as a principled, lightweight knob for improving the
robustness of ICL in pretrained Transformers.

1. Introduction

Transformers [28] underpin contemporary Al systems, and a key driver of their success is in-context
learning (ICL): adaptation to novel tasks directly from prompts, without gradient updates [4]. ICL
has motivated extensive efforts to understand its mechanisms and scaling behavior [2, 30, 31, 34].
Yet ICL is fragile: even mild distributional shifts between pretraining and downstream tasks can
sharply degrade performance [36], raising practical concerns about robustness and adaptability.

Within softmax self-attention, the attention temperature1 7 > ( rescales the pre-softmax scores,
controlling their variance and hence the selectivity of attention. Although the original Transformer
fixes 7 = /d}, (key dimension) [28], empirical work shows that adjusting 7 can substantially
improve performance across NLP and vision benchmarks [5, 13, 16, 21, 37, 38]. To the best of
our knowledge, however, its role in ICL under distributional shift remains largely unexplored?.

This work — We give a unified theoretical and empirical study of attention temperature for ICL
under distribution shift, in the linear-regression framework that has been productive for analyzing
ICL [9, 36]. Departing from prior work on linear attention, we analyze a Transformer with ap-

1. We distinguish this attention temperature from the LLM sampling temperature [25] that is used to adjust the output
distribution of generative models.
2. Related work is deferred to Appendix A.
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proximate softmax attention — which preserves softmax’s temperature-dependent selectivity while
remaining tractable — and derive a closed-form optimal temperature Top that minimizes the ICL
generalization error. The expression depends explicitly on the type of shift, and setting the tem-
perature T = Top Tecovers near-Bayes-optimal performance in our experiments. We also derive a
moment-ratio heuristic that transfers the insight to standard softmax attention, which we evaluate
on Llama2-7B.

Contributions —
1. We derive, to our knowledge, the first closed-form expression for the optimal attention tem-
perature Top that minimizes the ICL generalization error of a pretrained approximate-softmax
Transformer (Theorems 2-3).

2. We characterize the effect of input-, task-, and noise-distribution shifts on ICL: the model is
invariant to input-mean shifts but sensitive to input-covariance, task, and noise shifts, all of
which 7, partially mitigates.

3. We distill the analysis into a moment-ratio heuristic (9) that extends the optimal-temperature
insight to standard softmax attention, and empirically validate it with Llama2-7B on SCIQ.

Notation — We follow Goodfellow et al. [10] for the notation. The spectral norm of a matrix M
is || M| and the trace is Tr(M ). Matrix entries and slices are denoted by M; ;, M. ;, M ..
2. Setting

We study ICL on linear-regression tasks: from context {(x;, yl)}i;i and query x; € RY, the model
predicts y;, with each pair drawn i.i.d. as

T ~ N (e, ), yi = wha; + ¢, e ~ N(0,02), (1)

with task vector w ~ N (p,, 3,) fixed within a context and varying across tasks. We impose two
assumptions; the first is weaker than the corresponding setup of Zhang et al. [36].

Assumption 1 (Well-behaved data distributions) There exist c1, c2,c3 > 0 such that || pz ||, || fw]|
C1, )\min(zx)a )\min(gw) > co, and )\max(zx)a Amax(zw) <ecs.

Assumption 2 (High-dimensional regime) The context length | and input dimension d diverge
jointly: I, d — oo.

Definition 1 (In-context learning) A model succeeds at ICL if its generalization error nearly
matches that of the Bayes-optimal linear model (Appendix B).

Approximate softmax attention — Following Zhang et al. [36], we encode the context as the
embedding matrix

v Y1 0

whose last column is the query. We then analyze the approximate-softmax attention

(KZ)T(QZ)>

T

E::Z+Vz-s§m\ax< 3)
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Figure 1: Experiments with Transformer (3) on ICL under distribution shifts. Parameters are set
using (52) while the optimal temperature is by Theorem 3. Here, d = 50, m = 5000

(with a new task per sample), o = 0.1, pulr" = ylrein — 0, and Lirein = pirain — 1,

where K, Q, V are key/query/value matrices, 7 is the temperature, and the explicit softmax form is
derived in Appendix C. Unlike linear attention [36], softmax preserves row-wise normalization (so
the model is robust to mean shifts; Remark 4) and mirrors softmax’s temperature behavior (Figure 3;
Appendix D).

Reparametrization and generalization error — With M := K T Q, the prediction 9(Z; V., M) :
Eq41, depends on (V', M) only through their lower blocks:

* * M, =
ool ) ome )
Vo1 V22 my %

where the entries marked * are irrelevant for predicting ;. The ICL (generalization) error is
GV, M) :=Ez e [y — 9(Z;V,M))?] )

evaluated on a test distribution D' whose task vectors were not seen during training.

3. Theoretical results

We characterize the ICL generalization error of the Transformer model (3) and identify the temper-
ature that minimizes it. Throughout, Assumptions 1-2 are in force, together with a boundedness
condition on the pretrained (M, V') (Assumption 3, Appendix G).

Theorem 2 (Generalization error for ICL) Ar test time, let the input, task, and noise distribu-
tions be N'(pz, 2), N (o, o), and N'(0,02); let A == 2, + pop) and B := Ty, + prpps,),
denote the corresponding second-moment matrices. Then

1 1
G(V,.M) = — Tr(AM{, Fi M) — - Tr(A(FoMi, + M, FY)) + Te(AB) + o, (6)

where Fy, Fy depend on (V,X,,X,,0%); their explicit forms and the proof (via Isserlis’ theo-
rem [12]) are in Appendix G.
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The temperature enters G as 1/72 and 1/7, so a single scalar adjustment can rebalance both
terms. Minimizing G over 7 yields:

Theorem 3 (Optimal attention temperature) The generalization error is minimized at

2Tr(AMY, Fi M)

opt — ’ 7
" T(A(FM, + ML) 7

provided both traces are positive (Appendix I).

When 7o # 1, an unadjusted temperature is suboptimal. Without distribution shift, the Trans-
former with the pretrained parameters (Proposition 5 in Appendix F) emulates the Bayes-optimal
linear model at 7o = 1.

Effect of distribution shift — Under distribution shift (D # DUa")  the pretrained (M, V)
no longer match the test-time data, and three cases arise (Appendix I). (i) Input shift: centering
renders the approximate model invariant to mean shifts, but a covariance mismatch (ZUan £ 3jtest)
drives the resulting estimator away from Bayes-optimality at every [, echoing prior results on linear
attention [36]. (ii) Task shift: ugf‘i“ and zg;ai“ are encoded in M1, v via Proposition 5, but the
model’s dependence on the task distribution decays with [, so task-shift error is most pronounced
at small context lengths. (iii) Noise shift: a mismatch o2, # o2 similarly moves the resulting
estimator away from Bayes-optimality at small [, with the effect vanishing as [ — oo. In the
three sensitive cases (input-covariance, task, and noise shifts), applying 7o, from (7) minimizes the
resulting generalization error and empirically recovers near-Bayes-optimal performance (Figure 1).

Closed form under isotropic shift — Consider isotropic training ; ~ N(0,I), w ~ N (0, I),
e ~ N(0,62) and test ¢; ~ N(0,al), w ~ N(0,bI), ¢, ~ N(0,0?) with shift parameters
a,b,o > 0. Then (7) reduces to

N 1 02 TI‘(MEMH)
Topt — <a+l<b+ad)> W (8)

In particular, 7,5 — a as [ — oo, since Tr(MﬂMH) / Tr(M7i1) ~ 1 under the training distribu-
tion.

Moment-ratio heuristic— Rewriting (8) in terms of the moments of pre-softmax scores z;r Mz;
(Appendix J) gives, for i # 7,

E[(z] Mz;)?] 1 (02 ) .

ont ~2 = d 9
o N TR TMz] I\D ©)
—_—— T

moment-ratio small-/ correction

The moment-ratio is computable for any softmax attention layer, providing a recipe to transfer the
optimal-temperature insight beyond approximate softmax — in particular, to large language models
(cf. Figure 2).

4. Experimental results

We empirically validate our theory on (i) linear-regression ICL with the approximate-attention
Transformer (3) and GPT-2 [23] (the latter in Appendix K), and (ii) Llama2-7B [27] on SCIQ [32].
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Figure 2: Attention-temperature effect on Llama2-7B [27] ICL on SCIQ [32] under noisy-label
distribution shift [8]. Panel (a) fixes the noisy ratio at 0.6; panel (b) fixes the number
of in-context examples at 6. The dashed black line marks the moment-ratio temperature
(Eq. (9) and Appendix J) derived from Theorem 3. Error bars show one standard deviation
over 12 Monte Carlo runs. The experimental details are deferred to Appendix K.

4.1. Experiments on linear regression tasks

Figure 1 compares the approximate-attention Transformer to the Bayes-optimal linear model on the
linear-regression setup (1). The pretrained model converges to Bayes-optimal as [ grows (panel a)
and recovers Bayes-optimal performance under input-covariance shift once 7op is applied (panel b);
task-shift error decays with [ (panel c). Robustness to label-noise shift is reported in Appendix I
(Figure 4), where temperature adjustment is critical at small [ and 7, increases with noise level.
GPT-2 results (Appendix K) corroborate that the optimal-temperature insight transfers from approx-
imate softmax to a full multi-head softmax Transformer with MLP layers.

4.2. Experiments with LLMs for in-context Q&A

Since Theorem 3’s 7, is specific to approximate softmax attention, we use the moment-ratio heuris-
tic (9) as a transferable proxy for standard softmax. Following Gao et al. [8], we generate SCIQ
ICL tasks with distribution shift induced by noisy labels and evaluate Llama2-7B via exact-match
score (Appendix K). Figure 2 shows that the moment-ratio temperature consistently improves ICL
across context lengths and noise ratios; higher noise ratios push the optimal temperature upward,
matching our theoretical prediction.

5. Conclusion

This work provides a unified theoretical and empirical account of how attention temperature governs
the in-context learning (ICL) performance of pretrained Transformers under distribution shift. Using
a simplified yet expressive framework based on approximate softmax attention, we analytically
show how shifts in input covariance and label noise degrade ICL and derive an optimal temperature
that provably minimizes generalization error. Extensive experiments on synthetic regression tasks,
GPT-2, and Llama-2 validate our predictions, demonstrating that temperature selection is not a mere
heuristic but a principled mechanism for improving robustness. Taken together, our results advance
the theoretical understanding of Transformer behavior under distribution shift and establish attention
temperature as a powerful, practical lever for building more adaptive and generalizable foundation
models.
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Appendix A. Related work

Theory of in-context learning — Simplified Transformer variants—particularly those using lin-
ear attention—have proven useful for gaining analytical insights about ICL [9, 24, 36]. Notably,
Zhang et al. [36] showed that linear Transformers approximate Bayes-optimal inference in linear
regression tasks, even under distribution shift. We build on this line of research but focus explicitly
on the role of the attention temperature. In contrast to Zhang et al. [36], we (i) employ approxi-
mate softmax attention to isolate the effect of temperature, (ii) study how temperature adjustments
can mitigate the impact of distribution shifts, and (iii) derive and empirically evaluate the optimal
temperature for improving ICL performance. These advances extend prior analyses and yield a
deeper theoretical and empirical understanding of how principled temperature selection enhances
the robustness of Transformers under distributional shift.

Linear vs. softmax attention — Although linear attention has gained traction for its compu-
tational efficiency, it typically lags behind softmax-based counterparts in predictive performance,
spurring efforts to narrow this gap [6, 22]. A pivotal advance in this direction is due to Han et al.
[11], who showed that an approximate variant of softmax attention can closely approximate the
performance of standard softmax attention. Building on this insight, we adopt the approximate
softmax formulation, which preserves the essential temperature-dependent behavior of standard at-
tention while enabling tractable theoretical analysis. This choice provides a principled framework
for investigating how attention-temperature selection shapes ICL performance in pretrained Trans-
formers.

Attention temperature — Research on attention temperature remains limited. Velickovi€ et al.
[29] recently proposed an adaptive temperature scheme to sharpen softmax outputs, and several
empirical studies in natural language processing and computer vision [5, 13, 16, 21, 37, 38] sug-
gest that adjusting the attention temperature can enhance Transformer performance. However, these
works do not examine ICL under distributional shift. To our knowledge, no prior study has sys-
tematically analyzed how attention temperature influences ICL in such settings—a gap our work
directly addresses.

ICL by Transformers — The ICL capability of Transformers was first brought to prominence
by [4], leading to a surge of empirical and theoretical investigations. Several works have demon-
strated that ICL performance improves with model scale [19, 26, 31], underscoring its importance
in modern Al systems. To better understand this phenomenon, synthetic tasks such as linear regres-
sion have served as controlled testbeds for analyzing ICL in Transformers [9, 24, 36]. A prevailing
hypothesis in recent theoretical work is that Transformers implicitly learn algorithms during pre-
training, which they subsequently execute during inference [1-3, 7, 14, 15, 18, 20, 30, 36]. There
remains ongoing debate over the precise nature of these learned procedures. However, our work
focuses on a fundamentally different question, which is how attention temperature affects the ICL
performance of pretrained Transformers under distribution shifts.

10
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Appendix B. Derivation of Bayes-optimal ridge estimator for w

We derive the Bayes-optimal ridge estimator for w given a set of context samples. We place a
Gaussian prior on w, assumed to be a random vector w ~ N (g, Xg) with prior mean g and
covariance . Let the observed (centered) inputs and labels be

X = [a_:l,"'ail—l]T> g: [ﬂ1,---,175_1]T,

and assume i.i.d. Gaussian noise ¢; ~ N'(0, 02). The likelihood of ¥ given w is

-1 ) _
_ = 1 (i — wl'E;)?
p(y | X,'LU) - P \/We p|:_ 20_2 :| (10)
1 _ _
xexp| (0 - Xu) (- X)) (1)

where o< denotes proportionality.
By Bayes’ rule, the posterior of w is proportional to the product of likelihood and prior:

plw | g, X) xp(y | X, w)p(w). (12)

Substituting the Gaussian prior yields

L~ Xw)" (g Xuw)| exp| — £ (w — o) S5 w — o). (13)

p(w |y, X) o< exp 552 2

To determine the form of the posterior distribution, we complete the square in the exponent by
collecting all terms involving w. Expanding the exponent in the joint expression from above, we
obtain:

| TS - 1 _ _ _
552 (yTy — 29T Xw + 'wTXTXw) —-3 ('wTZ]O lw — QMOTEO Lw + ngo 1u0) . (14

Grouping the quadratic and linear terms in w, we arrive at:

1 XTX X7y
_§wT ( — + 201> w+w! <02y + 201u0) + terms independent of w. (15)
Defining the posterior precision and linear coefficient terms as E;l = XUTQX + 3 Yand b =
XU T237 + 3 ! 1o, the exponent can be rewritten as
1 1
—§wTEZ_1w +wly = —i(w - ;J,I)TEI_I(UJ — ;) + const, (16)

where p; = 33;b; denotes the posterior mean. Expanding this expression gives:
XX 0\ (X"
(o) (o)

Hence, the posterior distribution of w given the observed data is Gaussian:

w|y, X ~ N, %), (18)

11
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where p; is the posterior mean and 3; is the posterior covariance matrix.
Under squared-error loss, the Bayes-optimal estimator coincides with the posterior mean, yield-
ing the Bayes-optimal ridge estimator:

R - XTX N1/ XTy _
wRidge:E[w\y,X]:m:< - +201> (02 +201u0). (19)

This expression provides the Bayes-optimal ridge estimate of w under a Gaussian prior and
additive Gaussian noise—minimizing expected squared error with respect to the posterior.

Appendix C. Derivation of approximate softmax
The function softmax : R! — R! is defined component-wise as
e

Eé‘:l e

To obtain an approximation, we expand around the origin z = 0 using a first-order Taylor series:

softmax(z); := Vie{l,...,l}. (20)

softmax(z) ~ softmax(0) + Jsoftmax(0)z, 21

where Jyofimax (0) is the Jacobian matrix of the softmax function evaluated at z = 0.
We first compute the zeroth-order term:

e0

1

Next, we evaluate the Jacobian entries at z = O:

Jsoftmax (0);; = softmax(0); (1 — softmax(0);) = P Vi, (23)
1 .,
Jsoftmax (0)i; = —softmax(0); - softmax(0); = o Vi # j. 24)
This yields the compact matrix form:

1 1
ootmax(0) = 71 — ﬁuT. (25)

Substituting back, we obtain the approximate softmax:

1 1 1
softmax(z) ~ 71 + <ZI — l211T) z, (26)
1 1< 1
j=1

= softmax(z). (28)

This derivation yields the approximate softmax attention formulation in (3). From a practical
standpoint, approximate softmax attention mechanisms have been empirically evaluated and shown
to achieve performance comparable to standard softmax attention [11].

12
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Figure 3: Comparison of temperature effects in softmax, approximate softmax, and linear (with
temperature scaling) cases. We consider an input vector & € R! whose histogram is
illustrated on the left-most plot. Rest of the plots illustrates histograms of the elements
of softmax(x/7), approximation scﬁm\ax(m /7) derived in Appendix C and x/(I7) from
left to right, respectively.

Appendix D. Temperature effects for softmax and approximate softmax

In contrast to linear attention [36], Z + %VZ (KZ)T(Q2Z), the approximate softmax formulation
in (3) explicitly preserves normalization, which is essential for both interpretability and robustness.
This difference is described in the following remark.

Remark 4 (Linear vs. approximate softmax attention) Approximate softmax attention maintains
row-wise normalization, making it inherently more robust to shifts in input means — a critical fail-
ure mode of linear attention in ICL.

The temperature parameter in softmax directly controls the variance of the output distribution.
At higher temperatures, the variance across components decreases, and in the limit 7 — oo, all
elements converge to 1/ with zero variance. Conversely, lower temperatures increase variance, and
as 7 — 0T, the output approaches a one-hot vector, achieving maximal variance.

In the approximate case, temperature similarly acts as an inverse scaling of the variance of the
output components, capturing the limit 7 — oo (all elements equal to 1/1). For 7 — 0T, approxi-
mate softmax also reflects the maximal variance, but it does not produce a true one-hot distribution.
Thus, approximate softmax closely mirrors the temperature behavior of softmax, except in the de-
generate limit 7 — 0™, which is not of practical relevance in this work.

To further illustrate these effects, Figure 3 compares softmax and approximate softmax across
different temperatures. The figure demonstrates that approximate softmax faithfully captures the
variance effect of temperature: the variance of the output components is inversely proportional to
7. Moreover, as 7 — 00, both softmax and approximate softmax concentrate around 1/, whereas
linear attention with temperature scaling does not. Overall, the output distributions of softmax
and approximate softmax are highly similar, except at very small values of 7, where approximate
softmax may yield negative components while softmax tends toward sparsity with many zeros. By
contrast, linear attention with temperature scaling produces qualitatively different distributions. This
comparison highlights the advantage of approximate softmax as a faithful surrogate for analyzing
temperature effects relevant to softmax.

13
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Appendix E. Expanded form of approximate softmax attention

Using block matrix notation, the prediction from the approximate softmax attention model can be
expanded as:

Z;(Z, Vv M) = Ad+l,l7 (29)
1 KZ2)T(QZ. 1~ (KZ.)T(QZ.
l T l = T
1 ZTMZ., 1<~ (Z.,)"MZ.,
:7[1;{1 V92| Z — —lZl 2 —+1], (31)
J:
1 X y|lM[zI 07 1 x!l g Mz 0]
_7[,‘)%‘1 v22”X y]T [ y} [ l ] = [ 7 y] [ l ] +1 7 (32)
! T [ 4 T
7j=1
_ 17 (1 T My x| 1 a1
= {oh )X o7 (21X - 18Ty 1] [0 T 0 1), o
1 1 1
= 7[’051 va2][ X y]” <7_ (X —1s]) Myjz; + - (y — sy1) mg @ + 1> , (34)
1 1 1
=7 ('UZTlXT + UggyT) (7’ (X — 185) Mz, + - (y — sy1) mQTla:l + 1> , 35)
1 XTx Tx
== (vQTl (l — sxsg) + o9 (y T sysg>> M x;,
1 XT T
+ =~ <v2Tl <ly - sysx> + v92 (yl'y — si)) mQTlacl + vglsx +v228y, (36)
1 1
= ; (vglcxx + 022031:;;) Mz, + ; (vglcxy + '022ny) mglxl + 'Uglsa: + U225y, (37)
1
= — ((v31Crw + v22CY)) My + (03, Cay +v22Cyy) M) 1 + 05180 + vm2sy, (38)

where the summary statistics are defined as:

1 l 1 -1
Sz ::721132'7 Sy :72%7
=1 i=1

1 ! 1 -1
o T T o o 2 2
Crr = 7 E T;T; — SzSy, Cyy = 7 E YiTi — SySz, Cyy = ~ E Yi — Sy
i=1 i=1 j

Then, we define
wAtt(Cxxa nya ny; M, V) = Mlji (C:cxv21 + UZQC:(:y) + (’UQTley + 7}22ny) may, (39)
bat(8z, 5y V) = 3185 + U228y, (40)

which allows us to write

. 1,
9(Z;V,M) = ;wAtt(Cm,Cmy,ny;M, V) 2+ ba(se, 5 V). 41)

14
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Appendix F. Derivation of the pretraining for ICL by mimicking the Bayes-optimal
estimator

Here, we derive the pretraining of the approximate softmax attention model by mimicking the
Bayes-optimal ridge estimator (Appendix B). The prediction of the approximate softmax attention
model can be written as

. 1.
y(Z; Vv, M) = ;wAtt(Cx:Jca Czya ny; M, V)Tml + bAtt(S:ra Sy; V)a (42)

which is derived in Appendix E. Furthermore, the Bayes-optimal ridge regression model’s predic-
tion is

- _ T

yBayes - wBayeswl' (43)
Therefore, we select the parameters M and V' such that

wAtt(Cxxy C:):ya ny; M7 V) ~ wBayeSa bAtt(va Sy; V) ~ 0, (44)

which makes the prediction of the approximate softmax attention model approximately equal to that
of the Bayes-optimal regression. Furthermore, we consider 7 = 1 for the pretraining. Let’s first
focus on WAy (Chryy Cry, Cyy; M, V') as follows

wAtt(C.Z’Z‘7 ny7 ny§ M, V)

= (M} (Cpyva1 + v92C0y) + (v1Cuy + v220,) may) (45)
XTX X7y XTg T
= <M1T1 ( ;U U y) + <v§1ly + U22yly> m21> : (46)

To reach the last line, we use the fact that Cy, := X7 X /I — 8,87 = X" X /I, Cyy := XTy/l -
SySy = X7Tg/l and Cyy = yTy/l, where X :== X — sl and g := y — sy denote centered input
matrix and centered label vector. Now, recall that the Bayes-optimal ridge estimator is

A XTX Xy
WPBayes = < + Zw1> < O_2y + Ewllj’w> ) (47)

o2

as derived in Appendix B. Looking at equations (47) and (46) together, we can see that setting the
parameters as follows would make w a4t = W payes hold

I (XTX )\ o2 (XTX\ 7' _
M11:a2< +X 1) ) U21:< > S, mor =0, wy =1

o2 w l l
(48)

However, while Bayes-optimal estimator wpgyes is different for each sample, the attention model
should be pretrained and fixed. Thus, we replace X7 X in (48) with XTX /m as follows, where
X € R"™*4 s the centred input matrix including all the (pre)training data consisting of m/ samples.

L (xTX o2 (XTX\ 7,
MH:? — + 3, , v = Yo Bw, m21 =0, vy =1

mo n ml
(49)
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In practice, the variance of noise 0?2, the mean Ly, and covariance 3, of the task vectors are
unknown. Yet, we can use their estimates based on the (pre)training data.
Now, we can focus on making b (s, sy; V') = 0 hold as follows

batt(Sz, 553 V) = 3, 85 + v225y, (50)

where s, and s, are based on data so we have no control over them. Instead, by using Assumptions
1 and 2, we can choose v2; and va2 such that b4y — 0 as I, d — co. Note that Assumption 1 makes
'UQTl 8z + v225, bounded with high probability for vo; and voo given in (49). Therefore, multiplying
Va1, V22 given in (49) with 1/d would make b4y — 0 as d — oo. To fix the impact of the multiplica-
tion for w 44, we can multiply M7; with d as well. So, by applying the mentioned multiplications,
we reach the following pretrained parameters mimicking the Bayes-optimal regression model

a (xtx N\ o2 (XTX\
Mll — —F + E; ) V21 217) Huw, mo1 = 05 V22 =

SHN

T o2\ mo? — ml

—~
9]

1)
We summarize the resulting pretrained-parameters configuration as the following proposition.
Proposition 5 (Pretrained parameters) When the temperature parameter is set to T = 1 dur-

ing pretraining, the following parameter configuration approximates the Bayes-optimal estimator
(Appendix B):

. n -1
XTX o2 __
My, =d ( -y + ; Ew1> ,  mo; =0, (52)
e (XX 1
V21 = dl mi w MHw, V22 = d’

where X € R"™>4 s the centered input matrix formed from ml samples of x. This configuration
aligns our model with Bayes-optimal ridge regression. The quantities ji,, and 3., can be estimated
from the pretraining data.

Remark 6 While the pretrained parameters specified in Proposition 5 are not guaranteed to be
optimal in all settings, they are analytically useful for examining the effects of distribution shifts.

Based on Proposition 5, we arrive at the following:

Corollary 7 Suppose there is no distribution shift between training and inference. Then, under the
parameter configuration of Proposition 5, the Transformer model (3) emulates the Bayes-optimal
linear model, implying that it is capable of in-context learning according to Definition 1.

Appendix G. Characterization of generalization error for ICL under distribution
shift

We first state the boundedness assumption on the pretrained parameters used throughout Theorems 2
and 3, and give the explicit forms of the matrices appearing in those statements.
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Assumption 3 There exists a constant ¢ > 0 such that

IMu]| < cd,Jlman =0, fon]l < 5, fonl < 5
The matrices A, B, F, F», B appearing in Theorem 2 and Theorem 3 are defined as
A=, + papy,  Bi= Ty + pupy, (53)
Fy = (zZB n % (v§202 n T&«(Bz:x)) I> 3., (54)
Py = (pyv3, +v22B) 3, (55
B:= vgguwfu;‘q + vggvglug + USQB. (56)

Here, we characterize the generalization error for in-context learning under distribution shift,
given that M and V are pretrained and fixed. So, the impact of pretraining distribution D%
is captured by M and V. Suppose that D'*! denotes the test distribution. To avoid additional
notations, here, we again use iy, ty, 2z, 2w, o2 to denote means and covariances for input and
task vectors and noise variance for the inference (test). However, note that these can be different
from those used for pretraining. We begin studying the generalization error defined in (5) as follows

G(V, M) i= Bz yprest [(1 = 9(2Z5 V. M))?] (57)

1 A 2
= IE(Z,yl)rvl)t”t [(TwAtt(Cxan ny; ny; M: V)Twl + bAtt(Sara Sy; V) - yl) ] y (58)

1 T 2
= E(Zvyl)NDtest [(T (Mﬂ (C'mvgl + UQQny)) T — yl> ] , (59)

where we use the parameters from pretraining (51) together with Assumptions 1 and 2 to reach the
last line. Then,

1 T 2
G(V,M) = E(zy,)~prest !(T (MY} (Crava1 +v22C4y))” @ — yl) ] : (60)
- T 2
1 1 o 1 _
=E ; Ml:q 7 Z ac,'ac;frvgl + ngj Z asz(a:;rw + EZ') x; — ’wal — € ,
i<l i<l—1
(61)
- T 2
1 1 o 1 o
=K - Mﬂ 7 Z ZBZ‘:DZT’Um + 0227 Z mz(szw +€) T — wTa:l + o2
1<l i<l—1
(62)
where x; := x; — S; = x; — %Zigl x; and we use ¢ ~ N(0, 02) to reach the final line. We

continue by defining

1 1 _ 1 o
Waiff = ;MlTl 7 E 331'33%721 + 12227 E ﬂlz(mfw +¢€) | —w, (63)
i<l—1 i<i—1
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which allows us to write

g(V?M) =E [(wzl;ffwl)z} +O'2, (64)
= E (w1 Bay [i2] Jwaigs] + 02, (65)
=E [wgiff (qug +2,) waifs| + 07, (66)

by the law of total expectation since wy; s is independent of x;. Note that when writing (64), we
safely ignore terms with (1/ l)i:lile'vgl in (62) since they vanish as [ — oo by Assumptions 1-2 and
3. Letting A := p pul + 3., we write

G(V, M) =E [wj;;Awaiss] + 02, (67)
= E [Tr (wi; s Awaigr)] + 0%, (68)
=E [Tr (Awairswiigs)] + 0%, (69)
= Tr (AE[wgifjwy;;f]) + 02, (70)

where we first apply the cyclic property of trace and then use the linearity of expectation and trace to
reach the last line. Now, we need to calculate E[wg; s ¢ 'wgi f f], for which we first take the expectation
over w. To do so, we rewrite wg; 7 ¢ as

1 1 _ 1 _ V22 1 -
Wyiff = ;Mﬂ 7 Z T2 v +11227 Z T | + TMlle Z zixl — 1| w,

i<l—1 i<l—1 i<l—1
4 D
(71)
=e+ Dw, (72)
where we define
1. (1 _ 7 1 _
e = ;Mll 7 Z x;x; vo1 + U227 Z Zi€ |, (73)
i<l—1 i<l—1
D= [2prl S zal 1. (74)
T [ v
i<l—1
Since e and D are independent of w, we can easily calculate E,, [wg; ¥ fwgl; ¥ f] as follows
E [Euw[waiffwy;zs]] = E [Ew|(e + Dw)(e + Dw)"]] (75)
=E[ee’]| + E [ep D'] + E [Dpye’] +E [D(p.pl + ,)DT], (76)
—E [ee”] +E [Duye’]" +E [Dp,e’| +E[DBDT], (77)

where we first apply the law of total expectation, then take the expectation over w and finally, we
define B := p,ul + X, to reach the last line. Note that p,, and B are fixed while e and D are
random in the last line. Therefore, we are required to calculate the three expectations that appeared
in (77).

Before getting into the calculations of the aforementioned expectations, we provide the follow-
ing lemma that is useful for the calculation of the expectations.
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Lemma8 Let & ~ N(0,X), where & € R% Let &; be | — 1 independent samples of & for
i =1,...,1 — 1. Furthermore, let A be a fixed d x d matrix. Then, the following holds

1 _ 1 o -1 1 1
E |7 'Z zz! | A ] 'Z zz! || = TzAz: + 7z:ATE + 7Tr(Az:)z:. (78)
i<l—1 i<l—1
Proof This is proven by using Isserlis’ theorem [12] in Appendix H. |

Note that our inputs &; are centered, i.e., &; = x; — % Zz‘g ; i, so their distribution is (0, X;) as
I — oo. Therefore, Lemma 8 is directly applicable in our setting.
Next, we start the calculations of the expectations in (77) with E [eeT] as follows

1 1 1
E [ee’] = ﬁMﬂE 7 Z T, T, V21 +u2g Z Ti€;

i<l—1 i<l—1
1 T~ =T 1 _T
7 > vhEE, + vy Y ale || M, (79)
i<l—1 i<i—1
1 1 1
= 2M111 E 7 37374377?1]21 7 Z Vo1 i,
i<l—1 i<l—1
_ 1 _T
+ | v22— Z Ti€; v227 T; € My, (80)
i<l-1 i<l—1
1. 7 1 o s [1 o 5 02 _
i<l—1 i<i—1 i<i—1
(81)
1 1 a?(1—1
= ﬁMﬂ <Ea:’021’02T12x + 7Tr ('021'05129:) Y, + U§2(12)2x) My, (82)
1 o2
= ﬁMﬂ <v§212$> M, (83)

where we first use the independence of the random variables and ¢; ~ A(0,0?) to simplify the
equation. Then, we apply Lemma 8 and use the fact that IE[:TJ@;[] = 3, to get the penultimate line.
Finally, we drop the vanishing terms and simplify the result using Assumptions 1-2 and 3 in order
to reach the last line.
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We continue with the calculation of E [Dp.,,e”] as

E [D,uweT]
1 V22 1 _ 1 _ 1 _
= ;E — M, mlsz — 1| pw 7 Z U%%%‘T*‘sz wiTéi
i i<l—1 i<l—1 i<l—1
1
=-FE Y22 171[ Z T; 33 - T Hw Z vglm@wT Mll)
T i i<l—1 z<l 1
1 v99 1 o
= — MljiE 7 Z acza:ZT w'U21 Z xz Mll
T i<l—1 1<z 1
- Mw’UleE l Z wz M117
i<l—1
= (T S S TS+ LT (o] ) S, | M
- 11 MUy 24z I 2z V21 oy 2ax I ' HyyVo1 24 x 11
11-1
- ;T“wvmzmMﬂv
Y NP i R e Ts Vs, ) My — > pgol S, M
= oM aMwV1 24g + I Y(vam x) x 11 THw”Ql zVl11,

M117

(84)

(85)

(86)

&7

(88)

where we again first use the independence of the random variables and ¢; ~ A(0,c?). Then, we
apply basic algebraic manipulations To reach the penultimate line, we utilize Lemma 8 together

with the fact that E[z;&] ] =

20
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Finally, we calculate E [DBD?] as follows

E [DBD']
v 1 o vgo 1 o
—E %Mﬂ7 S @al -1|B %7 S @@l My -1, (89)
L i<l-1 i<l—1
v o vz 1 _
=E 22\ Hl sz T %T Zmlszn
L i<l—1 i<l—1
E UQQMT 1 _ -7 E|B v 1 - =T
_ Z ] - =7 > xa My ||+B,  (90)
z<l 1 i<i—1
Y22 1 = =T
— MllE Z ml 7 wlwi Mll
z<l 1 i<l—1
v v 1
- % IE Z zz! || B - %BE 7 > za] || My + B, (91)
7,<l 1 i<l-1
-1
T
l
— @TBE M + B, (92)
=
1
- %Mﬂ <z:szx + 7 Tr(B,) zz> My, — 2 2 M\ 2.8 - @Bz My + B, (93)

where we first do basic algebraic manipulations. Then, we use Lemma 8 and E[:Ela’c;f] = 3, to get
the penultimate line. For the final line, we utilize [ — co by Assumption 2.
Putting the found expectation results into (77), we get

E [Ewlwaisswhy]] = E [ee”] + E [Dpye”]” +E [Dpye”] + E[DBDT], (94
1 1 1

= M} FiM, — ~F,M, + -M{F} + B. 95)
T2 T T

where matrices Fj and F5 are defined as
1
F = v22 l Z + V92 (Exuw'vQTlZm + jTr (;vaQTlEx) 2;,;) (96)
1 T 1
+ v <EmuwvalE$ + 7 Tr (B3 2) z:z) + 03, (zszz:m + 7 Tr (BX,) z:m) ,

1 .
(2 B+ (1)22 4T (Bzx)> I> > 97)
Fy = p,v 2, + v99BE, = (yvay +v22B)X,, (98)

with B := vgg,uwvgl + vggvglug + v%QB.
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Going back to generalization error in (70), we have
Q(V,M) =Tr (AE[wdifwal;‘ff]) —|-0'2, (99)

1 1 1
=Tr <A (TQMlelMH - ;FQMH + ;MEFQT + B>> + 02, (100)

where F} = (Z B +7 (”U%Qaz + Tr (BZ )) I> ¥, and ) = (uw'vgl + v99B)3,. Further-

more, Bis defined as B := ’UQQHw’U21 + 1)22'021;1,“, + ’UQQB

Appendix H. Proof of Lemma 8

We first restate the lemma as follows.
Let £ ~ N(0,X), where & € R?. Let Z; be | independent samples of & fori = 1,...,1. Let A
be a fixed d x d matrix. Then, the following holds

1 _ _T 1 _ _T 1 T 1
E||7 me Al Z 7] || =TAT+TATT 4+ STH(AD). (101)
i<l 1<l
Proof Let S, = %E T;T zT First, note that B[z, &; T = S since &; ~ N(0,2).
Thus, E[S,] = 1 ! E[#@]] = 1 3| 3 = 5. We have
S:AS, = szzm Az;z! (102)
=1 j=1
Taking the expectation, we get
1l
E[S,AS,] = > ) Elziz] Az;z] ) (103)
i=1 j=1

Elzz] Az;z]] = Elza] |AE[z;2] ] = ZAX (104)
When ¢ = j,
Elz;z] Az;z]| = Ejzz’ AzzT] (105)
Let & = [x1,%2,...,24)". Then, from Isserlis’ theorem [12], we have
Elzizjzpa)] = 325 + ZipXj + XX (106)

Let A = [a;;]. Then, 27 Az = >_ij aijrixj. Thus, we reach

zz' Azz” = zx” Z T, (107)
2%
Elz;z] Az;z]] = Tr(AX)Z + TAX + TATS. (108)
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There are [ terms in the double sum. [ terms are of the form E[ic@fAi:@lT] and 12 — [ terms are
of the form X AX. Therefore, we can write

R[S, AS,] = llz[l(Tr(AE)Z +TAT + ZATE) + (1 - 1)2AY, (109)

= %(Tr(AZ)E +TAT +2ATS) + Z_leAz, (110)

=3AY + %ZATZJ + %Tr(AE)E, (111)

which completes the proof. |

Appendix I. Analysis of optimal temperature for ICL under distribution shift
Here, we find the optimal temperature minimizing the generalization error. First, recall that we have
the following generalization error.

1 1
G(V, M) = 5Tr (AM{,F M) — —Tr (A (F2M1 + ML F)) + Tr (AB) + 0%, (112)

as specified in Theorem 2. So, we can express the generalization error as,

Grv.my =2 Vi, (113)

T2 T

where a = Tr (AMﬂFlMll), b= Tr (A (F2M11 +M1T1F2T)), and ¢ = Tr(AB) + o2
Therefore, we have the following optimization problem

Topt := argmin G(7; V', M), (114)
b
:argmin{GQ——f—c}. (115)
r T T

To find the optimal value of 7 that minimizes the given function, we can take the derivative of
the expression with respect to 7 and set it to zero. From now on, we consider generalization error
as a function of 7, written as G(7).

Next, find the derivative of G(7) with respect to 7 as

G'(1) = —2ar° + br 2. (116)
To find the critical points, set G'(7) = 0 as follows
G(r)=—2ar3+br % =0, (117)
Solving this equation for 7, we reach the following critical point

2a
= —. 11
T=7 (118)

Now, we need to check if this is a minimum by taking the second derivative, which is

G"(t) = 6ar—* — 2b773. (119)
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Evaluate G”(7) at 7 = 22 as follows

(20 g (20) g (20) 7 Cea (B o () 2 ¥
g (b = 6a 5 2b 5 = 6a T6aA 2b 53 ) = 38 (120)

. 4 ) . ..
Since a,b > 0, we reach G” (27“) = 8% > 0, which means the function has a minimum at 7 = %a.

Therefore, 7op = %‘1 is the solution minimizing the generalization error G(7). Writing a, b back
into the optimal solution, we get

. 2Tr (AMﬂFlMH)
P T Ty (A (FyMyy + ML F]))

(121)
which concludes our derivation of the optimal temperature 7.

I.1. Effect of distribution shift

In this section, we explore scenarios where D!t £ Dre" indicating a shift in the input, task,
or noise distribution after pretraining the model. We consider three cases: (1) a shift in the input
distribution (altered mean or covariance), (2) a shift in the task distribution, and (3) a change in the
noise levels.

Pretraining for explaining distribution shift effects — To streamline our explanations below,
for pretraining, we optimize the parameters V' and M using m samples of (Z,y;) drawn from
the distribution D", where each Z contains [ — 1 (x,y) pairs intended for ICL. Building upon
prior work that connects ICL in linear regression to the Bayes-optimal ridge estimator [24, 36], we
configure M and V' to emulate Bayes-optimal ridge regression (see Proposition 5).

Since the pretrained model succeeds in ICL for D! = D!"%" e next investigate how distri-
bution shifts affect its ICL performance.

ICL under distribution shift — To evaluate the impact of these distribution shifts on ICL perfor-
mance, we assess whether adjustments to M and/or V' are necessary to match the Bayes-optimal
linear model under the new distribution. If so, the model is considered sensitive to the shift. Other-
wise, it is deemed robust.

Case I: Shift in input distribution — Recall that inputs are drawn as x; ~ N (u, X,), as
defined in (1). Let plram 3train gnd plest 33test denote the input means and covariances for pre-

training and testing, respectively. We consider two subcases:

(i) Mean shift (ufr@m = ptest): Centering renders the approximate model invariant to mean shifts,
but the uncentered linear attention model remains sensitive, as noted in Remark 4.
(i1) Covariance shift (Etx’”am #+ ng“): Since M7 is fitted to the pretraining covariance, a mismatch

drives the estimator away from Bayes-optimality, echoing prior results on linear attention [36].

Case II: Shift in task distribution — The task vectors follow w ~ N (., 3y,). Let pfrain sitrain
and p!est 3¢5t be the mean and covariance of the task distribution during pretraining and testing,
respectively. The Transformer model can incorporate p{7%" and 34" via the pretrained param-
eters M1 and vy (see Proposition 5). However, as the context length [ increases, the model’s
dependence on the task distribution diminishes. Thus, shifts in the task distribution primarily affect

ICL performance for small /.
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Figure 4: Effect of noise shift on Transformer (3). The pretraining noise is oyyqi, = 0.1, while oyeg;
varies across plots. The optimal temperature is set by Theorem 3. This setting matches
Figure 1a, except for changes in test-time noise oyes;.

Case III: Shift in noise distribution — Finally, consider a change in the noise distribution: €; ~
N(0,0?), with 02, ;. and o2, denoting pretraining and testing noise variances. If 02, . # 02,
the parameters M7; and vs; become suboptimal relative to the Bayes-optimal linear model. How-
ever, as with the task distribution, the impact of noise shift diminishes as [ — oo.

Summary — The Transformer model is robust to shifts in input mean but sensitive to input co-
variance changes. Shifts in task or noise distribution reduce ICL performance at small [/, though
increasing [ mitigates these effects.

We further evaluate robustness to label noise in Figure 4. In Figure 4a, we observe that noise
effects diminish as the context length increases, consistent with our theoretical predictions. How-
ever, at small [, temperature adjustment becomes critical. In Figure 4b (for [ = d), the Transformer
increasingly diverges from the Bayes-optimal model as noise grows, yet optimal temperature cor-
rection closes this gap. Figure 4c shows that the optimal temperature increases with noise level,
indicating a principled relationship between noise and temperature under limited context.

Appendix J. An insight driven from optimal temperature for other settings

In this section, we extract a mathematical heuristic from the optimal temperature in Theorem 3 that
can be applied to ICL settings beyond our existing setting involving approximate softmax attention
and regression tasks. Specifically, we consider Transformers employing standard softmax attention.
Recall that the attention temperature scales the pre-softmax scores (K Z) ' (QZ), thereby control-
ling the variance of the final scores. Since the optimal temperature depends on the distribution of
these scores, it can be naturally characterized by the moments of that distribution. Our central intu-
ition is that the optimal temperature identified in Theorem 3 relates directly to the first two moments
of the pre-softmax scores. Although this optimal temperature was derived for approximate softmax
attention, the insight remains relevant for softmax attention because the two mechanisms behave
similarly in the regime considered (see Appendix D).

We now illustrate how the optimal temperature in Theorem 3 can be related to the first two
moments of the pre-softmax scores. For simplicity, we consider the case 1, = tt,, = Mo = 0 and
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3l = I, under which the optimal temperature reduces to

V22 TI‘(ZJ;MHZQCMIEZQJ
3 Tr(2, (B,Mi + M(2]))

(122)

Topt =

We next show how this expression connects to the first two moments of (K Z)"(QZ). Let z;
denote the i-th column of Z from (2) and recall K ' @Q = M. We therefore compute E[z;' M z;]
and E[(2,' M z;)?] fori,j € {1,...,1}. Starting with the first moment for i = j:

Elz Mz = Tr(E[z;z; |M) = Tr(Z, M), (123)
where the block structure (and zero entries) of M is used in the last step. For i # j,
Elz Mz;] = Tr(ME|zz] |) =0, (124)

by independence of z; and z;. For the second moment with i # j:

E[(ziTsz)Q} :E[z:szijMTzi] (125)
- E[mS—Mllmjw;—MlTlmi] (126)
= E,, [;cj M By, [xjx]T]Mﬂxi} (127)
= Eq, [wj M112leTla:i} (128)
= Tr(M1 2, M\ Ey, [z;x]]) (129)
=Tr(M1 =, M| %,), (130)

where we again exploit the block structure of M and apply straightforward manipulations.

We observe a parallel between the numerator of (122) and the computed second moment (for
i # 7), and between the denominator and the first moment (for ¢ = j). This motivates the heuristic
that the optimal temperature should be roughly proportional to the ratio of the second moment (for
1 # j) to the first moment (for ¢ = j). Accordingly, in our LLM experiments (Figure 2), we select
the temperature proportional to this ratio while taking care to avoid numerical issues.

Finally, we note an important caveat: in order to obtain an insight of practical relevance, we in-
tentionally relaxed the rigor applied in our main theoretical results. Consequently, the heuristic de-
rived here—and the accompanying empirical findings—should be viewed as preliminary, intended
to inspire future work on principled selection of attention temperature in practice.

Appendix K. Experimental details and GPT-2 experiments

This section describes our experimental setups for GPT-2 and large language models (LLMs), in-
cluding the motivation for our distribution-shift scenarios.

K.1. GPT-2: Transformer with MLP layers

Building on the approximate-attention experiments, we investigate whether the optimal temperature
also benefits more complex Transformer models on linear regression tasks. We evaluate GPT-2 [23]
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Figure 5: GPT-2 [23] under an input-covariance shift. GPT-2 exemplifies the Transformer architec-
ture [28], combining multi-layer perceptrons with multi-head softmax self-attention. The
model here is pretrained by Garg et al. [9] on the linear regression tasks defined in (1). We
consider a shift from X" = T to X' = 31. The attention temperature at each layer
is scaled as 7v/d}, (where dy, is the key dimension) to ensure dimension-independent 7
values.

under a shift in input covariance (Figure 5). Consistent with prior work [9, 36], such shifts substan-
tially degrade performance and can even induce nonmonotonic generalization error with respect to
context length [. Remarkably, applying the optimal temperature mitigates this nonmonotonicity and
improves in-context generalization.

K.2. Details of the GPT-2 experiments in Figure 5

We use the standard GPT-2 architecture [23] as implemented in HuggingFace [33], leveraging the
pretrained model of Garg et al. [9]. Training data match ours, while their training procedure differs
slightly: the loss is auto-regressive, i.e., the average over the entire context sequence of length
I = 40. We adopt the same embedding method as in Garg et al. [9]. The input dimension is
d = 20, with 12 layers and 8 heads. All GPT-2 experiments run on an NVIDIA Tesla V100 GPU
and complete in approximately 10 minutes.

K.3. Details of the LLM experiments in Figure 2

For our large language model experiments, we employ Llama2-7B [27] and the SCIQ dataset [32],
which contains science questions with supporting information. We generate ICL problems follow-
ing Gao et al. [8], selecting in-context demonstrations using the TopK retrieval technique [17] to
ensure relevance. An example ICL sample from SCIQ appears in Table 1. To simulate distribution
shift, we follow Gao et al. [8] and introduce noisy labels—incorrect but semantically related—to the
in-context demonstrations (Appendix K.4). Table 2 gives an example. The noisy ratio denotes the
fraction of demonstrations with noisy labels (e.g., 0.6 means 60% noisy). We modify and use the
codebase of Gao et al. [8], built on HuggingFace [33] and OpenICL [35]. The attention temperature
at each layer is scaled as 71/dj (where d, is the key dimension) so that the reported 7 values are
dimension-independent. All LLM experiments run on an NVIDIA A40 GPU; a single Monte Carlo
run per plot in Figure 2 takes a few hours.
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K.4. Why in-context demonstrations with noisy labels as an example of distribution shift?

The link between noisy labels in demonstrations and distribution shift may not be immediately ob-
vious. Quantifying pretraining—test shifts for pretrained LLLMs is inherently difficult because their
pretraining data are complex mixtures of sources [27]. However, we hypothesize—following Gao
et al. [8]—that high perplexity can serve as an empirical indicator of distribution shift. Inputs
aligned with the training distribution tend to yield low perplexity (high-confidence generation),
whereas contradictory or out-of-distribution inputs induce high perplexity. Since noisy demonstra-
tions are expected to contradict training-set patterns, they yield high perplexity and thereby act as a
proxy for distribution shift. Consequently, introducing noisy labels into in-context demonstrations
constitutes a principled way to test the robustness of in-context learning under distribution shift.

In-context demonstration 1

Support: Cells are organized into tissues, tissues are organized into organs.
Question: What is considered the smallest unit of the organ?
Answer: Cells

In-context demonstration 2

Support: ... four basic types of tissue: connective, muscle, nervous, and epithelial.
Question: The four basic types of tissue are epithelial, muscle, connective, and what?
Answer: nervous

Test example

Support: All forms of life are built of at least one cell. A cell is the basic unit of life.
Question: What are the smallest structural and functional units of all living organisms?
Output: 7

Table 1: A sample illustration of in-context learning on the SCIQ dataset.
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Setting In-context demonstration

True Label ~ Support: Cells are organized into tissues, tissues are organized into
organs.
Question: What is considered the smallest unit of the organ?
Label: Cells

Noisy Label Support: Cells are organized into tissues, tissues are organized into
organs.
Question: What is considered the smallest unit of the organ?
Label: tissues

Table 2: An example of a true label vs. a relevant but noisy label. A relevant label is related to
the question but is not necessarily true. Therefore, relevant labels can be considered noisy
labels.

Appendix L. Interpretation of the optimal attention temperature: full derivation

To obtain a simplified expression, we consider a simple but representative family of shifts as follows.
The training distributions are

xz; ~N(,I), w~N(0I), ¢~N(0,5%.
We then introduce three independent shift parameters for the test distribution:
x; ~ N(0,al), w ~ N(0,bI), € ~ N(0,0?%),

where a > 0 controls the input variance shift, b > 0 controls the task-parameter variance shift, and

o > 0 controls the noise-variance shift. This setting preserves isotropy, which makes it possible to

derive a clean closed-form expression while still connecting directly to realistic distribution shifts.
Substituting these shifted distributions into the optimal-temperature expression in (7) yields

2Tr (aI MY, (abl + }(0? + abd)I) al M, )

Topt = T (al (abI (M, + M) ’ (13D
. 1 O’2 Tr (MﬂMH)

recovering (8).
This concrete formula makes several effects fully explicit:

e Input shift — Increasing input variance a directly scales 7op upward. This aligns with our earlier
results (Figure 1) and the heuristic derived in Appendix J, which suggests that a greater variance
of pre-softmax scores requires a higher temperature to maintain robustness to input shifts.

* Noise shift — Increasing noise variance o? also increases Topt» but only through the % term, re-
flecting the diminishing effect of noise when more in-context examples are available.
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* Task shift — Increasing task variance b reduces the effect of noise (via o2/b), slightly lowering
the optimal temperature.

* Context length — As | — oo, the % term vanishes, giving a simplified asymptotic rule: 745 —
Tr(M,| M)
Tr(Mi1)
Note that under the considered training distribution, we have Tr(M;| M11)/Tr(M;1) = 1, which
implies that 7ptimal — a as | — oo.

Moment-ratio heuristic — We propose a practical heuristic (derived in Appendix J): the optimal
attention temperature is roughly proportional to the ratio of the second and first moments of pre-
softmax attention scores. The expression in (8) provides further theoretical justification for that
heuristic. Indeed, for some i # j,

Tr (M, ML 1 /o2 Tr (M ML
Topt = CL—r( = 11) + - z +a 41'( = 11) ) (133)
Tr(M11) l b Tr(Mll)
_E[(z/ Mz)’] 1(0* ) T (MuMy,) (134)
]E[ziTMzi] I\ b Tr(My)

where we used the moments calculated in Appendix J to reach the final line. Since Tr(M;| M1;)/Tr(My1) =~
1 for the considered training distribution, this gives the approximation:

E[(z] Mz;)?] 1 (o2
E[z Mz 1 <b+“d)’

moment-ratio correction for small [

(135)

Topt =~

recovering (9). This demonstrates that the moment-ratio heuristic is not an ad-hoc rule, but a theo-
retically grounded approximation of the exact closed-form optimal temperature.

Appendix M. Numerical illustration of the optimal temperature and its
generalization behavior

To complement the analytical reductions in the setting of Section 3, we now present numerical
experiments illustrating how the optimal attention temperature varies under different types of distri-
bution shift. These simulations closely follow the structure predicted by the closed-form expression
in Theorem 3 and its simplified forms in (8) and (9).

Figure 6 shows the optimal temperature as a function of (i) input covariance shift, (ii) task
covariance shift, and (iii) noise-variance shift. In each subplot, a single shift parameter (a, b, or o)
is varied while the others remain fixed. The closed-form optimal temperatures (7) align closely with
the moment-ratio heuristic with correction (9). As anticipated:

* higher input variance a or noise level o increases the optimal temperature, while

* task variance b does not significantly change the optimal temperature.

Figure 7 presents the corresponding generalization errors. These results demonstrate that the
closed-form characterization accurately captures the key dependencies of the optimal temperature
under a range of distribution shifts.
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Optimal temperature under different types of distribution shift. The moment-ratio heuris-
tic (Appendix J) is derived from the closed-form optimal temperature, with its corrected
form given in (9). During training, we use m = 5000 tasks, noise level o?"%" = (.1,
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set plest = plest — 0, Blest — g, Btest = pI, and o'** = 0. In each subplot, exactly
one of a, b, or ¢ is varied, while the other two remain fixed at their training-distribution
values to isolate the effect of a single shift dimension. The dimension and context length

are settod = 50 and [ = 2d.

T T T T T T
®  Transformer ®  Transformer !
N . . ®  Transformer
®  Transformer (Optimal Temperature) k| 10! £ ®  Transformer (Optimal Temperature) 4 10" p ®  Transformer (Optimal Temperature)
. . = X .
Bayes-Optimal Linear Model g Bayes-Optimal Linear Model § Bayes-Optimal Linear Model
4 5 i
g 0 B
— T.hcory ) 1 E:. 10 —= T.heory . % — — Theory
Simulation 5 Simulation ; 100+ Simulation
«**** F =
a4 .- 5
~ S 10!k 5 -8
’’’’’ S 10 3 L i, ALY
- v 3 ¥
pérs
A . L 10-2 ba . L 10-1 L L L
107! 10° 10! 107! 10° 10! 101 100 10!
|| est| [IZtest|| o (noise)

(a) Input  Covariance Shifted (b) Task Covariance Shifted (c) Noise Shifted (%! = o)
(ztxest — aztmrain) (Eguest — bzﬁr]‘azn)

Figure 7: Generalization errors corresponding to Figure 6.
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