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Abstract

We study convergence properties of the discrete-
time Mean-Field Langevin Stochastic Descent-
Ascent (MFL-SDA) algorithm for solving distri-
butional minimax optimization. These problems
arise in various applications, such as zero-sum
games, generative adversarial networks and dis-
tributionally robust learning. Despite the signifi-
cance of MFL-SDA in these contexts, the discrete-
time convergence rate remains underexplored. To
address this gap, we establish a last-iterate conver-
gence rate of O(< log 1) for MFL-SDA. This rate
is nearly optimal when compared to the complex-
ity lower bound of its Euclidean counterpart. This
rate also matches the complexity of mean-field
Langevin stochastic gradient descent for distribu-
tional minimization and the outer-loop iteration
complexity of an existing double-loop algorithm
for distributional minimax problems. By leverag-
ing an elementary analysis framework that avoids
PDE-based techniques, we overcome previous
limitations and achieve a faster convergence rate.

1. Introduction

In this paper, we study a distributional minimax optimiza-
tion of the form

i E 1
min max (1, ), )

where Py, P, are sets of probability measures and E is a
convex-concave probability functional. This formulation
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generalizes minimax optimization problems in Euclidean
spaces and arises widely in many important applications,
including generative adversarial networks (GANs) (Good-
fellow et al., 2020; Arjovsky et al., 2017), distribution-
ally robust learning (Madry et al., 2017), as well as zero-
sum games with mixed Nash equillibrium (Daskalakis &
Panageas, 2018).

Solving such optimization problems over distributional
spaces is inherently challenging. Unlike in Euclidean spaces,
the convexity/concavity of the objective function does not di-
rectly guarantee the convergence of gradient-based methods.
To address this, mean-field Langevin dynamics (MFLD) has
emerged as a powerful theoretical framework (Mei et al.,
2018; Sirignano & Spiliopoulos, 2020; Hu et al., 2021;
Chizat, 2022; Nitanda et al., 2022a; Suzuki et al., 2024). In
this framework, an entropy-regularized distributional convex
minimization is considered:

o B
i (1) = TH(p),

where H(p) = —E,, [log ] is the entropy functional. The
mean-field Langevin gradient descent method in discrete
time proceeds as follows:

I
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where (u, is the distribution of 0; ‘;—5 [k is the first varia-
tion of E with respect to p at px; and & is an independent
injected standard Gaussian noise. Notably, the gradient
in this context is often replaced with an unbiased stochas-
tic gradient estimator to accommodate practical settings
such as stochastic gradient descent. By leveraging the uni-
form log-Sobolev inequality, corresponding to the Polyak-
Lojasiewicz (PL) condition (Karimi et al., 2016) in the dis-
tributional space, recent works have established exponential
(linear) convergence for MFLD in continuous time (Chizat,
2022; Nitanda et al., 2022a) sublinear convergence of the
order O(+ log 1) in discrete time (Nitanda et al., 2022a) and
with a stochastic gradient oracle (Suzuki et al., 2024).

The MFLD framework can be extended to distributional min-
imax problems (1), giving rise to the Mean-Field Langevin
Descent-Ascent (MFL-DA) algorithm. For instance, under
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two-sided Polyak-Eojasiewicz conditions, Lu (2023) estab-
lished a linear convergence rate for MFL-DA in continuous
time. Furthermore, Kim et al. (2024) proposed two variants:
the Mean-Field Langevin Averaged Gradient method, which
guarantees average-iterate convergence, and the Mean-Field
Langevin Anchored Best Response, a symmetric double-
loop algorithm whose outer loop achieves linear last-iterate
convergence. Despite recent advances, the convergence
properties of single-loop discrete-time algorithms remain
largely unexplored. A notable exception is the discrete-
time stochastic Mean-Field Langevin Averaged Gradient
algorithm introduced by Kim et al. (2024), which achieves
an average-iterate convergence rate of 0(6*0(1/ a)), where
« is the log-Sobolev constant. However, this rate appears
suboptimal. Furthermore, last-iterate convergence is often
more desirable in minimax optimization due to its practical
significance. To our knowledge, the nearly optimal complex-
ity of last-iterate convergence for discrete-time Mean-Field
Langevin Stochastic Descent-Ascent (MFL-SDA) has not
yet been investigated.

In contrast, minimax problems in Euclidean spaces have
been extensively studied. For stochastic strongly convex-
strongly concave functions, an optimal complexity of
O(1/e) is achieved by a variant of stochastic gradient
descent-ascent (Yan et al., 2020; Zhang & Hu, 2025). Sim-
ilarly, for problems with two-sided PL conditions using a
stochastic oracle, an O(1/€) convergence rate is attained by
alternating stochastic gradient descent-ascent (Yang et al.,
2020). In view of this, it is natural to ask whether MFL-
SDA can achieve a similar last-iterate convergence rate in
the distributional space under the two-sided distributional
PL condition. These gaps in understanding motivate our
central question:

Can the discrete time MFL-SDA for (1) achieve a
last-iterate complexity similar to that of minimax
problems in the Euclidean space?

1.1. Related Work

Mean Field Langevin Dynamics Our primary motiva-
tion stems from recent advancements in applying MFLD to
neural networks. The pioneering works of Mei et al. (2018);
Chizat & Bach (2018); Sirignano & Spiliopoulos (2020)
leveraged MFLD to establish global convergence guaran-
tees for (noisy) gradient descent in optimizing two-layer
neural networks. Building on these foundations, Chizat
(2022); Nitanda et al. (2022a) demonstrated that, under
the log-Sobolev inequality—the distributional counterpart
of the PL condition, continuous-time MFLD for distribu-
tional minimization can achieve an exponential convergence
rate. Furthermore, Nitanda et al. (2022a) showed that the
discrete-time MFLD enjoys a convergence guarantee with
a complexity of O(2 log(1)). This rate also extends to set-

tings involving stochastic gradient oracles and finite-particle
approximations, as established by Suzuki et al. (2024). Our
discrete-time analysis draws inspiration from a recent work
by Wang et al. (2024), which established the convergence of
MFLD in discrete time for one-hidden layer neural network
with softmax activations and a square loss.

Distributional Minimax Optimization Compared to dis-
tributional minimization problems, the study of MFLD in
distributional minimax problems remains limited, particu-
larly in the discrete-time setting. The most relevant work in
this area is by Kim et al. (2024), who investigated the conver-
gence of general convex-concave functionals in both contin-
uous and discrete time. Rather than analyzing the standard
MFL-DA algorithm, they proposed two alternative meth-
ods: the Mean-Field Langevin Averaged Gradient (MFL-
AQG) (Tao et al., 2021) and the Mean-Field Langevin An-
chored Best Response (MFL-ABR) algorithm (Lascu et al.,
2023). MFL-AG updates are computed using a weighted
average of past gradients instead of the current gradient.
For the discrete-time setting with a stochastic oracle, they
demonstrated that the average-iterate convergence rate to
an e-optimal saddle point is O(e~ 191/ where « is
the log-Sobolev constant. They derived an O(1/d) bound
for o and noted that this dependence on the dimension of
the sample space can sometimes be avoided. MFL-ABR
is a double-loop algorithm, with the outer loop having an
iteration complexity of O(1 log 1). Additionally, Cai et al.
(2024) analyzed MFL-SDA with a bilinear functional and
a strongly convex-concave interaction function, an assump-
tion not applicable in our context. Wang & Chizat (2022)
introduced and analyzed a particle-based method inspired
by the mirror prox algorithm in Euclidean space.

In addition, there has been some convergence analysis for
MFL-DA in continuous time. Domingo-Enrich et al. (2020),
Ma & Ying (2021) and Lu (2023) studied its convergence
for finding the saddle point of an entropy-regularized ob-
jective. Qualitative convergence results were established
in Domingo-Enrich et al. (2020), while Ma & Ying (2021)
proved the asymptotic convergence under quasi-static con-
ditions, where the ascent dynamics is infinitely faster or
slower than the descent dynamics. Lu (2023) provided non-
asymptotic exponential convergence rates with based on a
two-sided PL condition. Zhu et al. (2024) demonstrated
a sublinear convergence rate for the stochastic gradient
descent-ascent algorithm for solving functional minimax
optimization using mean-field neural networks, and showed
that the discrete-time algorithm converges to its continuous-
time counterpart.

Eucliean Minimax Optimization There is a substantial
body of research on minimax optimization problems in
Euclidean space (e.g., see recent works of Daskalakis &
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Panageas (2018); Doan (2022); Jin et al. (2020); Lin et al.
(2020); Li et al. (2022)), encompassing both the convex-
concave setting and more general scenarios. Among these
studies, some provide valuable insights for our work. For
instance, Doan (2022) analyzed the convergence properties
in Euclidean space under the PL condition using continuous-
time analysis. Similarly, Yang et al. (2020) proposed a
(stochastic) alternating gradient descent-ascent algorithm
under the PL condition. We aim to achieve a similar conver-
gence result in the distributional space.

1.2. Main contributions

We establish the last-iterate convergence rate of the MFL-
SDA algorithm in discrete time. Our O(2 log 1) bound is
nearly optimal, comparable to the O(%) bound for minimax
problems in Euclidean space, and aligns with the O( % log %)
complexity of mean-field Langevin stochastic gradient de-
scent in distributional minimization problems (Suzuki et al.,
2024) and the outer-loop iteration complexity of the double-
loop MFL-ABR algorithm (Kim et al., 2023).

Unlike previous studies that rely on PDE-based techniques,
our proof is elementary and bears more resemblance to
analyses conducted in Euclidean space. Our perturbation
analysis is flexible enough to overcome the limitations of
existing discrete-time algorithm analyses and thereby im-
proves the convergence rate.

We apply our findings to several applications, including
zero-sum games and mean field neural networks, and verify
the essential assumptions required to ensure the theoretical
convergence of MFL-SDA in these contexts.

2. Preliminaries
2.1. Problem Setup

Let P(R9®) (resp., P(R%)) denote the space of probability
distributions on R% (resp., R%?) where the entropy and
second-order moment are well-defined. Let J : P(R9®) x
P(Rd“) — IR be a convex-concave functional, in the sense
that for any distributions w1, e € P(Rd@) and v,y €
P(R9) and any t € [0, 1], the following conditions hold

J(tpa + (1 = )pz,v1) < tJ(pr,vn) + (1 —1)J (p2, 1),

J(Ml,tlll +(1 —t)VQ) tJ(ul,V1)+(1—t)J(u1,V2).
We consider the following energy functional

E(/”'v V) = J(,uv V) + TKL(H“)#) - TKL(leU)a (2)

where KL(u[p") = E,,[log ()] denotes the Kullback-
Leibler (KL) divergence; the reference distributions p*, p”
are assumed to be standard Gaussian for simplicity, though
they can be generalized to distributions with a strongly con-
vex potential. The hyperparameter 7 > 0 controls the reg-
ularization. This setup aligns with Kim et al. (2023) but

<
2

differs slightly from Lu (2023), who considered entropy reg-
ularization. When the reference distributions are standard
Gaussians, the KL divergence is equivalent to the entropy
plus the second-order moment of the distribution. With KL,
(or entropy) regularization, the energy functional F(u, v)
is strongly convex in p and strongly concave in v, which
ensures the existence and uniqueness of the mixed Nash
equilibrium (p*,v*) (Kim et al., 2024, Proposition 2.1),
where

E(p*,v) < E(u",v") < E(u,v"), Yuv. (3)

Denote by % [u, V](+) and g—i [1, V]() the first variations of
J with respect to 1 and v, respectively, which are assumed
to be well-defined throughout. Convexity/concavity can be
also defined via first variations, as detailed in Appendix
A.1. Denote by 6 and w the random variables with distri-
butions i and v, respectively. Denote by V‘g—i [, v](+) and
VL[, v](-) the Wasserstein gradients of J with respect
to u and v, respectively. For more details on Wasserstein
gradient flow, see Ambrosio et al. (2008); Santambrogio
(2015) .

The continuous-time mean-field gradient flow of (2) is given
by

do, = —v%‘][ut, v](0;)dt — 70,dt + V27d B},
"
5
dwy =1 (v%[ut, 1) (we)dt — Tw,dt + \/QTdBf).

4)
Here, p; and v; are the distributions of #; and w; at
time ¢, respectively. The drift terms V%[Mt’ v¢](6;) and

Vg—i [pee, V] (we) are the Wasserstein gradients with respect
to p1; and v, at time ¢, while {B}};, {B?}; are two inde-
pendent Brownian motions initialized at zero. The decay
terms 76; and Tw; correspond to the second-order moment
regularization associated with the KL regularization. To
simplify the presentation, we set the scaling factor and the
weight decay to be the same as the hyperparameter for KL
regularization, corresponding to the standard Gaussian, but
our analysis can be easily extended to other choices. The
scaling factor n > 0 follows from the formulation in Lu
(2023), who derived an exponential convergence of (4) to
the saddle point.

Algorithm 1 Mean field Langevin Stochastic Descent-
Ascent (MFL-SDA)
1: Initialize po, vo, K
2: fork=1to K —1do
3: Ory1 < Ok —nl(VL[uk,Vk](ek)+7'9k)+\/27717’ Ii
\Y%

J

I
4 wppr < wretne(VEL
5

5
8 [pagr, vie] (i) — Twi) +v/2027ER
: end for

In this paper, we focus on the discrete-time counterpart of
(4), as outlined in Algorithm 1. In this algorithm, V denotes
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an unbiased stochastic gradient estimator, and & ,i and {,3
are independent standard normal random variables sampled
at each iteration k. The algorithm employs dynamics with
two timescales, 171,12 > 0, aligning with the continuous-
time updates in Lu (2023) and the discrete-time Euclidean
updates in Yang et al. (2020). Additionally, the updates
for p and v are performed alternately, following a strategy
similar to Yang et al. (2020) for Euclidean spaces. Our
primary goal of this work is to analyze the convergence of
Algorithm 1 to the saddle point (p*, v*).

2.2. Log-Sobolev Inequality

Unlike minimax problems in Euclidean space, the convex-
concave property of the energy functional does not provide
immediate algorithmic benefits for gradient-based methods
in the Wasserstein space'. Conversely, a more generalized
notion, the Polyak-Lojasiewicz (PL) condition, has proven
useful for analyzing the gradient flow in the distribution
space. In Euclidean space, the PL condition facilitates a
linear convergence rate (Karimi et al., 2016). Extending
this notion to distribution spaces leads to the log-Sobolev
inequality, which has been employed in the analysis of opti-
mization over distribution spaces with MFLD (Chizat, 2022;
Nitanda et al., 2022a; Lu, 2023; Kim et al., 2023).

Definition 1. A distribution v satisfies the log-Sobolev in-
equality with parameter « > 0 if, for all i < v, the follow-
ing holds:

1
KL(ulv) < 5=(ulv), (LSD)

where the relative Fisher information I (p|v) is defined as
du 2
I(plv) :==E, [HVlog EH ] .

2.3. Gibbs Distributions

To define the optimizer of the inner maximization in (2), we
introduce several Gibbs distributions. We define the Gibbs
operators Kf [] and KC, [-] as

0J 2
K@) xesp (17 ) - 22) s
18] _ lon

Ko lu(0) xcexp (= 5 1w 10) - 552). - ©

When the energy functional J(u,v) is bilinear in
p and v, Lu (2023) demonstrated that K}f[v] =
arg max, cp i) E(p1,v).  However, this equality no
longer holds when J(f, v) is a general nonlinear functional.

'In fact, another notion of convexity, known as displacement
convexity or geodesic convexity, is more applicable for studying
gradient flow in the Wasserstein space (Villani, 1998; Ambrosio
et al., 2008), which is not satisfied in our setting.

To address this, we consider the fixed point of (5), defined
as

K li(w) =

87 [
Z () exp (T E[M,KHHH(W)* 9 )7

where
* — 1 + wil2
Z* () = /Rdn exp (7’ 5 [, K (] ] (w) 5 )dw

is a normalization constant. It can be verified that ;]
satisfies the following equation of v:

2
%[%V}(W) - T% — 7logv(w) = const, Vw,

where the constant is independent of w but may depend on .
Observe that the above equation is the first-order condition
for the problem max,, ¢ p(riq) £(4, V). Thus we have

Elp, KI W] = max E(uv)=:E*(n). ()

veP(Ri)

This will be frequently used in our convergence analysis.

3. Main Results

The goal of this section is to establish the convergence of
MFL-SDA (Algorithm 1). Following Yang et al. (2020); Lu
(2023), we introduce the Lyapunov function

Lp,v) = L1(p) + ALa(p,v),

where A > 0 is a fixed constant, and

L == max F(u,v)— min max E(u,v),
1) v/ €P(RIS) () 1 €P(RI0) v/ €P (RIS (s v)
Lo(p,v) = max FE(u,v')— E(u,v).
v’ P (R)

3
Note that £, and L5 are both non-negative and vanish if and
only if (i, v) = (u*, v*) in the weak sense.

‘We begin by stating our main assumptions.

3.1. Assumptions

We impose the following assumptions.

Assumption 1 (Initial condition). The initial iterate (o, vp)
satisfies F(uo, ) < 0o, and the initial third-order mo-
ments satisfy E,,, [||0o]/3], E., [[|wo|3] < oo.

Assumption 2 (Regularity of functional .J). The functional
J(u,v) is convex in p and concave in v. The first varia-
tions of J have bounded derivatives up to the fourth or-
der: |Vi8L|lp, [ViS2|p < My, i = 1,....4, where
I - Il is Frobenius norm. Additionally, J has a bounded
cross second-order variation: ||6‘$:—5JV||oo < Cy. More-
over, the 2Hess.ian of its gecond valriations2 are bounded:
VeV 527 IVoVY 5 Il IVu VL G2 llF < O

w opdr w’ §uv2

2 2
V6 3 oo Voo g lloo < Ca.
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Assumption 3 (Log-Sobolev inequality). For any p €
P(Re®),v € P(R™), the measures K} [v], K,/ [] satisfy
LSI with parameter «.

We will validate these assumptions in various applications,
as discussed in Section 4 and Appendix B.1.

Remark 1. Using Suzuki et al. (2024); Kim et al. (2023),
Asssumption 2 implies Assumption 3 with a conservative
LSI constant; see Lemma 5 in the Appendix.

Remark 2. For simplicity, we assume dg = do = d in
proofs related to convergence rates.

3.2. Convergence Analysis

At a high level, our analysis framework parallels that of
stochastic gradient descent-ascent in Euclidean spaces (e.g.,
Yang et al. (2020)). However, analyzing the evolution of
distributions in our problem presents greater challenges.
Specifically, the noise terms &} and & introduce time-
discretization error terms that do not appear in Euclidean
problems, even when the gradient oracle is exact. To show
that these errors are negligible higher-order terms, most
existing analyses leverage the connection between discrete-
time updates and continuous-time gradient flow (4) (e.g.,
Vempala & Wibisono (2022); Nitanda et al. (2022a); Suzuki
et al. (2024); Kim et al. (2024)). In contrast, we directly
analyze the discrete-time updates and carefully bound the
higher-order terms in Taylor expansions through integra-
tion by parts and the divergence theorem. As will be seen
from Theorem 2, our approach is flexible enough to handle
the stochastic gradient oracle in a straightforward manner,
similar to the Euclidean case.

Below, to illustrate the main idea, we first present the conver-
gence analysis of MFL-DA, where the algorithm has access
to exact gradients, then extend our results to MFL-SDA in
Section 3.3.

Observe that
L(p+1, V1) — Lk, Vi)

=L1(pe+1) — L1(pr) + AL (k415 V1) — La(pr, vi))-

In the following, we bound the two terms L1 (ux4+1) —
ﬁl(,uk) and Lo (Mk+17 I/k+1) — Ly (Mk7 I/k) in Sections 3.2.1
and 3.2.2, respectively. Once these bounds are established,
we sum them over all iterations and apply a telescoping
argument to derive the overall convergence rate in Section
3.2.3.

To simplify the presentation, we define

0J

gk = V@[Mlm v (Ok) + 70k,
0J

hk = VE[Mk+17 l/k](wk) — TWk,
0J

fe = V@[Mkv K [ue])(0) + 70k,

where fj, depending on the Gibbs distribution K} [11x], is
only used for theoretical analysis but not in the implemen-
tation of algorithm. Moreover, we omit the constants ap-
pearing in the higher-order error bounds, whose explicit
expressions are provided in Appendix A.3.

3.2.1. BOUNDING L1 (ptg41) — L1 (k)
By definition of £ in (8) and E* in (7), it holds that
L(pr+1) = L1(pe) = E* (1) — E* (ur)-

We have the following result.

Proposition 1. Assume Assumptions 1-3 hold. Let ;1 < C%
Then it holds that

Ly(prr1) — La(pr) <
™

?(Eﬂk[”fk + Vlog pell3] = Eu lllgr — fxll3]) + Coni,

where remainder I is defined in Appendix A.3.

Proposition 1 establishes that the difference £q(pg+1) —
L1 (), or equivalently, E*(pip11) — E*(ug), is bounded
by the squared Wasserstein gradient norm of E* () at .
The bound consists of two dominant terms, corresponding
to the squared norm of the partial Wasserstein gradients of
E(p, K [p])—an equivalent form of E*(u)—with respect
to the first and second arguments of the energy functional E.
The first term arises from the outer minimization problem
in (2) with respect to u, while the second term serves as
a correction due to the inner maximization in (2) over v.
This result parallels the convergence analysis in Euclidean
space (Yang et al., 2020). However, obtaining the O(n?)
remainder requires significant effort, as it involves analyzing
the smoothness of the functional E* (), which, in turn, de-
pends on the smoothness of the operator K} [11]; see Lemma
9 in the Appendix for details.

3.2.2. BOUNDING Lo(ttg+1, Vk+1) — Lo(tk, Vk)
By definition, we have
Lo(prt1,vi) — Lo(ptr, Vi)

=(E*(trs1) — E* () + (BE(pk, vi) — E(pg1, vi))-

We have already established an upper bound on the first
difference above in Proposition 1. It remains to bound the
second difference.

Lemma 1. Assume Assumptions 1-3 hold. Then we have
E(prt1, vir1) = E(pies1, vi)
> By, [||hs — TV log v [[3] — Tan3.
Similarly, we have
E(pry1,vie) — B, vie)
< = mEpu, [lgr + V1og pe|[3] + T
Here, the remainders I'1 and I's are defined in Appendix A.3.



Convergence of MFL-SDA for Distributional Minimax Optimization

This lemma provides a lower bound on the per-step objective
improvement for the inner gradient ascent and outer gradient
descent in solving (2). The leading terms in both bounds
correspond to the squared Wasserstein gradient norm with
respect to vy, and juy, respectively. The O(n?) and O(n3)
bias terms arise from time discretization and are consistent
with the results of Nitanda et al. (2022a) for distributional
convex minimization problems.

Using Lemma 1 and Assumption 3, the following result is
immediate.

Lemma 2. Assume Assumptions 1-3 hold. Then we have

Lo(prr1, V1) < (1= 2mo7a) Lo(pirgr, vie) + Tams.

Using the bound in Proposition 1 and combining Lemma 1
and Lemma 2, we obtain the following bound on the differ-
ence between Lo (tk11, Vi+1) and Lo(pg, vi).

Proposition 2. Assume Assumptions 1-3 hold. Then we
have

Lo(prt1,Vit1) <

(1= 2m7) (L2 (i, ) + mEp [ge + ¥ log 3]

m m
— B, [l fe+ Vog il + BBy, lllge — fell3])

+ Ton2 + (1 — 2mera)(I'y + To)ni.

Combining Propositions 1 and 2 yields a recursive bound
on the Lyapunov function L.

3.2.3. CONVERGENCE OF MFL-DA

By applying Propositions 1 and 2, and using an argument
similar to that in the Euclidean case (Yang et al., 2020),
we can establish the following convergence result for MFL-
DA. Note that different learning rates 71, 15 are employed
to ensure convergence, as is commonly done (Yang et al.,
2020; Lu, 2023).

Theorem 1. Assume Assumptions 1-3 hold. Set T < =X

bTerd
m < C%,ng < 5= and n1 = min{\, 0.2, = }ran,, then
it holds that

Lpg,vi) < (1—2m7ra) Lo, v0) + Ri,  (9)

_ AT2n34+(1—2n270) (P1+T0)n3)+T1n]
- mro :

where Ry

Theorem 1 demonstrates that the Lyapunov function £(, v/)
converges to a bias Ry at a geometric rate. This geo-
metric decay aligns with the exponential decay observed
in the continuous-time case, as established by Lu (2023).
The bias term R;, which results from time discretization,
is of order O(). To assess the algorithm’s complexity,
since in practical algorithm we often assume 7,17, 72 is

small, then the remainder g4, 11,4 in Appendix A.3 caused
by the fourth moment has max{O(1), 72d?} scale. Sub-
stitute into I'g,I'1, 'y we can get an estimation of these
bias term: 'y = max{O(1), 7d, 72d?, ﬁ} ,Tie) =
max{O(1),7d,72d?} . Replace them into R; we can get a
worst bound Ry = O( T‘?gg ). Let Ry = ¢, then choose 1y =
O( ”Z"‘S) to get a sample complexity K = O(—f log 1)
. This complexity matches that of MFLD for distributional
convex minimization (Nitanda et al., 2022a) and the outer-
loop complexity of discrete-time MFL-ABR (Kim et al.,
2024), and the sample complexity K = O( €T§a2 log %) in
(Nitanda et al., 2022b) who discussed about discrete-time
MFLD in the single minimization problem, the higher order
of 7, « is because the two-timescale optimization scheme
in minimax problem, hence the efficiency of this algorithm
mainly depends on the slower part, which is the descent part
in our paper.

Comparatively, in the Euclidean case, the (exact) gradient
descent-ascent method (Yang et al., 2020, Theorem 3.1 with
o = 0) achieves a linear convergence rate of O(%), where
the bias term is absent. This is because, in the Euclidean
setting, higher-order terms in the Taylor expansion can be
absorbed into the first-order squared gradient norm, result-
ing in a contraction of the Lyapunov function. However, in
our distributional case, the randomness introduced by Gaus-
sian noise prevents the absorption of higher-order terms into
the first-order term, leading to a sublinear convergence rate.
Remark 3. Similar to Lu (2023), we can also consider the
Lyapunov function L£3(v) + AL4(p, v), where

L3(v) == max min  E(y/,v)— min
3v) v/ EP(Rin) weP(Ri0) W) weP(Rle)
Ly(p,v):=E(u,v) — min  E(y,v),

w eP(R®)

which is useful for max-min problem. The result is similar
to Theorem 1 but with a reverse scaling of 7; and 7.

3.3. Convergence of MFL-SDA

In the previous subsection, we assumed the availability of
exact gradients. In practice, however, we often work with
stochastic gradients, where the exact gradient is replaced
by an unbiased estimate. Thanks to the similar high-level
structure of our analysis to the Euclidean case (Yang et al.,
2020), our results can be extended to the stochastic gradient
setting in a straightforward manner. We can show that the
convergence rate of MFL-SDA is analogous to that of MFL-
DA, with the same geometric decay rate and bias term. The
main difference is that the bias term now depends on the
higher-order moments of the stochastic gradients.

Assumption 4 (Bounded moments). There exists { > 0
such that

Elllge — grll* |1 vil, B[l — el pwsr, vi] < €

E(,v),
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We have the following result for MFL-SDA analogous to
Theorem 1.

Theorem 2. Under the same setup as in Theorem 1, and
assume further that Assumption 4 holds. Then we have

E[‘C(MKa VK)] S (1 - QTIITQ)K‘C(,U/CH VO) + R27

A(Dan3+(1-2 Di4lo)nd)+lnd .o~ T
where Ry = Tamp+(A=2n2ra) (A To)n ) +lany o T T,
mrTo 0

Iy defined in (17), and the expectation is taken over the
randomness in the stochastic gradients.

This result demonstrates that the convergence rate of MFL-
SDA (Algorithm 1) is O(X log 1). This rate is nearly op-
timal when compared to the O(%) convergence rate of
stochastic gradient descent-ascent for minimax optimiza-
tion with a two-sided PL condition in Euclidean space, as
discussed in Yang et al. (2020).

Proof Sketch. Let 57, be o-field generated by the ran-
dom gradients up to iteration £k — 1. Similar to the Eu-
clidean case, at iteration k, we analyze the impact of using
stochastic gradient oracles on the bound E[L(pk41, Vi+1) |
;) — L(uk, vi). By controlling the second- and third-
order moments of the stochastic gradients, we ensure that
the convergence properties established in Section 3.2.3 re-
main valid, albeit with additional error terms. Specifically,
thanks to the unbiasedness of the stochastic gradients and
the moment bounds in Assumption 4, the error term intro-
duced by stochastic gradients is O(n?) or higher order. This
holds for both the squared gradient norm and the entropy
regularization. By carefully bounding these error terms,
we show that the overall convergence result holds with a
modified remainder term that accounts for the inexactness
of the gradient. O

Furthermore, leveraging the connection between the Lya-
punov function and KL-divergence, we can also obtain con-
vergence rate in terms of KL-divergence to (u*,v*) and
further in terms of Wasserstein distance.

Corollary 1 (Convergence in KL-divergence / Wasserstein
distance). Under the same setup as in Theorem 2, suppose
that K [p] and K [v] satisfy LSI with constant o, then it
holds that

2T " *
T(Wg(uk’ﬂ ) +W%(Vk’7y ))

< 7(KL(pk|p™) + KL(vk|v"))

< (1= mra) QL (1o, 10) + QR

2 4c?

where () = (1 + (5 + 7 )) and W denotes the 2-
Wasserstein distance.

Similar to Remark 1, Assumption 2 implies a conservative
upper bound on the LSI constant ;. Kim et al. (2023)

established that the stochastic MLF-AG achieves a con-
vergence rate of 0(67170(&1)) in terms of the squared
1-Wasserstein distance, where « is the LSI constant in As-
sumption 3. Since W5 upper bounds W;, Corollary 1 im-
proves the existing complexity bound for stochastic MLF-
AQG, particularly when the log-Sobolev constant ¢ is small.
Notably, it surpasses the conservative & = O(1/d) bound
established in Proposition 3.2 of their paper.

4. Applications
4.1. Zero-Sum Games

Zero-sum games are widely applicable in economics, oper-
ations research, and reinforcement learning. These games
involve a payoff function G(6,w), which defines the interac-
tion between two players’ strategies 6 and w. While finding
a pure Nash equilibrium can be challenging or even impos-
sible when G is nonconvex-nonconcave, a mixed Nash equi-
librium (MNE) often exists. In an MNE, players optimize
their mixed strategies, represented as probability distribu-
tions over available actions.

Following Lu (2023), consider a bilinear distributional min-
imax optimization problem, where the strategies of two
players are represented by probability distributions p € Py
and v € Ps. The energy functional J(u, ), which captures
the expected payoff, is expressed as

J(p,v) = Eueu[G(0,w)]. (10)

The goal is to find an MNE (p*,v*) that satisfies u* €
argmin,cp, E(p,v*) and v* € argmax,cp, E(u*,v).
This formulation extends the classical minimax problem
to a distributional setting, where players optimize over prob-
ability measures rather than deterministic strategies.

Example 1 (GAN). Consider the following generative ad-
versarial network with an integral probability metric:

ILE’]ril(%tl‘l@)Ifnea}( { [L[f] pdata[f}}?

where pqata 1S the real data distribution, p is the distribution
of the generated data, and f is a discriminator function. Sup-
pose that the discriminator function f is parameterized by a
(infinite-width) two-layer neural network with an activation
function o (-,w) parameterized by w under the mean-field
scaling, so that every function f € F can be expressed as

f(e) = Ewwu[a<evw)]'

Then the generative adversarial network can be formulated
as a distributional minimax optimization problem with

J(p,v) = E, [Ev [o(0, W)]] = Epgaca [EV[U(97 W)H )

which is a bilinear functional. &
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The bilinear nature of the functional J simplifies the analy-
sis, as the Wasserstein gradients are given by

5J

Vog, V] = Buni[VoG (0, w)],
5J

Vo 7] = Eoup[ VG (0, 0))-

and the Gibbs distribution K [v] satisfies the first-order
optimality condition of the inner maximization problem in
(1). Under mild regularity conditions on GG, we can verify
that Assumptions 2-3 are satisfied.

Proposition 3. Assume the payoff function G satisfies that
|ViG||r < Gy, i = 0,1,...,4. Then the functional J in
(10) satisfies Assumption 2, and Assumption 3 holds with
o=t

exp(2GoT—1)"

4.2. Mean-Field Neural Networks

Consider a functional minimax problem

m}nmax ]EZN'D[F(f(Z)ag(Z)a Z)L (11)
g

where f and g are functions of a variable z. The objective
function F'is convex in f and concave in g, and the expec-
tation is taken with respect to z ~ D. We parameterize
f and g as infinite-width two-layer neural networks with
activations o and o9, respectively:

f(Z) = EGNM[Ul (97 Z)L g(Z) = EMNV[UQ(Wa Z)}

This transforms the original problem into a minimax prob-
lem in distributional space:

H}in max E,.p [F(EQNH [01(2,0)], Ewmrlo2(z,w)], z)] )
(12)

Example 2 (Functional Conditional Moment Equations).
The conditional moment equation is a fundamental prob-
lem in econometrics and statistics. Given a dataset z =
(X,Y) ~ D, the goal is to find a function f that solves
the following functional equation involving the conditional
distribution of X given Z:

Eyix[®(f(X,Y),Y) | X =2] =0, Vz,

where @ is a known function that is convex in f. Examples
of @ include conditional moment equations in nonparamet-
ric instrumental variable regression, policy evaluation in
reinforcement learning, and asset pricing models in finance
(Zhu et al., 2024). Using a Lagrangian dual function g,
this problem can be formulated as a distributional minimax
optimization problem by setting g(z) = g(X) and

F(f,g9,2) = g®(f,Y). &

Example 3 (Feature-based Policy Learning). Feature-based
decision-making (Yang et al., 2022) aims to find a policy
f from a set of features X to an action f(X). Given
a data set z = (X,Y) ~ D, where Y is some exoge-
nous random variable, the goal is to minimize the ex-
pected loss Ep[¢(f(X),Y)], subject to feasibility con-
straints Af(X) < b for every X. By introducing a La-
grangian dual function g(z) = g(X), this problem can be
formulated as a distributional minimax optimization prob-
lem with the objective

F(f.9,2) = U}, Z) + g(Af = b). &

We introduce regularity assumptions on F' and o1, 02, which
implies Assumption 2.

Assumption 5. The function F'(z,y) is convex-concave,
L-smooth in both x and y, and has bounded deriva-
tives (i.e., [[F,|,[[Fy|l < Fi). Moreover, we assume
that o1, o2 has bounded gradients up to fourth-order, i.e.,
(Vo1 |Vio2|| < m4,i=0,1,...,4.

Under this regularity condition, we can also show that
the Gibbs distributions /.l [v] and K, [] satisfy the log-
Sobolev inequality, which verifies Assumption 3.

Proposition 4. Under Assumption 5, (12) satisfies As-

sumption 2. Meanwhile, for J(u,v) defined in (12), we

have Kf[v] € L*(R%) and K, [u] € L*(R%) and they

both satisfy the Log-Sobolev inequality with parameter
1

a1 = exp(2F moT—1)"

5. Conclusion

In this paper, we establish an O(1/e€) last-iterate conver-
gence guarantee for the Mean-Field Langevin Stochastic
Descent Ascent (MFL-SDA) algorithm. We also explore
several common applications, including zero-sum games
and mean-field neural networks.

There are several directions for future research. First, in
practical applications, the MFL-SDA algorithm often re-
quires finite-particle approximation, which calls for further
analysis to establish uniform-in-time propagation of chaos.
To address this issue, our analysis can be combined with
the techniques from Chen et al. (2022); Suzuki et al. (2023;
2024); Nitanda (2024); Kim et al. (2023). Second, while
our results apply to a broad class of nonlinear functionals,
more specialized analyses for specific functionals—such as
bilinear forms or convex-concave functions of expectations—
may lead to sharper convergence guarantees. Lastly, our
current algorithm follows a two-time-scale framework with
a relatively large time-scale ratio, in line with Yang et al.
(2020); Lu (2023). It remains an open question whether a
single-timescale approach could be advantageous in certain
settings, as highlighted in Wang & Chizat (2024).
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Impact Statement

This paper presents work whose goal is to advance the theo-
retical understanding of Machine Learning. There are many
potential societal consequences of our work, none which we
feel must be specifically highlighted here.
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A. Notation and Definition
A.1. First-variation of functional

Let J be a functional on P(R%) — R, its first- varlatlon [,u] at y1 is defined as a functional P(R%) x © — R satisfying
for all v € P(R9e)

d R
lim —=J(pu+e(v —p)) = e@[u](ﬁ)(v—u)dﬁ- (13)

The first-variation 5‘] ml

1] is unique up to an additive constant, and for simplicity, we let [ g—i [u]dp = J(u). For example,
the first variation of F fe fdu with respect to i is exactly f.

The convexity of J can also be expressed via its first variation, i.e. for all v € P(R%®):

I0) 2 960+ [ SO - ) (a6). (14)

And if J is concave if —.J is convex.

A.2. Tensor representation

For a function f(z) : RY — R, consider its Tayler expansion, we may denote the twice and third order derivative
V2f(z) € R4 and V3 f(z) € R¥*4¥d a5 5 tensor. i.e.

0%f(x)
8.731'8.1133' ’

0*f(x)

3 fay = —
(VEF (@) 0z;0x;0x)

(V2f(x))ij =

15)

And the inner product with vector can be defined as

(V2 f (@), h(2)®%) = h(z) V2 f(@)h(x), (V2 f(2),h(@)®%) = D (V2 f(@))irh(@)ib(z) jh(@)x. (16)
Wik
A.3. Constants
In this section, we explicitly define the constants that have been used in the main content:

M. M; C1C
22+T 1/2—|-?(7717“3/4—|—67'dr1/2—|—M27'/2+2d2M7' + 11/22 ri/2

+My(ny NiTga + 4\[173 g 1/2m1r3/4 + 12d77177“1/2 + 8\[m37'3/2 5/2). 1/2 +dnPrid(d + 2)),

Lo =(

M. M C
Iy = ( 2;” i g (s + Gyt (My o+ 7)Pr/2 4 2d2M T
+ My(n3res + 4\@7]3"’71/277117’3/4 + 12dn27'r1/2 + 8vV2m373/ % 5/2 1/4 +4n2r%d(d + 2)),
Ms + M C
Iy =( 22 Tril2 4 ?(ngr;ﬁ{f + 67dr1AY) + (My +7)%7/2 + 2d> My 72 + 5T 2

+ M4(77§Th4 + 4\@77357'1/27”1%{; + 12d17§7'7’1/2 + 8v2ms 73/2 5/2 1/4 + 477 2d(d +2)),
where constants 744, 71,4 are defined as

Tgs = 8Mi} + 873 ((2(47 + 27d + i M3?)? /7 + ni M7 + (8 + 4d)m T M7 + 1672 (d? + 2d))),
Tha = 8M7 + 873((2(47 + 27d + n3 M7)? /7 + 5 M7 + (8 + 4d)nom M7 + 167%(d + 2d))).
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The above constants are used in the proof of Theorem 1, and the following constants are used in the proof of Theorem 2:

My +71 12 C1Cs 172

3/4 1/2
Lo = (=5 Ry +M (MRS + 67dRY, + M3t/2 + 2d*Myr? + 7Rl
V2 35 L1/2 3/4 1/2 V2 3/2 5/2 1/2 2.2
+My(n} Rga + 4V 2107 miR ) +12d1717'R + 8V 2mg3T R,y +4nimod(d + 2)),
M M. C
Ty = ( 22+TR1/2+—63( 2Ryt + 6rdRyL") + (M + 1) /2 + 22 Mar® + LR -

+ My(aRga + 420357 2 my R2 4 12dn3rRY, + 8v/2mar/ 203 *RUL* + dnr2d(d + 2)),
M, + Ms 4
Ty = ( 22 TR 22 . 3 (R 4 67dRYY) + (My + 7)27/2 + 2d>Myr? + 71{}5
+ My(ni Rpg + 4V203 57 2 my RYY 4 1237 Ry, + 8v2ma7® 203 Ry + andr2d(d + 2)),

where constants Rg4, R4 are defined as

Rgy = 8(M} + ¢) + 87°((2(47 + 27d + mi (M7 + (V%)) /7

+ 0 (M7 + CY2) + (8 + Ad)ym T (ME + ¢M?) + 167%(d* + 2d))),
Ry = 8(M + ) + 873((2(47 + 2rd + 3 (M} + ¢*/?))? /7
+ 2 (M2 4 CV?) + (8 + Ad)mor(M? + ¢V/?) +167%(d? + 2d))).

B. Preliminary Results
B.1. Log-Sobolev Inequality

In this section, we present some sufficient conditions for ensuring log-Sobolev inequality from the existing literature.

Lemma 3 (Bakry & Emery (2006)). If f : R¢ — R is a function and V2 f > o, then the probability density p < exp(— f)
satisfies LSI with constant c.

Lemma 4 (Holley & Stroock (1986)). Let p be a density satisfying LSI with constant o, then for a bounded function
B :RY = R, the perturbed distribution
exp(B(z))p(x)
dpp(x) = dz,
= E, fexp(B(x)
satisfies LSI with parameter exp(—(sup B — inf B))a.

Lemma 5 (Suzuki et al. (2024); Kim et al. (2023)). Let the probability measure i o< exp(—7~*h — %) with ||Vh]|| < Mj,
then y satisfies LSI with constant

-1
1 _am? M 2 AM?N M}
T2v2w‘iv<4+<1+\/§> <2+d+ 21)e2fa> .
T T

(18)

o> —e
-2

B.2. Technical Lemmas

In this section, we give some technical lemmas from Wang et al. (2024) that are quite useful for the subsequent proofs. We
provide a self-contained proof for the sake of completeness.

Lemma 6. Let pu be a probability density and let p. be its convolution with a normal distribution N (0, €I), then

€
E,[log pe] < Epllog p] — 5 1(p),

where I(p) is Fisher information of p.

Proof of lemma 6. Define h: R, — R as

h(e) = E,, [log pe].
Then by de Brujin’s identity (Stam, 1959), we have h'(e) = —11(p.) < 0. Based on the data processing inequality, I(p) is
nonincreasing in €, and hence k' is nondecreasing. This establishes the convexity of /, and we arrive at

h(e) < h(0) + €h/(0),
which yields the desired result. O

12



Convergence of MFL-SDA for Distributional Minimax Optimization

Lemma 7. For measures vy 1, vy, defined in Algorithm 1, we have
THW41) = TH(E) > 1By, [|7V log vi[|3] — n2Ey, [(hr, 7V log vi)] — O(7n3). (19)
Similarly, for i1, 1k, we have
TH(pr) = TH(prs1) < —12Bp [V 10g puil|3] = m2B, [{gr, 7V log )] + O(717). (20)

where O(1n?) = (My + 7)?m02 /2 + 2d> Mymn2.

Proof of Lemma 7. We first prove (19). Let ;41 be the distribution of wy+1 = T'(wk) with T(wy) = wi + n2hy and
wy ~ vg. With this definition, we can decompose H (1) — H(pr+1) into the sum of the following two terms

—Ep,, [log Ugy1] + Ey flogve] and  Ep,, [log ky1] — By, [log vega]. (21

Note that T is invertible for 0 < 7y < 1/Ms. By the formula for change of variables, we arrive at

Epy,, [log D] = /5k+1(@k+1)10g Up1 (k1) d@k+1

Vg1 (T (wg)) log Tk 41 (T (wi))| det (VT (wg)) | dws, 22)

\\

Vi (wi) log v (wy ) dwy, — /Vk(w;g)log|det(VT(wk))|dw;c
=E,, [logvg] — E,, [log|det(VT)|].
Hence, the first term in (21) becomes

—Ep, ., [log 7ky1] + By, [logvi] = Ey, [log | det(VT)|]
=E,, [logdet(I 4+ n2Vhy(wk))]
= By, [Tr(n2 Vi (wi) + 03 (Ve (@r))*/2)] (23)
> 1oy, [V - hy] = (Mo +7)%03 /2
= —mpEy, [(hy, Viogvg)] — (M2 +7)°n3 /2.

Here, the last equality follows since

= E,,k [V . hk] = / ka . hkdw = — hk . Vukdw = —Euk [<hk, Vlog l/k>]. (24)
Q Q

Note that 11 equals the convolution of 741 and a Gaussian distribution N (0, 2n27I). By Lemma 7, the second term in
(21) can be bounded by

7By, (08 Pi] ~ B, log v 1]) > mEy, (79 log vk[13] — na(Ey, 79 log 14[13] ~ B, [V log 711 []). (25)
where the last term on the right-hand side can be further bounded by
Eopp [V 10g 741 [13] = /ﬂk+1||V10g g1 [13d@p41

= /VkHng vk (wr) — Vlog | det (VT (wy))||2dwy

(26)
>E,, [||Vlog Vk||§] — Q/Vlog u,leog | det(VT (wg)) vk (wi ) dwy

> By, [|IV log v |[3] — 2n2 sup A% gi (wy).
Wi

13
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Here, the last inequality follows since

‘/Vuk(wk)TVlog | det(VT (wg))|dwg

- ’ / vk (wr) A(log | det (VT (wy))])dwy,

— [ oAy - @) @7)
=1 / Vk(wk)A2%[,uk+l, vk (k) dwg,.
Since A%h;, < d?>My, it holds that
12 (B, [TV log vi [13] — Ep, [TV log 41 [13]) < 2% Myrn3. (28)

Combining these terms together we then obtain the desired result (19). Finally, note that (19) and (20) are symmetric. Hence,
(20) can be proved using a similar technique and we omit here for brevity. [

Lemma 8. For any ;i € P(R%) and v € P(R9), the following inqualities hold:
TRL(ulp™) < La(p) < TKL(pIC, I [1l]),
TKLWIKT [1]) < La(p,v) < 7KL(v|K [1]).

Proof of Lemma 8. We start by establishing the lower bound and upper bound of £, via KL-divergence. Specifically,

Lo v) = TRL(Ap") — KLOCH 07 + J (s K i) — T (1, v)
> rKL(lp") — TRUUC [l o) — [ 52 G [l — K [u])
> rKL@IKE 1), o)
La(p,v) = TKL(v|p") — TKLICS [Wlp”) + T (1, K [1]) — T (1, v)
< PRI = TRLOCH ) + [ 52 s JdCE i - v)
(

< 7KL(v|K) [1]))-

The inequalities is a consequence of convex-concave property of functioinal .J, see Appendix A.1. To prove inequalities of
L1 (1), we first need a symmetric functional of L1, Lo, named L3, £4 defined by

L3(v):= max min  E(u,V)— min  E(y,v),
v'eP(RIQ) ' eP(R0) p' eP(RY®) (30)
‘C4(H”V) = E(‘u,l/)— min E([L/ﬂ/)-
1 EP(R0)
By the same technique as in (29), we can verify that
La(u,v) < 7KLl [V]): 31)
Then we arrive at
L = max FBE(u,v)- i max E(u, vV
(k)  nax, (k") i e, (')
= max E(u,v)— min E(u, K u)
v €P(R42) W eP(RI®)
< B(uKf[u) ~  win  E(u K [u]) G2)
W EP(RO)
= La(p, K [u])

< TKL(ulKC;, (K []]).-

14
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The inequality is since we fixed the value of second term in E. It remains to establish a lower bound for £ (). To this end,
we note that

log Z* a1 + (1 — a) o]

—tog ( [exw (o [+ L s Kl + ) exp (= @) [+ T Kl + el )

< log <( [ ([ 7 et bl + el dw)a (f e ([ g n il + Ll dw)“j

— alog Z*[u] + (1 — ) log Z*[jus],
which verifies the convexity of log Z*. Then we obtain

Li(p) = E*(p) — E*(17)
= —7 (H(p) — H(K")) + 7(log Z*[u] — log Z*[u"]

)
> T (/logudu—/low*du*) —T/Md(u—u*)

o (33)
=7 (/ log pdp — /logu*du*> - T/log(u*)d(u — ")
= TKL(p|p"),
where the first inequality follows from the convexity of log Z*. Hence, we complete the proof. O
Lemma 9. Given i, 1’ € P(R), we can obtain
1 527 ?
KLOCE [N (1)) < 5= B H/ \Cm [, K]l d (" — 1) j : (34)

Proof of Lemma 9. First, consider

Lo(p, ') = E(p, K ) = B, K ')

By Lemma 8§ we obtain
Lo, K3 (') = TKLICS (][ ().

The last inequality follows from the fact that if v satisfies (LSI) with constant «, then it satisfies the Talagrand inequality.
Also, we use another side of Lemma 8 we can get

Lo(p, K [p']) < 7KL [/ KT 1))

T K] |
< —F , w 1 o m I
= 20 KW Hv TSIl A
1 85J 8J ? (35)
=—F , w—I K[ = Vo — [, I 1/
20T Kﬁf[“] Hv (SI/[M’ *[:U’] \Y 51/[:“7 *[:U’] )
1 827 2
= 7]E / we <« ~7 ICJ’_ ! d ! -
5o B (4] [H/V g o K 1A = ) j
Combing the above two equation we can get desired result. O
Lemma 10. Given Assumptions (2)-(3), we can prove under the algorithm I,
Ev, [1hell2]) < Euolllwolla] +7nas  Euylllgrlla] < Epolllfoll3] + rga. (36)

where 4,744 are specified in the proof.

15
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Proof of Lemma 10. Let p = N(0, I) be a standard multivariate Gaussian distribution. We first consider the second-order
moment, note that
Ev,epllwr + ok l3]
=B, [[will3] + 2Bu, @p[(wh 2 (Ar + Twi — Twr))] + Eupepllln2 (e + Twr, — 7o) [13]
<Ey, [[lwkll3] + 202 MiEy, [wrll] = 2027Ey, [lwkll3] + 205 (MT + 7By, [[|lwr13]) 37)
<= 27 + 5 4+ m3r)E,, [|lwi 3] + 20 M7 /7 + 20307
<(1 = m27)By, [lwrll3] + n2(2M7 /7 + 202 M7),

where the first inequality follows the fact that ||hy, + Twy|| = || V22 [1t11, v] (wr)|| < M, the second inequality is since

2MiEy, [lwell2) < 5By, [lwkll2])? + 2ME /7 < ZE,, [|lwk]|3] + 2M7 /7 and last inequality since rp7 < 1/4.

Then we consider the fourth moment,

Evpa [lwr1]12]

=B, @plllwr + m2hi + /2m27& 3] (38)
<BEu,sp [[lwk + mehil|* + (8 + 4d)no||wy + nohi||3 + dn3 7% (d® + 2d)] .

Since we have prove
Ev, [lw +n2hicll3] < (1 = n2m) By, [lwrll3] + 72(2MF /7 + 202 M7).
Then
Ev, [llwr +m2hill3) < Eu, [((1 = 3/2027 + n37)Ey, [lwill3] + 12(2M7 /7 + 212 M7))?]
= (1= 3/2no7 + n37°) By, [llwkll2] + 205 M7 (1 — 3/2n27 + 037 By, [[|wrl|3] + 12 (2M7 /7 + 202 M) ).

Then combining them together,

E.[llwsll2]
<(1 = 3/2mo7 + 1577 ) Ey, [[lwn[l3) + n2(1 = 3/2no7 + 137%) (87 + 47d + 205 MP)E,, [||w 3]
+na M} + (8 4 4d)n3TM?E + 16037 (d* 4 2d)
<(1 = m27)Eo [lwrlla] + m2(2(47 + 27d + 15 M7 )? /7 + 1 M + (8 + 4d)nem M7 + 167%(d* + 2d))

(39)

Hence, by iteratively applying this inequality we can get

1
Eu, (llwrll2] < Evy[llwoll2] + 772—7772(2(47 +27d + 03 M7)? /7 + 3 My + (8 + dd)ne MY + 1677 (d” + 2d)).

Then by (a + b)* < 8(a* + b*) we can obtain the upper bound of fourth moment of gradient hy:
v [lall2] < 8(Bw, [1hx — 7ewill3 + [|7wr 2]
<8M;7 +87%(E,, [lwoll3] + (2(47 + 27d + n3 M7)? /7 + 3 M} + (8 + 4d)nor M7 + 167 (d* + 2d))).
Denote 74,4 = 8Mi + 873((2(47 + 27d + 3 ME)? /7 + m3 M3 + (8 + 4d)nor M3E + 167%(d? + 2d))).
For E,,, [||gx|/3], we can similarly obtain
By [ll9x112] < By [1001l2] + 7ga,

where 74,4 = 8M{ + 873((2(47 + 27d + 3 ME)? /7 + 3 M} + (8 + 4d)m T M3E + 167%(d? + 2d))).
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C. Proofs for Section 3
Proof of Proposition 1. To prove the boundedness of E(pug11, K [prr1]) — E(uk, K [r]), we split it into

(Bt I [ra]) = Bt KF [a])) 4+ (B(ursr, K3 [x]) = B, KF [u])) - (40)

The second term includes

E(prrr, K Tur]) = B, KF [pn]) = I (rgr, KF [n]) = T (e, KF [pe]) + 7 (Bpy.,, [log preg1] — By, [log ur])

(41)
+ 5 (Buia [10k11113] = [10£113])

Where the entropy term has bound

T (Eppsy 108 prig1] — By, log pi]) < moBy, [[I7V 10g pie|13] = m2Eo, [(gr, 7V 10g )] + (Ma +7)* 707 /2 + 2d° My 03

via Lemma 7. Now we consider the weight decay term Z (E,,, ., [[|6x+1]13] — E,., [[|0x]13]). Let p = N(0, I4) be a standard
multivariate Gaussian distribution, then:

T T
T Epsrosn 11015 = DB 165 + mas + vEnredl3 - 63 .
T
= 5B 20100k, gi) + 17 | gl2] +m7?d.
And by second-order expansion of J (-, v),
I (b1, Ko [pe]) — T (e, K [ane])
6J 52J (43)

< B | Sl 00|+ 5 [ S0 0.0 ) O — ) 0

By the fourth-order Taylor expansion with Lagrangian remainder, the first part on the right-hand side of (43) becomes

6J
Eﬂk+l_ﬂk [M[Ukalcj[ﬂk”] (44)
5J 5J N
l @[MM’C ()] (O — mgr + V/2m7E) — 5 — [, IO (1] ()
o0J 50J
=Eu.@p |:<V5M[,uka’6j[/ikﬂ,_7hgk +V/2mT é> + 2< 5 (e, KF ()]s (=mign + V/2m7&R) ®2>] (45)
1 0J
+71Eu,c®p [<V‘3 5 (e, KCF Tpn))s (—migie + /2mTé0)® >} ; (46)
0J
3B | (V5 Kl 00, (-ma + T ). @

where we use 6, to indicate the point achieving the equality from the mean value theorem. Since E,[¢}] = 0, we have

5J 5J
Euiop KVMW’K (l) —mge + v/ 2mT k>] E,, KV& (e, K (1] 7719k>:| : (48)

Since ||V2(‘g—i [, V]||F < My for all p, v, we further have

5J 5J
E@p [<V25u[uk,/€i[uk]l’ (Mg + \/2n17£i)®2>] < MomiEy, [llgk 3] + 2m7E,, [Tr (Vz(m[um Vk])}

= MoniEy, [llgrll3] — 2m7E,, [(gr, V log px)] + 2m72d,
(49)

17
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where the equality follows from (24).

Similarly, we can derive an upper bound for the third term and the fourth term:

0J
Epeer [<v3ww,/c nl), (=g + v/ZmreD) ®>} < My(3E, [1gu ]3] + 6n2rdE,., [l 9w o).

and

Epiep [<V4§J[,uk,16 (k)] 0), (—migk + /2m7EL) ®4>]

<My (1B, [llgrll3] + 4v203°7 1/2m1EukngkH3]+12d77§’TEM[Hng§]+8\/§m373/277f/2ﬂ*3uk[llgkllz]+4nfT2d(d+2))~

r((d+1)/2 ((d+3)/2
Where m; = \f d/2)/ ), 23/27((@/2))/ ).

The second term of (43) is indeed

2
(I a0, ) — ) 01— 21)6)
R OH

62 /
= Epsi—mn / 5 1 K ()0, 6) A png1 — o) (0 )}
L/re OH

52J
HEk+1—Hk Eupep |:V9’6 B} i, ]C [12x]] (0, 9 )(nigr + V 27717_£k }}

=E
[ §2J
=Eupi—n |Ewrep | Vo 55 52 [, K 1)) (0, 0)) (g + /2m7ER) (50)

r 2T -
= ]Emﬁ_lfmc Vo —5 5 p) [:u» ,C* [#k]](ev 0 )nlgk

2

[ +6°J
= ]Elbk |:El»4«k VQVG/(S 2[

K [1])(6, 5’)?71%] 77194

< C1ni (B [llgrll2)?
< C1iEy, [llgel3)-

Then we analyse the first term F(pgy1, KJ [pr1] — E(pra1, K [px]), by concavity of J(u, -) + 7H(+):

E(prg1, K [prs1)) — Eprgr, KF )]

= / (‘g‘jmﬂ, K i) = S lwll3 = 7log /C;w) A (1] — K (1))

2 T
- / (‘f;’ o K3 al) + [ Kl = ) = ol = 7l0g K5 ] ) A0CE D] = K2 )

peld (1 — o) AUCT [pnera] — K [ane])

Rd JRd 5#5V
(5D

The last equality is since $Z [y, K [1i]] — Zl|lw||3 — 7log K [1u] = 7 log Z*[uy], which is a constant relative to w.

18
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/Rd i 56:5 [, K )] d(pner — ) AUCT [prn) — K [uw])

2
= /Rd By 1 —p [;;[%Ki[ukﬂ} AKT [prsa] — KT [px))

62
= /Rd [V95 5 [, K (1) (0) (mrgn + /2m7ER) } Tlinea] = K [pn])
S nlcQ]El—Lk [”gk”Q]TV(Kj [‘Ll,k+1]7 ]Cj[’ukD
< ﬁnlcQE#k[Hngﬂ\/KL(Kr[Nk_Q_lHICr[Mk]) (52)
2
< VI Cay [l la] . U‘ [ T K s~ ) ]
2

< V2GR, [llgkll2] - \/2a Cini (B, [llgrll2])?
77% 2
< mclcﬁuk[ﬂgkﬂﬂ-

Combining these inequalities with the result in Lemma 7, we finally get
Ly (pr+1) = L1 (o)

= — MEu [ 90) = M7 [(fi + g V10g )] + 2y [V 1og i3] + L5 By [lgul] + Do (53)
<_Mpg
2

7
Eu, (|1 fe + Vlog ]3] + éEuk[llgk — full3] + Tons,

where

M +7 M3 Cng
Po=(QTEM-,[HM@]+?(UlEM[Hngg]+67d(Em-,[H9kH2])+M27/2+2d2M4T + a2, Eyu [l gk 3]

5/2
+Ma (1 [ll9nl13] + 43/ 20707 2 By, [ g 3] + 128 7B, [k 3] + 8v2mar® 0 *Ey, [l gill2] + 4nir2d(d + 2)).

The last inequality is since 77 < L Therefore, we complete the proof. O
q y n o p p

Proof of Lemma 1. By the definition of E, we note that
E(pgr1,ver1) — E(prr1, vie) =(J (1, Vi) — J (e, vk)) — T(KL(vg11]p”) — KL(vk[p”))
T
=(J(pk+1,Vkt1) = I (pret1, vi)) + T(H(ves1) — H(ve)) + 5(]Euk+1 llwn+1ll3] = Eu, [lewll3])-

Note that the second term H(vi41) — H(vk) can be bounded via Lemma 7. In the following, we focus on term
IEy, .1 —v [[lwk]3], Let p = N(0, I4) be a standard multivariate Gaussian distribution, then:

(54)

T T

S Bue—nlwl3] = SEueplllwn + mohu + v/ 2mm€ 5 = [lwn 3]
T
= 5w 22wk, i) + 13| [13] + m27d.

By second order expansion with functional J (g1, -), it holds that

5J 1 52J N
J (kg1 Vi) —J (g1, k) = By - |:6V[Mk+177/k](wk):|+ /d W[ukﬂ,V}(w,w’)d(z/kH—uk)(w)d(ykﬂ—yk)(w’)
R 2

2
(55)
Define

S v10) = Bevy | 32 rl(e + VE79)| 56
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By Taylor expansion with Lagrangian remainder, the first part on the right-hand side of (55) becomes

oJ
]EVkJrl—Vk |:6V[/Lk+177/k]} (57)
6J _ 6J
:EDk_H [&/[Nk+17Vk](Wk+1) —E,, [(Sy[ﬂkﬂﬂk](wk)]
6J 6J
=E,, (sy[ﬂk+lv’/l€](wk)] —E,, {&/[Nk+lv’/k}(wk)} (58)
5] L1/ gedd
=E,.op V(; [tk+1, VE], M2 + \/2027ER \% T[Mkﬂrhyk (m2hi + \/2027ER)® (59)
1 30J 2)@3
+6Eyk®p v3 5 — [Vit1, Vi), (N2hy + /2127E5 , (60)
1 oJ
o Enen [<V45 [bks1s Vi) (@n), (m2hi + /2127E7) ®4>} , (61)

where we use @y, to indicate the point achieving the equality from the mean value theorem. Since E,[¢Z] = 0, we have

oJ oJ
E.op [<V5 [kt 1, V], n2he + v/ 2772T5k>} =E, e Kv&/[ﬂkﬂ,%]ﬂmhkﬂ : (62)

Since [|V24Z[p, v]||p < Ma, we further have

oJ oJ
Evvop [<v 2 sl (b + /7€) >} > — Myr2E,, [Ihel] + 2027, [Tr (vﬂsy[um,uk])] -

= ~ Moy, [lh]13] = 2027Ey, [y, V1og v)] — 2127°d,
where the equality follows from (24).

Similarly, we can derive an upper bound for the third term:

30J
oo |[( V5 s, il Ol + VERTED )| 2 ~MalofBon 1] + 63, [l ).

Plugging in the above inequalities to (57), we arrive at
0J
EVk+1—Vk |:§V[Uk+17 Vk]:| > nQEVk [||hk||§] - WQTEVIC [<hk7 \Y 1Og Vkﬂ
My Ms
- U%(TEW [l 113] + ?(7721[‘3% [1P& 3] + 67dE,,, [||k]l2])-

The second term is indeed
1 5%J

- C1n?
y W[Nkﬁ-lv ) (w,w)d(ver1 — vr)d (Ve — i) > —%Euk [l hell3] (64)

which is similar to (50). Combining with the bound of 7(H (v;4+1) — H(vk)) as established in Lemma 7, we then obtain

E(pks i) — B, vie) = m2Bo, [1hell3] — 2027Ey, [(hk, V1og vi)] + n27°Ey, [V log v ||3] — Tans
= By, [l — TV log vk ||3] — Tam3,

where
Ms+ 1 M C
Do = (2B, [1nl13) + 2 (oo 1Ael13) + 67d(Eny [Aw 13] + 1)) + (Ma + 7)27/2 + 22 Mar® + LB, |1 )
o+ MBIk l3] + 4V208 57 2By, [ 3] + 1200537, [ 3] + 8327/ 0 "B [ o] + 4 r2d(d +2)).

(65)
where E,,, [||hx 3], i = 1,2, 3,4 terms can be further bounded by proposition 10. This gives rise to the desired result. [

20



Convergence of MFL-SDA for Distributional Minimax Optimization

Proof of Lemma 2. By definition of I [v], we have
Ev, (Il — 7V log vg|[3] = By, |7V 1og K, [vi] — 7V log vie[|3] = 721 (v KGf, ,, [v]])-
Applying the log-Sobolev inequality for IC;;H [vk] as well as Lemma 8, we then obtain

T I (|G ll) = 207 KL KCF, | [vk]) > 207 Lo (piesr i),

Hh41
which implies that E,,, [||hx — 7V log vk||3] > 2a7La(pk11, Vi)

Based on Lemma 1,
Lo(ftkt1, Vit1)
= E"(pk+1) — E(pk+1, Vit1)
= E*(ps1) — E(per1, Vi) + E(pteg1, V) — E(pit1, Vier1) (66)
< E*(pi1) — 2ma7olo(pipr1, vk) — E(pngr, vie) + Tan
= (1= 2no7a) Lo (prs1, vie) + Tams.
Hence get the desired result. O

Proof of Proposition 2. Lemma 2 shows that

Lo(pkr1, Vi) < (1 = 2m070) Lo(ptpgr, vie) + Tani

(67)
= (1= 2no70) (L2 (s, vie) + Epr, vi) = Eperr, vie) + B* (1) — E* (i) + Tan.

By Lemma 1,
E(pi, vi) — E(pirrr, vi) < mBy, [lge + Vlog pel3] + Tin?. (68)

By Proposition 1, we further have

E* (1) = E*(ue) < ~ DBy, (1 i+ V1og 3] + 5y [l g — Sl + Do
Combining the above inequalities, inequality (67) then becomes
Lo(pr1s Vi) < (1= 2m27m0) Lo, vi) + (1 = 2ma7a)mEy, [lgx + Vlog 3]
— (1= 20070) Dy £ + Vlog pell3] + (1 = 2m270) LB, [llge — £l (69)
+Tan + (1 — 2n27a) (1 + Lo,

which completes the proof. O
Proof of Theorem 1. Combining (53) and (69), we have
La(prrt1) + Ao (k15 Vi) < Lap) — %(1 + A1 = n2ma))Ey, [Il fi + Vog s [13] + A1 = ma7a) Lo (s, vie)

n
+ M1 = nara)mEy, [llgx + Vlog k3] + (A1 = m27a) + 1) 5 B, [lgr — i3]

+ A2 + (1 = 2n27@) (T1 + To)nf) + L.
(70)
According to the Pinsker’s inequality, it holds that 2KL(u|v) > TV?(u, v) where TV (i, v) = ||u—rv||1 is the total-variation
distance between 1 and v. Since J has bounded second-order Wasserstein gradients, we have

5J 2
E,.[llge — fell3] /‘ (e K [e]] = V=, i) | dpe < CFTVA(KT (], vie) < 20T KL (v | K [an]),

op
(71)
which, by invoking Lemma 8, further leads to

20?2
Eulllgr — frll3] < 2CTKL(ve | K [1k]) < Tlﬁz(mw Vk)- (72)
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By Assumption 3, K/ [v] satisfies the log-Sobolev inequality with parameter «, and hence,

By [l fe + Vlog pl|3]) = 721 (il K5, (€T [p]]) > 20 KL (i | [K 1)) > 207 L1 (),

where the last inequality follows from Lemma 8. Additionally, applying the Young’s inequality, we obtain

Eulllgr + Viog ]3] < 2(B, [l fi + Vlog pell3 + Epy lllgx — frl13])- (73)

Combining the above inequalities then yields

La(pern) + ALs (i, viern) < (1= (F(1+ A1 = 20070)) + 2mA(1 = 2np70) ) 207) L1 (1)
20%
+ ()\(1 — 2meTar) + (()x(l — 2moT) + 1)% +2X(1 - QngTa)m) 7_1> Lo(po, Vi) (74)

+ A(2n? + (1 — 2np7a) (D1 + To)n?) 4+ Tin?.

By noting that
1- (%(1 + A1 = 2me7a)) + 2m (1 — 27]270)) 2ar < 1—mar,

since 1 — 2na7ax > 0, as well as

203
A1 = 2ne7ar) + (()\(1 — 2meT) + 1)% +2M(1 - 27)2704)771) Tl
<A1 = 2moTac+ %(1 —2noTar) + % + 21 (1 = 2me7v))

<A1 —mar),
we can rewrite inequality (74) into
Lo (prs1) F AL (pr1, i) < (1T=mra) (Lo () + Ao (s vie)) +A(T1ms + (1= 21p7a) (202 + Mo M7 )5) + o
By recursively applying the above inequality, we then obtain

L(px) < (1= m7a)*L{po) + O(m),

A(T1n3+(1—2ns7a) (202 + My M7 )n7)
mrTo

where O(n;) = SR UL VRN completes the proof. O

Proof of Corollary 1. We proceed by bounding KL (px|p*) and KL(vg|v*) separately. Lemma 8 and Theorem 1 allow us to
bound KL(ug|p*) by

TRL (") < La(pr) < L(pwy i) < (1= mre)* Lo, v0) + Ra(m). (75)
In the following, we focus on KL(v|v*). By definition, it holds that
KL (o) = KLl a])+ 7 [ (los(0CE ) = log ")
= KL o) + 7 [ (o8 3 ] = Tog ") = v*) = 7K K ) 76)
< PRLICE fud) + 7 [ Qog K ] ~Tog ") 7).

By noting that v* = K} [1*], we then have

0J oJ

log K 1a] — log(1*) = 7 <5V[u, )~ rc:w*n) (g 2] — log 2. (D)
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And the constant part log Z*[u] — log Z*[1*] equals to zero when integrate over v, — v*. This leads to

52J
Lo ) < Ll )+ 2| i v)
aJe |[0udv 0
< 7RL(wg [T [1x]) + Co - TV (g, p1*) - TV (v, v*)
< 7KL [KCF 1)) + 2C0 - /KL () - /KL (v |v*)

+ T * 20(% *
< 7KL K [pe]) + 5 KL(wlv™) + —= KL (g |n),

(78)

where the second inequality used Pinsker’s inequality and the last inequality used Young’s inequality. Combining the above
inequalities we then arrive at

* + 408 * 2 46‘02 k
TRL(vk|v®) < 27KL e[ K [in]) + —=KL(elp™) < { £+ — (1 =m7a)* L(po, o) + Ri(m)), (79

which yields the desired result. Finally, by Otto & Villani (2000), every v satisfies LSI with parameter « also satisfies
Talagrand’s inequality with parameter o, where
2
W3 (1, v) < =KL(plv).
For any p. O

Proof of Theorem 2. The proof mainly relies on a distributional update, and we take the update of y as an example:

Pt = (Lo — mGr (- 26))spk)s  Hk+1 = [k+1 * Pk, (80)

where gy (-, z1) is the inexact gradient oracle generated by label z, and pj, represents an independent N (0, 2, 71).

k

Let 74, be the o-algebra generated by {z; ;=1 then conditional on A, we have

E[E(pr+1, vie) | 760] — E(pr, vi)

(31)
= (B [70uws1,00) + SBpc 110131 4] = TG ) -

T

SE I01131)) — T(EIH s )| ] = H(p) )
We can analyze the difference term conditioned on 7%, similar with exact gradient as Proposition 1,2 and Lemma 1,

Among them, every expectation term of Hj (-, z,) would be E[E,, [hx(-, 2k )]|-#4] = hy by the law of iterated expectations.
For the fourth order moments, we first bound

Ev [l (-, 21) + Twil|3] < 8By, [l (-, 21) — Pucl|3] + 8Eu, [ e + 7w 3]

(32)
=8¢ + 8M}.
Then similar to Lemma 10, denoted the distribution of random variable zj, be (j:
Then
Ey, [llwk + mohe (-, z) 18] < B [(1 = 3/2n07 + m372) will3 + 05 (M7 + ¢*/%))?)
= (1= 3/2no7 + n37°) Boy [llwrl[3] + 205 (M7 + ¢*/2)(1 = 3/2no7 + n37°) By, [[|wil|3] + 5 (M7 + ¢M/?)2.
Then combining them together,
Ey, [lor 3]
<(1—=3/2m7 + 157’ Bo, [[|wrll3] + 12 (1 — 3/2m27 + 057°) (87 + drd + 203 (M7 + ¢*/2)Ey, [|lwr 3]
+s(MF + ¢V + (8 + dd)n3T (M7 + ¢M/?) + 16057 (d° + 2d) (83)

<(1 = n2m)Ey, [lwrll3]
+02(2(47 + 27d + 93 (M + ¢/2)? /7 + 03 (MF + ¢M2)? + (8 + Ad)nar (MF + ¢V/?) + 1672(d? + 2d))
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Hence, by iteratively applying this inequality we can get

1
Evu [llon 2] < B llwo 3]+ —na(2(4r +2rdtnf (MF-+CY/2)?/Tny (MF+C/7)* + (8 +4d)mar (M{+¢V/?)+167 (@ +2d)).
Then by (a + b)* < 8(a* + b*) we can obtain the upper bound of fourth moment of gradient hy:

By, [l 2)l13] < 8w [ln (-, 21) + Twr 3 + Irewn3])
<8(Mf +¢) + 873 (Ey, [[lwoll2)
+ (247 +2rd + 03 (M7 + CV2))? 7+ 3 (M7 + CM2)? + (8 + dd)mr (M + ¢V/?) + 1672 (d + 2d))).

Denote Ry = 8(M{ + () + 873((2(47 + 27d + n3 (M? + V%)) /7 + n3(MF + ¢/2) + (8 + dd)mar (M + (M/?) +
1672(d* + 2d))).

For E,,, [||x(-, z)|/3], we can similarly obtain
Ep 1955 20) 2] < Bpo[l160]12] + Rga,

where Rgy = 8(M{ + ¢) + 873((2(47 + 27d + n} (M? + ¢V/2))2 /7 + ni (M? + ¢Y2) + (8 + 4d)mm(MF + ¢/?) +
1672(d? + 2d))).

Hence, by repeating the proof process of MFL-DA with exact gradients, we can get a result similar to exact gradient one, we
give a track to whole proof process for 1, for first order term as (48), (62),

E [Eltk [<V?;[Mk,lc*+[#k]](9)’—771§k(9’2k)>] ‘«%’%

Since gy, hj are unbiased estimator, hence introduce no error term.

For weight decay terms (42),(54), we have

T T N ~
E [ S Eunss—n [1013)|72] = B [ZEp (200060, 31003 20)) + 21190 (00 20)113) + 7] 4
T ~
< m7EL [0k, gr)] +mrid + 50@%[”%“3] (84)
T
< mTEL [(Ok, g)] + m7d + 577?}33;4/12-

And for second order part,

B By | {25 b K5 il O+ 27 e)) ™ )| |

) 5.J
< M2, (18] + 2007 [T (950 ] ) 5)
= MoniEp, [|gell3] — 2mTE,, [(gr, V log u)] + 2mr2d
< Mo Ry — 2m 7By, [(gr, Vlog )] + 2m72d

Hence, we can get new constants as in (17). Substitute into Theorem 1 we can get a result with remainder Rs. ]

D. Proofs for Section 4

Proof of Proposition 3. Let V' exp(f%). By the Bakry-Emery condition (Bakry & Emery, 2006), 1/ satisfies LSI
with parameter 1. Then according to the Holley-Stroock perturbation principle (Holley & Stroock, 1986), if v/ and v are
Gibbs measures with Hamiltonian H and ¢ + H, respectively, and v’ satisfies LSI with parameter o/, then v also satisfies
LSI with parameter o > e~ (P ¢~nf®) o/ Note that the first variation of .J as defined in (10) equals

0J

5, V1Y) = Eu[G(0,w)]
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Then the Gibbs functional becomes

Y] = exp (T_IEH[G(Q,w)] - ”“”2) :

2
Let )
H = ||(“)H _1E G(6
, Ow) = ulG(0,w)].
We can verify that sup ¢ — inf ¢ = 27~1G). This 1mphes that K} [v] satisfies LSI with parameter o = W. We
can show the same conclusion for K, [u1] using a similar technique, and we omit here for brevity.
Then we can verify the conditions in Assumption 2. Observe that the Wasserstein gradient of (10)
é6J 6J
Vo— = /VgG(Q,Lu)du, Vo—= /VWG(H,w)du (86)
o ov
are both smooth up to fourth order since ||V:G(x,y)||r < G;,i =0,1,...,4. Moreover, since J is bilinear,
oJ 6J
J(:ulv V) - J(/”'? V) = IE(SH [M[M7 l/]:| ) J(/’L7 V/) - J(M? V) = Eﬁu |:(SV[M, V]:| (87)

Hence, the second-order term equals zero. Meanwhile, the cross second-vairation 55 (;] = G(6,w) satisfies boundedness,
which certificating Assumption 2. O

Proof of Proposition 4. Similar to proof of Proposition 3, note that the first variation of .J as defined in (12) equals

2 4,0) = Enl(F} Bylor (2:0), By loa ) oa )]

Then the Gibbs functional becomes

Kylv] = exp (T_l (Ep[(Fy(Epulo1(2;0),Ey[o2(y; w)]) oz (y; w)]) — HWQH> :
Let )
- ||w||

, $(w) = Eplr ™ (F)(Eulo1(x:0)], By o2 (y; w)]) o2y w))]-

We can verify that sup ¢ — inf qS = 27~ ' Fymy. This implies that I} [v] satisfies LSI with parameter o = Wlmorl)'

We can show the same conclusion for &, [iz] using a similar technique, and we omit here for brevity.
Then, we will verify J defined in (12) satisfies Assumption 2.

It is evident that J is convex in p and concave in v. Furthermore, we note that

[V 20| = BP0 Buloaas DIV n(ai )] < Frm 59)
F
And the same for ||V 2 J (11, V)| r.
For second variation term, note that
52
|55 7000 = B0l B o030 o fon (s o a30) ol )] < Lo )
Similarly,
52
9092 0| = BolE2y (o130 Euloratas )V s} Voo O] < Lt 00
F

imi T 8%
And similar for ||V Vg, 5 J(p, v)

‘V Vw 5V2 J (1, )H . Hence we has verified all the condition in Assumption
F
O
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