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Abstract

The positivity assumption is a fundamental requirement for causal inference in the potential out-
comes framework, ensuring that all individuals have a positive probability of receiving each treat-
ment option. However, real-world datasets often violate this assumption, particularly in regions of
weak overlap where one treatment group is underrepresented or entirely absent for certain com-
binations of confounding variables. Traditional approaches, such as trimming and weighting, ad-
dress these violations but typically modify the target population, potentially introducing bias. The
Bayesian Additive Regression Trees with Spline Models (BART+SPL) has been proposed as a
solution to this issue. This approach combines Bayesian Additive Regression Trees (BART) for
imputation in regions of overlap with spline models (SPL) to extrapolate into regions of weak
overlap, thereby preserving the initial target population. While delivering precise results when
considering low-dimensional covariates, the performance of BART+SPL is compromised under
high-dimensional covariates. To address this limitation, we propose SBART+SPL, an extension
of the BART+SPL framework that integrates SoftBART into the estimation procedure. SoftBART
generalizes BART by implementing smooth decision rules and sparsity-inducing splitting proba-
bilities. A simulation study demonstrates that SBART+SPL yields better precision and improved
coverage compared to BART+SPL when estimating population average treatment effects (PATE) in
the presence of high-dimensional covariates and violations of the positivity assumption. The appli-
cability of SBART+SPL is illustrated by re-analyzing an empirical study that evaluates the impact
of exposure to natural gas compressor stations on cancer mortality rates across U.S. counties.

Keywords: Bayesian causal inference, regression trees, overlap, extrapolation

1. Introduction

One of the crucial assumptions to draw causal inference from observational data when using the po-
tential outcome framework is the positivity assumption (Rubin, 2005; Herndn and Robins, 2020; Li
et al., 2023). The assumption postulates that every individual within the considered population pos-
sesses a positive probability of receiving either treatment status. Oftentimes, the similar concept of
overlap is used to justify the positivity assumption in non-parametric treatment effect estimation by
comparing confounder distributions for both treatment groups: the exposure group and the control
group in the case of a binary treatment. Many real-world datasets suffer from large regions of non-
overlap, which constitutes a violation of the positivity assumption. Non-overlapping confounder
distributions emerge when, at random, no or just a small number of individuals belonging to one
treatment group are observed in a specific confounder region (Westreich and Cole, 2010). The ma-
jority of methods to tackle this issue are based on specific modeling assumptions. Usual approaches,
like trimming (removing observed data in non-overlap regions) or weighting (reducing the influence
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of non-overlap observations by decreasing their weights), change the underlying population consid-
ered by the initial estimand. For instance, if the initial estimand was the average treatment effect
(ATE), those methods are only able to identify the ATE for the trimmed or re-weighted population.
Furthermore, approaches like inverse probability weighting can lead to weight instability in regions
of non-overlap, as the estimated probabilities may be close to zero (Crump et al., 2009; Stiirmer
et al., 2010; Li et al., 2018; Zhu et al., 2021).

Nethery et al. (2019) introduce BART+SPL, a combination of Bayesian Additive Regression
Trees (BART) and a spline model (SPL), as an approach to differentiate between observations
within overlap and non-overlap regions based on estimated propensity scores. BART+SPL reli-
ably estimates the population average treatment effect (PATE) by taking into account both of these
regions. It is characterized by substantially lower model dependence as well as suitable uncertainty
quantification in the non-overlap region via a new Bayesian two-stage procedure. In the imputation
phase, BART (Chipman et al., 2010) is used to estimate individual treatment effects in the overlap
region. In the subsequent smoothing phase, more model dependence is introduced by extrapolating
unit-level effects from the overlap region into the non-overlap region, relying on a flexible spline
model (Wahba, 1990). The individual treatment effects of both regions are then aggregated into the
final PATE estimate. Simulation studies in Nethery et al. (2019) demonstrate desirable results when
faced with lower-dimensional data and different degrees of non-overlap. However, when many co-
variates are irrelevant to the potential outcomes, BART+SPL suffers from increasing bias and severe
undercoverage, making it ill-suited for high-dimensional settings.

The contribution of this paper revolves around this issue and proposes a new method that builds
upon the framework of BART+SPL. First, instead of using BART for the imputation stage, the Soft-
BART algorithm introduced by Linero and Yang (2018) is used, as it has been shown that covariate
dimensions can increase nearly exponentially with the sample size for Soft BART. SoftBART is a
generalization of BART that uses smooth decision rules instead of hard ones and sparsity-inducing
splitting probabilities instead of uniformly distributed ones. This enhances the ability to model
smoothness in the data-generating process, improves uncertainty quantification, and supports the
selection of relevant covariates by shrinking irrelevant covariates. Second, SoftBART’s ability to
capture increased uncertainty and reduce bias when extrapolating beyond the overlap region elim-
inates the need for BART+SPL’s unidentifiable variance inflation parameter (Nethery et al., 2019).
SBART+SPL can therefore be viewed as extending BART+SPL to high-dimensional covariates
when estimating the PATE under overlap violations. This generalization is particularly relevant for
the empirical application in Nethery et al. (2019), which involves many covariates.

Related work proposes different Bayesian modeling approaches to estimate PATE while retain-
ing the initial target estimand (Gutman and Rubin, 2015; Li et al., 2018, 2019; Nethery et al., 2019;
Zhu et al., 2023; Wang et al., 2024). Gutman and Rubin (2015) develop Multiple Imputation with
Two Subclassification Splines (MITSS) to estimate average treatment effects with multiple covari-
ates. MITSS extends the method in Gutman and Rubin (2013), which only considers binary out-
comes and one covariate for treatment effect estimation. Gutman and Rubin (2013) and Gutman and
Rubin (2015) partition observations into subclasses of units with similar covariate values and esti-
mate the PATE by averaging across estimates within these subclasses. Subclasses are related to each
other by placing the knots of two regression splines (Wahba, 1990) at the boundaries of each sub-
class. The splines are estimated separately for each treatment group considering the distributions of
potential outcomes conditional on covariates, respectively. Compared to Gutman and Rubin (2013),
MITSS in Gutman and Rubin (2015) allows to analyze continuous outcomes and many covariates.
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Their simulation study implies that MITSS is generally a valid and accurate approach, regardless
of whether covariates are scalar or multivariate. However, when some units have non-overlapping
covariate values across groups, MITSS relies on splines to implicitly extrapolate to regions without
observed data for a given treatment group and introduces greater bias and improper coverage rates.
Zhu et al. (2023) develop a Bayesian model based on non-parametric Gaussian Process (GP) priors.
The method takes into account the full covariate space and does not need to differentiate between
regions of overlap a-priori. Instead, they incorporate the amount of non-overlap into the GP itself
and extrapolate with the covariate kernel of the GP. Wang et al. (2024) apply a local extrapolation
method to the Accelerated Bayesian Causal Forest (XBCF) of Krantsevich et al. (2023) by integrat-
ing GP into XBCF’s leaf nodes, creating a model termed XBCF-GP. This hybrid approach allows for
more accurate predictions and better uncertainty quantification for data points outside the training
range. Inference on treatment effects is illustrated using simulation data with extreme non-overlap
regions wherein either only exposed or unexposed individuals are observed (Wang et al., 2024).

The paper is structured as follows: Section 2 introduces necessary causal inference notation,
defines the assumptions of the potential outcome framework and discusses different notions when
contrasting between the region of overlap and non-overlap. Section 3 contrasts the conventional
BART algorithm of Chipman et al. (2010) with the SoftBART algorithm of Linero and Yang (2018)
and describes the modified two-stage procedure of SBART+SPL based on the BART+SPL algorithm
of Nethery et al. (2019). The simulation study focuses on two high-dimensional covariate setups
(Nethery et al., 2019; Krantsevich et al., 2023; Wang et al., 2024) and is presented in Section 4.
Section 5 compares SBART+SPL to BART+SPL and baseline methods in an empirical analysis of
the effect of exposure to natural gas compressor stations on mortality rates in U.S. mid-western
counties (Mokdad et al., 2017; Nethery et al., 2019).

2. Potential Outcomes and Region of Overlap

Let Y;Obs be the observed continuous outcome of individual ¢, with individuals ¢ = 1,...,n. The
binary treatment status of individual i is D; = d € {0, 1} and let X; be the P-dimensional vector
of confounding values that have been observed for individual i. Consequently, X is defined as the
n X P-dimensional matrix of confounders for all individuals. Using the Stable Unit Treatment Value
Assumption (SUTVA), the potential outcome notation is introduced by interpreting the potential
outcomes Y;(1) and Y;(0) as the values that would have been realized had one observed either
treatment status D; = 1 or D; = 0 for individual i. Implicitly, one states with SUTVA that
only one potential outcome is realized for individual 7 such that the non-realized potential outcome
is a missing data point. Consequently, one has Y;°** = D,Y;(1) + (1 — D;)Y;(0) and Y™ =
(1 — D;)Y;(1) + D;Y;(0) with the latter being the missing potential outcome of individual i. That
is, one is faced with the fundamental problem of causal inference by having two potential outcomes
Y;(0) and Y;(1) but only observing one realization Y;°** of (Y;(0), Y;(1)) (Rubin, 2005; Herndn and
Robins, 2020; Li et al., 2023). We follow Li et al. (2023) and define the individual (7;), conditional
average (7(X)), and population average (7p) treatment effects as follows:

n=Yi() - Yi(0), (X)) =E[RX], 7= Ex[r(X))] ()

To identify 7p with observational data, usually two additional assumptions next to the above-stated
SUTVA are invoked (Li et al., 2023). Unconfoundedness assumes that the treatment assignment is
approximately randomized conditional on a sufficiently informative X;, mimicking a completely
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randomized controlled trial, such that
(Yi(1),Y3(0)) L Dy X;. 2)

The positivity assumption postulates that every unit in the considered population possesses a non-
zero probability of being assigned to both treatment groups by

0< Pr(D; = 1|X;) < 1, 3)

with p.sc(X;) = Pr(D; = 1|X;) being the propensity score. Unconfoundedness in (2) and posi-
tivity in (3) allow us to view the whole dataset intuitively as a collection of many small X ;-indexed
randomized trials. Unconfoundedness ensures conditionally exogenous treatment assignment while
positivity ensures that randomization actually occurs in the data. Under (2), we receive for the
population average treatment effect,

mp = Ex[E[Y;(1) — Y;(0)| X]] = Ex[E[Y | X, D; = 1] — Ex[Y|X;,D; = 0]]. (4)

To identify the conditional expectations in (4) non-parametrically, assumption (3) is needed. Note
that there exists a tension between the assumptions of unconfoundedness and positivity. As the
number of covariates increases, the unconfoundedness assumption becomes more plausible but with
a rising number of covariates it is also more likely to have sparse data for one or both treatment
groups in certain regions of X (Li et al., 2023).

The positivity assumption in (3) can be violated both structurally and randomly. Structural
positivity is violated if a unit of interest is not able to obtain treatment such that enlarging the
sample size does not alleviate the issue (D’Amour et al., 2021) and will not be the focus of this
paper. In contrast, a random positivity violation allows treatment assignment to the unit of interest
theoretically, but one cannot (or only rarely) observe this type of treatment empirically within the
analyzed data. Increasing the sample size n may mitigate this type of positivity violation. However,
increasing the number of covariates P in X makes the occurrence of a random overlap violation
more probable as the likelihood of observing similar units of the exposure and control group for a
given covariate combination decreases.

This paper examines the issue of random positivity violations within the potential outcome
framework used for causal inference in observational studies for increasing P. Random positivity
is closely related to the concept of overlap where we define a region of overlap as a region with
covariate values being present in the exposure as well as in the control group. Hence, a region of
non-overlap is characterized by covariate values for units that do not exist in a sufficient amount
in both groups. Random positivity can be evaluated by assessing overlap through the inspection of
propensity score estimates p.s¢(X ;) (Zhu et al., 2021). However, with p.s¢(X;) = 0 the likeli-
hood of observing a unit with these covariate values in the exposure group is low. Similarly, with
p.s¢(X;) = 1 the likelihood of observing a unit with these covariate values in the control group is
low. For weighting methods like standard inverse probability weighting (Herndn and Robins, 2006;
Austin, 2011), extreme propensity score estimates might raise the issue of almost infinite weights
by dividing by p.s¢(X ;). Furthermore, trimming and weighting both relocate the inferential target
from the initial population at hand to the trimmed or matched population to circumvent possible
overlap issues (Zhu et al., 2021).

For BART+SPL, Nethery et al. (2019) extrapolate from pre-specified regions of overlap to the
regions of non-overlap. In contrast to trimming or matching, extrapolation based on the distinction
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between those regions allows statements about treatment effects concerning the original study sam-
ple, as the initial inferential target population is not relocated. We adopt the definitions of the region
of overlap O and non-overlap O~ from Nethery et al. (2019). A unit ¢ with estimated propensity
score p.sc(X ;) belongs to O if, in both treatment groups, more than bp = 7 units have estimated
propensity scores sufficiently close to p.s¢(X ;) such that the range of the set of these scores is less
than ap = 0.1. Full computational details are given in Appendix A.

To illustrate, suppose unit 1 has p.s¢(X 1) = 0.20 with many estimated propensity scores of
control units nearby, yet fewer than bp estimated propensity scores of exposed units fall within
a range of ap; then p.se(X 1) € O7. Conversely, if unit 2 has p.s¢(X3) = 0.45 and in both
groups more than bo neighbors can be found with a range below ap, then p.s¢(X3) € O. This
shows that overlap is assessed locally and separately within each group, permitting non-overlapping
regions anywhere in the estimated propensity score distribution and not only in the tails, as under
the trimming rule of Crump et al. (2009). The local criterion may also be more tractable under high-
dimensional X than the approach of Hill and Su (2013). We index units with estimated propensity
scores belonging to O by o = 1,...,n0 and those in O™ by 0o~ = 1,...,np-, such that n =
no + no-. Given these regions, BART+SPL in Nethery et al. (2019) and SBART+SPL, as its
proposed extension in Section 3.1, take observations in the overlap region to extrapolate treatment
effect patterns into the non-overlap region using either BART or SoftBART in combination with a
spline model. The following Section 3 motivates the usage of SoftBART as a suitable extension of
BART before contrasting SBART+SPL with BART+SPL.

3. SBART+SPL for PATE Estimation

Consider the semiparametric Gaussian regression problem in Linero and Yang (2018) by
Yi :fO(Xi)+€i, EiNN(O702)7 &)

where f; is an unknown regression function predicting outcomes Y; given covariates X; € R”,
and ¢; denotes a Gaussian error term with variance o2>. The BART algorithm of Chipman et al.
(1998, 2010) models fy as a sum of .J regression trees f(X; = ) = Z}]:1 9( X = x;T;, M),
where each single-tree contribution g(-) is defined by a tree structure 7;, leaf node parameters
M; = (pj1,- .-, pjr;), and hard decision rules that partition the covariate space into axis-aligned
rectangular regions. At each branch node b, BART selects a predictor index p, € {1,...,P} and a
cutpoint CY, then routes observations according to whether z,, < C} where x,,, denotes the p;,-th
element in . Standard notation, prior specifications, and posterior inference for BART are given in
Appendix B.

A key limitation of BART is its reliance on step-wise constant functions, which produce non-
smooth predictions and, critically for causal inference, fail to reflect increased uncertainty when ex-
trapolating into regions of weak overlap (Hahn et al., 2020). The SoftBART algorithm of Linero and
Yang (2018) addresses both shortcomings through two modifications. First, building on the Dirich-
let Additive Regression Tree (DART) algorithm of Linero (2018), SoftBART places a sparsity-
inducing Dirichlet prior on the splitting probabilities s = [s1, ..., sp]’ that govern variable selec-
tion at each branch node, enabling effective regularization when the number of relevant predictors is
much smaller than P. Second, SoftBART replaces the hard decision rules 1 (x,, < C}) with smooth
logistic gating functions ¥ ((pr —Cy)/ ijw), where 1) is a logistic link function, and each tree 7

is assigned its own exponentially-distributed bandwidth parameter wa. The formal definitions of
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the Dirichlet prior on s, the soft splitting rules, and all remaining prior specifications are given in
Appendix C.

Two properties of SoftBART are central to the SBART+SPL algorithm proposed in Section 3.1.
As illustrated in Appendix D.1, SoftBART achieves lower RMSE than BART when predicting
smooth functions, as hard splits introduce non-smooth jumps around the true data-generating pro-
cess. More importantly for our setting, Appendix D.2 shows that SoftBART properly inflates poste-
rior variance in regions of non-overlap when estimating treatment effects, whereas BART predicts a
constant treatment effect with no increase in uncertainty. These improvements in precision and un-
certainty quantification motivate the replacement of BART with SoftBART within the BART+SPL
framework.

3.1. SBART+SPL

To generate draws from the posterior density of 7p using SBART+SPL, a simplified pseudo-code
for the Markov Chain Monte Carlo (MCMC) algorithm in the style of Nethery et al. (2019) is de-
scribed in Algorithm 2 of Appendix E.1. The main differences compared to the original BART+SPL
algorithm are two-fold. In the imputation phase within the region of overlap (steps 1 to 5 in Algo-
rithm 2), SoftBART (Linero and Yang, 2018; Linero, 2022) replaces BART (Chipman et al., 2010)
for Bayesian backfitting and the imputation of missing potential outcomes by applying SoftBART
to Equation (21), which targets a regression problem similar to Equation (5). In the extrapolation
phase (steps 6 to 9 in Algorithm 2), patterns of the estimated individual treatment effects in the re-
gion of overlap are extrapolated into the region of non-overlap. Here, SBART+SPL does not rely on
the introduced variance inflation parameter in BART+SPL for spline extrapolation. As indicated in
Section 3 and Appendix D.2, SoftBART improves uncertainty quantification reasonably compared
to BART, thereby allowing us to avoid BART+SPL’s unidentifiable variance inflation parameter in
SBART+SPL.

3.1.1. IMPUTATION USING SOFTBART

Steps 1 to 3 of Algorithm 2 perform the Bayesian backfitting for the SoftBART algorithm as de-
scribed in Linero and Yang (2018) using observed data from the region of overlap. The region of
overlap is specified using the approach of Nethery et al. (2019) described in Appendix A. Let us use
Y?)bs = [Y?, ..., Ynogs]’ as the vector of observed outcomes of individuals o in the region of over-
lap. Moreover, X o is the np x P-dimensional covariate matrix. Note that the posterior distribution
for a given tree of the SoftBART algorithm conditions on the imputation noise variance O’%mp with

v (T],M]’YObsyO-?mp77_jbw77zj)7M(j)) b (6)

where 7(;) = {Ty :1 <wv < J, v# j}is the set of all tree structures except 7; and, similarly de-
fined, M ;) is the set of all leaf node parameters except M. Equation (6) can be written more com-
pactly using partial residuals. Let the partial residuals be Vo; = Y %% — > v 9(X 05 T, My).
Then, V o; allows for Bayesian backfitting where all remaining tree parameters are held constant
while drawing from one particular tree.

Step 1 mainly updates the tree structures 7; and the leaf parameters M ; for each tree j, similarly
to Appendix B for the BART algorithm. Updating 7; and T]l-’w is solved via Metropolis-Hastings. In
contrast to BART+SPL, the update for the bandwidth parameters T]l?w is necessary in SBART+SPL
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to allow for flexible gating function shapes as outlined in Section 3. The necessary marginalization
over M is performed in closed form due to the Gaussian error assumption. Choosing the number
of trees J = 20 to be much smaller than in the standard BART algorithm (there we have J =
200) balances the increase in computational time due to this marginalization step while M can be
drawn from a normal distribution. After iterating over all J trees, the splitting probabilities s are
updated via Gibbs sampling using a Dirichlet distribution as indicated in step 2 of Algorithm 2 (see
Appendix C.1 for the prior specification). In step 3, one draws the imputation noise variance U%mp
and the leaf variance parameter Jﬁ from Inverse-Gamma distributions, as discussed in Appendix B.1
and Appendix C.1. Moreover, the sparsity-control parameter «« from the Dirichlet prior on s is
retrieved using slice sampling by Neal (2003). Therefore, steps 1 to 3 are a replacement of the
BART algorithm with the SoftBART algorithm in the original BART+SPL algorithm of Nethery
et al. (2019) to perform a smoothed imputation for a specific Y, in step 4. Step 5 retrieves
an individual treatment effect A, for an observation o € {1,...,no} in the region of overlap by
computing the difference between the observed outcome Y,°** and the imputed value ffmis for the
missing outcome Y™, This gives a vector of estimated individual treatment effects for the overlap
region, Ap = [Al, Ano]’ . Steps 4 and 5 are equivalent to the derivations in Nethery et al.
(2019), we explain their computations in Appendix E.2.

3.1.2. EXTRAPOLATION WITHOUT VARIANCE INFLATION PARAMETER

Steps 6 to 9 in Algorithm 2 for SBART+SPL are similar to BART+SPL except that the tuning
parameter for variance inflation in the non-overlap region drops out. The proposed smoothing pro-
cedure in Nethery et al. (2019) for BART+SPL estimates individual treatment effects in the region
of non-overlap based on Ay retrieved from the imputation phase in Section 3.1. Extrapolation in
the non-overlap region relies on a parametric model that extracts treatment effect patterns in the
region of overlap by

Ao =W.Bsmo+ €os 0~ N (0,0%,,) - (7)

Note that afqmo is the noise variance for the smoothing model which can be different from the
noise variance in Equation (6) for the imputation model. Moreover, A, relates to an estimated
individual treatment effect for the overlap region from the imputation phase, and W, is a vector
that holds covariates X, and restricted cubic splines applied to the imputed or observed outcome
and the estimated propensity score of unit o € {1,...,np}. An extrapolated individual treatment
effect for a unit o~ in the non-overlap region, A,-, is a draw from the corresponding posterior
predictive distribution for individual treatment effects in the non-overlap region. This draw uses
updates of {Bg,,,, a%m .} from the overlap region and information about covariates, outcomes, and
estimated propensity scores from the non-overlap region. Appendix E.3 presents more details for
the estimation of Ap- = [Aq, ..., A,,,.] for units 0~ € {1,...,no-}. Based on estimates of Ap-
from Section 3.1.2 and Ao from Section 3.1.1, step 9 in Algorithm 2 draws the PATE estimate
Ap via Bayesian bootstrap (Rubin, 1981; Wang et al., 2015; Nethery et al., 2019) to account for
uncertainty in effect modifier selection (see Appendix E.4 for implementation details).

For BART+SPL, Nethery et al. (2019) introduced an unidentifiable variance inflation parameter
for observations in the region of non-overlap by adding a variance component to a?gmo. More
precisely, they replace the noise term in (7) with

€o ~ N (0, U?qmo + 1(pse(X,) €07) - Varmﬂ) . ®)
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The idea of this proposal is to satisfy the need for an increase in uncertainty where overlap is weak
due to sparse data and the fact that BART itself does not properly account for this need, as pointed
out in Section 3. The BART algorithm does not indicate higher uncertainty when there is weak
overlap, such that vary, g is proposed as a remedy for this issue in Nethery et al. (2019). The rec-
ommended default specification for the variance inflation parameter in BART+SPL in Equation (8)
depends on the distance from the unit’s estimated propensity score to the nearest estimated propen-
sity score in the region of overlap and the range of the estimated individual effects in the region
of overlap, range(AO) (Nethery et al., 2019). This choice reflects an increase in uncertainty in
individual causal effect estimates as observations move farther from the region of overlap while
remaining anchored to the scale of Ao supported by the data. Moreover, their construction in-
duces uncertainty that grows linearly with distance into the region of non-overlap. However, varj,g
remains unidentifiable and is treated as a hyperparameter in Nethery et al. (2019). In contrast, Ap-
pendix D.2 suggests that the SoftBART algorithm is capable of reflecting the higher uncertainty in
regions of weak overlap for the univariate case. Therefore, the SBART+SPL algorithm removes this
unidentifiable variance inflation parameter in step 8 of Algorithm 2. Thus, it does not use varjq to
properly account for the increase in variance in the region of non-overlap, which is equivalent to
using varj,g = 0 in (8) by default.

In Figure 1, we illustrate the influence of varj,q by comparing BART+SPL with and without
varjyg against SBART+SPL for one simulation dataset based on the setup in Appendix F.1. In the
non-overlap region with estimates for Ao-, BART+SPL degrades sharply in precision. Regard-
less of whether variance inflation is applied, BART+SPL’s credible intervals are too small to cover
the true individual effects. In comparison, SBART+SPL decisively reduces bias for Ao-, trans-
lating directly into improved coverage and precision for the PATE estimation. Appendix G further
elaborates on this illustration.

4. Simulation Study

The behavior of SBART+SPL compared to BART+SPL for inference regarding 7p is investigated
by following the high-dimensional covariates setting of the simulation study in Nethery et al. (2019).
As highlighted in Section 3, a key property of SoftBART as an integral part of SBART+SPL is vari-
able selection in sparse datasets which should give SBART+SPL an edge over BART+SPL in terms
of precision concerning inference on 7p. Added to that, Nethery et al. (2019) indicate severe under-
coverage and increasing bias for BART+SPL when the number of covariates rises. SBART+SPL is
expected to improve credible interval coverage compared to BART+SPL as elaborated in Section
3.1.2.

The target estimand 7p is estimated by its corresponding population average treatment effect es-
timate, Ap. We compute its estimate by averaging over the m € {1, ..., M } estimates of Agn) that
we retrieve from Algorithm 2 explained in Section 3.1 and Appendix E. As a default, M = 5,000
posterior draws (after 10, 000 burn-in draws) are chosen for SBART+SPL. The data-generating pro-
cess of this simulation study follows the high-dimensional simulation setup in Nethery et al. (2019).
There are 10 true confounding variables X1;, ..., X1g; that follow either Bernoulli or Normal distri-
butions and depend on the treatment status D;. In addition to the true confounding variables men-
tioned above, a set of additional covariates of size ncov € {10, 25,50} is included in the dataset
and drawn independently from a standard Normal distribution irrespective of the treatment status
D;. Appendix F.1 formalizes the data-generating process for the potential outcomes and Figure 5
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Figure 1: Estimated individual treatment effects Aoﬁ with 95% credible intervals for three methods:
BART+SPL, BART+SPL (without varj,g), and SBART+SPL (without varj,g by default).
Coloured points and error bars denote posterior point estimates and credible interval esti-
mates for each unit o™ € {1, ..., np-}. Black points indicate the true individual treatment
effects. The dashed black line marks the true PATE. Results are based on a simulated
dataset with n = 500 and ncov = 10 irrelevant covariates (see Appendices F.1 and G).

in Appendix F.1 illustrates the corresponding propensity score estimates for a selected simulation
dataset. The regions of overlap and non-overlap are defined using the approach of Nethery et al.
(2019); see Appendix A. The figure shows that there is a substantial region of non-overlap, such
that BART+SPL and SBART+SPL have to extrapolate into these regions.

Table 1 shows the comparison of SBART+SPL to BART+SPL and the Accelerated Bayesian
Causal Forest (XBCF) (Krantsevich et al., 2023) in terms of precision and coverage for addi-
tional covariates ncov € {10,25,50} and sample sizes n € {500,2000} over 120 simulation
runs. SBART+SPL improves upon BART+SPL and XBCF in absolute bias and credible interval
coverage for both sample sizes and across all numbers of additional covariates. The performance
gap in precision between SBART+SPL and BART+SPL is especially pronounced at n = 500,
where BART+SPL’s root-mean-squared error (RMSE) and absolute bias are more than double that
of SBART+SPL. For SBART+SPL and BART+SPL, precision and coverage improve with an in-
crease in sample size. SBART+SPL’s coverage values are the closest to the nominal level of 95%
across all settings, particularly at n = 2000. The width of the credible intervals for SBART+SPL
reduces only slightly with increasing sample size and reflects more honest uncertainty rather than
false precision. While BART+SPL systematically undercovers the true PATE even at n = 2000,
attributable to overly narrow credible intervals, SBART+SPL exhibits undercoverage at n = 2000
only for ncov = 50. This results in a more conservative but well-calibrated uncertainty quantifica-
tion for SBART+SPL in larger samples and moderate sizes of irrelevant covariates.
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XBCF decomposes the outcome variable into a prognostic and a treatment effect component in
its estimation strategy and severely undercovers credible intervals for the PATE across all config-
urations in Table 1. This failure likely reflects a mismatch between population-level inference on
7p and XBCF’s indirect potential outcomes modeling strategy, which mainly targets 7(X ;) with
a separate BART prior. Instead, SBART+SPL and BART+SPL directly impute potential outcomes
and thereby propagate uncertainty more coherently to the aggregate estimand. In Appendix F.2, we
provide additional simulation evidence based on the data-generating process of Krantsevich et al.
(2023) and Wang et al. (2024). This second simulation study differs from the setting in Appendix
F.1 and aligns more closely with XBCF’s estimation approach: unit-level treatment effects are ei-
ther homogeneous or heterogeneous based on two directly specified covariates only. Moreover,
treatment assignment is governed by an explicit non-linear propensity score function rather than
implicit covariate distributional shifts as in Appendix F.1. Across both homogeneous and hetero-
geneous settings with varying numbers of irrelevant covariates, SBART+SPL consistently achieves
lower RMSE and absolute bias than BART+SPL while maintaining comparable or improved cred-
ible interval coverage, and performs competitively relative to XBCF with only moderately wider
intervals.

Table 1: Comparison of PATE estimates in terms of RMSE, absolute bias, and 95% credible interval
coverage and width for varying numbers of covariates ncov € {10,25,50} and sample
sizes n € {500,2000} across 120 simulation runs based on Appendix F.1.

n = 500 n = 2000
ncov  Method RMSE |Bias| Cov. Width RMSE |Bias|] Cov. Width
10 XBCF 0.759 0.741 031 1.324 0.768 0.741 0.00 0.711
BART+SPL 1.614 1307 051 2385 0441 0365 0.60 0.783
SBART+SPL  0.702 0.584 0.82 1.842 0.344 0.282 098 1.493
25 XBCF 0.710 0.690 039 1335 0779 0.749 0.01 0.730
BART+SPL 1.457 1.175 047 2.060 0485 0374 0.60 0.736
SBART+SPL  0.631 0.509 0.80 1.681 0.379 0323 095 1.378
50 XBCF 0.659 0.639 0.60 1337 0.784 0.752 0.00 0.703

BART+SPL 1.392 1.147 043 1.899 0475 0382 0.53 0.692
SBART+SPL  0.696 0.568 0.78 1.747 0426 0.382 090 1.253

Besides BART+SPL and XBCF, Table 3 in Appendix F.1 and Table 4 in Appendix F.2 compare
SBART+SPL to three alternative benchmark methods (Chipman et al., 2010; Gutman and Rubin,
2015; Linero, 2022) similarly to the baseline models in Nethery et al. (2019) and a Bayesian linear
regression (BLR) model. For each of the three benchmark methods, we implement an untrimmed
and a trimmed version such that 10 methods are considered in total. Appendix F presents more
information about all methods.

5. Empirical Application: NG Compressor Stations and Mortality Rates in the U.S.

We revisit the empirical application in Nethery et al. (2019) who analyze the effect of natural gas
(NG) compressor stations on cancer mortality rates. More detailed information about data collection
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can be found in their publication and the original description of Mokdad et al. (2017). The research
question is whether the existence of NG compressor stations in United States (U.S.) counties af-
fects the county-level mortality rates for thyroid cancer and leukemia. The study focuses on the
mid-western region within the U.S. to exclude confounding alternative pollutions that are argued to
be more prevalent in the coastal area. Moreover, exposure to pollution by NG compressor stations
might be more relevant in the mid-west due to longer industrial history. To further unconfound
the estimation, many pre-treatment variables (P = 22) are considered and represent demographic,
socio-economic and behavioral characteristics of each county. Summaries of the four outcome vari-
ables of mortality rates and the continuous explanatory variables are presented in Table 7 and Table
8 in Appendix H. In total, n = 978 counties with full confounder information are considered. The
treatment group consists of 291 counties, where a county is considered to be exposed to treatment
when at least one NG compressor station exists in that county. On the contrary, 687 counties are
considered to be unexposed. The empirical analysis rests on the assumption that the minimum la-
tency periods of thyroid cancer (2.5 years) and leukemia (0.4 years) are covered by the analysis.
Nethery et al. (2019) verified that most of the NG compressor stations have their highest operating
dates before or in 2012. That is, the mortality rates of thyroid cancer and leukemia observed in 2014
are argued to cover their minimum latency periods with respect to the exposure to emissions from
NG compressor stations. The histogram of propensity score estimates in Figure 7 in Appendix H
indicates that the region of non-overlap cannot be neglected as roughly 13% of the observations fall
into that region when defined by the approach of Nethery et al. (2019) described in Appendix A. In
Table 2, we focus on the (1) log-transformed 2014 leukemia mortality rate and (2) log-transformed
2014 thyroid cancer mortality rate as outcome variables. SBART+SPL yields PATE estimates very
close to zero for both leukemia and thyroid cancer mortality, with relatively tight credible inter-
vals that suggest no strong evidence of a treatment effect. Compared to BART+SPL, SBART+SPL
considerably reduces interval width. Relative to XBCF, SBART+SPL produces comparable point
estimates with intervals that are wider than XBCF’s credible intervals.

Table 2: PATE estimates and 95% credible intervals for outcomes (1) leukemia log—2014 mortality,
and (2) thyroid log—2014 mortality.

(1) leukemia (2) thyroid cancer
Method Effect Lower Upper Width Effect Lower Upper Width
XBCF 0.001 -0.004 0.007 0.011 0.001 -0.002 0.005 0.007

BART+SPL  -0.004 -0.026 0.018 0.044 -0.007 -0.030 0.015 0.045
SBART+SPL  0.001 -0.007 0.009 0.016 0.001 -0.008 0.010 0.017

Table 9 and Table 10 in Appendix H show PATE estimates and the corresponding credible inter-
vals for all methods described in Appendix F. Table 9 extends the results in Table 2 and considers
outcome variables (1) log-transformed 2014 leukemia mortality rate and (2) log-transformed 2014
thyroid cancer mortality rate. All methods in Table 9 report credible intervals that include the null
and mainly weak but positive PATE estimates of the exposure to NG compressor stations for the
2014 mortality rates of leukemia and thyroid cancer. Table 10 considers the percent point change
from 1980 to 2014 in the (3) leukemia mortality rate and (4) thyroid cancer mortality rate. For these
long-run changes in mortality reported in Table 10, SBART+SPL delivers positive effect estimates
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but substantially narrower credible intervals than BART+SPL. Compared to XBCF, SBART+SPL
produces slightly smaller PATE estimates and intervals that include zero, suggesting more conser-
vative inference. Overall, effects are less clearly identified in Table 10. Although all methods yield
positive point estimates, only a subset of methods excludes zero from their credible intervals. These
findings justify a more detailed investigation of these health effects with finer spatial data. Moreover,
other data-related issues like the potentially close locational connection of NG compressor stations
and natural gas drilling stations as well as the more insightful (but not available) information about
a cancer diagnosis, instead of mortality rates, might affect and influence the analysis presented here
and any policy-related measures derived from it (Nethery et al., 2019).

6. Conclusion

Violations of the positivity assumption in the potential outcome framework affect the estimation of
the population average treatment effect. While remedies like trimming and weighting often change
the initial target estimand, extrapolation approaches might be useful if a researcher wants to conduct
inference tailored to the original observational data at hand. This paper proposes SBART+SPL,
a method that builds on the framework of BART+SPL by Nethery et al. (2019). By using the
sparsity-inducing splitting rule prior and smooth decision rules of SoftBART (Linero and Yang,
2018; Linero, 2018), SBART+SPL adapts more appropriately to an increasing number of covariates.
Instead of using BART for the imputation stage, the SoftBART algorithm introduced by Linero and
Yang (2018) computes the individual treatment effects in the region of overlap. Moreover, the spline
model in the extrapolation phase does not rely on an unidentifiable variance inflation parameter, as
used in the BART+SPL algorithm, to properly account for larger uncertainty in regions of non-
overlap.

The simulation study in Section 4 illustrates the violation of the positivity assumption under an
increasing number of covariates based on two different data-generating processes (Nethery et al.,
2019; Krantsevich et al., 2023; Wang et al., 2024). SBART+SPL suggests improvements in pre-
cision and coverage for PATE estimation compared to BART+SPL and benchmark methods. Al-
though, SBART+SPL shows still some undercoverage, particularly at n = 500, performance im-
proves considerably as sample size n increases for the main simulation study in Section 4 and
Appendix F.1. Moreover, SBART+SPL remains competitive in performance under the second data-
generating process in Appendix F.2. Section 5 demonstrates the applicability of SBART+SPL by
re-estimating the population average treatment effect of NG compressor stations on leukemia and
thyroid cancer mortality rates at U.S. county level. In Table 9, SBART+SPL aligns with competing
methods in finding no evidence of a positive PATE, while delivering substantially tighter credible
intervals than BART+SPL. Results for long-run mortality changes in Table 10 are inconclusive.
Although several methods produce positive point estimates with credible intervals bounded away
from zero, others fail to rule out a null effect, suggesting that definitive conclusions require further
analysis with larger or richer data sources.
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Appendix A. Specifying Regions of Overlap and Non-overlap

This paper follows the definition of the region of overlap O and region of non-overlap O™ of Nethery
et al. (2019). For notational convenience, we drop X ; here when considering estimated propensity

scores. Let P.sCepq be a candidate propensity score value p.5Cqung € P.SC = |p:5¢(1), P-5¢(y | C
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(0,1) with ﬁs\c(j) being the j-th order statistic, i.e., ﬁs\c(l) is the minimum of the estimated propen-
sity scores for all observations in the full sample. Furthermore, let n; be the number of individuals
in each treatment group d € {0,1} and ]Ts\cé) be the i-th propensity score order statistic in treat-
ment group d. The candidate p.sc,,,q has a reasonable degree of overlap if one can construct a
set,

— ——d —d
{p-sccandvp'sc(i)a "'7p'sc(i+bo)} ) )
with the following two conditions for the treatment group and the control group, separately:

* The set includes p.sc,,q itself, as well as more than b estimated propensity scores.

* The set has a range smaller than ao.

Therefore, we define the region of overlap O as the set of estimated propensity scores that fulfill
those conditions and, hence, its units belong to the overlap region subsample with o = 1, ..., no.
O™ is the complement of this set, and its units belong to the non-overlap subsample with o™ =
1,....,no-.

— — —d —d
D-8Ceqna € P.SC : range ({p.sccand,p.sc(i), ...,p.sc(Hbo)}) < ap,

0= (10)

for some i =1, ...,nqg — bo,
ford € {0,1}.

Any user of this overlap definition is left with choosing appropriate values for ap and bo. As
outlined in Nethery et al. (2019), the tuning parameters have recommended default choices with
ao = 0.1 and bp = 7, respectively. This implies that an estimated propensity score belongs to the
region of overlap if, for each treatment group, one can construct a set with more than 7 estimated
propensity scores around this point such that this set has a range smaller than 0.1. In general, lower
values of ap together with higher values of b define the region of non-overlap more conservatively.
Estimated propensity scores belonging to the set are allowed to vary only mildly by opting for a low
ao, and one needs relatively many of these estimated propensity scores that are close to p.Sc ,,q due
to the large bo. Likewise, high values for ap and low values for bo define the region of non-overlap
less conservatively.

Appendix B. Bayesian Additive Regression Trees

We follow the notation of Linero and Yang (2018) to describe how BART can be extended to Soft-
BART. Let us consider the general semiparametric Gaussian regression problem in (5) to exemplify
how BART is used for predicting outcomes Y; given covariates X ;. Let us define the non-parametric
regression function with fy(X; = «) being some realization of the function

J J Lj
FXi=a)=> g@TpM;) =YY ud(;T;,0),x R, (1)
j=1 j=11=1

with 7; the branching process of tree j € {1, ..., J} while M; = (uﬂ, ey Mij) represents the
leaf node parameters of tree j withleaf { € {1, ..., L;}. For each tree j and given data x, the function
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g (x; Tj, M) relates a branching process to the leaf node parameters and can be reformulated by
multiplying each leaf node parameter j;; with the respective splitting rule ¢ (x; 7;,1). BART uses
the sum-of-trees specification in (11) to learn flexible functions g (x; 7;, M) that are able to predict
Y; based on X; and prior distributions on 7;, M and error variance o2 from (5).

One can view the general BART algorithm of Chipman et al. (1998, 2006, 2010) as an aggre-
gation of weak-learning decision trees as described in the decision tree boosting setup, but in a
Bayesian fashion. The BART algorithm proceeds similar to Gradient Boosting Machines (GBM)
in that it only uses the observed data and performs tree construction dependently (Friedman, 2001).
Different from GBM, BART does not fit an entirely new tree to the residuals of the previous tree.
Instead, BART has a built-in perturbation process that changes the tree structure of the previous tree
by either adding or pruning branches or modifying each of the leaf node predictions. This prevents
getting stuck in local minima through increased exploration of the model space. To avoid overfit-
ting, GBM uses tuning parameters by limiting the maximum depth of each tree, resulting in weak
learning trees and scaling down the individual contribution of each new tree. In contrast, BART re-
duces overfitting in a rather data-driven way by using a prior distribution for each tree to regularize
its size and fit. The independent tree priors prefer the construction of rather small trees and lead to
leaf parameter values approaching zero (Hill et al., 2020). Besides its flexible nonparametric func-
tion estimation approach, BART possesses further advantages that are useful for drawing inference
in empirical studies with observational data. First, the BART algorithm shows good performance in
setups with high noise that are prevalent in the causal inference literature of economics or medicine.
The usage in several data challenges and empirical applications demonstrates competitive and su-
perior performance compared to other methods (Dorie et al., 2019; Hu et al., 2020; Wendling et al.,
2018). Second, the prior distributions used in the BART algorithm favor data patterns with low-
order interactions over high-order interactions. Although high-order interactions play a central role
in pattern recognition for, i.e., languages or images, they are argued to be of limited relevance in
the traditional statistical analysis of the social sciences. In these circumstances of low-order inter-
actions, BART approaches optimal posterior concentration rates (Rockova and Van Der Pas, 2020;
Saha, 2023).

The standard BART algorithm by Chipman et al. (2010) describes an ensemble of decision trees
with (75, M;) "y (T) ma (M| T;) with (77, maq) being parameter priors of the decision
trees. Referring back to the semiparametric Gaussian problem in (5), BART takes the decision trees
7 to be independent such that one can write

J
7 (T1, Ma) ooy (Tr M) s 0l0) = | T 77 (T516) mad (MGIT5) | 70 (o) (12)
j=1

with g (M;|T;) = HlL:]l 7 (151 7T;) and 6 being the vector of hyperparameters specified in
Algorithm 1. Consequently, one needs to define prior distributions for (7, ¢, 7). The prior on
w1 is twofold, focusing on (1) the tree shape and (2) the splitting rules connected to each branch
node. The prior on w4 describes the distribution of leaf node parameters M; = (j4;1, .., i45z; ).
The prior on 7, is a distribution for the noise variance.
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B.1. Prior Specification

Following Chipman et al. (2010), the prior on the tree shape of tree 7; can be outlined as a branching
process. Each tree begins with a root node of depth dep = 0. Then, it is iteratively decided how
deep one is growing the tree. The root node is converted into a branch node b with two child
nodes with probability Pr (b is branch node) = (Hd%mﬁ and is converted into a leaf node with its
complementary probability. This procedure repeats until all nodes at a given level of depth level
are leaf nodes. Consequently, one has to specify the hyperparameters (-, 3). This paper uses the
default values of Chipman et al. (2010) by v = 0.95 and 8 = 2.

The prior on the splitting rules connected to each branch node b is defined by sampling a predic-
tor py, and a cutpoint C. Based on those sampled values, one can compare x,,, and Cj, to decide how
to channel « down the tree. The standard BART algorithm samples p; and Cj, from separate uniform
distributions. The hard branch splitting rules of the standard BART algorithm can be formalized by
specifying ¢ (x; 7;,1) used in (11) by

¢ (@ T 0) = [ 1(xp, < C) 1 (zp, > Cp)' 7. (13)
be A(l)

Let us denote A(l) as nodes that are ancestral to leaf node /. Furthermore, R, € {0, 1}, such
that Ry, = 0 if the path from the root to [ goes right at b and Rp, = 1 if left.

For the prior on the leaf node parameters M; = (,ujl, ey A Lj), one can exploit conjugacy
of the normal distribution N (1, 0'3) to marginalize out pj; as in Chipman et al. (2010). For the
standard BART algorithm, the outcome variable Y is transformed to be placed into the interval
[—0.5,0.5] and one samples 11;; ~ N (p1, = 0, O'Z = 0.5/k+/.J). Consequently, one has to specify
two further hyperparameters (k, J) with & = 2 and J = 200 being default values for the standard
BART algorithm.

Again, one can exploit conjugacy for the prior on the noise variance 2. For 7, (o) one can use
the inverse chi-square distribution such that o ~ vA/x? with default choices of (v = 3, g = 0.9)
to avoid neither an overly conservative nor an excessively aggressive prior. Here, A is chosen such
that the the probability of o being lower than the initial & is gy by determining Pr (0 < &) =
g». The naive ¢ is either estimated by being the sample standard deviation of Y or the residual
standard deviation from a simple linear regression of Y on X. This ensures that the prior is weakly
informative and favors values of o that are similar to its naive estimate, but still allows for variation.
Oftentimes, the random draw is taken from the related Inverse-Gamma distribution with 0 ~

G (3,%)-

B.2. Posterior Inference

Algorithm 1 describes the pseudo-code of one iteration of the general Bayesian backfitting proce-
dure to update (7;, M) for BART (Chipman et al., 2010; Hill et al., 2020). Bayesian backfitting
adopts a blocked Metropolis-Hastings strategy to explore the posterior distribution (Chipman et al.,
1998; Wu et al., 2007). In essence, the sampling proceeds in a structured manner: the tree 7; is first
drawn from its marginal posterior distribution, followed by drawing the leafs M; from their full
conditional distribution. More complicated models use a Metropolis-within-Gibbs Markov Chain
Monte Carlo model to update other parameters by exploiting further Gibbs or Metropolis-Hastings
steps as presented in Algorithm 2 later on for SBART+SPL.
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In step 1, Algorithm 1 proposes a new tree structure 7;* based on some proposal distribution
based on the current tree structure 7; by ¢(7;*; 7;). Mostly, BART implementations rely on random
perturbations of the current tree structure by one of the following moves: Grow/Birth turns a consid-
ered leaf node into a branching node and splits into two new leaf nodes, Prune/Death collapses two
neighboring leaf nodes back to one leaf node, Change modifies the decision rule associated with a
non-terminal node, and, Swap exchanges the decision rules of two non-terminal nodes (Hill et al.,
2020; Linero and Yang, 2018). Wu et al. (2007) and Pratola (2016) provide an extended discussion
of alternative proposal distributions within BART.

The second step sets the Metropolis ratio, asg in Equation (15), by using the proposal distri-
bution from step 1 and computing the integrated likelihood function

£(7;;7zj) J), = / (Hp ﬁj),M(j)30)> p(Mj | 7;"0) de? (14)

where 7(;) = {7, : 1 < v < J, v # j} is the set of all tree structures except 7; while the set
M ;) is defined similarly for leaf parameters (Hill et al., 2020). Moreover, the vector 6 collects all
necessary parameters considered in the branching process in Appendix B.1 and might be extended
to include further parameters in more involved models (i.e. bandwidth parameter TJ’-’w in Appendix
C.1 for SoftBART).

Step 3 accepts the tree proposal 7;-* with probability min (1, apsr). If the tree proposal is re-
jected, 7 stays at its current status. Finally, leaf parameters M are drawn from their full condi-
tional distribution in step 4.

Algorithm 1 One iteration of Bayesian backfitting for BART to update (7;, M)
Input :

* Initial parameters {T(O) (O) }

* Hyperparameters 6 = (v, 8, k, J) as specified in Appendix B.1
« Observed data Y°*° | X
Output: Updated values for (75, M)

for j < 1to J do
1. Propose new tree structure 7;* from proposal distribution ¢(7;*; 75)
2. Set Metropolis ratio, anr r, to

(7;*7/\/1]7 )p(7; J
L(Tj; M;,0)p(T;) a(T757T;5)

QMR < (15)

3. Set T; < T;* with probability min (1, amr)
4. Sample M; ~ p(M;|T;, Tij), M5y, 0, Y%, X)

end

Appendix C. From BART to SoftBART

A drawback of the BART algorithm in Appendix B is its reliance on step-wise constant functions
that lead to non-smooth predictions. The SoftBART algorithm of Linero and Yang (2018) resolves
this shortcoming by introducing sparsity and smoothness into the conventional BART algorithm
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of Chipman et al. (1998, 2010). Linero and Yang (2018) and Rockov4 and Van Der Pas (2020)
show that the convergence rate of BART can be improved via smoothness. Moreover, they derive
suitable posterior concentration rates for Soft BART when the number of relevant, true predictors
is much smaller than the number of considered covariates P and the true data-generating function
is driven by low-order interactions. Appendix C.1 generalizes BART to SoftBART by introducing
sparsity-inducing splitting probabilities and allowing for smoothness-inducing decision rules.

C.1. Soft Bayesian Additive Regression Trees

In Linero (2018), the Dirichlet Additive Regression Trees (DART) algorithm extends the BART
algorithm with regard to the prior on the splitting rules of branch node b by adding a sparsity-
inducing prior. At each branch node, the tree randomly selects a predictor index p;, € {1, ..., P} and
a threshold Cy, then splits the data by comparing ), to Cp. Repeating this across nodes b and trees j
yields a flexible, data-adaptive partition of the predictor space. DART samples p, ~ Categorical(s)
with probability vector s = [s1, ..., sp]’. We specify an additional prior on s that induces sparsity
into the splitting probabilities. That is, we sample

s ~ Dirichlet (oz/Pg,...,oz/P5> (16)

with O#LP ~ Beta(ag = 0.5,8s = 1) and £ = 1 such that « governs the assumed sparsity with
(as, Bs) balancing between sparse and non-sparse setups. The threshold values are sampled by
Cy ~ Uniform(a,, b,) with (a,, b, ) chosen such that the cell R” is split along the pj-th coordinate.

The SoftBART algorithm builds upon the DART algorithm. It extends the procedure by imple-
menting smoothness-inducing decision rules (Linero and Yang, 2018; Linero, 2022). The algorithm
replaces the hard decision rules 1 (z,, < C3) and 1 (x,,, > C}) as in Equation (13) with the smooth
decision rule (m”:;ucb) leading to

J

Ry,
-C - C

beA(l) J j

1-Ry
(17)

The SoftBART algorithm assigns each tree 7; a separate, exponentially-distributed bandwidth
parameter T]I?w] and a logistic link function . With regard to the prior on the leaf node parameters
M; = ( Hjly ey HGL, ), the SoftBART algorithm places an additional hyperprior on ai by sampling
o, ~ Cauchy™(6,) with 6, = 0.5/k+/J and choosing by default fewer trees with .J = 20.

Differences between SoftBART and BART are illustrated in two stylized examples in Appendix
D.1 and D.2 which are closely related to illustrations presented in Hahn et al. (2020) and Linero and
Yang (2018). The first example points out the difference between hard and soft decision rules in a
simple prediction task of a smooth sine curve as well as a step function. SoftBART indicates lower
RMSE compared to BART in both cases as the usage of BART leads to non-smooth jumps around
the true data-generating function. In the second example in Appendix D.2, SoftBART improves
uncertainty quantification in the region of non-overlap in a simple conditional average treatment ef-
fect estimation setup. BART does not account for an increase in uncertainty and predicts a constant

1. 70" ~ Exp (scale = 0.1). Note that if 7" — 0 yields a standard decision tree.
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treatment effect in the region of non-overlap. Instead, SoftBART inflates the variance around the
conditional average treatment effects more properly when faced with weak overlap. These Soft-
BART properties of improved predictive power and enhanced uncertainty quantification are lever-
aged within the SBART+SPL algorithm described in Section 3.1 to alleviate the shortcomings of
BART+SPL concerning precision and coverage for population average treatment effect estimation
in the presence of sparse data.

Appendix D. Properties of SoftBART

We demonstrate two properties of SoftBART that motivate its usage within SBART+SPL in Section
3: proper approximation of smooth and step functions (Appendix D.1) and appropriate uncertainty
inflation in regions of non-overlap (Appendix D.2).

D.1. Hard and Soft Decision Rules

The following stylized prediction example based on Linero and Yang (2018) visualizes the contrast
between hard decision rules, as in Equation (13), and soft decision rules, as in Equation (17). Let
the univariate regressor be a sequence of values ranging from 0 to 1, incremented by 0.01, such that
X; =(0,0.01,0.02, ..., 1). The continuous outcome variable is generated with

Y;(X; = z) = sin (27x) + €, ¢ ~ N(0,0.1%). (18)

In-sample predictions of the outcome variable using BART and SoftBART are given in Figure 2.
Whereas the BART predictions wiggle non-smoothly around the true sine curve, the SoftBART
predictions result in a similarly shaped curve compared to the true sine curve. This results in a
lower RMSE value for the SoftBART algorithm (0.046) compared to the BART algorithm (0.067).

The improvement in RMSE is not an artifact of the underlying smooth sine curve that generates
our outcome. Let us change our outcome model to a step function by:

YVi(X;i=2)=2—4-1(z>0.5)+¢,¢ ~N(0,0.1%). (19)

In-sample predictions of the outcome variable using BART and SoftBART are given in Figure 3.
The RMSE for SoftBART (1.360) is slightly lower compared to the RMSE of BART (1.366), al-
though the outcome model mimics a step function with a hard jump from 2 to —2 around =z = 0.5.

D.2. Uncertainty Quantification

In addition to improved precision, the SoftBART algorithm seems to be able to improve uncertainty
quantification compared to BART when estimating treatment effects. This section exemplifies this
improvement by recollecting a simple example of uncertainty quantification around conditional
average treatment effects similar to the discussion part in Hahn et al. (2020). Let us generate n =
200 observations with 100 units for each treatment group D; € {0,1}. The univariate regressor
X; ~ Ga(puga, sd = 8) has pg, = 35 for the treated units and pg, = 60 for the control units.
Based on the regressor, a linear outcome model is used to generate the respective outcome values

by

Yi(X;=2,D;=d)=10+5-d+0.3 -z + €, ~ N(0,1). (20)
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Figure 4 displays in the upper panel observed and predicted outcome values for each treatment group
separately based on either SoftBART or BART. The lower panel shows estimates of the conditional
average treatment effects (CATE), 7(X;) and the corresponding credible intervals for SoftBART
and BART. The observed values overlap for both treatment groups with values lying approximately
in the interval X; = x € (40,60) but we have non-overlap for values outside of this interval.
Consequently, estimation methods should quantify this uncertainty in the non-overlapping region
with increasing credible intervals around 7(X;). SoftBART accounts for this increase in uncer-
tainty while BART does not transmit the increased uncertainty into its credible intervals resulting in
overconfident predictions and treatment effect estimates for x-values outside the interval (40, 60).

BART SoftBART
1.0
0.5
Y.
> 0.0 — predicted
— true
-0.5
-1.0

0.00 0.25 0.50 0.75 1.00.00 0.25 0.50 0.75 1.00
X

Figure 2: In-sample predictions for BART and SoftBART based on the example in Linero and Yang
(2018) and Appendix D.1. Outcomes are generated by the sine curve in (18).
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BART SoftBART
1
Y.
>0 — predicted
— true
-1
-2 VDAAAF:VA‘c Q

0.00 0.25 050 0.75 1.0@0.00 0.25 0.50 0.75 1.00
X

Figure 3: In-sample predictions for BART and SoftBART based on the example in Linero and Yang
(2018) and Appendix D.1. Outcomes are generated by the step function in Equation (19).

24



SBART+SPL FOR PATE ESTIMATION UNDER POSITIVITY VIOLATIONS

SoftBART BART

31vO

X

Figure 4: Comparison of uncertainty quantification for BART and SoftBART based on the example
in Hahn et al. (2020) and Appendix D.2. Outcomes are generated following Equation
(20).
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Appendix E. SBART+SPL algorithm

This paper implements the SBART+SPL algorithm by embedding the SoftBART algorithm into
the Bayesian backfitting algorithm of BART+SPL using the MakeForest () function and its cor-
responding Rcpp_Forest data structure as outlined in Linero (2022) for the R programming
language (R Core Team, 2021). The SoftBART package by Linero (2022) introduces a flexible im-
plementation of BART models that can adapt to sparsity and smoothness as outlined in Appendix
C.1. Appendix E.1 sketches the pseudo-code of SBART+SPL. Appendix E.2 explains the imputa-
tion of missing outcomes in the region of overlap (steps 4 and 5 of the algorithm) more in-depth
while Appendix E.3 discusses the extrapolation of individual treatment effects into the non-overlap
region.

E.1. Pseudo-code of SBART-SPL

Algorithm 2 SBART+SPL
Input :
e Tnitial parameters {7;'(0)7 ME’O)v J%mp(O)v 02 (0)7 S (0) (O)ﬂ(O) 2 © }

14 Smo? OSmo

* Hyperparameters 6 = (v, 8, as, Bs, k, J, v, qx, ) as specified in Appendix B.1 and Appendix C.1
« Observed data Y °*%, X and region of overlap/non-overlap O, O~
Output: Ap as m draws of the population average treatment effect from the posterior density

for m < 1to M do
1. for j <+ 1to J do

1.1 Draw 7;-(m) from p ( |7 bw(m) V(m 2 O'Imp(m71>> using the Metropolis Hastings algorithm described
by Chipman et al. (1998)
1.2 Draw T]l-“”< from p (wa|T(m) V(m 2 O‘Imp(m71>) using the Metropolis Hastings algorithm de-
scribed by Chipman et al. (1998)
1.3 Draw M ) from p (M j \V meh 52 (17:1;1) , 7;-("‘)) through a random sample from the Normal distribu-
tion

end

2. Draw s(™ through a random draw from a Dirichlet distribution
3. Draw noise variance o §mp and leaf variance parameters O'H( Y from Inverse-Gamma distributions and the
sparsity-control parameter al™ using slice sampling (Neal, 2003)
4. Draw Y"”S(m) from p (Y"”S|Y°bs T m>, e '7'J(m), ME”” M<m %mp( )) through a random sample
from a Normal distribution
5. Form A(om as a linear combination of Y}’)”S(m>, Y

(m) -1
6. Draw ﬁ5m>o from p (5SmO|A a%mo(m ))
(m)

» I Smo

7. Draw Usmo( ™ from P (aSmO|A(m)
8. A" from p (Aoﬁ|A

) through a random sample from an Inverse-Gamma distribution

am) , ,B Smo, %mo(m)) through a random sample from a Normal distribution

9. Draw AED ™) by executing B iterations of the Bayesian bootstrap on {AS“), Ag@} and randomly selecting one

of the B bootstrap sample averages
end

E.2. Imputation in the Region of Overlap

Similarly to the notation for Y"bs in Subsection 3.1.1, the corresponding vector of missing outcomes
in the region of overlap is Y"”s = [Y™, ., Y, 5) As discussed in Section 2 related to SUTVA,
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only one potential outcome is realized for each individual 7. For individual o in the overlap region,
the non-realized potential outcome is captured with Y ;** as a missing data point and needs to be

imputed. The vector Yg”s collects the draws of the imputed values of Ygis from its posterior
predictive distribution. More precisely, a specific Y™ is imputed with Y,"** in step 4 by applying
SoftBART to

Y;Obs —Zg O,p SC ),Xo;’];',Mj)+60750NN(0a0%mp)’ 2

similar to the usage in Equations (11) and (5). Here, the estimated propensity score p.sc( X ,) serves
as another predictor while D, lets us differentiate between treatment and control group. Let us
collect parameters for the imputation phase in §/™7 = {o? Tmp Tiyeory Ty, Ma, ..., M s} This gives

us a posterior distribution of p (6 mp\Y%bs) which can be used to obtain draws from the posterior
predictive distribution

p(YBUIYE) = / p (YUY g0 p (677 Y ") ag™. (22)

These draws are defined as imputed values of missing potential outcomes in the region of overlap,

f/m Subsequently, the vector of estimated individual treatment effects for the overlap region O,
Ao =[Ay,...,A,, ], is computed in step 5 of Algorithm 2 such that the individual treatment effect
of a specific observation o € {1,...,no} in the region of overlap is obtained as

B YObS—Y/miS"fD -1
Aoz{o o 1o (23)

f/omz's _ }/oobs Jif Do =0

E.3. Extrapolation for the Non-overlap Region

Let Y' and Y% be the vectors of missing potential outcomes of individuals in the regions of
overlap and non- overlap, respectively. Two smoothing models use restricted cubic splines rcs(z)
with basis z to extrapolate individual treatment effects into the region of non-overlap based on the
linear model in (7) with W, as

Wo - {[TCS (p/S\C(XO)) » T'CS (Y;)*(l)) ’ XO]/7 lf Do — 1

[res (p-se(X,)) ,res (YF(0)) , X,) , if Dy =0 9

With Equation (24), two smoothing models are defined: One for treated individuals in the non-
overlap region (D,- = 1) and one for non-treated individuals in the non-overlap region (D,~ = 0).
For the former case, one uses

Yobs if D, =1
vy =0 ot T (25)
¢ Y5 if D, =0

with ffomis as in Equation (21). For the latter case, one similarly uses

Yobs if D, =0,
Yr0)=141e TPe . (26)
¢ Y™ if D, = 1
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Equation (7) constitutes a linear regression model such that one can retrieve updates of §5™° =
{ Bsmos U%m 0} by drawing from Normal and conjugate Inverse-Gamma distributions for each of
the two smoothing models, separately. With the updates of these parameters in §5°°, one can draw
from the posterior predictive distribution for the non-overlap region by

P (Aoﬁ\Ao> _ / » (Aoﬂ yw;,eSmO) P (95mO|AO> dgsme . 27)
where the likelihood model reads
p (Aoﬁ ‘W,o(* ) 95mo> = N(W;ﬂ/BSmoﬂ O'?S‘mo)' (28)

This draw is a sample from the normal distribution where W~ stores information from the non-

overlap region by

 [lres (F5e(X ) L res (Y (1)) X o], if Dy = 1 (20)
[res (pse(Xo-)) s res (Y(0) , Xoo] , if Dpn =0

and (B0, a%mo) generated from either of the two smoothing models described above. Hence, an

extrapolated individual treatment effect for the non-overlap region, A,-, is sampled from:

P (B | Wi, 05m0) =N (W5 Bsor 0Fe) s (Bsmor 7o) ~ p(8smo | Ao) . (30)

E.4. Bayesian Bootstrap

We use the Bayesian bootstrap in step 9 of Algorithm 2 to embrace variability in the choice of
confounders and effect modifiers (Rubin, 1981; Wang et al., 2015; Nethery et al., 2019). For each
Aggm) in Algorithm 2, the sampled set of individual treatment effects is bootstrapped B = 250 times,
and the B averages of these bootstrap draws are draws from the posterior distribution of the PATE.

One random sample of these B averages is then termed Aggm).

Appendix F. Additional Information for the Simulation Study

This section provides additional information for the main simulation study in Section 4 based on
Nethery et al. (2019) (see Appendix F.1) and a second simulation study based on Krantsevich et al.
(2023) and Wang et al. (2024) (see Appendix F.2). Code and data to replicate the results are accessi-
ble on GitHub via https://github.com/LennMass/sbartspl. We use the absolute bias
and root-mean-squared error (RMSE), as well as credible interval coverage and width, to evaluate
the precision and efficiency of the respective estimation methods across all simulations. If we use a
trimmed version of a method, this method is abbreviated T-method and its untrimmed version is ab-
breviated U-method. Note that for the trimmed methods (T-GR, T-BART, T-SoftBART) the target
estimand changes from the PATE to an ATE for the trimmed population that omits the observations
in the region of non-overlap.

* U-GR, T-GR: The GR approach implements the method of multiple imputation with two
subclassification splines (MITSS) proposed by Gutman and Rubin (2015).
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* U-BART, T-BART: Both methods fit a single BART model with covariates, exposure variable
and estimated propensity scores to the outcome variable. Afterwards, potential outcomes are
predicted based on the posterior predictive distributions and used to compute the treatment
effect (Hill, 2011; Nethery et al., 2019).

* U-SoftBART, T-SoftBART: The procedure is similar to the previous BART approach but
uses SoftBART (Linero, 2022) instead of BART for modeling.

* BLR: We estimate the PATE using a Bayesian linear regression (BLR) model fitted with
brms (Biirkner, 2017), regressing the observed outcome on treatment, continuous covariates,
and categorical covariates under weakly informative priors. Posterior draws of individual
potential outcomes under treatment and control are generated via Hamiltonian Monte Carlo,
and the PATE posterior is computed as the sample-averaged contrast.

* XBCF: The Accelerated Bayesian Causal Forest (XBCF) is a Bayesian tree-based model
for estimating heterogeneous treatment effects that decomposes outcomes into a prognostic
component and a treatment effect component, each modeled via BART priors (Hahn et al.,
2020; Krantsevich et al., 2023). The method incorporates estimated propensity scores into
the prognostic function and uses a split rule that prevents treatment trees from splitting when
only treated or control units remain, making overlap explicit in the tree structure. This design
captures treatment effect heterogeneity well in regions of overlap while highlighting non-
overlap regions. The code for the recommended extension in Wang et al. (2024), XBCF with
Gaussian Process (GP) priors within leaf nodes (XBCF-GP), is not available to the author
and is therefore not used for comparison. However, the differences in performance for PATE
estimation between XBCF and XBCF-GP presented in the simulation study of Wang et al.
(2024) are only minor.

* BART+SPL: The original two-stage Bayesian modeling approach proposed by Nethery et al.
(2019).

* SBART+SPL: The extension of BART+SPL proposed in this paper and mainly described in
Section 3.1 and Appendix E.

The simulation study follows the notation of Zhu et al. (2023) such that
AR =7 2O ARY, (3D

where Agfim) is an estimate of the population average treatment effect for the specific dataset sim €
{1, ..., Sim} with Sim being the total number of simulated datasets. We evaluate the absolute bias
and RMSE over all simulations by

1 Sim o )
|Bias| = Sim Z ‘Agfm) — acegfgg) , (32)
sim=1
1 Sim « (si ] 9
e = i 3 (857 i)’
Stm=—
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with the true PATE for each simulation dataset as acegfnzg) = LS | 7; based on the true potential

outcomes for each observation 7 with 7; = Y;(1) — ¥;(0). Besides precision, coverage rates eval-
uate the efficiency of the respective estimation methods. For each simulation dataset, the indicator
function checks if the true PATE lies in Cfé?m), defined as the 95% credible interval based on
the posterior draws Agjm). Moreover, the average width of the 95% credible interval indicates the
tightness of the intervals.

Sim
1 . .
Coveragegsy, 7 = Sim Z 1 (acegfzg) € C’Iégzm)> , (34)
stm=1
g
Wi o 1 s (sim)
idths, o1 = < > length (CIy;™ ). (35)
sim=1

F.1. Data-generating Process based on Nethery et al. (2019)

The main simulation study in Section 4 generates the true confounder variables by

X1i|D; =1,...,X5|D; = 1 ~ Bernoulli(0.45), (36)
X1i|D; =0, ..., X5;|D; = 0 ~ Bernoulli(0.4), (37)
Xei|Di = 1,..., X10i|D; = 1 ~ N(2,4), (38)
Xei|Di =0, ..., X10:|D; = 0 ~ N(1.3,1). (39)

Based on the true confounder variables from above, we produce the two potential outcomes for each
individual ¢ = 1, ...,n with n € {500, 2000}:

Y;(0) = 0.5 (X5 + Xo; + Xa; + Xus + Xi) +
15
(1 + exp{—8Xg; + 11)
Yi(1) = Xui + Xoi + X3 + Xag + X5~
0.5 (XGi + X7 + Xgi + Xo; + XlOi) .

+ X7; + Xgi + Xo; + X10i — 5, (40)

Figure 5 illustrates a distribution of propensity score estimates by treatment status for ncov = 10
and n = 500. The graphic indicates that the region of non-overlap is non-negligible.

Table 3 shows the complete version of Table 1 in Section 4 with all benchmark models described
in Appendix F. The comparison of results reveals that SBART+SPL delivers a compelling balance
between point estimation accuracy and uncertainty quantification. On the accuracy side, BLR attains
the lowest RMSE and bias across all settings due to the mostly linear potential outcomes in (40),
but its coverage deteriorates at larger sample sizes, falling to 0.71-0.84 at n = 2000 and thus
departing from the nominal 95% level. The trimmed variants (T-GR, T-BART, T-SoftBART) are
uniformly dominated: their RMSE values are two to three times those of SBART+SPL, and their
coverage collapses to 0.00-0.08 in nearly every scenario, indicating severe miscalibration. Among
the untrimmed models, U-SoftBART consistently overcovers the nominal coverage rate (except for
n = 2000 and ncov = 50) and shows higher RMSE at larger sample sizes (i.e., 0.429 vs. 0.379 at
ncov = 25, n = 2000). U-BART and U-GR, meanwhile, combine moderate-to-high bias with poor
coverage (0.05-0.47), offering no dimension along which they dominate SBART+SPL. In contrast,
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SBART+SPL maintains coverage between 0.78 and 0.98 across all configurations while exhibiting
RMSE and bias that are competitive with or superior to every method except BLR. Furthermore,
SBART+SPL shows stable or improving performance as the number of covariates increases from
10 to 25, suggesting that the SoftBART component within SBART+SPL accommodates growing
covariate dimensionality.

25

15

10

0.0 0.2 0.4 0.6 0.8 1.0
Propensity Score
Figure 5: Example of a distribution of propensity score estimates by treatment status for ncov =
10,7 = 500 based on the data-generating process in Appendix F.1. Regions of overlap

and non-overlap are indicated by the vertical straight lines. The region of overlap lies
in-between these two vertical straight lines.
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Table 3: Model comparison of PATE estimates in terms of RMSE, absolute bias, and 95% credible
interval coverage and width for varying numbers of covariates ncov € {10,25,50} and
sample sizes n € {500,2000} across 120 simulation runs based on the data-generating

process in Appendix F.1.
n = 500 n = 2000
ncov  Method RMSE |Bias| Cov. Width RMSE |Bias|] Cov. Width
U-GR 0.710 0.596 047 0971 0464 0415 0.18 0.477
U-BART 0.741 0.719 030 1.229 0.411 0.389 030 0.640
U-SoftBART 0.505 0490 1.00 1.646 0337 0324 1.00 1.660
T-GR 1.285 1.221 0.02 0.695 0.769 0.744 0.00 0.357
10 T-BART 1.862 1.831 0.00 1.233 1.146 1.131 0.00 0.622
T-SoftBART 1.865 1.836 0.00 1.381 1.214 1.198 0.00 0.877
XBCF 0.759 0.741 031 1324 0.768 0.741 0.00 0.711
BLR 0.397 0333 097 1478 0272 0251 0.83 0.718

BART+SPL 1.614 1307 051 2385 0441 0365 0.60 0.783
SBART+SPL  0.702 0.584 0.82 1.842 0.344 0.282 098 1.493

U-GR 0.682 0568 045 0946 0461 0405 020 0478
U-BART 0.891 0.879 0.05 1258 0489 0477 0.10 0.686
U-SoftBART  0.569 0.560 0.99 1594 0429 0417 098 1.349
T-GR 1.245 1.169 0.04 0.751 0.757 0.724 0.00 0.362
25 T-BART 1.879 1.837 0.00 1.250 1.218 1.204 0.00 0.626
T-SoftBART 1.836 1.791 0.00 1.428 1.244 1.231 0.00 0.865
XBCF 0.710 0.690 039 1335 0.779 0.749 0.01 0.730
BLR 0.360 0309 099 1520 0.280 0.258 0.84 0.722
BART+SPL 1.457 1175 047 2.060 0485 0.374 0.60 0.736
SBART+SPL  0.631 0.509 0.80 1.681 0379 0.323 095 1.378
U-GR 0.722 0.624 039 0973 0.542 0501 0.10 0.487
U-BART 1.071 1.052 0.02 1297 0.597 0.589 0.01 0.786
U-SoftBART  0.586 0.576 099 1.630 0.534 0.524 0.73 1.284
T-GR 1.249 1.162 0.08 0.806 0.789 0.769 0.00 0.376
50 T-BART 1.921 1.882 0.00 1.290 1.256 1.245 0.00 0.650
T-SoftBART 1.786 1.741 0.01 1480 1.262 1252 0.00 0.878
XBCF 0.659 0.639 0.60 1337 0.784 0.752 0.00 0.703
BLR 0403 0342 098 1569 0324 0300 0.71 0.737

BART+SPL 1.392  1.147 043 1.899 0475 0382 0.53 0.692
SBART+SPL  0.696 0.568 0.78 1.747 0426 0382 090 1.253

F.2. Data-generating Process based on Wang et al. (2024)

We follow Wang et al. (2024) and use the data-generating process presented in Hahn et al. (2020),
Krantsevich et al. (2023), and Wang et al. (2024) to analyze the PATE based on either homogeneous
or heterogeneous conditional treatment effects while increasing the number of irrelevant covariates.
We generate two potential outcomes that rely on five covariates X;, ..., X5; where the first three co-
variates are drawn independently from a standard normal distribution. X; represents an unordered
categorical variable with levels (1, 2, 3), while X5; is a binary variable. The prognostic component,
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Hprog(X3), and the treatment effect function, 7(X;), that determine the potential outcomes are given
below:

Y;(0) = NprOg(Xz‘)a (41)

Yi(1) = pprog(Xis) + 7(Xa), (42)

Uprog(Xi) =—6+ gprog(X4i) + 6’X3i - 1|7 (43)
3, if homogeneous,

(X;) = . . (44)
14 2X9;X5;, if heterogeneous.

9, if Xy=1,
gprog(X4i) = —1, if X4i = 2, (45)
4, if Xy=3.

Treatment assignment is generated using a nonlinear propensity score model designed to induce
complex covariate overlap. Specifically, the propensity score is defined as

p.sc(X;) = min {max {logit_l(n(Xi), O.()l} ) 0.99} ) (406)
where the linear predictor (X;) is given by
2 2 2 2 .
n(X;) =2 (X§; —0.5)" — 1.5 (X5, — 0.2)" + 0.8sin(nXs3;) + D( Xy — X5).  (47)

In Equation (46), logit ™ (u) = (1 + exp{—u})~! denotes the logistic function and ®(-) in Equa-
tion (47) is the standard normal cumulative distribution function. The truncation to the interval
[0.01,0.99] is applied to avoid excessively extreme propensity scores that equal 0 or 1. Besides
the five mentioned covariates that generate potential outcomes and propensity scores, we consider
ncov € {10,20} irrelevant covariates with ncov = ncoveont + NCOVeat and ncoveen: € {5,10}
the number of continuous variables and ncov.q; € {5,10} the number of categorical variables. All
continuous covariates follow a standard normal distribution, while half of the categorical variables
are binary and the other half are unordered variables with levels (1,2,3). We generate 20 simulation
datasets that have regions of non-overlap between 10% and 30%.

Notably, the simulation design in this section differs from the simulation study in Appendix
F.1 in several dimensions. Instead of relying on five continuous and five binary covariates, the true
individual treatment effects in this study are either homogeneous or depend only on one continuous
and one categorical variable. Moreover, treatment effect heterogeneity arises implicitly from differ-
ences in covariates in Appendix F.1 while effect heterogeneity in 7(X;) is either explicitly modeled
(heterogeneous case) or absent (homogeneous case). The simulation study in Appendix F.1 tests the
ability to handle weak overlap induced by distributional shifts in covariates based on treatment sta-
tus. This leads to implicit treatment assignment, and regions of overlap and non-overlap arise from
covariate distribution shifts. In comparison to that, Equation (46) in this study explicitly determines
the treatment assignment using a non-linear propensity score function.

Table 4 displays the estimates of A p for SBART+SPL and all competing methods described in
Appendix F. Across both homogeneous and heterogeneous settings, Table 4 shows that SBART+SPL
consistently achieves lower RMSE and absolute bias than BART+SPL, with comparable or im-
proved 95% credible interval coverage, indicating more accurate and stable PATE estimation under

33



MASSMANN

weak overlap. Compared to XBCF, SBART+SPL is slightly less competitive in RMSE in some
configurations and delivers similar coverage with moderately wider intervals, reflecting reliable un-
certainty quantification.

Compared to Table 3 in Appendix F.1, performance differences across methods are narrower
in Table 4. Within this compressed range, SBART+SPL remains consistently competitive. Under
homogeneous treatment effects, U-SoftBART achieves the lowest RMSE in both covariate settings.
The key differentiator, however, is the transition to underlying heterogeneous treatment effects:
BLR degrades substantially in terms of precision, and T-GR deteriorates sharply at higher dimen-
sions (RMSE 0.544 at ncov = 20), whereas SBART+SPL’s RMSE increases only modestly (from
0.145 to 0.187 and from 0.159 to 0.203), maintaining overcoverage at 1.00 in both heterogeneous
scenarios. U-SoftBART and XBCEF are similarly robust to this transition.

Table 4: Model comparison of PATE estimates in terms of RMSE, absolute bias, and 95% credible
interval coverage and width for sample size n = 500 and varying numbers of irrelevant
covariates ncov € {10, 20} across 20 simulation runs based on the data-generating process
in Appendix F.2. Note that for some simulation runs at ncov = 20, PATE estimates for
T-GR could not be computed leading to coverage rates of 0.88 and 0.94, respectively.

7(X;): homogeneous 7(X;): heterogeneous
ncov  Method RMSE |Bias| Cov. Width RMSE |Bias|] Cov. Width
U-GR 0.210 0.154 085 0.604 0230 0.168 0.85 0.745
U-BART 0.179 0.138 095 0.574 0.188 0.159 1.00 0.780
U-SoftBART 0.128 0.098 095 0452 0.166 0.130 1.00 0.793
T-GR 0.199 0.155 095 0586 0354 0.258 0.85 0.851
10 T-BART 0.175 0.133 090 0.603 0.174 0.143 090 0.822
T-SoftBART ~ 0.146 0.111 095 0475 0.180 0.131 095 0.896
XBCF 0.152 0.120 1.00 0.539 0.187 0.154 095 0.764
BLR 0.147 0.119 1.00 0.659 0.299 0.232 090 0.923
BART+SPL 0.188 0.147 1.00 0.779 0.210 0.176 095 0974
SBART+SPL  0.145 0.110 1.00 0.660 0.187 0.145 1.00 0.843
U-GR 0.199 0.1830 090 0.793 0280 0.256 0.90 0.966
U-BART 0.176 0.147 095 0.724 0.190 0.152 1.00 0.956
U-SoftBART 0.128 0.082 095 0566 0.207 0.171 1.00 0910
T-GR 0.233  0.179 088 0919 0544 0352 094 1.282
20 T-BART 0.202 0.162 095 0.749 0258 0.211 090 1.007
T-SoftBART ~ 0.141 0.110 1.00 0.624 0224 0.170 1.00 1.025
XBCF 0.117 0.097 1.00 0.605 0204 0.158 1.00 0.888
BLR 0.141 0.116 1.00 0.773 0354 0.245 090 1.096

BART+SPL 0.181 0.153 1.00 1.094 0.223 0.176 1.00 1.360
SBART+SPL  0.159 0.110 090 0.689 0.203 0.164 1.00 1.118
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Appendix G. Analysis of the Variance Inflation Parameter

We illustrate the influence of the variance inflation parameter in BART+SPL in comparison to
SBART+SPL. In Nethery et al. (2019), the recommended default specification for the variance
inflation parameter in BART+SPL uses varj,g = 10 - distﬁ?c( X,) -range(Ao). Here, distﬁs\c( X,) is
the distance of an observation’s estimated propensity score to the nearest estimated propensity score
in the overlap region, while range(Ao) is the range of the estimated individual effects in the over-
lap region. For SBART+SPL, we do not use this unidentifiable variance inflation hyperparameter to
properly account for the increase in variance in the region of non-overlap, which is equivalent to us-
ing varjpn = 0 in (8) by default. As a third model, we compare BART+SPL and SBART+SPL with
BART+SPL using varj,g = 0. Table 5 shows a comparison of the three models for PATE estimation
using n = 500 and ncov = 10 for the data-generating process in Appendix F.1 across 20 simulation
runs. The results show that SBART+SPL outperforms both versions of BART+SPL in terms of
RMSE and absolute bias, reducing error by more than half. SBART+SPL also achieves higher 95%
credible interval coverage compared to BART+SPL, indicating more reliable uncertainty quantifica-
tion. Additionally, SBART+SPL produces slightly narrower intervals than BART+SPL, suggesting
improved precision without sacrificing coverage. Moreover, the default variance inflation parameter
of BART+SPL improves uncertainty quantification only slightly by sacrificing precision compared
to BART+SPL without variance inflation (var;,g = 0).

In Table 6 and Figure 6, we focus on one randomly drawn simulation dataset to further in-
vestigate the behavior of the variance inflation parameter at the individual treatment effect level.
The results in Table 6 indicate that in the overlap region, all three methods perform similarly, with
comparably low RMSE and absolute bias, reflecting accurate individual treatment effect estimation
where data support is strong. In the non-overlap region, SBART+SPL outperforms both BART+SPL
variants, decisively reducing RMSE and bias. While variance inflation in BART+SPL improves
coverage at the cost of extremely large credible intervals, SBART+SPL yields more precise indi-
vidual treatment effect estimates with the shortest average interval length in the non-overlap region,
which translates into an increase in precision and coverage for PATE estimation presented in Table
5. Figure 6 graphically supports the findings in Table 6 for the regions of overlap and non-overlap.

Table 5: Comparison of PATE estimates in terms of RMSE, absolute bias, and 95% credible interval
coverage and width for the data-generating process in Appendix F.1 with sample size n =
500 and ncov = 10 across 20 simulation runs.

Method RMSE  |Bias| Cov. Width

BART+SPL 1.8253 1.3100 0.55 2.1368
BART+SPL (without varj,q) 1.7186 1.2436 0.50 2.1297
SBART+SPL (without varj,g)  0.7621  0.6465 0.80 1.9091
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Table 6: Model comparison of individual treatment effect estimates for one simulation dataset in
terms of RMSE, absolute bias, and 95% credible interval coverage and width for the data-
generating process in Appendix F.1 with sample size n = 500 and ncov = 10.

Region Method RMSE  |Bias|] Cov. Width
BART+SPL 0.874 0.565 0.88 2.136
Overlap BART+SPL (without varj,q) 0.797 0.517 0.92 2.131
SBART+SPL (without vary,g)  0.822  0.555 099  4.660
BART+SPL 13269 9.891 0.69 22.335

Non-Overlap BART+SPL (without vari,) 14.564 10.875 0.11 7.897
SBART+SPL (without vary,q)  4.581 3716 0.51 7.827
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Figure 6: Estimated individual treatment effects with 95% credible intervals for the non-overlap
region (left panel, A,-), and for the overlap region (right panel, A,), for three methods:
BART+SPL, BART+SPL (without varj,g), and SBART+SPL (without varj,g by default).
Coloured points and error bars denote posterior point estimates and credible interval es-
timates for each unit. Black points indicate the true individual treatment effects. The
dashed black line marks the true PATE. Results are based on a simulated dataset with
n = 500 and ncov = 10 irrelevant covariates from Appendix F.1.

Appendix H. Additional Information for the Empirical Application

This section presents descriptive statistics for the empirical application in Section 5. Table 7 shows
descriptive statistics for the four outcome variables, Table 8 gives summary statistics for the con-
sidered continuous covariate variables, and Figure 7 illustrates the distribution of propensity score
estimates by treatment status. Table 9 and Table 10 present the complete comparison of PATE esti-
mates for all competitor models explained in Appendix F. Code and data to replicate the results are
accessible on GitHub via https://github.com/LennMass/sbartspl.
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Table 7: County-level (n = 978) descriptive statistics of the four outcome variables. 2014 mortality
rates are measured as deaths per 100,000 population, the changes in mortality rates are
measured as percentage points.

Variable Mean St. Dev. Min Max
leukemia mortality rate

2014 (log-transformed) 9.56 (2.25) 0.10 (0.11) 4.17 (1.43) 16.55 (2.81)

change from 1980 to 2014 —-2.02 8.98 —42.94 40.14

thyroid cancer mortality rate
2014 (log-transformed) 0.56 (—0.60)  0.06 (0.09) 0.30(—0.89) 0.930 (—0.07)
change from 1980 to 2014 1.71 8.03 —20.11 29.06

Table 8: County-level (n = 978) descriptive statistics of continuous covariate variables.

Variable Mean St. Deyv. Min Max
population per prim. care physician 801.39 1,330.09 60 13,664
less than 65 year olds uninsured (%) 17.74 5.53 472 38.85
diabetic (%) 83.02 8.14 25.46 100.00
current smokers (%) 20.51 6.17 6.60 49.20
limited access to healthy foods (%) 10.18 8.19 0.00 62.94
obese (%) 28.43 5.19 10.40 43.50
food environment index 7.31 1.32 0.61 9.84
population per mi? 99.38 332.66 0.52 5,144.64
male (%) 50.10 1.89 45.02 67.60
less than age 55 (%) 69.61 6.17 45.07 86.12
white (%) 84.88 16.39 10.73 99.45
avg. household size 2.50 0.25 1.95 4.05
with bachelor’s degree or higher (%) 20.01 7.80 6.23 64.01
unemployed (%) 7.00 3.69 0.61 28.98
median household income (US-$) 46,296.10 10,436.37 21,399 105,989
Gini index of inequality 0.44 0.03 0.34 0.56
owner-occupied housing units (%) 71.85 7.44 40.70 89.99
median rent as proportion of income (%) 27.43 4.43 10.00 44.70
avg. commute time to work (minutes) 21.28 5.30 10 42
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Figure 7: Distribution of propensity score estimates by treatment status for the empirical application
in Section 5 based on Nethery et al. (2019). Regions of overlap and non-overlap are
indicated by the vertical straight lines.
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Table 9: PATE estimates and 95% credible intervals for outcomes (1) leukemia log—2014 mortality,
and (2) thyroid log—2014 mortality. Section 5 gives more detailed information about the
empirical application.

(1) leukemia (2) thyroid cancer
Method Effect Lower Upper Width Effect Lower Upper Width
U-GR 0.010 -0.002 0.023 0.025 -0.015 -0.026 -0.003 0.022
U-BART 0.003 -0.008 0.015 0.023 0.002 -0.008 0.012 0.020
U-SoftBART  0.000 -0.008 0.008 0.016 0.000 -0.009 0.008 0.017
T-GR 0.011 -0.001 0.023 0.024 -0.014 -0.023 -0.003 0.020
T-BART 0.006 -0.006 0.016 0.022 0.002 -0.010 0.013 0.023
T-SoftBART  0.001 -0.008 0.010 0.017 0.001 -0.007 0.010 0.018
XBCF 0.001 -0.004 0.007 0.011 0.001 -0.002 0.005 0.007
BLR 0.008 -0.004 0.020 0.024 0.005 -0.007 0.017 0.024

BART+SPL  -0.004 -0.026 0.018 0.044 -0.007 -0.030 0.015 0.045
SBART+SPL  0.001 -0.007 0.009 0.016 0.001 -0.008 0.010 0.017

Table 10: PATE estimates and 95% credible intervals for outcomes (3) leukemia change 1980-2014
and (4) thyroid cancer change 1980-2014. Section 5 gives more detailed information
about the empirical application.

(3) leukemia change (4) thyroid cancer change
Method Effect Lower Upper Width Effect Lower Upper Width
U-GR 1.773 0488 3.054 2566 0.621 -0.521 1.809 2.331
U-BART 0.810 -0.250 1.884 2.135 0.995 -0.144 2.115 2.259
U-SoftBART 0.564 -0.494 1.717 2211 0.636 -0.438 2.005 2.443
T-GR 1.965 0.895 3.169 2274 0.836 -0.248 1.849 2.097
T-BART 0960 -0.224 2.059 2283 1.068 -0.083 2.258 2.341
T-SoftBART  0.722 -0.382 1.944 2325 0.889 -0.257 2.135 2.391
XBCF 0.852 -0.194 1938 2.132 1.115 0.267 2.092 1.825
BLR 1.085 -0.093 2263 2356 1233 0.022 2.501 2.480

BART+SPL 0.017 -1.832 1.841 3.673 0916 -0.898 2.665 3.563
SBART+SPL  0.637 -0.444 1.842 2287 0.667 -0.350 2.012 2.363
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