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Abstract

Artificial intelligence is transforming how scientists build models, test ideas, and make pre-
dictions. Beneath these advances lies a fundamental question: from the data we collect,
when is learning possible in principle, and when is it not? We cast inference as a game
between a learner, who holds a pool of candidate models, and an adversary, who holds the
unknown ground-truth system. The learner observes the system and selects a candidate
model to achieve one of three goals: identify the system, predict its output, or verify an
input. We analyze 81 cases that arise by varying these goals, the available observations
from both ground truth and candidates, and whether systems are single- or multi-valued.
For each case, we prove whether universal solvability is possible. By clarifying which ob-
servations make success achievable in principle, our results explain why certain data-driven
problems are solvable and guide how to collect data and evaluate models.

1 Introduction

Many data-driven inference problems in science are about identifying, predicting, or verifying unknown sys-
tems given input-output data. For example, partial differential equation (PDE) discovery is about identifying
an underlying governing differential equation that maps forcing functions and initial conditions to a system’s
response (Brunton et al., |2016; Rudy et al., 2017} |Schaeffer] [2017)); in early warning earthquake systems, we
want to predict the map from ground tremors to the next location and magnitude of an earthquake (Al Banna
et all [2020; |Allen et al., [2009; Mousavi et al., |2020)); in automated theorem proving, we desire a verifiable
map from a mathematical statement to either a valid proof or identifying it as false (Harrisonl |2009; |Kaliszyk
& Urban| 2014). In this paper, we call any map related to an unknown system a ground-truth map and
denote it by M,. These ground-truth maps can be linear, nonlinear, single-valued, set-valued, or may even
return the empty set for some inputs.

For any ground-truth map, we usually have one of the following goals in data-driven inference: (1) Map iden-
tification, in which the underlying governing map is sought that determines how inputs go to outputs (Rudy
et al.,[2017)), (2) Map prediction, where one wants to take new inputs and predict the map’s output (Kovachki
et al.,[2023)), or (3) Map verification, where one only wants to predict the map’s output for a given input but
also verify if an input is valid for the map (Hendrycks et al., [2020). Map identification is usually thought of
as figuring out exactly what the map is, e.g., using data to write down a differential equation to write down
a governing equation. Whereas, map prediction is about predicting the map’s output, and map verification
is for applications with a demand for certificates of success. For example, PDE discovery has the goal of map
identification as one wants to write down the underlying PDE, earthquake systems have a map prediction
goal as one hopes to take ground tremors to earthquakes (without necessarily understanding the governing
equations), and proof generators are more about map verification. A practical use of map verification is
input validation, where we wish to determine whether an input belongs to the admissible domain of the
system. For proof generators, we want the system to be able to identify a false statement.

The ground-truth map that one wishes to either identify, predict, or verify can come from many sources.
In PDE discovery, we often start with a dictionary of possible terms for the equations, giving us a set of
candidate differential equations (Brunton et al. 2016} |Schaeffer, |2017)). In machine learning (ML), we want
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Figure 1: Three core goals in data-driven inference, illustrated with text-to-image generation.
Each panel shows a different interaction with an unknown ground-truth map taking texts to images. Map
identification (left) aims to recover the explicit mapping rules, such as identifying the ground-truth generative
model producing the images from prompts. Map prediction (middle) only aims to mimic the behavior of the
ground-truth map for new, previously unseen prompts. Map verification (right) is about checking whether
a given image can be generated from a given text prompt, useful for input validation.

to replace the ground-truth map by a representation or approximation, which is easier to store, apply, or
simulate such as a neural network. In this paper, we call these candidate models. When we train a neural
network to predict a future earthquake, the candidate models are all possible neural networks that can be
parameterized by the trainable parameters. For proof generators, the set of candidate models could be the
class of symbolic rule-based engines to take statements down to axioms. In this paper, candidate models
can be any countably infinite collection of maps, denoted by Mj, Ms, ..., where we make the assumption
that one of the candidate models successfully achieves the inference goal, i.e., the set of candidate models is
sufficiently rich.

Why is it that some data-driven inference problems are universally solvable while others are not? We find
that the way in which the ground-truth map and candidate models are observed greatly affects whether
identification, prediction, or verification is possible. For example, we show that under reasonable types of
observations for the ground-truth map and candidate models, Al text generation is always solvable (which
is a prediction task) while Al-detection (checking if text is generated by a particular AI system is map
identification task) and AI alignment (ensuring chatbots do not produce dangerous text is an input verifi-
cation task) may not be solvable. Nonlinear PDE discovery may not be solvable by passively watching the
ground-truth map when the PDE has multiple solutions; however, it is if one can decide precisely how to
probe the ground-truth map. We will show that the way in which the ground-truth map is observed (type
of training data) and the way in which candidate models are observed (type of testing data) makes some
inference goals solvable and others not.

To this end, we define three main ways that maps are observed: (a) Passive observation, where one has no
control over a map’s inputs and has to accept whatever data is given, (b) Active observation, where one can
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decide what inputs to try, and (c) Testing, where one has an input-output pair and can check if the map
can go between the two. We prove that the way one observes the ground-truth and candidate maps directly
influence whether map identification, map prediction, or map verification is universally solvable or not.

Since there are three inference goals (i.e., map identification, map prediction, and map verification), three
ways to observe the ground-truth map (i.e., passive, active, and testing) and three ways to observe the
candidate models (i.e., passive, active, and testing), there are 3 x 3 x 3 = 27 types of problems one can
investigate for each type of ground-truth map. All of them appear in some practical situation. For single-
valued maps, i.e., maps for which every input is valid and gives a unique output, all 27 problems are
universally solvable with an algorithm (see theorem . This makes the type of inference task captured by
experimentally estimating the gravitational constant (e.g., Cavendish’s experiment), deriving the dynamical
system for the oscillations of a damped spring, and credit card encryption, universally solvable. For finite-
output maps, which can be maps that have finitely many possible outputs given one input or a map where
some inputs are invalid, we show that only 9-out-of-27 of the goals are universally solvable (see sections
to [5). This makes problems associated with Al-generation universally solvable, but not Al-detection and
Al-alignment. For infinite-output maps, where an input can have infinitely many possible outputs, only
3-out-of-27 goals are solvable, making the inference goal associated with making a robot put away the dishes
not universally solvable.

To illustrate, we present four concrete examples of inference problems, their goals, and types of observations:

AT text generation. One of the most popular map prediction tasks in recent years is in large language
models (LLMs) for text generation (Vaswani et al.| [2017; [Lewis et al., [2020; |Achiam et al., 2023 |Gu &
Daol, 2023} [Yu & Erichsonl 2025). For our setup, we suppose that there is a ground-truth map M., which
takes in a sequence of tokens and outputs a set of tokens that are a valid continuation of the sequence in
human text. The length of the sequence of tokens is referred to as the context window and, in practice, an
LLM selects a token from the set of valid continuation tokens. The candidate models are all the transformer
architectures, together with all the possible parameters, being considered, assumed to be large enough so
that it contains the ground-truth map. We regard the ground-truth map as being observed passively as
human text available on the internet, but an ML algorithm cannot generate human-level text for themselves
as training data. The candidate models are observed actively because given any sequence of input tokens
and a candidate LLM, we can simulate the model to obtain the next token. In Theorem 2] we show that map
prediction (called AT text generation in this setting) is universally solvable. However, with the same types of
observations, map verification is not universally solvable (see Theorem . This suggests that Al-alignment,
which is relevant if LLMs want to ensure that they do not output human text when asked inappropriate
questions or instructed to perform dangerous tasks, may not be solvable with a universal algorithm when the
ground-truth is passively observed. Theorem [3] shows that to universally solve the inference task associated
with Al-alignment, we need to test the ground-truth map instead of passively observing it. In practice, this
means that humans are needed for Al-alignment, which is already happening in reinforcement learning from
human feedback (Hendrycks et al., 2020).

Who is speaking? Turing has a famous imitation test, where participants have a five minute conversation
with a human or a machine and at the end the participant has to guess if they were speaking to a human
or a machine (Turing, 2009). A machine passes the imitation test if it fools enough participants that it is
human. Here, we imagine that we are trying to develop an algorithm to determine who we are speaking
with. Our ground-truth map takes in a conversational prompt and outputs a set of reasonable replies. The
ground-truth map could be a human texter or an Al chatbot. The candidate models are all chatbots and
human texters. The inference task here is map identification as we want to determine who is speaking. We
find that if the algorithm only gets to watch conversations, then we are passive observers of the ground-truth
map, and no universal algorithm exists, to figure out who is speaking. However, if the algorithm is actively
engaged in the conversation and can also engage in conversation with any of the candidate models, then it
is universally solvable to determine who is producing the conversation.

Designing proteins for biological function. David Baker’s lab designs proteins to perform a particular
biological function (Baek et all 2021; Hedrick, [2009). In this setting, we regard the ground-truth map
M., as an operator that takes a biological function to the set of all proteins that achieve that function.
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We take the candidate models to be the set of all neural networks with a particular architecture, e.g., all
possible generative models (Goodfellow et all [2020; |Kingma & Welling, |2013; [Song et al., |2021; Huang
et al.l 2021} |Song et al., [2020; [Karras et al., [2022; |Lipman et al., [2023; [Lim et al |2025) in the RFdiffusion
framework (Watson et al.| [2023), then our task is to select a candidate model that correctly outputs proteins
for a given biological function, which is a map prediction task. The ground-truth map is observed passively
with a database of known proteins and their biological functions. However, the candidate models are easy
to evaluate for any specific input, making us active observers of them. In Theorem [2] we show that map
prediction is universally solvable in this setting.

Personalized spam filters. Personalized spam filtering, where the classifier adapts to each user’s definition
of spam, is well-studied in the literature (Cormack & Lynam), 2007). Imagine that a ground-truth map takes
a user as an input and maps it to all possible emails considered as spam by that user, i.e., a personalized
spam filter. The candidate models could be all the possible classifiers, for example, represented by a neural
network, that takes in a user’s profile and an email and classifies it as spam or not. The goal is to identify
which of the candidate models is the ground-truth, so that we can use it as a personalized spam filter. We
imagine that the ground-truth map is observed by keeping track of the user’s inbox and getting the user
to flag spam emails. By the nature of candidate classifiers, we perform tests on them. One of the key
properties of this problem is that given a user, there are infinitely many emails considered as spam by that
user. Theorem [5| shows that even with active observations of the ground-truth map (i.e., sending the user
fictitiously generated emails to be flagged), the inference task associated with this problem is not universally
solvable. It suggests that a personal spam filter that is fully robust might be difficult to find.

We present more examples in Appendix [A] to demonstrate our framework.

1.1 Related work

The work in this paper relies on arguments from language generation and set identification to make con-
clusions about map identification and map prediction. In set identification, there is an unknown countably
infinite set S, (similar to our ground-truth map) and a sequence of distinct countably infinite sets Sy, So, .. .,
(similar to our candidate models) for which S; = S, for some j. The set identification problem is often
thought of as a game between an adversary and an algorithm. In each round of the game, an element of S,
is revealed to the algorithm (similar to a passive observation from the ground-truth map) and the algorithm
may ask if an element s is contained in a set S; for some 7 (similar to an active observation of our candidate
models). After each round, the algorithm should give its current best guess at an integer j such that S; = S..

In 1967, Gold showed that there does not exist an algorithm to universally solve set identification prob-
lems (Gold} [1967). This means that for any algorithm, there is a set identification problem for which the
algorithm incorrectly guesses candidate sets for infinitely many rounds. If one thinks of a language as a
countably infinite collection of valid words, then Gold essentially showed that one cannot learn a language
by passively listening to it. We use Gold’s ideas in one of our impossibility proofs by showing that all set
identification problems are map identification problems.

Language generation is studied in |Kleinberg & Mullainathan| (2024). Language generation is not a set
identification problem, though it has the same setup with a different goal. In language generation, one does
not want to select an integer j such that S; = .. Instead, one wants to select an integer j and an s € 5}
such that s € S,. This is similar to our goal of map prediction. Remarkably, it was proved that language
generation is solvable under Gold’s observation model. If one thinks of a language as a countably infinite
collection of valid words, then Kleinberg and Mullainathan essentially showed that one can parrot correct
words of a language by passively listening to it. We use some of the ideas and techniques in [Kleinberg &
Mullainathan| (2024) to show that some inference goals are solvable.

Compared to language identification and generation, which is modeled by a countably infinite set of valid
strings, our setting is more intricate because it is defined by both the input set and the output(s) correspond-
ing to an input. This gives rise to more scenarios to consider, depending on the cardinality of the output set
(see Definition |1)) and ways to observe the ground-truth map and candidate models (see Definition [2l{4)).
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1.2 Limitations and core assumptions

Our theoretical analysis makes a few idealized assumptions. First, we assume that the input and output
spaces X and ) of the map M, are countably infinite, and that the ground-truth map M, lies within a
known, countable class of candidate maps {M;}. These assumptions are not intended to capture the full
richness of practical learning scenarios, where X is often continuous and the true mechanism may lie outside
any prescribed model class, but they enable precise reasoning about what kinds of information make a task
feasible in principle. By working in a countable setting, we separate the information-theoretic aspects of
discovery from questions of optimization or approximation.

Demonstrating that a particular inference goal is universally not solvable does not preclude progress. Our
results only show that there is no universal algorithm to solve that type of inference, which means for any
algorithm there is at least one specific set up in that class for which any algorithm fails to accomplish the
goal. Onme could potentially make progress by inserting in more problem-dependent knowledge into any
algorithm or coming up with a different way to collect training or testing data. Similarly, if a inference task
is universally solvable, our framework does not pinpoint exactly when a universal algorithm has succeeded at
the task, just that with enough data it will eventually succeed. Despite these limitations, the classification
offers prescriptive value: it clarifies which types of observations are sufficient for successful inference. We
hope it is a guide for data-driven discovery in the sciences.

1.3 Summary of our results and main takeaways

In section [6] we show that for single-valued maps where all the inputs are valid, map identification, map
prediction, and map verification are all solvable for any type of observation. This is good news because many
tasks in science are for maps that are single-valued. For example, since protein structures are unique given
an amino acid sequence, the inference task associated with Alphafold (Jumper et al., 2021)) is universally
solvable under any type of observations from the ground-truth map and candidate models.

In sections 3] to [5} we consider the case where the ground-truth map is finite-output, which means it is a
set-valued map where each output is a set of finite cardinality. These maps can also occur for single-valued
maps where some inputs that are not valid (e.g., a chess engine that is given an invalid board position) and
we want to regard the map as returning the empty set.

For finite-output ground-truth maps, we have a hierarchy of types of observations:
active > testing > passive,

which means if it is universally solvable to solve an inference goal with passive observations then it universally
solvable to solve the same goal with active or testing observations. Similarly, if a inference task can be
done with testing for a finite-output map, then it can be done with active observations. This hierarchy of
observations no longer holds when we start considering infinite-output maps, which are set-valued operators
for which some output sets have possibly infinite cardinality (see section @

In the remainder of this paper, we present results about three types of ground-truth maps: (i) Single-valued,
(ii) Finite-output, and (iii) Infinite-output. For each one we have 27 results, corresponding to the type of
inference task and the types of observations. In section 2] we formally define a map and the three different
ways to observe it. We study the feasibility of map identification, map prediction, and map verification given
the various ways to observe the ground-truth map and candidate models in sections [3] to [f] respectively.
In section [7] we conclude our analysis by studying set-valued maps for which the set contains infinitely many
things for a given input.

2 How do we observe a ground-truth map and candidate model?

Ground-truth maps in science can be linear, nonlinear, single-valued, or set-valued. Here, we take a general
point-of-view of a map and regard it as any function that takes objects from an input space X to objects
in Y or subsets of ). Throughout our work, the input and output spaces of the candidate models match
those of the ground-truth map, and we assume that the space of candidate models is rich enough that one
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Figure 2: Solvability landscape for data-driven inference across 81 scenarios. Rows indicate the type
of observation for candidate models (passive, active, testing) and columns indicate the type of observation
for the ground-truth map, grouped by inference goal: map identification (red), prediction (green), and
verification (blue). Separate blocks correspond to different ground-truth map structures: single-valued
(top), finite-output (middle), and infinite-output (bottom). Colored cells mark scenarios that are universally
solvable while gray cells indicate impossibility.

achieves the inference task. We also assume that the input space X and the output space ) are countably
infinite sets so they can be enumerated.

For single-valued maps, every input f € X corresponds to a unique output element g of Y, i.e., Mf € ).
For example, a uniquely solvable PDE is associated with a solution operator M, that maps a forcing term
f € X to a unique solution g € Y. In section [5] we show that map identification, map prediction, and
map verification are all solvable when both the ground-truth maps and candidate models are single-valued,
regardless of the type of observations one can make on the ground-truth map and candidate models.

However, there are also set-valued maps. There are two main reasons for set-valued maps: (1) The ground-
truth map is set-valued (e.g., there are many valid continuation tokens in Al-generated text) or (2) The
underlying unknown system has no output for some f € X (e.g., there is no valid proof of a false statement).
We define our ground-truth map as returning the empty set if the underlying system does not give an output
for some f € X. To write single-valued and set-valued maps in a consistent notation, we regard both as
functions from X to P(Y), where P(Y) is the power set of ). For single-valued maps, the outputs are always
singleton sets.

Definition 1. Let X and Y be two countably infinite sets. A map M : X — P(Y) is a function that takes
every input element f € X to a subset of Y, i.e., Mf C Y. We assume that every map has at least one valid
input-output pair, i.e., there exist some f € X and g € Y such that g € Mf.

We denote the ground-truth map by M., which is a function from X to P(}). If f is not a valid input to a
map, then we consider it as outputting the empty set. Moreover, there is a list of distinct candidate models
My, Ma, ... with M; : X — P(Y), where one of the candidate models successful achieves the inference
task, but we do not know a priori which one it is. To solve our inference goal of map identification, map
prediction, or map verification, we collect observations from the ground-truth map M,. Then, using that
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information, we select one of the candidate models, say M, to try to accomplish our task. At no point are
we told if M; is correct; however, we are allowed to collect more observations from M.,.

The type of observations that we make on the ground-truth map and the candidate models are crucial. We
now formally define a passive, active, and testing observation.

Definition 2 (Passive). Let X and Y be two countably infinite sets and M : X — P(Y). Fix an enumeration
of A=A{(f,g9) € XxY | geMf} such that A = {(f1,91), (f2,92),...}. For every k > 1, the kth passive
observation of M is the (fe, g¢) input-output pair, where we define £ = mod(k—1,n)+1 and n is the cardinality

of A.

In a passive observation, one has no control over the input or the output. In many other situations, such as
conducting an experiment, we can specify an input and see the output. We call this an active observation.

Definition 3 (Active). Let X and Y be two countably infinite sets and M : X — P(Y). For every input
f e X, fix an enumeration {g1(f),g92(f),...} of the output set Mf. Let ny be the cardinality of Mf. For
every k > 1, the kth active observation of M with input f is g¢(f), where £ = mod(k —1,ny) + 1.

Hence, a key difference between a passive and an active observation is that in an active observation, the
input f € X is chosen; in a passive one, it is not. If one keeps making a passive observation or an active
observation with the same input f, then we assume that the observed outputs return all possible outputs
and then repeat in a loop. Of course, if there are a countably infinitely many possible observations, then the
observations can never repeat. Moreover, if M f = (), then nothing will be observed but one will know that
Mf is empty.

Definition 4 (Testing). Let X and Y be two countably infinite sets and M : X — P(}). A test of M with
input f € X and output g € Y is a Boolean value indicating whether g € Mf.

Therefore, for testing, one must propose both an input f and output g, and a test is an observation of a
single Boolean value revealing if g € M f. A test happens most often in learning with oracles. For example,
given an encryption algorithm, it is often much easier to verify if a password is correct than to generate one.
It is also much easier to verify the validity of a proof of a challenging theorem than to generate one. This
makes testing observations more practical for certain inference goals (see section .

3  When can we identify the ground-truth map for finite-output operators?

In this section, we study map identification for finite-output maps. This is where there is a ground-truth
map M, : X — P(Y) and a set of candidate models My, Mg, ..., with M, : X — P(Y) for i > 1, where
one wishes to identify which M; = M... Throughout this section, maps are finite-output meaning that M f
is a set of finite cardinality for any f € X. Recall that we assume that X and ) are countably infinite
and there is a candidate model equal to M, so it is possible to accomplish the task of map identification.
The inference task of map identification can be formulated as a game played between an algorithm and an
adversary (see Figure [3).

The map identification game. For every map M (which can be the ground-truth map M. or a candidate
model M; for some j > 1), the adversary fixes an enumeration of X' as in Definition |2 and an enumeration
of Mf for every f € X, which determine the order of passive and active observations. In each round, the
following happens:

1. Observations from the ground-truth map. The algorithm collects observations from M., which
may be passive, active, or testing. For a passive or active observation, it receives the next item in the
adversary’s enumeration (see Definitions [2[ and [3]).

2. Observations from a candidate model. The algorithm collects observations from the candidate mod-
els, which could be passive, active, or testing. When the algorithm makes a passive or active observation,
it gets the next observation in the adversary’s enumeration (see Definition [2[ and .

3. Identify map. The algorithm selects a candidate model M; as its current best guess at correctly
identifying the ground-truth map M..
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We say that the algorithm wins the map identification game for M, if after a finite number of rounds the
algorithm always correctly selects the candidate model with M; = M, in the “identify map” step. So,
even if more rounds are played, the algorithm sticks with selecting the same correct candidate model after
some point. (This prevents the algorithm from getting lucky in one round.) Importantly, at no point in the
game is the algorithm told it has selected the correct candidate model; it just collects more observations in
subsequent rounds and keeps its choice.
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Figure 3: We cast data-driven inference as a game between a learner and an adversary. In each round, the
learner gathers observations from the ground-truth map, receives a question from the adversary, and selects
a candidate model to answer the question. For prediction, for example, the question may involve forecasting
the next state in a simulated physical system. Over successive rounds, the learner refines the selection of
the candidate model.

Formally, the algorithm can be modeled as an oracle machine, a Turing machine equipped with access to an
oracle that provides information about non-finitely-representable operators. In each iteration, the machine
may query the oracle for information about the ground-truth map M, or candidate models M;. The nature
of oracle access depends on the type of observer (passive, active, or tester), and the order of oracle’s output
may be arbitrary (one can imagine that it is determined by an adversary). The machine is allowed to make
an arbitrary number of queries per iteration but must eventually halt and output a guess for the ground-truth
map M.,. In this formulation, the input tape remains empty across iterations, since the task is fixed.

Definition 5 (Map identification is universally solvable.). We say map identification is universally solvable
if there is a deterministic algorithm that always wins the map identification game.

If map identification is universally solvable, then there is a mechanism for identifying the candidate model
that is equal to M, for any instantiation of the map identification problem. In the map identification game,
the adversary is not actively playing the game. Its role is only in selecting the enumeration of the inputs
and outputs. Of course, the adversary selects an enumeration that makes it as difficult as possible for any
algorithm to accomplish map identification. The way we observe maps are crucial in determining whether
map identification is solvable.

Theorem 1. Map identification for finite-output operators (see section@ is universally solvable (see Defi-
nition@ if and only if both the ground-truth map and candidate models are observed actively or via testing

(see Definition[3{4).
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See Appendix [C] for a proof of the theorem. Theorem [I] gives us a complete characterization of when map
identification is universally solvable. For any algorithm to always win the map identification game, neither
the ground-truth map nor the candidate models can be passively observed. As an example, consider a multi-
label image tagging system where each image is associated with several tags such as tagging an example
with all the objects in the scene. Here, we imagine that the ground-truth map is an Al system for tagging
images and we would like to figure out which AT system it is. We have a list of proposed Al systems, which
are our candidate models that can be observed actively. If the algorithm can deliberately select specific
images for the ground-truth Al system to tag, then it is possible to identify it. However, if the algorithm
only receives a fixed, passive stream of image-tag pairs, then this is an inference goal that is not universally
solvable. Finally, under a testing observation regime, where an algorithm can propose an image along with
a tag and receive a simple yes-or-no confirmation that the tags appropriately match the image, there is a
universal algorithm for identifying the Al system.

4 When can we predict the ground-truth map for finite-output maps?

For some unknown systems, our objective is not to identify the ground-truth map itself, but rather to
correctly predict its output for any given input. In particular, one does not accomplish map identification
to succeed at map prediction. For example, in solving PDEs with neural operators, one need not recover
the full differential operator governing the system; instead, it is sufficient to approximate the mapping from
boundary conditions to solutions (Rudy et al., 2017). Similarly, in fluid flow prediction, a learned model
can accurately forecast flow evolution without explicitly recovering the Navier—Stokes operator, as long as it
captures the correct input-output relationships.

Here, we study map prediction for finite-output maps with the same setup as in section 3| This task can be
formulated as a game played between an algorithm and an adversary.

The map prediction game. For every map M (which can be the ground-truth map M, or a candidate
model M; for some j > 1), the adversary fixes an enumeration of X' as in Definition [2} and an enumeration
of Mf for every f € X, which determines the passive and active observations. Then, in each round, the
following happens:

1. Observation from the ground-truth map. The algorithm collects observations from M., which
may be passive, active, or testing. For a passive or active observation, it receives the next item in the
adversary’s enumeration (see Definitions [2[ and .

2. Adversary’s selected input. The adversary selects an f € X for which M, f # (.

3. Observations from a candidate model. The algorithm collects observations from the candidate mod-
els, which could be passive, active, or testing. When the algorithm makes a passive or active observation,
it gets the next observation in the adversary’s enumeration (see Definition 2] and [3).

4. Prediction. The algorithm selects a candidate model M; and a g € M, f as its current best guess at
picking a g € M, f.

The map prediction game differs from the identification game in that the adversary chooses a new f each
round for which the algorithm must predict a g € M., f. We say that the algorithm wins the map prediction
game for M, if after a finite number of rounds the algorithm always correctly selects a g € M., f, in the
“prediction” step. In the game, f € X is selected by the adversary and can change in each round of the
game. Importantly, the algorithm is never told whether its prediction is correct.

This algorithm is also an oracle machine, as discussed in section 2] The main difference is that in each
iteration, the input tape contains a valid input f € X picked by the adversary, and the algorithm needs to
produce an element of M., f on the output tape.

Definition 6 (Universal solvability of Map Prediction.). We say map prediction is universally solvable if
there exists a deterministic algorithm that always wins the map prediction game.

On the one hand, the map prediction game looks easier than the map identification game because the
algorithm only has to correctly predict a valid output for one input per round. On the other hand, the map
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prediction game is harder because the adversary can change the input f every round. In particular, the map
prediction game can be unsolvable when the map identification game is solvable and vice versa.

Theorem 2. For finite-output maps, the map prediction game is universally solvable (see Deﬁm’tion@ if
and only if the candidate models are observed actively (see Definition .

See Appendix [Df for a proof of the theorem. We see, from Theorem [2| that map prediction is universally
solvable when the ground-truth map is passively observed and the candidate models are actively observed,
but map identification is not. Returning to the multi-label image tagging system, if the underlying Al system
is only passively observed then it is universally solvable to mimic the ground-truth tagging map even if it is
not possible to identify which system is doing the tagging. Similarly, from Theorem [I, map identification is
universally solvable when the candidate models are observed via testing and the ground-truth map is actively
observed, but map prediction is not.

5 When can we verify an input for finite-output maps?

There are many unknown systems for which the given input to the corresponding ground-truth map may
not be valid. For example, when we ask an automated proof generator to prove a false statement, the set
of valid proofs for that statement is empty. Or, when we ask a large language model to produce the social
security number of an individual, we want the map to not reveal its knowledge (even if it knows it). In that
case, we want to learn a ground-truth map with input verification.

In this section, we study map verification for finite-output maps with the same setup as in sections [3| and [4]
The inference task of map verification can be formulated as a game played between an algorithm and an
adversary.

The map verification game. For every map M (which can be the ground-truth map M., or a candidate
model M; for some j > 1), the adversary fixes an enumeration of X as in Deﬁnition and an enumeration
of Mf for every f € &, which determine the passive and active observations. Then, in each round, the
following happens:

1. Observations from the ground-truth map. The algorithm collects observations from M., which
may be passive, active, or testing. For a passive or active observation, it receives the next item in the
adversary’s enumeration (see Definitions [2[ and .

2. Adversary’s selected input and output. The adversary selects an arbitrary f € X (possibly with

3. Observations from a candidate model. The algorithm collects observations from the candidate mod-
els, which could be passive, active, or testing. When the algorithm makes a passive or active observation,
it gets the next observation in the adversary’s enumeration (see Definitions [2] and [3)).

4. Verification. The algorithm selects a Boolean value as its current best guess of whether M, f = (. If
it guesses that M, f # (), then it also selects a candidate model M; and a g € M; as its best guess at
picking g € M., f.

We say that the algorithm wins the map verification game for M, if after a finite number of rounds the
algorithm always correctly returns the right Boolean value in the “verification” step, where f € X can change
in each round of the game, and if the adversary’s input f is valid (i.e., M, f # 0), the algorithm always
correctly selects a g € M, f. At no point in the game is the algorithm told that it has selected the correct
Boolean value or a valid output.

Definition 7. We say map wverification is universally solvable if there is a deterministic algorithm that
always wins the map verification game.

Clearly, a map verification problem is harder than a map prediction one. On the other hand, it might be
tempting to think that a map verification problem can be reduced to a map prediction task. For example,
one could introduce a new element gy ¢ Y into the output space, acting like a flag to tell when an input
has no valid outputs. One could redefine ' = Y U {go} and append gy to the output of every map, i.e.,

10
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M f = MfU{go} for all maps M,, M1, Mas,... and f € X. Thus, if M'f = {go}, then Mf = 0. One
might hope that this reduces map verification into map prediction. To see why this does not work, imagine
collecting passive observations of both the ground-truth map and the candidate models. Then, if M, f =0
for some f € X, passive observations of M’ immediately finds that gy € M’f after one observation, whereas
we can never conclude that M, f = () as this negative information is not present in passive observation. For
finite-output maps, we can show that the only difference between the feasibility of map verification and map
prediction arises only when the ground-truth map is passively observed.

Theorem 3. For finite-output maps, the map verification game is universally solvable (see Deﬁm’tionl]) if
and only if the ground-truth map is observed actively or testing and the candidate maps are observed actively

(see Definition[3{4).

See Appendix [E] for a proof of the theorem. Comparing the settings where map verification is universally
solvable with those for map prediction shows that the only difference arises when the ground-truth maps are
observed passively and the candidate models are observed actively. In Al text generation, the training data
is passively collected from human-written text on the internet, but the Al system can be actively evaluated
on any specified inputs. This makes Al text generation fall into the category of map prediction, which is
universally solvable, whereas the related task of Al alignment requires map verification and is not universally
solvable. (AI alignment involves testing, e.g., ensuring it does not return a person’s social security number
when prompted.)

6 All inference tasks are solvable for single-valued maps

Single-valued maps are those in which each input corresponds to a unique valid output, i.e., M f is a singleton
for all M = M,, M1, M5, ... and f € X. Many unknown systems involve such maps, and in this setting we
can show that map identification, map prediction, and map verification are all universally solvable, regardless
of how the ground-truth map and candidate models are observed.

Theorem 4. For single-valued maps, map identification (see Section @, map prediction (see Section , and
map verification (see Section@) are universally solvable no matter how the ground-truth map and candidates
models are observed (see Definition .

See Appendix [F] for a proof of the theorem. Theorem [] shows all inference goals are universally solvable for
single-output maps regardless of the type of observations.

7 Necessity of negative data: infinite-output maps

So far, we have assumed that all maps are single-output or finite-output; that is, M f C ) is finite for every
f € X. In practice, however, there are many situations in which the number of outputs is infinite. For
example, in image generation, a single textual prompt can correspond to infinitely many valid images; in
automated theorem proving, a single statement may have infinitely many valid proofs.

A key difference between finite-output and infinite-output maps lies in the information obtainable through
active observations. For finite-output maps, sufficiently many active observations allow one to recover M f
exactly: after enough queries, the outputs repeat, revealing both what is in M f and what is not. This
“negative information” is a standard concept in theoretical computer science and plays a crucial role in
identification (Gold} |1967; |Angluin) |1980). In contrast, for infinite-output maps, active observation alone
cannot reveal whether a given element is not in M f. Consequently, an active observer cannot, in general,
perform a definitive membership test for (f, g) using active observations alone. For completeness, we redefine
these infinite-output problems as follows.

Definition 8. An infinite-output map identification, map prediction, or map verification game is the cor-
responding game from Sections [J to [5, respectively, in which the ground-truth map M., and the candidate
models My, Ma, ... may have infinite outputs.

Not surprisingly, the lack of negative data severely limits what can be achieved with infinite-output maps.
We will show that only a few special cases admit a universal algorithm.

11
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Before stating the theorem, we provide some intuition. In the infinite-output setting, finite transcripts
are inherently inconclusive: after any finite sequence of observations, there remain infinitely many possible
extensions of the ground-truth graph, so enumeration alone cannot guarantee stabilization. This makes a
testing oracle for the ground truth M, essential: without membership tests for pairs (f, g), an adversary can
always postpone revealing the true output beyond the finite set explored so far (a standard finite-extension
or diagonalization argument). With tests on M., disagreements can be certified and incorrect behaviors
eliminated. For identification, however, one must establish equality between two infinite graphs; since active
access to M cannot rule out unseen counterexamples, tests on the candidate models are also required. By
contrast, prediction and verification require only finding a single correct witness for each input: active access
to the M suffices to search for such a witness, and tests on M, suffice to confirm it. After finitely many
refutations, only the true behavior remains, yielding stabilization. Thus, tests on M, are necessary in all
cases; identification further requires tests on the M, while prediction and verification require only active
access to M plus tests on M.,.

Theorem 5. The following statements about infinite-output problems hold:

1. There exists an algorithm to universally solve the infinite-output map identification game defined in Def-
inition [§ given any ground-truth and candidates if and only if they perform tests of the ground-truth
(see Deﬁnition@, @ and and of the candidate models.

2. There exists an algorithm to universally solve the infinite-output map prediction game defined in Def-
inition [§ given any ground-truth and candidates if and only if they perform tests of the ground-truth
(see Deﬁm’tz’on@ @ and and make active observations of the candidate models.

3. There exists an algorithm to universally solve the infinite-output map verification game defined in Def-
inition [§ given any ground-truth and candidates if and only if they perform tests of the ground-truth
(see Deﬁnition@, @ and and make active observations of the candidate models.

See Appendix [G] for a proof of the theorem. To illustrate the importance of Theorem [B] consider the spam
email detection problem that we discussed in the introduction. Imagine that the ground-truth is an operator
that maps each user to the set of emails considered spam by that user. Such an operator is infinite-output.
Each candidate model is some model such that, given a user and an email, will return a prediction of whether
the email is a spam. Hence, we always perform tests of the candidate models. In this problem, we do not
care about learning the operator or verifying the inputs: indeed, our model does not need to generate spams
emails for given users. That is, we want to do map identification so that we can then classify an email by
testing the candidate model that we have identified. Now, by Theorem [f] we know that map identification
is solvable only when we can test the ground-truth. That is, we need to examine both spam and non-spam
emails, whereas only seeing the spam ones is not enough.

8 Conclusion

The results in this paper highlight how the universal solvability of identification, prediction, and verification
tasks depends critically on both the nature of the underlying maps (e.g., single-valued vs. infinite-output)
and the type of observational access available to the ground-truth map and candidate models. We illustrate
how theoretical results translate into practical consequences for the design and evaluation of scientific and
AT systems. Our results underscore that, while universal solvability can often be achieved for single-valued
maps under any observation regimes, infinite-output settings require more stringent conditions, such as
access to testing oracles. Our findings provide a unified perspective that connects information-theoretic
constraints with methodological choices, offering guidance for developing reliable algorithms in complex
real-world settings.
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A Applications of our framework
In addition to the ones discussed in section [T} we elaborate on several examples that illustrate our framework.

A.1 Automatic theorem proving

Consider a formal logic system with a fixed set of axioms. The ground-truth map M, takes a statement
P € X to the set M, P of all valid proofs of P. When P is true, this set is typically infinite. Automatic
theorem proving seeks to produce a valid proof for any true statement and to correctly reject any false
one, framing the task as map verification. Modern Al theorem provers can be treated as candidate models;
since they can be run on arbitrary inputs, we are active observers of the candidates. By Theorem [5] if the
ground-truth map is observed passively, e.g., by training only on true statements paired with valid proofs,
universal solvability is impossible. To enable universal solvability, training must incorporate the rules of the
logic so that any purported proof can be tested for validity (Harrison) 2009).

A.2 Proof validation

Here, the ground-truth map is again defined by the logic system, but the candidate model takes as input
a statement and a proposed proof, returning whether it deems the proof valid. Each candidate model thus
maps a statement to the set of all “proofs” it accepts. We act as testers of these models. Proof validation
does not require computing the ground-truth map explicitly; it can be solved by identifying a candidate
whose behavior matches the ground truth (Barbosa et al.l 2023). By Theorem [5 this is only possible with
the ability to test M, directly. In particular, examples of valid proofs alone are insufficient; the complete
logic must be available to verify any proposed proof.

A.3 PDE learning

In PDE learning, the ground-truth map is the underlying PDE that takes a forcing term to its unique
solution. Candidate models include DeepONets (Lu et al., [2019), Fourier Neural Operators (Li et al., [2020)),
and Physics-Informed Neural Networks (Cai et al., 2021; |Cuomo et al.l [2022), across all parameter settings.
The task may be map prediction (computing the solution for a given forcing term) or map identification
(recovering the PDE form). Since the solution to a well-posed PDE is unique, the output set for each input
is a singleton, making the problem theoretically tractable. While the input and output spaces are continuous
and thus uncountable, we adopt an approximation-theoretic view: discretizing onto an e-grid reduces the
setting to countable spaces (see the main text). The ground-truth map may be observed passively or actively,
depending on whether we can choose the forcing term, while candidates are actively observed via simulation.
In this setting, the task is universally solvable (see Theorem .

A.4 Al chess engines

Here, the ground-truth map assigns to a board state the set of good moves. as in AlphaZero (Silver et al.,
2018). Candidate models include all AT algorithms under consideration, each defined by an architecture and
parameter set. If the goal is to output only the best move, the problem reduces to a single-output setting
and is universally solvable (see Theorem |4)). In many applications, however, we require a set of good moves
(from which a chess engine will evaluate with a deep calculation) making the problem finite-output. The
output set can also be empty, e.g., if resignation is optimal. In this general form, the task is map verification:
given a board state, determine whether a good move exists and, if so, produce one. Candidates are actively
observed, but if the ground truth is observed only passively (e.g., from historical expert games), universal
solvability fails by Theorem [3] Achieving universal solvability requires active observation, such as simulating
games between Al agents to generate new or targeted board states and their outcomes.
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B Related work on language identification and generation

The work in this paper relies on arguments from language generation and set identification to make conclu-
sions about map identification and map prediction.

In set identification, there is an unknown countably infinite set S, (similar to our ground-truth map) and a
sequence of distinct countably infinite sets Sy, Sa, ..., (similar to our candidate models) for which S; = S,
for some j. The set identification problem is often thought of as a game between an adversary and an
algorithm. In each round of the game, an element of S, is revealed to the algorithm (similar to a passive
observation from the ground-truth map) and the algorithm may ask if an element s is contained in a set
S; for some ¢ (similar to an active observation of our candidate models). After each round, the algorithm
should give its current best guess at an integer j such that S; = S..

In 1967, Gold showed that there does not exist an algorithm to universally solve set identification prob-
lems (Gold} [1967)). This means that for any algorithm, there is a set identification problem for which the
algorithm incorrectly guesses candidate sets for infinitely many rounds. If one thinks of a language as a
countably infinite collection of valid words, then Gold is essentially showing that one cannot learn a lan-
guage by passively listening to it. We use Gold’s ideas in one of our impossibility proofs by showing that all
set identification problems are map identification problems.

Language generation is studied in a recent paper by Kleinberg and Mullainathan (Kleinberg & Mullainathan)
2024). Language generation is not a set identification problem, though it has the same setup with a different
goal. In language generation, one does not want to select an integer j such that S; = S,. Instead, one
wants to select an integer j and an s € S; such that s € S,. This is similar to our goal of map prediction.
Remarkably, it was proved that language generation is solvable under Gold’s observation model. If one thinks
of a language as a countably infinite collection of valid words, then Kleinberg and Mullainathan essentially
showed that one can parrot correct words of a language by passively listening to it. We use some of the ideas
and techniques in [Kleinberg & Mullainathan| (2024) to show that some inference goals are solvable.

Compared to language identification and generation, which is modeled by a countably infinite set of valid
strings, our setting is more intricate because it is defined by both the input set and the output(s) correspond-
ing to an input. This gives rise to more scenarios to consider, depending on the cardinality of the output set
(see Definition (1) and ways to observe the ground-truth map and candidate models (see Definition .
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C Proof of Theorem 1l

Proof. We break the proof into three parts. In the first part, we show that map identification for finite-output
operators is universally possible when the ground-truth map and the candidate models are both observed
actively or via testing. In the second and third parts, we show that map identification is not universally
possible when the ground-truth map or the candidate models are observed passively.

Part I: Map identification for finite-output operators is universally solvable with active or
testing observations. First, note that any algorithm can mimic a testing observation with active obser-
vations. That is, suppose the algorithm wants to know whether g € M f for some operator M, f € X, and
g € Y. Then, the algorithm can keep actively observing M with input f and eventually the whole set M f
is observed; at which point it can check if g € MJ.

Hence, to show map identification is universally solvable for finite-output operators with active or testing
observations, it suffices to assume that the algorithm observes both the ground-truth map and candidate
models via testing. Let (f1,91), (f2,92), ... be the fixed enumeration selected by the adversary. The algorithm
begins by selecting M; as its current best guess at M,. If in the ¢th round of the game the algorithm’s
best guess is My, then the algorithm queries if g, € M, f; and if g, € My f;. If the algorithm finds that
gt € M. fr and g: € My fy or g: € M. fy and g; € My fi (i.e., g¢ € My fi: AMy fr, where A is the symmetric
difference between two sets), then the algorithm discards M), and moves on to My as its current best
guess. The round counter is set back to ¢t = 1 and the game continues. (The round counter is set back to 1
so that the algorithm can test My, with fi, fa,...,.)

To show that the algorithm wins the game, assume that M, = M, for some k.. Then, for every k < ki,
since My, # M., there must exist some f; and g; for which g, € M, fi AM f;. Hence, the algorithm discards
My, as its current best guess. That means the algorithm eventually selects My, and never discards it since
My, = M., winning the map identification game.

Part II: Map identification for finite-output operators is not possible with passive observations
of the ground-truth. In part II of the proof, we play the map identification game with an algorithm that
passively observes the ground-truth map. We show that map identification is not universally solvable,
regardless of how the candidate models are observed. Since the algorithm can mimic a passive observation
or perform a test with active observations, it suffices to assume that the algorithm observes the candidate
models actively.

Suppose that there is an algorithm that universally solves the map identification. We now show that such an
algorithm can universally solve the set identification problem, which contradicts Gold’s 1967 result (Gold,
1967). Given any set identification problem, let X = |J;=;S; and ¥ = {1}, respectively. We define the
ground-truth map and candidate models as indicators of the sets:

0, if s ¢ S,, 0, if s ¢ S;,
M,s = Mis = 1
i {{1}, itses,, i {{1}, it s e S;. W)

A passive observation of M, is equivalent to obtaining an element s, € S, and an active observation of M;
with an input s is equivalent to asking if s € .S;. Since the algorithm universally wins the map identification
game, the algorithm correctly identifies M, after a finite number of rounds. Moreover, M, is a indicator for
S, so the algorithm identifies which S; = S and universally solves the set identification problem, leading to
a contradiction.

Part II1: Map identification for finite-output operators is not universally possible with passive
observations of the candidate models. In part III of the proof, we play the map identification game
with an algorithm that passively observes the candidates. We show that map identification is not universally
possible, regardless of how the ground-truth map is observed. Since the algorithm can mimic an active
observation or perform a test with active observations, it suffices to assume that the algorithm actively
observes the ground-truth map. We again suppose that a universal algorithm exists and seek a contradiction.

Assume, for the sake of contradiction, that there exists a universal algorithm for map identification when
the ground-truth map is observed actively while candidate models are observed only passively. Let the input

18



Under review as submission to TMLR

space be X = Z and the output space be J = {1}. For notational convenience, identify each candidate
model M; with a subset S; C Z by setting

M) — {{1}, ifne S,

0, otherwise.

The adversary controls the passive observations of candidate models as follows. For any candidate M, if no
observation has yet been made, the algorithm receives the input-output pair (0,{1}). Otherwise, two types
of passive observations are provided:

o A “top” observation reveals the input-output pair (j + 1,{1}), where j is the largest input observed for
M; so far.
o A “bottom” observation reveals the input-output pair (j — 1, {1}), where j is the smallest input observed.

We partition the execution into stages and set up an infinite sequence of map identification problems (all
with M. (n) = {1} for all n € Z), so that the first k£ of them look identical to the algorithm until the end of
the kth stage. In the kth stage:

o For candidate My, the first passive observation is taken from the top, while all subsequent observations
in that stage are taken from the bottom.

o For every candidate M, with j > 2 and j # k + 1, all passive observations are from the bottom.

e For candidate My, passive observations alternate between top and bottom.

Since the algorithm is assumed to be universally correct, it must eventually commit to a candidate in each
stage. In particular, during stage k, it must eventually declare that M, = Mj,1; otherwise, the adversary
may simply set M1 equal to the ground truth, ensuring the algorithm never succeeds.

Let i denote the largest input for which a passive observation has been received from M1 by the end of
stage k. The adversary then redefines the candidate models by setting

Mi(n) = {1}, n€Z,  Mugaln) = {‘“}’ e

@, n > .
Under this construction, the ground truth map remains M;, while the algorithm’s guess, My1, is a proper
subset of Z. Consequently, M1 # M.,. Since the adversary can repeat this procedure at every stage, an
infinite sequence of map identification problems is generated in which the algorithm is incorrect in every
stage. This contradiction shows that no universal algorithm can succeed when candidate models are observed
only passively.

O
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D Proof of Theorem

Proof. We break the proof into two parts.

Part I: Map prediction is universally possible with active observations of the candidate models.
First, we note that an algorithm can mimic a passive observation of a map M by making finitely many active
observations of it. To do so, given an enumeration of X = {f1, fa,...}, we can make active observations
with inputs fi, fo,..., until we see an element g € Mf; for some j > 1. We then take (f;,g) as a passive
observation. Hence, it suffices to assume that the algorithm collects passive observations of the ground-truth
map and active observations of candidate models.

Let (fj,,951), (fjs,9js), - - be the enumerated passive observations of the ground-truth map M.. In the tth
round of the map prediction game, let f;, be the “adversary’s selected input.” We define C; to be the set of
feasible candidate models, where M; € C; if the following three conditions hold:

1. (finiteness) 1 < j <t
2. (consistent) gj, € M, f;, for every 1 <1i <t and M;f,, # 0,

3. (minimality) for every M, such that 1 <1’ < j, g;, € My f;, for every 1 < i <t, and My fy, # 0,
we have that M, fo, C My fo,.

Since we assume that M f is a set with finite cardinality for all j > 1 and f € X, the algorithm can compute
C: by making finitely many active observations of the candidate models. If C; is empty, then we return an
arbitrary element of Y as our guess for an object in M, f,,. Otherwise, let M, be the largest-indexed
operator in C;. By the consistency property, we know that M, f, is non-empty. We design the algorithm
to make an active observation of M;, with the input f,, and return an arbitrary output from Mj, f,, as our
current best guess for M, f,.

To prove the algorithm always selects a g € M. f;, in the “prediction” step after a finite number of rounds,
we suppose that M, = M, for some j. > 1. First, we show that after some to > 1, we have M;, € C;
for every t > tg. To see this, for every j < j., if M;, is not a restriction of M, at every f € &, then
there exists some f € X and g € ) such that g € M;_f but g ¢ M, f. Eventually, the algorithm passively
observes (f,g) from the ground-truth. Hence, each M; that appears before M;,  either extends M, , i.e.,
M. f CM,f for every f € X, or eventually violate the consistency property. That makes M;, satisfy the
minimality assumption after finitely many rounds. Clearly, M, always satisfies the consistency property
and the finiteness property by taking ¢y > j.. This proves that M; & C, for every t > ¢y. Hence, at the
tth iteration for any t > tg, if we let M}y be the largest-indexed operator in C;, then by the minimality
assumption, we must have that My, f,, C M, fo, = M. fr,. This shows that the algorithm makes the map
prediction with M, possible.

Part II: Map prediction is not universally possible without actively observing the candidate
models. As explained earlier, an algorithm can mimic a passive observation by testing and mimic a passive
observation or perform a test by making active observations. Hence, all we have to show is an algorithm
that collects active observations of the ground-truth map and performs tests of the candidate models cannot
universally learn an operator. Seeking a contradiction, assume an algorithm exists. We set X = N> and
Y = N. We will consider an execution of the algorithm on an infinite sequence of map prediction problems,
so that the first k of them look identical to the algorithm until the end of the kth iteration. We then
construct an additional map prediction problem that cannot be solved by the algorithm provided that the
algorithm correctly solve the sequence of map prediction problems we defined. Throughout our construction,
we assume that for any operator M, we have that M0 = {1}. Hence, in the following proof, we only need
to specify an operator on N.

o Iteration 1: As the base case, in the first iteration, when the algorithm actively observes the ground-
truth map with input & for some k& > 1, they always get the empty set @ so that M,k = (. At some
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point, the algorithm must stop and take the adversary’s questionﬂ Let k1 be the largest input that has
been actively observed by the algorithm. If the algorithm does not make any observation of the ground
truth, then we set k; = 0. The adversary asks the algorithm to compute an output from M, f¢,, where
f1 =Fki+ 1. Set s = 2. Consider the following problem, where M, = M;, and g € M, f if and only if
i=s1, f = f1, and g = 1. At some point, the algorithm must stop testing and guess g; € M, f, for some
g1 > 1. Let hq be an element of ) that is not equal to g; and has not been tested by the algorithm so far.

o Iteration k: Assume that for every 1 <t < k — 1, f; is the input that the adversary picked in the tth
iteration and the algorithm guessed that g; € M., f;. Suppose that hy # g; for every 1 <t < k—1 and
that h; was not tested by the algorithm until the end of the ¢th iteration. In the kth iteration, when the
algorithm actively observes M, with input f for some f > 1: if f = ¢, for some t < k—1, we return h; as
the only active observation; otherwise, the algorithm gets that M, f = (. At some point, the algorithm
must stop observing the ground-truth map and let the adversary ask a question. We set fr > fr_1 to be
an input that has never been observed or tested by the algorithm so far and let the adversary ask for an
element of M, fi. Set s > si_1 to be an index so that M, has never been tested by the algorithm.
Consider the following map prediction problem, where

M, f = {{ht}7 f=feforsomet <k-—1,

0, otherwise,
for any 1 <t < k, we have

{h;}, f=f:forsomer <t—1,
M, f={1}, f=F

0, otherwise,

and M, f = () for any other M; and f > 1. In this game, we set M, = M,,. Note that up to the end of

(k — 1)st iteration:

— For every candidate model M; and every input f such that M, f has been tested by the algorithm, the
output M, f does not change from the (k — 1)st problem to the kth problem.

— For every input f such that M, f has been actively observed by the algorithm, the output M, f does
not change from the (k — 1)st problem to the kth problem.

Hence, when the algorithm is executed on the kth problem, it follows exactly the first (k — 1) iterations

that we defined and, after making finitely many tests in the kth iteration, will guess that g, € M, fi for

some g € V. Let hi be an element of ) that is not equal to g and has not been tested by the algorithm

so far.

e The additional problem: Consider a problem such that

0, otherwise,

M, f = {{hk}» f = fx for some k > 1,

for some k > 1, we have
{h:}, f=fiforsomet<k-—1,
Mskf: {l}a f:fkv
0, otherwise,
and M; f = ) for any other M; and f > 1. We set M, = M;. When the algorithm is executed, it is easy
to check that it follows exactly the sequence of iterations we defined above, guessing that g, € M, fi for

every k > 1, which is always wrong. Hence, we see that the algorithm fails on the additional problem and
reach a contradiction.

O

LOtherwise, the algorithm never stops on a problem where M. = M is the operator so that M,0 = {1} and M.j = @ for
all j > 1.
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E Proof of Theorem 3

Proof. If an algorithm can identify a map, then it is obvious that it can also learn the operator as long
as it makes active observations of the candidate models. Hence, from Theorem [I] the “if” direction is
proved. Moreover, since it is obvious that a map prediction problem is easier than a map verification
problem, from Theorem [2] we know that map verification is impossible when the algorithm makes passive
observations or performs tests of the candidates. Then, the only thing that remains to be done is to show
that map verification problem is impossible when the algorithm makes passive observations of the ground-
truth and active observations of the candidates. To this end, we will show that if such an algorithm exists,
then we can use it to solve the set identification problem (see the proof of Theorem , which leads to a
contradiction. Let S1,5s,... be a sequence of sets such that each S; C X' is a subset of a countable set X'
Let s1,82,... be an enumeration of X and let sg,, Sk,,... be the enumeration of the ground-truth S, = §j,
that we will passively observe. We set ) = {1} define a sequence of operators on X by

o {1}, SESZ',
MzS* {@, S ¢ SZ

Then, {(sk,,1)}$2; is an enumeration of solutions of M, := M, . In our map verification algorithm, we let
the adversary pick

1 2
f( ),f( ),...: S1 581582, 81,82,83,+++y81ynySmy.--
~ —— —— —_————
Bl Bz Bg Bn

as the queried inputs. When the algorithm makes an active observation of M; with input s, we use the set
identification algorithm to check if s € S;. The algorithm will see that M;s = {1} if s € S; and M;s = 0
otherwise. After the algorithm answers the adversary’s questions in a full B,,, the set identification algorithm
guesses S, to be S; with the smallest ¢ such that 1 < i < n and S; N {sj};?zl are exactly the inputs in B,
of which the algorithm guesses an output of 1 € ). If no such set exists, then return an arbitrary one.
By our assumption of the map verification algorithm, there exists some ng > 1 such that we always make
the right guess for the entire B,, for any n > no. For any j < j., since S; # S;,, there exists an element
sq; € S;ASj. Set ny = max{dy,...,dj, —1,n0}. Then, for any n > n;, we consider what happens after the
full B, is answered by the algorithm. For every j < j., either S; contains s4; but the algorithm guesses
that M,sq, = 0 or S; does not contain s4; but the algorithm guesses that 1 € M.,sq,. On the other
hand, S;, always contains exactly those of sq,...,s, for which the algorithm guesses 1. That means our set
identification algorithm will always return the correct ground-truth S;, after B, is encountered, which is a
contradiction to the fact that there exists no set identification algorithm. O
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F Proof of Theorem {4

Proof. We prove the claim in two parts. In Part I we show that map identification is universally solvable for
single-valued maps when both the ground-truth map and the candidate models are observed passively. In
Part II, we explain why the same conclusion holds regardless of whether the observations are passive, active,
or via testing and why map prediction and map verification also follow immediately.

Part I: Map identification is universally solvable with passive observations. Since every operator
M is single-valued, for every f € X the output M f is a singleton set. The algorithm proceeds as follows.
It begins by setting its current candidate guess to M;. We then partition the execution into stages, where
the kth stage is dedicated to testing whether My is equal to M,. During each round of the game in the
kth stage, the algorithm passively observes a new input f and records the corresponding two outputs: (i)

g € M. f and (ii) § € Myf.

Let D, and Dy, denote the sets of observed input-output pairs for M, and My, respectively. If for some input
f the outputs differ, i.e., g # §, then the algorithm concludes that My # M, and immediately discards
My, moving on to the next candidate My 1, terminating stage k and entering stage k + 1.

Now, suppose that M, = My, for some k, > 1. Then, for every candidate Mj, with k < k. the single-
valuedness of the maps guarantee that there exists at least one input f € X for which

Since a passive observation requires the inputs to be enumerated (see Definition , it will take at most a
finite number of rounds before the algorithm will observe a discrepancy and discard My. When stage k.,
is reached, the algorithm will correctly identify the map in each subsequent round and no discrepancy will
ever be observed. Therefore, the algorithm eventually selects the correct candidate model and remains with
it thereafter.

Part II: Extension to all types of observations and all ML goals. The above algorithm assumes
passive observations for both the ground-truth map and candidate models. However, if the observations are
made actively or via testing, the algorithm can easily mimic passive observations. Hence, map identification is
universally possible for any types of observations. Furthermore, because map prediction and map verification
are essentially equivalent to map identification for single-valued maps, all ML goals are universally solvable
under any types of observations. O
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G Proof of Theorem

Proof. We break our proof into three parts, corresponding to the three statements of the theorem, respec-
tively.

Part I: map identification. To show the “if” direction, we can apply exactly the same algorithm proposed
in Theorem [I| when the algorithm tests the ground-truth and candidate models. To prove the “only if”
direction, we first note that since the finite-output map identification problem is easier than the infinite-
output one, Theorem [I] immediately says that infinite-output map identification is impossible when the
algorithm makes passive observation of the ground-truth or the candidate models. Hence, it remains to
show that map identification is impossible when the ground-truth is actively observed and the candidate
models are actively observed or tested, or when the ground-truth is tested and the candidate models are
actively observed. Since for infinite-output operators, neither an active observer nor a test performer is
strictly stronger than the other, we have to prove the three cases separately.

I(i): map identification is impossible when the algorithm makes active observations of the
ground-truth and the candidate models. We defer this case to part II, because when the algorithm
can actively observe the candidate models, the map prediction problem is clearly easier than the map
identification problem; proving the infeasibility of winning the former problem will also do the same for the
latter one.

I(ii): map identification is impossible when the algorithm makes active observations of the
ground-truth and performs tests of the candidate models. If such an algorithm exists, we will use
it to solve the set identification problem defined in the proof of theorem [I} Let Si,Ss,... be a sequence of
distinct candidate sets and let S, = S;, be a ground-truth set that is equal to one of the candidates. Without
loss of generality, we assume that S; is countably infinite for every j > 1. Let s1, s2,... be an enumeration
of S.. We define X = {f1, fo,...} and Y = Uj; S;. Imagine that the candidate operators M; are defined
by

Mifi=S8;, M;fi=0, jeN, i>2,

and the ground-truth operator is M;,. We apply the map identification algorithm: whenever the algorithm
makes an active observation of the ground-truth M, with some f;, if ¢ > 2, we return the emptyset; otherwise,
if i =1, we query an element s from S, and answer that s € M, fi. When the algorithm tests if s € M, f;,
we answer yes if and only if i = 1 and s € S}, which is determined from the set identification algorithm. Let
the set identification algorithm guess S; for the 7 € N such that M; is guessed by the algorithm in the map
identification game. Clearly, the algorithm guesses correctly if and only if the set identification algorithm
guesses correctly. We reach a contradiction.

I(iii): map identification is impossible when the algorithm performs tests of the ground-truth
and makes active observations of the candidate models.

In this section, we first consider the following question: If I have a sequence of sets S1, So, ..., each of which
is a subset of N. I know exactly one of them is equal to N. An adversary enumerates every set S;. When
I ask for an element of S;, the next unseen element in the enumeration will be given. Then, is there an
algorithm for me to identify which S; is equivalent to N? (As before, we assume that this game is played in
iteration. That is, I query finitely many sets and make a guess. This counts as an iteration. I can identify
the set if, after a certain point, my guess is alway correct.)

It is easy to see that one can reduce the set identification game to a map identification game with test/ground-
truth and active/candidates. Namely, we consider a problem where X = {x} is a singleton and M x = S,
enumerated by the adversary in the same way as in the set identification game. Let M,x = N. (We do not
even need to let the algorithm test the ground-truth. We can directly tell the algorithm that M.x = N.)
When the map identification algorithm makes an active observation of a candidate M x, it is as if a set
identification algorithm asks for an element of S;. Hence, if the map identification algorithm can identify
which M is equivalent to M., then we can use this algorithm to identify which S; is equivalent to N.
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Now, we will show that the set identification problem is infeasible, which shows that the map identification
problem (whose solution, if exists, would lead to a set identification algorithm) is infeasible either. It works
as follows:

1. First, we hold out an element, say 1 € N. Let S; = {2,3,4,...} and Sy = {1,2,3,...}. When the
algorithm is executed on this problem, it needs to say that So = N at some point. At this moment,
assume that {2,3,...,71} are seen from Sy and {1,2,...,k1} are seen from S;. (Remark: without
loss of generality, we can assume that the algorithm only queries S; and Sy in this execution. If it
queries another set, say S;, then we can simply assume that S; = () and ignore it thereafter.)

2. Now, the idea is that we want to trick the algorithm by making S5 the wrong answer. This is simple.
In the next problem, we can simply set Sy = {1,2,...,k1}. We define S5 = {1,2,3,...}. (If S5 is
queried in the previous execution, then we use Sy instead, and so on. See the remark above.) For
S, we change its definition to S1 = {2,3,...,j1,1,51 + 2,52+ 3,...} = N\ {41 + 1}. Intuitively, we
add back 1 but hold out j; + 1. We add back 1 because in our final problem (the diagonalization),
we want S; = N to be the correct answer; we hold out j; + 1 because in the current problem, we
want S35 = N to be the correct answer. When the algorithm is executed, it is clear that it follows
the first stage up to the point that both j; € S; and k; € Sy are seen. After that, if the algorithm
queries S again, then we will loop back to 1 in this setting and output k1 +1 in the previous setting,
but this no long matters. The thing is that at some point, the algorithm will guess that S3 = N. At
this moment, assume that {2,3,...,71,1,j1 + 2,71 + 3,...,j2} are seen from S; and {1,2,...,k2}
are seen from Sj3.

3. At this point, you can expect what happens in the next problem. We set Sy = {1,2,...,k1} and
Sz ={1,2,...,ky}. Let Sy = N be the new ground-truth. For Sy, we add back j; + 1 but hold out
jo + 1. That is, its enumeration would be

Sl = {2737"'7j171aj1 +27j1 +35"'aj25j1 + 1aj2 +27j2 +3?}

first stage second stage

The rest follows the same pattern. Intuitively, why this would lead to a contradiction is that whenever
you hold out an element of N from S7, you will always add it back in the next problem; hence, in
the infinite limit, no element is left out and we thus construct an enumeration of S; = N.

Now, it all remains to define a final problem, for which S; = N, but the algorithm guesses incorrectly
infinitely often. To do this, let S; = {1,2,...,kj_1} (j > 2) be whatever the finite set defined in the jth
stage. Consider the following enumeration of Sy: first, let B; = {j;,...,ji+1 — 1} be the block defined by

1<:j0)72ﬂ"'7j1 - 17j17j1 +17"'7j2 - 17j27j2 +17"'7j3 - 1).73
Bo B B

Consider the enumeration of B;: Bl = {j; + 1,...,4:+1 — 1,7:} (i.e., rotating the first element to the end).
Then, B), By, Bj,... is apparently an enumeration of S; = N. However, when executing the algorithm on
this enumeration, we follow exactly the sequence of stages defined above, guessing that Ss, Ss,... are the
ground-truth. That is, the algorithm makes incorrect guesses infinitely often.

Assume such an algorithm exists. Let X = {f} be a singleton and let ) = N. We partition the execution
into stages, each of which contains multiple iterations of the game, and set up an infinite sequence of map
identification problems, so that the first k& of them look identical to the algorithm until the end of the kth
stage. For each of these map identification problems, we assume that the ground-truth operator is M, such
that M, f = N. Then, we define an additional map identification problem and show that the algorithm must
fail to solve it provided that it solves the sequence of problems we defined.

e Stage 1: Set s; = 2 and j; = 0. We define the candidate models to be defined by

N\ {j; +1}, i=1,
Mif: N, i=S1,

0, otherwise.
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Let j1+2, j1+3, ... be the adversary’s enumeration of Mj f and let 1, 2,. .. be the adversary’s enumeration
of My, f. Since the algorithm is correct, at some iteration, it must guess that M, = M,,. After this
happens, we stop the first stage and enter the second stage.

o Stage k: Assume that the algorithm guesses M, = M,, in the tth stage for every 1 <t < k — 1. Let
si > sp—1 be an index for which My, has never been actively observed up to the end of stage k£ — 1. Let
j1 € Y be the largest output that has been actively observed from M, f up to the end of stage k—1. If no
active observation of M f has been made yet, then we set j, = 0. We define the kth map identification
problem by choosing the candidate models as follows:

o N\{]k}7 7’:17
Mif = {@, i>1,i¢ {s1,52,...}.

For i = s, where 1 <t < k — 1, we define M;f to be the finite set of all elements actively observed
at the end of the (k — 1)st stage. The adversary enumerates M; f by following the order that the set
{1,...,Jk} \ {Jk—1} is enumerated in the first (k — 1) rounds, and then jx_1, and then j; + 2, 5% + 3, .. ..
Since the algorithm is correct, at some iteration, it must guess that M, = M, . After this happens, we
stop the kth stage and enter the next ones.

o The additional problem: We define our additional problem by letting M;f = N and M, f = § for
all i ¢ {s1,$2,...}. Given some k > 1, we note that the definition of M, f is never changed after the
(k + 1)st stage. We take that as our definition of My, f in our additional problem and the order that
elements in My, f are enumerated in the first k stages as the adversary’s enumeration of it. We enumerate
M f by following how N is enumerated in the sequence of stages, i.e.,

N = {Jl +27j1 +3a"'7j2aj17j2 +27j2+37"'5j3,"'5jk +27jk +37"'ajk+1ajkajk+1 +27}

When the algorithm is executed on this additional problem, it follows the sequence of stages we defined,
returning M, as its guess for every j > 1, which is false. Hence, the algorithm is not correct on the
additional problem and we reached a contradiction.

Part II: map prediction. Similar to part I, we only need to consider the cases when the algorithm makes
active observations of the candidate models since other cases follow from Theorem

II(i): map prediction is possible when the algorithm performs tests of the ground-truth and
makes active observations of the candidate models. We defer this case to part III, because a map
verification problem is clearly harder than a map prediction problem. Hence, proving the feasibility of map
verification problems in this setting will automatically prove the feasibility of map prediction problems.

II(ii): map prediction is impossible when the algorithm makes passive or active observations of
the ground-truth and makes active observations of the candidate models. Since every finite-output
problem is also regarded as an infinite-output problem in our setting, by Theorem [2] we only need to prove
the impossibility when we actively observe the candidates and passively or actively observe the ground-truth.
Moreover, since we can still use finitely many active observations to obtain a passive observation, even for
infinite-output operators, it suffices to show that map prediction is impossible when the algorithm makes
active observations of the ground-truth and candidate models. Assume such an algorithm exists. We let
X =Y = N. We partition the execution into stages, each of which contains multiple iterations of the game,
and set up an infinite sequence of map prediction problems, so that the first k£ of them look identical to the
algorithm until the end of the kth stage. Each map prediction problem we define has a different ground-truth
operator M, and candidate models M7, M, .... Then, we use this sequence of map prediction problems
to construct another problem so that when the algorithm is executed on this additional problem, it exactly
follows the sequence of stages that we defined. We will show that as long as the algorithm correctly solves
the sequence of problems, it must fail on the additional map prediction problem we construct, which leads
to a contradiction. We now define the sequence of stages and map prediction problems inductively.

The high-level idea in this construction is the same as the one above: eventually, we want Mj to be the
ground-truth; however, in every intermediate stage, we assume that a different candidate is the ground-truth.
After the algorithm commits to that, in the following stages, we trick the algorithm and no longer make it
the ground-truth.
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In the first stage, I have in mind that M7i = all evens, Msi = all odds for all 4, and M, = M. The very
important trick is that when the adversary picks an input 4, M4 has never been queried before. (Note that
the order in each iteration is query ground-truth — raise question — query candidates — answer.) Hence,
at the point the algorithm eventually needs to guess that i; € M,j; for some odd i1, no element of the set
M. j1 has been revealed (this is very important). This opens room for cheating, because I can now say “I
changed my mind and M, j; is in fact the set of even numbers,” which does not violate any information we
have previously seen (only true because M., j; has not been queried up to this point). As you can see, this
is how I can make the algorithm produce a guess that is inconsistent with M in the first stage.

The next stage follows basically the same pattern. To see how it works, we can simply do the same procedure
(now with M3 instead of Msy) on the untouched inputs. That is, suppose in the first stage, the first 10
elements have been queried (either from M;j, Ma, or M,) and j; = 10. Then, I have in mind that
Miyi = all evens, M3zi = all odds for all ¢ > 11, and M, = M3 and play exactly the same cheating game.
The way I can make M; and M, agree on the first 10 inputs (while also maintaining the entire execution
in the first stage; this is important) is by setting M1j = M,j =N for j = 1,2,...,9 (after all, you only saw
finitely many elements in stage 1, and you were just totally unlucky to see all even numbers from M; and
all odd numbers from M,), and M;10 = M, 10 = all evens (this is okay because M., 10 is never queried in
stage 1, so you can define it however you like). After the algorithm needs to guess that iy € M, jo for some
odd o and jo for which M,j> has never been queried, we cheat by saying that “M.,js is in fact the set of
even numbers,” which produces an inconsistency between M;js and the algorithm’s guess.

Now, you see the core idea. After each stage, I can make M; and M, agree on all inputs that have been
queried up to this point, and play the cheating game on the untouched inputs. Since there are infinitely
many stages, each input must belong to some stage, meaning that M; and M, must eventually agree on
it. That means in the infinite limit, we will have M, = M; (because they agree on every input; this is the
diagonalization), but when the algorithm is executed, it is tricked infinitely often, leading to a contradiction.

o Stage 1: Set s; = 2. We define the first map prediction problem to have a ground-truth operator M, so
that M. j is the set of odd natural numbers for every j € X. Define M so that M., j is the set of all even
natural numbers for every j € X, My, = M., and M; for i > 3 so that M., j = () for every j € X. When
the algorithm makes an active observation of the ground truth M, with an input j € X, the outputs it
receives form an enumeration of the odd numbers. Whenever it is the adversary’s turn to ask a question,
they pick an input j € X that has not appeared in the algorithm’s observations so far. We also assume
the input picked by the adversary is larger than all inputs they have asked before. When the algorithm
makes an active observation of Mjj with any j, it receives an enumeration of even natural numbers.
When the algorithm makes an active observation of Mg, j with any j, it receives an enumeration of odd
natural number. When the algorithm makes an active observation of any other operator with any input,
it is informed that the output set is empty. Since the algorithm is correct, at some point, the algorithm
must guess an odd number, say i; € M,j; for some odd i;. We terminate the first stage and enter the
second stage.

e Stage k: Assume that the algorithm guesses that i; € M,j; in the tth stage for every 1 < ¢t < k — 1.
Also let s; be the index such that M, = M, in the tth map prediction game for every 1 <t < k — 1.
We define our kth map prediction problem as follows. Let M, be defined by

N7 ijk*lﬂj%{jla"wjkfl})
M. j = { the set of all even natural numbers, j € {j1,...,75k-1},
the set of all odd natural numbers, j > ji_1.

Let si be an index such that s; > sx—1 and M, has never been observed by the algorithm in the first
(k — 1) stages. Define Mj to be

Mlj — {N’ jgjkflaj ¢ {jlv"'ajkfl}v

the set of all even natural numbers, otherwise.

Define M, = M,. For any other ¢ # 1, s, we can simply define M; to be the operator whose valid
input-output pairs have all been actively observed by the algorithm in the first (k — 1) stages. Given
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this definition, when the algorithm executes, there is a way for the adversary to enumerate the active
observations so that the algorithm follows exactly the first (k — 1) stages. After that, whenever it is the
adversary’s turn to ask a question, they pick an input j € X that has not appeared in the algorithm’s
observations so far. We also assume the input picked by the adversary is larger than all inputs they
have asked before (including those asked in the first k¥ — 1 stages). In particular, that means for every
j € X that the adversary asks, we have M, is the set of all odd natural numbers. At some iteration,
the algorithm must guess an odd number, say i € M., ji for some odd i > ix_1. We terminate the kth
stage and enter the second stage.

e The additional problem: Now, we define an additional map prediction problem for which the algorithm
must fail. We set M, = M to be

N7 j%{jlaj%"'}a

Muj = Muj = {the set of all even natural numbers, otherwise.

Note that we have s; < so < ---. Hence, for any i > 2, we must have that i < s; for some k£ > 1. Note
also that the definition of M; has remained the same in the tth map prediction game for any ¢ > k. We
take that as the definition of M; in our additional map prediction problem. It is easy to see that when
the algorithm executes on this additional problem, it follows exactly the sequence of stages we defined,
guessing i; € M., j; for t = 1,2, ..., which is wrong since 4; is odd. Hence, the algorithm is incorrect on
the additional problem and we have reached a contradiction.

Part ITII: map verification. The “only if” direction follows immediately from the “only if” direction of part
II. To show the “if” direction, we construct an algorithm for map verification when the algorithm performs
tests of the ground-truth and makes active observations of the candidate models. We break our algorithm
into stages, where each stage contains multiple iterations. We start with the first stage, and since the stages
in this algorithm are mutually independent, we explain what the algorithm does in a single stage, which
completes the description of the algorithm. At the beginning of the kth stage, we initialize the set V}, = ().
In the tth iteration of the kth stage, when the adversary picks some f € ), the algorithm makes an active
observation of My, with this f. If My f = 0, we add f to Vj and guess that M, f = (). Otherwise, let g be
an element of My, f. We guess that g € M, f. In the (¢t 4+ 1)st iteration, we first test if g; € M, f for all
j<tand f € Vg. If we ever get a positive answer, then we terminate the kth stage and enter the (k + 1)st
stage. Also, if we guess that ¢ € M, f in the tth iteration, then we also test if this is true. If not, we also
terminate the kth stage and enter the (k 4 1)st stage. We claim that this algorithm is correct. To see this,
in the kth stage, if we always answer the question correctly, then we are done. Otherwise, assume we answer
M., f incorrectly. There are two possibilities. The first is that we answer g € M, f but it is not. In that case,
we will terminate the kth stage immediately when we test that g ¢ M., f in the next iteration. The second
possibility is that we answer M, f = 0 but it is actually not. Say, g; € M. f. Then, we must terminate the
kth stage after the (j + 1)st iteration. That is, as long as we make a wrong guess during the kth stage, we
know that we will eventually move onto the (k+ 1)st stage. Assume M, = My, . If we enter the k.th stage,
we will never terminate it. Hence, the algorithm is correct. O
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