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Abstract001

Benchmarks are often used as a standard to002
understand LLM capabilities in different do-003
mains. However, aggregate benchmark scores004
provide limited insight into compositional skill005
gaps of LLMs and how to improve it. To006
make these weaknesses visible, we propose007
Scaffolded Task Design (STaD) framework.008
STaD generates controlled variations of bench-009
mark tasks based on the concept of scaffolding,010
which introduces structured, incremental sup-011
port in a step-by-step manner. Rather than in-012
specting failures individually, this approach en-013
ables systematic and scalable probing of model014
behavior by identifying the specific reasoning015
skill compositions they lack. Treating the LLM016
as a black box, our experiments on six models017
of varying sizes reveal multiple failure points018
in three reasoning benchmarks and highlight019
each model’s unique and distinct skill gaps.020

1 Introduction021

Benchmarks are standardized tests designed to eval-022

uate the strengths and limitations of large language023

models (LLMs) across domains. However, most024

existing evaluations often treat complex tasks as025

monolithic (Ribeiro et al., 2020; Huang and Chang,026

2023). Much like a single math test score, an ag-027

gregate benchmark score can tell you that a model028

is "bad at math" without explaining why. Two mod-029

els may achieve the same overall accuracy on the030

same benchmarks yet have entirely different skill031

gaps: one may lack a specific reasoning ability,032

another may struggle when multiple skills must033

be combined, and a third may have the necessary034

knowledge but fail to situate the knowledge in the035

context of the task.036

Understanding such skill gaps requires examin-037

ing a model’s reasoning steps. Several existing038

approaches aim to make model reasoning more039

explicit. For instance, Chain-of-Thought (CoT)040

prompting explicitly elicits intermediate reasoning041

steps (Wei et al., 2022). While effective for expos- 042

ing reasoning traces, these methods are difficult to 043

scale or analyze systematically (Huang and Chang, 044

2023) and may produce unfaithful explanations 045

that do not reflect the model’s actual underlying 046

reasoning process (Lanham et al., 2023). 047

A common theme among methods that elicit rea- 048

soning in LLMs is task decomposition (Khot et al., 049

2022; Dua et al., 2022; Prasad et al., 2024; Jiang 050

et al., 2023; Laban et al., 2025), which breaks com- 051

plex tasks into simpler sub-tasks and makes inter- 052

mediate reasoning steps more explicit and config- 053

urable. These approaches have primarily been used 054

to help models solve complex tasks or to study 055

model behavior step by step. However, it has rarely 056

been applied as a diagnostic tool to uncover failure 057

patterns. 058

From a cognitive science perspective, compe- 059

tence is not only what a learner or a model can do 060

independently, but also what it can achieve with 061

appropriate guidance (Vygotsky, 1978). Scaffold- 062

ing provides such targeted support, gradually re- 063

moved as proficiency develops (Van de Pol et al., 064

2010). We adapt this idea to LLM evaluation, using 065

scaffolding not to improve performance, but as a 066

diagnostic tool to reveal where and why models 067

fail. 068

In this work, we propose Scaffolded Task Design 069

(STaD) framework to combine task decomposition 070

and scaffolding to systematically identify the steps 071

at which LLMs fail and the specific reasoning skill 072

compositions they lack. In a nutshell, STaD breaks 073

down benchmark tasks into sub-tasks represent- 074

ing individual reasoning steps; it then creates con- 075

trolled variations of the original task by providing 076

scaffolding at specific sub-tasks. By measuring per- 077

formance across scaffolded variations, STaD can 078

pinpoint exactly where the model struggles. 079

For example, consider a model that fails on the 080

original task. If scaffolding is applied to the first 081

sub-task and the model still fails, the limitation 082
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Figure 1: Scaffolded tasks for identifying compositional skill gap s2 (Subtraction: Eggs reamining for sale).

is not confined to that step. If scaffolding is ad-083

ditionally applied to the second sub-task and the084

model succeeds, we can infer that the weakness085

lies in reasoning up to the second step. This proce-086

dure reveals compositional skill gaps—the particu-087

lar combination of reasoning skills that the model088

cannot yet perform independently. An example of089

scaffolded tasks is shown in Figure 1.090

Using this framework, we conduct experiments091

on three public benchmarks: ToT Arithmetic (Tem-092

poral Reasoning) (Fatemi et al., 2024), GSM8K093

(Grade School Math) (Cobbe et al., 2021), and094

Math-Hard (Difficult Math Problems) (Hendrycks095

et al., 2021). Our results show that failures are096

multifaceted: models with similar overall perfor-097

mance can exhibit very different bottlenecks, some098

skills are present but fail in context, and composi-099

tional skill interaction frequently create challenges.100

Scaffolding further distinguishes tasks that can re-101

liably solved with targeted support from those that102

remain fundamentally intractable. STaD provides103

actionable insights, including: (1) Identifying skill104

combinations that cause failures; (2) Distinguish-105

ing weaknesses that can be mitigated with scaffold-106

ing from those that are fundamentally difficult; (3)107

Highlighting skill-level areas for further training or108

targeted interventions.109

Our main contributions are threefold:110

• Concept: We formalize scaffolded compe-111

tence for LLMs, capturing not only indepen-112

dent task performance but also the abilities a113

model can demonstrate with support. This per- 114

spective enables a understanding of a model’s 115

situated skills within the context of real-world 116

tasks. 117

• Framework: We introduce Scaffolded Task 118

Design (STaD) framework that systematically 119

identifies reasoning and compositional skill 120

gaps in LLMs. The codebase and datasets are 121

provided as supplementary material and will 122

be made publicly available for reproducibility 123

and future research. 124

• Empirical Study: We apply our framework 125

to conduct experiments on three reasoning 126

benchmarks. Our results revealed distinct 127

skill gaps across models and highlighting the 128

value of detailed evaluation beyond aggregate 129

scores. 130

2 Scaffolded Task Design (STaD) 131

Given a benchmark, our objective is to design a 132

framework to construct cumulative scaffolded vari- 133

ations of the benchmark tasks that incrementally 134

support reasoning steps. As we will demonstrate, 135

the scaffolded variation enable us to reveal latent 136

competence and identifying compositional skill 137

gaps in the LLM. 138

At a high level, our Scaffolded Task Design 139

(STaD) framework generates, for each question 140

with ground-truth answer in the benchmark, gen- 141

erates: (1) decomposed reasoning steps with in- 142

termediate answers and (2) scaffolded variations 143
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of the original task. STaD then evaluates model144

performance on both the original and scaffolded145

test cases to derive a scaffolded competence and the146

minimal level of scaffolding required for a model147

to succeed. We provide the details in the following.148

STaD begins by defining a benchmark as a set of149

questions and corresponding ground-truth answers:150

Q = {q1, q2, . . . , qn}, and A = {a1, a2, . . . , an},151

respectively. STaD uses three functional LLM152

roles in our framework.153

Teacher model. The teacher model, fteach, is a154

high-capacity LLM used to generate scaffolded155

variations including: (i) decomposing q into min-156

imal reasoning units, (ii) computing intermediate157

answers, and (iii) producing scaffolded variations.158

Judge model. The judge model, fjudge, evaluates159

correctness for both intermediate and final predic-160

tions by comparing model outputs to the ground161

truth a. It returns a binary correctness.162

Target model. The target model, ftarget, is the163

model we aim to diagnose. It is evaluated on both164

the original problem q and the generated scaffolded165

variations qscaf.166

2.1 Generating Test Cases167

Many benchmark tasks consist of multiple smaller168

reasoning steps. Decomposing a task into such169

smaller reasoning steps allows us identify exactly170

where the model fails. For each task in a bench-171

mark, STaD defines its sub-tasks along with the172

corresponding intermediate answers, associated173

higher-level skills, and the set of scaffolding varia-174

tions as follows.175

Task Decomposition. STaD uses the teacher176

model fteach to decompose the original task q177

into a sequence of K sub-tasks q → S =178

{s1, s2, . . . , sK}, where each sk is an operation sat-179

isfying: sk contains one logical or computational180

action;
⋃K

k=1 sk covers all reasoning steps required181

by q; sK produces the final answer.182

For each sub-task sk, STaD computes an in-183

termediate result using the teacher model fteach,184

producing SA = {sa1, . . . , saK}. STaD then185

compares the final sub-task answer saK with the186

ground truth a using the judge model fjudge. For187

this, we define a binary consistency function that188

returns 1 if the two values are identical and 0 other-189

wise:190

Cons(saK , a) =

{
1 if saK = a,

0 otherwise.
(1)191

Scaffolded Variations. STaD generates scaf- 192

folded variations of each original task q by progres- 193

sively providing correct intermediate steps using 194

fteach. Specifically, for each j ∈ {1, . . . ,K − 1}, 195

STaD constructs a scaffolded variation q
(j)
scaf by 196

injecting the first j solved sub-tasks into the orig- 197

inal task: q(j)scaf = g(q, {(s1, sa1), . . . , (sj , saj)}). 198

Here, g(·) is a rewriting function that preserves the 199

overall structure of the original task while explic- 200

itly providing the solutions to the first j reasoning 201

steps. Each q
(j)
scaf is presented as a single instruction 202

indicating that earlier steps are already completed, 203

leaving the model responsible for the remaining 204

steps. This produces a set of scaffolded variations: 205

qscaf = {q(1)scaf, . . . , q
(K−1)
scaf }. (2) 206

Verification. STaD verifies the consistency of all 207

intermediate variations. For each scaffolded vari- 208

ation q
(j)
scaf, let p(j)teach = fteach(q

(j)
scaf) denote the pre- 209

dictions from the teacher model. STaD computes 210

binary consistency scores cj = Cons(p
(j)
teach, a), 211

where cj = 1 if the prediction matches a, and 0 212

otherwise (see (1)). 213

Note that, if all intermediate sub-task answers 214

SA and variations qscaf are correct, each variation 215

should produce the same final answer as the origi- 216

nal ground truth a. STaD retains a scaffolded vari- 217

ation for evaluation only if all consistency scores 218

are 1, i.e., cj = 1, ∀j ∈ {1, . . . ,K − 1}. 219

Skill Mapping. To enable getting a higher-level 220

understanding of sub-tasks, STaD maps each sub- 221

task into a set of higher-level skills that reflect 222

shared underlying cognitive or reasoning capabili- 223

ties. STaD first embeds each task into a semantic 224

vector space and cluster tasks using Agglomerative 225

Clustering (a hierarchical similarity-based algo- 226

rithm) (Pedregosa et al., 2011). From each cluster, 227

it then selects a representative task whose embed- 228

ding is closest to the cluster centroid. These repre- 229

sentative tasks are then used by fteach to generate a 230

set of higher-level skills: H = {h1, h2, . . . , hM}. 231

Next, STaD assigns each sub-task sk of every 232

task to one of the M skills in H. This mapping 233

allows us to abstract from individual sub-tasks to 234

more general cognitive or reasoning skills, enabling 235

evaluation of model performance both at the level 236

of sub-tasks and at the level of reasoning skills. 237

2.2 Target Model Evaluation 238

Once the test cases are generated, we evaluate the 239

target model ftarget on (i) the original task q, and (ii) 240
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a set of scaffolded variations qscaf that incremen-241

tally provide guidance at intermediate reasoning242

steps. These test cases reveal which specific rea-243

soning steps ftarget handles successfully, and which244

steps it fails.245

Original Task Evaluation. The target model pre-246

dicts answers for the original benchmark ques-247

tions: Porig = {p1, . . . , pn}. To assess correct-248

ness, STaDapplies the consistency function Cons249

to each prediction, producing an array of scores for250

all questions: scoreorig =
[
Cons(pi, ai)

]n
i=1

.251

Scaffolded Task Evaluation. For each question252

qi where the original prediction was incorrect (i.e.,253

scoreiorig = 0), STaD uses the set of scaffolding254

variations q(1)scaf to q
(K−1)
scaf to find the skill gap.255

To assess correctness, it applies the consistency256

function Cons to each prediction, producing an257

array of scores for all variations: scorescaf =258 [
Cons(p̂i, a)

]K−1

i=1
.259

2.3 Minimum Scaffolding Level k260

We define the minimum scaffolding level k for ques-261

tion q as the smallest number of cumulative scaf-262

folding required for the model to answer a task263

correctly:264

k = min
{
j | Cons(p̂(j), a) = 1

∧ Cons(p̂(l), a) = 0, l < j
}
.

265

266
If no scaffolded variation yields a correct pre-267

diction, we set k = −1. The minimum scaffold-268

ing level provides a quantitative measure of model269

competence: (i) Tasks are categorized as k = 0 if270

solvable independently, (ii) k > 0 if solvable with271

scaffolding, and (iii) k = −1 if unsolvable even272

with full scaffolding.273

2.4 Individual Skill Testing as A Baseline274

To assess the effectiveness of scaffolding, we test275

independent skills by evaluating each sub-task in276

isolation. Each sub-task is associated with a high-277

level skill, and the accuracy of each skill is com-278

puted as the proportion of its associated sub-tasks279

that are solved correctly. Low accuracy indicates280

consistent difficulty and high accuracy indicates281

proficiency.282

3 Experiment Setup283

Datasets. We perform skill gap analysis via scaf-284

folding on three benchmark datasets: ToT (Test of285

Time) Arithmetic (Fatemi et al., 2024), GSM8K 286

(Grade School Math 8K) (Cobbe et al., 2021), and 287

Math-Hard (Hendrycks et al., 2021). We focus on 288

these benchmark datasets since they are popular to 289

assess reasoning in small LMs, these benchmarks 290

have varying difficulty levels, and together they 291

cover broad set of skills. While our study focuses 292

on these datasets, STaD can technically be applied 293

to any benchmark. 294

Table 1 reports the original and verified dataset 295

sizes and the average number of sub-tasks per ex- 296

ample (with min and max). As described in Sec- 297

tion 2.1, each example is retained only if the teacher 298

model produces the correct answer for all of its 299

scaffolding variations. The final verified dataset 300

size is indicated by the right arrow in the table. 301

Table 1: Overview of datasets: original size, final veri-
fied size, and average number of sub-tasks (min, max).

Dataset Size Avg Sub-Tasks
ToT 1.85K→1.45K 4.59 (2, 6)
GSM8K 1.31K→1.17K 3.92, (2, 7)
Math-Hard 1.32K→773 5.48 (2, 6)

Models. We used GPT-OSS-120B (Agarwal 302

et al., 2025) as the teacher model to generate 303

test cases as it performs well on all three bench- 304

marks. GPT-OSS-120B successfully solved all 305

tasks included in Table 1 (1.45K, 1.17K, and 306

773 tasks, respectively). We used Llama-3.3-70B 307

(Grattafiori et al., 2024) and Mistral-Large (Karam- 308

cheti et al., 2021) as judge models, for verification 309

and evaluation, respectively. To identify skill gaps, 310

we evaluated six target models of varying sizes: 311

Qwen2.5-3B-Instruct, Qwen2.5-7B-Instruct (Yang 312

et al., 2025), Granite-3.3-2B-Instruct, Granite-3.3- 313

8B-Instruct (Granite Team, 2024), Llama-3.2-3B- 314

Instruct, Llama-3.1-8B-Instruct (Grattafiori et al., 315

2024). 316

Implementation Details. We selected the right 317

level of granularity in terms of the number of rep- 318

resentative tasks and number of high-level skills 319

via careful ablation experiments (see Appendix C). 320

For ToT Arithmetic, we selected 40 representative 321

questions per cluster and identified 20 skills; for 322

GSM8K, 40 questions generated 40 skills; and for 323

Math-Hard, 40 questions generated 20 skills. The 324

full skill lists are provided in Appendix D. 325

For test case generation, we used a temperature 326

of 0.2 for the teacher models to introduce mild 327

generation diversity. All evaluations with the judge 328

and target models were performed using greedy 329
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Figure 2: Original vs. scaffolded performance across benchmarks.

decoding to ensure deterministic and consistent330

evaluations across runs.331

4 Results332

4.1 Benchmark Evaluation333

Figure 2 shows model performance on original334

tasks and under scaffolding across three bench-335

marks. A task is counted as successful if any scaf-336

folded variant yields the correct answer. In the orig-337

inal setting, GSM8K performance is strong across338

models (78.4%-93.62%) compared to 18.16%-339

46.12% on ToT and 25.36%-46.44% on Math-Hard.340

Scaffolding consistently improves performance,341

yielding the largest gains on ToT (avg. +55.05%,342

min 49.31%, max 59.10%) and Math-Hard (avg.343

+50.97%, min 46.7%, max 59.75%), while GSM8K344

reaches near-perfect accuracy with smaller gains345

(avg. +13.07%, min 6.04%, max 19.97%). Despite346

these improvements, some tasks remain intractable;347

for example, even with scaffolding, Llama 3B re-348

tains a 29.01% gap on ToT and a 21.6% gap on349

Math-Hard, reflecting limitations beyond the skills350

captured in this study.351

4.2 Individual Skill Gaps352

Table 2 describes independent skill accuracy.353

Higher accuracy indicates stronger performance,354

while lower accuracy indicates skill deficiencies.355

ToT Arithmetic Models generally perform well356

on Structured JSON output (0.38-0.70), Arith-357

metic on durations (0.42-0.71) and Multi-format358

date conversion (0.42-0.65). Models struggle on359

Chronological ordering of events (0.02-0.14), Over-360

lap and intersection of time (0.11-0.22), and Cal-361

endar arithmetic (0.16-0.23).362

GSM8K Models perform strongly across most363

math skills needed for GSM8K. For Granite2B,364

only one skill gap appears—Extracting quantitative365

data from text—while all other skills achieve accu-366

racies above 0.5. The primary weaknesses are in367

Extracting quantitative data from text (0.11-0.29)368

and in Formulating and solving linear equations 369

(0.67-0.89). Other skills are generally well-handled 370

by all models. 371

Math-Hard Skill performance on Math-Hard is 372

less consistent across models. In some skills, Qwen 373

models underperform relative to other families. Ex- 374

amples are Domain and range of functions (Qwen: 375

0.20, Llama and Granite: 0.49-0.55), Complet- 376

ing the square for optimization (Qwen: 0.12-0.20, 377

Llama and Granite: 0.46-0.68) and more. Sym- 378

metry counting with Burnside’s Lemma remained 379

challenging for all models (0.18-0.35). 380

While useful in identifying individual skill gaps, 381

individual skill testing does not reflect how the skill 382

functions in the full context. Skills are not tested 383

with other skills, nor within the situational depen- 384

dencies of the original problem, so the results may 385

give an optimistic view of actual task performance. 386

4.3 Single-skill and Compositional-skill 387

bottlenecks 388

We define the minimum scaffolding set as a bottle- 389

neck set: the smallest set of reasoning steps that 390

must be completed correctly for the model to make 391

progress. Once these steps are resolved, the remain- 392

ing steps can be completed on their own. In other 393

words, the bottleneck represents the point in the 394

reasoning steps that prevents the task from being 395

solved. This conceptually answers, "Where does 396

the LLM’s reasoning first fail?" 397

For analysis, we normalize the data by collaps- 398

ing duplicated skills (e.g., "Arithmetic on durations, 399

Arithmetic on durations" to "Arithmetic on dura- 400

tions") since repeated scaffolding of the same skill 401

reflects persistent difficulty with that skill rather 402

than additional reasoning structure. Figure 3 shows 403

the frequency of the top 5 bottlenecks: single-skill 404

cases (size = 1) and compositional-skill cases 405

(size > 1). Full results are provided in Table 7. 406

For ToT, Unit conversions, Natural-language 407

date/time parsing, Overlap and intersection of time, 408
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Table 2: Individual skill accuracy across models and datasets (top 10 most frequent skills). The two lowest-
performing skills are highlighted in bold (≤ 0.5).

Skill Qwen3B Qwen7B Llama3B Llama8B granite2B granite8B

To
T

A
ri

th
m

et
ic

Structured JSON output 0.55 0.70 0.38 0.42 0.53 0.66
Arithmetic on durations 0.54 0.71 0.42 0.50 0.55 0.69
Unit conversion for time spans 0.51 0.70 0.33 0.42 0.37 0.60
Calendar arithmetic 0.18 0.22 0.19 0.18 0.16 0.23
Natural-language date/time parsing 0.35 0.27 0.23 0.26 0.28 0.27
Discrete slot counting 0.19 0.29 0.15 0.21 0.16 0.25
Overlap and intersection of time 0.11 0.18 0.13 0.20 0.11 0.22
Multi-format date conversion 0.62 0.65 0.42 0.52 0.55 0.64
Day-of-week determination 0.44 0.37 0.27 0.36 0.28 0.43
Chronological ordering of events 0.02 0.04 0.08 0.14 0.08 0.10

G
SM

8K

Sequential quantity tracking 0.70 0.77 0.74 0.70 0.66 0.77
Using unit rates to compute totals 0.82 0.82 0.86 0.87 0.75 0.83
Extracting quantitative data from text 0.25 0.19 0.29 0.20 0.11 0.19
Summing contributions from multi sources 0.67 0.78 0.77 0.80 0.69 0.89
Formulating and solving linear equations 0.49 0.50 0.42 0.48 0.51 0.42
Multi-digit multiplication and division 0.90 0.85 0.84 0.94 0.73 0.83
Proportional reasoning 0.77 0.76 0.77 0.85 0.57 0.79
Calculating a percentage of a quantity 0.85 0.89 0.93 0.96 0.67 0.93
Performing operations with fractions 0.70 0.80 0.73 0.69 0.60 0.58
Multiplicative scaling for unknowns 0.81 0.86 0.76 0.73 0.74 0.75

M
at

h-
H

ar
d

Multi-step integer/fraction arithmetic 0.45 0.51 0.55 0.60 0.56 0.63
Translating problems into algebra 0.24 0.23 0.31 0.31 0.34 0.34
Solving linear equations and systems 0.29 0.31 0.41 0.45 0.46 0.47
Combinatorial counting 0.36 0.46 0.44 0.42 0.43 0.47
Quadratic equation techniques 0.30 0.40 0.44 0.51 0.50 0.42
Modular arithmetic and congruence 0.34 0.44 0.40 0.35 0.39 0.54
GCD/LCM via prime factorization 0.38 0.41 0.49 0.51 0.49 0.53
Probability via counting 0.28 0.46 0.39 0.39 0.44 0.49
Domain and range of functions 0.20 0.20 0.55 0.49 0.43 0.50
Arithmetic and geometric series analysis 0.36 0.28 0.43 0.41 0.52 0.35

and Calendar arithmetic emerge as the most fre-409

quent bottlenecks across models. Combining these410

skills in pairs such as Overlap/Discrete, Natural/-411

Calendar, or Unit/Arithmetic are bottleneck for412

most models. For GSM8K, Using unit rates to413

compute totals, Extracting quantitative data from414

narrative text, Sequential quantity tracking, Multi-415

digit multiplication and division, and Performing416

operations with fractions are the most frequent skill417

bottlenecks. These bottlenecks are quite consistent418

across models. Only few combining bottlenecks419

were observed for this dataset.420

4.4 Mean Minimum Scaffolding per421

Reasoning Combination422

We evaluate skills within their original combina-423

tions. Specifically, tasks are grouped by their424

original skill combinations, and for each task425

STaD computes the minimum scaffolding level (k)426

required for the model to produce a correct solution427

(Section 2.3). Intuitively, the minimum scaffolding428

level (k) represents the least amount of external429

guidance needed for success; larger values of k430

therefore indicate greater difficulty. Table 3 reports431

results for the most frequent skill combinations in432

ToT benchmark.433

The combination Overlapping + Discrete slots434

+ JSON is consistently challenging across models.435

This is reflected in both high mean k values and a 436

substantial fraction of intractable tasks. For exam- 437

ple, Granite2B fails on 24.61% of these problems 438

even with full scaffolding. Across models, mean 439

k ranges from 2.51 to 3.06, indicating that solving 440

these tasks typically requires two to three levels 441

of explicit guidance (out of four available scaffold- 442

ing). In practice, this typically means providing 443

2-3 levels of guidance—for example, first guid- 444

ing the model through Overlapping, then through 445

Discrete Meeting slots—after which it can usu- 446

ally handle the remaining Discrete Meeting slots 447

and JSON components on its own. In contrast, 448
the combination Unit + Arithmetic + Arithmetic + 449

Unit + JSON reveals model-dependent skill gaps. 450

Qwen3B, Qwen7B, and Granite8B handle this com- 451

bination with relatively little assistance, exhibit- 452

ing mean k values between 1.45 and 1.97 and 453

near-zero intractable rates (0-1.63%). However, 454

Llama3B, Llama8B, and Granite2B struggle sub- 455

stantially, with mean k values between 3.19 and 456

3.68 and intractable rates ranging from 27.86% to 457

59.01%. This divergence demonstrates that identi- 458

cal composite skills can be trivial for some models 459

while remaining fundamentally difficult for others. 460

A similar pattern is observed for the combination 461

Unit + Midnight + Arithmetic + Unit + JSON. 462

In GSM8K, most tasks are solved independently 463
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Figure 3: Frequency of compositional-skill bottlenecks in (a) ToT Arithmetic, (b) GSM8K, and (c) Math-Hard. For
each model, the top 5 bottlenecks are displayed. Numbers indicate the count of scaffolded cases. Only the first word
of each skill is shown.

without any scaffolding: over 90% of problems464

have k = 0 across all models, and almost none re-465

main intractable once scaffolding is introduced. For466

GSM8K and Math-Hard, however, we were unable467

to collect enough tasks sharing identical skill com-468

binations to perform a comparable combination-469

level analysis. This reflects the higher structural di-470

versity of these benchmarks, where problems vary471

widely in composition rather than recurring around472

a small set of shared skill combinations.473

5 Discussion474

Existing probing methods, such as directly asking475

whether a model can perform a skill, abstract away476

the context in which a skill must be applied. In477

real tasks, competence is expressed through the co-478

ordinated deployment of multiple skills, situated479

within the specific demands of the task context. By480

preserving this context while selectively support-481

ing intermediate reasoning stages, scaffolding en-482

ables direct evaluation of situated competence—the483

model’s ability to apply a given skill appropriately484

within its original task setting.485

Comparable performance does not imply identi-486

cal skill gaps. While overall task scores may be487

similar, models often exhibit very different skill bot-488

tleneck profiles. For example, Llama3B and Gran-489

ite2B achieve similar ToT performance (19.2 vs.490

18.16), but Llama3B tends to require more support491

on isolated skills (e.g., Natural-language date/time492

parsing and Calendar arithmetic) whereas Gran-493

ite2B’s bottlenecks appear when multiple skills are494

combined (e.g., Unit conversion / Arithmetic on495

durations,Relative-date reasoning / Calendar arith-496

metic / Multi-format date conversion). Comparable 497

trends appear in GSM8K. Qwen3B and Granite2B 498

achieve similar overall accuracy (80.36 vs. 83.08), 499

yet Qwen3B exhibits high individual skill averages 500

(0.74 ± 0.17) while Granite2B shows lower indi- 501

vidual skill competence (0.62± 0.17), particularly 502

struggling with tasks like Extracting quantitative 503

data from text that Qwen3B handles reliably. 504
Skill Present but Fail in Context. Performance 505

on isolated skill probes systematically overesti- 506

mates a model’s actual reasoning competence when 507

those same skills must be executed in combina- 508

tion. Several abilities that appear relatively well 509

mastered in isolation, such as Arithmetic on dura- 510

tions(0.42-0.71), Unit conversion for time spans 511

(0.33-0.70), and Natural-language date/time pars- 512

ing (0.23-0.35), Combinatorial counting (0.36- 513

0.47) do not emerge as dominant failure skill under 514

individual skill testing. However, scaffolding anal- 515

ysis reveals that these skills become among the 516

most frequent bottlenecks when embedded within 517

tasks that requires sequential reasoning steps, both 518

as single-skill and compositional-skill bottlenecks. 519

More broadly, these results suggest that model 520

reasoning weaknesses are not solely a function 521

of missing skills, but of unstable skill integration. 522

Models may possess the necessary primitives yet 523

lack mechanisms for sequencing, maintaining inter- 524

mediate representations, or reconciling constraints 525

across skills. 526

Failures often arise from skill interactions. 527

Compositional skill bottlenecks demonstrate that 528

improving only the upstream skills is insufficient. 529

For example, when Overlap and Discrete skills are 530
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Table 3: Combinations with higher mean (k) require more explicit guidance. k = 0: tasks solved independently; %
k > 0: % of tasks that can be solved w/ scaffolding; % Intractable: tasks that cannot be solved even w/ scaffolding.

Combination (ToT) #Tasks Model Mean k % k = 0 % k > 0 % Intractable

Overlapping + Overlapping +
Discrete + Discrete +
JSON

65

Qwen3B 3.02 6.15 70.76 23.07
Qwen7B 2.51 6.15 89.23 4.61
Llama3B 3.06 3.07 75.38 21.53
Llama8B 2.69 10.76 81.53 7.69
Granite2B 2.93 1.53 73.84 24.61
Granite8B 2.79 10.76 81.53 7.69

Unit + Arithmetic + Arithmetic +
Unit + JSON 61

Qwen3B 1.90 45.90 52.45 1.63
Qwen7B 1.45 67.21 32.78 0.0
Llama3B 3.68 9.83 31.14 59.01
Llama8B 3.44 13.11 59.01 27.86
Granite2B 3.19 9.83 59.01 31.14
Granite8B 1.97 21.31 78.68 0.0

Unit + Midnight +
Arithmetic + Unit + JSON 41

Qwen3B 2.32 4.87 90.24 4.87
Qwen7B 2.18 34.14 65.85 0.00
Llama3B 3.85 0.0 68.29 31.70
Llama8B 3.60 0.0 80.48 19.51
Granite2B 3.82 2.43 68.29 29.26
Granite8B 2.48 9.75 85.36 4.87

scaffolded together, there are more successful cases531

than when only Overlap is supported. In particular,532

tasks that require Overlap + Overlap + Discrete533

Meeting slots + Discrete Meeting slots + JSON534

indicate that, on average, models require support535

beyond pure Overlap reasoning including Discrete536

Meeting slots skills. This suggests that, in composi-537

tional tasks, addressing only the upstream skills is538

unlikely to improve performance, and that failures539

often stem not from deficiencies in individual skills540

but from interactions among multiple skills.541

Scaffolding Reveals Learnable vs. Intractable542

Tasks. Scaffolding analysis highlights which543

tasks can be solved when upstream skills are sup-544

ported and which remain intractable despite full545

support. Successful scaffolded cases demonstrate546

that these tasks are learnable: when the model547

receives guidance for the necessary intermediate548

skills, it is able to reach the correct solution. Tasks549

that remain unsolved, such as those in ToT arith-550

metic and Math-Hard, point to deeper challenges551

beyond isolated skill gaps. One contributing factor552

is that scaffolding was provided only up to the final553

step, so failures may reflect difficulty in synthe-554

sizing intermediate results or completing the last555

step. Other failures may stem from challenges in556

understanding the original question or in planning a557

decomposition strategy, suggesting that intractable558

tasks require more than just learning individual559

skills. They demand higher-level reasoning to inte-560

grate multiple components.561

Complementary Approaches for Diagnosing562

Model Skill Gaps. Individual skill testing and563

scaffolding serve complementary roles: the former564

identifies what a model can do in isolation, while565

the latter reveals how those capabilities interact dur- 566

ing end-to-end reasoning. Decomposition is good 567

for isolating specific skills or reasoning steps that 568

are absent, offering a precise map of the task’s un- 569

derlying components and making localized skill 570

deficits visible. Scaffolding, by contrast, situates 571

these skills within the broader problem context, re- 572

vealing not only whether a model can apply a skill 573

in practice but also how multiple skills interact. Be- 574

yond assessing competence, scaffolding exposes 575

which tasks remain fundamentally intractable and 576

which can be resolved with targeted support, high- 577

lighting both the limits of model reasoning and the 578

actionable pathways for improvement. 579

6 Conclusions 580

Through applying our framework to three bench- 581

marks and six models, we discovered that not all 582

reasoning failures in LLMs are created equal. Some 583

models stumble on the basics: they cannot perform 584

individual reasoning steps reliably. Other models, 585

while capable of these individual skills, struggle 586

when multiple skills must work together, revealing 587

that composing knowledge is a challenge. Finally, 588

some models appear competent on every step in iso- 589

lation but fail when they need to apply that knowl- 590

edge in context. By combining task decomposition 591

with scaffolding, we were able to trace these dif- 592

ferent failure modes systematically, offering a lens 593

to see beyond aggregate benchmark scores. These 594

insights provide actionable insights: creating tar- 595

geted synthetic data at the right level of abstraction, 596

refining training strategies, and designing evalu- 597

ation frameworks that emphasize both individual 598

skills and their composition. 599
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Limitations600

Our approach relies on teacher models to generate601

scaffolded variations of tasks. As a result, the qual-602

ity of our analysis depends on the teacher model’s603

performance, though in practice we find this pro-604

vides reliable guidance for multi-step reasoning605

tasks. We also acknowledge that there are multiple606

valid ways to decompose a task, and our method607

addresses only one particular decomposition. Dif-608

ferent models or decomposition strategies could609

yield alternative sub-task sequences, which might610

lead to different insights about reasoning dependen-611

cies.612

The method is most effective when multiple613

questions share similar reasoning steps, allowing614

aggregation and insight into typical failure modes.615

In some datasets, such as GSM8K and Math-Hard,616

there are fewer tasks with identical skill combina-617

tions, limiting combinatorial-level analysis. Addi-618

tionally, our approach is designed for tasks that re-619

quire multi-step reasoning, and is less applicable to620

very simple questions (e.g., "What is photosynthe-621

sis?") or single-step generation tasks (e.g., "Write622

a CV for a junior developer"), where sequential623

scaffolding offers limited benefit.624

Importantly, our goal is not to pinpoint single-625

skill failures, but to understand how combinations626

of skills interact in reasoning. Cumulative scaf-627

folding helps reveal which combinations are suf-628

ficient for success and where dependencies cause629

breakdowns. While later levels of scaffolding in-630

clude prior support—making attribution to individ-631

ual sub-skills less direct—this also allows us to632

capture higher-order interactions and error propa-633

gation effects that isolated evaluations miss.634
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A Background and Related Work 750

Existing benchmarks can be leveraged to gain finer-grained insights by analyzing model performance 751

through skill decomposition and error pattern analysis. Skill decomposition involves breaking a benchmark 752

into subskills or predefined capability categories—either based on the benchmark’s domain or task design 753

to identify which aspects a model handles well or poorly (Hendrycks et al., 2021; Gardner et al., 2020). 754

Error pattern analysis examines the distribution of failures across these categories to uncover systematic 755

biases, heuristics, or failure modes hidden by aggregate scores (McCoy et al., 2019). Alternatively, some 756

benchmarks are designed to incrementally increase task complexity, enabling a more direct tracking of 757

skill gaps as the model progresses through levels of difficulty (Jiang et al., 2023) 758

While model interpretability research often focuses on understanding internal model representations, 759

systematic behavioral analysis systematically probe model behavior across controlled variations to under- 760

stand functional capabilities and limitations. This treating knowledge/model as blackbox as observable 761

input-output behavior. In this vein, researchers analyze benchmark performance patterns to detect system- 762

atic weaknesses, recurring error modes, or inconsistencies across tasks. Such analyses can highlight brittle 763

reasoning, task-specific weaknesses, or generalization failures that may not be visible through internal 764

inspection alone. 765

To diagnose reasoning failures more precisely, prior work has employed controlled variations of inputs. 766

At the question level, this involves perturbing or rewriting inputs to test robustness and sensitivity. At 767

the answer level, researchers compare model outputs to reference answers to identify consistent error 768

patterns, such as partial reasoning failures, logical inconsistencies, or hallucinations. While this approach 769

provides valuable diagnostic insight, it typically evaluates the task as a whole, which can make it difficult 770

to pinpoint the specific reasoning steps where a model fails. 771

Building on behavioral and controlled probing approaches, recent work has explored task decomposition 772

to more precisely isolate reasoning gaps (Khot et al., 2022; Dua et al., 2022; Prasad et al., 2024; Jiang 773

et al., 2023; Laban et al., 2025). Many tasks involve multiple cognitive steps, and aggregate performance 774

metrics often obscure which sub-components are responsible for failures. 775

B Dataset 776

We perform skill gap analysis via scaffolding on three benchmark datasets: ToT (Test of Time) Arithmetic, 777

which evaluates temporal reasoning through arithmetic operations on times and durations (Fatemi et al., 778

2024); GSM8K (Grade School Math 8K), consisting of grade-school math word problems (Cobbe et al., 779

2021); and Math-Hard, which comprises problems drawn from mathematics competitions, where only 780

the hardest questions (Level 5) are retained (Hendrycks et al., 2021). 781

C Number of Clusters and Skills 782

We conducted ablation experiments to find how many representative tasks (clusters) (M ) are sufficient 783

to capture task diversity and how many higher-level skills (N ) are needed to explain and predict model 784

performance in a more abstract way. We tested the following values: M ∈ {5, 10, 20, 40, 80} and 785

N ∈ {5, 10, 20, 40}, resulting in 20 combinations. 786

We assessed the resulting clusters and skills based on the following criteria: 787

• Skill granularity: whether skills are too broad (providing little insight) or overly task-specific. 788

Figure 6 illustrates skill granularity. 789

• "Other" category coverage: whether the defined skill set sufficiently captures the diversity of tasks. 790

Figure 5 shows the coverage of the other category where lower values indicate better coverage of the 791

task space. 792

• Skill overlap: cosine similarity between skills to identify redundancy and ensure distinctiveness. 793

redundancy. Table 4 shows semantic overlap across different skill granularity. 794

• Skill distribution: whether skills are used evenly across tasks or dominated by a few. Higher entropy 795

indicates more balanced assignment. Figure 4 describes skill distribution. 796
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In the following subsection, we describe our analysis for each dataset according to these criteria and797

explain our decisions regarding the number of clusters and skills. The resulting skills are detailed in798

Appendix D.799

C.1 ToT Arithmetic800

Figure 5 shows the coverage of the other category where lower values indicate better coverage of801

the task space. Lower other category indicate better coverage of the task space. We observe that802

increasing the number of skills consistently reduces the fraction of tasks assigned to other However,803

the improvements exhibit diminishing returns beyond N = 20, with only marginal gains at N = 40.804

The lowest other category rates occur when M = 20 or M = 40. Takeaway: The combinations805

(M,N) = (20, 20), (20, 40), (40, 20), (40, 40) provide the most effective coverage.806

Figure 6 illustrates skill granularity. When N = 5, the skills are too high level. For example, a807

single high-level skill such as “duration arithmetic” covers three distinct subtasks. Increasing to N = 10808

improves specificity, with skills like “constraint-driven scheduling slot enumeration,” but they remain too809

high-level. At N = 20, skill granularity reaches an appropriate level: concrete computation and reasoning810

steps such as “overlap and intersection of time intervals,” “discrete slot counting under constraints,” and811

“structured JSON output generation” are well captured. The same trend holds for N = 40, which also812

effectively captures task skills without unnecessary granularity. Takeaway: skill sets of N ≥ 20 provide813

sufficient granularity to represent task-level reasoning accurately.814

Table 4 shows most skills remain distinct as indicated by low mean similarity. However, higher overlaps815

occur for larger N , especially with larger cluster sizes M . For example, combinations (M,N) = (10, 40),816

(20, 40), and (40, 40) exhibit a notable fraction of skill pairs with similarity ≥ 0.78, suggesting some817

redundancy. Takeaway: Using N = 40 may introduce redundant skills; smaller skill sets are preferable818

to maintain distinctiveness.819

Figure 4 describes skill distribution. As N increases, the distribution becomes more concentrated with820

a smaller subset of skills accounting for most task assignments. This trend is reflected in decreasing821

skill distribution entropy, indicating greater specialization. While specialization improves the ability822

to capture fine-grained reasoning steps, excessively large N produces a sparse, long-tailed distribution,823

where many skills are rarely used. In contrast, varying the number of clusters M has minimal impact on824

the overall distribution. Takeaway: Choosing very large N values can lead to underutilized skills and825

sparse coverage, so a moderate N balances granularity and effective usage.826

Based on these observations, we select N = 20 skills and M = 40 representative clusters because827

this configuration (1) achieves low uncovered-task rates, (2) provides sufficiently granular and interpretable828

skills, and (3) maintains a well-distributed skill usage that avoids long-tailed sparsity.829

C.2 GSM8K830

In Figure 5, we observe that the values remain consistently low across most configurations. For smaller M831

(e.g., M = 5 or M = 10), increasing N beyond 10 can even lead to noticeable degradation. In contrast,832

M = 20 or M = 40 exhibit greater stability with minimal variation across different N and consistently833

lower rates. Increasing M to 80 does not yield further improvement. Takeaway: The combinations834

(M,N) = (20, 20), (20, 40), and (40, 20) provide the most stable and consistently low values.835

Figure 7 illustrates skill granularity. When N = 5 and N = 10, the skills are too high level. For836

example, a single high-level skill such as “Sequential quantity tracking” covers three distinct subtasks.837

Increasing to N = 20 improves specificity, with skills like “Basic-arithmetic operation,” but they remain838

too high-level. At N = 50, skill granularity reaches an appropriate level: concrete computation and839

reasoning steps such as “determining remaining quantity after consumption an distribution,” “using unit840

rates to compute totals” are well captured. Takeaway: skill sets of N ≥ 40 provide sufficient granularity841

to represent task-level reasoning accurately.842

Table 4 shows combination (M,N) = (10, 40) suggest some redundancy with skill pairs with similarity843

≥ 0.78. Takeaway: Using M = 10, N = 40 may introduce redundant skills; other skill sets are preferable844

to maintain distinctiveness.845

Based on these observations, we select N = 40 skills and M = 40 representative clusters.846
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Table 4: Intra-skill semantic overlap statistics across different skill granularities.

m n ToT Arithmetic GSM8K Math-Hard
Mean Sim. % ≥ 0.78 Mean Sim. % ≥ 0.78 Mean Sim. % ≥ 0.78

5 5 0.370 0.0 0.322 0.0 0.131 0.0
5 10 0.345 0.0 0.268 0.0 0.174 0.0
5 20 0.306 0.0 0.302 0.0 0.151 0.0
5 40 0.276 0.0 0.282 0.0 0.153 0.0
10 5 0.409 0.0 0.346 0.0 0.203 0.0
10 10 0.326 0.0 0.305 0.0 0.194 0.0
10 20 0.278 0.0 0.260 0.0 0.205 0.0
10 40 0.289 0.0 0.280 13.5 0.192 0.0
20 5 0.349 0.0 0.426 0.0 0.272 0.0
20 10 0.328 0.0 0.303 0.0 0.219 0.0
20 20 0.283 0.0 0.265 0.0 0.198 0.0
20 40 0.302 38.5 0.300 0.0 0.172 0.0
40 5 0.257 0.0 0.302 0.0 0.332 0.0
40 10 0.337 0.0 0.262 0.0 0.219 0.0
40 20 0.301 0.0 0.308 0.0 0.170 0.0
40 40 0.301 12.8 0.293 0.0 0.169 0.0
80 5 0.311 0.0 0.351 0.0 0.227 0.0
80 10 0.358 0.0 0.328 0.0 0.243 0.0
80 20 0.291 0.0 0.261 0.0 0.173 0.0
80 40 0.328 0.0 0.235 0.0 0.151 0.0

C.3 Math-Hard 847

In Figure 5, we observe that this metric exhibits substantial variability. Takeaway:The configurations 848

(M,N) = (40, 5), (20, 5), (80, 5), (40, 10), (40, 20), (5, 40), (80, 40) achieve the lowest rate of assign- 849

ments to the “Other” category. Based on Figure 8, the skill granularity N ≥ 20 provides the sufficient 850

granularity. Table 4 confirms that the derived skills are not redundant and distinctive. Based on these 851

observations, we select M = 40 representative clusters and N = 20 skills. 852

D Skill List 853

D.1 20 Skills in ToT Arithmetic 854

1. Natural-language date/time parsing: Extract dates, times, and durations from varied textual expres- 855

sions and formats. 856

2. Unit conversion for time spans: Translate hours, minutes, seconds, days, weeks, months, and years 857

into a common unit (e. g. , total seconds) and back. 858

3. Arithmetic on durations: Add, subtract, multiply, or divide time intervals, including scaling rates to 859

larger quantities. 860

4. Calendar arithmetic (date addition/subtraction): Compute new dates by adding or removing days, 861

weeks, months, or years, respecting month lengths and leap years. 862

5. Leap-year and month-length handling: Determine the correct number of days in February and other 863

months when performing date calculations. 864

6. Time-zone conversion: Apply UTC offsets to convert times between zones and adjust the resulting 865

day if needed. 866

7. Day-of-week determination: Find the weekday for a given date or after a specified offset using 867

modular arithmetic on a 7-day cycle. 868

8. Relative-date reasoning: Interpret statements like Ẍ days before/after Yör Ẍ weeks earlierẗo locate 869

the target date. 870

9. Normalization of incomplete timestamps: Fill missing components (e. g. , assume 00: 00: 00 for 871

absent time) to create comparable datetime values. 872
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(a) ToT Arithmetic

(b) GSM8K

(c) Math-Hard

Figure 4: Skill Distribution Across (m, n) Settings. X-axis skill ID each distinct skill and y axis represent the ratio
of the usage. H represents entropy.
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(a) ToT Arithmetic (b) GSM8K (c) Math-Hard

Figure 5: Skill distribution across datasets. Each panel shows the normalized usage of skills; H denotes normalized
entropy.

10. Chronological ordering of events: Sort a set of dates/times ascending or descending to identify 873

earliest or latest occurrences. 874

11. Extremum identification: Locate the maximum or minimum date/time among a collection (e. g. , 875

latest exam, earliest activity). 876

12. Overlap and intersection of time intervals: Determine common free periods among multiple schedules 877

and compute their length. 878

13. Discrete slot counting under constraints: Enumerate possible meeting or event slots that satisfy 879

granularity rules (e. g. , start on the hour or half-hour). 880

14. Midnight and date-boundary wrap-around: Correctly handle intervals that cross midnight or span 881

month/year boundaries. 882

15. Multi-format date conversion: Translate between representations such as m̈m/dd/yyyy,̈ ÿyyy-mm-dd,̈ 883

d̈d-Mon-yyyy,̈ etc. 884

16. Era (BC/AD) linearization: Convert BC and AD years to a single numeric timeline for comparison. 885

17. Parsing and applying weekly cycles: Use recurring periods (e. g. , every 19 days) to compute next 886

occurrence from a reference date. 887

18. Rate-based scaling: Derive per-unit time from a given total and apply it to a different quantity (e. g. , 888

time per box). 889

19. Structured JSON output generation: Assemble explanations and computed values into the required 890

JSON schema with correct field names. 891

20. Ambiguity resolution in temporal language: Disambiguate phrases like b̈efore noon,̈ s̈ame day,̈ or 892

ëarliest possible timeẗo select the appropriate interpretation. 893

D.2 40 Skills in GSM8K 894

1. Extracting quantitative data from narrative text: Identify all numbers, entities, and relationships 895

described in a word problem. 896

2. Converting percentages to fractions/decimals: Translate %̈s̈tatements into usable numeric forms for 897

calculation. 898

3. Performing operations with fractions: Add, subtract, multiply, and divide fractional quantities 899

accurately. 900

4. Calculating a percentage of a quantity: Apply a percent (or its fraction/decimal equivalent) to find 901

part-of-a-whole values. 902
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Skill Granularity Comparison (ToT)

Original Problem
The availability of Brandon is 11 to 12:30 and also from 2:30 to 4:30 and the availability of Levi is from 9 to 11:30 and
also from 4:30 to 5. How many possibilities are there for the meeting time if the meeting has to start on the hour or
half hour and must be 30 minutes long. Format your answer as a JSON. Eg. JSON = ëxplanation:̈ <your step by step
solution>, änswer:̈<number>. Do not include units in the JSON value.

Sub-Tasks
{"sub-task": "Find the overlapping time slots between Brandon and Levi"}
{"sub-task": "Determine the possible 30-minute meeting slots within the overlapping time slots that start on the hour or
half hour"}
{"sub-task": "Count the total number of possible 30-minute meeting slots"}
{"sub-task": "Format the answer as a JSON"}

Mapped Skills (m=40, n=5)
{"skill": "Duration arithmetic"}
{"skill": "Duration arithmetic"}
{"skill": "Duration arithmetic"}
{"skill": "Structured JSON reporting"}

Mapped Skills (m=40, n=10)
{"skill": "Constraint-driven scheduling slot enumeration"}
{"skill": "Constraint-driven scheduling slot enumeration"}
{"skill": "Constraint-driven scheduling slot enumeration"}
{"skill": "Constraint-driven scheduling slot enumeration"}

Mapped Skills (m=40, n=20)
{"skill": "Overlap and intersection of time intervals"}
{"skill": "Discrete slot counting under constraints"}
{"skill": "Discrete slot counting under constraints"}
{"skill": "Structured JSON output generation"}

Mapped Skills (m=40, n=40)
{"skill": "Finding overlapping free intervals among multiple schedules"}
{"skill": "Counting feasible meeting slots with granularity constraints"}
{"skill": "Counting feasible meeting slots with granularity constraints"}
{"skill": "Formatting results into a prescribed JSON structure"}

Figure 6: ToT Skill Granularity m=40 and where n=5, 10, 20, 40.

5. Proportional reasoning (e. g. , ẗwice as many,̈ ḧalf as much)̈: Set up multiplicative relationships903

based on comparative language.904

6. Formulating and solving simple linear equations (one unknown): Turn a verbal condition into an905

equation and isolate the variable.906

7. Formulating and solving basic inequalities: Use ät least,̈ n̈o more than,̈ etc. , to create and solve907

inequality constraints.908

8. Using unit rates to compute totals: Multiply a per-unit value (price, speed, etc. ) by a quantity to909

obtain a total amount.910

9. Multi-digit multiplication and division: Carry out accurate arithmetic with two- or three-digit911

numbers.912

10. Sequential quantity tracking: Update a running total through successive additions and subtractions.913

11. Converting between time units (minutes hours): Change minutes to hours (or vice-versa) for914

combined-time calculations.915
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Skill Granularity Comparison (GSM8K)

Original Problem
Janet’s ducks lay 16 eggs per day. She eats three for breakfast every morning and bakes muffins for her friends every day
with four. She sells the remainder at the farmers’ market daily for $2 per fresh duck egg. How much in dollars does she
make every day at the farmers’ market?

Sub-Tasks
{"sub-task": "Determine the total number of eggs produced each day"}
{"sub-task": "Subtract the three eggs Janet eats for breakfast from the total"}
{"sub-task": "Subtract the four eggs used for muffins from the remaining eggs"}
{"sub-task": "Calculate the number of eggs left after breakfast and muffins, which are sold"}
{"sub-task": "Multiply the number of eggs sold by $2 to find the daily earnings at the farmers’ market"}

Mapped Skills (m=40, n=5)
{"skill": "Quantitative language comprehension"}
{"skill": "Sequential quantity tracking"}
{"skill": "Sequential quantity tracking"}
{"skill": "Sequential quantity tracking"}
{"skill": "Unit conversion and rate reasoning"}

Mapped Skills (m=40, n=10)
{"skill": "Narrative-to-Math Translation"}
{"skill": "Sequential Quantity Tracking"}
{"skill": "Sequential Quantity Tracking"}
{"skill": "Sequential Quantity Tracking"}
{"skill": "Rate and Proportional Reasoning"}

Mapped Skills (m=40, n=20)
{"skill": "Word-problem interpretation"}
{"skill": "Basic arithmetic operations"}
{"skill": "Basic arithmetic operations"}
{"skill": "Sequential quantity tracking"}
{"skill": "Monetary cost and change calculation"}

Mapped Skills (m=40, n=40)
{"skill": "Extracting quantitative data from narrative text"}
{"skill": "Sequential quantity tracking"}
{"skill": "Sequential quantity tracking"}
{"skill": "Determining remaining quantity after consumption and distribution"}
{"skill": "Using unit rates to compute totals"}

Figure 7: GSM8K Skill Granularity m=40 and where n=5, 10, 20, 40.

12. Area calculation for rectangles and aggregation: Compute length × width and sum multiple areas to 916

find a total. 917

13. Total cost from per-item price and quantity: Multiply unit price by number of items and sum across 918

categories. 919

14. Finding change or remaining amount after purchases: Subtract total expense from given money to 920

obtain leftover funds. 921

15. Rounding up when dividing into packs (ceil operation): Determine the smallest whole number of 922

packs needed to cover a quantity. 923

16. Applying average rates to determine total output or time: Use Ẍ per houröver a period to compute 924

overall amount. 925

17. Profit calculation (revenue - cost): Subtract total expenses from total sales to obtain net gain. 926
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Skill Granularity Comparison (Math-Hard)

Original Problem
What is the smallest real number x in the domain of the function g(x) =
sqrt(x− 3)2 − (x− 8)2 ?

Sub-Tasks
{"sub-task": "Set the radicand (x− 3)2 − (x− 8)2 greater than or equal to zero"}
{"sub-task": "Apply the difference of squares formula to rewrite the radicand as [(x− 3)− (x− 8)][(x− 3) + (x− 8)]"}
{"sub-task": "Simplify each factor to obtain a linear expression multiplied by a constant"}
{"sub-task": "Solve the resulting linear inequality for x and identify the smallest real x that satisfies it"}

Mapped Skills (m=80, n=5)
{"skill": "Algebraic manipulation of equations and unknown coefficients"}
{"skill": "Algebraic manipulation of equations and unknown coefficients"}
{"skill": "Algebraic manipulation of equations and unknown coefficients"}
{"skill": "Algebraic manipulation of equations and unknown coefficients"}

Mapped Skills (m=80, n=10)
{"skill": "Translating problem conditions into algebraic equations"}
{"skill": "Factoring polynomials and using the factor theorem"}
{"skill": "Factoring polynomials and using the factor theorem"}
{"skill": "Solving systems of linear equations for unknown parameters"}

Mapped Skills (m=80, n=20)
{"skill": "Domain analysis for radicals and rational functions"}
{"skill": "Factoring and completing the square"}
{"skill": "Factoring and completing the square"}
{"skill": "Domain analysis for radicals and rational functions"}

Mapped Skills (m=80, n=40)
{"skill": "Determining domains of radical and rational functions"}
{"skill": "Factoring differences of squares and other algebraic identities"}
{"skill": "Factoring differences of squares and other algebraic identities"}
{"skill": "Determining domains of radical and rational functions"}

Figure 8: Math-Hard Skill Granularity m=80 and where n=5, 10, 20, 40.

18. Applying discount percentages to original prices: Reduce a price by a given percent and compute the927

discounted amount.928

19. Computing savings from price differences over time: Multiply per-unit savings by quantity and by929

number of periods.930

20. Inventory tracking over multiple days: Account for daily usage, additions, and removals to find initial931

or final stock.932

21. Interpreting m̈ore than/̈ l̈ess thanr̈elationships: Translate comparative statements into addition or933

subtraction equations.934

22. Translating p̈ers̈tatements into multiplication: Convert expressions like $̈ per hourïnto a product of935

rate and time.936

23. Executing mixed-operation word problems with correct order of operations: Apply PEMDAS when937

several operations appear together.938

24. Substitution to solve for unknowns in expressions: Replace a variable with its known value to939

evaluate an expression.940

25. Consistent handling of mixed measurement units: Keep units (gallons, inches, miles, etc. ) uniform941

throughout calculations.942
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26. Calculating totals from grouped items (e. g. , students, packs): Multiply group size by members per 943

group and sum across groups. 944

27. Determining remaining quantity after consumption and distribution: Subtract used and given-away 945

amounts from an initial total. 946

28. Equal sharing (division) of a total among participants: Divide a quantity evenly to find each person’s 947

share. 948

29. Using ät leastc̈onditions to find minimum required values: Set up an inequality and solve for the 949

smallest feasible number. 950

30. Converting dozens to individual units: Multiply a dozen count by 12 to obtain the exact number of 951

items. 952

31. Summing contributions from multiple sources to a total: Add separate amounts (e. g. , earnings, 953

donations) to obtain a combined figure. 954

32. Multiplicative scaling (ẗwice,̈ ẗhree times)̈ for unknown quantities: Represent n̈ timesr̈elationships as 955

multiplication in equations. 956

33. Distance calculation from speed and time segments: Multiply speed by each time interval and sum 957

the distances. 958

34. Total weight determination by adding individual item weights: Sum the weights of all objects carried 959

or listed. 960

35. Using difference statements to isolate unknown quantities: Rearrange ẗotal - known = un- 961

knownr̈elationships to solve. 962

36. Interpreting ẗotal ofs̈tatements to set up equations: Translate ẗhe total is Xïnto an equation linking 963

component parts. 964

37. Applying p̈er packp̈ricing to compute overall cost: Multiply number of packs by price per pack, 965

accounting for partial packs if needed. 966

38. Calculating weekly or monthly earnings from hourly wages: Multiply hourly rate by total hours 967

worked in the period. 968

39. Solving mixture problems (e. g. , temperature blending) with weighted averages: Use weighted- 969

average formulas to find unknown component values. 970

40. Budget allocation across multiple items under constraints: Distribute a fixed amount among purchases 971

while respecting given limits." 972

D.3 20 Skills in Math-Hard 973

1. Translating word problems into algebraic statements: Extract quantities, relationships, and constraints 974

from prose and express them as equations or inequalities. 975

2. Multi-step arithmetic with integers and fractions: Perform sequences of additions, subtractions, 976

multiplications, and divisions accurately, including reduction of fractions. 977

3. Combinatorial counting (combinations & permutations): Use binomial coefficients and factorial 978

reasoning to enumerate selections, arrangements, and distributions. 979

4. Inclusion-exclusion reasoning: Account for overlapping cases by adding and subtracting intersecting 980

counts to obtain correct totals. 981
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5. Probability via counting: Compute probabilities by determining the number of favorable outcomes982

divided by the total number of equally likely outcomes.983

6. Solving linear equations and systems: Isolate variables, substitute, and use elimination or matrix984

methods to find unknown values.985

7. Quadratic equation techniques: Factor, complete the square, or apply the quadratic formula to find986

real or complex roots.987

8. Converting repeating decimals to fractions: Set up algebraic equations for repeating blocks, solve for988

the unknown, and simplify to lowest terms.989

9. Arithmetic and geometric series analysis: Identify first term and common difference/ratio, use sum990

formulas, and test convergence for infinite series.991

10. Modular arithmetic and congruence solving: Work with residues, solve linear congruences, and apply992

the Chinese remainder theorem when needed.993

11. GCD/LCM determination via prime factorization: Decompose integers into primes to compute994

greatest common divisor and least common multiple efficiently.995

12. Absolute-value inequality manipulation: Split into casewise linear inequalities, solve each case, and996

intersect solution sets.997

13. Domain and range of functions (radicals, rationals, absolute values): Impose non-negativity, denomi-998

nator non-zero, and piecewise analysis to describe permissible inputs and output intervals.999

14. Completing the square for optimization: Rewrite quadratic expressions as a perfect square plus1000

constant to locate minima or maxima.1001

15. Calculus-based optimization: Differentiate area, volume, or other expressions, set derivatives to zero,1002

and verify extremal values.1003

16. Vector dot and cross product orthogonality: Compute cross products, take dot products, and set1004

results to zero to enforce perpendicularity.1005

17. Rayleigh quotient / eigenvalue maximization: Recognize quadratic forms, relate them to eigenvalues,1006

and use the largest eigenvalue to obtain maximal ratios.1007

18. Solving higher-degree polynomials (cubic methods): Apply substitutions, depressed-cubic forms,1008

and Cardano’s formula to obtain exact roots.1009

19. Lattice-point counting under distance constraints: Use integer solutions of circle equations (x² + y² =1010

r²) to enumerate points satisfying a given distance.1011

20. Symmetry counting with Burnside’s Lemma: Identify group actions (rotations, reflections), count1012

fixed configurations under each, and average to obtain distinct arrangements.1013

E Prompts1014

E.1 Generating Test Cases1015

F Results1016

F.1 Skill-specific difficulty via marginal contribution1017

To quantify the contribution of individual skills, we compute marginal contributions based on the minimum1018

scaffolding threshold k. A skill is assigned a marginal contribution if its addition changes from failure to1019

success. Aggregating these contributions across tasks, Table 8 shows which skills are most frequently1020

bottleneck-enabling (that lets the model succeed) in multi-step reasoning.1021
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Sub-Task Decomposition

You will be given a question that requires multiple reasoning or computational steps. Your task is to break down the
instruction into explicit, step-by-step sequential segments that detail the actions needed to answer the question. Each
segment should represent a distinct actionable operation.
Rules: - Each segment must represent a concrete reasoning or computational action. - Each segment must yield a concrete
intermediate result. - Each segment must be non-overlapping and cover all parts of the instruction. - Each segment must
represent a single unit of instruction. If a step contains multiple actions (e.g., "add and divide"), split it into separate
segments. - Each segment must directly involve computation or logical derivation. - Each segment only describes the
action not the solution. - The last segment must represent the final step such that the response to this segment would be
the final answer. - Do not include numeric or textual answers inside the segments. Only describe the action needed to
obtain them. - Limit the total number of segments to 6 or fewer.
Your output must be a list of these segments in the following JSON format: [ {"segment": "[first step]"}, {"segment":
"[second step]"}, ... ]
Here are some examples:
Example Query: Josh decides to try flipping a house. He buys a house for $80k and then puts in $50k in repairs. This
increased the value of the house by 150%. How much profit did he make?
Example Output: [ {"segment": "Add the purchase price and repair costs to find total spending"}, {"segment": "Calculate
the increase in house value using 150%"}, {"segment": "Find the new value of the house after the increase"}, {"segment":
"Subtract total spending from the new value to get the profit"} ]
Example Query: It takes Sarah an average of 15 minutes and 36 seconds to solve 2 puzzles. If she wants to solve 12
puzzles at the same rate, it will take her X hours, Y minutes, and Z seconds.
Example Output: [ {"segment": "find the time it takes to solve one puzzle"}, {"segment": "Multiply the time for one
puzzle by 12 to get the total time for 12 puzzles"}, {"segment": "Convert the total seconds into hours, minutes, and
seconds"} ]
Now complete the task for the following question: {{ question }}

Sub-Task Answer

You will be given a question and step-by-step sequential segments that detail the reasoning or actions needed to answer
the question. Your task is to solve each segment in order. For each segment, provide a clear step-by-step reasoning and
the final result for that segment. Your output must be a list of answers where each corresponds to each segment in the
following JSON format:
[ {"explanation": "[detailed reasoning for the first segment]", "answer": "[final answer to the first segment]"}, {"explana-
tion": "[detailed reasoning for the second segment]", "answer": "[final answer to the second segment]"}, ... ]
Example: Josh decides to try flipping a house. He buys a house for 80k and then puts in 50k in repairs. This increased the
value of the house by 150
[ {"segment": "Total amount Josh spent"}, {"segment": "Increase in house value"}, {"segment": "New value of the
house"}, {"segment": "Profit"}, {"segment": "Format the final result as a JSON"} ]
Output: [ {"explanation": "Josh spent 80k to buy the house and 50k on repairs. Adding them gives 80k + 50k = 130k.",
"answer": "130k"}, {"explanation": "The original value was 80k. A 150{"explanation": "The new value is original value
+ increase = 80k + 120k = 200k.", "answer": "200k"}, {"explanation": "Profit = New value - Total spent = 200k - 130k =
70k.", "answer": "70k"}, {"explanation": "Format the final result as a JSON.", "answer": "{ëxplanation:̈ J̈osh spent 80k to
buy the house and 50k on repairs, totaling 130k. The house increased by 150]
Now complete the task for the following question: question sequentialsegments
Only output the JSON array, strictly following the format.

Consistency

You are given a ground truth answer and a model answer. Your task is to decide whether the two answers are equivalent in
value.
**Rating Guidelines** 1. Ignore formatting differences (e.g., 2, "2", 2.0, answer: 2 should all be treated as the same). 2.
Treat numbers written as words (e.g., two, forty-five) as equivalent to their numeric forms. 3. Units must be considered: 2
kg is not equal to 2 g, but 2000 g is equal to 2 kg. 4. Time expressions should be normalized: treat equivalent times as the
same value even if expressed differently (e.g., "7:00", "7 am", "07:00", or "7 o’clock" all mean the same; "1 pm–3 pm" =
"13:00–15:00"). Overlapping time intervals must match in value, regardless of format. 5. If either the model output or
ground-truth answer is empty, missing, or unspecified, return a score of 0 regardless of other conditions.
**Model Output** {{validator_final_answer}}
**Ground-truth Answer** {{ground_truth}}
**Scoring Criteria** * Score 1: If the answers are equivalent in value. * Score 0: If the answers are different in value.
Return your rating as a json of the form {"score": your_score, "justification": your_justification}. No additional
explanation, text, or formatting outside the JSON.
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Scaffolded Variation

You will be given a question along with a partially completed step-by-step solution. Your task is to rewrite the original
question by incorporating the parts of the solution that have already been completed, so the rewritten question reflects that
those steps are done. The new question should only require solving for the remaining steps. When rewriting, preserve
the structure and wording of the original question as much as possible—only revise or replace the parts that are directly
affected by the completed steps. Use the completed work to inform the new phrasing, as if someone is picking up the
problem mid-way with that progress already understood. The rewritten question must be a single line without any line
breaks.
Example Original Question: Josh decides to try flipping a house. He buys a house for $80k and then puts in $50k in
repairs. This increased the value of the house by 150%. How much profit did he make?
Solved Segments: {"segment": "Calculate total amount Josh spent", "answer": "130K"}, {"segment": "Calculate increase
in house value", "answer": "120K"},
Rewritten Question: Josh decides to try flipping a house. He spent a total of $130k for the house and the repairs. This
increased the value of the house by $120K. When the original value of the house was $80k, how much profit did he make?
Now rewrite the following question using the completed steps provided. Reply in the following format: Rewritten
Question: <your rewritten version here>
Original Question: {{ question }}
Solved Segments: {{ solved_sequential_segments }}

Skill Generation

You will be given a set of representative questions on {{category}}.
Your goal is to identify {{num_of_skills}} distinct skills that a learner (or model) must possess to correctly solve problems
in this category. These skills will be used to map fine-grained sub-tasks to higher-level capabilities in order to analyze
model performance.
Each skill should: - Represent a specific cognitive or procedural competency, not a topic name (e.g., "Simplifying
algebraic fractions" instead of "Rational expressions"). - Cover a range of difficulty, from foundational to advanced
subskills. - Be granular enough that multiple skills may be needed to solve a single question. - Avoid redundancy (each
skill should describe a unique capability).
Example: Representative Questions (abridged): 1. Janet’s ducks lay 16 eggs per day. She eats three for breakfast every
morning and bakes muffins for her friends every day with four. She sells the remainder at the farmers’ market daily for $2
per fresh duck egg. How much in dollars does she make every day at the farmers’ market? Steps to solve: "Determine
the total number of eggs produced each day", "Subtract the three eggs Janet eats for breakfast from the total", "Subtract
the four eggs used for muffins from the remaining eggs", "Calculate the number of eggs left after breakfast and muffins,
which are sold", "Multiply the number of eggs sold by $2 to find the daily earnings at the farmers’ market." 2. Henry and
3 of his friends order 7 pizzas for lunch. Each pizza is cut into 8 slices. If Henry and his friends want to share the pizzas
equally, how many slices can each of them have? Steps to solve: "Multiply the number of pizzas (7) by the number of
slices per pizza (8) to find the total number of slices", "Count the total number of people sharing the pizza (Henry plus 3
friends) to determine the number of recipients", "Divide the total number of slices by the number of people to find how
many slices each person receives." 3. Jame will turn 27 in 5 years. In 8 years his cousin will be 5 years younger than
twice his age. How many years separate the age of the two now? Steps to solve: "Subtract 5 from 27 to obtain Jame’s
current age", "Add 8 to Jame’s current age to find Jame’s age in 8 years", "Formulate cousin’s age in 8 years as (twice
Jame’s age in 8 years) minus 5", "Calculate cousin’s age in 8 years using the value from step 2", "Subtract 8 from cousin’s
age in 8 years to get cousin’s current age", "Compute the absolute difference between cousin’s current age and Jame’s
current age."
Example Skills (abridged): 1. Quantitative interpretation of word problems: extracting relevant numbers, entities, and
constraints from text. 2. Basic arithmetic operations: addition, subtraction, multiplication, and division in multi-step
contexts. 3. Sequential quantity tracking: updating remaining or accumulated values across successive steps. 4. Equal
sharing and unit-rate calculations: dividing quantities evenly and applying per-unit values. 5. Temporal and relational
reasoning: shifting values across time and forming linear relationships from verbal descriptions.
Now perform this task: Using the representative questions below, infer and list {{num_of_skills}} well-defined skills
required to solve the full set of problems.
Focus on the underlying reasoning and computation abilities shared across questions, rather than restating the solution
steps or question content.
Representative Questions: {{question_clusters}}
Output Format: - Return a numbered list of {{num_of_skills}} skills, each described in one concise sentence. - Do not
include solutions, examples, or references to specific questions. - Each item should be in the format: 1. Skill name: brief
explanation.
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Skill Mapping

You are a classification model. You will be given a problem and its associated sub-tasks. For each sub-task, classify it into
exactly one of the predefined skills listed below.
Skills (skill ID: description): {{skills}}
Output requirements: - Return a JSON array with one object per sub-task. - Each object must contain only the selected
skill ID from the list. - Do not include any extra text, explanation, or formatting.
Example format: [ {"skill": skill id from the list}, {"skill": skill id from the list}, {"skill": skill id from the list}, ... ]
Problem: {{ question }}
Sub-Tasks: {{ sub-tasks }}

Skill (ToT Arithmetic) Qwen3B Qwen7B Llama3B Llama8B granite2B granite8B
Structured JSON output 0.55 0.70 0.38 0.42 0.53 0.66
Arithmetic on durations 0.54 0.71 0.42 0.50 0.55 0.69
Unit conversion for time spans 0.51 0.70 0.33 0.42 0.37 0.60
Calendar arithmetic 0.18 0.22 0.19 0.18 0.16 0.23
Natural-language date/time parsing 0.35 0.27 0.23 0.26 0.28 0.27
Discrete slot counting 0.19 0.29 0.15 0.21 0.16 0.25
Overlap and intersection of time 0.11 0.18 0.13 0.20 0.11 0.22
Multi-format date conversion 0.62 0.65 0.42 0.52 0.55 0.64
Day-of-week determination 0.44 0.37 0.27 0.36 0.28 0.43
Chronological ordering of events 0.02 0.04 0.08 0.14 0.08 0.10
Extremum identification 0.26 0.19 0.30 0.32 0.26 0.31
Normalization of incomplete timestamps 0.39 0.47 0.63 0.60 0.37 0.49
Midnight and date-boundary wrap-around 0.28 0.35 0.19 0.28 0.30 0.22
Time-zone conversion 0.40 0.62 0.55 0.66 0.36 0.57
Relative-date reasoning 0.29 0.44 0.20 0.31 0.12 0.24
Average (std) 0.34 (0.17) 0.41 (0.22) 0.30 (0.16) 0.36 (0.16) 0.30 (0.16) 0.39 (0.20)

Skill (GSM8K) Qwen3B Qwen7B Llama3B Llama8B granite2B granite8B
Sequential quantity tracking 0.70 0.77 0.74 0.70 0.66 0.77
Using unit rates to compute totals 0.82 0.82 0.86 0.87 0.75 0.83
Extracting quantitative data from text 0.25 0.19 0.29 0.20 0.11 0.19
Summing contributions from multi sources 0.67 0.78 0.77 0.80 0.69 0.89
Formulating and solving linear equations 0.49 0.50 0.42 0.48 0.51 0.42
Multi-digit multiplication and division 0.90 0.85 0.84 0.94 0.73 0.83
Proportional reasoning 0.77 0.76 0.77 0.85 0.57 0.79
Calculating a percentage of a quantity 0.85 0.89 0.93 0.96 0.67 0.93
Performing operations with fractions 0.70 0.80 0.73 0.69 0.60 0.58
Multiplicative scaling for unknowns 0.81 0.86 0.76 0.73 0.74 0.75
Remaining amount after purchases 0.76 0.89 0.86 0.84 0.83 0.82
Total cost from price and quantity 0.88 0.91 0.79 0.80 0.67 1.00
Isolate unknown quantities 0.86 1.00 0.76 0.73 0.68 0.71
Equal sharing of a total 0.89 1.00 0.74 0.79 0.59 0.83
Determining remaining quantity 0.82 1.00 0.90 0.80 0.50 1.00
Average (std) 0.74 (0.17) 0.80 (0.21) 0.74 (0.17) 0.75 (0.19) 0.62 (0.17) 0.76 (0.22)

Skill (Math-Hard) Qwen3B Qwen7B Llama3B Llama8B granite2B granite8B
Multi-step integer/fraction arithmetic 0.45 0.51 0.55 0.60 0.56 0.63
Translating problems into algebra 0.24 0.23 0.31 0.31 0.34 0.34
Solving linear equations and systems 0.29 0.31 0.41 0.45 0.46 0.47
Combinatorial counting 0.36 0.46 0.44 0.42 0.43 0.47
Quadratic equation techniques 0.30 0.40 0.44 0.51 0.50 0.42
Modular arithmetic and congruence 0.34 0.44 0.40 0.35 0.39 0.54
GCD/LCM via prime factorization 0.38 0.41 0.49 0.51 0.49 0.53
Probability via counting 0.28 0.46 0.39 0.39 0.44 0.49
Domain and range of functions 0.20 0.20 0.55 0.49 0.43 0.50
Arithmetic and geometric series analysis 0.36 0.28 0.43 0.41 0.52 0.35
Completing the square for optimization 0.20 0.12 0.68 0.46 0.46 0.62
Calculus-based optimization 0.23 0.35 0.39 0.27 0.35 0.36
Absolute-value inequality manipulation 0.17 0.30 0.35 0.38 0.45 0.17
Symmetry counting w/ Burnside’s Lemma 0.28 0.19 0.22 0.35 0.18 0.33
Solving higher-degree polynomials 0.09 0.24 0.30 0.35 0.39 0.30
Average (std) 0.28 (0.09) 0.33 (0.12) 0.42 (0.11) 0.42 (0.09) 0.43 (0.09) 0.43 (0.13)

Table 5: Individual skill accuracy across models and datasets (Top-15 most frequent skills). The two lowest-
performing skills are highlighted in bold.
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Table 6: Skill combinations with higher mean minimum scaffolding (k) require more explicit guidance and are
therefore more difficult for the model. k = 0 indicates tasks solved independently; % k > 0 are % of tasks that can
be solved with scaffolding; % Intractable indicates tasks that cannot be solved even with full scaffolding.

Combination (ToT) #Tasks Model Mean k % k = 0 % k > 0 % Intractable

Overlapping + Overlapping +
Meeting slots + Meeting slots +
JSON

65

Qwen3B 3.02 6.15 70.76 23.07
Qwen7B 2.51 6.15 89.23 4.61
Llama3B 3.06 3.07 75.38 21.53
Llama8B 2.69 10.76 81.53 7.69
Granite2B 2.93 1.53 73.84 24.61
Granite8B 2.79 10.76 81.53 7.69

Unit + Duration + Duration +
Unit + JSON 61

Qwen3B 1.90 45.90 52.45 1.63
Qwen7B 1.45 67.21 32.78 0.0
Llama3B 3.68 9.83 31.14 59.01
Llama8B 3.44 13.11 59.01 27.86
Granite2B 3.19 9.83 59.01 31.14
Granite8B 1.97 21.31 78.68 0.0

Unit + Date-Boundary +
Duration + Unit + JSON 41

Qwen3B 2.32 4.87 90.24 4.87
Qwen7B 2.18 34.14 65.85 0.00
Llama3B 3.85 0.0 68.29 31.70
Llama8B 3.60 0.0 80.48 19.51
Granite2B 3.82 2.43 68.29 29.26
Granite8B 2.48 9.75 85.36 4.87

Combination (GMS8k) #Tasks Model Mean k % k = 0 % k > 0 % Intractable

Unit-Total + Unit-Total +
Unit-Total + Sum 15

Qwen3B 0.00 93.33 0.00 6.66
Qwen7B 0.00 100.00 0.00 0.00
Llama3B 1.33 80.00 20.00 0.00
Llama8B 1.00 93.33 6.66 0.00
Granite2B 1.00 93.33 6.66 0.00
Granite8B 2.00 93.33 6.66 0.00

Quantity-Tracking +
Quantity-Tracking 14

Qwen3B 1.00 92.85 7.14 0.00
Qwen7B 0.00 100.00 0.00 0.00
Llama3B 1.00 85.71 14.28 0.00
Llama8B 0.00 100.00 0.00 0.00
Granite2B 1.00 92.85 7.14 0.00
Granite8B 1.00 92.85 7.14 0.00

Extracting + Proportional +
Quantity-Tracking 10

Qwen3B 0.00 100.00 0.00 0.00
Qwen7B 0.00 100.00 0.00 0.00
Llama3B 0.00 100.00 0.00 0.00
Llama8B 0.00 100.00 0.00 0.00
Granite2B 0.00 100.00 0.00 0.00
Granite8B 1.00 90.00 10.00 0.00

Combination (Math-Hard) #Tasks Model Mean k % k = 0 % k > 0 % Intractable

Arithmetic + Arithmetic +
Arithmetic + Arithmetic +
Arithmetic

12

Qwen3B 2.14 33.33 58.33 8.33
Qwen7B 2.5 75.0 16.66 8.33
Llama3B 1.71 33.33 58.33 8.33
Llama8B 1.00 41.66 41.66 16.66
Granite2B 2.50 41.66 50.00 8.33
Granite8B 2.00 75.00 25.00 0.00

Combinatorics + Combinatorics +
Combinatorics + Combinatorics +
Combinatorics

11

Qwen3B 1.8 36.36 45.45 18.18
Qwen7B 2.42 27.27 63.63 9.09
Llama3B 2.62 18.18 72.72 9.09
Llama8B 2.16 18.18 54.54 27.27
Granite2B 1.88 9.09 81.81 9.09
Granite8B 1.75 63.63 36.36 0.00

Congruences + Congruences +
Congruences + Congruences +
Congruences + Congruences

9

Qwen3B 2.88 0.00 100.00 0.00
Qwen7B 2.50 11.11 88.88 0.00
Llama3B 3.14 22.22 77.77 0.00
Llama8B 3.00 11.11 77.77 11.11
Granite2B 3.00 0.00 88.88 11.11
Granite8B 3.00 22.22 77.77 0.00
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Table 7: Frequency of single-skill and compositional-skill bottlenecks. Numbers indicate count of scaffolded cases.
Only the first word of each skill is shown.

Skill (ToT) Qwen3B Qwen7B Llama3B Llama8B Granite2B Granite8B

Si
ng

le
-s

ki
ll

ToT Arithmetic
Unit 45 48 10 19 16 49
Natural 43 52 42 44 30 59
Overlap 27 39 22 28 20 28
Calendar 26 40 28 38 34 36
Day-of-week 25 5 20 16 21 17
Arithmetic 18 20 3 12 7 28
Time-zone 15 6 13 11 15 15
Relative 10 6 2 12 5 7
Normalization 7 12 6 8 6 6
Multi-format 4 7 5 6 5 4
GSM8K
Unit 33 7 35 19 24 13
Extracting 22 11 14 13 18 10
Sequential 16 7 21 13 11 12
Multi-digit 9 4 14 10 10 4
Performing 8 - 10 3 4 3
Proportional 8 3 6 5 6 5
Calculating 7 2 10 7 5 3
Total 6 3 6 2 6 -
Formulating 4 - 8 2 3 6
Summing 3 - - 2 - -
Math-Hard
Translating 41 43 43 50 50 63
Multi-step 26 17 29 20 20 18
Combinatorial 20 28 29 25 27 24
Modular 16 13 11 11 16 11
Probability 9 7 6 7 11 6
Solving 8 6 3 6 7 0
Quadratic 4 4 3 4 3 0
GCD/LCM 4 5 4 4 3 5
Arithmetic 3 4 3 4 9 5
Domain 3 6 3 6 5 4

C
om

po
si

tio
na

l-
sk

ill
(n

=
2

)

ToT Arithmetic
Overlap / Discrete 56 49 58 59 66 59
Natural / Calendar 39 30 34 41 43 50
Calendar / Arithmetic 31 25 21 25 34 35
Unit / Arithmetic 30 17 36 57 54 53
Multi / Calendar 23 15 15 17 19 16
Relative / Calendar 15 14 12 13 20 21
Natural / Arithmetic 12 4 13 13 9 11
Unit / Midnight 12 9 10 4 12 13
Natural / Overlap 9 25 6 12 8 11
Unit / Calendar 7 9 11 8 10 13
GSM8K
Extracting / Sequential 5 2 5 2 7 3
Unit / Summing 3 - - - 2 -
Extracting / Multiplicative 3 - 3 - - -
Extracting / Proportional 2 - 2 3 2 -
Unit / Proportional 2 - 2 - 2 -
Unit / Sequential 2 - - - - -
Sequential / Proportional 2 2 - - 2 2
Math-Hard
Translating / Solving 15 10 11 10 13 4
Translating / Multi-step 6 6 5 10 10 7
Domain / Quadratic 2 2 0 2 0 0
Arithmetic / Translating 2 2 3 3 3 3
Combinatorial / Translating 2 2 2 4 5 2
Modular / Multi-step 0 2 2 0 0 0
Probability / Combinatorial 2 2 3 3 2 2
Translating / Quadratic 0 4 4 4 5 0
Multi-step / GCD/LCM 0 2 0 0 0 0
Calculus / Translating 0 0 0 0 3 2

C
om

po
si

tio
na

l-
sk

ill
(n

>
=

3
)

ToT Arithmetic
Natural / Overlap / Discrete 29 29 38 26 42 32
Unit / Midnight / Arithmetic 14 11 27 29 26 18
Natural / Calendar / Multi 5 2 4 5 4 7
Unit / Arithmetic / Midnight 4 3 5 7 3 4
Relative / Calendar / Multi 4 2 9 3 4 3
Natural / Arithmetic / Day-of-week 4 4 5 4 0 4
Unit / Calendar / Multi 3 2 2 4 3 2
Arithmetic / Unit / Midnight 3 3 3 7 3 4
Unit / Time-zone / Arithmetic / Midnight 2 3 2 3 2 3
Natural / Calendar / Unit / Arithmetic 2 2 2 2 2 2
Math-Hard
Translating / Multi-step / Solving 0 2 2 2 3 2
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Skill (ToT Arithmetic) Qwen3B Qwen7B Llama3B Llama8B granite2B granite8B
Structured JSON output 0 0 1 0 0 1
Arithmetic on durations 104 74 58 83 93 141
Unit conversion for time spans 76 78 88 113 89 82
Calendar arithmetic 142 139 125 148 170 183
Natural-language date/time parsing 50 61 45 50 41 68
Discrete slot counting 99 93 112 97 123 105
Overlap and intersection of time 45 68 32 44 33 44
Multi-format date conversion 31 27 34 33 24 19
Day-of-week determination 37 10 38 34 41 24
Chronological ordering of events 48 30 44 43 51 40
Extremum identification 10 2 31 35 26 17
Normalization of incomplete timestamps 39 58 22 37 21 32
Midnight and date-boundary wrap-around 32 27 22 22 24 31
Time-zone conversion 16 7 15 14 18 19
Relative-date reasoning 14 7 11 22 19 11

Table 8: Marginal Contribution show which skills are most frequently bottleneck-enabling.

26


	Introduction
	Scaffolded Task Design (STaD)
	Generating Test Cases
	Target Model Evaluation
	Minimum Scaffolding Level k
	Individual Skill Testing as A Baseline

	Experiment Setup
	Results
	Benchmark Evaluation
	Individual Skill Gaps
	Single-skill and Compositional-skill bottlenecks
	Mean Minimum Scaffolding per Reasoning Combination

	Discussion
	Conclusions
	Background and Related Work
	Dataset
	Number of Clusters and Skills
	ToT Arithmetic
	GSM8K
	Math-Hard

	Skill List
	20 Skills in ToT Arithmetic
	40 Skills in GSM8K
	20 Skills in Math-Hard

	Prompts
	Generating Test Cases

	Results
	Skill-specific difficulty via marginal contribution


