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Abstract

Unlike its vanilla counterpart with i.i.d. samples,
stochastic optimization with Markovian sampling
allows the sampling scheme following a Markov
chain. This problem encompasses various appli-
cations that range from asynchronous distributed
optimization to reinforcement learning. In this
work, we lower bound the sample complexity of
finding e-approximate critical solutions for any
first-order methods when sampling is Markovian.
We show that for samples drawn from station-
ary Markov processes with countable state space,
any algorithm that accesses smooth, non-convex
functions through queries to a stochastic gradient
oracle, requires at least (e~*) samples. More-
over, for finite Markov chains, we show a Q(e~2)
lower bound and propose a new algorithm, called
MaC-SAGE, that is proved to (nearly) match our
lower bound.

1. Introduction

Stochastic optimization methods have become integral to
a wide array of machine learning and statistical modeling
tasks, with applications ranging from large-scale data analy-
sis to reinforcement learning and control. Due to the pros-
perity in deep learning and large models, first-order opti-
mization methods, meaning only gradient information is
leveraged for algorithm design, stand out due to their ad-
vantages of implementability and computational efficiency
(Achiam et al., 2023; Zhao et al., 2023). In many real-
world scenarios, however, data do not arrive independently
and identically distributed (i.i.d.). Instead, they are gener-
ated by underlying dynamical processes exhibiting temporal
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or sequential dependencies, naturally modeled by Markov
chains. For instance, in reinforcement learning, an agent
typically collects data by interacting with an environment
governed by a Markov decision process (MDP) (Sutton,
2018), leading to correlated samples. In online recommen-
dation systems, user feedback often arrives sequentially in
a Markovian fashion, where each user’s response depends
on their previous engagements (Afsar et al., 2022). In time-
series analysis, measurements such as sensor data or stock
prices reflect underlying Markovian transitions (Hamilton,
2020; Esling & Agon, 2012). In the context of Bayesian
inference, Markov chain Monte Carlo (MCMC) methods
generate correlated samples to approximate posterior distri-
butions (Brooks, 1998; Nemeth & Fearnhead, 2021), which
in turn are used for high-dimensional parameter estimation.
Moreover, in the language models, transformers generate
next-token predictions via a Markov chain (Makkuva et al.,
2024). The above-mentioned practical applications high-
light the importance of generalizing analysis from the i.i.d.
sampling to Markov sampling. Over the last few years, a
growing body of literature has begun addressing questions
involving Markov sampling given specific contexts, such as
reinforcement learning (Bhandari et al., 2018; Zhang et al.,
2021), distributed optimization (Sun et al., 2023; Even et al.,
2024), and federated learning (Sun et al., 2024). This trig-
gers the need for a unified theory advance that captures the
intrinsic difficulty of dealing with Markovian dynamics.

Compared to the well-studied i.i.d. setting, analyses of first-
order optimization methods under Markov sampling are
faced with novel and substantial challenges posed by corre-
lated data. In the i.i.d. scenario, each data point is drawn
independently from the same distribution and hence ren-
ders unbiased estimate of stochastic gradient, which allows
straightforward variance bounds and concentration inequal-
ities to be applied (Nemirovski et al., 2009; Lan, 2012; Li
& Liu, 2022). In contrast, when samples follow a Markov
chain, neighboring data observations are correlated, which
complicates both the bias and variance characterizations of
stochastic gradient estimates. In fact, due to the Markovian
property, the gradient estimate is biased, prohibit direct gen-
eralization of analyses from the i.i.d. case (Bhandari et al.,
2018; Even, 2023; Roy et al., 2022; Sun et al., 2023; Kim
etal., 2022).



Lower Bounds of Stochastic Non-convex Optimization under Markov Sampling

Moreover, existing literature investigating stochastic opti-
mization under Markov sampling mainly focuses on de-
riving various convergence and sample complexity up-
per bounds for different algorithms. For example, re-
cently (Even, 2023) provides the sample complexity upper
bound for vanilla SGD under the Markov sampling scheme.
(Dorfman & Levy, 2022) proposes sophisticated variant of
SGD to guarantee robustness in hyperparameter selection.
(Beznosikov et al., 2024) further establishes the convergence
analysis for accelerating first-order methods and general-
izes them to variational inequalities. However, the lower
bound results are still lacking, especially when the objective
function is non-convex, even they are fruitful for (strongly)
convex case and for the i.i.d. case. Therefore, in this paper
we aim to bridge such research gap by establishing the lower
bounds on sample complexities of first-order methods that
solve stochastic non-convex optimization problems when
data samples are Markovian. Our main contributions are
summarized as follows:

* We provide the algorithm-independent sample com-
plexity lower bound for any first-order methods of
stochastic non-convex optimization problems, given
data samples are generated by a countable-state sta-
tionary Markov chain. Our lower bound shows a com-
plexity with the order of e ~#, which matches the upper
bound of algorithm MAG provided in (Dorfman &
Levy, 2022; Beznosikov et al., 2024).

¢ We further restrict on the case of finite-state Markov
chains and show an ¢~2 lower bound on the sample
complexity. The bound is not contradictory to the
bound for the countable-state case, as we are search
under different function and oracle classes.

* We then propose a new algorithm, which is called MaC-
SAGE, when the Markov chain is finite-state. The con-
vergence analysis is provided for MaC-SAGE, which
indicates nearly the same order of ¢ 2, hence demon-
strating the (near) min-max optimality of the proposed
algorithm.

Sample complexity of stochastic optimization. The sam-
ple complexity analysis of first-order stochastic optimization
has thrived since last two decades. Lower bound results are
undoubtedly crucial, as these bounds provide a fundamental
limit on how efficiently any first-order algorithm can learn.
Typically when full batch of samples are used for algorithm
design, the lower bound of (¢ ~2) is established for smooth
non-convex functions (Carmon et al., 2020) and algorithm
Gradient Descent matches this lower bound (Ghadimi &
Lan, 2013). When samples are assumed to be i.i.d., Q(e~?)
and Q(e~*) (which improves to (e~3) if the objective is
assumed mean-square smooth (Arjevani et al., 2023)) lower
bounds are provided for convex (Agarwal et al., 2009) and

non-convex objectives (Arjevani et al., 2023), respectively,
and SGD is shown to have matched upper bounds for both
cases (Foster et al., 2019; Ghadimi & Lan, 2013). For the
Markovian sampling scheme, denoting 7 as the mixing or
hitting time of the Markov chain, (Beznosikov et al., 2024)
shows a bound with Q(7 log(e 1)) for strongly convex func-
tions and (Duchi et al., 2012) provides a bound of (7¢2)
for the convex case which is proven to match the upper
bound of SGD (Duchi et al., 2012). Recently, (Even, 2023)
establishes a loose lower bound 2(7e~!) for non-convex
functions, while the best-known upper bound for this case
is O(Te~*). Table 1 compares various lower bounds given
different function and sampling assumptions.

2. Problem Formulation

Consider the general stochastic optimization problem,
mgn F(z) :=Esonlf(z;5)] @)

where s € S for S being the support, and II denotes some
unknown underlying distribution. In this paper we focus
on the Markovian case, i.e., we assume that the samples
{s¢}§2, form a sequence generated by some underlying
Markov chain with its stationary distribution being I1. More-
over we focus on countable-state Markov chains, meaning
the state spaces are countable but may not be finite. Note
that the Markovian setting reduces to the i.i.d. setting by
decoupling the dependence across time.

Since exactly solving (1) is NP-hard (Hillar & Lim, 2013),
by restricting to first-order methods, we search for an e-
approximate critical solution, which is widely adopted
by literature (Carmon et al., 2020; Arjevani et al., 2023;
Beznosikov et al., 2024) of F'(x) defined in (1). In particu-
lar, given differentiable function F' : R? — R, our goal is
to find some «x such that

IVE(z)[| < e

for any € > 0.

2.1. An Example: Temporal-difference Learning

To illustrate the importance of our problem, we show that the
temporal-difference (TD) learning algorithm can be viewed
a special case that iteratively searching for an e-approximate
critical solution of problem (1). Particularly, for the TD
learning, we aim to (approximately) learn the value function
defined by

o0
V*(s):=E Z’ytr(st, Si+1) | so=s
t=0
where r(s¢, s;4+1) is the reward function and s¢11 ~ P(- |

s¢) is drawn from some unknown stationary Markov chain
P.
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Table 1. Sample complexity lower bounds for stochastic optimization with smooth objectives. “full” means the objective function is
directly used, corresponding to deterministic case; for convex case, the sample complexity measure metric is F'(z) — F* < ¢; for
non-convex case, the complexity measure metric is || VF(z)|| < €; 7 represents the hitting/mixing time.

Reference Convexity Sampling Lower bound
(Nesterov, 2013) strongly convex full! Q(log(e™ 1))
(Nesterov, 2013) convex full Qe 02)
(Carmon et al., 2020) non-convex full Q(e?)
(Agarwal et al., 2009) convex iid. Q(e?)
(Arjevani et al., 2023) non-convex iid. Qe™)
(Beznosikov et al., 2024) strongly convex Markovian Q(rloge™t)
(Duchi et al., 2012) convex Markovian Q(re?)
(Even, 2023) non-convex Markovian Q(re 1)
This work non-convex Markovian Q(re™)

Assuming that the value function can be parameterized by a
linear function, i.e., there exists some 6* such that V*(s) =
#(5)T0*,Vs € S for the known feature mapping ¢(-), then
the TD-learning algorithm maintains an estimate 6 of 6* by
the following update:

Orr1 = 0r — 0e(D(s0)0r — (e, 57) — vd(s,) " 04)B(s¢)
= 0 — g (045 5¢, 54) @

where s, is the sample drawn from s, ~ P(- | s),

9(0e;se,57) = (D(s0)T0r — r(se,87) — vd(s7) T 0)(se)
and 7, is the stepsize. Defining the augmented state
5= (s,8") € S x S for which s’ ~ P(- | s) and letting

1
f(6:5) = /0 9B+ u(® — 00): 5,57 (6 — Bo)du

with ¢(0;s,s’) defined in (2), we have Vf(0;5) =
g(0; s, s"), implying that (2) is equivalent to

0141 =0y — 0V (05 5) 3

where {5}22 forms another Markov chain with augmented
state space S = S x S. Shown by (Tsitsiklis & Van Roy,
1996; Bhandari et al., 2018) (2) asymptotically converges to
the solution to the following equation in expectation:

||]E5~H,S’NP(-|S) [9(97 S, S/)] || =0

where II is the stationary distribution corresponding to the
Markov chain P. It then equivalently yields by (3) that the
TD-learning algorithm outputs an e-approximation critical
solution of some F' for which

Es—(s,s)~1ix (|5 [V [(0;5)] = VF(0).

2.2. Function class

Particularly, we consider all smooth functions in the follow-
ing set:

F(AL)={F:R* R | F(0) — inf F(z) < A,

IVE(z) = VF(y)| < Ll — yll, Yz, y € R}
@)

where A > 0 and L > 0 are fixed parameters. The con-
dition F(0) — inf, F(z) < A on F(0) can be generalized
to any initial value F'(z(). However, for zero-respecting
algorithms (to be defined in Section 2.3), we have zg = 0.
In particular, we consider the case where the objective F' is
smooth and has bounded initial gap to the optimum.

2.3. Algorithm class

Our algorithm class is based on the flow of (Arjevani et al.,
2023). We consider the following first-order algorithms
such that:

* the algorithm access an unknown F' € F(A, L) by a
stochastic first-order oracle O;

* the oracle O returns a sequence of samples z =
{si}2.; (B can be time-dependent) generated by a
Markov chain and a mapping

Or(a,{si}il1) = {g(; 50)) }its
where g(z;s) := V f(z; s) is the stochastic gradient.
e atiteration ¢, the algorithm queries a batch of M points

Ty = (T,1, T2, - Tt M )5
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« for each batch query z;, O responses with

Or(xt,2t) == (Op(xe1,261)s - O (@01, 26 ,0M1)),

where z; ; is the sequence of sample drawn for z, ; and

M
zp = Uiz 2t

Then algorithm A consists of a sequence of measurable map-
pings {A;:}$2, to generate a sequence of iterates {x}$2,
satisfying the following conditions:

* the ¢t + 1-th iterate is the output of .4; when taking all
previous oracle responses as input, i.e.,

w2197 = A, (061" 20),..., 0p(aO") 2))

e Algorithm A is zero-respecting, i.e., for any O and
samples zg, 21,... with any M, it satisfies for any
t > —1and any m € [M]
AlO
support(e i) € U
k<t,m’€[M)]

Support(gk,m’ ) ) (5)

where gy .., is the stochastic gradient for xf[g,ﬂ and

support () := {i € [d] : [z]; # 0} for [x]; being the
i-th coordinate of .

We denote A.,.(M) the class of all zero-respecting algo-

rithms. It is worth noting that for any A € A.,.(M),
A[OF]

xy, = 0 by definition.

We note that the above-mentioned algorithm class is general,
which captures many existing first-order algorithms. For
example, the vanilla MC-SGD (Even, 2023)

Tip1 = Ty — 01 g(245 5¢)

corresponds to M = 1, B = 1,Vt > 0. For Randomized
ExtraGradient (Beznosikov et al., 2024), which maintains
the update by

Ti41/2 = Prox,, (xt — neg(@e; $1,41))

T = Prox, (Tpp1/2 — M)

where by generating .J; ~ Geom(1/2)

. Ji—1\ e ol
0 27t (uft — ) if 2 < K
v { 0 otherwise
with
27
uf =277 Zg(v’ﬁt; stiti+1), Tep1 =T+ 1427
i=1

one can clearly see that it fits in the case of M = 2 and
B =27,

2.4. Countable-state Markov Chain

In this section, we are interested in any sampling schemes
characterized by countable-state Markov chains, meaning
that the state space S is discrete while |S| = oo is allowed.
Particularly, when the state space is finite, i.e., |S| < oo, the
case reduces to that of finite-state Markov chains, which is
separately analyzed in Section 4.

The class of countable-state Markov chains is parameterized
by the hitting time defined as follows.

Definition 2.1 (Hitting time). For any state w € S, define
Tw :=1nf{t > 1| s, = w}

as the Markov chain firstly reaches state w. The hitting time

Thit 1S defined by

5 Bl [0 =

Thit =
Intuitively, the hitting time measures the maximal number
of steps for which any pair of states take to transit between
each other.

Then we consider the class of countable-state Markov chains
for which the stationary distribution II exists and the hitting
time 7,4 is upper bounded by parameter 7 > 1. We denote
the chain by P. Specifically,

My(r) = {P | mhi <7, Jim uP* =TV} (6)

where 73, is defined in Definition 2.1 and pP? represents
the distribution of the chain after ¢-step transitions starting
from the initial distribution p.

2.5. Oracle Class

Recalling that the oracle O returns a sequence of stochastic
gradient evaluated at each query, we place the following
assumption.

Assumption 2.2. For any 2 € R?, denoting IT as the sta-
tionary distribution of the Markov chain, E¢r1||g(z;s) —
VE(@)|? < o% for some 0 < o < oo, and
Eonlgle; 5)] = VF(z).

Basically, Assumption 2.2 requires 1) asymptotically unbi-
ased gradient estimate when the Markov chain reaches its
stationary distribution II, i.e., E;, vii[g(x; s¢)] = VF(x);
and 2) bounded variance after convergence of the chain to its
stationary distribution, i.e., Es11||g(z; )= VF (2)|? < o2
This assumption becomes aligned with the bounded vari-
ance assumption of stochastic first-order methods under i.i.d.
sampling by further forcing independence across samples
(Ghadimi & Lan, 2013; Allen-Zhu & Hazan, 2016).

Then, the oracle class, denoted by Qg (02, 7), is that the
stochastic gradient g is sampled from a chain contained in
M (7) by (6) and such that Assumption 2.2 is satisfied.
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2.6. Sample Complexity Measure

Our result of lower bound is established in terms of the
sample complexity for finding an e-approximate critical
solution of F'. Let S;(A) = (J,, 2 be the collection of all
samples utilized til time ¢ by algorithm A.

Concretely, the sample complexity measure is defined by

NES(M,A,L,o% 1)

= sup sup inf
0€0,(02,7) FEF(A,L) AEA (M)

inf {|Sr(A)| > 1| B|VFE{ ) <} @)

When N¢(M, A, L,o?,7) is lower bounded by N7, i.e.,
NE&(M, A, L,o?, 1) > Nr with Nr denoting all collected
samples up to time 7, it indicates that there exists some
stationary Markov sampling process P with bounded hit-
ting time and an oracle O € Qg(0?,7) such that for
any A € A,.(M) there exists F' € F(A, L) for which
E|VF (m?[lO F ])|| > €, where the expectation is taken over
randomness in A and O. In other words, at least N7 num-
ber of samples must be required to (possibly) achieve an
e-approximate critical solution for any first-order algorithm.

3. Improved Lower Bound

In this section, we show our main result on the lower
bound of sample complexity for stochastic non-convex opti-
mization under Markov sampling. The result is algorithm-
independent, implying that all first-order methods that are
zero-respecting take at least such samples to reach an e-
approximate critical point of the non-convex objective func-
tion.

When the sampling process is characterized by a countable-
state stationary Markov chains, we show the following sam-
ple complexity lower bound.

Theorem 3.1. Considering the samples are generated by
stationary Markov chains in M(T), there exist numerical
constants c1,co > 0 such that for any M, L, A, 0,7 > 0,

7'0'2 7'0'2

= + =y min {010'2702LA}

NE&(M,A,L,o% 1) :Q<

Remark 3.2. Note that the extreme case 7 = 1 corresponds
to the i.i.d. sampling case. To see this, recalling the defini-
tion of hitting time 7 = 1 indicates exactly one step is taken
transiting from one state to any other, which then implies the
samples are drawn exactly from the stationary distribution
II and there is no time dependence across samples drawn
at different time steps, hence reducing to i.i.d. case. Thus,
when 2 = LA our lower bound result is aligned with

the bound 2 LE—ZA + ‘i—{;A> provided in (Arjevani et al.,
2023). Moreover, noting that both lower bounds reduce

to Q (L2 + ”:%A if 02 = LA, it matches the best-
known upper bound for stationary Markov chains, which is
(@) (ngA + T”:%A) (Beznosikov et al., 2024).

4. Min-max Optimality for Finite Stationary
Markov Chains

In this section, we restrict on the case of finite-state station-
ary Markov chains, where we further assume that the state
space of stationary Markov chains is finite, i.e., |S| < oc.
Then, we can further show a Q(7¢~2) sample complex-
ity lower bound, which is followed by a new proposed al-
gorithm (MaC-SAGE) with O(max {7, Ty, }¢~2) sample
complexity (7,,;, is the mixing time defined in Defintion
B.1), indicating the nearly min-max optimality of our pro-
posed algorithm.

We firstly define the class of finite-state Markov chains:
M pi(1) :={P | P e My(r), S| <o0}. (8)

Our subsequent analysis is established on the oracle class de-
noted by O; ¢;(0?, T), which requires the sampled stochas-
tic gradients are drawn from a stationary Markov chain
P € M ;;(7) and also satisfy bounded noise assumption
given as follows:

Assumption 4.1. For any x € R? and any ¢t > 0,
llg(z;s:) — VE(2)||*> < 02 for ¢ > 0 and if s; ~ II,Vt,
Es ~nlg(a;si)) = VE(x).

Moreover, given the finiteness of the state space, we con-
sider objective functions are in the following class

F'(AL):={F:R* - R | F(0) —inf F(z) < A,

IV f(;5) = Vi(y;s)ll < Lllw —yl, Y,y € R, Vs € S}
9

and note that 7/ C F by further place smoothness point-
wisely on every f(-;s), which is commonly used in liter-
ature (Even, 2023). Accordingly, the sample complexity
measure is given by

sﬁ,fi(MvAvLao—QaT)

= sup sup inf
0€0, ;i(02,7) FEF'(A,L) A€A - (M)

inf {|ST(A)| | E|VF @A) < e} ., (10)

based on which we provide the following lower bound of
sample complexity for finite-state stationary Markov chains:

Theorem 4.2. Considering the samples are generated by
finite-state Markov chains in M ¢;(T), there exist numeri-
cal constants c3, cq > 0 such that for any M, L, A\, o, 7 >
0,

S

Ne,fi(MvAvLaUQaT) =Q (612 min {0302,C4LA}> .
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Note that the results shown in Theorems 3.1 and 4.2 are not
contradictory, in the sense that O,  C O3 by M, 5,(7) C
M(7), F' C F and Assumption 4.1 implying Assumption
2.2. Therefore, lower bounding N allows us to search for a
“hard” example in a broader space, compared to doing so for
N; 7 In other words, the “hard” example in O that realizes
Q(7e*) of Theorem 3.1 is more special than the one to re-
alize Q(7e~2) of Theorem 4.2 and is probably unrealizable
when restricting on the class O, ¢;. Technically speaking,
finding such an example for O needs more sophisticated
construction than for O, ¢;.

A natural question following is then to ask that
Is the lower bound in Theorem 4.2 tight enough?

If we expect a positive answer to this question, an algo-
rithm should be designed such that it has an orderly-same
sample complexity upper bound, i.e., we need to show that
N¢ (M AL, 02,7) = O(re~2). In fact, we propose a
new algorithm, called MaC-SAGE (summarized in Algo-
rithm 1), which achieves a nearly-same order of Te 2,

As now the state space S of the Markov chain is finite, to
state our algorithm we simply set |S| = n and denote s; € S
as the state visited at time ¢. Further, we use s; = ¢ to indi-
cate the i-th state is visited at time ¢, hence correspondingly
V f(xt, s¢) := V fi(z,). In Algorithm 1 only one sample
is drawn from the underlying Markov chain at each time
iteration, which returns the corresponding stochastic gra-
dient evaluated at the current query z;. Simultaneously a
vector y; is maintained to track the number of occurrences
of each state, serving as a role to reweigh the contribu-
tion of the gradient given by each state. Then h; is de-
signed to dynamically track the latest gradient information
provided by every state, which is then combined together
with y; to incorporate corrected gradient into GG;. Defining
a;(t) = sup{l | | < t,s; = i}, it is straightforward to
observe that Algorithm 1 can be rewritten as follows:

Tir1 = T — 1 Gy

where

t

Z :H-Sl,ziv Vie [n]7

=0

G =Y UiV i(Ta,r))-
=1

!
T

which is similar to the classical variance-reduced algorithm
SAG except for the weight y¢. As a matter of fact, Algorithm
1 is inspired by SAG (Schmidt et al., 2017) by further intro-
ducing y; as an estimator of the stationary distribution II.
Intuitively, when II is known, SAG would effectively reduce
the variance and thus speedup the convergence rate as now

Algorithm 1 Markov-Chain Stochastic Average Gradient
with Estimation (MaC-SAGE)
1: Input: Initialize zo, y_1 = 0,, h*; = 04,Vi € [n],
G_1 = 0y, stepsizes {7:}.
2: fort=0,1,...,7T —1do
3:  Sample state s; = ¢ from the underlying Markov
chain, i.e., f(;8¢) = fi(").
4:  Update y; = (yi,...,y") as

it

i 1 .
y = myi_l + 7]1]’:1'7 Vj € [TL]

t+1 (i

Y

5. Calculate

Gy = Gio1 — yi_1hi_y + 4V fi(xy).

6: Update hy = (h},...,h}) as

hi=h_| +1;—i(Vfi(z:) — hi_y), Vi€ [n].

7: Update Ti41 = Tt — ’Yth-
8: end for

F'is a (weighted) finite sum. Therefore, one may expect that
if the estimator y; of II is asymptotically unbiased, meaning
lim;_,  y; = II and if the rate of y; converging to II is no
slower than the rate of SAG (which is O(T~%)), the sam-
ple complexity would be O(e~2) (up to some logrithmic
factors). This intuitive result is summarized in the following
lemma (which is restated by Corollary B.4 in Appendix B).

Lemma 4.3. Suppose y; = (yi,...,y?) withy_; = 0,
is updated as (11) in Algorithm 1. Then, we have for any
t>1

Elly. — 12 = 0 (722).
where T is the mixing time of the chain defined in Defini-
tion B.1.

Formally, the convergence result of MaC-SAGE is presented
in the following. The proof is shown in Appendix B.

Theorem 4.4. Let F' € F'(A,L) defined in (9) with
AL > 0. Suppose Assumption 4.1 is satisfied. Then,
for any finite-state stationary Markov chain contained in
M, () defined in (8) with T > 0, the trajectory {z;}]_,
generated by MaC-SAGE (Algorithm 1) satisfies

) o TLA ~ [ To?
E {rtri1¥|VF(xt)|| ] = (’)( T ) +0 (T) )

where T = max{T, Tz } Where T, denotes the mixing
time of the chain defined by Definition B.1.
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It is straightforward to observe from Theorem 4.4 that
the sample complexity of MaC-SAGE to achieve an e-
approximate critical solution is (7)(%6_2), implying its (near)
optimality as it (nearly) matches the lower bound provided
by Theorem 4.2.

5. Proof Idea of the Lower Bounds

In this section we present the proof idea of how we obtain
the sample complexity lower bounds for both finite-state and
countable-state stationary Markov chains. We first clarify
the proof sketch by focusing on the case where B = 1,
i.e., only one sample is drawn from the underlying Markov
chain by the algorithm. Then, we generalize it to the case of
B > 1 which can also be time-dependent. Full proofs are
presented in Appendix A.

The core technique inspired by (Arjevani et al., 2023) is
to construct a ”hard” function F' with f(-; s) supported on
each state of a Markov chain lying in the required class
such that the gradient norm, |V F'(x)||, is small only if each
coordinate of = has a large enough absolute value. We
use the progress function to mathematically evaluate the
largest coordinate whose absolute value is larger than some
nonnegative scalar a, i.e.,

prog,, (z) := max{k > 1| |[z]x| > o}

where [z]; represents the k-th coordinate of x. We set
prog,, (z) = 0if |[z]x] < @, VEk € [d]. Then the task of find-
ing an e-approximate critical solution is equivalently trans-
formed to finding a solution x whose coordinate progress is
high. Formally it is stated by the following lemma.

Lemma 5.1. There exists some F* € F'(O(Ae?d), L) C
F(O(A€%*d), L) such that |VF*(z)|| > €,Ve > 0 if
progy(x) < d.

Indicated by Lemma 5.1 ensuring ||V F™*(z)|| < € requires
all coordinates of x to be nonzero. Then for the case of finite-
state Markov chains, we construct a chain with its hitting
time upper bounded by 7 and lower bounded by 2(7) and
design g*(x; s) such that Assumption 4.1 is satisfied and

i progy(g”(x;s)) < progy(x) + 1

only if prog,(z) is even and s = v* (12)
it. progy(g*(w;s)) < progy(z) + 1

only if prog,(z) is odd and s = w* (13)

and otherwise prog,(g*(x; s)) < progy(z),Vs ¢ {v*, w*}.
where at least Q(7) number of state transitions are taken for
transiting from state v* to state w™* and vice versa. See Fig-
ure 1 for a visualization. With conditions (12),(13) holding
we obtain that at least Q(7d) iterations (if only one sample
is used every iteration, i.e., B = 1) are required for any al-
gorithm (which is zero-respecting) to output a solution such

that all its coordinates are nonzero, which then combines
with Lemma 5.1 to guarantee the sample complexity lower
bound Q(7e~2) as shown by Theorem 4.2 by further setting
d = Q(e~?) (since we have to guarantee O(Ae?d) = A).

To get the lower bound for countable-state Markov chains,
we modify conditions (12) and (13) such that they hold prob-
abilistically. This can be done by splitting v* and w* into
two substates, respectively, where each substate is sampled
with some probability ¢ > 0. Specifically, for instance if
state v* is sampled there is with probability g that condition
(12) becomes true, similarly for the case w* is sampled.
Figure 2 depicts a concrete construction of the chain. Thus,
similar to the construction for the finite-state Markov chains
we show the following result.

Lemma 5.2. For any ¢ € (0,1) and any zero-
respecting algorithm A € A, there exist a countable-
state stationary Markov chain contained in Mg(T)
and some F* € F'(O(Ade?),L) with g*(z;s) sat-
isfying VF*(z) = Eoonlg*(2;5)] and E|lg"(;5:) —
VE*(z)||? < O(c%€?/q),¥t > 0 such that for any 0 <
0 < 1, with probability at least 1 — §

7(d —log 1)

max maxprogo(xA[OF]) <d, Vt < 1
q

me[M] s<t sm

In fact the constructive function F'* in Lemma 5.2 coin-
cides with the one in Lemma 5.1, which then implies that
at least Q(7d/q) iterations are needed to guarantee an e-
approximate critical solution output by any algorithm and
hence Q(7d/q) samples (due to B = 1). Finally setting
d = Q(e7?) and ¢ = O(e?) concludes the lower bound
Q(7e~*) shown by Theorem 3.1.

Note that the above proof derivations are established on the
precondition when B = 1 by which we are able to directly
obtain the sample complexity bounds through the iteration
complexity analysis, since the iteration complexity is the
same as the sample complexity. To generalize our results to
B > 1, we present the following result.

Lemma 5.3. There exist a Markov chain in (6) (or
(8)) and some functions F*,g* satisfying correspond-
ing conditions in Lemma 5.2 (or Lemma 5.1) such that
for any zero-respecting algorithm A, with B > 1,
there is a zero-respecting algorithm A}, with B =
1 for which the following holds: for any t >

0 if max,,cn Inaxsgtpmgo(mﬁ;[oﬂ) < k, then

max,, (] maxsgtpmgo(:cﬁ,[gﬂ) <k VO<k<d

The above lemma indicates that we can always find an al-
gorithm that only draws one sample per iteration to achieve
no worse progress in its update than other algorithms that
access multiple samples per iteration. In other words, com-
bining with Lemmas 5.1 and 5.2 yields that accessing multi-
ple samples every iteration has no benefit on improving the
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sample complexity for the algorithm, which hence implies
the lower bounds that holds for B = 1 also holds for B > 1.

6. Conclusion

In this paper, we study the sample complexity of general
first-order stochastic non-convex optimization problems.
Unlike the conventional i.i.d. sampling, we focus on the case
where data samples and stochastic gradient estimates are
generated by an unknown Markov chain, which introduces
additional data correlation and hence non-trivial analysis
difficulties. Due to the lack of sample complexity lower
bound results and the gap to the best-known upper bound,
we provide an improved complexity lower bound with the
order of e—* for Markov chains with countable states, which
then matches the best-known upper bound. Moreover, we
establish an ¢ =2 lower bound for finite-state Markov chains.
Finally, we propose algorithm MaC-SAGE such that its
sample complexity upper bound nearly matches our lower
bound, implying its near min-max optimality and the tight-
ness of the lower bound.
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A. Proofs of Lower bounds
A.1. Construction of Markov chains

We construct Markov chains which are finite-state contained in M ¢;(7) and countable-state contained in M (7). We take
the countable-state Markov chain case as an example. The construction for finite-state Markov chains are similar. Without
loss of generality we assume that 7 is even.

First, we pick a countable-state Markov chain P’ with state space S’ (different from &) such that its hitting time is A for
some A € (0,1/2), which can be always done since M,(37) # (). Then we choose two states s*,w* that realizes the
hitting time, i.e.,

(s*,w*) € arg (v}ir)lgg(XSE[Tw | so =], s.t. (U)wr)réas)gx&E[Tw | so =v] = 5T
Next we append a number of additional states S \ S’ into the chain P’ to form a new chain P* such that the state space of
P* is 8. Moreover the way we append additional states satisfies that 1) there is a state v* € S \ S’ for which at least iT
steps are needed to transit between v* and s*; 2) any state in S \ &’ must transit to state s* before transiting to other states
in S’. One specific construction of the appended chain is directed cyclic chain with self-loops, where a straightforward
calculation gives its hitting time is 7/2. Thus we guarantee that the new constructed chain P* has hitting time to be 7. The
following figure (Figure 1) illustrates a concrete example of the construction satisfying the above-mentioned requirements.

Figure 1. Construction of Markov chain P* with bounded hitting time

A.2. Construction of the function F’

Now we construct a "hard” function that is difficult for any first-order algorithm to search for the critical point. Specifically
we consider the following two functions

ld/2]-1
hi(z) = —=(1)e([z]1) + Z (Y (=[x]2i)p(=[z]2i+1) — Y ([z]2:)d([*]2i11)) (14)
Ld/2]
ha(z) = Z (Y (=[2]2i-1)p(—[7]2:) — Y([x]2i—1)p([2]2:)) (15)
where )
0 , u<g
Y(u) = { exp (1— (2u£1)2) , U > %
and
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with u € R.

We denote 7, as the corresponding probability of state s of the stationary distribution II. Then, given the Markov chain
constructed above, we know that at least %T steps are required to take transiting from v* to w* and vice versa. Then, we
construct function F and f(-; s) such that

hi(z), ifs=0o"

f(z;s) =< ho(z), ifs=w* (16)
0, otherwise
and F(x) = my=h1(x) + my-ha(x). For any  and ¢ > 0 define z<; := ([z]1, ..., [z];,0,...,0) as the truncated version

by only keeping the first ¢ coordinates. We also set x<o = x. Then we have the following properties of F'.
Lemma A.1. Let F(x) = my«hy(x) + my=ha(x) for hy, he defined by (14),(15). Then we have the following:

(1). F(0)—inf, F(x) < Aod for some constant Ay > 0.
(2). IVhi(2)]loe < 23 and ||Vh(z)|| < 23Vd,i=1,2.
(3). F(x) is ly-smooth for some constant ly > 0.

(4). Ifprog,(x) < d,

VF@)| = 1
() [Vh() <y 01 = [T < (01 gy (o 7 = 1,2

(6). If progy(x) is odd, progy(Vhi(x)) < prog%(x), progy(Vha(z)) < prog%(z) + 1. If progy(x) is even,
progy(Vhi(z)) < progs (z) + 1, progy(Vha(z)) < progy (z).

(7). prrog%(x) is odd, Vhi(x) = Vhi(T<prg, (z)) Vha(®) = Vha(T<1iprog, () If prog. (x) is even, Vhy(z) =
2 2
Vhl(x§1+prog%(z)): th(l‘) = th(xgpmg%(m)).

Proof. For Part (1), observing that F'(0) < 0 and noting that 0 < 9 (u) < e, 0 < ¢(u) < /2me,

d

F(z) 2 —p(1)e([a]r) = Y d([2lim1)d([2)i) = —dev/2me = —dA,

=2

with Ag = ev/27e, which completes its proof.
For Part (2), noting that 0 < ¢’(u) < v54e~! and 0 < ¢'(u) < /e, combining with the fact that for each i = 1,2

g;l; () 2 ¥(=[a]j-1)¢ (=[z];) — ¥([2]j-1)¢ ([2];) — ¢'(=[alj)d(=[2]j41) — ¢ ([2];)o([2]j41)
yields
O (o) < ev/e + VoAe TVame < 23

implying || Vh;(z)| < 23 and | Vh;(z)| < 23Vd,Vi = 1,2.
Parts (3) and (4) follow directly from (Carmon et al., 2020). Parts (5)-(7) follow from the observation that

. 1 ...
Vhl(z) = Vhl([z]l,...,[56}21‘4_1,0,...,0), 1f|x2j| < 57 v] >i+1

1
Vha(z) = Vhe([z]1,. . ., [2]2:,0,...,0), if [z 1] < > Vj>i+1

11



Lower Bounds of Stochastic Non-convex Optimization under Markov Sampling

A.3. Lower bound for finite-state Markov chains

According to Part (6) of Lemma A.1, the above constructive F' and f as (16) satisfy the conditions (12) and (13). Consider

the following F™*

L)\?
l

20

F*(z) == F(A) where ) = . (17)

Accordingly, we have
L)\
g (x;8) =V f*(x;8) = —Vf (E,s) =2eVSf (?5) .
l1 A A
‘We note that

V2F*(z) = £v2F (;)

which implies that F'* is L-smooth by Part (3) of Lemma A.1, and similarly we conclude f*(-; s) is L-smooth for any s € S.

Moreover, by Part (1) of Lemma A.1 we obtain that

4l1€2
L

4[1A0€

F*(0) — inf F*(x) = .

d

(£(0) — inf F(z)) <

and further we note for any s € S and any =
IV f(;8) = V(@) < 2(|[ha (@)[* + [[Vho(2)]?) < 2-(23)%d
where we use Part (2) of Lemma A.1, implying that

lg*(z;8) — VE*(x)||* < 8- 23%¢%d.

. LA o?
d_mm{\flllAgezJ7\‘8'23264} (18)

F*(0) - inf F*(2) < A
IVE*(z) = VF*(y)|| < Lllx =y, Va,y
IVf*(z;8) = V[ (y; 9)l| < Lz = yll, Vo, y
lg*(2;8) = VF*(2)|? < 0

Therefore by setting

we guarantee that

which hence indicates that F* € F/(A, L) and Assumption 4.1 is satisfied.

Further combining with (16) and Part (6) of Lemma A.1 yields that conditions (12) and (13) hold for F* and f*, where we
use that prog (x) < prog,(z), V. Therefore, for B = 1,

LAOF] <1
max I{1<axprog0( ) <d, vVt < 27d (19)

For any algorithm A with B > 1, we observe that by the construction of F* and f* and the Markov chain P*, for any

t > 0and m € [M], there exists an algorithm A with B = 1 for which progo(xf,[no ]) < prog,(z; since multiple

samples do not contribute to additional progress of = (This also proves the finite-state case of Lemma 5 3). Therefore, (19)
also holds for B > 1, which implies that for any m € [M]

~[OF ])

. LA LA 1
IV F* (207 = HVF (E)H > 5 9¢ Wt < rd
l A Iy 2
where we use Part (4) of Lemma A.1 and note that prog, (x) < prog,(z). Thus we conclude

1 T LA o?
> > —
gfZ(MALcr T) > 27d = mln{{QlleJ’h'??ﬁJ}

completing the proof of Theorem 4.2.

12



Lower Bounds of Stochastic Non-convex Optimization under Markov Sampling

A.4. Lower bound for countable-state Markov chains

Note that Assumption 2.2 for the countable-state case is more general than Assumption 4.1 for the finite-case, which
provides us with more flexibility on the construction of the ”hard” example. In particular, we slightly modify the construction
of the Markov chain P* in Section A.1 by further splitting states v* and w* into two substates, i.e., v* = {v],v5} and
w* = {w}, w3} such that conditioning on v* (or w*) is visited, the probability that v} or (w7) is sampled is ¢ € (0,1). We
denote the modified construction as P* Figure 2 visualizes our construction.

Figure 2. Construction of Markov chain P* with splitting states

We define 7, = Ty + Tz and 7, = Twy + Twy a8 the marginal probabilities of virtual states v* and w*. Then, we
construct our F' and f for countable-states Markov chains as following: for each i-th coordinate of f

if s € {v{,v3}, [9(x59)]; = [Vhi(2)); - <1 +1{i > progy ()} (JIS;UT - 1>> ’
its € fuf.ug). (oo = [Vhatels - (14140 > progy (@) (225 -1} ),
otherwise, f(z;s) =0, 0

where P(s = v | s € {v],v3}) =P(s = wi | s € {w},w3}) = ¢ € (0,1) and let F'(z) = my=h1(x) + my=ha(z). Then
we have the following lemma.

Lemma A.2. Considering stochastic gradient g(x; s) constructed as (20), the following statements hold:

(1). Fors € {v,v3,wy,ws}, with probability at least 1 — q, prog,(g(x;s)) < prog%(x) and g(;8) = §(T<prog, ()3 5)
2
forall x.

(2). For s & {v],v3,wi, w3}, with probability 1, progy(g(x; s¢)) < progy(x) and g(x; st) = g(T<prog, (x); 5¢) for all x.
2
(3). For any s, with probability I, prog,(g(x; s)) < 1+ progs(x) and g(x; s) = g(T<1+4prog, (v 8) for all x.
(4). Esnlg(z;8)] = VF(2).
Proof. We firstly show Part (3). Note that by (20) and Part (7) of Lemma A.1, for any z, s, [g(x; s¢)]; = 0, Vi > 1+4progs (x)

in the sense that [V hq (2)]; = [Vha(2)]; = 0,Vi > 1+pr0g%(x), which implies prog,(g(z; s)) < 1+prog (z). Moreover,
by Part (7) of Lemma A.1, defining ' := Z<1prog, (z) gives Vhi(x) = Vhi(2') and Vhy(x) = Vhy(z'). Thus, we
2

obtain g(z; s) = g(z'; s) for any x, s, implying Part (3).

13
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For Part (1), we note that when i > 1+prog, () and s € {v3, w3}, g(w;8) = [Vh;(z)]<prog, (x) for j = 1,2, which implies
2
prog,(g(x;s)) < prog%(x),Vs € {v3, w3 }. Further, according to (5) of Lemma A.1, we have g(2;5) = g(Z<prog, (2); 5)
2
for s € {v}, w3} and all 2. Since P(z = 0) = 1 — g, hence Part (1) is proved.

Part (2) holds trivially in the sense that g(x; s;) = 0 when s ¢ {v},v3, w}, w3 }. Finally, Part (4) holds since E[15/q | s €
{vl,v3}] =E[ls/q | s € {w],wi}] = 1. O

Also, we show in the following lemma that g has bounded variance.

Lemma A.3. For F(z) = my~hi(x) + my-ho(x) and g defined as (20), then for any Markov chain with stationary
distribution 11, given any x € R%, t > 0 and any initial distribution of the chain,

1—
E|g(x;s¢) — VF(.T)||2 < aid+ as

for some constant a1, as > 0.

Proof. By Part (4) of Lemma A.2, we know E,..[g(x; s)] = VF(z).

Denote i* = 1 + progs (x). For any s € {v],v3, w{, w3}, we have

g(:v; 5) - VF(.I) = (07 s ,07 [Vhl(z)]l*(]]-s:vi‘ /q - 1)3 07 R O) + (1 - ﬁv*)Vhl(w) - 7~Tw*th(z)a ifs € {Ufa’U;}
g(w;s) = VF(x) = (0,...,0,[Vha(z)]i (Ls=ws /g — 1),0,...,0) + (1 = Ty ) Vha(x) — Ty Vhy (2), if s € {w], w3}
When i* — 1 is odd, from Part (6) of Lemma A.1 we know that [V (z)];~ = 0. Therefore,

lg(zs s) = VE(@)[I* < 2| VR (2)]|* + 2/ Vha(2)|* < 4-28%d, s € {v}, 03}

lg(z;s) = VE(@)[* < 3|[Vha(2))i [*(Lsmws /g — 1)? + 3[|Vha (2)||* + 3[|Vha(2) ||
S 3 232(]]-‘9:11;]‘ /q - 1)2 +6- 232da s € {wTa w;}

and
lg(asse) — VE(@)|? = [VE(2)|> < 4-23%d, whens ¢ {v], 03, wf, w3}

where we use (2) of Lemma A.1. Combining the above three inequalities, it yields that when ¢* — 1 is odd, for any Markov
chain, any z, ¢t > 0 and any initial distribution of the chain,

1—
E|g(x;st) — VF(.’E)||2 < aid+ as

where a; = 6 - 232, ap = 3 - 232 and we use that E[(1,/q — 1)? | s € {w},w}}] = (1 — q)/q. The case when i* — 1 is
even can be derived similarly. [

Then, we are ready to show Lemma 5.2. Again we first focus on the case of B = 1 and then generalize itto B > 1.

Proof of Lemma 5.2. We construct F* the same as (17) with A = 2/y¢/L and
g I - ll g )\a
with g(x; s) defined as (20). Then by Lemma A.3, we have

das(l —q) 5

E|g* (z;s:) — VF*(2)|? < 4a1de* + €, Vt>0.

Then, define
By =1 {EI x : progy(g*(z;s)) =1 +pr0g%(x)} .

14
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Note that under the construction of the Markov chain P* and F* and ¢*, for any zero-respecting algorithm A
1
By =0, VE=1,..., 577 conditioning on B; = 1.

That is to say within every %T iterations B; can be 1 at most once. And Part (1) of Lemma A.2 indicates that the probability

of By being 1 is no greater than ¢. Let k(%) := max,,¢c|p;) max;<¢ progo(mfr[no]” ). Then, the above implies that

k(t) <> B
1<t

which then gives

P(k(t) >d) <P (> B/ >d

1<t

=P | exp ZBl > ed

1<t
< e*dE[F/Zzgt Bl]
< e IR 4]
= e 41— g+ eq)?/m
< e[4t/‘r]q—d
where z;s are i.i.d. Bernoulli random variable with succeeding probability at most ¢ and in the fourth inequality we use

the fact that the number of B; that can possibly be 1 is at most [2¢/7| and they are independent if not forcing to be zero.
Therefore, we conclude that for any ¢ € (0,1) and ¢ € (0, 1) with probability at least 1 — 6,

7(d — log(1/4))

t <
k(t) < d, vt < o

which completes the proof of Lemma 5.2. Similarly we can use the same technique in the last section to show the
countable-state case of Lemma 5.3.

Now to show Theorem 3.1, setting

LA o?
— i 21
d i { \‘411A062J ’ \‘80,162J } ( )
and )
1 o
Z =1 22
q * 80,262 ( )

yields that F* € F(A, L) and Assumption 2.2 is satisfied. By Part (4) of Lemma A.l and Lemma 5.2, choosing § = 1/2
renders that for any m € [M] with probability at least 1/2,

d—1
IV @A) > 26, we < 2= D)
) 4q
which implies that
d—1
BIVE @ 2 e, s T,

Therefore, we conclude that
d -1 2 2
NE&(M,A, Lo, 1) > T<4q) - % + %min {c102,c2LA}

by the selections of d, q as (21),(22) for some constants c1, co > 0.
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Lower Bounds of Stochastic Non-convex Optimization under Markov Sampling

B. Convergence Analysis of MaC-SAGE

In the following, we denote 7; the stationary probability according to state i.

Definition B.1. Define t,,;,(¢) := inf{l > 1 | dpy (uP', 1) < €}. Then T,z = tmir(1/4) is the mixing time of the
chain.

Lemma B.2. We have the following claims:

o dpy (pP D) < dpy (Pt D).
o Fork > 2, tmiz(27F) < (k — DTonia-

* Moreover,
T

ZdTv([LPk,H) < CoTmiz, VI >0
k=0

for some cy > 0.

Proof. The first two claims are directly from (Levin & Peres, 2017).

To see the third claim, we note that

T 0
> dry (uPFT0) < dpy (uP*, )
k=0 k=0
Tmiz 00 tmia (27D
<Y dpy(PL I +Y 0 > dpy(pPh)
1=0 =0 1=t s (2~ F)+1
< dTV /1*7 Tmz:}c + Z 2 (k+1)) tmi1(2_k))2_k
S dTV (/Jfa H)Tmlm + Z inkTmim
k=2
S dTV (Ma H)Tmiw + QTmiw
which completes the proof with ¢y = dpy (u, 1) + 2. O

Theorem B.3. Let S be the state space of the Markov chain with |S| = N. Consider any real-valued mapping v : S — RN?
and p is any initial distribution. Without particularly claiming, v(-) is a row vector. Define V.= [v(1)T,... o(N)T]T €
RNXNd Thep

1 T-—1 1 T—1
Ey ( > ulse) - HTV> =72 W (P -1V
t=0 t=0
| Tl 2
TEi || Y v(s) =TV < max [o()|[Z )1 = 17 loo + 2¢0 max [0(0) | i
t=0
1= ’ 1= ’
TE, T 2 v(s)) —TITV|| <TEg T tz:; v(s)) =TTV || + 3¢ max g |12 T

where E,,(-) means the initial state sy follows p; g(i) = v(i) — IIT'V.

16



Lower Bounds of Stochastic Non-convex Optimization under Markov Sampling

Proof. We firstly show the first equality. Note that

= =
E, <T > uls) - HTf) =7 WPtV -1'v)
t=0 k=0
=
== JIPF -1ty
T
k=0
where we observe that 71 = 1.
Then we turn to show the second inequality. By definition, we have
;1 2
0 > w(s) ~TV| =En|v(so) — I"V?
t=0
9 T-1
+7 (T — k)En[(v(so) — TITV)(v(sy) — T V). (23)
k=1
Moreover,
En((v(so) — WTV)(U(Sk) - WTV)T] = Zwiv(i) Z[Pk]z‘,jv(j)T - Zﬂﬂjv(l)v(])T
i J ,J
= Zm Z — 11, ju ()"
< Zmllv ||ooZ [P* =11 s ()l
< max IIU(Z)Iliollpk — 7o
Applying Lemma B.2 to (23) yields
= 2
TEn (T > vlsi) - HTV> < maie [0(0) |21 — 1117 o -+ 20 mawx ()12 Tmie
—0 K2 K2
which completes the proof of the second inequality.
To obtain the third inequality, defining g (%) (i) — 7'V we aim to bound
_ 2 L T 2
w7 Z —En|= ) 9(sk
k=0 k=0
= g T=1 T-1
< |7 2 Balo(su) I~ Enllg(o0) 1P| + 7 23 [Ealolnata)™) ~ Belg(si)glsn ).
=0 k 0 I=k+1
Note
B (9(sk)g(s1)") — Enlg(sk)g(s))| = Z#ig DP*)iy — ) Z((Plik)j,r —m)g(r)"
¥ -
=D mig(GY(PF = 1117));5 > (P'7F = 1117))g(r)"
7 2,] 7,7
1, T
- 1HTH<>0-

< max |g(i)[% | P*

17



Lower Bounds of Stochastic Non-convex Optimization under Markov Sampling

Thus,
L T2 2 ;T2 2
TEy |7 > g(sk)| —En 7 2 9(sk)
k=0 k=0
= 9 T—1
< o D i (PP = 1) oo max[lg (0)[12 + o max [lg(DZ D Timia
k=0 k=0
=
< 7 D I (PP = 1T07) oo max g (i) + 2¢0 max [l9(3) | % Tmie
k=0
< comax |g(0) |3 Timix (2 + T71).
Combining all the above completes the proof. O
Corollary B.4.

2

-0 (O'QTmiz)
t

2
_o (O'QTmzr)
t

Proof. Forany t, setting v(i) = [0,...,Vfi(z:)T —VF(x)T,...,0] and noting ||v(i)||%, < |V fi(x) — VEF(24)]]? < o
completes the first result. Similarly setting v(¢) = [0,...,0,1,0,...,0] completes the second. O

n

> (Wi = m)(Vi(xi) — VF(xy))

i=1

E

n

Z(yti — ;)

i=1

E

Theorem B.5. Considering MaC-SAGE (Algorithm 1) and supposing all conditions in Theorem 4.4 hold, then
TLA ~ (0% max{7, Tz }
E |min ||VE(z) || = O o ———"m22).
proror] -o(42) o Z2mfize)

Proof. Using the smoothness of F',

L
F(x41) = F(zy) <(VF(24), 2441 — 24) + 5H$t+1 — zy)?

IN

(T F ). G + 6
= FIVE() = Gill? = FIVE()|* = (1~ L) G|
< SIVF(@) = Gl = FIVF @) = 6]

for v < 1/(2L).

Note that by a;(t) =sup{l > 1|1 <t,s; =i}

IVEF(z:) — Go|* < 2 Z(yz’ — )V i(z)|| +2 Zyz‘(wi(xa,.(t)) — Vfi(x))

2:1 =1 , i ,

=21 (v — m)(Vfi(ze) = VF(@))|| +2(D v (Vfi(@a,w) — VSilze))
i=1 i=1
n 2 n

<2 Z(yﬁ —mi)(Vfi(ze) = VF(zy))| + szﬂ\vfi(%i(t)) — Vfi(zy)|?
=1 1=1
n 2 n

<2\Y (i —m)(Viilw) = VE@))|| +2) 4L |z, — o
=1 =1
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where the third inequality follows the convexity of lo-norm by Z?:l yi = 1 and y! > 0 by definition; the last one follows
L-smoothness of each f;. Further we have

t—1

o = val? < S (- as®)2IGH.

l=a;(t)

Denoting ¢; := || Y1 (yi — m)(V fi(w¢) — VF(2))] ?we obtain

n t—1
W VF () = Gil* < 2mer +20%% Y > it — ai()) Gl
=1 [=a;(t)
n t—1

§2%et+LZy§ Z Gl

i=1 l=a; (t)

Further note that

Z Z WIG* = Z%HGtII t)—t—1)

t=0 [=a;(t)

where b;(t) = inf{l | | > ¢, s; = i}. Thus, by letting Ay = F(z¢) — F(xr) we have

1
when vy < s

T_l"y T-—1 T—1 n T-1

t

S LIVF@ <A+ Y e 3 LG+ 5 S0 S v G bilt) ¢~ 1),
t=0 t=0 t=0 i=1 t=0

Moreover, since

n T-1 n T-1
YNGR (Bi(t) =t = 1) | Fe| =D > wirdllGe”Elbi(t) — t — 1| F]
=1 t=0 =1 t=0
n T-1
< Z yﬂt ||Gt|| Thit
=1 t=0
T—1
= Thit ’YtZHGtH2
t=0
T-—1 -
< 7:||th|2
t=0
1 1 I
for vt = Trtmas (- ar O ) = ALmr» 1 YiEldS
2A )i
E {minHVF(act)HQ] <E|—7r—| +E 2i=0 %ef] ,
=T t=0 Tt Zt 0o Yt

Noting that according to Lemma A.5 of (Even, 2023)

T-1

T
ST TZ% < 8Llog(n)7hit
t= 0 t t=0

and by Corollary B.4

T—1 T—1

1 02 Tmiz log T
E < E E =0 —==—).
— %et] ~ 4L part “ ( L7yt )

Finally combining with the fact 7,;; < 7 we obtain

. 2| TLA ~ ((o? max{7, Tmiz }
E |:£111%1||VF((Et)” ] = O( T ) +0 <T
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