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ABSTRACT

We analyze the inductive bias of gradient descent for weight normalized smooth
homogeneous neural nets, when trained on exponential or cross-entropy loss. Our
analysis focuses on exponential weight normalization (EWN), which encourages
weight updates along the radial direction. This paper shows that the gradient flow
path with EWN is equivalent to gradient flow on standard networks with an adap-
tive learning rate, and hence causes the weights to be updated in a way that prefers
asymptotic relative sparsity. These results can be extended to hold for gradient de-
scent via an appropriate adaptive learning rate. The asymptotic convergence rate
of the loss in this setting is given by @(m ), and is independent of the depth of
the network. We contrast these results with the inductive bias of standard weight
normalization (SWN) and unnormalized architectures, and demonstrate their im-
plications on synthetic data sets. Experimental results on simple data sets and
architectures support our claim on sparse EWN solutions, even with SGD. This
demonstrates its potential applications in learning prunable neural networks.

1 INTRODUCTION

The prevailing hypothesis for explaining the generalization ability of deep neural nets, despite their
ability to fit even random labels (Zhang et al.,2017), is that the optimisation/training algorithms such
as gradient descent have a ‘bias’ towards ‘simple’ solutions. This property is often called inductive
bias, and has been an active research area over the past few years.

It has been shown that gradient descent does indeed seem to prefer ‘simpler’ solutions over more
‘complex’ solutions, where the notion of complexity is often problem/architecture specific. The
predominant line of work typically shows that gradient descent prefers a least norm solution in some
variant of the Lo-norm. This is satisfying, as gradient descent over the parameters abides by the
rules of L, geometry, i.e. the weight vector moves along direction of steepest descent, with length
measured using the Euclidean norm. However, there is nothing special about the Euclidean norm in
the parameter space, and hence several other notions of ‘length’ and ‘steepness’ are equally valid. In
recent years, several alternative parameterizations of the weight vector, such as Batch normalization
and Weight normalization, have seen immense success and these do not seem to respect L, geometry
in the ‘weight space’. We pose the question of inductive bias of gradient descent for some of these
parameterizations, and demonstrate interesting inductive biases. In particular, it can still be argued
that gradient descent with these reparameterizations prefers simpler solutions, but the notion of
complexity is different.

1.1 CONTRIBUTIONS
The three main contributions of the paper are as follows.

* We establish that the gradient flow path with exponential weight normalization is equal
to the gradient flow path of an unnormalized network using an adaptive neuron depen-
dent learning rate. This provides a crisp description of the difference between exponential
weight normalized networks and unnormalized networks.
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* We establish the inductive bias of gradient descent on standard weight normalized and
exponentially weight normalized networks and show that exponential weight normalization
is likely to lead to asymptotic sparsity in weights.

* We provide tight asymptotic convergence rates for exponentially weight normalized net-
works.

2 RELATED WORK

2.1 INDUCTIVE BIAS

Soudry et al.[(2018)) showed that gradient descent(GD) on the logistic loss with linearly separable
data converges to the Ly maximum margin solution for almost all datasets. These results were ex-
tended to loss functions with super-polynomial tails in Nacson et al.[(2019b)). [Nacson et al.|(2019c])
extended these results to hold for stochastic gradient descent(SGD) and |Gunasekar et al.| (2018a)
extended the results for other optimization geometries. Ji & Telgarsky| (2019b)) provided tight con-
vergence bounds in terms of dataset size as well as training time. Ji & Telgarsky| (2019a) provide
similar results when the data is not linearly separable.

Ji & Telgarsky| (2019c) showed that for deep linear nets, under certain conditions on the initial-
ization, for almost all linearly separable datasets, the network, in function space, converges to the
maximum margin solution. |Gunasekar et al.| (2018b)) established that for linear convolutional nets,
under certain assumptions regarding convergence of gradients etc, the function converges to a KKT
point of the maximum margin problem in fourier space. [Nacson et al.|(2019a)) shows that for smooth
homogeneous nets, the network converges to a KKT point of the maximum margin problem in pa-
rameter space. |[Lyu & Li/ (2020) established these results with weaker assumptions and also provide
asymptotic convergence rates for the loss. |Chizat & Bach| (2020) explore the inductive bias for a
2-layer infinitely wide ReLLU neural net in function space and show that the function learnt is a
max-margin classifier for variation norm.

2.2 NORMALIZATION

Salimans & Kingma|(2016) introduced weight normalization and demonstrated that it replicates the
convergence speedup of BatchNorm. Similarly, other normalization techniques have been proposed
as well(Ba et al., 2016)(Qiao et al., 2020)(Li et al.l 2019), but only a few have been theoretically
explored. [Santurkar et al.| (2018)) demonstrated that batch normalization makes the loss surface
smoother and Lo normalization in batchnorm can even be replaced by L; and L, normalizations.
Kohler et al.| (2019) showed that for GD, batchnorm speeds up convergence in the case of GLM
by splitting the optimization problem into learning the direction and the norm. |Cai et al.| (2019)
analyzed GD on BN for squared loss and showed that it converges for a wide range of Ir. |Bjorck
et al.| (2018) showed that the primary reason BN allows networks to achieve higher accuracy is
by enabling higher learning rates. |Arora et al.| (2019) showed that in case of GD or SGD with
batchnorm, Ir for scale-invariant parameters does not affect the convergence rate towards stationary
points. |Du et al.[(2018)) showed that for GD over one-hidden-layer weight normalized CNN, with a
constant probability over initialization, iterates converge to global minima. |Qiao et al.|(2019) com-
pared different normalization techniques from the perspective of whether they lead to points, where
neurons are consistently deactivated. Wu et al.|(2019) established the inductive bias of gradient flow
with weight normalization for overparameterized least squares and showed that for a wider range
of initializations as compared to normal parameterization, it converges to the minimum Lo norm
solution. [Dukler et al.|(2020) analyzed weight normalization for multilayer ReLU net in the infinite
width regime and showed that it may speedup convergence. Some other papers(Luo et al., 2019}
Roburin et al., [2020) also provide other perspectives to think about normalization techniques.

3 PROBLEM SETUP

We use a standard view of neural networks as a collection of nodes/neurons grouped by layers.
Each node w is associated with a weight vector w,,, that represents the incoming weight vector
for that node. In case of CNNs, weights can be shared across different nodes. w represents all
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Figure 1: Lo neighborhoods with € = 0.5 radius in parameter space for different parameterizations.
For EWN in the left (resp. SWN in the middle) the parameter [, v] (the parameter [«, v] resp.) is
restricted to a 3-d ball of radius € and the values that the 2-d weight vector w takes is illustrated for
6 different centers.

the parameters of the network arranged in form of a vector. The dataset is represented in terms of
(xi,y;) pairs and m represents the number of points in the dataset. The function represented by the
neural network is denoted by ®(w, .). The loss for a single data point x; is given by £(y;, ®(w, x;))
and the loss vector is represented by £. The overall loss is represented by £(w) and is given by
Lw)=3" Uy, ®(w,x;)). We sometimes abbreviate £(w(t)) as £ when the context is clear.

In standard weight normalisation (SWN), each weight vector w,, is reparameterized as -y,, H‘\f—” This

was proposed by [Salimans & Kingmal(2016), as a substitute for Batch Normalization and has been
practically used in multiple papers such as |[Sokolic et al.| (2017), [Dauphin et al.|(2017), Kim et al.
(2018)) and Hieber et al.| (2018)). The corresponding update equations for gradient descent are given
by

v (t vauﬁ
Yu(t) vu()va ()
w(t +1) = vy (t) —n(t I— Vw, L 2
vt +2) =) - (1= T8 ) o @
In exponential weight normalisation (EWN), each weight vector w,, is reparameterized as e~ HXZ T

This was mentioned in |Salimans & Kingmal (2016)), but to the best of our knowledge, has not been
widely used. The corresponding update equations for gradient descent with learning rate 7)(t) are
given by

a — () — p(e)een® Yul®) Ve L

u(t +1) = ay(t) —n(t) e )
v —v _ e%u () B Vu(t)vu(t)T

1) = valt) =) (z val) )vw,‘, ; “

The update equations for gradient flow are the continuous counterparts for the same. In case of
gradient flow, for both SWN and EWN, we assume ||v,,(0)|] = 1, to simplify the update equations.

4 INDUCTIVE BIAS OF WEIGHT NORMALIZATION

In this section, we state our main results for weight normalized smooth homogeneous models on
exponential loss(¢(y;, ®(w,x;) = e ¥i®(W:xi)) The results for cross-entropy loss and proofs have
been deferred to the appendix due to space constraints. First, we state the main proposition that
helps in establishing these results for EWN.

Theorem 1. The gradient flow path with learning rate 1(t) for EWN and SWN are given as follows:

EwN: 0 ) v, (1) 2V, £ ®
Awll) L I o o
s S0 — ) 01T+ (SO 0790 0w )
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Thus, the gradient flow path of EWN can be replicated by an adaptive learning rate given by
n(t)||w,(t)]|*> on unnormalized network(Unnorm). These parameterizations also induce different
neighborhoods in the parameter space, that have been shown in Figure|[l]

4.1 ASSUMPTIONS

The assumptions in the paper can be broadly divided into loss function/architecture based assump-
tions and trajectory based assumptions. The loss functions/architecture based assumptions are
shared across both gradient flow and gradient descent.

Loss function/Architecture based assumptions

1 £y, ®(w,x;)) = e ¥i®Wxi)
2 ®(.,x) is a C? function, for a fixed x
3 ®(A\w,x) = \!®(w, x), for some A > 0 and L > 0

Gradient flow. For gradient flow, we make the following trajectory based assumptions
(AD imoe () =0 (89 i Sy =
(A2) lim¢ oo ”vwvig” =w (A4) Let p = min; y;®(W,x;). Then p > 0.

The first assumption is typically satisfied in scenarios where a positively homogeneous network
achieves 100% training accuracy. This is not a completely unreasonable assumption, given recent
papers demonstrating neural networks with sufficient overparameterization can fit even random la-
bels(Zhang et al.| (2017), Jacot et al.| (2018)), and is a standard assumption made when the purpose
is to find the inductive bias. The second assumption states that the network converges in direction
and this has been recently shown in Ji & Telgarsky| (2020) to hold for gradient flow on homoge-
neous neural nets without normalization under some regularity assumptions. The third and fourth
assumptions are required to show convergence of the gradients in direction. The fourth assumption
is indeed true for SWN as shown in|Lyu & Li (2020)

Gradient Descent. For gradient descent, we also require the learning rate 7)(¢) to not grow too fast.

(AS) limy o0 (1) [|Wy ()| Vw, L(w(t))|| = 0 for all w in the network

Proposition 1. Under assumptions (Al)-(A4), lim;— o0 n(t)||Wu(2)||Vw, L(W(t))|| = 0 holds for
every u in the network with n(t) = O(Zz), where ¢ < 1.

This proposition establishes that the assumption (A5) is mild and holds for constant 7(t), that is
generally used in practice.

While some of these assumptions are non-standard we believe they do generally hold, and demon-
strate the viability of these assumptions in a toy experiment which we call Lin—-Sep. In this ex-
periment a 2-layered EWN neural network, with 8 neurons in the hidden layer and a ReLU-squared
activation function, is trained on a linearly separable dataset. The learning rate schedule used was
O(Zo5=) and the network was trained till a loss of 3%, The corresponding graphs for EWN are
shown in Figure 2] Similar results for SWN have been deferred to Figure|[§]in the appendix.

4.2 EFFECT OF NORMALISATION ON WEIGHT AND GRADIENT NORMS

This section contains the main theorems and the difference between EWN and SWN that makes
EWN asymptotically relatively sparse as compared to SWN. First, we will state a common proposi-
tion for both SWN and EWN.

Proposition 2. Under assumptions (Al )-(A4) for gradient flow and (Al)-(A5) for gradient descent,
for both SWN and EWN, the following hold:

(i) lim;—so0 % =pud ", Eyiqu)(v?,xi) =g, where pu > 0.

"Homogeneous networks in the w space are also homogeneous in the 7, v space. Therefore results regard-
ing convergence rates and monotonic margin hold from|Lyu & Li|(2020). However, the results for convergence
to a KKT point of the max margin problem do not hold. For details, refer Appendix@
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Figure 2: Verification of assumptions for EWN in Lin—Sep experiment: (a) shows the dataset.
In (b), it can be seen that only weights 5,7 and 8 keep on growing in norm. So, only for these,
[[We|l > 0. (c) shows the components of the unit vector Hg—”, only for the weights 5, 7 and 8 as
they keep evolving with time. Eventually their contribution to the unit vector become constant. (d)
shows the components of the loss vector and they also become constant eventually. (e) shows the
normalized parameter margin converging to a value greater than 0.

(ii) Let W, = lim;_,o0 % and g, = lim;_. W[m. Then, w,, = \g, for some

A>0

The first and second part state that under the given assumptions, for both SWN and EWN, gradients
converge in direction and the weights that contribute to the final direction of w, converge in opposite
direction of the gradients. Now, we provide the main theorem that distinguishes SWN and EWN.

Theorem 2. Under assumptions (Al)-(A4) for gradient flow and (Al)-(A5) for gradient descent, the
following hold

- - - - I ()| Vg £ | _ [ El]
(i) for EWN, W[l > 0, [|w, | > 0 = limiseo [ie@IwaZw@l = Twalle] = .
. . . - IWa OV L [FullBull
(i) for SWN, [[Wul| > 0, [[wo[| > 0 = limy oo [GEHTR 2] = Twollad =
Thus, asymptotically, for EWN, |w,(t)] = W“ﬂ:% while for SWN, [w,(t)]|] =

ka(t)||Vw, L(w(t))||, where k1(t) and k2(t) are independent of the neuron u. We demonstrate
this property of EWN on the Lin-Sep experiment in Figure [3] The results for SWN have been
deferred to Figure [0]in the Appendix.

Now, we provide a corollary for the case of multilayer linear nets.

Corollary 1. Consider a weight normalized(SWN or EWN) multilayer linear net, represented by
y = WWy_1..Wix. Under assumptions (Al)-(A4) for gradient flow and (Al)-(AS) for gradient
descent, if the dataset is sampled from a continuous distribution w.r.t R, then, with probability
1,0 = W[ W, ...W.,T converges in direction to the maximum margin separator for all linearly
separable datasets.



Under review as a conference paper at ICLR 2021

-0.4
— s
> S -04 wr
° ]
c >
® _0.6 °
< @
S
s 5 —0.6
> N
g z
Q g
o 08
£ g -os8
= £
o 3
o O
-1.0 1o > 1]
0 200 400 600 0 200 400 600
Steps Steps
(a) (b)
-237.8
LI -285.8 o W
x Wy x Wy
-190.2 . Wy - wg
— _-2380 .
:’ :} ; —286.0
= -190.4 x+y=-188.65 S S ‘iy = 28822
2 g 2 -2852
-190.6
-238.4
-286.4
1.4 1.6 18 2.0 16 18 2.0 22 1.6 18 2.0 2.2
log [Iwul| log [wul| log ||wul|
(©) (d) (e

Figure 3: Demonstration of Results for EWN in Lin—Sep experiment: (a) demonstrates part 1
of Proposition [2| where g is approximated by using w from the last point of the trajectory. Clearly,
Vw, L stops oscillating and converges to g. (b) demonstrates part 2 of Proposition [2| and shows
that for weight vectors 5,7 and 8, w,, () converges in opposite direction of Vy, L(w(t)). (c), (d)
and (e) demonstrate Theorem [2|for EWN, where for weight vectors 5,7 and 8. The three graphs are
plotted at loss values of e=2% ¢=250 and ¢=3% respectively. At each loss value, for the 3 weights,
log ||wy || + log || Vw, £]| is approximately same.

4.3  SPARSITY INDUCTIVE BIAS FOR EXPONENTIAL WEIGHT NORMALISATION

The inverse relation between || w,,(¢)|| and |V, £(w(¢))| in the EWN trajectory results in an
interesting inductive bias that favours movement along sparse directions.

Proposition 3. Let assumptions (Al)-(AS) be satisfied. Consider two nodes u and v in the network
such that | &, > |&ull > 0 and [w.(t)], [[wo(t)| — oco. Let [E=} be denoted by c. Let €, be
such that 0 < e < cand 0 < § < 27. Then, the following holds:

1. There exists a time t1, such that for all t > t1 both SWN and EWN trajectories have the
following properties:

Vg L(W
(@) % €lc—e€cH+¢

() (uxﬁggu)T (ot ) = cos(o)
o (retin) (a&zﬁ%;iﬂ) > cos(d),
2 o i 1
3. for EWN, if at some time to > t1,

wa(t2)] ~ Iwa(Ol _

(@) W2 e > TTem® = Mmoo [T =
[wa(t2)]| _ cos(8) - Iwa®)]

(b) st < “ere = Moo i =0
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Figure 5: (a) Training data for the XOR experiment. (b, ¢c) Norm of the incoming neuron weights for
the EWN and unnormalized architectures.

The above proposition shows that the limit property of the weights in Theorem 2} makes non-sparse
w an unstable convergent direction for EWN. But that is not the case for SWN. We demonstrate the
relative sparsity between EWN, SWN and Unnorm through two toy experiments — Simple—Traj
and XOR.

In the Simple—Traj experiment, we have a single data point at (2, 1), that is labelled positive and
train a network with linear activations. The architecture is shown in Figure fa] where weights in
blue and red are frozen to values 1 and O respectively. Thus, there are effectively only two scalar
parameters- w; and wy. The network is trained till a loss value of e~5° starting from 5 different
initialization points. The weight trajectories in Figure[db]shows that EWN prefers to converge either
along the x or y axis, and hence has an asymptotic relative sparsity property.

In the XOR experiment, we train a 2-layer ReLU network, with 20 hidden neurons on XOR
dataset(shown in Figure [5a). The second layer is fixed to the values 1 or -1 randomly. For at-
taining 100% accuracy on this dataset with this architecture, at least 4 hidden units are needed. As
can be seen in Figure[5] EWN asymptotically uses exactly 4 neurons out of 20, while Unnorm uses
all the 20 neurons. The results for SWN have been deferred to Figure[I0]in the appendix.

5 CONVERGENCE RATES

lle ()l
g(t)

Under Assumption (A2), w can be represented as w = ¢(¢)w + r(¢), where lim;_, o =0.

Letd: N — R, given by d(t) = Zi:o 7(7) denote total step size.
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Figure 6: Variation of convergence rate of train loss with number of layers for multilayer linear nets

The asymptotic convergence rate of loss for SWN and Unnorm have already been established in|Lyu

& Li|(2020) as © <122> . For EWN, the corresponding theorem is provided below
d(t)(log d(t))"" L

Theorem 3. For EWN, under Assumptions (Al)-(AS5) and lim;_, W = 0, the following
hold

1. ||w(t)| asymptotically grows at © ((1og(d(t))%)

2. L(w(t)) asymptotically goes down at the rate of © (m).

For multilayer linear nets, the variation of convergence rate with number of layers for a linearly sep-
arable dataset is illustrated in Figure[6] All of these networks were explicitly initialized to represent
the same point in function space. It can be seen that EWN, SWN and unnormalized networks all
converge faster with more layers, but the effect is much less pronounced for EWN.

6 MNIST PRUNING EXPERIMENTS

As EWN leads to asymptotically sparse solutions, it is likely that a sufficiently trained EWN net-
work would be comparatively robust to pruning. In this section, we compare the pruning efficacy
of EWN, SWN and Unnorm on a 2-layer ReL.U network trained on the MNIST dataset. In case of
EWN and SWN, only the first layer is weight normalized as only this layer needs to be pruned. The
pruning criterion used is the difference between the initial and final weight norm, i.e, the weights
that grow the least in norm are pruned first. The corresponding pruning graphs at different loss
values are shown in Figure[7] It can be seen that when the loss levels are sufficiently low, the EWN
network becomes better adapted for pruning, significantly outperforming SWN and the unnormal-
ized network in terms of test accuracy for a given level of pruning. The variation of norm of the
weight vectors with gradient descent steps for neurons in the first layer has been deferred to Figure

in the appendix.

7 CONCLUSION

In this paper, we analyze the inductive bias of weight normalization for smooth homogeneous neural
nets and show that exponential weight normalization is likely to lead to asymptotically sparse solu-
tions and has a faster convergence rate than unnormalized or standard weight normalized networks.
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A PROOF OF THEOREM [I]

Theorem. The gradient flow path with learning rate 1(t) for EWN and SWN are given as follows:

EWN. dvz;(t) = =n()[|wu ()" Vw, £
Awa(t) _ o 1= wa®IPN (o T w
SWN: =2 = (1) ([|wu (1) vw“£+( RO )( () Vi, L)wu(t))

The proof for the two parts will be provided in different subsections, where the corresponding part
will be restated for ease of the reader.
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A.1 EXPONENTIAL WEIGHT NORMALIZATION

Theorem. The gradient flow path with learning rate 1)(t) for EWN is given by:

dw,,(t)

_ 2
W OllwaO) Ve, £

Proof. In case of EWN, weights are reparameterized as w,, = e“* H:',—“” Then

T
Quyy Vu qu ’C

Va,L =
[Vl
QU T
Ve L= (- Yy, L
[Vl [Vl

Now, in case of gradient flow with learning rate 7(t), we can say

day(t) _ _ e Ya®) TV, £
a MOV L= O o
dva(t) o e vy (H)va(t)T
i~ MOV L= i - S ) Ve

Now, using these equations, we can say

d||va ()] dv(t)
g - 2vu(t)T (dt) =0

Thus, ||v,(t)| does not change with time. As we assumed ||v,(0)]| to be 1, therefore for any t,

|[v.(t)]] = 1. Using this simplification, we can write
dwy,(t)  d(e® v, (t))
a dt

= e O (—n(t)e™ (I = v, (t)vu(t) )V, L) = n(t)e** D (vy (1) T Vi, L) v (t)
_ 777(t)62a“(t)ku£

Thus, the gradient flow path with exponential weight normalization can be replicated by an adaptive
learning rate given by n(t)||w (t)||%. O

A.2 STANDARD WEIGHT NORMALIZATION

Theorem. The gradient flow path with learning rate 1)(t) for SWN is given by:

dwy(t) 1 — [[w. ()]
dt W ()12

Proof. In case of SWN, weights are reparameterized as w,, = vuﬁ. Then

= O (WD) Ve £+ ( ) (Wa6)T Vo, L) wa(8))

V. L= W
Vel = g - WV:HTQ )V, L
Now, in case of gradient flow with learning rate n(t), we can say
Dull) — 1)V, 2 = (1) W
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Now, similar to EWN, ||v,(¢)|| does not change with time. Using the fact that ||v,,(¢)|| = 1 for all
t, we can say

dw,(t) _ d(yu()va (1))
dt dt

= (&) (=) = Vut)vu(t) ) Ve, £) = 0(t)(vu(t) " Ve, L)vu(t)
= =) (7 ()*Vew, £+ (1 = %(t)*) (Va(t) T Ve, L)Va(?)

_ 2
(1) Ve £+ <W) (Wa(6)T Vo, L)1)

Replacing 7, (t) by ||w,(t)|| gives the required expression. O

B PROOF OF PROPOSITION[T]

Proposition. Under assumptions (Al)-(A4), limy_,oo n(t)||Wy,(8)||Vw, L(W(t))|| = 0 holds for
every w in the network with 1(t) = O( 2 ), where ¢ < 1.

Proof. Under assumption (Al) and (A2), w can be represented as w = g(t)w + r(t), where
el
g(t)

limg o0 = 0. Now, for exponential loss,

m

~VwL(w(t) =D Li(w(t) (% VwP(w(t),z;))

=1
0 = e ¥i®(w(t)@) — efg(t)Lyiq)(WJr%’mi)
r(t)
=~
o) i)

From assumption (A4), we know ®(w, x;) > p for all i. Now, using Euler’s homogeneous theorem,
we can say

Vw®(w(t), z;)) = g(t)" 'V ®(W +

W Vo ®(W,x;) = LO(W, x;)
Thus, ||V« ®(W,x;)|| > 0 for all . Now, using the equations above and assumption (A3), we can
say
. [V Lw(2)] _
tmree empo B g ()L 300 iy V@ (W, )|

where k; is some constant. Now, if n(t) = O(W) where ¢ < 1, then using the fact that £

goes down at the rate of e=?9()" and ||w/|| goes up at the rate of g(t), we can say
ko[ w (@) [ Vw £(w (1)) ]

Tim (0] w(0)][[VwL(w()]] < lim

L)
iy Fak2e O g0 0, Ly V@ (W x0) [ [[w ()]
= 1m

a L(w(D))"

=0

C PROOF OF PROPOSITION

Proposition. Under assumptions (Al)-(A4) for gradient flow and (Al)-(AS) for gradient descent,
for both SWN and EWN, the following hold:

(i) limy_o0 % =pud ", GiyiVw®(W,x;) = & where i > 0.
(ii) Let W, = lim;_ oo ”"uni((t';)” and g, = lim;_, Wm. Then, w,, = \g, for some

A>0
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The proof for different cases will be split into different subsections and corresponding proposition
will be stated there for ease of the reader. The proof will depend on the Stolz Cesaro theorem(stated
in Appendix [J)),Integral Form of Stolz-Cesaro Theorem(stated and proved in Appendix [J) and fol-
lowing lemmas that have been proved in Appendix [I}

Lemma 1. Under assumptions (Al)-(A4) for gradient flow and (Al)-(AS5) for gradient descent, for
both SWN and EWN, va;r g. > 0 for all nodes u in the network.

Lemma 2. Under assumptions (Al)-(A4) for gradient flow and (Al)-(AS5) for gradient descent,
for both SWN and EWN, there exists atleast one node v in the network satisfying ||w,|| > 0 and
| gull > 0.

Lemma 3. Consider two unit vectors a and b satisfying a'b > 0anda'b < 1. Then, there exists
a small enough € > 0, such that for any unit vector c satisfying ¢ ' a > cos(€) and any unit vector d
satisfying d"b > cos(e), bT (I —cc')d > e

Lemma 4. Consider sequence a satisfying the following properties

1 ap >0

2.3 ag =00
3. limk_mo ap = 0

Then Y 1o, \/% =00
i=095

Lemma 5. Consider two sequences a and b satisfying the following properties
1 ap > 0,% 7 g ar = o0 and limy,_, o a, = 0
2. by > 0, bis increasing and by, | < b7 + (%:)2

Then Y 1o, 7= oo

Lemma 6. Consider two sequences a and b satisfying the following properties
1. ap > 0and Y ;2 g ar = 0
2. b, >0and Y~ by = 0
3. >0 olar — by) converges to a finite value
4. limk_)oo‘g—: exists

Then limy,_, o ‘bl—: =1

C.1 EXPONENTIAL WEIGHT NORMALIZATION

In this section, we will use e®=(*) and ||w,,(t)|| interchangeably.

C.1.1 GRADIENT FLOW

Proposition. Under assumptions (Al)-(A4) for gradient flow, for EWN, the following hold:

(i) lim;_ o M =pu lel w®(W,x;) = g, where i > 0.

IVwL(w(t))
(ii) ieiv;u = limy oo Py and u = lime oo TOEEGTTT - Then, Wu = Agu for some
Update Equations:
do, (t
dt< ) (e O (v (6) TV, LW (L)) M

14
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dv,(t)
dt

O oo [T = 12T liy:Vw®(W,x;) = & where 1> 0

= ()™ (I = vy (t)vu(t) ") Ve, L(W(1) ®)

Proof. Using the fact that p > 0 and Euler’s homogeneous theorem, we can say
W VW ®(W,z;) = LO(W,z;) >0
w®(w,z;)|| > 0 for all 7.

Let w(t) = g(t)wW + r(¢), where lim;_, o, ”;8” = 0. Now, by Taylor’s Theorem, we can say

k=1

Vo d(w(t), 21) = Vo d(g(t)#, 1) + / V2D(g(t)% + kr(t), z:)r(t)dk
k=0
L1 ~ b [ o ( ) r(t)
=g(t)" ' Vu®(wW,z;) + g(t) Ved(w + x;)——~dk
k=0 ( ) g(t)
Now, V2<I>(v~v + krgg,xl) can be bounded by a constant and lim; ”gg;” = 0. Thus,

lim; o f V2<I>( +k Eta )98 dk = 0. Thus, we can say, if ||V ® (W, z;)| > 0 for some

1, then

. Vo ®(w(t),x;) -
Jim T Vw®(W, ;) 9
Now,
—Vwl(w Ze Vw®(w(t), z;))
Now, Let S = {i : y;®(W,z;) = min, yjfb(w,xj)}. Let € denote minj¢g y; ®(W, ;) — p.
Consider a € S and b §Z S, then
lim lo(w(t)) = lim efg(t)L@("T’*Zi?) Ta)= <I>(""Jrgm b))

Now, as the minimum difference is ¢, therefore lim;_, o Zb((ww(( t))) = 0. Thus, Vj ¢ S, E = 0. Now,

using Equation (9) and the expression for —Vy £(w(t)) from before, we can say
—VwL(w(t) _
lim —— = E Ciyi Vo ®(W, ;)
t=oo [V L(w(t))| i '

€S

h = _1 ) O
WHETE = S s G e (e

@) ||[wu]| >0 = w, = \g, for some A > 0

Proof. Consider a node v having ||[w,| > 0. The proof will be split into two parts depending on
&ull > 0 or[[gu = 0.

Case 1: ||g,|| > 0

Let the angle between w,, and g, be denoted by A. Using Lemmal we can say A < Z. We will
prove the statement by contradiction, so let’s assume A > 0.

Now, we know, %M converges to g, and v, (t) converges in direction of w,. Taking
dot product with H~ ] on both sides of Equation (8) and using Lemmal we can say there exists a
time ¢; and a small enough ¢, such that for any ¢ > t1,
~ T
Su ) dvu (t) .y, (t)
= Z n(t)e™ V[ Vw, L(w(D))] e (10)
(IIgul dt
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Now, using the fact that o, — co and Equation (7), we can say
o0
/ n(t)e D |V, L(w (D)l dt = oo
ty
Integrating Equation (I0) on both the sides from ¢, to oo, we get
Bu ) W
u u
= (= —Vvu(t1)) >
(IIgu ) Wl "
This is not possible as vectors on LHS have bounded norm. This contradicts. Hence A = 0.

Case 2: ||g,|| =0

We are going to show that it is not possible to have || w,,|| > 0 and ||g, || = 0. Using Lemma[2] we
can say there exists atleast one node v satisfying ||W,|| > 0 and ||g,|| > 0. Now, using Equation

(7). we can say
t
[wau (t)[] < /k_on(k‘)llwu(k)H2||un£(W(k))lldk
From Case 1, we know, for any ¢ > 0, that there exists a time ¢;, such that for ¢t > t,

¢
(”nggu) (I\vav ﬁﬁ((“;(;)f‘) > cos(€). Now, using Equation , we can say

t

[wo ()] = [[wo (t)]] +COS(6)/ (k) [[wo (B) || Ve, L(w (k)| dk

k‘=t1
Thus, we can say, for t > ¢4,

Iwu(OI S (k)| w (R )IIQIIunC(W(k))Hdk
lwoOIF ™ flwa, (00)] + cos(e) [y, (k)W (k)2 Vow, L(w (k)| dk

Now, as |[Wy|| > 0 and ||w,]|| > 0, therefore both the integrals diverge. Also, the integrands
converge in ratio to 0 as ||g,|| = 0 and ||g,| > 0. Thus, taking limit ¢ — oo on both the sides and
using the Integral form of Stolz-Cesaro theorem, we can say

W@ _

S [[wo ()] )|| B

However, this is not possible as ||w,|| > 0 and ||w,|| > 0. This contradicts. Therefore, such a case
is not possible. O

C.1.2 GRADIENT DESCENT

Proposition. Under assumptions (Al)-(A5) for gradient descent, for EWN, the following hold:

(i) 1imy oo ToFrastt = 300 Ly V@ (W, %;) = & where 1> 0.

(ii) Let w, = lim;_,o ”v;'j(%)” and g, = lim;_, Wm. Then, w,, = \g, for some
A>0
Update Equations:
Vo (t) TV, L(W(t))
ay(t+ 1) = ay(t) — n(t)e® C (11)
v @)l
o Bva(®)
€ v \'%
vu(t+1) = vy (t) — n(t) — eV Vw, L(W(1)) (12)
[va (@)l Iva@l? ~ %
(@) 1imy o0 To-roreth = 100 Liyi Vi ®(W,%;) = &, where 1 > 0
Proof. Follows exactly as shown for gradient flow in Appendix O
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@) |Wy|| >0 = w, = \g, forsome A >0

Proof. Consider a node u having ||w,|| > 0. The proof will be split into two parts depending on
8ull > 0 or [|gu = 0.

Case 1: ||g,|| > 0.

Let the angle between w,, and g, be denoted by A. Using Lemmal we can say A < Z. We will
prove the statement by contradiction, so let’s assume A > 0.

Now, we know, ng“iim converges to g, and v, (t) converges in direction of w,. Taking

Tgull
time ¢, and a small enough ¢, such that for any ¢ > ¢,

v (t+ 1)T§u Vu (t)—rgu eou(t)
Bl 2 g O Ve £ )

v, (t)]| doesn’t stay constant and thus increase in dot product doesn’t directly
correspond to an increase in angle. Now, using Equation (I2)), we can say

dot product with -8 on both sides of Equation (12} and using Lemma we can say there exists a

oult+ DI < IO + 00 i Vo, £ D) 13)
Using the above two equations, we can say, for time ¢ > #1,
vt D)TE, e ) [V £ ())
CAESAR VIV + (08) 7 IV, LW (D) )2

Unrolling the equation above, we get
~ Vo t w C‘u(k)
vu(t+1)Tgu . Vall) B 5= (k) e [V, L(w(R)) )
Vo (t + 1)ll|8ull \/||v (th ||2+zk 0 (R) 1= 1V e, £(w () )2

Now, as o, (t) — oo, therefore, using Equatlon , we can say

(14)

k=00

3 n(k)e B |V, L(w(k))]| = oo

k=t1

Now, using this identity, along with the Assumption (A5), Equation and Lemma[5] we can say

0 au(k)
> n(k)H Bl [Vw,L(w(k))|| = oo
k=t, Vu

Using this along with Equation and Lemma[d] we can say
vu(t+1) "8y
im — =
t=oe [[va(t + Dl |gu
However, this is not possible as the vectors on LHS have bounded norm. This contradicts. Thus
A=0.
Case 2: ||g,|| =0

We are going to show that its not possible to have ||w,|| > 0 and ||g,|| = 0. By Lemma|3] we know
there exists atleast one node s satisfying ||w|| > 0 and ||gs|| > 0. Now from Equation (1 1), we can
say

ay (k) Vu (k)TunE(W(k))

pr [V (k)]
k=t—1
() — 0] oty Vs (K) Vo, L(w(k))
S(t) S(O) Pt n(k) ||V5(k')||
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Thus,
k=t—1 Vi(k) "V, (0 L(w(k)) v (k)" Ve, L(w (k)
ay(t)—as(t) = (a,(0)—a % (k) - —n(k)e ™
w(t)—as(t) = (ay(0)—as(0))+ 2 (n(k) [ve (k)| n(k) |V (K| )
(15)

Now, we know, o, (t) and as(t) — oco. Also, as ||w,|| > 0 and ||w| > 0, therefore o, — s
converges. Therefore the RHS of Equation (I5) converges as well. However, RHS is the dif-

ference of two diverging series. Also, as v4(t) and Vy, L(w(t)) eventually get aligned and

. wo, L(wW
limy o0 7“||ngﬁ((w((gghl = 0, so, we can say

0 () Yul(®) | Vi, L(w(1)
lim [[va ()l =0

P ) Ve WD)
B e T 1

However, this contradicts Lemmal6] as the ratio must be converging to 1 if the limit exists. Therefore
this case is not possible. O

C.2 STANDARD WEIGHT NORMALIZATION
C.2.1 GRADIENT FLOW
Proposition. Under assumptions (Al)-(A4) for gradient flow, for SWN, the following hold:

(i) limy_, o W =udr, zyZV‘,\ﬁI)({Tv,xi) =g, where u > 0.

(ii) Let w,, = lim;_,o ”wwui((;f))” and g, = lim;_, WW' Then, W, = A\g, for some

A>0
Update Equations:
dryu(t) vu(t) ' Vw, L(W(t))
= —n(t) (16)
dt [vu (D]
v, (t) Yu(t) va(t)va(t) T
= —n(t) (- WV, L(w(t)) (17)
dt [va (@)l [[va ()]
—VwL(w(t)) = _5
@) limy 0 oo Ziw) = =py i iV ®(W,x;) = g, where 11 > 0
Proof. Follows exactly as shown for gradient flow in Appendix O

@) ||[wu]| >0 = w, = \g, for some A > 0

Proof. Consider a node u having ||w,|| > 0. In this case, 7, () can either tend to oo or —oo. We
will consider the case 7, (t) — oco. The other case can be handled similarly. The proof will be split
into two parts depending on ||g,|| > 0 or ||g.|| = 0.

Case1: ||g,|| >0

Let the angle between w,, and g, be denoted by A. Using Lemmal we can say A < Z. We will
prove the statement by contradiction, so let’s assume A > 0.

Now, we know, Hg%m converges to g, and v, (t) converges in direction of w,,. Taking
dot product with H~ 7 on both sides of Equation (17) and using Lemmal we can say there exists a
time ¢; and a small enough e, such that for any ¢ > ¢4,
~ T
Su dv,(t)
(iB5) 2 00 OI7w Lol (18)
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Now, using the fact that y,, — oo and Equation (I6), we can say
| 9, cov®)at =
t1
Integrating Equation (I8) on both the sides from ¢; to oo, we get
Bu ) W
~u (%—Vu(tl)) ZOO
( 8wl ) W]
This is not possible as vectors on LHS have bounded norm. This contradicts. Hence A = 0.

Case 2: ||g,|| =0

We are going to show that it is not possible to have ||w,|| > 0 and ||g,|| = 0. Using Lemma[2} we
can say there exists atleast one node s satisfying ||W,|| > 0 and ||gs|| > 0. Now, using Equation

(16), we can say
t
[wu (@)] < /k—o (k) IVw, L(w (k)| dk

From Case 1, we know, for any ¢ > 0, that there exists a time ¢;, such that for ¢t > tq,

b
W —Vw, L(W . .
(st E:;\I) (I\ngll(\(rv(gg\)l) > cos(€). Now, using Equation (16), we can say

t
[ws()] = [[ws(ta)]| +005(€)/k Nk Vw, L(w(k))||dk
=t
Thus, we can say, for ¢ > t4,

Iwu (OI] Jion(k IIVWHE( (k))l|dk
IWs @I~ lwa (t2)]] + cos(e) fi_,, n(k)[[Vw, L(w(k))||dk

Now, as ||[Wy|| > 0 and ||wg|| > 0, therefore both the integrals diverge. Also, the integrands
converge in ratio to 0 as ||g,|| = 0 and ||g,| > 0. Thus, taking limit ¢ — oo on both the sides and
using the Integral form of Stolz-Cesaro theorem, we can say

W@l _

1= [[wi ()] )|| -

However, this is not possible as ||w, || > 0 and ||w,]|| > 0. This contradicts. Therefore, such a case
is not possible. U

C.2.2 GRADIENT DESCENT

Proposition. Under assumptions (Al)-(A5) for gradient descent, for SWN, the following hold:

(i) lim;— oo W =u>r, zyZV‘,\ﬁD(\Tv,xi) =g, where . > 0.

(ii) Let W, = lim;_ oo Tw (t';)” and g, = lim;_, Wm. Then, W, = \g, for some
A>0
Update Equations:
Vi (t) Vw, L(W(t))
Yu(t) Vu (t)vu(t)T

vt + 1) = v, (t) —n(t) Val (I - THOIE VW, LW(t)) (20)

@) limy o0 Wf}m = NZZ 1 1yZVWCI>(v~v,xZ-) =g, where u > 0
Proof. Follows exactly as shown for gradient flow in Appendix O
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@) |Wy|| >0 = w, = \g, forsome A >0

Proof. Consider a node u having |w,|| > 0. In this case, v,(t) can either tend to co or —co. We
will consider the case 7, (t) — oco. The other case can be handled similarly. The proof will be split
into two parts depending on ||g,|| > O or ||g.|| = 0.

Case 1: ||g,|| > 0

Let the angle between w,, and g, be denoted by A. Using Lemmal we can say A < 7. We will
prove the statement by contradiction, so let’s assume A > 0.

Viw, L(w(t))
I\unﬁ(W(t))H

dot product with \~ 7 on both sides of Equation and using Lemmal we can say there exists a
time ¢; and a small enough e, such that for any ¢ > ¢4,

vt + 1) 80 _ vu() 8y Yu(t)
Igull T I8l ||Vu( )l

However, in this case, ||v,(t)|| doesn’t stay constant and thus increase in dot product doesn’t directly
correspond to an increase in angle. Now, using Equation (20), we can say

Now, we know, — converges to g, and v, () converges in direction of w,,. Taking

+e(n(t)

IV, LW (D))

Yult
Ve + DI < V(O + (00 220 Vo, L)) a1
Using the above two equations, we can say, for time ¢ > £,
Vot +1)Tg Vulfguugu + e(n(t) e [V, L(w (1))

e+ Dl VIvu®IZ + (1) 2 [V, £(w () )2

Unrolling the equation above, we get
~ vu(t u w(k
vu@ﬂfgu velli) 8o 4 SN (k) 2l | Vow, L(w (K))])
IVt DI vt + S 08) 2830 1V, £0w ()2

Now, as v, (t) — oo, therefore, using Equation (20), we can say

(22)

k=00

S (k)| Ve, L(w(R)) | = o

k=tq
Now, using this identity, along with the assumption (A5), Equation and Lemma 5] we can say

kgl k) oy IV LW DI =

Using this along with Equation and Lemma[d] we can say

Jt+1)Tg,
i Vet D 8 o
t=oo [[vy(t + 1)[[[|ull

However, this is not possible as the vectors on LHS have bounded norm. This contradicts. Thus
A=0.

Case 2: ||g,|| =0

We are going to show that its not possible to have || w,|| > 0 and ||g,|| = 0. By Lemma|3| we know
there exists atleast one node s satisfying ||w|| > 0 and ||gs|| > 0. Now from Equation (19), we can
say

= (k)T Vaw, L(w(k))
) =@ = ) 0=
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k=t—1

Vs(t) =Ts (O) - U(k)
k=0

VS(k)vasﬁ(W(k))
[vs (R

Now, ~,(t) either diverges to co or —co. In both the cases, it is a strictly monotonic sequence for
large enough ¢. Also

() =00

t=o0 st +1) — 7s(t)
as [|gu]| = 0,]/gs]| > 0 and from Case 1, w(t) and —V,_ L(w(t)) eventually get aligned. Thus,
using Stolz-Cesaro theorem, we can say

=0

tim 24 _ g

t—00 Yg (t)

However, this is not possible as ||w,|| > 0 and ||W,|| > 0. This contradicts. Therefore, this is not
possible. [

D PROOF OF THEOREM

Theorem. Under assumptions (Al)-(A4) for gradient flow and (Al)-(AS5) for gradient descent, the
following hold

IWou (O Vw, LWED_ ¢

(ii) for SWN, =1

Full > 0, >0 = limy_, o |20l Llw0)

Two (OITV w, £(w(t))

Proof for different cases will be split into different subsections and the corresponding case will be
restated there for ease of the reader.

D.1 EXPONENTIAL WEIGHT NORMALIZATION
D.1.1 GRADIENT FLOW
Theorem. Under assumptions (Al)-(A4) for gradient flow, the following holds for EWN:

e - : [ (0) [ Ve £Ov()]]
(@) [Wull >0, [[Woll > 0 == limeso0 1 @i 2 Zowont = 1

Proof. Consider u and v such that ||, | > 0 and ||w,|| > 0. Using Proposition 2} we can say
lg.]l > 0 and ||g,]| > 0. Also, from Proposition |2} we can say, for both « and v, weights and
gradients converge in opposite directions. Hence there exists a time o, such that for any ¢ > to,

* —Vw,L(w(t)) and w, (t) make an angle ¢ or lesser with each other

* —Vw,L(w(t)) and w, (t) make an angle € or lesser with each other

Then, using Equation (7)), we can say for any time ¢ > to,

t

W (@) = IIWu(t2)||+COS(€)/ (k) [wa () |? [V, L(w (k)| dk

k=to

[wu @) < [[wu(t2)] +/k:t’ (k) lwa (0) ]|V, L(w(E)) || dk

t

[wo @) = [lwo(t2)]] +COS(€)/ (k) [wo (R) 1V, L(w (k) dk

k=to
t

[wo@)[ < [[wo(t2)ll +/ (k) [wo (k) 12|V, L(w (k) || dk

k=to
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Using the above equations, we can say, for time t > to,

Iwu (@) [IWut2)l] + cos(e ) Jie t2 k) llwa (B) 12| Ve, L(w (k))||dk
lwo@I = fiwy (t2)ll + [y, m )Ilwv( PNV w, £(w(E))||dk

Iwa(®)l _ lwa(t2)l + [y, 7 )IIwu( NIV, L(w(K))||dk
[Wo (O ™ [[w (t2)[| + cos(e) [, n(k) |wy(B)]|2]| Vi, £(w (k)| dk

We know that both integrals diverge as ||w,(¢)| and [|[w, ()] — oo, lim; e HZ“EQH and
limg—, oo M exist. Taking limit £ — oo on both the equations and using the Integral form
of Stolz-Cesaro theorem, we get

i SOOI NV 0 LD Iwa e WP Vw0 £ 0]
oo Wy ()P Vw, o LW(E)[ 7~ t=oe [wy ()] T t=oe cos(e) [wu ()12 Vi, i) LW (D))

As we know these limits exist and this holds for any ¢ > 0, therefore

@l @V £ ()]
5 Twu O ~ 2% W Fow, 0 £ D)

Simplifying it further, we get

W1V £
1m
=35 o Ol [V 21

=1
D.1.2 GRADIENT DESCENT
Theorem. Under assumptions (Al)-(A5) for gradient descent, the following holds for EWN:

) e ~ , o ()| Ve, £ ()] _
(@) [Wull >0, [[Woll > 0 = T oo 1 Gios  Zown = L

Proof. Consider two nodes u and s such that ||w,|| > 0 and ||w,|| > 0. From Proposition2] we
know [|g.|| > 0,]/8s|| > 0 and for both u and s, weights and gradients eventually get aligned
opposite to each other. Using Equation (TT), we can say

t—1

@ =« - e () vu(k) 'V, L(w(k))
u(t) = au(0) ;n(k) V(B
as(t) = a - S e0s(k v (k)" Vw, L(w(k))
+(t) = 0,(0) kgvﬂk) FAGI
Thus,
k=t—1
()= 0ra(t) = (cn(0)—ara(0))+ (n(k)e®s*) Vs(k)TW:s((]:;ﬁ:(W(k)) —n(k)e=®) v
k=0 ° '

Now, we know, o, (t) and as(t) — oo. Also, as ||Wy|| > 0 and ||W,]|| > 0, therefore o, (t) — as(t)

converges. Therefore the RHS of Equation (23] converges as well. However, RHS is the difference

o (D) Yu®) | Vo, Lw (1)
v (D]

vas(t) Yo Vw, Lw(D)
Tvs (0T

e ||V, L(w(t))

1. u = 1
fggo eas(t)vasﬁ(W(t))H

of two diverging series. Also, lim;_, o, exists. Therefore, using Lemma|6} we

can say
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D.2 STANDARD WEIGHT NORMALIZATION
D.2.1 GRADIENT FLOW
Theorem. Under assumptions (Al)-(A4) for gradient flow, the following holds for SWN:

W OV, LWL _ ¢

(@ Wl > 0, [Wull > 0 = 14 o0 0 o0 Zawon ] =

Proof. Consider u and v such that |w,|| > 0 and ||w,| > 0. Using Proposition |2, we can say
lg.]l > 0 and ||g,]| > 0. Also, from Proposition |2} we can say, for both u and v, weights and
gradients converge in opposite directions.

Consider a time t2, such that for any ¢ > o,

* —Vw,L(w(t)) and w, (t) atmost make an angle € with each other

* —Vuw,L(w(t)) and w, (t) atmost make an angle € with each other

Then, using Equation (I6), we can say for any time ¢ > ¢,

[wu (B[l > [[wu(t2)] + cos(e) /k:t (k) [V, L(w(k))||dk

t

[wu(8)]] < [[wu(t2)]| +/ n(k)[IVw, L(w (k) dk

k=to

[wo (D)l = [[wo(t2)]| + cos(e) /k:t () Vw, L(w(k))[|dk

t

[wo (DI < [[wo (t2)]| +/ () Vw, L(w (k)| dk

k=tg

Using the above equations, we can say, for time t > to,

[Wu Ol [wa(t2)[| + cos(e) fi_,, (k)| Vw, L(w(k))|dk
wo@®I — wot2)ll + fr_,,m )vavc( (k))||dk

[[w (8) ] < Iwa (t2)]] + f to 1 )HVWUE( (k))||dk
Iwo @I~ [[wo(t2)[| + cos(e) fo_,. (k)| Vw, L(w(k))||dk

We know that both integrals diverge as ||w,(¢)| and [|[w, ()] — oo, lim; e I‘\ZEQH and

limy_y 00 M% exist. Taking limit £ — oo on both the equations and using the Integral

form of Stolz-Cesaro theorem, we get

s Va0 L O _ @l [Ta L)
O Vs £ O~ % (D] = 275 c05(6) [ Vaw, (o Lw ()]

As we know these limits exist and this holds for any ¢ > 0, therefore

WO Vw, ) £
i IV €]

=1
t=00 [[wy (D[ Ve, £l
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D.2.2 GRADIENT DESCENT
Theorem. Under assumptions (Al)-(A5) for gradient descent, the following holds for SWN:

W (DI Vw, LWL _ ¢

(D [[Wull > 0, [IWoll > 0 = Timy o0 G [Tur Tl =

Proof. Consider u and v such that |[W,|| > 0 and ||w,|| > 0. Using Proposition [2| we can say
lg.]l > 0 and ||gs|| > 0. Also, from Proposition [2| we can say, for both u and s, weights and
gradients converge in opposite directions. Now from Equation (T9), we can say

V. T W
Tlt) =30 = 3 (k) (k) Vw, L(w(k))
k=0 NG
k=t—1
_ B vo(k) V. L(W(k))
Ys(t) = 75(0) 2 n(k) Gl

Now, 7,(t) either diverges to co or —oc. In both the cases, it is a strictly monotonic sequence for

Yu (1) —vu(t)

Vs (b41) =75 (1)

i e OIVw, 0 Ll
im

t=oe [wWs () IVw, 0 Ll

large enough ¢. Also lim;_, o,
say

exists. Therefore, using Stolz-Cesaro Theorem, we can

=1

E PROOF OF PROPOSITION 3]

Proposition. Let assumptions (Al)-(A5) be satisfied. Consider two nodes u and v in the network
such that ||g,|| > ||gull > 0 and ||wy(t)]], ||wW.(t)|| — oo. Let HE“H be denoted by c. Let €, 6 be
such that 0 < € < cand 0 < § < 27. Then, the following holds:

1. There exists a time t, such that for all t > t, both SWN and EWN trajectories have the

following properties:
IV wy, LW ()]
(@) Vs 2wl €le—ectd

) Ve Lw (1))

(b) (ku(t)u) (va,uaw(t))n) 2 cos(d)
wo (1) Ty £(w(1))

() (uwv(t H) (uvmaw(t))u) = cos(9).

2. for SWN, lim;_, ‘Hw gg” =c

3. for EWN, if at some time to > tq,

lwa (t2)] 1 - Iwa (Dl _
(@) T ~ e oeose) — Mmoo ol =
(b Dwalia)]| - cos)

llw (E2)]] cte

: ku(t)H _
= limy— o0 iy = 0

The proof of different cases will be split into multiple subsections and corresponding proposition
will be stated there for ease of the reader.

E.1 STANDARD WEIGHT NORMALIZATION

E.1.1 GRADIENT FLOW

Proposition. Let assumptions (Al)-(A4) be satisfied. Consider wo nodes u and v in the network
such that ||g,|| > ||gull > 0 and ||wy(t)]], ||W.(¢)| — oo. Let H?H be denoted by c. Let €, 6 be
such that 0 < e < cand 0 < § < 27. Then, the following holds:
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1. There exists a time ty, such that for all t > t1, SWN trajectory has the following properties:

[ Vowy L(w(8)]
(@) [z € le—ec+d
T
W () — Vo, L(w(t))
(b) (HW (t) H) (”un[:(w(t))”> > COS(5)

(c) ( |wv<t)n>T (\fvvwf”fé%fﬁ) > cos(6).

lwo (I _

2. hmtﬁoo W =cC
Proof. The proof of part 1a, i.e, % € [c — €, ¢ + €] follows from the definition of limit
[V, £(w(0))ll ’
as m tends to c.

.
Now, we will move to the proof of part 1b, i.e., (ﬁuggu) (”—vku:,,ﬁﬁ(i:‘zggm > cos(5). The

assumptions in this Proposition differ slightly from Proposition [Zand thus the proof is slightly more
involved as we also need to show that w, (¢) converges in direction. The proof will be given for
Yu — 0. The one for 7,, — —oo can be handled similarly.

As [|gy|| > 0, therefore V., L(w(t)) converges in direction. Therefore, for every 7 satisfying 0 <
T
. . —Vw, L(w(t)) gu ’
T < 2, there exists a time t3, such that for ¢ > t3, (IIVWUﬂ(W(t))H) (ngu) > cos(7). Now, Let’s
assume that w,,(¢) does not converge in the direction of g,,. Then, there must exist a 7 satisfying

0 < 7 < 27, such that for this 7, there exists a time t4 > t3 satisfying v, (t4) " (”g—%”) = cos(A),
where A > 7.

Now, we are going to show that for any « satisfying 7 < k < A, there exists a time t5 > t4 such
that v, (t5) " <H = ”> > cos(k). Let’s say for a given k, no such ¢5 exists. Then, taking dot product

with Hg—f‘” on both sides of Equation ii we can say

(& )Td";ft)znm (1) |V, £ (>>||(ng|)Tu—vu(wvu(tW)(W)

(EA
8o )| [ =V Lw(1)) B )
Now, as < Bu ) (“’“7> > cos(T) and (”g%“) vy, < cos(k), we can say

llgull 1V w., Lw ()

~ T
(B5) 2 009 0¥ £l (1) cos(r) = cos() o)

Now, using the fact that -y, — oo and using Equation (I6), we can say
| a0 cw )t =
t=t,4

Using this fact and integrating the Equation (24) on both the sides from ¢, to oo, we get a contradic-
tion as vectors on LHS have a finite norm while RHS tends to co. Thus, for every x between 7 and

A, there must exist a t5, such that v, (¢5) " (”g%u) > cos(k).

Now, we are going to show for all ¢ > t5, v, (t) " (H%ﬁ) > cos(k). Now, consider any S such
that 7 < 8 < k. Using similar argument as in Equation (24), we can say, if for any ts > ts,

vu(te) (%) < cos(3), then

~ T
(B5) 5 2 ntt0 ) Vu Lwlta) cost) ~cos(s)  @9)

. _N\T
This means that the dot product between (Hg—"”> and v, (t) goes up, whenever (”g—“o v (t) <

cos(7). Therefore, its not possible that v, (t)" (Hg—“ﬂ) < cos(k) for any ¢t > t5. As K can be
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arbitrarily chosen between 7 and A, and the argument holds for any ¢ > 0, w, (¢) converges in the
direction of g,

The proof of part Ic, i.e ( wy () )T ( Vo, LW (1)) ) > cos(d) can be shown in the same way as
P PALAELE \Two @) \TVw, LW ) = y
1b.

The proof of part 2, i.e, lim;—, o0 ‘::”8” = c can be shown in the same way as Theorem 2 for SWN
gradient flow from Appendix[D.2.1] O

E.1.2 GRADIENT DESCENT

Proposition. Let assumptions (Al)-(A5) be satisfied. Consider wo nodes u and v in the network
such that | &, > |&ull > 0 and [w.(t)], [[wo(t)| — oco. Let [E-} be denoted by c. Let €, be
such that 0 < e < cand 0 < § < 27. Then, the following holds:

1. There exists a time t1, such that for allt > t1, SWN trajectory has the following properties:
|V wy LW ()|
(@) e wany € le—6c+é
W (t) Vo, L(W(t)
(b) (H"Vu(t H) (I\unﬁ(w ) > cos(9)

© (i) (Rezdtoriy) = cost)

[V, L(w ()]
2 e =
Proof. The proof of part 1a, i.e, % € [¢ — €, ¢ + €] follows from the definition of limit
as % tends to c.

.
Now, we will move to the proof of part 1b, i.e, (”nggﬂ) (\TVV‘A,“;LE(\(;:‘ES%)I) > cos(§). The as-

sumptions in this Proposition differ slightly from Proposition [2] and thus the proof is slightly more
involved as we also need to show that w, (¢) converges in direction. The proof will be given for
Yu — 00. The one for v, — —oo can be handled similarly.

As ||gu]| > 0, therefore V,, L(w(t)) converges in direction. Therefore, for every 7 satisfying 0 <

T < 2m, there exists a time t3, such that for ¢t > ¢3, (%)T (”g—:‘l) > cos(7). Now, Let’s
assume that w,,(¢) does not converge in the direction of g,,. Then, there must exist a 7 satisfying
0 < 7 < 2, such that for this 7, there exists a time t, > t3 satisfying v, (t4) " (éﬁ) = cos(A),
where A > 7.

Now, we are going to show that for any x satisfying 7 < k < A, there exists a time ¢5 > t4 such

T, -
that <%> (Hg—“”) > cos(k). Let’s say for a given &, no such ¢5 exists. Then, taking dot

product with H~ T on both sides of Equation , we can say

Vu(t + 1)T§u _Vu(t)Tgu

I
Ya(t) T va®va®) T [ =V, L(w(1))
MO 1Y e A “)”<||gu|> N SOl )<||kuz:<w<t>>|>
g T w(t Su T v (t .
Now, as (Hg—zﬂ) (m%) > cos(7) and (I\Eu\l) (Ilvugtgll) < cos(k), we can say
vt +1) '8 V() 8 cos(7) — cos(k Yu(t) w
B 2 e eos(n) = costa ) T IV, L)) 26
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Now, using arguments similar to the proof of Proposition 2 for SWN gradient descent in Appendix
C.2.2] we can show that the above statement leads to a contradiction and thus there must exist a ¢5

such that (%)T (Ilgul\) > cos(k).

Now, we are going to show that there exists atg > t5, such that forall £ > tg, ( vugg T )

-3

cos(k). Consider a 8 such that 7 < 8 < k. Now, if at any time t, <7H:',“8H)

then, similar to Equation (26)), we can say

vo(t+1)Tg, _ vu(t)T g, () cos Yu(t) w
T > T + (cos(7) 0(ﬂ>)(n(t)”vu(t)” [Vw, L(w())]])

Using the upper bound on ||v,(t + 1)|| from Equation (1), we can say

it 0B %ﬂwsm—cos(ﬁ))(n(tmz““ 2l |V £(w () )

= > (27)
[Vt + D&l \/||Vu + () 28 [V, L(w (1)) )2
Let n(t) 2 ool (t)H IVw, L(w(t))]| be denoted by x(t). Then, the above equation can be rewritten as
vu(t+1)"8u > v (t) " 8u [vu(®)]l _ x(t)
ult+ D& = Tva O V@ + @ =) e ar
Now, we are going to show that for a small enough x(¢), RHS is greater than m
v (t) " 8u [va (@)l 3 x(t) v (t) " 8u
M OMEd V@3 0 O e~ Tl
N x(t) vi(t) 8 . [V (O]l
— el =) A el VO x
B vu(t) " 8u [va(®)]* + x(@) = [[va (@)
= (el =)= g (0 )

Clearly as x(t) — 0, the RHS tends to 0, therefore the equation is satisfied. Thus for a small enough
g

x(t), RHS of Equation ti is greater than %. As ||v.(t)]| keeps on increasing and by

Assumption (A5), limt_)oo 77( )Yu (B |V, LW(t))|| = 0, we can say there exists a time 7, such

T,
that for any ¢ > t7, m goes up whenever (”vu( )”) (Hg—zﬂ) < cos(fB).
Also, by using Equation and Assumption (AS), we can say, that there exists a time tg, such

5
Vu(t) gu Vv (t+1) Su

that for ¢t > tg, (Hvu(t)\l) (ngu) > cos(f) = (Hvu(t+1)\|) (I\Eu\l) > cos(k), as

the RHS of Equation (20) goes to 0 norm in limit. Now, define tg > max(t7,ts) such that

T, -
(qugiigl\) (Hgf“”) > cos(k) (must exist from previous arguments). Then, as the dot product

always goes up when between cos() and cos(x), and can’t go in a single step from being greater

T,
than cos(/3) to less than cos(k), therefore, for every ¢ > ¢, (%) (”g—:‘l) > cos(k).

Now as the above argument holds for any s between 7 and A, and for any 7 > 0, we can say that
w,,(t) converges in direction of g,.

-
The proof of part Ic, i.e, (HXZE&O (H—Vwa)cﬁ(S\Eg;h) > cos(d), follows exactly the same steps as

part 1b.

The proof of part 2, i.e, lim;_, Hx“ Eg ” = c can be shown in the same way as the proof of Theorem

2 for SWN gradient descent from Appendix O
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E.2 EXPONENTIAL WEIGHT NORMALIZATION

E.2.1 GRADIENT FLOW

Proposition. Let assumptions (Al)-(A4) be satisfied. Consider two nodes u and v in the network
such that |8, > ||gull > 0 and ||wy (t)]|, ||Wo(t)|| — oo. Let Hg“H be denoted by c. Let €,0 be
such that 0 < e < cand 0 < § < 27. Then, the following holds:

1. There exists a time t1, such that for all t > t,, EWN trajectory has the following properties:
(a) % €le—ec+¢
() (ku(tg\l) ([vij“ﬁ%ﬁf‘) > cos(6)
(© (et ' (fosfilrioh) = cos(d)

2. If at some time to > tq,

lwa (t2)] Iwa Il _
(@) Wl > egems® = Mmoo [@T =

Iwa i)l _ cos(d) Iwa (Dl _
O) o)l < ore = Mmoo 52y =0

IVwy, LW

T WO [c — €, ¢ + € follows from the definition of limit

Proof. The proof of part la, i.e

[V, £(w(®))ll
aS 7w Zw(n))| tends to c.

Ve, LW ()]l
assumptions in this Proposition differ slightly from Proposition[2]and thus the proof is slightly more
involved as we also need to show that w,,(¢) converges in direction.

.
Now, we will move to the proof of part 1b, i.e., (\IX:E:;H) (—unﬁ(w(t))) > cos(d). The

As ||g.]| > 0, therefore V,, L(w(t)) converges in direction. Therefore, for every 7 satisfying 0 <

1Vw., £(w (@)
assume that w,,(¢) does not converge in the direction of g,,. Then, there must exist a 7 satisfying

g VY L)\ ([ & :
T < 2, there exists a time t3, such that for ¢t > ¢3, (””“7) (m) > cos(7). Now, Let’s

0 < 7 < 2, such that for this 7, there exists a time t, > t3 satisfying v, (t4) " (Hg—“o = cos(A),
where A > 7.

Now, we are going to show that for any « satisfying 7 < x < A, there exists a time t5 > t4 such

that v, (¢5) " (Hg—zﬂ) > cos(k). Let’s say for a given x, no such ¢ exists. Then, taking dot product

with Hg—“” on both sides of Equation lﬁi we can say

g\ Avalt) o a T o [ —Vw, L(w(1))
(ngun) g~ 1OV L ”(nzn) I=vultvul®) )<||kuz:<w<t>>|)

.
& Vg L(w(2)
Now, as (ugun) (uku (w(t»u) 2 cos(T )a“d(

-
I H) v, < cos(k), we can say

~ T
<||§Z||) dVZZt(t) > ()™ O |V, L(w(t))] (cos(r) — cos(x)) 28)

Now, using the fact that v, — oo and using Equation (7)), we can say

/tm 0(8)e™ O[Ty, L(w (1)) dt = o0

=ty

Using this fact and integrating the Equation (28]) on both the sides from ¢4 to oo, we get a contradic-
tion as vectors on LHS have a finite norm while RHS tends to oo. Thus, for every « between 7 and

A, there must exist a t5, such that v, (¢5) " (Hg—“u) > cos(k).
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Now, we are going to show for all t > t5, v, (t)" (”g—“u) > cos(k). Now, consider any S such
that 7 < 8 < k. Using similar argument as in Equation (28), we can say, if for any ts > ts,

vu(te) T <%) < cos(f), then

(ngn) Pls) 5 1)e™ ) |V, L(w(16)) cos(r) — cos(8)) 29)

~ _N\T
This means that the dot product between (Hg—‘”> and v, (t) goes up, whenever (”g—“u) vy (t) <

cos(7). Therefore, its not possible that v, () ( ngl\) < cos(k) for any t > t5. As Kk can be

arbitrarily chosen between 7 and A, and the argument holds for any ¢ > 0, w, (¢) converges in the
direction of g,

o (W@ N (=Y, Lw(®)
The proof of part 1c, i.e, (IIw (t)”> <‘ — ) > cos(0) follows exactly the same steps as

[V, L(w(t))]]
part 1b.
Now, we will move to the proof of part 2a, i.e, HZ‘;“EZ?H > =) cos(a) — limy_ oo H 8” =00
Using Equation (7)),
d||w (¢ de®u®)
Iwoll 9™ ) fwa ) (valt) Vi, £((0) (30)

dt T dt

Using the equation above and part 1 of the Proposition, we can say for ¢ > t1,

W ()1l Wy, W
el _ [[wo ()| A0l — jw,, (1) ] 0l
dt va( )|I?
> ity @l V. L 5) — Vw, L 31
= 1(t) o)l (UIwu @OV w, L(w(E))]| cos(8) = [[wo (D) [[[Vw, Lw (@) GB1)
_ _ _ w ()] e ()] _
In this case, using Equation (31), we can see 2L > 0 at t5. Thus, G| always remains
greater than m and keeps on increasing. Let’s denote Hgﬁ;;” by A. Then we can say
e 1
AL > A 8) — ——)n(t)||[wa (¢ wao L(w(t
T 2 Deos(8) — oy 0w () Vo, £ ()]

As «,, — 00, therefore using Equation , we can say ftzo D)W () ||V, LW(2))]|dt — o0.
Thus, integrating both the sides of the equation above from %5 to co, we get

oo glwu®l
/ WO gy > o0

Iwu (DI

Thus lim;_, o ”w o1 = %

[lw (t2)l cos(9)
> lwo (E2)]l cte

Now, we will move to the proof of part 2b, i.e

— e i -0

Using Equation (30) and part 1 of the Proposition, we can say for ¢ > ¢1,

[lw (8] d wu dl|w,
el _ Ilwo(8)| D20 — jw,, (1)) 250
di HWU( )|I?
<t )” Ol Uwu (O Vw, LW @) = [[wo (O[] Vw, LW ()] cos(d))  (32)
gl
In this case, using Equation li we can see W < 0 at t5. Thus, ‘Hw“g )” always remains
smaller than 601(5) and keeps on decreasing. Now, lets say lim;_, Hxi Eg H > 0. This means that
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Hg:gg” > A, for some A > 0. Also, let’s denote H:"Vfgjill“ by 3. Then we can say

W ()]

d
el < —A(cos(8) = Ble + )nlwu (DIl Vw, Lw ()]

As «, — o0, therefore using Equation , we can say ftzo Wy (|| Vw, LW(E))]|dt — .
Thus, integrating both the sides of the equation above from %5 to co, we get

s qlwut)]
[
w  dt

w(1)]

||‘ ()H is lower bounded by 0. Thus hmtHoo wo @l = 0. O

This is not possible as

E.2.2 GRADIENT DESCENT

Proposition. Let assumptions (Al)-(A5) be satisfied. Consider two nodes w and v in the network
such that ||g,|| > [|8ull > 0 and ||w,(t)|],||[Wy ()| — oco. Let HgvH be denoted by c. Let €,0 be
such that 0 < e < cand 0 < § < 27. Then, the following holds:

1. There exists a time t1, such that for allt > t1, EWN trajectory has the following properties:

Vi, £(W
(@) el € le—ec+d

(b) (\@Z(?H)T (ottt} = cos(o)
© (Rettn) " (REfe) = cos).

2. If at some time to > tq,

wa (t2)] ! - Iwa (O] _
(@) Twe@®) ~ e — Mmoo [ =

Iwata)]] _ cos(d) ~ Iwa ()] _
) Tl < ore = Mmoo 52y =0

Proof. The proof of part 1a, i.e, % € [c — €, ¢ + €] follows from the definition of limit

IVss EO o to c.

A Vo, Lw()]|

W (Bl 1Vw., £(w (@)
sumptions in this Proposition differ slightly from Proposition [2| and thus the proof is slightly more
involved as we also need to show that w,, (t) converges in direction.

-
Now, we will move to the proof of part 1b, i.e, ( Wy (1) ) é_vwﬁ(w(t») > cos(d). The as-

As ||gu]| > 0, therefore V,, L(w(t)) converges in direction. Therefore, for every 7 satisfying 0 <

T < 2, there exists a time t3, such that for t > 3, (m%)—r (lé—zu) > cos(7). Now, Let’s
assume that w,,(¢) does not converge in the direction of g,,. Then, there must exist a 7 satisfying
0 < 7 < 2, such that for this 7, there exists a time ¢4 > t3 satisfying v,,(t4) " (Hg—”o = cos(A),
where A > 7.

Now, we are going to show that for any « satisfying 7 < x < A, there exists a time t5 > t4 such

T
that (%) (Hgﬁ) > cos(k). Let’s say for a given &, no such ¢5 exists. Then, taking dot

product with HEU 7 on both sides of Equation || we can say
vo(t+1)T8,  vu(t) 8w
8l 18]l

eau(t)
1OV L Ol <||~u|

.
B Vo) vu(t)T [ =V, L(W(t))
) u [vu ()2 ) <||un,£(w(t))|>
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T T
gu —Vw, L(w(t)) g v (t
Now, as (Hg—”) (m) > cos(7) and (Hg H) (”v“gtg”) < cos(k), we can say

vt +1)7g8, _ vu(t) 8 " os(n e (t)
Bl o e ) Tt VLD G

Now, using arguments similar to the proof of Proposition 2 for EWN gradient descent in Appendix
[C.12] we can show that the above statement leads to a contradiction and thus there must exist a t5

hthat (Yl ) (2
such that (nvu(ts)u) (ngun) > cos(K).

T,
Now, we are going to show that there exists a tg > ts5, such that for all t > ¢g, (II:;“E;;H) ( Hgﬁ ) >

T, .
cos(x). Consider a 8 such that 7 < 8 < k. Now, if at any time t, (HZ“EE%H) (II?H) < cos(B),

then, similar to Equation (33)), we can say

Vot +1)Tgy _ vu(t) T8y s e0u(t)
LU By Yol B (con(r) — con(8) () o

Using the upper bound on ||v,(t + 1)|| from Equation (13), we can say
Vau T~u eu(t)
v (t+1)Tg, > H(gu\lg + (cos(7) = cos(B)) (n(t) 1o FAGI [V, L(w(£))]])
1 o - eu(t
Ihvu(t + Dllig.l VIV + (0(8) 2 IV, LW () )2

Let 7(t) \|\:X“((t))\| IVw, L(w(t))|| be denoted by x(t). Then, the above equation can be rewritten as

|||un£( w(t)l)

(34)

A DTE L vTE vl e ()
M+ D& > @M VvaoE e T )~ o) =t

Now, we are going to show that for a small enough x(¢), RHS is greater than %

w8 vl B O () &
e OTET T o) ~ o) e s > e oME
cos(7) — cos x(t) V“(t)Tgu o ||Vu(t)||
= (eos(r) = o)) @ VO~ VIva O + X
= (cos(7) — cos(B)) > vu(t) ' 8u ( [V (D)% + x(t)? — ||vu(t)||)

[V ()]l x(t)

Clearly as x(t) — 0, the RHS tends to 0, therefore the equation is satisfied. Thus for a small enough
g
X(t), RHS of Equation is greater than %. As ||v,(t)|| keeps on increasing and by
Assumption (A5), limy_, oo 7(t) V0 (t) | Vw, L(W(t))]| = 0, we can say there exists a time t7, such
va () & NORW ( g )
that for any t > 17, [+{fiiey soes up whenever (vx(ihy ) (B2y) < cos().
Also, by using Equation (12) and Assumption (AS), we can say, that there exists a time tg, such
T
v (t) Eu 9 Vo (t41) gu S
that for > 15, (eigy) () > eos(s) = (Refmy) (i) > costw). as
the RHS of Equation goes to 0 norm in limit. Now, define tg > max(ty,ts) such that

T,
(HZ“Eiign) (E—O > cos(k) (must exist from previous arguments). Then, as the dot product

always goes up when between cos(8) and cos(x), and can’t go in a single step from being greater

T, .
than cos(f) to less than cos(k), therefore, for every ¢ > tg, (ﬁ) (Hg H) > cos(k).

Now as the above argument holds for any x between 7 and A, and for any 7 > 0, we can say that
w,,(t) converges in direction of g,.
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The proof of part 1c, i.e ( Wy () )T <7v“’“£(w(t))) > cos(0) follows exactly the same steps as
P PAAE L \Two @) \TVw, LW ) = y P

part 1b.

: [lw (t2) ] lwu (@l _
Now, we will move to the proof of part 2a, i.e, Twe ()l > = 6)005(5) = limy_ oo wo@) =

Using Equation and part 1 of the Proposition, we can say

Wtz + DIl [Iwa(t2)l] + 1(t2) cos(6) W (t2) [*| Ve, L(W(t2)) |
[wotz+ DI = W (t2)l| + 1(t2) [[Wo (t2) [V, L(w (t2))

_waln)] (1+cos< ) <t2>||wu<t2>||||ku£<w<t2>>||>
[wol2) \ ™ 1+ (t2) W (E2) [V, LW (E2))]

_ Iwa(t)]

= w2

Thus, ‘Hw (3” keeps on increasing for ¢ > ¢5. It can either diverge to infinity or converge to a finite
value. If it converges to a finite value, then by Stolz Cesaro theorem,

IwaOl _ o Iwa@ PV, LW (0)]
)

im
t=oo lwy ()] t=o0 [wy (82 Vw, L(w(?))]]
Howeyver, this is not possible as H Etg H > = for every t > ty. Thus, ll‘\w Etg H diverges to infinity.
: o IWu(t2)|| - cos() [wu @Il _
Now, we will move to the proof of part 2b, i.e, Wt e = limy oo wo @l = 0

Using Equation and part 1 of the Proposition, we can say
Wtz + DI wa(t2) I+ 0(t2) [Wa (t2) [P Ve, LW (£2)) |

[[w(t2 + DI~ [[wo(t2) | + n(t2) cos(0) [w (t2) [*[| Vw, LW (t2))
_ Iwa(t2)]] ( L+ n(t2) [wu (t2) [[[Vw, L(w (t2))] )
wo(t2)[] \1+1(t2) cos(0)[w (t2) [ [V, L(w(t2))]
lIwut2) ||
= lwo ()]l

Thus, H:Vvuég\‘ll keeps on decreasing for ¢ > 2. As it is always greater than zero, it must converge.
Therefore, by Stolz Cesaro Theorem,

[wu (I _ [wu O Vw, Lw(®))]]

lim = lim
t=oo [lwy(t)]| t=roo [[wy ()12 Vi, L(W(2))]]
For H:"V“Eg” < %, this can only be satisfied when lim;_, o, H‘xugg” =0. O]

F PROOF OF COROLLARY [I]

Corollary. Consider a weight normalized(SWN or EWN) multilayer linear net, represented by
y = WoWy_1..Wix. Under assumptions (Al)-(A4) for gradient flow and (Al)-(AS5) for gradi-
ent descent, if the dataset is sampled from a continuous distribution w.r.t R, then, with probability
1,0 = W'W, ...W,[ converges in direction to the maximum margin separator for all linearly
separable datasets.

Proof. Consider a linear net given by f = W,,W,,_1...Wjx, where f is a scalar as we are consider-
ing a binary classification problem with exponential loss. Then

OL(w(t))
FAOR Ze (YW1 (£).. Wo(t) Tx; (35)
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Now, atleast one of the neurons in every layer would have a non-zero component on w, otherwise

®(w,x;) = 0 for all 4, that implies p = 0.

Let u be one of the nodes of W7 that has a non-zero component in w,, and let w,, be the k™ row of

the matrix W7. Now, from Proposition e know w,, = Ag,. Denoting the component of w along
W

matrix Wj, by W} and using Equation (35)), we get, for some Ay > 0,
W = Me((Wu Wo_p. W) T Z&yl

where (W, Wy_1.....W2)T)[k] represents the k" component of the product column vector. Let §

represent the set of rows in W; that have a non-zero component in w. Also, let 6 denote the final
convergent direction of 6. Then, for some x > 0, we can say

5:MW1TW§...W§:MZAJ»( W Wn Toeen W2 Z&ylxz
jes
Thus, 0 satisfies the KKT conditions of the maximum margin problem and if data is sampled from a

continuous distribution w.r.t R¢, then with probability 1(Soudry et al., [ 2018)), would converge to the
maximum margin separator. O

G PROOF OF THEOREM

Theorem. For EWN, under Assumptions (Al)-(A5) and lim;_, o W = 0, the following
hold ' ‘

1. ||w(t)| asymptotically grows at © ((1og(d(t))%)
2. L(w(t)) asymptotically goes down at the rate of © (W;d(t))z)'
First, we will establish rates for gradient flow and then go to the case of gradient descent.

G.1 GRADIENT FLOW
Although the asymptotic convergence rates for smooth homogeneous neural nets have been estab-

lished in [Lyu & Li| (2020), the proof technique becomes easier to understand for smooth homoge-
neous nets, without weight normalization.

G.1.1 UNNORMALIZED NETWORK

Theorem. For Unnorm, under Assumptions (Al)-(A4) for gradient flow and lim;_ g;i(tt) =0,
the following hold
1. ||lw(t)|| asymptotically grows at © ((log(t)%)
2. L(w(t)) asymptotically goes down at the rate of © (122>
t(logt)"" T
Proof. Consider w = g(t)w + r(¢), where lim;_, o ”;Eg” = 0and r(t)"w = 0. Now, we make

dr(t)
an additional assumption that lim;_, o, ;,((tt)) I = 0. This basically avoids any oscillations in r(t) for

large t, where it can have a higher derivative, but the value may be bounded. Now, we know

dw
Ze HOX) 5,7 B w(t), x,)
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Now, we know || t) || # 0 for any finite ¢, otherwise w won’t change and £ can’t converge to 0.
Thus, for all ¢, we can say

[Ehay _
(S, e Ty, (w1

Taking limit ¢ — co on both the sides, we get

d t
[sayy

lim =1 (36)
t=oo || 3051 e B(w( e YiVw®(w, x;) ||

Now, we know

()

18 = gy + B0

I\Ze U)Xy, 7L B(w, x; ”4@ e ><yig<t>L*1vw<b<v~v+@,xi
=1 =1

Let S = {i: ®(w,x;) = min; ®(w,x;)}. Then as p > 0, we can say

m —Y; L W ﬂx; _ ~ r
507 e v O X (3,9 (1) Vo (W + 2 )|

lim = =
fee e P g(t) 11| Xies Liyi V@ (W, x|
where k is some constant. Also, by the assumption
dw
12520 _
im =1
t—oo g (t)

Substituting the above two equations in Equation (36), we get

i q'(t) 1
1m L ~ ~
=00 e=pdMF g (1) L1 3, o Ly V@ (W, x,)[| -

Now, as loss goes down at the rate of e™*9 (t)L, multiplying the numerator and denominator by
pLg(t)*~! and denoting h(t) = pg(t)~, we get

lim 1_7h/( ) |
t—o0 Lefh(t)h( )2_7” Zles zsz d(w,x;)|| k

Thus, asymptotically, h(t) grows at ©(log(t) + (2 — 2)loglogt) and thus loss goes down at

1
@(t(logt)zf%). -

G.1.2 EXPONENTIAL WEIGHT NORMALIZATION

Theorem. For EWN, under Assumptions (Al)-(A4) for gradient flow and lim;_, o, S = 0, the
following hold

1. ||w(t)| asymptotically grows at © ((1og(t)%>

2. L(w(t)) asymptotically goes down at the rate of © (m)
Proof. Consider w = g(t)w + r(t), where lim;_, % = 0and r(t)"w = 0. Now, we make an

dr(t)
additional assumption that lim;_, o ! d,((tt))u =0.

In this case,

_ Z e*yiq)(w(t)’xi)yivwé(w(t)’ Xi)
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However, in this case, for a node u,

dw,,(t)

pAL(¥(0)
dt

dw,,

= —[wu ()]

Consider a vector a(t) of equal dimension as w, and its components corresponding to a node u is
given by a,(t) = —||v~vu||2w. Now as we know w converges in direction to w, therefore,
using the update equation above, we can say

d
=2

A e

Using the update equation for fw, we can say

H d[,(w(t)) H
oo om PrOL g(t) LT k1 37)

where k1 is some constant. Now, using the expression for a(t), we can say

lal

t—00 e‘ﬂg(t)Lg(t)L—l

where k is some constant. Using the equations above, we can say

g'(t) 1

tll}go e=Pa" g(t)L+1 Tk
Now, as loss goes down at the rate of e“’g(t)L, multiplying the numerator and denominator by
pLg(t)*~! and denoting h(t) = pg(t)~, we get

, p2h () 1
lim ———-— = —
t—00 e*h(t)h(t)2 k

Thus, asymptotically, h(t) grows at O(log(t) + 2loglogt) and thus loss goes down at the rate of

1

G(t(logt)Q)‘ u

G.2 GRADIENT DESCENT

Theorem. For Exponential Weight Normalization, under Assumptions (Al)-(A5) and
lim;—s oo W = 0, the following hold
1. ||w(t)|| asymptotically grows at © ((1og(d(t))%)

2. L(w(t)) asymptotically goes down at the rate of © (WM)'

Proof. Consider w = ¢(t)w + r(t), where lim;_, % = 0and r(t)"w = 0. Now, we make
additional assumptions that lim;_, o, % =0.

Consider a node v in the network that has ||w,,|| > 0. The update equations for v,,(¢) and «, (¢) are

given by
o (t+1) = a (t) — n(t)e*=® v (t) " Vi, L(w(t))

[vu (@)
ot (Ova(®)"
e vu(t)v
Vu(t+1) = vu(t) —n(t) — =) Vwl L(w(t))
[vu @ v (82
Now, we will first estimate He”‘“(t“)% — exu(®) V“(t)” . Let d,(t) denote

n(t)e® M ||V, L(w(t))|| and €, (t) denote the angle between vu( )and =V, L(w(t)). We know
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lim; 400 0, (t) = 0 and lim; o €,(t) = 0. Now, rewriting update equations in terms of these
symbols, we get
eau(t"!‘l) — eau(t)efsu(t) COS(Eu(t))

Vi, L(W(t))v. ().
vau £( (t))Vu(t)L H
(

where —V, L(W(t))y, ), denotes the component of —V, L(w(t)) perpendicular to v,(t).
Now, using these equations we can say

vu(t+ 1) = v, (t) + 0, (¢) sin(e, (t))

gonttan) Valt+1) o Va(t) _ o0 (8) (gBut) con(en(®) [va@®I 3 vu(t)
[va(t+ 1) [va(®)]l [Vu(t + 1) [vu (Ol
<eau(t+1)5u(t) sin(€u(t))> —ku,C(W(i'))vu(t)L
[vu@Illvu @+ DI ) 1V, LW (E)) v, ), |l
(38)
Now as lim;_, o % = 1, therefore we can say
Su(t)cos(en(t)) lvu®l
i & Tva(erin —
t—00 0u(t)cos(e,(t))

Now, as |lv.(t)|| keeps on increasing during the gradient descent trajectory, therefore we can say

W < k, where k£ > 0 is some constant. Now dividing both sides of Equation (38) by

e (g, (t) cos(e,(t)) and analyzing the coefficient of the second term on RHS, we get
edu (t) cos(ew(t))
lim sin(e,(t)) <0
=00 [V (@) [[[[vu(t + 1) cos(eu(t))

Taking norm on both sides of Equation (38), using Pythagoras theorem and the limits established
above, we can say

ay (t41) _Vu(t41) a (t) _Vul(t) I

e Vo@D — ¢ " Va1l
A, cau®6, (1) =1
Now, we also know
g (t4+1) _Vu(t+1) ay(t) _Vu(t)
. el ~ & e | _ <
00 gt+1)—g(t) = Il

Now, using equations above and Equation (37)), we can say

gt +1) —g(®)

ey n(t)e=Ps®" g(t)L+1 o

where c is some constant. This determines the asymptotic rate of g(t). To get a better closed form,
define define a map d : N — R, given by d(t) = Zi:o 7(7) and a real analytic function f(t)

satisfying f(d(t)) = g(t) for all t € N and limy_,o, 22D — 0. Substituting this f in the
equation above, we can say
f(d(t))

M SR f(q ()

=cC

Thus f(d(t)) grows at ©(log(d(t))T). Now, to get convergence rate for loss, multiply and divide
the equation by pf(d(t))*~! and denoting h(d(t)) = pf(d(t))*, we get

b PRA(D)
t—vo0 e PO L(d(E))2
)-

Thus, h(d(t)) grows at the ©(log(d(t)) + 2loglog d(¥)
h(d(t)), therefore g(t) asymptotically grows at O (log d(t) T
1

(d(t) Tog d(%)2 )-

Now as g(t) = f(d(t)) and pg(t)" =

; ) and loss goes down asymptotically at
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H CROSS-ENTROPY LOSS

In this section, we will provide the corresponding assumptions and theorems, along with their proofs,
for cross-entropy loss.

H.1 NOTATIONS

Let k denote the total number of classes. As ®(w, x;) is a multidimensional function for multi-class

classification, let’s denote the j” component of the output by ® (W, x;). Also, denote the margin

for j'" class corresponding to i'" data point(j # y;) by p; j, i€, pij = @y (W, %x;) — Dj(W, x;).
Margin for a data point ¢ is defined as p; = min;»,, p; ;. The margin for the entire network is
defined as p = min; p;. Also, define a matrix M (w) of dimensions (m, k), that is given by

. 0 Yi=1J
M(W)[Za]] = {e(q:-yi(W,xi)CDj(w,xi)) i 7&]

Also, for a matrix A, vec(A) represents the matrix vectorized column-wise.

H.2 ASSUMPTIONS

The assumptions can be broadly divided into loss function/architecture based assumptions and tra-
jectory based assumptions. The loss functions/architecture based assumptions are shared across both
gradient flow and gradient descent.

Loss function/Architecture based assumptions

L ys, ®(w, ) = log(1+ 3, e (Bl (vo)
2 ®(.,x) is a C? function, for a fixed x
3 &(A\w,x) = \!®(w,x), for some A > 0 and L > 0

Gradient flow. For gradient flow, we make the following trajectory based assumptions

i = . vec(M(w(t T
(A1) lim¢—y00 L(W(t)) =0 (A3) lims_, oo m = vec(M)

(A2) Timy o0 ol = W (Ad) p > 0.

All the assumptions above are exactly the same as for exponential loss, except for (A3). Using
assumption (A1), we can say

lim e~ (Py; (W(t),xi)=P;(w(t),xi)) — (39)
t—00
J#Yi
. log(1 + Ej;éyi e~ (Py; (W(t),x:) =@ (w(t),x:))) _, @0)
t—00 ngéyi e (@y; (W(1),%:) =25 (w(t),x:))

Thus, we can say, for large enough ¢, ¢; ~ >, e~ (Py; (W) x:)—=®;(w(t),xi))  Thus, assumption
(A3) basically states that, not just the loss vector converges in direction, but its components cor-
responding to various classes also converge in direction. This is required to show that gradients
converge in direction in case of multi-class classification.

Gradient Descent. For gradient descent, we also require the learning rate 7)(¢) to not grow too fast.

(AS) limy o0 n(t) [|[Wo ()| Vw, Lw(t))|| = 0 for all w in the network

Proposition 4. Under assumptions (Al)-(A4), lim;_yo0 n(t)|Wu(8)||Vw, L(W(t))|| = 0 holds for

every u in the network with n(t) = O(Zz), where ¢ < 1.

Proof. The gradient of the loss function is given by

- 1
e 7(q>yi(waxi)7¢'j(w7xi)) . ) — .
Vwk = Z 1+ 3., e @uwxi)=2;(w.x) Z € (Vw®j(w,x;)—Vy®,, (W, x;))
i=1 J#Yi J#Yi
(41)
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@)l

Under Assumption (A1), w(t) can be represented as w(t) = g(t)w +r(t), where limy o0 77

0 and r(t) ' w = 0. Using the equation above, we can say
[Vulvl
to00 e—pg(t)Lg(t)L—l

As the order remains the same as in the proof for exponential loss, the proof follows from Appendix

This proposition establishes that the Assumption (A5) is mild and holds for constant 7)(t), that is
generally used in practice.

H.3 EFFECT OF NORMALISATION ON WEIGHT AND GRADIENT NORMS

This section contains the main theorems and the difference between EWN and SWN that makes
EWN asymptotically relatively sparse as compared to SWN. First, we will state a common proposi-
tion for both SWN and EWN.

Proposition 5. Under assumptions (Al )-(A4) for gradient flow and (Al)-(AS) for gradient descent,
for both SWN and EWN, the following hold:

.1 wl(w ~ ~
() limy o0 rol = S Y M, ) (Vi @y, (W, %) — Vi®(W, %) = &
where 11 > 0.

(ii) |Wul >0 = W, = Ag, for some XA > 0

N T: VwL(w m ~ ~

(@) Ty o0 oo = 3 S MG ) (Vae @y, (W,%:) — V@ (W, %;)) = &, where
n>0

Proof. using Assumption (Al), w(t) can be represented as w(t) = g¢g(t)w + r(t), where
limy_y oo EOL — 0. Then,

9(t)
o= (@4, (wxi) =05 (wx:)) _ —9(0)" (By, (W 5 i)~ (W 15 i)

Vw®,(W,x;) — V@, (W,x;) = g(t)" (Vi @, (W + ;Elg,xi) — Vu®,, (W + J,xi))

Now, using p > 0 and Euler’s homogeneity theorem, we can say
W (V@ (W, %;) — V@, (W,%;)) = L((®y, (W, %x;) — ®;(W,%;)) >0

Thus, || Vw®; (W, x;) — Vi ®,, (w,x;)|| > 0 forall , j. Using these facts, Equation (39), Equation
(40) and Equation (1), we can say

—VwLl(w -
tg&”Vﬁi Z Z Mi, j(Vw®y, (W, %;) — Vi D, (W, %x;))
i=1 j#y;
O
(i) |Wy|| >0 = w, = Ag, forsome A >0
Proof. The proof follows from Appendix [

The first and second part state that under the given assumptions, for both SWN and EWN, gradients
converge in direction and the weights that contribute to the final direction of w, converge in opposite
direction of the gradients. Now, we provide the main theorem that distinguishes SWN and EWN.

Theorem 4. Under assumptions (Al)-(A4) for gradient flow and (Al)-(A5) for gradient descent, the
following hold

ku OV w, LOvE) _
LwE)I
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W (O V wy £(w(2))]
[wo OV w, LW (£))]

—_

Proof. The proof follows from Appendix O

H.4 SPARSITY INDUCTIVE BIAS FOR EXPONENTIAL WEIGHT NORMALISATION

The following proposition shows why EWN is likely to converge to relatively sparse points.
Proposition 6. Ler assumptions (Al)-(AS) be satisfied. Consider two nodes u and v in the network
such that |g,|| > 0, [|8u|| > 0, ||Wy(¢)|| = oo and |w,(t)|| — oo. Let H%H be denoted by c. Let
€,0 be such that 0 < € < cand 0 < § < 2m. Then, the following holds:

1. There exists a time t1, such that for all t > t1 both SWN and EWN trajectories have the
following properties:

[Vw, L(w ()]l
(@) o Zwo € [c — € c+ €
T ([ =VwiLw(®)
(b) (Iwu(t H) (vauc(w(t))”) > cos(9)
~ Vi, L(W(t))
(c) (ku(t)H) (vavﬁ(w(t))u) > COS(&),

2. for SWN, lim;_, o ‘H:Vv“gg” =c

3. for EWN, if at some time to > tq,
lwa ()] - lwa ()l _
(@) Wl > egems® = Mmoo 5@ =

: Iwa (O] _
= limyo0 ety =0

[[we (t2)l cos(9)
() i < ore

The above proposition shows that the limit property of the weights in Theorem | makes non-sparse
w an unstable convergent direction for EWN, while that is not the case for SWN.

Proof. The proof follows from Appendix [E| O

H.5 CONVERGENCE RATES

Theorem 5. For EWN, under Assumptions (Al)-(A5) and lim;_, w = 0, the following
hold

1. ||w|| asymptotically grows at © ((log(d(t)) %)
2. L(w(t)) asymptotically goes down at the rate of © <W;d(t))2)'

Proof. The proof follows Appendix [G.2] the only difference is in the gradient update. Let w be

represented as w = ¢(t)w + r(t), where lim;_, o, “r%” = 0. Using Equation , we can say

IVwLw @)l _

t—oo =PI  g(t)L-1
As the order remains the same as in the proof for exponential loss, the proof follows from Appendix
O
I LEMMA PROOFS

Lemma 1. Under assumptions (Al)-(A4) for gradient flow and (Al)-(A5) for gradient descent, for
both SWN and EWN, v"\'/I g > 0 for all nodes u in the network.
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Proof. We will show the proof just for exponential parameterization and gradient descent, but other
cases can be handled similarly.

We only need to consider nodes having ||w, || > 0 and ||g,|| > 0, as for other nodes W, g, = 0.

Consider a node u having ||w,|| > 0 and ||g,|| > 0. Let’s say w,| g, < 0. This means, there exists
a time t1, such that for any t > t1, w,(t) ' (—=Vw, L(W(t))) < 0. Then using Equation , we
can say that, for ¢ > t1, a,(t + 1) < a,(t). But, this contradicts the assumption that ||w,| — oo.
Thus, w, g, > 0. O

Lemma 2. Under assumptions (Al)-(A4) for gradient flow and (Al)-(AS5) for gradient descent,
for both SWN and EWN, there exists atleast one node v in the network satisfying |w,|| > 0 and
| gull > 0.

Proof. Under the assumption that p > 0 and using Euler’s homogeneous theorem, using Proposition
we can say

m m
WTg = MZZiyinTVW@(vV,Xi) = L/,LZKZyZ(I)(\TV,XJ >0
1=1 1=1

Thus, there must be atleast one node s satisfying ||wWs|| > 0 and ||gs|| > 0. Similarly, it can be
shown for cross-entropy loss as well. O

Lemma 3. Consider two unit vectors a and b satisfying a'b > 0anda'b < 1. Then, there exists
a small enough € > 0, such that for any unit vector c satisfying ¢' a > cos(€) and any unit vector d

satisfying d"b > cos(e), bT (I —cc')d > e
Proof. First we will try to find bounds on b c and ¢ " d.
b'c=b'(a+c—a)
=b'a+b'(c—a)
c'd=(a+c—a) (b+d—b)
=a'b+a’(d-b)+b'(c—a)+(c—a)'(d—b)

Now, using the fact that ¢ a > cos(e) and d"b > cos(e), we can say ||c — al| < /2 — 2cos(e)
and ||d — b]|| < /2 — 2cos(e). Using these bounds and the equation above, we can say

b'c<a'b+ \/m
c'd<a'b+42y/2—2cos(e) + (2 — 2 cos(e))
Using these, we can say
b (I —cc™)d > cos(e) — (a b+ /2 —2cos(e))(a’ b+ 2/2 — 2cos(e) + (2 — 2 cos(e)))

Now, we need to show that there exists an ¢ > 0 such that cos(e) — (ab + /2 — 2 cos(e))(a’b +
2,/2 — 2cos(e) + (2 —2cos(e))) > e. Ate = 0, LHS takes the value 1 — (a”b)2, while RHS takes

the value 0. Thus, by continuity with respect to € of the functions involved, we can say that there
exists an e > 0 for which the condition is satisfied. O
Lemma 4. Consider sequence a satisfying the following properties

1. ax >0

2. 3 par =00

3. limk_mo ap — 0

Then Y 1o ) ——2e = 00

k 2
V 2wi=0%
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Proof. 1f Y77, a? is bounded, then the statement is obvious. Let’s consider the case when >~ a?
diverges. As limy_,o ar = 0, therefore there must be an index &, such that for & > kq, ax < e.
Now, as a;, < ¢, therefore ai < eay. Now, as Z;O ai diverges therefore, there must be an index

ko > ki, such that for any k > ko, ZJ ko a Zkl o a . Now, for k& > ko, we can say

k
a; >
- >
J=k1 10 07
>
2
oo . 00 ag .
As ).~ aj diverges, therefore )~ 7\/"7‘12 diverges as well. O
=0 %j

Lemma 5. Consider two sequences a and b satisfying the following properties
1. ap > 0,Y 72y ar = oo and limy,_, o a, = 0

2. bg > 0, bis increasing and by, | < b7 + (%:)2

o ak _
Then _)_o 3= = 0.

Proof. As we know b is increasing and b7 ; < b} + (§*)?, we get

k—1

by < b2+z 2 < b3+bi22a2
0

Using this, we can say
k

k k
DY =3
=0 bj j=0 m Jj=0 m

Now, if >, a2 does not diverge to infinity, then b remains bounded using the bound above and
then its trivial to establish that > .-, ‘g—‘” diverges. In case, Z;O 0 a2 diverges to infinity, then there

i Oa] > bg. So, for k > ki, we can

k
Z i L
\/ l o z
Now, as we have assumed a tends to zero, so there must be an index ks such that for any k > ko,
ar < €. Also, as we have assumed Z ,0 a diverges, therefore there must be an index k3 > ko,

such that for k > ks, Z] ko a2 > ZJ o ] Using these things and that if a; < ¢, then a < eaj,

we can say for k > ks,

must be an index k; such that for any & > k1, we can say Z
say

™~
@‘Q

a kb a bo
Yusy o6
Jj=ks b; Jj=ks 2 \/ l k €a 2\[

Now, as 37,7 ay, diverges, thus 3_2 ) §& diverges as well. O
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Lemma 6. Consider two sequences a and b satisfying the following properties
1. ap > 0and Y ;2 g ar =
2. by >0and ) ;2 by =00
3. >0 o(ag — by) converges to a finite value

4. limp— oo Z—l’: exists

Then limy,_, o ‘bl—: =1

Proof. Let’s say limg_, o0 Z—: = ¢ > 1. The other case can be handled similarly. Choose an ¢ > 0
such that ¢ — € > 1. Then, there exists an index k1, such that for £ > k;, we can say

ag
c—e< —<c+e
b

Using this, we can say, for k > k1,
bk(C—E—l) §ak—bk Sbk(C'f'G—].)

Summing the equation above from k; to oo and recognizing that Z;iob diverges, we get
ZZ’;M (ar — b ) = oo. This contradicts. Therefore limy_, b‘ =1. O

J INTEGRAL FORM OF STOLZ-CESARO THEOREM

We first state the Stolz-Cesaro Theorem.

Theorem. (Muresan| 2015) Assume that {a}32 | and {b}32 | are two sequences of real numbers
Akg41—0ag
br1—bi

such that {b}7° | is strictly monotonic and diverging. Additionally, if limy,_, o = L exists,

then limy,_, oo 2 b— exists and is equal to L.

Now, we state and prove the Integral Form of Stolz-Cesaro Theorem.

Theorem. Consider two functions f(t) and g(t) greater than zero satisfying f b f(t)dt < oo and

f g(t)dt < oo for every finite a,b. For any time t, its known that ft t)dt = oo and ft t)dt =
oo. Iflimy_ o0 % exist and is equal to L, then lim;_, % exists for any c and is equal to L.

Proof. Case 1: L =0 or oc:

We will prove for L = co. The case for 0 can be handled similarly. For any M > 0, there must exist

atime t; > c, such that 8 > M, fort > t;1. Thus we can say for t > ¢4,

/tf(t)dt > " f(t)dt + M/tg(t)dt

Adding M f g(t)dt on both the sides, we get

/ f(t)dt+M/tl g(t)dt > )tl f(t)dt+M/tg(t)dt

D1v1d1ng both sides by f g(t)dt and taking limsup ¢ — oo(using also the fact that f f(t)dt < 0o
and f g(t)dt < oo for every finite a, b), we get

t
t)dt

lim sup M > M
t—>00 fc g(t)dt

Similarly the equation holds for liminf as well. Thus, both liminf and limsup are greater than M for
Lfydt

any M. Hence lim;_, Troa =
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Case2: L is finite

In this case, there must exist some time 1 > ¢, such that L — ¢ < ! gg < L + €.Thus, we can say
fort > tq,
t1 t t t1 t
/ f@)dt + (L — e)/ g(t)dt < / ftydt < ft)dt + (L + e)/ g(t)dt
c t1
Taking the left inequality, adding (L f g(t)dt on both the sides, dividing both the sides by
f g(t)dt and taking lim inf;_, .., we get

f®)dt
L — e < liminf Cti
e [Lg(t)dt
Similarly, taking the right inequality, adding (L + ¢ fc g(t)dt on both the sides, dividing both the
sides by f g(t)dt and taking lim sup,_, ., we get
lim sup ~¢———— f /0 L+e

Using the two inequalities, we get, for any €e>0,

t
t)dt
lim sup =¢——— f f — lim inf M < 2¢
t—00 f t=oo [Tg(t)dt
Thus, lim;_, o * (t)dt exists and is equal to L. O]

ft

K STANDARD WEIGHT NORMALIZATION IS NOT LOCALLY LIPSCHITZ IN ITS
PARAMETERS

In this section, we will denote w by @ so as to be consistent with the notaion in [Lyu & Li| (2020).
SWN(in its parameters v and v) is also a homogeneous network. Therefore, results from |Lyu & Li
(2020) should directly apply to the case of SWN as well. However, a crucial point to be noted is that
it is not even locally Lipschitz around ||v,,|| = 0. Therefore, the assumptions from Lyu & Li|(2020)
do not hold.

However, during gradient descent or gradient flow, if started from a finite ||v,| > 0, for all u, then
during the entire trajectory, ||v,|| cannot go down. Therefore, the network is still locally Lipschitz
along the trajectory it takes. Examining the proofs from |Lyu & Li (2020), its clear that the proof
regarding monotonicity of margin and convergence rates are just dependent on the path that gradient
descent/flow takes and thus the proofs hold.

However, the result regarding the limit points of ﬁ do not hold. One of the crucial theorems the
proof relies on is stated below

Theorem. Let {x;, € R?: k € N} be a sequence of feasible points of an optimization problem (P),
{ex > 0:k € N} and {6, > 0: k € N} be two sequences. xy, is an (€, 0y )-KKT point for every k
and ¢, — 0,0 — 0. If x), — x as k — oo and MFCQ holds at x, then x is a KKT point of (P)

The above statement requires MFCQ to be satisfied at x, that was shown in [Lyu & Li (2020) as-

suming local lipschitzness/smoothness at 2. However, in this case, for gradient flow, as ||v,,|| does

not grow, while |7y, | — oo, therefore the convergent point of ﬁ will always have the component

corresponding to v,, as 0. Thus, the network is not locally lipschitz at « and the proof that MFCQ

holds is violated. Similarly, for gradient descent as well, it can’t be said that v,, has a non-zero
.

component in gy Thus, the proof does not hold.

L EXPERIMENT DETAILS
In all the experiments, techniques for handling numerical underflow were used as described in |[Lyu

& Li (2020). However, the learning rate they used was of O(%), but in our case, we generally
modify it to be Oz ), where ¢ < 1.
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L.1 Lin-SEP

The learning rate used was %, so that it speeds up at the beginning of training, but slows down

as loss approaches e =390, The constant k(t) was initialized at 0.01, and was increased by a factor
of 1.1 every time loss went down and decreased by a factor of 1.1 every time loss went up after a
gradient step. Its value was capped at 0.01 for EWN and SWN.

L.2 SiMPLE-TRAJ

The learning rate used was %, so that it speeds up at the beginning of training, but slows down as

loss approaches e ~%°. The constant k(t) was initialized at 0.01, and was increased by a factor of 1.1
every time loss went down and decreased by a factor of 1.1 every time loss went up after a gradient
step. Its value was capped at 0.1 for EWN and Unnorm.

L.3 XOR

The learning rate used was %, so that it speeds up at the beginning of training, but slows down as

loss approaches e ~°°. The constant k(t) was initialized at 0.01, and was increased by a factor of 1.1
every time loss went down and decreased by a factor of 1.1 every time loss went up after a gradient
step. Its value was capped at 0.01 for EWN and 0.1 for other cases.

L.4 CONVERGENCE RATE EXPERIMENT

For all SWN, EWN and Unnorm, the learning rate was constant 7 = 0.01 and they were trained for
5000 steps. All the networks were explicitly initialized to the same point in function space.

L.5 MNIST PRUNING EXPERIMENT

The learning rate used was % The constant k(t) was initialized at 0.01, and was increased by a

factor of 1.1 every time loss went down and decreased by a factor of 1.1 every time loss went up
after an epoch. Its value was capped at 0.01 for all the cases.

M RESULTS FOR STANDARD WEIGHT NORMALIZATION

N MNIST PRUNING EXPERIMENTS
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Figure 8: Verification of assumptions for SWN in Lin—-Sep experiment: (a) shows the dataset.
In (b), it can be seen that only weights 5, 6 and 8 keep on growing in norm. So, only for these,
[[Wy] > 0. (c) shows the components of the unit vector ffwy» only for the weights 5, 6 and 8 as
they keep evolving with time. Eventually their contribution to the unit vector become constant. (d)
shows the components of the loss vector and they also become constant eventually. (e) shows the
normalized parameter margin converging to a value greater than 0.

45



Under review as a conference paper at ICLR 2021

—_—ws
-0.6
> L 04 e
= —_w
= > 2
© k]
c
ug ° 0.6
> £ .
-0.8
2 2
ﬁ IS
v -
5, 2 0.8
o (%]
o
o (]
-1.0 -1.0
0 5000 10000 0 5000 10000
Steps Steps
(@) (b)
-189.5
* Wws o Ws -285.8 o Ws
x W x W x W
i~ —237.7| * " "W
— -189.6 — —
< y-x=-191.37 < y-x=-239.57 q 9
B = y-x=-287.79
% ; -237.8 ;
3 -189.7 g 8 2860
-237.9
-189.8
—286.1
1.6 1.7 1.8 1.7 1.8 1.9 1.7 1.8 19 2.0
log [lwull log [|wul| log ||wul|
(©) (d) (e

Figure 9: Demonstration of Results for SWN in Lin-Sep experiment: (a) demonstrates part 1
of Proposition where g is approximated by using w from the last point of the trajectory. Clearly,
Vw, L stops oscillating and converges to g. (b) demonstrates part 2 of Proposition |2 and shows
that for weight vectors 5,7 and 8, w,, () converges in opposite direction of Vy, L(w(t)). (c), (d)
and (e) demonstrate Theorem [2] for SWN, where for weight vectors 5,7 and 8. The three graphs are
plotted at loss values of e=2%9, 7250 and e300 respectively. At each loss value, for the 3 weights,
log || Vw, L|| — log ||w]| is approximately same.

46



Under review as a conference paper at ICLR 2021

1| @ °
30
=20
® class-1 s
0 @® classl =
10
0
i b 0 1000 2000
-1 0 1 Steps
(a) Dataset (b) EWN
10
10
- s
0 0
0 500 1000 1500 0 500 1000 1500
Steps Steps
(c) Unnorm (d) SWN

Figure 10: (a) shows the XOR dataset. (b), (c) and (d) demonstrate that EWN weights grow sparsely
when compared to Unnorm and SWN
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Figure 11: Norm of the weight vector vs gradient descent steps, for various nodes in the first layer,
when trained on MNIST.
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