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Abstract

Generative Flow Networks (GFlowNets) are a new family of probabilistic samplers where an
agent learns a stochastic policy for generating complex combinatorial structure through a
series of decision-making steps. There have been recent successes in applying GFlowNets to
a number of practical domains where diversity of the solutions is crucial, while reinforcement
learning aims to learn an optimal solution based on the given reward function only and fails
to discover diverse and high-quality solutions. However, the current GFlowNet framework
is relatively limited in its applicability and cannot handle stochasticity in the reward
function. In this work, we adopt a distributional paradigm for GFlowNets, turning each
flow function into a distribution, thus providing more informative learning signals during
training. By parameterizing each edge flow through their quantile functions, our proposed
quantile matching GFlowNet learning algorithm is able to learn a risk-sensitive policy, an
essential component for handling scenarios with risk uncertainty. Moreover, we find that
the distributional approach can achieve substantial improvement on existing benchmarks
compared to prior methods due to our enhanced training algorithm, even in settings with
deterministic rewards.

1 Introduction

The success of reinforcement learning (RL) (Sutton & Barto, 2005) has been built on learning intelligent
agents that are capable of making long-horizon sequential decisions (Mnih et al., 2015; Vinyals et al., 2019).
These strategies are often learned through maximizing rewards with the aim of finding a single optimal
solution. That being said, practitioners have also found that being able to generate diverse solutions rather
than just a single optimum can have many real-world applications, such as exploration in RL (Hazan et al.,
2018; Zhang et al., 2022b), drug-discovery (Huang et al., 2016; Zhang et al., 2021; Jumper et al., 2021), and
material design (Zakeri & Syri, 2015; Zitnick et al., 2020). One promising approach to search for a diverse set
of high-quality candidates is to sample proportionally to the reward function (Bengio et al., 2021a).

Recently, GFlowNet (Bengio et al., 2021a;b) has been proposed as a novel probabilistic framework to tackle
this problem. Taking inspiration from RL, a GFlowNet policy takes a series of decision-making steps to
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generate composite objectsx , with probability proportional to its return R(x). The number of particles in
each ��ow� intuitively denotes the scale of probability along the corresponding path. The use of parametric
polices enables GFlowNets to generalize to unseen states and trajectories, making it more desirable than
traditional Markov chain Monte Carlo (MCMC) methods (Zhang et al., 2022c) which are known to su�er
from mode mixing issues (Desjardins et al., 2010; Bengio et al., 2012). With its unique ability to support
o�-policy training, GFlowNet has been demonstrated superior to variational inference methods (Malkin et al.,
2022b).

Figure 1: Illustration of a distributional
GFlowNet with stochastic edge �ows.1

Yet the current GFlowNet frameworks can only learn from a
deterministic reward oracle, which is too stringent an assump-
tion for realistic scenarios. Realistic environments are often
stochastic (e.g. due to noisy observations), where the need for
uncertainty modeling (Kendall & Gal, 2017; Guo et al., 2017;
Teng et al., 2022) emerges. In this work, we propose adopt-
ing a probabilistic approach to model the �ow function (see
Figure 1) in order to account for this stochasticity. Analogous
to distributional RL (Bellemare et al., 2017) approaches, we
think of each edge �ow as a random variable, and parameter-
ize its quantile function. We then use quantile regression to
train the GFlowNet model based on a temporal-di�erence-like
�ow constraint. The proposed GFlowNet learning algorithm,
dubbed quantile matching (QM), is able to match stochastic
reward functions. QM can also output risk-sensitive policies under user-provided distortion risk measures,
which allow it to behave more similarly to human decision-making. The proposed method also provides
a stronger learning signal during training, which additionally allows it to outperform existing GFlowNet
training approaches on standard benchmarks with just deterministic environments. Our code is openly
available at https://github.com/zdhNarsil/Distributional-GFlowNets .

To summarize, the contributions of this work are:

ˆ We propose quantile matching (QM), a novel distributional GFlowNet training algorithm, for handling
stochastic reward settings.

ˆ A risk-sensitive policy can be obtained from QM, under provided distortion risk measures.

ˆ The proposed method outperforms existing GFlowNet methods even on deterministic benchmarks.

2 Preliminaries

2.1 GFlowNets

Generative Flow Networks (Bengio et al., 2021a;b, GFlowNets) are a family of probabilistic models to generate
composite objects with a sequence of decision-making steps. The stochastic policies are trained to generate
complex objectsx in a combinatorial spaceX with probability proportional to a given reward function
R(x), where R : X ! R+ . The sequential nature of GFlowNets stands upon the fact that its learned policy
incrementally modi�es a partially constructed state s 2 S � X with some action (s ! s0) 2 A � S � S . To
be more speci�c, let G = ( S; A ) be a directed acyclic graph (DAG), and a GFlowNet sequentially samples a
trajectory � = ( s0 ! s1 ! : : :) within that DAG with a forward policy PF (st +1 jst ). Here the state s and
action (s ! s0) are respectively a vertex and an edge in the GFlowNet trajectory DAGG. We also typically
assume that in such DAGs, the relationship between action and future state is a one-to-one correspondence.
This is unlike in typical RL setups (where the environment is generally stochastic) and is more appropriate for
internal actions like attention, thinking, reasoning or generating answers to a question, or candidate solutions
to a problem. We say s0 is a child of s and s is a parent of s0 if (s ! s0) is an edge inG. We call states

1Each circle denotes a state; concentric circles on the right side denote terminal states to which rewards are assigned.
s0 ! s1 ! s2 is a complete trajectory which starts from the initial state s0 and ends at a terminal state s2 . In order to cope
with a stochastic reward, we represent every edge �ow as a random variable, denoted by gray probability curve icons.
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without children terminal states. Notice that any object x 2 X is a terminal state. We also de�ne a special
initial state s0 (which has no parent) as an abstraction for the �rst state of any object generating path.

A trajectory � = ( s0 ! s1 ! : : : sn ) is complete if it starts at the initial state s0 and ends at a terminal state
sn 2 X . We de�ne the trajectory �ow on the set of all complete trajectoriesT to be a non-negative function
F : T ! R+ . It is called �ow, as F (� ) could be thought of as the amount of particles �owing from the initial
state to a terminal state along the trajectory � , similar to the classical notion of network �ows (Ford &
Fulkerson, 1956). The �ow function is an unnormalized measure overT and we could de�ne a distribution
over complete trajectoriesPF (� ) = F (� )=Z where Z 2 R+ is the partition function. The �ow is Markovian if
there exists a forward policy that satis�es the following factorization:

PF (� = ( s0 ! : : : ! sn )) =
n � 1Y

t =0

PF (st +1 jst ): (1)

Any trajectory distribution arising from a forward policy satis�es the Markov property. On the other hand,
Bengio et al. (2021b) show the less obvious fact that any Markovian trajectory distribution arises from a
unique forward policy.

We use PT (x) =
P

� ! x PF (� ) to denote the terminating probability , namely the marginal likelihood of
generating the object x , where the summation enumerates over all trajectories that terminate atx . The
learning problem considered by GFlowNets is �tting the �ow such that it could sample objects with probability
proportionally to a given reward function, i.e., PT (x) / R(x). This could be represented by thereward
matching constraint:

R(x) =
X

� =( s0 ! ::: ! sn ) ;sn = x

F (� ): (2)

It is easy to see that the normalizing factor should satisfyZ =
P

x 2X R(x). Nonetheless, such computation
is non-trivial as it comes down to summation / enumeration over an exponentially large combinatorial space.
GFlowNets therefore provide a way to approximate intractable computations, namelysampling � given an
unnormalized probability function, like MCMC methods � and marginalizing � in the simplest scenario,
estimating the partition function Z , but this can be extended to estimate general marginal probabilities in
joint distributions (Bengio et al., 2021b).

2.2 Distributional modeling in control

Distributional reinforcement learning (Bellemare et al., 2023) is an RL approach that models the distribution
of returns instead of their expected value. Mathematically, it considers the Bellman equation of a policy� as

Z � (x ; a)
d
= r (x ; a) + 
Z � (x0; a0); (3)

where
d
= denotes the equality between two distributions, 
 2 [0; 1] is the discount factor, x ; a is the state and

action in RL, (r (x ; a); x0) are the reward and next state after interacting with the environment, a0 is the next
action selected by policy� at x0, and Z � denotes a random variable for the distribution of the Q-function
value.

The key idea behind distributional RL is that it allows the agent to represent its uncertainty about the
returns it can expect from di�erent actions. In traditional RL, the agent only knows the expected reward
of taking a certain action in a certain state, but it doesn't have any information about how likely di�erent
rewards are. In contrast, distributional RL methods estimate the entire return distribution, and use it to
make more informed decisions.
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3 Formulation

3.1 GFlowNet learning criteria

Flow matching algorithm. It is not computationally e�cient to directly model the trajectory �ow function,
as it would require learning a function with a high-dimensional input (i.e., the trajectory). Instead, and taking
advantage of the Markovian property, we de�ne the state �ow and edge �ow functions F (s) =

P
� 3 s F (� ) and

F (s ! s0) =
P

� =( ::: ! s! s0! ::: ) F (� ). The edge �ow is proportional to the marginal likelihood of a trajectory
sampled from the GFlowNet including the edge transition. By the conservation law of the �ow particles, it is
natural to see the �ow matching constraint of GFlowNets

X

s:( s! s0)2A

F (s ! s0) =
X

s00:( s0! s00)2A

F (s0 ! s00); (4)

for any s0 2 S. This indicates that for every vertex, the in-�ow (left-hand side) equals the out-�ow (right-hand
side). Furthermore, both equals the state �ow F (s0). When s0 in Equation 4 is a terminal state, this reduces
to the special case of aforementioned reward matching.

Leveraging the generalization power of modern machine learning models, one could learn a parametric model
F� (s; s0) to represent the edge �ow. The general idea of GFlowNet training objectives is to turn constraints
like Equation 4 into losses that when globally minimized enforce these constraints. To approximately satisfy
the �ow-matching constraint (Equation 4), the parameter � can be trained to minimize the following �ow
matching (FM) objective for all intermediate states s0:

L FM (s0; � ) =

"

log

P
(s! s0)2A F� (s; s0)

P
(s0! s00)2A F� (s0; s00)

#2

: (5)

In practice, the model is trained with trajectories from some training distribution � (� ) with full support
E� � � ( � )

� P
s2 � r � L FM (s; � )

�
, where � (� ) could be the trajectory distribution sampled by the GFlowNet ( i.e.,

PF (� ), which indicates an on-policy training), or (for o�-policy training and better exploration) a tempered
version of PF (� ) or a mixture between PF (� ) and a uniform policy.

Trajectory balance algorithm. With the knowledge of edge �ow, the corresponding forward policy is
given by

PF (s0js) =
F (s ! s0)

F (s)
/ F (s ! s0): (6)

Similarly, the backward policyPB (sjs0) is de�ned to be F (s ! s0)=F(s0) / F (s ! s0), a distribution over the
parents of state s0. The backward policy will not be directly used by the GFlowNet when generating objects,
but its bene�t could be seen in the following learning paradigm.

Equivalent with the decomposition in Equation 1, a complete trajectory could also be decomposed into
products of backward policy probabilities

PB (� = ( s0 ! : : : ! sn jsn = x)) =
n � 1Y

t =0

PB (st jst +1 ); (7)

as shown in Bengio et al. (2021b). In order to construct the balance between forward and backward model in
the trajectory level, Malkin et al. (2022a) propose the following trajectory balance (TB) constraint,

Z
n � 1Y

t =0

PF (st +1 jst ) = R(x)
n � 1Y

t =0

PB (st jst +1 ); (8)

where (s0 ! : : : ! sn ) is a complete trajectory and sn = x. Suppose we have a parameterization with�
consisting of the estimated forward policyPF (�js; � ), backward policy PB (�js0; � ), and the learnable global
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scalar Z � for estimating the real partition function. Then we can turn Equation 8 into the L TB objective to
optimize the parameters:

L TB (� ; � ) =

"

log
Z �

Q n � 1
t =0 PF (st +1 jst ; � )

R(x)
Q n � 1

t =0 PB (st jst +1 ; � )

#2

; (9)

where � = ( s0 ! : : : ! sn = x). The model is then trained with stochastic gradient E� � � ( � ) [r � L TB (� ; � )].
Trajectory balance (Malkin et al., 2022a) is an extension of detailed balance (Bengio et al., 2021b) to the
trajectory level, that aims to improve credit assignment, but may incur large variance as demonstrated in
standard benchmarks (Madan et al., 2022). TB is categorized as Monte Carlo, while other GFlowNets (e.g.,
�ow matching, detailed balance, and sub-trajectory balance) objectives are temporal-di�erence (that leverages
the bene�ts of both Monte Carlo and dynamic programming).

3.2 Quantile �ows

For learning with a deterministic reward function, the GFlowNet policy is stochastic while the edge �ow
function is deterministic as per Equation 6. Nonetheless, such modeling behavior cannot capture the potential
uncertainty in the environment with stochastic reward function. See the behavior analysis in the following
proposition.
Proposition 1 (informal) . Consider the rewardR(x) for object x to be a stochastic random variable, then
given su�ciently large capacity and computation resource, the obtained GFlowNet after training would generate
objects with probability proportional to exp (E[logR(x)]) .

The proof is deferred to Section B.1. In this work, we propose to treat the modeling of the �ow function
in a probabilistic manner: we see the state and edge �ow as probability distributions rather than scalar
values. Following the notation of Bellemare et al. (2017), we useZ (s) and Z (s ! s0) to represent the random
variable for state / edge �ow values. Still, the marginalization property of �ow matching holds, but on a
distributional level:

Z (s0)
d
=

X

(s! s0)2A

Z (s ! s0)
d
=

X

(s0! s00)2A

Z (s0 ! s00); (10)

where
d
= denotes the equality between the distributions of two random variables. We thus aim to extend the

�ow matching constraint to a distributional one.

Among the di�erent parametric modeling approaches for scalar random variables, it is e�ective to model its
quantile function (Müller, 1997). The quantile function QZ (� ) : [0; 1] ! R is the generalized inverse function
of cumulative distribution function (CDF), where Z is the random variable being represented and� is a
scalar in [0; 1]. Without ambiguity, we also denote the � -quantile of Z 's distribution by Z � . For simplicity,
we assume all quantile functions are continuous in this work. The quantile function fully characterizes a
distribution. For instance, the expectation could be calculated with a uniform quadrature of the quantile
function E [Z ] =

R1
0 QZ (� ) d� .

Provided that we use neural networks to parameterize the edge �ow quantiles (similar to the �ow matching
parameterization), are we able to represent the distribution of the marginal state �ows? Luckily, the following
quantile mixture proposition from Dhaene et al. (2006) provides an a�rmative answer.
Proposition 2 (quantile additivity) . For any set of M one dimensional random variablesf Z m gM

m =1 which
share the same randomness through a common� 2 [0; 1] in the way that Z m = Qm (� ); 8m, where Qm (�) is the

quantile function for the m-th random variable, there exists a random variableZ 0, such that Z 0 d
=

P M
m =1 Z m

and its quantile function satis�es Q0(�) =
P M

m =1 Qm (�).

We relegate the proof to Section B.2.
Remark 3. Such additive property of the quantile function is essential to an e�cient implementation of the
distributional matching algorithm. On the other hand, other distribution representation methods may need
considerable amount of computation to deal with the summation over a series of distributions. For example,
for the discrete categorical representation (Bellemare et al., 2017; Barth-Maron et al., 2018), the summation
betweenM distributions would need M � 1 convolution operations, which is highly time-consuming.
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Algorithm 1 GFlowNet quantile matching (QM) algorithm

Require: GFlowNet quantile �ow Z � (s ! s0; � ) with parameters � , target reward oracle.
repeat

Sample trajectory � with the forward policy PF (�j� ) estimated by Equation 13;
4 �  

P
s2 � r � L QM (s; � ) (as per Equation 12);

Update � with some optimizer;
until some convergence condition

Quantile matching algorithm. We propose to model the� -quantile of the edge �ow of s ! s0 as
Z log

� (s ! s0; � ) with network parameter � on the log scale for better learning stability. A temporal-di�erence-
like (Sutton & Barto, 2005) error � is then constructed following Bengio et al. (2021a)'s Flow Matching loss
(Equation 5), but across all quantiles:

� �; ~� (s0; � ) = log
X

(s0! s00)2A

expZ log
~�

(s0 ! s00; � ) � log
X

(s! s0)2A

expZ log
� (s ! s0; � ); (11)

where �; ~� 2 [0; 1] and � is the model parameter. This calculation is still valid as both log and exp are
monotonic operations, thus do not a�ect quantiles.

Notice that we aim to learn the quantile rather than average, thus we resort to quantile regression (Koenker,
2005) to minimize the pinball error � � (� ) , j� � 1f � < 0gj `(� ), where `(�) is usually `1 norm or its smooth
alternative. In summary, we propose the followingquantile matching (QM) objective for GFlowNet learning:

L QM (s; � ) =
1
~N

NX

i =1

~NX

j =1

� � i (�
� i ; ~� j (s; � )) ; (12)

where � i ; ~� j are sampledi.i.d. from the uniform distribution U[0; 1]; 8i; j . Here N; ~N are two integer value
hyperparameters. The average over~� j makes the distribution matching valid; see an analysis in Section B.3.
During the inference (i.e., sampling for generation) phase, the forward policy is estimated through numerical
integration:

PF (s0js) =
E [Z (s ! s0)]

P
(s! ~s)2A E [Z (s ! ~s)]

/ E [Z (s ! s0)] �
1
N

NX

i =1

exp
�

Z log
� i

(s ! s0; � )
�

; (13)

where � i � U [0; 1]; 8i . We summarize the algorithmic details in Algorithm 1. We remark that due to Jensen's
inequality, this approximation is smaller than its true value.

The proposed GFlowNet learning algorithm is independent of the speci�c quantile function modeling method.
In the literature, both explicit (Dabney et al., 2017) and implicit (Dabney et al., 2018) methods have been
investigated. In practice we choose the implicit quantile network (IQN) implementation due to its light-weight
property and powerful expressiveness. We discuss the details about implementation and e�ciency, and
conduct an ablation study in Section C.1.

4 Risk Sensitive Flows

The real world is full of uncertainty. To cope with the stochasticity, �nancial mathematicians use various
kinds of risk measuresto value the amount of assets to reserve. Concretely speaking, a risk measure is a
mapping from a random variable to a real number with certain properties (Artzner et al., 1999). Commonly
adopted risk measures such as mean or median do not impute the risk / stochasticity information well. In
this work, we consider a special family of risk measures, namely thedistortion risk measure (Hardy, 2002;
Balbás et al., 2009).

Eg [Z ] =
Z 1

0
QZ (g(� )) d �; (14)
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where g : [0; 1] ! [0; 1] is a monotone distortion function2.

Di�erent distortion functions indicate di�erent risk-sensitive e�ects. In this work, we focus on the following
categories of distortion classes. The �rst cumulative probability weighting (CPW) function (Tversky &
Kahneman, 1992; Gonzalez & Wu, 1999) reads

g(� ; � ) =
� �

(� � + (1 � � ) � )1=�
; (15)

where � > 0 is a scalar parameter controlling its performative behaviour. We then consider another distortion
risk measure family proposed by Wang (2000) as follows,

g(� ; � ) = �
�
� � 1(� ) + �

�
; (16)

where �( �) is the CDF of standard normal distribution. When � > 0, this distortion function is convex and
thus produces risk-seeking behaviours and vice-versa for� < 0. Last but not least, we consider the conditional
value-at-risk (Rockafellar et al., 2000, CVaR): g(� ; � ) = �� , where � 2 [0; 1]. CVaR measures the mean of the
lowest 100� � percentage data and is proper for risk-averse modeling.

Provided a distortion risk measure g, Equation 13 now readsPg
F (s0js) / Eg [Z (s ! s0)], which can be

estimated by Equation 17, where� i � U [0; 1]; 8i .

1
N

NX

i =1

exp
�

Z log
g( � i ) (s ! s0; � )

�
: (17)

Figure 2: A risky hy-
pergrid environment.

Risk-averse quantile matching. We now consider a risk-sensitive task adapted
from the hypergrid domain. The risky hypergrid is a variant of the hypergrid
task studied in Bengio et al. (2021a) (a more detailed description can be found in
Section 5.1), whose goal is to discover diverse modes while avoiding risky regions
in a D-dimensional map with sizeH . We illustrate a 2-dimensional hypergrid in
Figure 2 as an example, where yellow denotes a high reward region (i.e., non-risky
modes) and green denotes a region with stochasticity (i.e., risky modes). Entering
the risky regions incurs a very low reward with a small probability. Beyond that,
the risky mode behaves the same as the normal modes (up-left and bottom-right
mode in Figure 2). As investigated by Deming et al. (1945); Arrow (1958); Hellwig
(2004), human tends to be conservative during decision-making. Therefore, in this
task we propose to combine QM algorithm together with risk-averse distortion risk
measure to avoid getting into risky regions while maintaining performance.

We compare the risk-sensitive quantile matching with its risk-neutral variant and the standard GFlowNet
(�ow matching). We quantify their performance by the violation rate, i.e., the probability ratio of entering
the risky regions, with di�erent dimensions of the task including small and large. We also evaluate each
method in terms of the number of standard (non-risky) modes discovered by each method during the course of
training. As shown in Figure 3(a-b), CVaR(0:1) and Wang(� 0:75) leads to smaller violation rate; CVaR(0:1)
performs the most conservative and achieves the smallest level of violation rate, as it only focuses on the
lowest 10% percentile data. Notice that CPW(0:71)'s performing similar to risk-neutral QM and FM ( i.e.,
baseline) matches the theory, since its distortion function is neither concave nor convex. This indicates that
the risk-sensitive �ows could e�ectively capture the uncertainty in this environment, and prevent the agent
from going into dangerous areas. Figure 3(c-d) demonstrates the number of non-risky modes discovered by
each algorithm, where they can all discover all the modes to have competitive performance. Results validate
that the risk-averse CVaR quantile matching algorithm is able to discover high-quality and diverse solutions
while avoiding entering the risky regions. We relegate more details to Section C.2.

2 In some literature, a di�erent but equivalent notation is used:
R1

0
QZ (� ) dg(� ) =

R1

0
QZ (g� 1 (� )) d � .
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(a) small (b) large (c) small (d) large

Figure 3: Experiment results on stochastic risky hypergrid problems with di�erent risk-sensitive policies. Up:
CVaR(0:1) and Wang(� 0:75) induce risk-averse policies, thus achieving smaller violation rates.Bottom: Risk-
sensitive methods achieve similar performance with other baselines with regard to the number ofnon-risky
modes captured, indicating that the proposed conservative method do not hurt the standard performance.

Figure 4: Experiment results on the hypergrid tasks for di�erent scale levels.Up: the `1 error between the
learned distribution density and the true target density. Bottom: the number of discovered modes across
the training process. The proposed quantile matching algorithm achieves the best results across di�erent
hypergrid scales under both quantitative metrics.

5 Benchmarking Experiments

The proposed method has been demonstrated to be able to capture the uncertainty in stochastic environments.
On the other hand, in this section we evaluate its performance on deterministic structured generation
benchmarks. These tasks are challenging due to their exponentially large combinatorial search space,
thus requiring e�cient exploration and good generalization ability from past experience. In this work, all
experimental results are run on NVIDIA Tesla V100 Volta GPUs, and are averaged across4 random seeds.

5.1 Hypergrid

We investigate the hypergrid task from Bengio et al. (2021a). The space of states is aD-dimensional hypergrid
cube with sizeH � � � � � H with H being the size of the grid, and the agent is desired to plan in long horizon
and learn from given sparse reward signals. The agent is initiated at one corner, and needs to navigate by
taking increments in one of the coordinates by1 for each step. A special termination action is also available
for each state. The agent receives a reward de�ned by Equation 18 when it decides to stop. The reward
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