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ABSTRACT

Constrained optimization is a powerful framework for enforcing requirements on
neural networks. These constrained deep learning problems are typically solved
using first-order methods on their min-max Lagrangian formulation, but such ap-
proaches often suffer from oscillations and can fail to find all local solutions. While
the Augmented Lagrangian method (ALM) addresses these issues, practitioners
often favor dual optimistic ascent schemes (PI control) on the standard Lagrangian,
which perform well empirically but lack formal guarantees. In this paper, we
establish a previously unknown equivalence between these approaches: dual op-
timistic ascent on the Lagrangian is equivalent to gradient descent-ascent on the
Augmented Lagrangian. This finding allows us to transfer the robust theoretical
guarantees of the ALM to the dual optimistic setting, proving it converges linearly
to all local solutions. Furthermore, the equivalence provides principled guidance
for tuning the optimism hyper-parameter. Our work closes a critical gap between
the empirical success of dual optimistic methods and their theoretical foundation
in the single-step, first-order regime commonly used in constrained deep learning.

1 INTRODUCTION

Machine learning problems frequently lead to constrained optimization formulations, where the
objective function encodes the learning task, and the constraints guide optimization toward models
with desirable properties such as sparsity (Gallego-Posada et al., 2022), fairness (Cotter et al., 2019a),
or safety (Dai et al., 2024). Alternatively, learning can be incorporated directly into the constraints,
as in SVMs and Feasible Learning (Ramirez et al., 2025b).

A widely adopted approach for solving constrained optimization problems involving deep neural
networks is to formulate their associated Lagrangian and seek its min—max points (Elenter et al., 2022;
Hashemizadeh et al., 2024; Hounie et al., 2023b; Kotary and Fioretto, 2024). This is typically done
through gradient descent—ascent: descent on the problem (primal) variables—often with adaptive
variants such as Adam (Kingma and Ba, 2015)—and ascent on the Lagrange multipliers (dual
variables). This first-order Lagrangian approach is popular in constrained deep learning because it
empirically handles non-convex problems and scales efficiently to models with billions of parameters.

However, gradient descent-ascent on the Lagrangian suffers from two major limitations: (D) in the
non-convex setting, it may fail to converge to certain local solutions of the problem—convergence is
guaranteed only for solutions that correspond to local min—max points of the Lagrangian (Bertsekas,
2016, Prop. 5.4.2); and () it often exhibits oscillations, where iterates repeatedly move in and out of
the feasible set, slowing down convergence (Platt and Barr, 1987).

A seminal approach that addresses these limitations is the Augmented Lagrangian method (ALM),
which incorporates a quadratic penalty term on the constraints (Hestenes, 1969; Powell, 1969;
Rockafellar, 1973). With suitable hyperparameter choices, this method converges to all strict and
regular local solutions of non-convex constrained problems, while mitigating oscillations.

Despite these advantages, the Augmented Lagrangian method is not the standard in constrained deep
learning. Instead, the community largely relies on the original Lagrangian approach, mitigating its os-
cillatory behavior with alternative Lagrange multiplier updates such as the PI control strategy (Sohrabi
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et al., 2024; Stooke et al., 2020), also known as generalized optimistic gradient ascent (Mokhtari
et al., 2020). These dual optimistic ascent methods have shown strong empirical performance in
reducing oscillations, but their convergence properties remain largely underformalized.

This paper addresses this gap. We establish a simple yet previously unknown result: gradient de-
scent—optimistic ascent on the Lagrangian is equivalent to gradient descent—ascent on the Augmented
Lagrangian. For equality-constrained problems, the equivalence holds exactly at the level of matching
primal iterates (Theorem 1). For general inequality constraints, we prove that both methods converge
to the same set of points—namely, all local solutions of the constrained problem (Theorem 2).

In §4, we use this equivalence to formalize properties of the dual optimistic ascent (PI control)
framework. We show that it strictly improves over standard GDA on the Lagrangian by recovering all
local problem solutions (Theorem 3) and provide local convergence guarantees to these solutions
(Corollaries 2 and 3). We further characterize the role of the optimism coefficient (proportional
gain), formally showing that larger values reduce oscillations but may induce ill-conditioning (§4.3).
Finally, in §5, we provide experimental results validating our theoretical findings.

Taken together, these results imply that dual optimistic ascent is principled only insofar as it mimics the
Augmented Lagrangian method in the single-step, first-order regime. In more general settings—such
as those employing multiple primal steps or second-order primal optimizers—this equivalence no
longer holds, and dual optimistic ascent fails to inherit the robust convergence guarantees of the
ALM; in such cases, we advocate for the explicit Augmented Lagrangian method instead.

Scope. All results are presented in the context of constrained optimization. Our claims about the
optimistic gradient method are restricted to: (D its role in maximizing the dual player in a Lagrangian
formulation (i.e., a linear player in a non-convex—linear min-max problem), and () its application
only to that player; for the non-convex primal player, we generally assume a different method is used.

2 BACKGROUND

2.1 CONSTRAINED OPTIMIZATION

Let f: RY 5 R, g:R?*— R™, and h : R — R” be twice-differentiable functions. We consider
the following family of constrained optimization problems:

mgb f(x) subjectto g(x) <=0, h(z)=0, (CMP)
EAS

where =< denotes element-wise inequality. We refer to f as the objective function, and to g and h as
the inequality and equality constraints, respectively.

Definitions. A point x is feasible if it satisfies all constraints. A point * is a local constrained
minimizer if it is feasible and there exists an € > 0 such that f(x*) < f(x) for all feasible x with
|z — x*|| < e. A global constrained minimizer is a feasible point that satisfies this inequality for all
feasible . An inequality constraint g;(x) < 0 is active at x if it holds with equality, i.e., g;(x) = 0.
We denote the set of active inequality constraint indices at « by A, = {i | g;(x) = 0}. Equality
constraints are always considered “active” when satisfied.

Solving constrained optimization problems. A general approach to solving differentiable con-
strained optimization problems is to find min-max points of their associated Lagrangian (Arrow et al.,
1958), which correspond to solutions of the original problem (Bertsekas, 2016, Props. 4.3.1 & 4.3.2):
&, N, p* € ang min max Ll A p) 2 f(z)+ A g(@)+pTh(z),  (Lag)

xR A>0,p
where A > 0 and p are the Lagrange multipliers associated with the inequality and equality
constraints, respectively. We refer to x as the primal variables, and to A and g as the dual variables.

A simple algorithm for finding min-max points of Eq. (Lag) is alternating' (projected) gradient
descent-ascent (GDA): descent on @ and (projected) ascent on A and p:

Bt 4 pr + awa R(Te),  Apgr [At o+ Mdua g(wt)} +’ (Lag-GDA)

@iy @ — 12 V(@) + A Ve(®) + pl o Vh(z)]

! Alternating updates are often preferred over simultaneous updates for constrained optimization because they
provide stronger convergence guarantees when the Lagrangian is strongly convex (Zhang et al., 2022), without
adding computational overhead (Sohrabi et al., 2024).
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where [ -] denotes projection onto the non-negative orthant to enforce A > 0, and 7, 7gual > 0 are
the primal and dual step-sizes. The primal update direction is a linear combination of the objective
and constraint gradients, weighted by the current multipliers, which are typically initialized to zero.
In practice, the descent step is often replaced with adaptive first-order schemes such as Adam. We
refer to Eq. (Lag-GDA) as the first-order Lagrangian approach, or simply the Lagrangian approach.

Constrained deep learning. Applying constraints to deep neural networks—where the parameters
a can number in the billions—is challenging due to the non-convexity and scale of the resulting
optimization problems. Classical approaches that exploit problem structure or require costly opera-
tions, such as methods involving projections (Goldstein, 1964; Levitin and Polyak, 1966), feasible
directions (Frank and Wolfe, 1956; Zoutendijk, 1960), or standard SQPs (Han, 1977; Powell, 1978;
Wilson, 1963), are either inapplicable to non-convex deep learning or impractical at this scale.

By contrast, the Lagrangian approach in Eq. (Lag-GDA) has become a dominant method for con-
strained deep learning, with applications across a wide range of domains (Cotter et al., 2019a; Elenter
et al., 2022; Hounie et al., 2023a;b; Ramirez et al., 2025b; Robey et al., 2021; Zhang et al., 2025), and
integration into popular frameworks such as PyTorch (Paszke et al., 2019) and TensorFlow (Abadi
et al., 2016) via libraries like Cooper (Gallego-Posada et al., 2025) and TFCO (Cotter et al., 2019b).

Its popularity stems from its convergence properties and computational scalability. It provides
local convergence guarantees to min—max points of the Lagrangian, even in the non-convex setting
(Bertsekas, 2016, Prop. 5.4.2), while remaining computationally efficient (Gallego-Posada, 2024,
Ramirez et al., 2025a). Its overhead relative to unconstrained deep learning is negligible, limited to
storing and updating the multipliers.”

Limitations. In the non-convex regime, the Lagrangian approach faces several drawbacks. Not all
local constrained minimizers «* of Eq. (CMP)—together with their corresponding optimal multipliers
A* > 0 and p*—necessarily correspond to min-max points of the Lagrangian L. In particular, x*
need not minimize £( -, A*, u*),” and the Hessian V2 £(x*, \*, u*) may fail to be positive definite.
In fact, the Lagrangian can be strictly concave in some infeasible directions—whereas strict concavity
precludes optimality in unconstrained problems, it can arise at constrained optima (Bertsekas, 2016,
Prop. 4.3.2). Such non-convex stationary points cannot be reached via Eq. (Lag-GDA).

Despite this limitation, Eq. (Lag-GDA) has proven effective in practice for a wide range of non-
convex constrained deep learning applications. However, another challenge limits its applicability:
the optimization dynamics often induce oscillations in the multipliers and their associated constraints,
causing the primal iterates to repeatedly move in and out of the feasible set (Platt and Barr, 1987).
These oscillations slow convergence and can be critical in settings where infeasibility cannot be
tolerated—for example, when violations disrupt physical systems or compromise safety.

These limitations have motivated two main strategies for improvement. The first is the Augmented
Lagrangian Method, which makes the (Augmented) Lagrangian strictly convex at all strict and regular
constrained minimizers of Eq. (CMP). The second replaces simple gradient ascent on the multipliers
with generalized optimistic gradient ascent, which mitigates oscillations in the dynamics. These
methods are discussed in §2.3 and §2.2, respectively. In §3, we prove that they are, in fact, equivalent.

2.2 DUAL OPTIMISTIC ASCENT

The oscillatory behavior inherent in the dynamics of Eq. (Lag-GDA) has motivated alternatives to
plain gradient ascent for updating the dual variables. A prominent class of such methods is based on
optimism (Rakhlin and Sridharan, 2013). In this work, we adopt the generalized optimistic gradient
method of Mokhtari et al. (2020), applying it solely to A and p. Combining this with standard
gradient descent on @ and alternating updates—where the multipliers are updated first—yields:

Pt < P+ Nawa h(xy) + w[h(z:) — h(ze-1)],
Aig1 [At + Naval 9 (1) + w[g () — g(wt_l)]} R (Lag-GD-OA)

Tip1 < Tp — N [Vf(fﬂt) + AtT+1Vg(33t) + NtTHVh(-’Et)]

2This overhead is negligible for two reasons: the number of constraints—and thus multipliers—is typically
much smaller than the number of model parameters, adding minimal memory overhead; and the dual gradients
correspond to constraint values, requiring no extra backward passes and thus negligible computational overhead.
3Even solutions that minimize £—albeit not strictly—may not correspond to limit points of Eq. (Lag-GDA).
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where w > 0 is the optimism coefficient. To avoid undefined evaluations at ¢ = 0, we set the “previous”
constraint violations equal to the current ones—i.e., h(x_1) = h(xo) and g(x_1) = g(x(). Under
this convention, the first dual update reduces to a standard (projected) gradient ascent step with
step-size 7)qua, ensuring that Eq. (Lag-GD-OA) is well defined at ¢ = 0.*

While optimism is often applied to both players in general min-max optimization (i.e., optimistic
gradient descent—ascent; OGDA), we follow the more general approach of Sohrabi et al. (2024);
Stooke et al. (2020)° for constrained problems by applying optimism only to the dual variables.
This preserves flexibility in the choice of the primal update, allowing to retain task-specific training
pipelines—such as standard Adam without optimism. Such flexibility is especially important in deep
learning, where model training pipelines are often highly specialized, making it undesirable to modify
them solely to accommodate alternative dual optimization algorithms.

Dual (generalized) optimistic updates have been applied to stabilize optimization dynamics of
constrained deep learning problems across reinforcement learning (Moskovitz et al., 2023; Stooke
et al., 2020), unsupervised learning (Shao et al., 2022), and supervised learning (Sohrabi et al., 2024).

Intuitively, the optimistic update in Eq. (Lag-GD-OA) dampens oscillations by adjusting dual ascent
steps with information from past constraint violations; specifically, by adding the optimistic term
w(g(z;) — g(x,—1)). When violations shrink across iterations, this correction term is negative,
acting as a brake: the multiplier increases more conservatively, avoiding an “overshoot” beyond its
optimum. This prevents over-penalization of the constraints in later primal steps, thereby stabilizing
the dynamics and reducing oscillations. For further discussion, see Sohrabi et al. (2024, §4.3). In §3,
we show that this stabilizing behavior is not accidental: in the single-step, first-order regime we
consider, dual optimistic ascent is simply an Augmented Lagrangian method in disguise.

Literature gaps. While successful empirically, dual optimistic ascent on the Lagrangian remains
largely underformalized. It lacks convergence guarantees and is supported exclusively by empirical
demonstrations of its ability to mitigate oscillations.

Despite the vast literature on optimistic methods, most existing results do not directly apply to the
dual optimistic ascent algorithm in Eq. (Lag-GD-OA). For general min-max games, OGDA is known
to expand the set of stationary points to which it can converge relative to standard GDA (Daskalakis
and Panageas, 2018). While this set can include the global solution in bilinear games, the nature of
these additional points remains largely uncharacterized in general non-convex—non-concave games.
Moreover, the established convergence guarantees for OGDA—such as global linear convergence
under strong convexity—strong concavity (Gidel et al., 2019), sublinear convergence under convex-
ity—concavity (Gorbunov et al., 2022), and sublinear convergence for non-convex—(strongly) concave
settings (Mahdavinia et al., 2022)—are derived in frameworks incompatible with our own.

The inapplicability of these findings stems from two key issues. First, the cited results concern a
different algorithm that applies optimism to both players, not just the dual player as in Eq. (Lag-GD-
OA).° Second, the underlying assumptions are mismatched—they are either too restrictive, requiring
(strong) convexity for the minimization player, or too general, assuming a non-convex—concave game
that fails to exploit the specific non-convex—linear structure of the Lagrangian.

2.3 THE AUGMENTED LAGRANGIAN METHOD

The (HPR) Augmented Lagrangian function (Hestenes, 1969; Powell, 1969; Rockafellar, 1973) adds
a quadratic penalty to the standard Lagrangian to penalize constraint violations:

Lo(@ A ) 2 f(@)+ 52 [le+ch@); = [l + |3 +cg@], [, - IME] @D

where ¢ > 0 is a penalty coefficient. Expanding the squared norms in Eq. (AL) reveals that constraint
violations are penalized by both a linear term involving the multiplier and a quadratic term scaled by c.

*Alternatively, one can set h(x_1) = 0 and g(_1) = 0, in which case the first dual step is a projected
gradient ascent update with effective step size 1qual + w. Both conventions are equivalent for our purposes—the
difference can be absorbed into the initialization of (Ao, o) without affecting our theoretical results.

SThe generalized optimistic gradient method is a special case of the algorithms in both papers; specifically, it
corresponds to a Proportional-Integral (PI) controller on the multipliers.

SMoreover, known convergence results for OGDA seldom consider the generalized case where w % Taual,
with the notable exception of Mokhtari et al. (2020) for bilinear games.
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The projection [ -] creates a one-sided penalty for inequalities: it penalizes violations (g;(x) > 0)
but avoids pushing iterates deeper into the feasible region once a constraint is sufficiently satisfied
(gi(x) < —\;/c). This ensures that optimization focuses only on violated or nearly-active constraints.

The set of min-max points of £.. The Augmented Lagrangian preserves and enhances the solution
set of the standard Lagrangian. Since the two functions share the same set of stationary points (Rock-
afellar, 1973, Cor. 3.4), they have an identical pool of candidate solutions. Furthermore, every local
min-max point of £ remains a local min-max point of L., ensuring that any solution attainable with
the standard Lagrangian approach remains attainable within the Augmented Lagrangian framework.

More importantly, under regularity assumptions, every strict local constrained minimizer =* admits a
threshold ¢ > 0 such that, for all ¢ > ¢, the Augmented Lagrangian L. is strictly convex at £*, even
if the original Lagrangian £ is not convex there (Bertsekas, 2016, §4.2.1). Consequently, all strict
local constrained minimizers of Eq. (CMP) are upgraded to local min-max points of L.

Two important algorithmic consequences follow: (D all strict local constrained minimizers become
strict local min-max points of L., for which GDA enjoys local linear convergence guarantees (Bert-
sekas, 2016, Prop. 5.4.2); and ) the sets of strict local constrained minimizers of Eq. (CMP) and strict
local min-max points of L. coincide, ensuring that GDA on the Augmented Lagrangian converges
to—and only to—stationary points corresponding to solutions of Eq. (CMP). Further benefits of the
Augmented Lagrangian approach—including its ability to mitigate oscillations—are discussed in §4.

The Augmented Lagrangian Method seeks min-max points of the Augmented Lagrangian function:
LA, pt i Leo(x, A, ). 1
%, A%, pu* € arg min max (z, A, 1) (1)
The classic algorithm for solving this problem—the Method of Multipliers—iteratively performs:
Tyl € arg Helfé}i Ley(@, A, pe), o1 = pe +ceh(@er1), A = [N+ g(®e)], 2)

In this method, the primal minimization is typically performed approximately, either for a fixed
number of optimization steps or until a numerical tolerance is reached. The subsequent dual updates
correspond to gradient ascent steps on the standard Lagrangian £ with step-sizes ¢;. The penalty
coefficients are chosen as a non-decreasing sequence c;y1 > ¢; > 0, often updated according to a
schedule—for example, increasing c¢; when constraint violations are not reduced sufficiently across
successive iterations (see, e.g., Birgin and Martinez (2014, Eq. 4.9 in Alg. 4.1)).

The Augmented Lagrangian method is a seminal approach for solving non-convex constrained
optimization problems, with variants implemented in numerous optimization libraries across different
programming languages (Conn et al., 2013; Gallego-Posada et al., 2025; Johnson; Pas et al., 2022).
Its success spans a broad range of scientific problems, and it has become a key tool in constrained
deep learning, applied in works ranging from seminal contributions to recent advances (Brouillard
et al., 2020; Kotary and Fioretto, 2024; Lokhande et al., 2020; Platt and Barr, 1987; Shi et al., 2023).

In deep learning, where full (or even approximate) minimization of L. is computationally infeasible,
it is often replaced by one or more steps of a first-order optimizer, such as Adam. Accordingly, in this
paper we consider the following family of Augmented Lagrangian algorithms: alternating gradient
descent—(projected) gradient ascent on L., with the primal update performed first.

Tip] < Ty — Ny {Vf(lit) + [)\t + cg(:ct)]IVg(act) + (I.Lt + Ch(wt))TVh(SCt)}
(AL-GDA)
Bit1 < pht + Naua (21 41) Appp < (1 — o) X, o o [)\t + Cg(wt-&-l)} .

where 0 < 74y < cand 1, > 0 are fixed step-sizes. The algorithm first takes a single primal gradient
descent step on L., then performs a dual gradient ascent step on the multipliers with step-size 7gyal,
which is independent of the penalty c. Notably, the A-update is a convex combination of the previous
iterate A; and a new estimate [A; + ¢ g(@;41)]+. Setting 9gua = ¢ recovers the standard dual updates
of the Method of Multipliers in Eq. (2). This method is therefore more specific than Eq. (2) by
replacing the full primal minimization with a single gradient step and more general, as it decouples
the dual step-size from c. For a full derivation of these updates, see Appendix B.

The primal update in Eq. (AL-GDA) can be viewed as a gradient descent step on the standard
Lagrangian, using multiplier estimates that differ from their latest iterates. These estimates simulate
a (projected) ascent step on £, acting as a proactive “lookahead” to calibrate the primal updates.
Recognizing this is the key insight behind the equivalence with dual optimistic ascent shown in §3.
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3  DUAL OPTIMISTIC ASCENT (PI CONTROL) IS THE AUGMENTED
LAGRANGIAN METHOD IN DISGUISE

In this section, we show that the Augmented Lagrangian method (Eq. (AL-GDA) in §2.3) and dual
optimistic ascent (Eq. (Lag-GD-0A) in §2.2) are equivalent for equality-constrained problems when
¢ = w, in the sense that their primal iterates coincide (Theorem 1 in §3.1). This equivalence does not
extend to problems with inequality constraints. Nevertheless, Theorem 2 in §3.2 establishes that both
algorithms share the same set of locally stable stationary points. Consequently, they achieve the same
fundamental objective: ensuring that all strict and regular local constrained minimizers of Eq. (CMP)
are limit points of their dynamics. We discuss further implications of these results in §4.

3.1 EQUALITY CONSTRAINTS

We first show that, for equality-constrained problems, the primal iterates of Eq. (Lag-GD-OA) and
Eq. (AL-GDA) coincide when w = c and the initialization is chosen appropriately.

Theorem 1 (Equivalence for equality-constrained problems). The primal iterates {x:}32, generated
by primal-first GDA on the Augmented Lagrangian (Eq. (AL-GDA)) and dual-first gradient de-
scent—optimistic ascent on the Lagrangian (Eq. (Lag-GD-OA)) for an equality-constrained problem
match, provided that: (D) the penalty and optimism coefficients are constant and equal, w = ¢ > 0;
and Q) their respective initializations are chosen as (xg, po) and (xo, po + (¢ — Dy ) (0)).

Proof. See Proof of Theorem I in Appendix D. O

Note that Theorem 1 applies to any first-order optimization algorithm used to minimize the (Aug-
mented) Lagrangian, not only gradient descent. This holds because both algorithms generate the
same sequence of primal gradients. In particular, the result extends to primal updates performed with
first-order deep learning optimizers such as Adam.

3.2 GENERAL CONSTRAINED PROBLEMS WITH INEQUALITY CONSTRAINTS

Unlike the equality-constrained case, the iterates of Eq. (AL-GDA) and Eq. (Lag-GD-OA) do not
coincide for problems with inequality constraints. This difference arises from the placement of
projections on the inequality multipliers updates: in Eq. (Lag-GD-OA), they are applied only once
during the update, whereas in Eq. (AL-GDA), they are applied twice—once to update the multiplier
and again to compute the “lookahead” estimate for the primal gradient. Nevertheless, as shown in
Theorem 2, the two algorithms share the same set of locally stable stationary points. In this sense,
both are equally powerful—and strictly more so than Eq. (Lag-GDA).

First, we establish that both algorithms share the exact same set of stationary (fixed) points:
Proposition 1 (Equivalence of Stationary Points). The set of fixed points for algorithms Egs. (AL-
GDA) and (Lag-GD-OA) are the same, and correspond to the set of KKT points of Eq. (CMP).

Proof. See Proof of Proposition I in Appendix D. O

Having identified the fixed points, we now examine whether the algorithms actually converge to them.
We rely on the standard notion of local stability:

Definition 1 (Local stability). Consider an algorithm

i1 Fxg, A, ), Aty1 G, Mg, ), Big1 < H(x, A, pat). 3)

A fixed point (x*, \*, u*) of this algorithm is called a locally stable stationary point (LSSP) if the
Jacobian J of the joint operator [F, G, H|, evaluated at (x*, X\*, u*), has spectral radius strictly
less than one, i.e., p(J) < 1.

A standard result states that an algorithm exhibits local linear convergence to all of its LSSPs
(Bertsekas, 2016, Prop. 5.4.1). To analyze the stability of our two methods, we therefore study their
respective operator Jacobians: Jar. for the Augmented Lagrangian method Eq. (AL-GDA) and Jog
for dual optimistic ascent Eq. (Lag-GD-OA). These are derived in Lemmas 2 and 4 of Appendix D.



Published as a conference paper at ICLR 2026

Theorem 2 (Equivalence of LSSPs - inequality constraints). Let (x*, \*) be a stationary point of
the Lagrangian for an inequality-constrained problem, satisfying strict complementary slackness
(see Assumption I in Appendix A). Then Eq. (AL-GDA) with penalty coefficient c converges locally
to (x*, A*) if and only if Eq. (Lag-GD-OA) with optimism coefficient w = c also converges locally to
that point. Moreover, the spectral radii of the Jacobians of the two algorithms satisfy

p(Jar) = max{p(Joc), 1 = Nauar/c}- (4)
Proof. See Proof of Theorem 2 in Appendix D. O

By combining the results for equalities (§3.1) and inequalities (Theorem 2), we arrive at the following
general equivalence covering mixed constraints:

Corollary 1 (Equivalence of LSSPs). The algorithms in Egs. (AL-GDA) and (Lag-GD-OA) share
the same set of locally stable stationary points satisfying Assumption I.

Proof. The result follows by applying the same logic as in the proof of Theorem 2, where equality
constraints are treated as a special case of active inequality constraints. O

4 IMPLICATIONS AND DISCUSSION

This section builds on the equivalence results from §3 to establish formal properties of the dual
optimistic ascent method (PI control), including a characterization of its locally stable stationary
points in terms of solutions to the constrained problem (§4.1), convergence guarantees (§4.2), and
practical guidelines for tuning the optimism hyperparameter (§4.3).

These results apply specifically to the single-step, first-order dynamics of Eq. (Lag-GD-OA). In §4.4,
we explain how the equivalence breaks down once these assumptions are relaxed and argue that, in
such settings, classical Augmented Lagrangian methods are the more principled approach.

4.1 CHARACTERIZING THE STABLE POINTS OF DUAL OPTIMISTIC ASCENT

We now show that dual optimistic ascent offers a principled approach to constrained optimization: it
recovers all regular, strict local constrained minimizers of Eq. (CMP). Although the method has been
applied to constrained problems before, this property has not been previously identified or formalized.

Subsequent results rely on three standard assumptions, which we state formally in Appendix A: strict
complementary slackness (Assumption 1), the second-order sufficiency condition (Assumption 2),
and the linear independence constraint qualification (Assumption 3). We now recall the following
classical results for the Augmented Lagrangian method:

Proposition 2. (Bertsekas, 2016, §4.2.1) Let x* be a strict local constrained minimizer with corre-
sponding Lagrange multipliers X* > 0 and p*, satisfying Assumptions I to 3. Then there exists ¢ > 0
such that, for every ¢ > ¢, the Augmented Lagrangian L. is strictly convex in x at (x*, X\*, p*).

Proposition 3. (ALM finds all constrained minimizers) For any strict local constrained minimizer
x* satisfying Assumptions [ to 3, there exist ¢ > 0 large enough and Mg, Nauar > 0 small enough such
that x* is an LSSP of Eq. (AL-GDA).

Proof. This is well-known for simultaneous GDA in equality-constrained problems (Bertsekas (2016,
Prop. 5.4.2)). For a proof specific to Eq. (AL-GDA), see Proof of Proposition 3 in Appendix D. [

The converse also holds: the LSSPs of ALM dynamics are precisely the local constrained minimizers
of Eq. (CMP), indicating that Eq. (AL-GDA) does not converge to spurious stationary points of L.

Proposition 4. (ALM finds only constrained minimizers) Let (x*, \*, u*) be an LSSP of Eq. (AL-
GDA) for some Nz, Nayar, ¢ > 0. Then x* is a local constrained minimizer of Eq. (CMP).

Proof. See Proof of Proposition 4 in Appendix D. O

We now characterize the solution set of dual optimistic ascent.

Theorem 3 (LSSPs of dual optimistic ascent). Let x* satisfy Assumptions | and 3. Then x* is a strict
local constrained minimizer of Eq. (CMP)—that is, it satisfies Assumption 2—if and only if there
exists an optimism coefficient 0 > 0 such that for all w > @, there exist learning rates Mg, Nauyar > 0
small enough for which x* is an LSSP of the dual optimistic ascent dynamics Eq. (Lag-GD-OA).
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Proof. This follows directly from the equivalence results in Corollary 1 together with the properties
of Eq. (AL-GDA) given in Propositions 3 and 4 above. O

Theorem 3 establishes dual optimistic ascent as a principled framework for constrained optimization.
While it is known that optimistic methods converge to a broader set of stable points than standard
GDA (Daskalakis and Panageas, 2018), our result refines this for the constrained setting by precisely
characterizing which additional stable points arise from (dual) optimism: it recovers all strict and
regular local constrained minimizers of Eq. (CMP) and only such solutions.” This makes it strictly
more powerful than simple Eq. (Lag-GDA). For an analysis of how large w = ¢ must be to guarantee
convergence to a given x*, see Bertsekas (2014, Prop. 2.7).

4.2 CONVERGENCE RESULTS FOR DUAL OPTIMISTIC ASCENT

Non-convex problems. Our equivalence results allow us to transfer the well-understood convergence
guarantees of the Augmented Lagrangian method to the dual optimistic ascent framework.

Corollary 2 (Local convergence rate of dual optimistic ascent). For appropriate hyperparameter
choices, Eq. (Lag-GD-OA) exhibits local linear convergence to all strict local constrained minimizers
of Eq. (CMP) satisfying Assumptions I to 3. Whenever ngq is sufficiently close to w = c (so that
1 — Nawar/ ¢ < p(TaL)), the convergence rate of Eq. (Lag-GD-OA) matches that of Eq. (AL-GDA).

Proof. Local linear convergence follows directly from Theorem 3. The spectral norm relationship
between p(Jog) and p(Jar) established in Theorem 2 links the convergence rates of the two
algorithms for inequality-constrained problems. Note that equality constraints can be treated locally
as active inequalities, and thus the same relationship between spectral norms holds in that case.  [J

This result also implies that for problems where a specific convergence rate is known for Eq. (Lag-
GDA),? that rate transfers directly to Eq. (Lag-GD-OA), provided 74y is sufficiently close to c.

Global convergence, however, is more delicate. While the matching primal iterates for equality-
constrained problems (Theorem 1) suggest that convergence guarantees may transfer directly across al-
gorithms, this is not the case for inequality constraints. There, our equivalence is only local—ensuring
the same set of LSSPs (Corollary 1) but not the same global behavior.

Even for equality constraints, a key obstacle prevents us from proving global convergence of dual
optimistic ascent using known results for the Augmented Lagrangian method. Classic ALM results,
such as the Q-linear rate in Bertsekas (2014, Prop. 2.7), apply to the Method of Multipliers (Eq. (2))
and rely on each primal step yielding a sufficiently accurate (local) minimizer of L.. In contrast, our
equivalence holds only for single-step first-order updates, which do not meet this requirement.

One might then consider performing multiple primal minimization steps per dual optimistic ascent
update to meet this condition. However, this breaks the equivalence to Eq. (AL-GDA) and instead
amounts to a multi-step minimization of the standard Lagrangian £. Since £ may fail to be locally
convex near a solution, such a procedure lacks convergence guarantees.

It may still be possible to establish global convergence of Eq. (Lag-GD-OA) for non-convex problems
directly—following, for example, strategies developed for OGDA in nonconvex—concave games
(Mahdavinia et al., 2022). However, this lies beyond the scope of our work.

Convex problems. In the convex setting, our equivalence theorems yield global convergence
guarantees for dual optimistic ascent on equality-constrained problems. Extending these guarantees
to inequality constraints remains an open direction for future work.

Corollary 3 (Global linear convergence for convex equality-constrained problems). Consider a
problem with a convex, smooth objective f(x) and affine equality constraints h(x) = Bx + b.
Assume the problem has a unique solution x* and that LICQ is satisfied (Assumption 3), i.e., B has
full row rank. Then, for any w > 0 and sufficiently small step-sizes Ny, Nw, Eq. (Lag-GD-OA)
converges globally at a linear rate to the optimal pair (x*, u*). The exact rate depends on the
properties of [ and B; see Alghunaim and Sayed (2020, Theorem 1) for a precise characterization.

"This highlights a key difference with general min-max games (e.g., GANSs), where new equilibria stabilized
by optimism can be spurious. In constrained optimization, these “spurious” solutions are a feature, not a bug.

8There is no general closed-form expression for the iteration complexity of the Augmented Lagrangian
method in Eq. (AL-GDA); such rates can only be established under additional assumptions on f, g, and h.
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Proof. This follows from the equivalence in Theorem 1, and Alghunaim and Sayed (2020, Theorem 1),
which establishes global linear convergence for Eq. (AL-GDA). O

This global convergence guarantee hinges on the strong convexity of the Augmented Lagrangian £,
on x, which is induced even when the original objective f is merely convex. In contrast, the standard
Lagrangian remains only convex in x, and GDA is not guaranteed to converge on the resulting
convex—concave problem (Gidel et al., 2019). Dual optimistic ascent avoids this failure mode by
inheriting the favorable convergence properties of the Augmented Lagrangian method.

4.3 PRACTICAL IMPLICATIONS FOR HYPER-PARAMETER TUNING

Our equivalence result provides practical guidance on choosing the optimism hyper-parameter w. This
parameter introduces a critical trade-off analogous to the coefficient c in the Augmented Lagrangian
method: larger values of w are beneficial as they () expand the set of attainable solutions and Q)
dampen oscillations in the optimization dynamics. However, Q) excessively large values can lead to
an ill-conditioned problem, which may in turn slow convergence. We now formalize these points.

Corollary 4 (Monotonic inclusion of solutions). The set of strict local minimizers of Eq. (CMP)
that are LSSPs of the dual optimistic ascent dynamics is monotonically non-decreasing in w. For
sufficiently large w, this set coincides with all local minimizers satisfying Assumptions I to 3.

Proof. This follows from the equivalence result in Corollary 1 and Prop. 3. O

In practice, however, it is generally unclear what value of w is sufficiently large to turn a given
solution * into an LSSP; this would typically require knowing a* itself. This practical uncertainty
motivates a simple strategy: to ensure all solutions are attainable, one may consider taking w — oo.

Dampening Oscillations. A key motivation for moving beyond standard GDA on the Lagrangian £ is
the presence of oscillations. Whenever the Hessian V2 £ is indefinite, the dynamics are characterized
by imaginary eigenvalues, an effect observed in practice (Sohrabi et al., 2024; Stooke et al., 2020)
and expected in theory (Benzi and Simoncini, 2006, Prop 2.5 & Remark 2.8).

The Augmented Lagrangian method is a classical solution: as the penalty coefficient ¢ — oo, the
eigenvalues of its dynamics become purely real, eliminating oscillations (Benzi and Simoncini, 2006,
Remark 2.9). Our equivalence result (Corollary 1) shows that Eq. (Lag-GD-OA) inherits this damping
property, formalizing the insight that larger values of w produce a more heavily dampened system.

Proposition 5 (Dual optimistic ascent dampens oscillations). Let (x*, A*) be a strict local con-
strained minimizer satisfying Assumptions 1 to 3. There exists a finite threshold w > 0 such that for
all optimism coefficients w > @, the eigenvalues of the Jacobian Jo¢ are purely real. Furthermore,
under non-degeneracy conditions, as w approaches w from below, the maximum imaginary part of
the eigenvalues decays as O(\/&o — w).

Proof. See Proof of Proposition 5 in Appendix D. [

As before, the exact threshold for w to fully remove oscillations depends on problem-specific
properties at =, making it unknown in practice. This again motivates selecting a generously large w.

Conditioning trade-off. However, while these observations may suggest that increasing the optimism
coefficient is beneficial, we emphasize another aspect: Bertsekas (2014, Eq. 16 in §2.1) shows that as
¢ — 00, Jar—and hence Jog—becomes increasingly ill-conditioned.

Corollary 5 (Ill-conditioning of dual optimistic ascent). As w — oo, the condition number of the
operator Jacobian Jog also tends to infinity.

Proof. This follows from our equivalence result (Corollary 1) and the known ill-conditioning of the
Augmented Lagrangian for a large penalty c (Bertsekas, 2014, see Eq. 16 in §2.1). O

This reveals a critical trade-off: the optimism coefficient w must be large enough to recover all
solutions, yet not so large that it induces ill-conditioning. Since the optimal value depends on local
properties at an unknown solution * and may not generalize across the optimization landscape, w
must be tuned in practice. Our equivalence provides a principled path forward: practitioners can use
well-established ALM penalty-scheduling techniques to dynamically tune the optimism coefficient.
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4.4 WHEN THE DISGUISE FAILS: LIMITS OF DUAL OPTIMISM

While Eq. (Lag-GD-OA) and Eq. (AL-GDA) are equivalent, this equivalence relies critically on
their single-step, first-order structure. The core mechanism is that dual optimistic ascent effectively
performs descent steps on the Augmented Lagrangian (see §2.3), providing a principled basis for
solving constrained optimization problems.

Once these assumptions are relaxed, this mechanism breaks down. Performing multiple primal
steps between dual updates means the equivalence holds only for the first step; from the second step
onward, the algorithm minimizes the standard Lagrangian with frozen multipliers. As discussed in
§2.1, this is flawed for non-convex constrained optimization: the Lagrangian need not be locally
convex in a neighborhood of a constrained minimizer, so this inner minimization may fail to converge
to the desired solution.

The situation is similar for second-order primal methods. Our change of variables aligns the gradients
of the two objectives, but not their Hessians: the Augmented Lagrangian includes extra positive
curvature from the penalty term that the standard Lagrangian lacks. Consequently, Newton or quasi-
Newton steps on the standard Lagrangian—even with optimistic multipliers—differ from those of
ALM and do not inherit its local convexity or convergence guarantees.

In both cases, the algorithm effectively reverts to minimizing the standard Lagrangian, with all its
associated stability issues and without the guarantees obtained via the ALM equivalence. In such
settings, we therefore advocate for the explicit Augmented Lagrangian method, which enjoys Q-linear
convergence when the subproblems are solved to sufficient accuracy (Bertsekas, 2014, Prop. 2.7).

5 EMPIRICAL VALIDATION

We provide empirical support for our theoretical findings in Appendix C. First, we numerically verify
the exact equivalence of primal iterates for equality constraints (Theorem 1) on a non-convex 1D
example. As illustrated in Figure 1 (Appendix C.1), the trajectories of dual optimistic ascent and
the Augmented Lagrangian method coincide. Second, we demonstrate the practical utility of this
equivalence in Appendix C.2 by showing that classical ALM penalty scheduling strategies can be
directly applied to the optimism coefficient w to stabilize convergence (Figure 2).

Beyond these synthetic examples, our theory rationalizes the empirical success of dual optimistic
ascent reported in the deep learning literature. Specifically, the recovery of all strict local solutions
(Theorem 3) explains success where standard GDA fails (Ramirez et al., 2025a, Table 1), and
the spectral analysis (Prop. 5) provides a rigorous basis for the oscillation dampening observed in
reinforcement learning (Stooke et al., 2020) and constrained classification (Sohrabi et al., 2024).

6 CONCLUSION

In this paper, we establish that dual optimistic ascent (PI control) on the Lagrangian is, in fact,
the Augmented Lagrangian method in disguise. This equivalence bridges a gap between theory
and practice: it allows us to transfer the formal guarantees of the ALM to the widely used dual
optimistic ascent method. Furthermore, our work provides a principled interpretation of the optimism
hyperparameter w, reframing it from a heuristic knob into a formal regulator of the trade-off between
solution accessibility and numerical conditioning.

Crucially, our analysis also delineates the boundaries of dual optimistic ascent. We show that it is
theoretically well-founded only in the single-step, first-order regime common in deep learning. Once
one departs from this regime—for instance, by employing multi-step primal updates or second-order
optimizers—the equivalence vanishes. In such cases, there is no guarantee that dual optimism will
recover all local constrained solutions, and the explicit Augmented Lagrangian method remains the
superior, principled framework.

A natural direction for future work is to explore whether similar principles apply to optimistic methods
in general min—max games, potentially offering new insights into the stabilization of GANs and other
adversarial formulations. Additionally, the connection established here opens the door to transferring
hyperparameter tuning techniques from control theory (PI gains) to constrained optimization (penalty
schedules), promising more robust automated tuning strategies.

10
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A ASSUMPTIONS AND FURTHER RESULTS

This section provides the formal definitions for the key assumptions used in the main text (Ap-
pendix A.1). We also present an additional result showing that applying dual optimism directly to the
Augmented Lagrangian function produces a compounding o-optimistic/penalty effect, rather than
giving rise to a completely new method (Appendix A.2).

A.1 ASSUMPTIONS

Assumption 1 (Strict complementary slackness). A stationary point (x*, A*, u*) of the Lagrangian
L is said to satisfy strict complementary slackness if:

Af >0and g;(x*) =0 or A =0andg;(z*) <0, Vi=1,...,m. 5)

Assumption 2 (Second-order sufficiency condition). A stationary point (z*, A*, u*) of L satisfies
the second-order sufficiency condition if the Hessian of the Lagrangian is positive definite on the
tangent space of the active constraints. That is,

d"V2L(x*, N, p*)d >0, VYdeR?\ {0} suchthat Vg, (x*)d =0and Vh(z*)d = 0. (6)

Note that any KKT point (x*, A*, u*) satisfying Assumption 2 is a local constrained minimizer of
Eq. (CMP) (Bertsekas, 2016, Prop. 4.3.2).

Assumption 3 (Linear independence constraint qualification). A point & € R¢ satisfies the linear
independence constraint qualification if the matrix

Vg, (x)", Vh(a:)T] " has full row rank. @)

A.2 DuUAL OPTIMISM ON THE AUGMENTED LAGRANGIAN

We further show that, for equality constraints, applying dual optimistic ascent to the Augmented
Lagrangian produces a compounding optimistic effect in the dual updates, without introducing any
new phenomena.

Proposition 6 (Dual optimism on the Augmented Lagrangian - equalities). Consider applying dual
optimism to the Augmented Lagrangian L. via primal-first alternating gradient descent—optimistic
ascent with optimism coefficient w. The resulting primal iterates are equivalent to those of Eq. (AL-
GDA) on L4, and to those of Eq. (Lag-GD-OA) with an optimism coefficient of ¢ + w.

Proof. See Proof of Proposition 6 in Appendix D. O

This result demonstrates that the two frameworks are fully interchangeable for equality-constrained
problems; one can reproduce the dynamics of the other by adjusting the hyperparameters accordingly.

While this equivalence is formally established only for equality constraints, we hypothesize that a
similar relationship holds for problems with inequality constraints. A formal analysis of this more
general case is left for future work.
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B THE AUGMENTED LAGRANGIAN METHOD

For the reader’s convenience, in this section we provide computations of the gradient, Hessian, and
stationary points of the Augmented Lagrangian function (Eq. (AL)).

Recall the Augmented Lagrangian function:

Loleh ) = @)+ 5 [+ @3~ luld + |2+ cg(m)hHi ~ INIE] ®

+ 5 + g3 (x), ifNi+cgi(z)>0
otherwise '

_ T ’ng
- f(@) + 1 h(z) + £ ke 2+Z{ S
)
B.1 GRADIENTS OF L,

The primal gradient corresponds to:

Vale(z, A p) = Vf(x)+ (e + ch(z)) Z{ i +cgi(@)Vygi(x), ifN+cgi(x)>0

otherwise
(10)
= V(@) + (e + ch(x) Vh(z) + [A + cg(x)] | Vg(=). (11)
The dual gradients are:
VuLe(z, X\, p) = h(z), (12)
and
- Joi®), ifA+cegi(@) >0
VaLle(@ A p) = ; { —)i/c, otherwise (13)
In [cegi(x), ifAi+cgi(x)>0
=-> , (14)
¢ = -, otherwise
_ A1 N+ egi(x), ifAi4cgi(x)>0
o - c ; { 0, otherwise (1%
A1
=t A teg@)s. (16)

Vale(w, A p) =V f(x)+ (e + ch(ac))TVh(a:) + [Ae + cg(ac)]IVg(w)
VuLle(x, A\ p) =h(z

)
VaLe(z, A, p) = Z{ i(@), ifAi+cgi(x) 20 a7

—Ai/c, otherwise

B.2 THE HESSIAN OF L,
As can be observed in Eq. (17) in Appendix B.1, the gradients of £, with respect to  and X are not

differentiable whenever some \; + ¢ g;(x) is exactly 0. Therefore, we will compute the following
Hessian derivations exclusively for (a, A, p) tuples with \; + cg;(x) # 0, foreveryi =1,...,m
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Note that at any stationary (KKT) tuple (x*, X*, u*) of L, satisfying strict complimentary slackness
(Assumption 1) falls in the set of points with a well defined Hessian, for all ¢ > 0.

The Hessian of L. can be represented as a 3 x 3 block matrix:

V2L, V2,\L. V2,L.

VL, = Vé\wﬁc szﬁc V§“£C . (18)
Viele VizLe Vi, Le

Let I 4, be the set of indices 4 for which A; +cg;(x) > 0, and letI 4, = diag(l4,) be the diagonal
matrix containing these indicators.

The Primal-Primal Block (V2 L.). V2L, yields the Hessian of the standard Lagrangian evaluated
at extrapolated multipliers, plus quadratic terms:

Viﬁc = Viﬁ |m,[)\+cg(m)]+#+ch(m) e [Vh(w)TVh(w) + Vg(m)TIAng(CC)] ’ (19)

where V2 L is the Hessian of the standard Lagrangian £:

Vol | o ixsegtes piente = VI @ + A +cg@)]IVg(@) + (1 + ch(@)TV?h(z). (20)
The Primal-Dual Inequality Blocks (V2, L. and V3, L.). Differentiating VL. with respect to A
yields the Jacobian of inequality constraints for those satisying the inequality \; + ¢ g;(x) > 0, and
0 for the rest:

V2aLe = Vg(z) 1y4,. 21)
It also follows that .
VieLe =14, Vg(x) = [VirLe] . (22)

The Primal-Dual Equality Block (V2 ,£. and V;,L.). Yields the Jacobian of the equality
constraints:

ViuLe=Vh(z)", (23)
with .
VieLle=Vh(z)=[V3,L] (24)
The Dual-Dual Inequality Block (Vi L) Differentiating V » £, with respect to X gives:
1 1
Vi)\ﬂc:E(IAm—I):—E(I—IAm). (25)

All other blocks are zero as the corresponding gradients do not depend on the other dual variables:

ViuLe =VizLe=V;,L.=0. (26)

Combining all the blocks gives the full Hessian of the Augmented Lagrangian function:

VL. Vg(x) 14, Vh(z)"
VLe(z A p) = |14, Vg(z) —L1(1-14,) 0 : (27)
Vh(x) 0 0

B.3 PRIMAL-FIRST ALTERNATING GRADIENT DESCENT-ASCENT ON L.

Primal-first alternating gradient descent-projected gradient ascent on the Augmented Lagrangian £,
has the following structure:

Typ1 — @y — NaVale(xe, A, p4e)
i1 < ot + Nawa Vi Le(Trp1, Ae, e) (28)

Ati1 — | A+ Nawa VaLe(@ipr, As, Ht)} R
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Using the gradients computed in Appendix B.1, we can produce the primal gradient descent update:

Tir1 & Ty — N [Vf(a:t) + (ut + ch(wt))TVh(a:t) + [)\t + cg(wt)]IVg(a:t)} . (29)

Moreover, the dual ascent updates correspond to:

Bit1 < o + Dawah(Tii1), (30)
and to
A1 |:)\f, + Ndual {): + %[At + Cg($t+1)]+} Lr (31)
“ [(1 — ) x4 B cg(wt+1)}+} . (32)
“ (1 . ”‘ic“al) A+ ”d;a‘ [)\t te g(:ctH)L. (33)

The last step follows from the fact that the update before the projection consists of a convex combina-
tion of two non-negative terms whenever 74,21 < ¢, and thus it itself remains non-negative.

Note that the ascent update with respect to A reduces to the usual Augmented Lagrangian Method
ascent update whenever gy = ¢:

AtJrl — |:>\t + Cg($t+1):| +. (34)
Gathering these together, we get the gradient descent-ascent updates on L. from Eq. (AL-GDA),:

Zopr @ = [V (@) + (e + ch(@) Vh(z) + [\ + cg(@)] [ Vglz)| 69

Mgt < pe + Nawarh(Ti41) (36)
Tldual Tldual

)\t+1 — (]. — - ) At + c |:>\t + Cg($t+1)]+. (37)
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C EXPERIMENTS

We consider a simple 1D equality-constrained problem to illustrate our theoretical results. In
Appendix C.1, we numerically corroborate the equality-constrained equivalence in Theorem 1; in
Appendix C.2, we support the hyperparameter-tuning discussion in §4.3 by applying a classical
Augmented Lagrangian penalty schedule to the optimism coefficient in dual optimistic ascent.

We consider the following constrained optimization problem:
1
min 3 x2,  subjectto e = e. (38)
T

We formulate the constraint as h(x) = e” — e rather than the linear form 2 — 1 = 0. This ensures
that the constraint gradient Vh(z) = e* depends on the iterate, creating a nonlinear optimization
landscape where the equivalence between methods is non-trivial. The solution is * = 1.

All experiments use the hyperparameters in Table | and were implemented in PyTorch (Paszke
et al., 2019) with Cooper (Gallego-Posada et al., 2025). Our code is available at https://github.com/
juan43ramirez/pi-control-is-alm.

Table 1: Hyperparameters used for all experiments.

Primal Optimizer Ne Momentum  fgum w/c¢  xy ALM multipliers
GD + Polyak Momentum  0.01 0.5 0.1 1.0 2.0 0.0

We use gradient descent with Polyak momentum (rather than vanilla GD) for the primal optimizer to
emphasize that our findings extend beyond the simple GD setup: any first-order primal optimizer
preserves the equivalence (including Adam).

We initialize the multipliers for dual optimistic ascent and the Augmented Lagrangian method
according to the change-of-variables rule in Theorem 1 to ensure matching primal iterates:

ﬂOOGA = MSLM =+ (C - ndual) h(xo) (39

C.1 PRIMAL ITERATES MATCH FOR EQUALITY CONSTRAINTS

Figure 1 numerically illustrates Theorem 1, comparing dual optimistic ascent in Eq. (Lag-GD-
OA) with the gradient-descent—ascent Augmented Lagrangian method in Eq. (AL-GDA), using the
hyperparameters from Table 1. As predicted, although the internal multipliers of the two methods
differ, they produce identical primal iterates.

To provide intuition, we plot the “effective multiplier” used by each method—that is, the value that
enters the primal gradient when viewed from the perspective of minimizing the standard Lagrangian.
For dual optimistic ascent, this is simply u9%4; for the Augmented Lagrangian method, it is the
extrapolated multiplier 2™ + ¢ h(x,).

The plots show that these effective multipliers coincide, visually reinforcing the equivalence. This
equality of effective multipliers is the key insight used in the proof of Theorem 1.
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Primal Iterate (x) Multiplier

= Auglag-GDA =+ Lag-OGA = Auglag-GDA == Lag-OGA
11

0.9
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Step Step

0 50 100 150 0 50 100 150

Effective Multiplier
= Auglag-GDA = Lag-OGA

-0.2

-0.4

-0.6

-0.8
N Step
0 50 100 150

Figure 1: Comparison of iterates for the Augmented Lagrangian method and dual optimistic ascent
on the equality-constrained problem (e” = e). As predicted by Theorem 1, the primal iterates x; are
identical.

C.2 SCHEDULING OF w IN DUAL OPTIMISTIC ASCENT

A standard way to schedule the Augmented Lagrangian penalty coefficient ¢ (cf. §2.3) is to use a
multiplicative heuristic (see Birgin and Martinez (2014, Eq. 4.9 in Alg. 4.1)):

ct, if ||h(xe)|| > Bl|h(zi—1)]|,
cua = {200 MO > Btz )
ct,  otherwise,

where v > 1 is the growth factor and 8 € (0, 1) is the required improvement rate. It is also common
to impose an absolute tolerance—not increasing c if the violation |h(x)| is already below this
threshold—to help avoid numerical instability.

To demonstrate that our theoretical connection is useful for hyperparameter tuning, we adopt this
same strategy to schedule the optimism coefficient w in dual optimistic ascent. Figure 2 compares
dual optimistic ascent with a fixed w against a version with an adaptive schedule, using v = 2,
B = 0.99, and an absolute tolerance of 10~2. We choose such a high 3 because the scheduler is
evaluated at every optimization step—despite only one primal update occurring between checks—so
the expected reduction in violation per step is small, necessitating a lenient improvement threshold.
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Primal Iterate (x) Multiplier
— Lag-OGA (omega=1) = Lag-OGA (scheduled) — Lag-OGA (omega=1) = Lag-OGA (scheduled)

1.1 0
1 -0.2
0.9 -0.4
0.8 -0.6
0.7 -0.8
0.6 -1

0.5 Step Step
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Omega Coefficient
— Lag-OGA (omega=1) = Lag-OGA (scheduled)

3

2

1

0 Step
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Figure 2: Comparison of iterates for dual optimistic ascent with and without an ALM-inspired w
scheduler on the equality-constrained problem. The scheduled version reduces multiplier overshoot
and allows the primal iterate to converge without overshooting the feasible solution.

D PROOFS
Lemma 1. Let k > 0 be a constant. A tuple (x*, X*) with X\* = 0 satisfies:

A=A+ kg, (41)
if and only if (x*, X*) satisfies primal feasibility and complimentary slackness. That is,

gx*) 20 and X Og(z*)=0. (42)

Proof. “= Let (*,A*) satisfy A* = [X* + kg(z*)]
component-wise, A = max{0, A} + k g;(x*)}:

4+ We can analyze this relationship
 If A¥ > 0, then the equation requires A} = A\ + k g;(«*), which means g;(«*) = 0.
 If A} = 0, then the equation becomes 0 = max{0, k g;(x*)}, which requires k g;(x*) < 0,
and thus g;(x*) < 0.
Combining these two cases, we have that g;(x*) < 0 for all 4 (primal feasibility) and that for each 4,
either A} = 0 or g;(x*) = 0 or both. This is precisely the definition of complementary slackness.
“ Let (x*, A*) satisfy primal feasibility and complementary slackness. We analyze the relationship

component-wise for each i:

» If A¥ > 0, then complementary slackness (Afg;(x*) = 0) implies that g;(x*) = 0. In this
case, the right-hand side of the target equation becomes max{0, A} +k-0} = max{0, \J} =
A7 . The equality holds.
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*

 If A} = 0, then primal feasibility implies that g; (*) < 0. Since k& > 0, we have k g; (™)
0. In this case, the right-hand side becomes max{0,0 + k g;(z*)} = max{0, k g;(x*)}
0 = A}. The equality also holds.

<

Since the equality A} = max{0, \} 4+ k g;(z*)} holds for all components 4, the vector equation
A" =X +kg(z")] . s satisfied. O

Proof of Proposition 1. We will now show that stationary (fixed) points of algorithms Eq. (AL-GDA)
and Eq. (Lag-GD-0OA) match, regardless of their hyper-parameter choices.

“= Let (*, A*, u*) be a fixed point of the Augmented Lagrangian dynamics of Eq. (AL-GDA). It
follows that:

/'l’* = I"* + ndualh(w*) (43)

N = (1 M) xe o T N eg ()] (44)
c c +

These equations imply primal feasibility and complimentary slackness. In fact, from the first equation,

p* = p* + nagah(x*) implies that ngyyh(2*) = 0, and since 7gyy > 0, we must have h(z*) = 0.

This is primal feasibility for the equality constraints.

For the second equation, we can simplify:

A= (1) xe g BN gt (45)
i xs = N eglat)] (46)
X = [Nt eglan)] (47)

As a consequence of Lemma 1, this condition implies both primal feasibility for the inequality
constraints (g(x*) < 0) and complementary slackness (Afg;(x*) = 0 for all ¢).

Primal feasibility can be used to argue:
p*=p*+ch(z"), (48)
since ¢ > 0. Together with the fact that A* = [A* + cg(z*)] - it follows that:

x*=x* —n, {Vf(ac*) + [A*+ cg(az*)]IVg(:c*) + (" + ch(:c*))TVh(m*)} (49)
=" =, |[V(@)+(A) Vga) + (u) Vh(@)|, (50)

which corresponds to the primal stationarity condition of dual optimistic ascent in Eq. (Lag-GD-0A);
and also simply means:
Ve L(x* X", u*) =0. (51

We have thus established that (x*, A*, u*) is a KKT point of Eq. (CMP).

Finally, we show that the dual variables are also stationary under the optimistic ascent dynamics. At
the fixed point (x*, A\*, u*), we have x; = x;—1 = «*. The dual updates from Eq. (Lag-GD-OA)
therefore become:

p = p" + naah(x”) + w(h(z®) - h(z")) (52)

A" = [A* + Nava g(2*) + w(g(z*) — g ”’*))L 9

The update for p* simplifies to p* = p* + Nguah(x*). As primal feasibility requires h(z*) = 0,
this becomes p* = p*, which is trivially satisfied.

The update for a stationary A* simplifies to A* = [)\* ~+ Ndual g(:c*)] 4 This condition holds due to
Lemma | and the combination of primal feasibility and complementary slackness proved above.
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Since the stationarity conditions for the primal variable o and the dual variables A and p are all met,
the tuple (*, A\*, u*) is a fixed point of the dual-first optimistic ascent dynamics in Eq. (Lag-GD-
OA).

“=2 Let (2, A*, u*) be a fixed point of the dual-first optimistic ascent dynamics of Eq. (Lag-GD-
OA). At a stationary point, the optimistic term g(x;) — g(a;—1) vanishes. Therefore, the fixed-point
conditions are:

p = pt A+ nauah(z”) 54
A= [X" + ndualg(w*)} . (53)
x* =" —n, [Vf(@*)+ (A) Vg(z*) + (1) Vh(z")] (56)

From these three conditions, we can deduce that the tuple (x*, \*, u*) must satisfy the KKT
conditions:

1. From the p condition, we get h(x*) = 0.

2. The A update condition, A\* = [A* ~+ Ndual g(m*)] - together with Lemma 1, implies both
primal feasibility for inequalities and complementary slackness.

3. The x update implies that the gradient of the Lagrangian is zero: VL (x*, A*, u*) = 0.

Now we will show that this KKT point is also a fixed point of the Augmented Lagrangian dynamics
in Eq. (AL-GDA).
* For yp: Primal feasibility implies p* = p* + nggah (™).

* For \: Primal feasibility and complimentary slackness imply A* = [)\* + cg(m*)}
(Lemma 1). This in turn implies:

A" = (1 — M) A"+ %)\* = (1 — M) A" Jdua [A* + cg(:c*)Lr. (57)

c Cc C

+

The primal update for the Augmented Lagrangian method is stationary if the gradient term is zero:
* * s\ T * * ) | *
V(@) + [\ +egla)] [ Va(e®) + (1 +ch(z*)) Vh(z") =0 (58)
But as argued before, \* = [A* + cg(a:*)]+ and p* = p* + ch(x*). Therefore:

Vi) + (X)) Vg(a®) + (1) Vh(z*) = VoL, A", 1*) (59)

From the Eq. (Lag-GD-OA) fixed-point conditions, we know this term is zero. Thus, the primal
update is stationary.

Since the stationarity conditions for the primal and dual variables are all met, the point (z*, A*, u*)
is also a fixed point of the Augmented Lagrangian dynamics. This completes the proof.

O

D.1 EQUIVALENCE PROOF FOR EQUALITY-CONSTRAINED PROBLEMS

Proof of Theorem 1. Consider the following primal-first alternating gradient descent—ascent updates
on the Augmented Lagrangian:

Lyl < MinStep (513,5, Vf(ﬂ?t) + ([LiALM) + ch(mt))TVh(wt)>,

ALM ALM
Y
These are analogous to Eq. (AL-GDA), but stated for a generic first-order primal minimization step
MinStep. This step could, for instance, be replaced with Adam (Kingma and Ba, 2015), and the
remainder of the proof would still hold.

(60)
+ Nava R(x141)-
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Now consider the following dual-first alternating gradient descent—optimistic ascent updates on the
Lagrangian, similar to Eq. (Lag-GD-OA):

“ggA) A N$50GA) =+ Ndual h(wt) + W(h(wt) - h(mt—l))a

T (61)
Tpp1 < MinStep (.’I}t, Vf(mt) + (MSS_GlA)> Vh(zct)) .

Suppose w = ¢. We show by induction that the primal iterates {x; }$2, generated by the primal-first
ALM algorithm and the dual-first OGA algorithm are identical.

Inductive Step. Define:

it = w4 ch(@). (62)
With this substitution, the primal update in Eq. (60) becomes
-
2o = Minstep(w, V(2 + (WD) Vh(a))) (63)
= MinStep (:ct, Vel (iL’t, ufﬁm) ), (64)

i.e., a descent step on the Lagrangian with multipliers Hﬁ?A)~

For the dual update, we have

Y = p™ + ch(zy) (65)
= ™ 4 ngua h(20) + ch(zy) (66)
= pN — ch(xi_1) + N h(2:) + ch(z,) (67)
= N 4 ngga b)) + c(h(z) — h(z-1)), (68)

which matches the optimistic ascent update in Eq. (126) with w = ¢. Combining this dual update
with Eq. (63) yields exactly the algorithm in Eq. (126). Thus, if the primal iterates generated by

both algorithms match up until step ¢, they will match at step ¢t + 1 under the change of variable
(OGA) (ALM

Ky " = My '+ ch(wy).

Base Case. We establish the base case for the induction by showing that the first primal iterates, x,
are identical under the specified initializations.

The primal descent update for Eq. (125) corresponds to a descent step on the Lagrangian with an
effective multiplier of ,uE)ALM) + ch(xg). The primal descent update for Eq. (126) corresponds to a

descent step on the Lagrangian with an effective multiplier of N(IOGA). For the first step, the difference
term in Eq. (126) is typically set to zero (as h(x_1) is undefined), so that

(0GA) _

1231 IJ/EJOGA) + Nduat h(-’Bo) (69)

For the primal iterates to be identical, their effective multipliers must satisfy

NE)ALM) + Ch(wo) = H(OOGA) + Tldual h(:lio) (70)
This equality is ensured by initializing the OGA method relative to the ALM method as
po Y = pg™™ + (e — ngar) B(z0). 7D

With this initialization, both effective multipliers for the first primal update are identical, yielding the
same first iterate for both algorithms:

T
x1 = MinStep (:co, Vi(xo)+ (,LLEJALM) + ch(zg)) Vh,(:co)). (72)
Combined with the recurrence in Eq. (63), this initial condition implies by induction that all subse-

quent primal iterates x; also coincide. Therefore, the two algorithms are equivalent.

O
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D.2 EQUIVALENCE PROOF FOR INEQUALITY-CONSTRAINED PROBLEMS

This subsection provides the full proof of Theorem 2, which establishes the equivalence of the locally
stable stationary points (LSSPs) for the two algorithms in inequality-constrained problems. Our
proof strategy is as follows: in Lemmas 2 and 4, we first derive the Jacobians of the update operators
defined by Eq. (AL-GDA) and Eq. (Lag-GD-OA), respectively. We then derive their corresponding
characteristic polynomials in Lemmas 3 and 5. Finally, in the main proof of Theorem 2, we establish
a relationship between the roots of these polynomials, which govern local convergence when w = c.

Lemma 2. Consider primal-first alternating gradient descent—projected gradient ascent on the
Augmented Lagrangian from Eq. (AL-GDA), applied to a problem with inequality constraints only:

Tip1 S T — N [Vf(wt) + P\t + cg(:ct)]IVg(a:t)} ) (73)

)\t+1 <— (]. — Ldual) >\t + Ldual |:At + Cg(ilit+1):| s (74)
C Cc +
With Naya < c.

Let (x*, X\*) be a stationary (KKT) point of Eq. (CMP) satisfying Assumption 1. The Jacobian of the
update operator in Eq. (73), evaluated at (x*, X*) and acting on the partitioned state

(x4, At Ags )‘t,I) = (41, At41,4, >‘t+1,l)7

is

[—ne(A+cBTB) —ne BT 0
u7AL = ndualB (H - 77:0(14 + CBTB)) I— na:nduulBBT 0 . (75)
0 0 (1 = Nauar/ )1

Here, Ay = (At 4, , A1) partitions the multipliers into active components
A, ={Ai]gi(x*)=0, \; >0},

and inactive ones
Ar={Ai|gi(x") <0, Ay =0}

Under the same partition, applied to the constraints g(x) = [ga, ()", gr(x) |7, the matrices are
A=V2IL(@E" X)) =V2f(@)+ > N Vig(x"), (76)
€A
B =Vgu,(x"). a7
Proof. The Augmented Lagrangian method in Eq. (73) alternates between primal and dual updates,

beginning with the primal variables. It can therefore be written as the composition of two operators,
one for each step. The Jacobian of the full update is

JIaL = InTx, (78)
where 7, and J>» denote the Jacobians of the primal and dual steps, respectively.

The Jacobian of the primal step (;, At) — (€1, A¢) is

I-n.V2L. —n Vi L.
Ty = vre e (79)
0 I
and the Jacobian of the dual step (x¢11, A¢) — (Ti1, Apr1) 1S
I 0
I = . (830
ndualvimﬁc I+ ndualviﬁc
The primal Jacobian is well defined for any (z;, A;) with A, > 0 whenever \; ; + ¢ g;(x;) # 0 for all
constraints ¢ = 1, ..., m. Similarly, the dual jacobian is well defined whenever A ; +c g;(@;41) # 0.

In particular, both Jacobians are well defined at (x*, A*) due to strict complimentary slackness.
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Multiplying gives

I- nwviﬁc _nmvixcc
JaL = ) ) ) ) ) . @D
ndualv)\wﬁc (H - nwvwﬁc) I+ ndualv)\ﬁc - nwndual(v)\wﬁc)(vw)\ﬁc)

To recover the structure of 751, we evaluate Viﬁc, Vi)\ﬁc, and Viﬁc at (x*, A*). Explicit forms

of these terms at generic (x, A) were already derived in Appendix B.2.
We now partition the state (x;, A;) into (¢, A, 4., A¢,1), Where A, 4, corresponds to active con-
straints at * and A, ; to inactive ones. This partition is well defined under strict complementarity.
The primal Hessian (V2 L.). Complementary slackness implies A* = [A* + cg(z*)], both for
active and inactive constraints (Lemma 1).
Substituting into the primal Hessian (see Eq. (19)) yields

V2L, = V2f(x") + X)) V3g(z*) + cVga, (z*) " Vga, (x*) (82)

=A+c¢B'B. (83)

T* A*

The primal-dual Hessians for active constraints are

Vi, L.

:13>\_Am

e =V, () =BT V3 Lol =Vea(e)=B. (84

The primal-dual Hessians for inactive constraints vanish:

VaaLelgex =00 V3jaLely a =0. (85)
The dual-dual Hessian for active constraints vanishes:
VideLelgeae = 0. (86)
The dual-dual Hessian for inactive constraints is
Vi Lelprne =21 87)

Substituting all these expressions, the Jacobian Ja1, evaluated at (x*, A*) = (z*, A7 _, 0) and acting
on the partitioned state (x;, A¢ 4., A¢,1), 1S

[—1n.(A+cBTB) —ne BT 0
IaL = | NawaBI —nz(A+¢c¢BT"B)) 1 —ngngaBB" 0 . (88)
0 0 (1 = Nauar /)1

Lemma 3. The characteristic polynomial of the Jacobian Jyy, at (x*, X*) from Lemma 2 is

_ TNdual m—|Ag| 2 T
X7, (0)=(1- i det ((1 = 0)*T = 1e(1 — 0)A = ng(c(l — 0) — Nuao)B ' B).
(39)
Proof. The Jacobian Juy is block lower-triangular with respect to the partition between the active

subsystem (x, A 4, ) and the inactive subsystem A;. Its characteristic polynomial is therefore the
product of the characteristic polynomials of these two diagonal blocks.

Inactive subsystem. The bottom-right block corresponding to the dual variables of inactive inequality

constraints is .
'dual
JIALT = (1 - )]L
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whose characteristic polynomial is

ual 7]
X (0) = (1- 2 o) ©0)

Active subsystem. The Jacobian of the active subsystem is

I—n.(A+cBT™B) —neBT
JIAL A, = T - 91
77dualB(]I — N (A +cB B)) I-— nwndualBB
This matrix is similar to
, H_nwA_nw(C+ndual)BTB _anT
jAL,Aw = 92)
Ndval B I
via the transformation matrix
I 0
P = . 3
<_77dualB I) (9 )

The characteristic polynomial of the active subsystem is found by computing the determinant of
TiL,a, — ok

(94)

I—neA—ng(c+nwa)B'B -0l —ng,BT
XJTAL, Ag (U) = det

ndualB (]. — O’)H

Let the blocks of the matrix be denoted M1, Mi2, Ma1, Mas. The bottom two blocks, Ms1 = Ngua B
and Mss = (1 —0)I, commute since the identity matrix commutes with any matrix. We can therefore
use the block determinant identity det(M) = det(M11Mag — Mo Moy).

We first compute the product M1 Mos:
M1 May = (1 = o)1 = g A — 1 (¢ + nawa) BT B) (1 = o)1 (95)
=(1-0)T—nz(1—0)A — 1g(c + Ngea)(1 — 0) BT B. (96)
Next, we compute the product Mqo Mo :
MisMs1 = (—12B ") (nawa B) = —naNaa B ' B. 7
Subtracting the second product from the first yields the matrix My1 Moo — My Moy :
(1—0)T—ne(1 —0)A — [e(c + Nawa) (1 — &) — NwNawat] B' B. (98)
We simplify the coefficient of the BT B term:
77m<c+77dual)(1*0—)*77277dua1 = Nz [C(]- - U) + T]dual(l - 0) - 77dual} = Nz (C(]-*O—) *ndualo—) (99)
Thus, the characteristic polynomial of the active subsystem is

XJa.a,, (0) = det ((1 — )T — (1 — o)A — ng(c(l — o) — nduala)BTB) ) (100)

Therefore, the characteristic polynomial of the full Jacobian 7, is the product of the polynomials for
the active and inactive subsystems, x 7, (0) = X7, (7) - X744, (), Which gives the final result.

O

Lemma 4. Consider dual-first alternating gradient descent—projected optimistic ascent on the
Lagrangian, analogous to Eq. (Lag-GD-OA), applied to a problem with inequality constraints only:

Avy1 [}\t + Nauar 9 () + w (g(x4) — g(sct_l))} ) (101)

Tyiq ¢ T — Mg [Vf(:ct) + )\:HVg(:ct)] . (102)
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Let (x*, X*) be a stationary (KKT) point of Eq. (CMP) satisfying Assumption 1. The Jacobian of the
update operator in Eq. (101), evaluated at (x*, X*) and acting on the state

(@, Tp—1, At Ay >\t,1) = (1, T4, At41,4, At+1,1),

is

I —12A — Ne(Maus + W)BTB ngwBTB —ngaBT 0

To I 0 0 0 (103)
(ndual + W)B —wB I 0
0 0 0 0

Here, as in Lemmas 2 and 3, the multipliers are partitioned as A, = (A¢, 4, , A¢,1), where the active
components are
Aoaw = D Las(@®) =0, A > 03,

and the inactive components are
A ={Nilgi(x*) <0, Ay =0}.

Under this same partition of the constraints g(x) = [ga, ()", g1(x)"]T, the matrices are once
more defined as

A=V2L(@ ) =V f(z*)+ Y A Vig(a"), (104)
i€AL
B =Vgu,(x"). (105)
Proof. The dual-first optimistic ascent method in Eq. (101) alternates between updates of the dual

and primal variables, beginning with the dual step. Accordingly, the overall update operator can be
written as the composition of the two corresponding operators. Its Jacobian is thus

Joc = TzI, (106)

where 7, and 7 denote the Jacobians of the primal and dual steps, respectively. Since the dual
update depends on both x; and x;_;, we evaluate these Jacobians on the augmented state

(xt,:ntfl»At) — ($t+1,$t,>\t+1)~ (107)

The primal Jacobian is well defined for any (&, @41, A¢+1) with Apy; > 0. In contrast, the dual
Jacobian is well defined only when

Myi =+ Naa 95 () + w (gi(xe) — gi(2-1)) # 0. (108)
At (z*, x*, X*) this condition holds due to strict complementarity. Indeed,
AT+ Nawar 9i(27) +w (gi(2") = gi(x7)) = A} + Nawar gi (™) # 0. (109)

At this point, two cases arise:

* Active constraints (\} > 0 and g;(z*) = 0). Then
(A7 + Mawa 9 (27)] 4 = [Af]4 = A7 (110)
* Inactive constraints (A = 0 and g;(«*) < 0). Then
(A7 + Navar g (27) 4 = [wgs(®")] 4 =0 = A7 (1)
In both cases, the projection condition reduces to whether A} > 0, i.e., whether the constraint is

active at *. Thus, we adopt the same partition A, = (A, 4, A¢,7) as in Lemma 2, and reuse the
definitions of A and B.
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It follows that the Jacobian of the dual update, acting on the augmented and partitioned state
(%, Tt—1, At 4y A1) = (To, Te—1, Aey1,4, Aey1,1), and evaluated at (z*, %, X%, A7), is

I 0 0 0
e (Mdual 3— w)B —j B (]% 8 ’ (112)
0 0 0 0
while the Jacobian of the primal update,
(T, i1, Ae1,4, Me+1,1) — (Teg1, T, Met1,4, Aer1.7),5 (113)
evaluated at (x*, x*, X _, A7), is
I-nzA 0 —neBT 0
Ze=| o 0 v 0 (114)
0 0 0 I
Multiplying the two blocks yields
I—NgA = Ne(Mwat + w)B'B ngwBTB  —ngBT 0
Jog = ! 0 0 0 . (115)
(Nduat +w)B —wB I 0
0 0 0 0
O

Lemma 5. The characteristic polynomial of the Jacobian Jog at (x*, X*) from Lemma 4 is

X Joc (U) = (_U)mi‘Amde det ((1 - U)ZH - 7793(1 - U)A - Uw(w(l - U) - ndualo-)BTB) .
(116)

Proof. The Jacobian Jog is block lower-triangular with respect to the partition between the ac-
tive subsystem (x¢, T1—1, A4, ) and the inactive subsystem A; ;. Its characteristic polynomial is
therefore the product of the characteristic polynomials of these two diagonal blocks.

Inactive subsystem. The bottom-right block corresponding to the dual variables of inactive inequality
constraints is Jog,r = 0. It’s characteristic polynomial is

XJoo.r (0) = det(0 — ol) = det(—olj;,|) = (—0)”". (117)

Active Subsystem

The Jacobian of the active subsystem, which maps (¢, T¢—1, At 4, ) = (Ti41, Te, Atg1,4), 18

H_'r]:tfél_'r]a:(ndual +W)BTB NaeW B'B _anT
JoG, A, = I 0 0 . (118)
(Navar + w)B —wB I

We seek its characteristic polynomial, x 7, 4, (0) = det(Joc, 4, — ol). Let M = Jog, 4, — o1,
with blocks M;;:

I —neA — ne(Maya + w)BTB — ol nzwB'™B —n,BT
M = I ol 0 . (119)
(Mdval +w) B —-wB (1-0)

To simplify the determinant calculation, we apply a determinant-preserving column operation,
Cy < Cy + oC4, which zeros out the (2, 2) block:

My Mz +oMy Mis My Mi, Ms
det(M) =det | I —ol + ol 0 =det| I 0 0 |, (120)
M3y Mgy +0Msy  Mss Mz, Mj, Mss

29



Published as a conference paper at ICLR 2026

where M1, = M2 + oMy and M3, = M3y + 0 Ms;. Swapping the first two block rows (corre-
sponding to x; ;1 and x;) multiplies the determinant by (—1)¢, yielding a block upper-triangular
matrix:

I 0 0

M, M
Xos.a, (@) = (—1)% det <M11 M, M13>(1)ddet(]l)det <M}2 M13>. (121)
Mz Mz, Mss 32

Since M33 = (1 — o)l is a multiple of the identity matrix, it commutes with all other blocks. We
can thus compute the determinant of the remaining 2 x 2 block matrix as det(M{,Ms3 — My3M3,).
Let’s compute this product:

My Mz — MisMs,
= (Mia + o M11) M3z — Mi3(Msz + o Msy)
=1 —=0) (M2 +0oMyy) — My3(Mss + oMs,)
=(1-o0) (nwaTB + (I — NeA — Na(Naval + w)B'B — aI[))
— (—ntT)( — wB + o(Nayal + w)B)
=c(l—0)(l-0)l—ngo(l—0)A
+ [(1 = 0)new — (1 = )N (Nawal + w) — Naw + OTe (Nawa + w)| BT B
=0(1—0)*1—ngo(l — o)A
+ N [W — OW — O7)qual — OW + U27]dua] + 0w —w+ OMdual + UW] B'B
=0(1 —0)* T —ngo(l — o)A+ 1, [U2T]dua1 —ow(l— 0)]BTB
=0(1—-0)’1—ngzo(l — o)A —ngzo(w(l — o) — nawac) B B.
The determinant of this d X d matrix is:
det(M|y M3z — My3Mj,) = o det ((1 — )T — (1 —0)A — 1y (w(l —0)— nduala)BTB) i
(122)
Substituting this back into the expression for x 7., ,_ (0):
Xdoo.45 (0) = (=1)7 - 0¥ det (... (123)
= (—o)%det ((1 = 0)’ I — 0z (1 — 0)A — 0z (w(l — 0) — nawao) BT B) . (124)

The characteristic polynomial of the full Jacobian Jog is the product of the polynomials for the active
and inactive subsystems, X 7, (0) = X 76,1 (7) * XJos.4, (0), Which gives the final result. O

Proof of Theorem 2. Consider the following algorithms for solving inequality-constrained problems:
(D Eq. (AL-GDA): Primal-first alternating gradient descent—projected gradient ascent on the Aug-
mented Lagrangian,

Tpr1 < Ty — N [Vf(oct) + [Ae + cg(mt)]IVg(wt)}
(125)

Aty1 (1 - ndcual) A¢ + ndcual [At + Cg(th)L,

where 0 < Ngua < c.
@ Eg. (Lag-GD-OA): dual-first alternating gradient descent—projected optimistic ascent on the
Lagrangian,
Apt1 {)\t + Naval 9(x1) + w(g(we) — g(«%&))}
+ (126)
@1 T — 02 (V@) + A1 Ve(x)],

where w > 0.
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We will analyze the local convergence properties of both algorithms at a stationary (KKT) point
(z*, A*), satisfying Assumption 1, and operating on a partition of the X\ = (A4, A1) state into those
corresponding to active and inactive constraints at x*:

At A, = { i | gi(x") =0, A7 >0},
and inactive ones
A ={Nilgi(x*) <0, Al =0}.
Let the matrices A and B be defined at the stationary point (x*, A*) as
A=ViL(z*,A*) and B =Vgyu, (x*), (127)

where A is the Hessian of the Lagrangian with respect to « and B is the Jacobian of the active
constraints.

From Lemmas 2 and 3, we know that the Jacobian J,1 of the Augmented Lagrangian updates in
Eq. (125), acting on the partitioned state (x;, A, 4., At.1) — (Ti41, At41,4, Aeq1,7) and evaluated
at (x*, A*) = (%, X% _,0),is

I —nz(A+cBTB) —neBT 0
IaL = | Nawa B —nz(A+¢BTB)) 1 —nznaaBB T’ 0 ; (128)
0 0 (1 - "7dual/c)}I

and that the characteristic polynomial for this Jacobian is:

X7 (0) = (1 - ndgal - a)mi‘fm det (1 — 0)’I — 1z (1 — o)A — 1z (c(1 — 0) — Nawao) B B) .
(129)

Moreover, from Lemmas 4 and 5, we know that for the same choices of A and B matrices, it follows
that the Jacobian Jog of the dual optimistic ascent updates in Eq. (126), acting on the partitioned state
(@, Tt—1, At 4y A1) = (Tit1, 4, Aey1,4, Aey1,1) and evaluated at (x*, A*) = (z*, 2%, A%, 0),
is

I—1neA — 1z (Mava + w)BTB new BB —ngBT 0

7 I 0 0 0 (130)
00— (Naval + w) B —wB I ol’
0 0 0 0

and that the characteristic polynomial for this Jacobian is:

X706 (0) = (=) 11+ det (1 — 0)%I — 10 (1 — 0)A — N (w(l — 0) — nawo)B' B),  (131)

Remark on the 0 = 1 case A subtle but important point is that, although the structure of these
characteristic polynomials might suggest o = 1 could be a root if det(B " B) = 0, it can be shown
that o = 1 is in fact not an eigenvalue of either Jar or Jog under Assumptions | to 3—conditions
that are generally necessary, though not sufficient, for convergence.

We establish the equivalence of the local convergence properties of the two algorithms by setting the

optimistic parameter w = ¢ and comparing the characteristic polynomials of their Jacobians.

Upon setting w = c in x 7., (), the non-trivial determinant term becomes identical to that in x 7,, (0):
det ((1 — )L — nz(1 — 0)A — nz(c(l — 0) — Nawao) B B) . (132)

The roots of this determinant define the set of non-trivial eigenvalues, which are shared between both
methods. Local convergence of either algorithm depends on whether all these shared eigenvalues lie
within the unit circle.

The remaining eigenvalues are given by the roots of the other factors in each polynomial:
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* For the Augmented Lagrangian method, the factor (1 — 2 — o) x| yields |I| eigenvalues

at 0 = 1 — ngya/c. Given the condition 0 < 74a < ¢, these eigenvalues lie in the interval
(0, 1), and are thus stable.

* For the optimistic ascent method, the factor (—o)!/71+? yields |I7| + d eigenvalues at o = 0,
which are also stable.

Conclusion. Since the non-trivial eigenvalues governing convergence are identical for both algo-
rithms, and the remaining trivial eigenvalues for both are stable, the spectral radius p(Jar) < 1 if
and only if p(Jog) < 1. Therefore, with the choice of w = ¢, one algorithm converges locally if and
only if the other one does.

Moreover, it holds that:

p(JaL) = max{p(Joc), 1 — Naua/c}- (133)
This implies that if the shared eigenvalues dictate the convergence rate (i.e., when 1 > p(Jog) >
1 — Nauar/¢), both algorithms converge at the same local rate. L]

D.3 FURTHER PROOFS

This subsection includes the proofs for Prop. 3 (ALM finds all constrained minimizers) and Prop. 4
(ALM finds only constrained minimizers).

Proof of Proposition 3. Let A* = 0 and p* be the optimal Lagrange multipliers for * such that
(x*, A*, u*) form a KKT point of Eq. (CMP). Since a* satisfies Assumption 3, these multipliers
exist and are unique.

By Lemma 2, the Jacobian of algorithm Eq. (AL-GDA), acting on the partitioned state
(@4, At Ags At,1) > (Teg1, Arr1,4, Arr1 1) and evaluated at (2%, X*) = (z*, A% _,0), is

[—nz(A+cBTB) —neBT 0
IaL = | nawaBA—nzx(A+¢c¢BTB)) 1—ngnuaBB’ 0 , (134)
0 0 (1 = Nduar /€)1
where
A=ViL(z* N*), B=Vgyu (z*). (135)

This Jacobian is well-defined thanks to Assumption 1.

We now proceed by grouping equality constraints with active inequality constraints, considering
the Jacobian on the state partitioned as (@, (A¢, 4, i), A¢,7). This yields the same Jacobian Jar,
except B is redefined as

(136)

\Y% x*

Vh(x*)

We will now prove that under Assumptions 2 and 3, there exist ¢ > 0 large enough and 74, guar > 0
small enough such that all eigenvalues of 75, lie within the unit circle.

JaL is block lower-triangular, so its eigenvalues are the union of the eigenvalues of its blocks.
The eigenvalues of the inactive inequality block are 0 = 1 — 7)qua/c. Under the assumption of
Eq. (AL-GDA) that ngua < ¢, these satisfy |o| < 1.

Setting 7 = 7y = Naua for simplicity, the upper-left block is
( I-n(A+cB"B) -nBT )

(137)
nB(I—-n(A+c¢B™B)) 1-7*BBT

JIAL A, =
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As in Lemma 3, Jar, 4, is similar to

T—nA—nlc+n)BTB —nBT
JA/L,Am:< ! U(B ) 77]1 ) (138)
7
. A+ (c+nB"B BT (139)
- -B 0
Y (140)

By Prop. 2, under Assumptions 2 and 3, there exists ¢ > 0 such that A + ¢B T B is positive definite.
Hence A+ (c+n)BT B is also positive definite. By Bertsekas (2016, Prop. 5.4.2), M has eigenvalues
with positive real parts, so for sufficiently small > 0, all eigenvalues of 7, AL, A, satisfy lo| < 1.

Combining this with the inactive block, we conclude p(JaL) < 1, completing the proof. O

Proof of Proposition 4. Let (x*, X*, p*) be an LSSP of the algorithm in Eq. (AL-GDA). By Prop. 1,
(x*, A", u*) is a KKT point of Eq. (CMP). Moreover, we know that p(Jar) < 1, where

[—nz(A+cB"B) —neBT 0
IAL = | nauaB(I = nz(A+c¢BT"B)) 1 —nznqaBB T 0 ) (141)
0 0 (1 - ndual/c)ﬂ

and

(142)

v *
A=V2L(x* N, pb), B:< 94, (@ )),

Vh(x*)
as in the Proof of Proposition 3. The assumption p(JaL) < 1 implies that p(J5; 4, ) < 1, where

, I-nA-n(c+n)B'B —nBT
jAL,Am = nB I

is similar to the upper-left block of Ju1.. Here we set n = 15 = naua for simplicity.

(143)

We proceed by contradiction. Suppose that * is not a local constrained minimizer of Eq. (CMP).
Then (*, A*, p*) must violate the second-order sufficiency conditions of Assumption 2 (Bertsekas,
2016, Prop. 4.3.2).

This implies the existence of a nonzero vector d € R¢ in the null space of B such that

d"Ad <0. (144)
By the Rayleigh-Ritz theorem, choose d as a normalized eigenvector (||d|| = 1) corresponding to the
smallest eigenvalue, «, of A restricted to the subspace {d | Bd = 0}. By the assumption, a < 0.
Consider the action of 73, 4_ on the vector [dr,o’:

. (d A T d—nAd
TiL A, (O) = (GI n4 7777(5; B B)d> = ( o ) (145)

using Bd = 0.
Then

/ d
. 3

since < 0 and ||d||? = 1.

2
= ||d —nAd|* = ||d|* - 2n(d" Ad) +7*|| Ad|* = 1 - 2na + n*| Ad|* > 1,

(146)

Thus, we have found a vector [d",0] T with unit norm for which 7, L A, s non-contractive, contra-
dicting the assumption p(Jar) < 1.

Therefore, our initial assumption that Assumption 2 is violated must be false.
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Proof of Proposition 5. This result adapts the spectral analysis of Benzi and Simoncini (2006),
which assumes simultaneous updates, to our alternating-update setting. Moreover, we explicitly
derives the decay rate of the imaginary parts.

By Corollary 1, the eigenvalues of Jog are either trivial zeros—which are always real—or coincide
with the non-trivial eigenvalues of the Augmented Lagrangian Jacobian Jar. These non-trivial
eigenvalues lie in the active subsystem (which we consider as including the equality constraints),
denoted JaL, 4, . Setting a common learning rate 7 = 1)z = 7)qual for simplicity, we note that Jar, 4,
is similar to 7, AL) A, (as in the proof of Lemma 2), where

TaLa, (@) =1 —nM(w), (147)
with
Mw) = (A+ (w_Jan)BTB B()T) | (148)
where A and B are defined as in the Proof of Proposition 3:
A=V2L(x" A", p), B= <Vé’2z;‘f) )> . (149)

Consequently, the eigenvalues of Jar(w) are real if and only if the eigenvalues of M (w) are real.

Let o be an eigenvalue of M (w) and z = [u",v"]T # 0 be its eigenvector. First, consider the case
u = 0. The eigenvalue equations M z = oz become:

B'v=0 and 0=ov. (150)

If o # 0, the second equation forces v = 0—so z = 0, a contradiction. Hence any eigenpair with
1 = 0 must have o = 0, which is trivially real, and we therefore disregard this case and assume
u # 0 from now on.

We normalize such that u*u = 1. As shown in Benzi and Simoncini (2006, Prop. 2.5), o satisfies:
o> —ou*(A+ (w+n)B"B)u+u*B"Bu=0. (151)
These eigenvalues are real if and only if the discriminant A, (w) > 0, where:
Ay(w) = [u*(A+ (w+n)B T B)u]® — 4u*BT Bu. (152)

As a function of w, A, (w) is a quadratic with a positive leading coefficient (u* BT Bu)? whenever
Bu # 0—hence, it is convex in w. Note that if Bu = 0, then BT Bu = 0and (151) reduces to

o2 —outAu =0, (153)
whose roots are real for all w. We thus focus on directions where Bu # 0.

We now demonstrate the existence of a single finite threshold @ such that for every eigenvector
direction with Bu # 0 and every w > @, the discriminant satisfies A, (w) > 0.

Let
a(u) = u*(A+nB" B)u, b(u) = u*B' Bu. (154)
Then for all w,
u*(A+ (w+n)B"B)u = a(u) + wb(u), (155)

and the discriminant simplifies to:
A (w) = (a(u) + wb(w))® — 4b(w). (156)
Since Bu # 0, we have b(u) > 0.

Let Ymin and ymax denote the smallest and largest nonzero eigenvalues of BT B, and let « be the
largest eigenvalue of A + nB T B (restricted to the relevant subspace). By Assumption 3, iy > 0.

Then, for any unit u with Bu # 0,
Ymin S b(u) S Ymax and |a(u)‘ S Q. (157)
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Define
_ &t 2V max +jm , (158)
For any w > @ and any unit u with Bu # 0, we ha\rfl;,l ’
wb(u) — |a(u)| > WYmin — & > ©@Ymin — ¢ = 2\/Ymax > 21/b(u), (159)
where we used b(u) < Ymax. Hence,
|a(u) +wb(u)| > wb(u) = |a(u)| > 21/b(w). (160)
Substituting this bound into the discriminant gives
Ay(w) = (a(u) + wb(u))2 —4b(u) > (2¢/b(u))? — 4b(u) = 0. (161)

Thus, for all w > @ and all unit vectors u with Bu # 0, the discriminant is nonnegative and the
corresponding eigenvalues o are real. Hence all eigenvalues of M (w) are real for every w > @, and
therefore all non-trivial eigenvalues of 751, and Jog are real as well.

To study the decay rate of the imaginary parts as w T @, consider a complex conjugate pair of
eigenvalues o(w), o(w) of M (w) that becomes real at some w* < w. At such a point, we must have

Au(w*)(‘*}*) =0. (162)

We assume a generic non-degeneracy condition (ND): the corresponding eigenvalue is simple and

0
Ay @) #0. (163)

ow w=w*
Under (ND), A, (.)(w) has a simple root at w*, and a first-order Taylor expansion around w* yields
Ay)(w) = K(w —w*) + (’)((w — w*)Q), K #0. (164)

For w < w* sufficiently close to w*, we have A,y (w) < 0. Substituting this into (151) yields a pair
of complex conjugate roots whose imaginary parts satisfy

ISo(w)| = 31/ —Aye) (W) = O(Vw* —w) asw T w*. (165)

Since there are finitely many eigenvalue branches—and by construction, w is the minimal threshold
above which all eigenvalues are real—this bound is uniform over all complex eigenvalues of M (w)
for w sufficiently close to @:

So(w)| =0(Veo —w) asw? . (166)

max
o(w)€Espec(M (w))

Finally, the eigenvalues of Jay.(w) are of the form 1 — no(w). Since the non-trivial eigenvalues of
Joc(w) coincide with those of Jar(w), we conclude:

max S (w)| = max So(w)| = O0(Vw —w). 167
’\(w)ESPeC(Joc(w))| l= U(N)ESpec(M(w))‘ (@) ( ) (167)

O
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