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Abstract

Temporal difference (TD) learning with linear
function approximation is a core method for
policy evaluation. Its classical continuous-time
description is an ordinary differential equation
(ODE), which captures the asymptotic mean dy-
namics but neglects stochastic fluctuations deter-
mining the error floor. We introduce a stochas-
tic differential equation (SDE) approximation for
linear TD(0) under Markovian noise. The result-
ing model distinguishes the contraction dynamics
governed by the projected Bellman operator from
the influence of Markovian sampling. As conse-
quences, we complement classical results with a
covariance dynamics, a local Ornstein-Uhlenbeck
description, an explicit estimate on the mixing
time influence on convergence, and a new range
of admissible stepsizes.

1. Introduction and related work

TD learning is a central algorithm for policy evaluation
in reinforcement learning (Sutton (1988); Sutton & Barto
(2018)), with a long line of theoretical analyses.

With linear features and a fixed policy, the asymptotic be-
havior of TD-learning for policy evaluation is described as
a deterministic dynamical system by the linear ODE

6=0b— A6, (1)

which is at the heart of classical stochastic-approximation
analysis of TD (Tsitsiklis & Van Roy (1997); Kushner &
Yin (2003); Borkar (2008); Mou et al. (2024); Samsonov
et al. (2025)). The ODE approach proves where TD should
go, but, by construction, it cannot capture high order effects.

Finite-time analyses keep the discrete recursion and give
non-asymptotic error bounds under i.i.d. or Markovian data

! Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.

Preliminary work. Under review by the International Conference
on Machine Learning (ICML). Do not distribute.

(Korda & Prashanth (2015); Bhandari et al. (2018); Srikant
& Ying (2019); Mitra (2024); Lee & Orabona (2025); Mou
et al. (2024)). Such bounds typically have the form “de-
caying transient plus an O(«) variance floor”. Recent ad-
vances also provide refined statistical and inference guaran-
tees for linear stochastic approximation under Markovian
noise (Samsonov et al. (2025)).

Our aim is complementary: we introduce a non-asymptotic
continuous-time model that explains the leading stochastic
term producing this floor. SDE approximations are well-
established tools for noisy optimization algorithms, includ-
ing stochastic gradient methods (Mandt et al. (2017); Li et al.
(2017)). Under the name of stochastic modified equations,
these provide continuous-time weak approximations, i.e.
approximations of the distribution of sample paths, instead
of the sample paths themselves. Through the lenses of the
SDE, we manage to complement the current panorama of
available stepsizes under which linear TD is guaranteed to
converge and to recover recent results on non-asymptotic
central limit theorems for Markovian recursions (Srikant
(2026)).

We analyze the constant stepsize case, from which the clas-
sical Robbins—Monro regime follows by considering van-
ishing diffusion. For stepsize «, the ODE captures the O(1)
drift of TD, while random fluctuations around that drift are
of order \/a. A more natural object at this scale is therefore
an SDE:

40, = (b— A®,)dt + va B(©,) dW,

B#)B(O)T =T(8). @
The change is not merely notational. Comparing to the
classical ODE (1), the new term B is present. This is the
term encoding the information about the noise and whose
study allows to answer questions such as: How does Marko-
vian sampling influence TD? Which feature map or policy
produces less long-run TD noise? What is the variance dy-
namics? Moreover, the ODE path is encoded in the drift
coefficient of the SDE, so that the ODE emerges from taking
the expectation of SDE.

Contributions. While prior work characterizes either
asymptotic behavior via ODEs or finite-time bounds via dis-
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crete analysis, our approach provides a unified continuous-
time stochastic model capturing both drift and fluctuations at
finite time, adding interpretability to the known finite-time
results. Technically, we use the Markov-chain Poisson equa-
tion to decompose correlated TD noise into a martingale
term plus a telescoping coboundary. This identifies the diffu-
sion covariance as the long-run covariance of the TD noise.
We also construct an affine factor B(6) of this covariance.
Finally, we derive stability and local Gaussian estimates that
turn the diffusion approximation into a diagnostic.

2. Problem setting and assumptions

Markov decision process. We consider policy evaluation
for a fixed policy. The policy induces a finite-state irre-
ducible and aperiodic Markov chain (Sy),>0 with station-
ary distribution p. Rewards may be random; we assume that
Rj.11 is conditionally independent given (Sy, Sk+1), with
law depending only on the transition (S, Sk+1). Thus, the
observation driving the TD update Z, = (Sk, Sk+1, Ri+1)
is itself a Markov chain. We denote by P7* its m-step tran-
sition kernel, i.e. PJ'(z,A) = P(Zyym € A | Z = 2).
Its mixing behavior is inherited from the state chain (S%),
since the reward component does not introduce additional
temporal dependence beyond (S, Si+1).

Temporal difference learning. Let ¢ : S — R? be a
feature map and Vp(s) = #(s)"0. TD(0) with constant
stepsize « is

Ors1 = Ok + a(Rps1 + ¥0(Sks1) " Ok

— &(Sk) " Or) B(Sk).- ®

For z = (s, s, r), write

b(z)=rd(s),  Al2) = d(s)((s) —16(s)) ",
and define
H(0,2) =b(z) — A(2)0,  h(h) =b— A6,
b=E.[b(Z)], A=E.[A(2)],

where 7 denotes the stationary law of Z;. The TD fixed
point is §* = A~'b when A is nonsingular.

Assumptions. (A1) The chain (Sy) is finite, irre-
ducible, and aperiodic, with mixing profile o(m) =
sup, || P (2,-) — 7|lpy. (A2) Features and rewards are
bounded: ||¢(s)|| < K, and |r| < Kpg. (A3) A is pos-
itive stable, i.e. every eigenvalue of A has positive real
part; equivalently, the ODE matrix — A is Hurwitz. In the
standard discounted on-policy setting, positive stability fol-
lows from full column rank of the feature matrix in L?(p)
(Tsitsiklis & Van Roy, 1997). Assumption (A3) is the same
stability condition that makes the ODE converge to 6*.

3. From TD discrete recursion to an SDE

The goal of this section is to construct a continuous-time
stochastic model that captures both the mean dynamics and
the leading-order fluctuations of the TD recursion. While
classical ODE methods describe only the average behavior,
they fail to account for the stochastic effects that determine
the steady-state error. To address this limitation, we intro-
duce for the first time a diffusion approximation in the form
of a stochastic differential equation (SDE).

Specifically, we derive an order-1 weak approximation of
the TD iterates in the sense of Li et al. (2017), namely:
[Ep(0r) — Ep(Ora)| < Cal,

max
0<k<T/o

 sufficiently regular.

Remarkably, sufficiently regular is not at all a restrictive
condition. For example, all polynomials are included, thus
one is able to compare all moments. We refer to Section C
for details.

Main challenges. Deriving such a model presents three
main challenges. First, the update noise in TD is Markovian
and therefore temporally correlated, preventing a direct ap-
plication of standard diffusion approximations developed
for i.i.d. noise. Second, the diffusion term must capture the
cumulative effect of these correlations. Third, the SDE must
remain well-posed even when this covariance is singular,
necessitating the construction of a suitable matrix square
root.

Approach. We address these challenges as follows. Us-
ing the Poisson equation associated with the underlying
Markov chain, we decompose the TD noise into a martin-
gale component and a telescoping coboundary term, which
allows us to isolate the effective diffusion covariance T'(6).
We then construct an affine factorization B(6) such that
B(0)B(6)T = I'(), ensuring sufficient regularity of the
SDE coefficients. This construction is crucial to guarantee
well-posedness even when I'(6) is singular.

We conclude the section by stating a theorem that formalizes
the weak convergence of the TD iterates to the solution of
the SDE (2).

Poisson decomposition. Let
go(z) = H(0,2) — h(6), Erlgo(Z)] = 0.

For each fixed 6, let uy be the centered solution of the
Poisson equation

ug — Pzug = go. 4
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Table 1. Comparison of stepsize conditions in finite-time analyses of TD/linear SA under Markovian noise.

Work Without projection  Not function of ¢,;; ~ Not function of horizon T’
Korda & Prashanth (2015) v X X
Bhandari et al. (2018) X X v
Srikant & Ying (2019) X X X
Mitra (2024) v X v
Mou et al. (2024) v X X
Lee & Orabona (2025) v v X
This work N v v

Then the TD noise admits the decomposition

96, (Zk) = ug,(Zk) — o, (Zit1) + &kt )
Eht1 = o, (Zy+1) — Pzup, (Zy),
where (£x11) is a martingale difference. The first two terms
in (5) form a coboundary. This is the step that converts
Markovian correlation into a martingale diffusion without
assuming independent samples. For details, refer to Sec-
tion C.

Effective covariance. The effective covariance field is

L(0) = Ex{(us(Z1) — Pzug(Zo))

(ug(Z1) — Pzug(Zo)) "] ©

Equivalently, if C,,,(0) = E[g6(Z0)g6(Zm) ], then

L(®) =Co(0) + > (Cn(®) +C(®)T). (D

m>1

If the data were i.i.d., all lag terms would vanish and T'(6)
would reduce to the one-step covariance. The lag terms in
(7) are the mathematical record of temporal dependence.
They can either inflate or reduce the diffusion depending on
the sign of the correlations while slow mixing makes the
sum longer.

Proposition 3.1 (Mixing controls quadratic forms of the
diffusion). Under (A1)—(A2), there are constants cg,c1 > 0
depending only on the bounded TD components such that,
for every 0 € R? and every M = 0,

tr(MT(6)) < tr(M) Teor(co + 1 [|0]),
Teorr = 1 —+ 4 Z Q(m) (8)

m>1

Moreover, Teor s equivalent, up to universal constants, to
the usual total-variation mixing time tyix(1/4).

A proof of Proposition 3.1 is given in Section D. We remark
that 7eorr < 00 by (Al).

Worst-direction and total noise. Proposition 3.1 gives,
by taking M = vv T, IT(O)]lop < Teorr(cot-ca [[0]])%, while
M = I, yields tr(T'(0)) < d Teore(co + c1 [|0]])?. The first
quantity is the largest directional variance of the TD noise,
whereas the second is the total injected variance. Since
[T(O)lop < tr(I'(0)) < d [T'(0)]], the gap between the
two measures how spread out the noise is across parameter
directions. This motivates

= 2lO) 1 a) ©)

deff(e) ||F(9

Mop

whenever I'(0) # 0. Thus 7o, controls the worst-direction
amplitude, while deg(0) measures how many directions are
effectively noisy.

A Lipschitz diffusion coefficient. The effective covari-
ance I'(6) aggregates temporally correlated noise and may
be singular (see Section E), so its principal square root need
not be Lipschitz. or the SDE to serve as a stable and inter-
pretable continuous-time proxy for the TD iterates, its drift
and diffusion coefficients should have such regularity. To
this end, we construct an affine factor B(0).

Proposition 3.2 (Affine factorization with sparsity bound).
Assume (A1)-(A2). Let E = {(s,s') : P7(s'|s) > 0}
Then there exists an integer ¢ < min{d(d + 1), 2|E|} and
an affine map

d
B(0) = Bo+ Y _0:Bi,

i=1

B:R% — R¥¥9, (10)

such that T(0) = B(0)B(0)" for all 6. Hence, B is glob-
ally Lipschitz and has linear growth.

The explicit construction of such B(6), along with its prob-
abilistic interpretation, is given in Section E.

The SDE model for TD.

Theorem 3.3 (TD-SDE weak approximation and fluctu-
ation limit). Assume (A1)—(A3). Fix T, R < oo and let
9,13, @ﬁl denote the stopped TD recursion and the stopped
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SDE (2) when they leave the ball {||0|| < R}, respectively.
Then, for every sufficiently regular test function p,

R R
_ < .
0;?2%/@ [E@(0;") —Ep(05%)] < Crra

Theorem 3.3 makes rigorous the statement the SDE models
TD”: the SDE (2) is a weak approximation of the discrete
TD recursion, i.e. the law of the SDE sampled at matching
time kv is close to the law of the discrete iterate 6. A proof
of this fact along with a recipe to reproduce it for general
discrete recursions can be found in Section C.

3.1. Consequences: stability and Gaussian structure

An immediate payoff of the SDE formulation is that stability
and covariance analysis become continuous-time calcula-
tions. Let P = PT = 0 solve the Lyapunov equation
ATP 4+ PA = I. The conditioning of this matrix measures
how strongly the drift contracts, appearing as the constant
in the deterministic part of the estimate below.

Theorem 3.4 (SDE stability and finite-time error). Assume
(A1)—(A3) and let B be the affine factor in (10). For all
sufficiently small o, the SDE (2) has a unique global strong
solution. Moreover, for E; = ©; — 0%,

E|E/|? < Cae P E|Eo|)* + Caaeor der, (1)

where deg = SUPg.1(6)£0 W <d.

llop

One may take pa x 1/ Amax(P), while C 4 depends on the
condition number of P, the linear-growth constant of B,
and the norm of the bounded TD components.

This recovers the usual constant-stepsize TD picture. The
added information is the interpretation of the error floor.
Finite-time TD analyses prove upper bounds with compa-
rable ingredients, the SDE explains why those ingredients
appear. A proof of Theorem 3.4 is presented in Section F.
Remark 3.5 (Removing localization a posteriori). The stop-
ping in Theorem 3.3 is a technical localization device used
to obtain uniform weak-error estimates on bounded sets. It
is not part of the final SDE model. The localization can be
removed a posteriori; see Section G for a rigorous proof
and a brief discussion of the impact this has on the standard
analysis pipeline.

Insights into stepsize choice. The stepsize parameter «
in Theorem 3.4 is the same constant stepsize as in the TD re-
cursion. Hence, the SDE stability bound directly translates
into the TD regime: for sufficiently small stepsize «, the
iterates remain stable and concentrate in an O(«) neighbor-
hood of the TD fixed point. Table 1 places this condition in
context with representative finite-time guarantees for linear
TD under Markovian noise. The table should be read with
some qualifications. These are discussed in Section H.

Finally, we state a comprehensive result on the noise struc-
ture of TD. We prove finite-time estimates on how far the
SDE of TD is far from being an Ornstein-Uhlenbeck process
and provide an explicit evolution equation of the covariance.

Theorem 3.6 (Local Gaussian and covariance dynamics).
Assume (A1)—(A2). Let X = (0 — 0*)/\/a. On ev-
ery finite interval [0, T, there exists a constant Cp < 00,
independent of o € (0, 1], such that

sup [|X® — Gyl < Ch/*Va. (12)
0<t<T

where G is the Ornstein—Uhlenbeck process
dG, = —AG,dt + B(6*) dW,, Go=Xg. (13)
Hence the leading covariance ¥, = Cov(G,) satisfies
= —A%, — S, AT +T(6Y). (14)

If (A3) holds, 3¢ converges to the unique solution of AY +
LAT =T(6%).

Theorem 3.6, whose proof is given in Section I, shows that
near the fixed point TD errors are locally Gaussian. In
particular, the covariance equation identifies both the size
and the geometry of the constant-stepsize error floor. At
stationarity,

Var(v—r(@oo —0") ~ av' Yo,

so different directions can have different residual vari-
ances. Moreover, if P solves ATP + PA = I, then
E|©s — 0*|° &~ a tr(PT(6*)). Thus I'(6*) identifies
noisy directions, while P weights them by how slowly they
are damped by the drift. Equivalently, the residual variance
is governed by the alignment between Markovian noise and
weakly contracting directions.

4. Scope and conclusion

The present note introduces for the first time an SDE mod-
eling framework for TD(0) with linear function approxi-
mation under Markovian noise, which generalizes the clas-
sical ODE description and adds interpretability to discrete
finite-time bounds expliciting stability, covariance dynamics,
and distributional properties otherwise not accessible. This
frameworks is shown able also to refine algorithm design by
introducing new admissible stepsizes. On the technical con-
tributions are the identification of the long-run covariance
I'(6), the quantification of its dependence on mixing, and
the construction the affine factor B(6).

Limitations and extensions. The present version assumes
bounded rewards/features. This makes error bounds more
straightforward but generalization to bounded second mo-
ments are at reach. Further natural extensions include anal-
ysis other reinforcement learning algorithms and general
stochastic approximations.
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Impact Statement

This paper presents theoretical work aimed at advancing
the foundations of machine learning and stochastic approx-
imation. It introduces tools for analyzing the stochastic
dynamics of reinforcement-learning algorithms and does
not involve datasets, deployed systems, or direct user-facing
applications. Its likely impact is methodological: it may
help researchers understand variance, stability, and covari-
ance structure in TD and related stochastic approximation
algorithms. We do not identify direct negative societal im-
pacts beyond those associated with the downstream systems
to which such algorithms may be applied.
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A. Notation, assumptions, and appendix roadmap

Symbol Meaning

Zy = (Sky Sk+1, Ri+1) observation driving the TD update

b(z), A(z) random affine components of one TD update
H(0,2) =b(z) — A(2)0 TD increment

h(0) =b— Af stationary mean field

go(z) = H(0,z2) — h(0) centered Markovian noise

Ug centered Poisson solution, ug — Pzug = gg
Ekt1 martingale increment from the Poisson decomposition
I'(0) long-run covariance of the TD noise

B(9) affine factor satisfying B(0)B(6)T = T'(0)
o(m) total-variation mixing profile of Zj,

Tcorr 1+4 Zm>1 A(m)

The appendix is organized as follows. Section B collects boundedness and Poisson-equation facts. Section C derives the
diffusion approximation of the discrete TD recursion. Section D proves the mixing bound from Proposition 3.1. Section E
constructs a Lipschitz covariance factor. Section F proves SDE stability. Section G shows how the localization introduced in
Theorem 3.3 is removed by means of Theorem 3.4. Section H elaborates on the new insights about stepsize guarantees
for convergence of TD. Section I proves finite-time Gaussian estimates and covariance dynamics of TD noise stated in
Theorem 3.6.

B. Preliminaries

Lemma B.1 (Bounded TD components). Under (A2),

suleA)(z)H < KrKy, supHA(z) < (1+9)K;.
z z op
Consequently, there are constants ¢y, c1, Ly < oo such that
lg®, )l <cotecilfll, g0, 2) —g(6',2)ll < Lg |10 —6"]].

Proof. The first bound follows from || (s, s")#(s)|| < KgrK. For the matrix term,
[6(5)(@(5) =70(s)N) "I, < o) llb(s) = o (s)| < (1+7)K3.

Since

9(0,2) = (b(z) — b) — (A(2) — A)0,
the Lipschitz and linear-growth bounds follow by taking suprema over the finite state space. [
Recall, that Py is the transition kernel of the Markov chain (Zy), i.e.

Py(2,A) =P(Zy11 € A| Zk, = 2).
For finite irreducible and aperiodic chains, the mixing profile o(m) = sup, |P7*(2,-) — 7|1 decays geometrically.

Standard Poisson-equation results for Markov chains (Meyn & Tweedie, 2009; Glynn & Meyn, 1996) therefore give the
following explicit form.

Lemma B.2 (Poisson solution). Assume (A1)—(A2). For each fixed 0, the centered Poisson equation
'LLQ—PZ’LLQZQQ, ]ETr[UG] :Oa

has the unique solution

up(x) = Y PPao(2).

m>0

6
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Moreover, ug is affine in 6 and there are constants C,,, L,, < oo such that

[uolloe < Culco +er 1011),  lluo — uo oo < Lo (10— 6|

Proof. Since E;[go] = 0,
PEo0() = [ ) (P () - n(d2"),
and hence
1PZ 90l oo <20(m)]lg0ll -

Geometric decay of o(m) implies absolute convergence in sup norm and gives the stated bound. Linearity of the equation
and the affine form of gy imply that ug is affine. Applying the same bound to gg — go- gives the Lipschitz estimate. Centering
follows from stationarity of 7 and termwise integration. O

C. How the TD-SDE approximation is obtained

This section has two purposes. First, it explains the general recipe for obtaining a diffusion approximation from a discrete
stochastic recursion. Second, it applies this recipe to linear TD under Markovian noise. The point is not only to justify
Theorem 3.3, but also to make explicit the construction that turns a noisy recursion into a continuous-time SDE.

C.1. A short recipe: from a recursion to an SDE

We briefly recall the principle underlying stochastic modified equations and adapt it to our setting. The key idea is that a
global weak approximation follows from a local one-step moment matching.

Consider a recursion of the form -
Op+1 = Ok + A(Ok, Z1,),

and a candidate SDE

Fix a point § € R?. Let B
AB) =6, — 0

denote the one-step increment of the recursion started at 6, and let
A(f) =0, —0
be the increment of the SDE over a time interval of length a.
The SDE is chosen so that these two increments match at the level of their leading moments. Concretely, one computes:
E[A(6)] and E[AG)A@)'],
and selects h and B so that the SDE increment satisfies
E[A(6)] = ah(6) + O(a?),
E[A(O)AB) ] = *h(O)h(0) " + *B@O)B(O)" + O(a?).

If these leading terms match those of the recursion, and higher moments are controlled, we then obtain an order-1 weak
approximation by results in Li et al. (2017). In particular, for any continuous test function ¢ of at most polynomial growth,

Eo()) — Eo(O4,)| < Ca.
Ognklg%/al ©(0r) — E@(Ora)| < Ca

What changes under Markovian noise. When the noise is i.i.d., the covariance B(0)B(6)" is simply the one-step
covariance of A(f). Under Markovian sampling, this is no longer correct: temporal correlations accumulate across time.
The correct object is the long-run covariance of the noise process. Identifying this covariance is the main additional step in
the TD setting.
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C.2. Applying the recipe to TD
The TD recursion can be written as

Oky1 = O + aH (O, Zy) = Or + ah(0r) + age, (Z),

where
hO)=b— A9,  go(z) = H(0,2) —h(0),  Erlgo(2)] = 0.

The deterministic part immediately identifies the candidate drift: h(6) = b — A6.
If the variables Z; were independent, the diffusion covariance would simply be

Erl96(Z)g0(Z)"].

However, in TD the observations are generated by a Markov chain, so the noise terms are correlated. The one-step
covariance misses the cumulative contribution of these correlations. The main task is therefore to identify the correct
effective covariance.

C.3. Removing Markovian dependence with the Poisson equation
For each fixed 6, let ug solve the centered Poisson equation
ug — Pzug = go.

Then
96, (Zk) = 1 + {ue, (Zk) — ug, (Zr41)},

where
Ekr1 = Ug,, (Zy41) — Prue, (Z), Eléks1 | Fx] = 0.

Thus the Markovian noise is decomposed into two pieces:
Markovian noise = martingale noise + coboundary.

The coboundary is a telescoping term. Indeed, for K < T'/a,

K-1
a Y {uo,(Zr) = uo(Zis1)}
= K-1
= a{ug,(Zo) —uos ,(ZK)} + Y {ug,(Zk) — ug,_, (Zk)}-
k=1

On a stopped ball {||6|| < R}, ug is bounded and Lipschitz in 6, while |01 — 0| = O(«a). Hence

sup
K<T/a

K-1
@) {us,(Ze) — UGk(ZkH)}H = O(a).
k=0

Therefore, at the diffusion scale, TD behaves like
Op+1 ~ O + ah(0k) + alii1.

C.4. The effective covariance

The martingale increment has conditional covariance
Q(0,2) = E[(us(Z1) — Pzug(2))(ug(Z1) — Pzug(2))" | Zo = z].

8
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Averaging over the stationary distribution gives the effective covariance

I'(0) = E[Q(0, Zo)]-

Equivalently,
L(0) = Ex[(ug(Z1) — Pzug(Zo))

(ug(Z1) — Pzue(Z0))"].

This is also the long-run covariance of the original centered TD noise:

I'(0) = Co(0) + Z (Cm(e) + Cm(G)T)a

m>1

where
Cm(H) =E, [90 (ZO)QQ(Zm)T]'

This identity is the key structural point. The diffusion covariance is not only the instantaneous variance of TD noise; it also
contains all lagged correlations created by the Markov chain.
C.5. Moment matching for TD

The effective one-step TD increment is
Its leading moments are
and

The candidate SDE is therefore
dO; = h(0,)dt +va B(©;)dW;,  B(0)B(9)" =T().
Over a time interval of length «, its increment satisfies the same expansions:
E[A(0)] = ah(0) + O(a?),

nd
) E[AD)AB) ] = *h(0)h(0) " + &*T(0) + O(a®).

Thus the SDE matches the leading drift and the leading covariance of the TD recursion. By the first-order moment-matching
theorem for stochastic modified equations,

E ea,R ) o, R <
onax 0(0,7) —Ep(05,7)| < Crra,

for all ( continuous of at most polynomial growth.

C.6. Takeaway
The construction follows a simple conceptual recipe.

First, write the recursion as
new iterate — old iterate + drift + noise.

Second, identify the correct noise covariance at the diffusion scale. For i.i.d. noise this is the one-step covariance. For
Markovian noise it is the long-run covariance, obtained here through the Poisson equation. Third, choose a factor B(6)
satisfying
B(0)B(H)" =T(9).
Finally, write the SDE whose one-step moments match those of the recursion:
d®; = h(B) dt + Vo B(0,) dW;.

For linear TD under Markovian noise, this procedure yields precisely the SDE in Theorem 3.3.

9
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D. Time correlations and diffusion size

Proof of Proposition 3.1. For a unit vector v, define fy,(z) = v ' gg(2). It is centered and bounded by | go|| .. From the
long-run covariance representation,

v T(0)0 = Exfo.0(Z0)°| +2 > Exlfon(Z0) fo.0(Zm)].

m>1

The variance term is at most ||gg||ic. Form > 1,

En oo (Z0) fo(Zn)]| = \ [ 72100 PE o2

2 2
< 2| fonlls o(m) < 2{|goll5, o(m).
Hence, for every unit vector v,

VIO < (1443 om) | llgall

m>1

By Lemma B.1,
UTF(Q)U < Tcorr(c() +ca H9||)2

Now let M > 0 and write its spectral decomposition as
d
-
M=% Nvjof, X >0, o] =

Since I'(6) is positive semidefinite,
d
= Z )\jv;I‘(Q)v
j=1

Using the previous bound for each v; gives

j Teore (Co + c1 [|0])* = t1(M) Teore(co + c1 [|0]])*.

H'M&

It remains to relate 7¢o,, to the usual mixing time. Let ¢yix(¢) = min{m : o(m) < e} and choose ¢ = 1/4. Standard
submultiplicativity of the pairwise total-variation distance gives

Z o(m) < 2tnmix(1/4),

m>1

and hence Tcorr < 1 4 8tmix(1/4). Conversely, by the definition of ¢,ix(1/4), o(m) > 1/4 for m < tyix(1/4), so

Teorr = 1+4 Z tmix 1/4)

m>1

E. A convenient choice of the diffusion factor

The SDE only depends on the covariance through the identity
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Thus B(6) does not have to be the principal square root I'(6) 1/2 This distinction is useful because the principal square root
can be not regular enough for the SDE formulation when I'(0) is singular.

Indeed, even in dimension one, the map a — 1/a is not Lipschitz near zero. Hence, without a uniform lower bound
') = Mg

on the region of interest, Lipschitz regularity of I"(6) 1/2 is not automatic. Such a lower bound would amount to assuming

that the effective TD noise excites every parameter direction. This is a nondegeneracy condition stronger than what we need.

We instead use the square-integrability of rewards to build a different factor B(#) that is affine in 6.

Proof of Proposition 3.2. Write
d
90(2) = g0 (2) + Y _ 09" (2),
i=1

where, for z = (s, ', 1),
g O() =ré(s)—b, g (2) = (A— A(2))e;.
Fori > 1, ‘
99 (s,8',7) = Aei — ¢(5) (¢i(s) — 19i(s")),

so ¢(9 depends only on the transition edge (s, "), and not on the reward sample.

By linearity of the Poisson equation,
d
ug = u(® + Z@iu(’), ul® = Z Ppg®.
i=1 m>0

For i > 1, since g*) is reward-free and the reward variable does not affect future state transitions, every rr g® is
reward-free. Therefore u(?) is reward-free for every i > 1.

The martingale increment has the affine decomposition
& =604 069, D =uD(Zy) - Ppul (20).
i=1

Fori > 1, £() depends only on the state-transition structure. Hence its scalar components are measurable with respect to
the reachable edge (.5, S’), and therefore lie in a linear space of dimension at most | E|.

It remains to account for the 7 = 0 coefficient. Write
R=7(S,8") +e¢, Ele|S,5] = 0.

The mean-reward part 7(.S, S”)$(S) is edge-measurable, so it lies in the same edge space of dimension at most | E|. The
centered reward noise contributes functions of the form

Li(s.s)=(s.s}8  (s,8") € E,
which span at most one additional L?-mode per reachable edge. Hence the scalar components of all coefficients
(€D 0<i<d}
belong to a finite-dimensional subspace H C L? with

dim(#) < 2|E].

On the other hand, since there are d(d + 1) scalar components

{(D),: 0<i<d, 1<r<d},

11
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the general Hilbert-space construction gives
dim(#H) < d(d+1).

Thus we may take
g = dim(#H) < min{d(d + 1), 2|E|}.

Letey, ..., e, be an orthonormal basis of 7, and define B(f) € R4*? by
Br@(e) = <(£6’)7‘7€€>L2 5 1 <r< d7 1 < 4 < q.

Since & is affine in 6, every entry of B(#) is affine in 6. Hence B is globally Lipschitz and has linear growth.

Finally, because each (&p), € H, Parseval’s identity gives

(BO)B(O) )rs =Y ((€0)rse0) 12 (G0)sr €0) 12
= <(§0)r7 (§0)8>L2
E[(fG)v(&G)e] = F(G)rs~

Therefore

yielding the desired conclusion. O
Remark E.1 (Edge count, sparsity, and reward-noise structure). Consider
E={(s,s"): P7(s'|s) >0}, K= msax|{s’ : P7(s'|s) > 0}].
Since each state has at most x outgoing transitions and there are n states, we always have
|E| < nk.

Equality holds when every state has exactly x outgoing edges; otherwise | F/| can be strictly smaller.

The refined bound
q < 2|E|

captures the fact that the effective noise dimension is governed by the transition graph rather than the ambient dimension d.
However, the precise contribution of the reward depends on how reward randomness is structured.

State-dependent vs. edge-dependent noise. There are two canonical regimes:

* State-dependent noise:
R=17(S,5") +¢s, £g depends only on S.

In this case, the centered noise contributes at most one independent direction per state. Hence the noise dimension is
controlled by n, and one can obtain a sharper bound of order nx or even n depending on structure.

¢ Edge-dependent noise:
R=17(S,5") +¢es.s, £s,5/ depends on the edge.

Here each transition (s, s’) may carry its own independent noise mode. This yields up to one additional L?-direction
per edge, leading to the bound ¢ < 2|E|.

12
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Illustration. Consider a state s with three possible successors s1, Sa2, s3. The two regimes are illustrated below.

State-dependent noise. Edge-dependent noise.
Edge Meanreward 7#(s,s’)  Noise Edge Meanreward 7(s,s’)  Noise
(s,51) 5 N(0,1) (s,51) 5 N(0,1)
(s,52) 2 N(0,1) (s,52) 2 0
(s,53) -1 N(0,1) (s,83) -1 Cauchy

In the state-dependent case, all transitions share the same noise source, so the number of independent noise directions does
not grow with the number of outgoing edges. In contrast, in the edge-dependent case, each transition can introduce a distinct
noise mode, and the effective dimension scales with | E

Probabilistic interpretation of the Hilbertian construction. The Hilbert-space construction gives an intrinsic interpre-
tation. The Brownian directions correspond to orthonormal L? modes spanning all scalar components of the martingale
increment &g. Writing

W, = (Wr ..., W,

where the components are independent one-dimensional Brownian motions, the diffusion term becomes
q
B(0) dW, = > B.(0) dW/.
=1

Thus each column of B(#) describes the loading of the TD martingale noise onto one orthogonal noise mode e;. The SDE
noise is therefore a finite superposition of independent Brownian perturbations associated with the finite-dimensional L?
span generated by 4

{(€D),: 0<i<d, 1<r<d}.
F. Proof of SDE stability

Proof of Theorem 3.4. By Proposition 3.2, the diffusion coefficient B is affine. Hence it is globally Lipschitz and has linear
growth. Since the drift
h(6) =b— A6

is also globally Lipschitz and has linear growth, the SDE
dO; = (b — AO,) dt + Va B(0;) dW;
admits a unique global strong solution for every o > 0.
It remains to prove the stability estimate. Let
0* = A ', E, =0, — 0"

Then

Since A is positive stable, there exists a unique symmetric positive definite matrix P solving
ATP+PA=1T

Define the Lyapunov function
V(e) = e Pe.

Let Apmin(P) and Apax(P) denote the extremal eigenvalues of P. Then

)‘min(P)HQHQ <V(e) < )‘maX(P)||e||2~

13



An Diffusion Approximation for Linear TD Learning under Markovian Noise

Applying It6’s formula to V' (E}) gives

LV (e) = —2¢" PAe + a tr(PB(0* + e)B(0* + e)T)
=—¢ (ATP+PA)e+a tr(PT(6* +¢))
= —|le||* + « tr(PT(0* +¢)).

By Proposition 3.1 with M = vv T,

IT(0)]lop < Teore(co + c1 [16]).

With the effective noise dimension in (9), with the convention deg (6) = 0 if I'(0) = 0, we have

tr(F(Q)) = deff(e) HF<0)”op :

Therefore,
tr(PT(0* 4+ ¢)) < ||P||OlD tr(D(0* + ¢))

= ||P||op dE‘ff(g* + 6) ||]‘—‘(0* + e)”op

< Amax(P) Jeﬁ Tcorr (CO +c ”6* + 6”)27
where -

deff = sup deff(e) < d.
6:T'(0)#£0
Using
(co + 1 [10* +el))* < 2(co + e [10%]]) + 267 el

we obtain

LV(e) < ~llel* + 0 Teone et (Ko + Ko [1e]?)

where one may take
Ko = 2 max(P)(co + 1 |67]))%, K1 = 2Amax(P)2.

Choose o > 0 small enough that

1 = atcorrder K1 > ; Va € (070[0).

N

Then )
Cv(e) < _5 ||6H2 + & Teorr (ZCHKO~

Using [|e||? > V(e)/Amax(P), this implies

1
LV (e) < —paV(e) + aTeor Ko, pA = m«

Taking expectations in Itd’s formula and applying Gronwall’s inequality yields

K,
EV (E,) < e PATEV (By) + —cor fef20 TC"r;dEH 0 (1 —eraty.
A

Finally, converting back from V' to the Euclidean norm gives

>\max P aTcorr de K
E”EfHQS : ( ) . ff430
>\m1n(P) ,OA)\mm(P)

= k(P) e PA E|| Eo||* 4 26(P) aTeorrdot Ko,

e P || Eo|* +

where k(P) = ;"“?7"((5)) is the conditioning number of the (symmetric) matrix P. Renaming constants gives

E HEtHz < CAe_pAtE ||E10||2 + CAO( Tecorr Jeff-

14
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where C'4 depends on the Lyapunov geometry of A, in particular on the condition number of P, and on the linear-growth
constants of B.

The same estimate also gives
2
sup E[|0:]|* < oo,
>0

because ©; = E; + 0*. Hence the unique solution to (2) has uniformly bounded second moment. O

G. Removal of localization

The weak approximation theorem is stated for stopped processes. This section records the standard argument showing that,
once global stability of the SDE is known, the localization can be removed on every finite time interval.

Corollary G.1 (Removal of localization). Let (@ER) )i>0 denote the unique strong solution of the SDE obtained by truncating
the coefficients of (2) outside the ball {||0|| < R}, and let (©);>¢ denote the unique global strong solution of (2). Then for
every T > 0,

lim IP’( sup ||®£R) — 0 = O) =1

R—o0 0<t<T
Equivalently,
sup ||@,(5R) — O Lo, R — 0.
0<t<T

Consequently, any weak limit identified for the localized processes coincides with the weak limit of the original process on
every finite time interval.

Proof. Define the exit time of the full solution
TR :=inf{t > 0: /6| > R}.

By construction of the localized coefficients and pathwise uniqueness of strong solutions,
@ER) =06, forall t < 7g.

Therefore,

sup ||@§R) — 0y =0  ontheevent {rp > T}.
0<t<T

Hence

P( sup (6"~ 0, =0) > P(ra > T)
0<t<T

_1 —IP’( sup (€] R).

0

The final probability converges to zero as R — oo because Theorem 3.4 gives global existence and finite moments on every
finite time interval. This proves the first claim.

The convergence in probability follows immediately: for every € > 0,

P( sup |0 — /] > &) <P(rp < 7)
0<t<T

= 1}»( sup |0 > R) —0.
0<t<T

The final statement follows because two processes whose sup-norm distance on [0, T'] converges to zero in probability have
the same weak limits. O
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Localization argument and the reversal of the standard analysis pipeline. The localization used above is only a proof
device, standard in stochastic analysis. We are not assuming that the TD iterates are bounded as a modeling condition, nor
are we modifying the algorithm by imposing boundedness. In particular, this is different from projected linear TD, where
the recursion itself is changed by applying a projection step. Here the localization is introduced only temporarily to control
estimates, and is then removed a posteriori using the stability of the full SDE. Actually, this should be regarded as a feature
of the novel framework we are presenting. Both ODE methods and finite-time analysis need to prove some form of iterates
non-explosion before starting the analysis of the algorithms recursion. The SDE approach reverses the order: first consider a
process in which the iterates are artificially made bounded, then study the stability of the obtained SDE. It will be precisely
this stability that, along with convergence of the algorithm, reveals that iterates were bounded in the first place and therefore
the stopping device was never active.

H. Additional discussion on stepsize comparisons

The comparison in Table 1 should be interpreted as a qualitative summary rather than a strict ordering of results. Existing
works consider different stepsize schedules, including constant, decaying, and Robbins—Monro stepsizes. Guarantees
obtained for sufficiently small constant stepsizes typically imply the corresponding decaying-stepsize behavior by allowing
the stepsize to decrease over time. Thus, the table focuses on whether a result identifies a regime in which the admissible
stepsize is uniform with respect to the horizon and does not explicitly require projection.

A second qualification concerns the dependence on mixing. Even when a stepsize condition is not written as an explicit
function of the mixing time, it can still depend on the Markov chain through other problem-dependent constants. Different
policies induce different transition kernels, and hence different temporal correlations and mixing behavior, as emphasized
by Nagaraj et al. (2020). In this sense, “not a function of ¢,,;,”” means that the stated admissible regime does not require
inserting an explicit upper bound on the mixing time into the stepsize choice; it does not mean that the dynamics are
independent of mixing.

Our result should also be contrasted with the curvature-free slow-regime analysis of Lee & Orabona (2025). With their
terminology, their stepsize condition is curvature-free in the slow regime, whereas our SDE stability estimate is curvature-
dependent through the Lyapunov geometry of A, encoded by the solution P of

ATP+PA=1.

This dependence is natural for our purpose. The fact we recover a curvature-dependent result is due to our choice of
explicitly tracking contraction and stochastic fluctuations to show how the SDE framework is able to clarify finite-time
results. Nothing prevents the SDE framework to yield curvature-free results.

I. Proof of Theorem 3.6
Proof. We split the proof into four steps.
Step 1: rescaled dynamics. Since h(6*) = 0, dividing the SDE (2) by v/« gives

dX® = —AX2dt + B(0* + VaX®)dW,. (15)

Step 2: comparison with the frozen Ornstein—Uhlenbeck process. Let G solve
dGy = —AG, dt + B(6*) dW,, Go = X¢§.

Set
Dt = X? - Gt-

Subtracting the dynamics of G from (15),
dD; = —AD, dt + (B(0* + VaXy) — B(6*)) dW;, Dy =0. (16)
By Proposition 3.2, B is affine, hence globally Lipschitz. Thus, for some Lp < oo,
[B(O" + Vax) — B0")| . < LV |z (17
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Step 3: finite-time L? bound. Applying Ito’s formula to || D, ||* gives
d||Dy||* = —2(D,, AD,) dt
+||B(O" + Vaxy) — B(6")||5 dt + dM,,
where M, is a martingale. Since A is fixed, there is ¢4 < oo such that
—2z, Az) < ca |lz|.

Taking expectations and using (17),

t t
E||D|? < CA/ E||D,|? ds+L2Ba/ E| X ds.
0 0

On every finite interval [0, T'], the SDE has finite second moments because its coefficients are globally Lipschitz with linear
growth. Hence, for each T' < oo,
sup E[| X2 < oo.
0<s<T

Consequently, for 0 <t < T,
t
E || D:|? < CA/ E || D,|]* ds + Cpov.
0

By Gronwall’s lemma,

sup E | D] < Cra.
0<t<T

Equivalently,

sup | X — Gl < G Va.
0<t<T

Step 4. covariance dynamics. Since G is linear,

t
G = e MG, +/ e~ A=) B(9*) AW,
0

Thus G, is Gaussian whenever (G is Gaussian, and its covariance
3¢ := Cov(Gy)

satisfies .
Y, = —AY, — S AT +T(6%),

because B(6*)B(0*)T =T'(6%).
If (A3) holds, then — A is Hurwitz. Therefore the Lyapunov equation

AY +BAT =T(6%)
has a unique solution, and the covariance flow converges to it:

X — 2.
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