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ABSTRACT

This work analyzes Graph Neural Networks, a generalization of Fully-Connected Deep
Neural Nets on graph structured data, when their width, that is the number of nodes in
each fully-connected layer is increasing to infinity. Infinite Width Neural Networks are
connecting Deep Learning to Gaussian Processes and Kernels, both Machine Learning
Frameworks with well-established theoretical foundations. Gaussian Processes and Ker-
nels have less hyperparameters than Neural Networks and can be used for uncertainty
estimation, making them more user-friendly for applications. This works extends the in-
creasing amount of research connecting Gaussian Processes and Kernels to Neural Net-
works. The Kernel and Gaussian Process closed forms are derived for a variety of ar-
chitectures, namely the standard Graph Neural Network, the Graph Neural Network with
Skip-Concatenate Connections and the Graph Attention Neural Network. All architec-
tures are evaluated on a variety of datasets on the task of transductive Node Regression
and Classification. Additionally, a Spectral Sparsification method known as Effective Re-
sistance is used to improve runtime and memory requirements. Extending the setting to
inductive graph learning tasks (Graph Regression/ Classification) is straightforward and is
briefly discussed in[8.1]

1 INTRODUCTION

Graph Neural Networks (GNNs), introduced in the paper (Kipf and Welling, 2017) demonstrated their ef-
fectiveness in tasks involving graph-structured data. GNNs have become a staple tool for data scientists and
a prominent area of research in Machine Learning. In recent research, GNNs have been extended to dif-
ferent architectures such as Graph Attention Neural Networks (Velickovic et al., [2018])), Transformer Graph
Neural Networks (Shi et al., 2021) and to unsupervised learning tasks with a Graph (Variational) Autoen-
coder (Kipf and Welling|, 2016). Another very active area of research are infinite width Neural Networks,
also called Neural Tangent Kernels (NTK), introduced in the paper (Jacot et al., 2018). NTK link infinite
width Fully-Connected Deep Neural Nets (FCN) and Kernels. NTK theory has been expanded to various
architectures (Yangl [2020) and used to analyze theoretical properties like Generalization and Optimization
(Arora et al.l 2019a; Du et al.,|2019a) and the importance of appropriate random initialization for successful
training (Xiao et al.,[2020; |Seleznova and Kutyniok} 2022)). The NTK Theory has been expanded to address
inductive Graph Learning Tasks in [Du et al.| (2019b)). In the Related Work Section, we will compare their
results and their relevance to our approach. This work extends infinite width Neural Network theory to the
setting of Graph Neural Networks. The main contributions of this wor are the derivation of closed-form
expressions for the Gaussian Process (GNNGP) and Graph Neural Tangent Kernel (GNTK) for three differ-
ent architectures: vanilla GNN, Skip-Concatenate GNN, and Graph Attention Neural Network applied to the
task of Node Regression/Classification. In addition, we extend the understanding of the GNTK formula’s
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positive definiteness by exploring the impact of different graph adjacency matrices, as demonstrated in[3.2]
and Section Furthermore, we include the evaluation of GNNGP and GNTK against their Neural Net-
work counterparts across various datasets. Additionally, we explore the application of Effective Resistance
as a Spectral Graph Sparsification Method, aiming to enhance memory and runtime efficiency. Note that
the GNNGP for vanilla GNN and a variant of our Skip-GNN has previously been established by (Niu et al.,
2023).

1.1 NOTATION

Superscript for matrices (i.e. W) are identifiers and not matrix powers. I,, € R™*™ is the identity matrix.
We define the operator batchmultiply; batchm(X,Y");; = (X,Y7;)p with X € R"*" and Y € R*"**"
for some integer z. So batchmy(-, -) is taking the Frobenius Inner Product of X and block I.J of size n x n
of Y and batchm(X,Y") € R**#. Concatenating vectors/matrices horizontally is denoted concat(-, -). The

Hadamard Product is denoted with ®. Convergence in probability is denoted as i

1.2 GRAPH NEURAL NETWORKS GENERALIZE FULLY-CONNECTED DEEP NETS

GNNs are a powerful generalization of Fully-Connected Nets (FCN). GNNs are extending the FCNs by
making use of dependent data samples, naturally incorporating unlabeled data, referred to as semi-supervised
learning and allowing for transductive learning tasks such as Node Regression and Classification as well as
inductive tasks like Graph Regression/ Classification. We will start by establishing this connection between
FCNs and GNNs. A three layer FCN can be defined as follows:

f(z) =W3c(W?(e(Wz)) € R% with z € R% and weights W' € R%*d-1, )

The single data point  is a column vector of a data matrix X € R%*", Now defining a GNN, as in Kipf
and Welling| (2017). Given a graph adjacency matrix A € R™*™ and the data X7 € R™* % the GNN is:

9(X) = Ac(Ac(AXTWHW?)W3 ¢ R )

with Wt € R%-1%d There are different options for the adjacency matrix A. The adjacency matrix can
be the 0-1 adjacency matrix of an undirected graph, denoted as Ag.;. A can be Ag.; + I, which is the 0-1
adjacency matrix with self loops. A can be the Laplacian L = D — A with D being the degree matrix,
Dy =3, j A;j. One can use row, column or row & column normalization on the Laplacian. A can be

Degree normalized according to Kipf and Welling (2017) whichis A = (D+1)"2 (A+1)(D+ 1)~ 2, with

D being defined as above. If we set A as the Identity matrix I and take the transpose of g(X), we end up
with:

g(X)T =W oW (oW XT)) € REX" 3)

g(X)7 is equivalent to a FCN f(X) where we pass as input all the (training and test) data X instead of a
single data point . In the case of Node Regression, the training loss is minimized as follows:

argmin(|[(Y" — g(X)T) Lipain||%) With I1pqim = diag([0,0,1,0,1,...,0,1]) “)
w

Lirain € R™ ™ consists of randomly selected diagonal 0,1 entries which correspond to the training samples.
Liest 1s defined as Iiest = I, — Itrqin. We have labels Y € R”™ and I;,.4;, is randomly selecting columns
of g(X)T over which the training loss is minimized. Columns in g(X)? correspond to individual training
samples when the GNN reduces to a FCN (i.e. ¢g(X)T = f(X)) or individual nodes in when g(X)%
is a proper GNN, in which case we will call this setup Node Regression/ Classification. The task of Node
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Regression/ Classification for the GNN with the Identity matrix is equivalent to training a FCN with Gradient
descent. Stochastic Gradient Descent (SGD) can be generalized to GNNs straightforwardly, too.

g(X)T = w3 (W (c(W'" X7 dropout(I))) (5)

Sampling from I without replacement some subset with size k is equivalent to minimizing our objective
using SGD with batch size k. This can be emulated using dropout.

g(X)T =W o(W2 (e(W* X7 dropout(A))A)A (6)

Dropout is commonly applied to both the adjacency matrix A and weights in GNN layers. Recognizing
GNNss as generalizations of FCNs, the same applies to GNNGP and NNGP, as well as GNTK and NTK.
Substituting the Identity matrix I for A in GNNGP and GNTK reduces to the NNGP and the NTK. Node
Regression/Classification with GNNs involves transductive learning, where the model can incorporate test
data during training, see (Vapnik} 2006, transductive learning Section 10.1, Setting 1) for a formal defini-
tion. The expression AXW in [2]is nothing else (AXW); = >} cneighbors(iy T&W (for standard the 0-1
adjacency matrix A). This summation includes neighboring nodes that could be part of the test set, making
it a transductive learning task. Unlabeled nodes, similar to test nodes, can be used during training, hence
Node Regression/Classification is sometimes called semi-supervised learning.

2 RELATED WORK

The GNTK formulation for inductive Graph Classification/Regression was originally introduced by |Du et al.
(2019b). Any Node Classification GNN architecture can be adapted for Graph Classification by adding an
aggregation layer, such as Max Pooling or averaging, as the final layer (see Section [8.I). Therefore, the
GNTK for Node Classification/ Regression is a fundamental building block for constructing the GNTK
for Graph Classification. (Yang et al., 2023, Lemma 2) uses (Du et al., 2019b, BLOCK Operation) to
derive the closed form expression for a two layer GNTK. We compared their final closed form expression
(Yang et al., 2023 Lemma 2) with our own formula revealing that our derivation is more general and
provides additional insights. (Yang et al., 2023, B.1, Equation 24) results in all the graph information
being encoded implicitly. Using B.1, Equation 24 to calculate the closed form for a two layer GNTK
requires multiple steps as shown in (Yang et al., 2023, B.2, Equation 24) which are not necessary in our
expression. In contrast, our derivation, using basic tools from Linear Algebra, results in a distinct GNTK
expression with explicit adjacency matrix information. This enables further simplification of the formula,
resulting in a more accessible and general GNTK formulation. Unlike Du et al.|(2019b); |Yang et al.|(2023)),
our work includes experiments related to Node Classification/Regression tasks and simulations in Section
demonstrating that NTK assumptions do not hold when using a 0-1 adjacency but are satisfied when
employing the Kipf & Welling normalized adjacency. The GNTK formulas in this work are easily extended
to the inductive learning setting (see Section [8.1). [Niu et al| (2023)) derived the GNNGP expression for
the standard GNN with the 0-1 adjacency matrix known as GIN (Xu et al., |2019), the Kipf & Welling
normalized adjacency as defined in Section[I]and two variants of GNNS with Skip-Connections, namely the
GraphSage (Hamilton et al., 2017)) and GCNII (Chen et al.,[2020). These Skip-Connections differ from our
Skip-Concatenate, as they involve summation, while ours entails concatenation. Work on GNTK for Node
Classification/Regression is explored by (Sabanayagam et al., 2022), although their derivation of the GNTK
is incorrect.

Theorem 2.1 (incorrect, from (Sabanayagam et al.| 2022, Theorem 1 (NTK for Vanilla GCN))). For the
vanilla GCN defined in @) (with the difference that S is the Adjacency Matrix and not A), the NTK © is given
by

d+1
= . T\O(d+1—1) d+1—i g . . -
© [;El@w ) O @LTE) | o, B [BENT] )
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Here ¥; € R™™ is the co-variance between nodes of the layer f;, and is given by ¥1 = SXXTST,

. T .7 — T 2 : - T ~ 1
Y, :=SE; 1S" withE; := CUfNNI%o,z,,)[U(f)U(f) |and E; := cngNI§O7Ei)[U(f)a(f) ] ©(2) = 5=
(i.e Sigmoid function).

Replacing S with the Identity matrix in the GNTK formula does not yield the NTK for Fully-Connected
Deep Nets. The final result will be a Kernel matrix with all entries zero other than the entries on the diagonal
which can not be correct. For comparison the correct GNTK is given in while the NTK expression is
given in[8.7.3). [Sabanayagam et al.| (2023) used this wrong GNTK formula in subsequent work to investigate
representational properties. The derivation of the Graph Attention NTK and GP relies on results from [Hron
et al.| (2020); |Yang| (2019)), as the NTK and GP for Attention Neural Networks closely relate to the Graph
Attention Neural Network.

3 GAUSIAN PROCESSES AND NEURAL TANGENT KERNELS

We will derive closed-form expressions for various infinite width Graph Neural Network architectures. In
we provide an overview of results on infinite width Fully Connected Deep Networks, as our derivations
for infinite width Graph Neural Networks will be based on these fully connected ones.

3.1 GRAPH NEURAL NETWORKS

We define the Graph Neural Net recursively similar to the FCN in The matrix A is commonly the
adjacency matrix with A € R™*", but for the GP and NTK no assumptions about A are used.

Definition 3.1 (Graph Neural Network).

F"X) = ( (Z: WhGHH(X) + ath> AT € R with B = " @ 1T and b € R™  (8)
v/ Ah—1

G"(X) = o(F"X)) and G°* = X € R%o*" ©)
The weights are initialized as W" ~ N(0,1) and b" ~ N(0,1).
The final network of depth L is FL(X) = ( \/‘;LWLGL*(X )+ obBL> AT e Rdzxn

L—1

Theorem 3.1 (GNN Gaussian Process). If all the weight dimensions of the hidden layers dy,_1,dp 1, ...,dy
of a GNN, F(X)¥ successively go to infinity, then vec(F(X)1) ~ GP(0, (ANF=1ATY @ 1, ) with

A = olE [o(w)o(u”)] + o} (10)
with u ~ N (0, ANE=1AT)
0.2
A = 2 XTX 4 o} (11)
do

The proof of Theorem[3.1]is given in[8.8.1] Theorem3.1]has been derived by Niu et al.| (2023). The expression
E [U(u)a(uT)] with u being a multivariate Gaussian vector can be calculated in closed form for certain
activation functions (see[8.I|for a detailed discussion).

Theorem 3.2 (GNN NTK).

If all the weight dimensions of the hidden layers dy,_1,dy_1,...,d, of a GNN, F(X)' successively go to
infinity, the NTK has a closed form expression ©F @ 1, , with

ol =4 (AL*1 + (AL*I © 9“1)) AT with (12)

4
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A =02E [o(w)a(u”)] + of (13)
A = 02E [6(w)a(uT)] + of (14)

with u ~ N (0, ANE=1AT)
0'=A"=c2X"TX + 0} (15)

The proof ofis given in AL 4 (AL’l ® @Lil) is positive definite (Jacot et al., [2018} A.4) or
(Du et al.l 2019al, Theorem 3.1). In the context of the GNTK, the NTK’s positive definiteness relies on the
positive definiteness of A. This might explain why using the Kipf & Welling normalized adjacency matrix,
with eigenvalues in the range [0, 2] (Kipf and Welling, [2017), aligns with NTK theory (i.e. loss is going to
zero for increases width, weights are close to initialization and the empirical NTK stays close to initialization
during training, see for details and definition of empirical NTK), whereas the 0-1 adjacency matrix,
usually not positive semidefinite is not consistent with NTK theory. For simulations confirming this fact,
see[8.2] The empirical NTK’s positive definiteness during training, aligns with key insights about FCNs. If
the empirical NTK stays positive definite during training the loss converges to a global optimum, achieving
zero training loss (Du et al.} 2019al Lemma 3.3). Additionally, Nguyen et al.| (2021) demonstrates that the
empirical NTK of wide Neural Networks remains positive definite during training under mild assumptions
on the data distribution. The smallest eigenvalue of the Kernel is related to Generalization Bounds (Arora
et al.,2019b) and memorization capacity (Montanari and Zhong| [2022) The GNTK formula may provide
insights into the significance of different graph adjacency matrices for GNNs. Also note that the expression
reduces to the standard NTK formula for FCNs (see when replacing A with the Identity matrix.

3.2 SKIP-CONCATENATE GRAPH NEURAL NETWORK

Skip-Concatenate Graph Neural Networks (Skip-GNNs), inspired from (Chen et al.| (2019) consist of con-
catenating the output of the non-linearity and pre-nonlinearity. The first layer is not affected but starting
from the second layer, W with h > 1 has dimensions W" € R%*2di-1,

Definition 3.2 (Skip-Concatenate Graph Neural Network).
Fh(X) = (%WhGh‘l(X) + Uth) AT forh > 1 (16)

V21
FYX) = (U“’WlGU(X) + abBl>AT with B" = b" @ 1], and b € R™ (7)
Vidy
h
G"(X) = ("(ﬁ(%))) 50 GM(X) € R24*™ gpd GO = X € R%oxn (18)

The weights are initialized as W" ~ N(0,1) and b" ~ N (0, 1).
The final Network of depth L is F*(X) = (\/CLWLGLl(X) + obBL> AT ¢ Rdcxn,

dr—1

Theorem 3.3 (Skip-Concatenate GNN Gaussian Process).
If all the weight dimensions of the hidden layers dy,_1,d_1, ..., dy of a Skip-GNN F(X)* successively go
to infinity, then vec(F(X)F) ~ GP(0, (ANF=1AT) @ 1, ), with

1
AP = 03”5 (E [o(u)o(uh)] + AALTTAT) + oF (19)
with u ~ N(0, ANL=1AT)
2
A° = %:XTX + o7 (20)
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The proof of Theorem 3.3]is given in[8.9.1]

Theorem 3.4 (Skip-Concatenate GNN NTK). Having weight dimensions of the hidden layers
dr_1,dr_1,...,dy of a Skip-GNN F(X)¥, approaching infinity, the NTK is O @ I,

oL = A (AL-1 ¢ (AL—l © @L—l)) AT Q1)
AL = 03,% (E [o(w)o(ul)] + AAFTTAT) + 07 (22)
A =02 (B [6(wo ()] +1) + 7 (23)
with u ~ N (0, AANL=1AT)
' =AN"=c2XTX 40} (24)

The proof of Theorem 3.4]is given in[8.9.2]

3.3 GRAPH ATTENTION NEURAL NETWORK

In this section we recap the Graph Attention Model (GAT) Model from [Velickovié et al,| (2018)). We
will start by defining a single Attention Layer. We have X € R%*" W ¢ R%Xd and A € R™¥",
A standard GNN Layer without bias is GON (A, X) = o(WXAT). A GAT Layer is GAT(A,X) =
o2(WXa(c, A, WX))). The attention matrix commonly used for the GAT is the standard 0-1 Attention
Matrix Ag.; with added self loops, so A = Ag.1 + I. We compute a(c, A, W X) as follows:

H:= XW ¢ R"*dout (25)
]\4(f]7 C)ij = <C, COHC&t(H.i, H])> = C{H.i + CgH.j with Cc1 = C[l7u~,dout] and Co = C[dout:~~72dout]
(26)
M(H,c);:
CY(C, 147 G)” _ €Xp (01 ( ( 7C) J)) (27)

a ZkENeighbors(i) u{i} exp(o—l (M(H7 C)lk)

The final step consists of computing the row wise Softmax only over neighboring nodes of node 7 and node
i itself. The attention weight vector ¢ € R2% is a learnable parameter. o, is an elementwise nonlinearity
like the LeakyRelu. Multiple GAT Layers’ outputs can be stacked vertically for multiheaded attention, either
by concatenation or averaging over different heads (% > n GAT}, (A, X)). The GAT model we are using to
derive the GP and NTK is a simplified version. We replace one of the Ws by a copy W, simplifying the
layer to GAT(A, X) = a2(W Xa(c, A, WX)). This results in M (H,c);; = ¢ (WX).; +ch(WX); =
dXx,;+elx .; so we can just disregard W altogether Disregarding W allows us to apply results from
Yang| (2019) and [Hron et al.| (2020). Our simplified GAT model (denoted as GAT*) exhibits no apparent
performance loss (see Table [2]and [3). We replace Softmax with an element-wise nonlinearity since there’s
no closed-form expression for E [Softmax(u) Softmax(u”) | with u ~ N (0, A). For the recursive definition
of GAT*, we omit the bias term, intending to include it in the final infinite width limit formula without proof

(see Corollary [3.1)).
Definition 3.3 (GAT*). We have two elementwise nonlinearities 01 and o1 which are polynomially bounded,

(i.e. o(x) = ¢ + m|x| for some c,m € Ry ) and c, cy,ca are defined as above, i.e ¢ = concat(cT, cI).
G' = 09(F') and G° = X with X € R%*n (28)
T T
Li? = Ayj 720; (leh G{i_l + Cljh G%j_l) with cll’h, le’h € R4 (29)
-1
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Fl,h — Gl—lo,l(Ll,h) (30)
Fl _ I;f";wl [Fl’l,Fl’2, . 71;1l,H:|T 31
\Y4 -1
with W € R4xHdi—v - Bl can also be written as F' = \/537 ZhH WHhELR and W, cbh ~ N (0, 1).
-1
The final Network of depth | and heads H is F' = \/%Wl [Fl’l, Fb2 ... ,FZ’H]T

3.3.1 GAUSSIAN PROCESS

Theorem 3.5 (GAT* GP).
If min{H,d;_1} — oo then F't! (defined as above) is a Gaussian Process with vec(F'*1) ~

GP (O, A'® Idlﬂ)

A=E [o2(w)oa(u”)] with u ~ GP (0, batchm (U?UAl_l, ’l/J(Al_l))) (32)
P(AY) = E[o1(v)oy (vT)] withv ~ GP (0,0274(€2)) (33)
and v () := Ja( 8 &) JY and J4 = diag(vec(A)) concat (1, ® I,), (I, ® 1,,))
A= Lxrx (34)
di

The proof of Theorem [3.3]is given in[8.10.1]
Theorem 3.6 (GAT* NTK). The NTK (of a GAT* of depth L) is O ® I,

A = E[oa(0)os(v")]), A= E[62(0)62 (o)) with v ~ GP (0,A') (35)
YA = E[61(v)61(v")] withv ~ GP (0,0274(%)) (36)
e'=A"= aﬁ,iXTX 37
d1

©" = batchm [aiAL*, w(AL*)] (38)

+ batchm [aﬁ,ALil, o2 (’YA(ALfl) © ¢(AL71))] (39)

+ batchm [af?,,/\lﬁl7 o2 (’yA(@Lfl oA hHoe ¢(AL71))] (40)

+ batchm [UZ, (@L71 ©) ALil) ,w(ALfl)] 41)

The proof of Theorem [3.6]is given in[8.10.2] For the GAT*NTK without o being the identity function, see
Corollary 8.2

Corollary 3.1 (GAT* NTK with bias (without proof)).
To include a bias term for the GAT NTK one can replace every occurrence of o2 A'=1 by o2 AI=1 + ol

4 EVALUATION

4.1 DATASETS

All models were assessed on various transductive Node Classification tasks using datasets such as “Cora”,
“CiteSeer” and “PubMed” from |Yang et al.| (2016) and “Wiki” from |Yang et al.| (2020). These tasks in-
volve accuracy as the performance measure. Additionally, Node Regression Tasks, including “Chameleon”,
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“Squirrel” and “Crocodile” from the Wikipedia networks dataset (Rozemberczki et al., [2021), were eval-
uated using the R2-Score. The datasets are split according to (Kipf and Welling| 2017} [Velickovié et al.,
2018)), with a fixed train/val/test split to accommodate graphs with incomplete node labels, like Cora. For
Regression tasks, the splitting follows [Niu et al.| (2023) and is also the same split across different experi-
ments.

Table 1: Dataset summary

Dataset Task Nodes  Edges  Features Classes Train/Val/Test Ratio
Cora Classification 2,708 10,556 1,433 7 0.05/0.18/0.37

Citeseer Classification 3,327 9,104 3,703 6 0.04/0.15/0.30

PubMed  Classification 19,717 88,648 500 3 0.003/0.025/0.051
Wiki Classification 2,405 17,981 4,973 17 0.60/0.20/0.20

Chameleon  Regression 2277 62,742 3,132 Regression 0.48/0.32/0.20
Squirrel Regression 5,201 396,706 3,148 Regression 0.48/0.32/0.20
Crocodile Regression 11,631 341,546 13,183  Regression 0.48/0.32/0.20

4.2 MODELS
NEURAL NETS

The models (FCN, GNN, S-GNN, GAT, GAT*) are Neural Networks. All models, except S-GNN, have two
layers, as additional depth did not improve performance. S-GNN has three layers due to Skip-Connections
taking effect after a minimum of three layers. FCN is a Neural Net trained solely on node features, equivalent
to a GNN with I as the adjacency matrix. The models were trained for 300 epochs without early stopping.
Features were normalized before training. Adam optimizer with weight decay of 0.0005 was used for all
models. GNN and S-GNN had a learning rate of 0.01, while GAT and GAT* used 0.005. Dropout of 0.5
was applied to every layer’s output during training. For GAT and GAT¥*, 0.5 dropout was also applied to
the attention adjacency matrix. Neural Nets used Cross-Entropy Loss for classification and mean-squared
error for Regression, following hyperparameters from Kipf and Welling| (2017); |Velickovi¢ et al.| (2018).
Regression for FCN, GNN, and Skip-GCN had a learning rate of 0.1 without weight decay, with batch
normalization after each layer except the last one. GAT and GAT* used a learning rate of 0.01 without batch
normalization. FCN for Regression had a Sigmoid nonlinearity which improved performance.

KERNELS AND GAUSSIAN PROCESSES

The Kernels and GP were trained without feature normalization. Grid search for values between 0.001 and
10 on the validation set determined the best regularization parameters for GP (known as Noise Parameter
for GP and Kernel Ridge Regression for the Kernels (Rasmussen and Williams|, [2006))). Classification tasks
set afu and af to one, and ag to zero. For Regression, a;f was set to 0.1. Additional experiments, see ,
investigate the role of o7 in the performance of regression tasks, demonstrating its crucial influence. For
GAT*-GP and GAT*-NTK the nonlinearity o; was the Identity Function. o5 is the LeakyRelu with a slope
of 0.2 for the negative part. In[6] different nonlinearities for GAT*GP and GAT*NTK are compared. Two
nonlinearities instead only one can improve the accuracy by 1%-2%.

4.3 EXPERIMENTS

Due to the memory and time requirements for some of the graphs for GAT*GP and GAT*NTK, we “’spar-
sified” graphs denoted with # by removing 90% of their edges using Effective Resistance (Spielman and
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Srivastaval [2011)). For details, see @ The experiments reveal that NTK and GP are competitive with their
Neural Net counterparts, even when the Neural Network is not a vanilla Neural Net trained with MSE Loss
using SGD and with extensions like dropout turned off. FCNs, for instance, showed a significant perfor-
mance gap of 6% - 10% compared to their vanilla counterparts, not considering elements like dropout and
batch normalization (Arora et al., [2019a). Batch normalization can be integrated into the GP/NTK frame-
work (Yang} [2020). The GNTK appears to be a robust choice, slightly outperforming GNNGP in Regression.
In all cases, a GP/NTK achieves matching or even better performance than Neural Net counterparts. The
GAT variants perform poorly for Regression tasks, with some even yielding negative R2-Scores for the GP
& NTK counterparts. Overall, using Kernels and GP is preferable due to their less sensitivity to hyperpa-
rameters, in contrast to GNNs (e.g., number of hidden nodes, see Table E]) An overview of the environment,
implementation details, and runtime (in seconds) & memory requirements (in GB) for different models in
In[8.5] we explore optimization tricks leveraging the homogeneity of activation functions, like ReLU,
for GAT*GP and GAT*NTK implementation. Table [/| contains additional experiments on the impact of
different levels of Effective Resistance Spectral Graph Sparsification on the GNNGP and GNTK models.

Cora | Citeseer | Pubmed | Wiki Chameleon | Squirrel | Crocodile

FCN 0.61 0.59 0.73 0.72 FCN 0.52 0.39 0.75
GNN 0.81 0.71 0.79 0.66 GNN 0.48 0.35 0.64
Skip-GNN | 0.81 0.71 0.79 0.75 Skip-GNN 0.38 0.31 0.58
GAT 0.82 0.71 0.77 0.66 GAT 0.43 0.30 0.66
GAT* 0.82 0.70 0.77 0.65 GAT* 0.54 0.30 0.65
NNGP 0.60 0.62 0.73 0.81 NNGP 0.63 0.45 0.79
NTK 0.58 0.62 0.72 0.81 NTK 0.67 0.48 0.80
GNNGP | 0.83 0.71 0.80 0.78 GNNGP 0.64 0.48 0.78
GNTK 0.83 0.72 0.79 0.79 GNTK 0.68 0.51 0.79
SGNNGP | 0.83 0.71 0.80 0.78 SGNNGP 0.59 0.43 0.64
SGNTK | 0.80 0.72 0.79 0.78 SGNTK 0.57 0.46 0.55

GAT*GP | 0.79 0.71 0.73# | 0.78 GAT*GP -12.14 -8.6# 16.94#

GAT*NTK | 0.79 0.71 0.73# | 0.77 GAT*NTK -8.75 -8.2# -17.69#

Table 2: Classification Table 3: Regression

5 DISCUSSION

Developing closed form expression for different GNN architectures is an important step in paving the way
to generalize results from NTK Theory for GNNs. As discussed in [3.2] the spectrum of the NTK plays a
crucial role and needs to be investigated further. The GAT models are particularly interesting because the
adjacency matrices are learned, adding to the complexity. Nevertheless, NTK Theory has to be considered
with care as distinctions between GNNs and FCNs arises. GNNs appear more susceptible to overfitting when
overparametrized and employing optimization algorithms like Adam, as opposed to GD/SGD, becomes
essential for achieving good results (see ).

6 CONCLUSION

We developed novel Kernel and GP models, leveraging their link to infinite width Neural Networks. Demon-
strating competitive performance with recent GNN architectures, they offer a viable alternative for graph
structured data tasks. These models, being easy to implement, also enable uncertainty estimation. We aim
for this work to inspire the creation of innovative Neural Network architectures and Kernel designs.
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8 APPENDIX

8.1 INFINITE WIDTH GRAPH NEURAL NETWORKS FOR GRAPH REGRESSION/ CLASSIFICATION

In the setting of inductive learning, the task is to train a GNN on multiple graphs, e.g.:

((A1, X1,91), (A2, X2,92), ..., (A, Xn, yn). Where each triple consists of a graph, its features and a label
(like a class assignment for classification). A two layer GNN with a final sum pooling layer, can be written
down as: F3(A;, Xi)n = >, F2(Ai, Xi).h. So F3(A;, X;) € R% is a vector and F?(A;, X;) € R¥2xds
is defined like the GNN for Node Regression/ Classification. The infinite GP in that case will be vec(F?3) ~
GP(O, E) with E” = Zst (AZAlAf)

A =02FE [a(u)a(uT)] +of

with u ~ N(0, A;A°AT)

AO—Jg’XTX 2
= it

The GNTK extends similarly to the setting of Graph Induction. The NTK is 3", ©%(i, j) 5 with
CEIEDY (Ai (AL—l + (AH © @L—l)) AJT) with

t
st s

Al =02 [U(u)a(uT)] + 0}
A =62E [6(u)o(uh)] + of

with u ~ N (0, A;A*~ 1 AT)
Ol — A0 — 42

inTXj + U?
©L(i, ) is just the NTK for Node Classification/ Regression for different data samples (A;, X;) and
(A;, X;). The proof can be conducted using the same approach as in

8.2 SIMULATIONS

In this section we empirically confirm the NTK findings from[8.7] 1) consists of showing the for increased
width the loss converges to zero, 2) consists of showing that the weight barely change (in relative frobenious
norm) for increased width and 3) consists of showing that the NTK is close to its initialization during training
(in relative frobenious norm). We use the KarateClub dataset (Zachary, [1977)) with 34 nodes, of which we
used 27 for training with four classes. We now show for FCNs, GNNs, Skip-GNNs and the GAT that 1), 2)
and 3) are valid (see Fig. [T). They were initialized randomly as defined in[8.1] 3.1} [3.2]and[3.3] For the GNN
and Skip-GNN we use the Kipf & Welling normalized adjacency matrix and for the GAT the 0-1 adjacency
with added self loops. Finally, using a GNN with the 0-1 adjacency with self loops is not consistent with
NTK theory. Figure2]shows clearly that with increased width neither the weights are changing less nor does
the empirical NTK stay close to its initialization. For a detailed discussion on why, see[3.2]

Table[]displays the training loss and accuracy comma-seperated for a two layer GNN with increasing width
for different datasets. In table [4| the GNN was trained with Gradient Descent for with a learning rate of
0.001 and in table 5] Adam Optimizer with the same learning rate. For a FCN we would expect a very wide
Neural Net to achieve zero training loss and not overfit (Arora et al.,2019a). For GNNs we can observe that
Gradient Descent fails completely, although the loss in each case is close to zero. For the adam optimizer
increased width, improves accuracy with an outlier when we set the width to 128. The loss is already near
zero for setting the width to 8. GNNs seem to be very sensitive to the optimizer, step size and width more
than would be expected for FCNs.
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Figure 1: First row corresponds to a two layer FCN, second row to a two layer GNN with the Kipf &
normalized adjacency matrix, third row is the Skip-GNN with the same adjacency matrix and fourth row a
GAT with the number of heads equal to the width and the attention heads are summed over. All models are
trained with learning rate of 0.001 and Gradient Descent. For each row the left figures shows training loss
for different widths, the middle figure shows weight change (difference to weights at initialization) during
training and the right figures show the difference of the empirical NTK compared to its initialization during
training. These simulations confirm that for increased width during training we can observe 1) the training
loss approaches zero 2) the weights of the GNN stay close to its initialization and 3) the empirical NTK
stays close to its initialization during training.
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Figure 2: A GNN trained with the 0-1 Adjacency with self loops for a two layer GNN with a learning rate
of 0.001 is not consistent with 1), 2) and 3).

Wiki Cora Citeseer
GCN-8 | 0.09,0.025 | 0,14,0.22 | 0.17,0.16
GCN-32 | 0.07,0.32 | 0.14,0.25 | 0.18,0.2
GCN-128 | 0.07,0.45 | 0.15,0.13 | 0.17,0.16
GCN-512 | 0.08,0.49 | 0,16,0.1 | 0.17,0.16
Table 4: Overfitting with Gradient Descent, comma-seperated loss & accuracy
Wiki Cora Citeseer
GCN-8 0.1, 0.15 0,0.75 0.017, 0.57
GCN-32 | 0.06, 0.08 0,0.73 0,0.6
GCN-128 | 0.07,0.45 | 0.15,0.13 | 0.17,0.16
GCN-512 | 0.01, 0.73 0,0.76 0, 0.625

Table 5: Overfitting with Adam Optimizer, comma-seperated loss & accuracy

8.3 GAT*GP AND GAT*NTK WITH DIFFERENT NONLINEARITIES

We compared different nonlinearities for the GAT*GP and GAT*NTK. GAT*GP/GAT*NTK-LINEAR have
no nonlinearity. GAT*GP/GAT*NTK-2 have two nonlinearities o2 was the LeakyRelu as above and o is
the Error—functiorﬂ We can see that adding two nonlinearities can improve the accuracy by 1%-2%.

Cora | Citeseer | Wiki

GAT*GP-LINEAR | 0.79 0.72 0.74
GAT*NTK-LINEAR | 0.79 0.72 0.74
GAT*GP 0.79 0.71 0.78
GAT*NTK 0.79 0.71 0.77
GAT*GP-2 0.79 0.71 0.78
GAT*NTK-2 0.8 0.71 0.80

Table 6: Different GAT models with different nonlinearities.

Zhttps://en.wikipedia.org/wiki/Error_function
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8.4 CODE & ENVIRONMENT

All Experiments were conducted on an AMD Ryzen 7 3800X 8-Core Processor with hyperthreading with
32GB Ram. Experiments with ¥ were conducted on an Intel(R) Xeon(R) Gold 6148 CPU @ 2.40GHz with
20 Cores without hyperthreading with 362GB of Ram. All Experiments were conducted using the CPU. The
measurements for GAT*GP and GAT*NTK Pubmed, Squirrel and Crocodile are the datasets with 90% of
edges removed via Effective Resistance. The GAT*GP and GAT*NTK code is highly optimized, making
use of the Python Intel MKL Library which has an implementation of parallel Sparse Matrix multiplication
whereas Pytorch and Scipy perform Sparse Matrix operations on one core only. In depth explanation and
code is available at Github

Cora/Citeseer/Wiki | Pubmed Chameleon | Squirrel Crocodile
Neural Nets <1min <2min <2min <3min <3min
NNGPNTK,
GNNGP, GNTK | <2s 2min 1.15min <3min <3min
SGNN, SGNTK
GAT*GP, 10min, 15min, 1h 25h, 4h, 1h, 1h,
GAT*NTK <16GB Ram 60GB Ramt | 32GB Ramt | 32GB Ramt | 32GB Ramt

8.5 EFFECTIVE RESISTANCE SPECTRAL GRAPH SPARSIFICATION

Recall that the GAT*GP and GAT*NTK require calculating the expression:
P(Al) = E[o1(v)oy (UT)} with v ~ GP (0, USWA(Al_l)) and y4(Q) := Ja(82)J5

and J, = diag(vec(A)) concat ((1,, ® I,,), (I, ® 1,,)) which comes from[3.5]

The expression y4(Q2) = JA</[¥ ﬁﬁ )JZ; will be € R"**"” where A € R™ ", For Pubmed this will

be a sparse 400,000 x 400, 000 matrix. Calculating 1(A') := E[oy(v)o1(v?)] will again need multiple

operations on the same matrix. Note that in the case of o1 being the Identitiy Function ¢»(A!) = v4(Q). To
still incorporate o in an efficient manner recall the definition of a two layer GAT Model:

G'=w'X
F2 = GQ(Gla'l(A ® C)) with Cij = C?Gll + Cngl

with A being the 0-1 adjacency and with added self loops and o1 (0) = 0 (.e.g. Relu, Sigmoid), results in
F? = 09(GY(A ® 01(C))). The corresponding Kernel would be

Y(AD) := 4 (IE [0’1(1))0’1(1)T)]> with v ~ GP (0, ofAlfl)

This way we E [0 (v)o1(v”)] will now be much more efficient as the resulting matrix will be € R"*"

instead € R™* <"’ Calculating 4 () for large graphs/matrices is still difficult and that is why we used
Spectral Graph Sparsification method, namely Effective Resistance on PubMed, Squirrel and Crocodile for
GAT*GP and GAT*NTK. EffectiveResistence (Spielman and Srivastaval [2011) was successfully applied for
GNNs and GATs and one could show that it is possible to remove as much as 90% of the edges of a graph
without sacrifice much performance and improving memory and runtime (Srinivasa et al., [2020). Effective
Resistance takes an unweighted 0-1 adjacency matrix and returns a sparsified (i.e. graph with fewer edges)
weighted adjacency matrix such that the Laplacians of these adjacency matrices are close in spectral norm.
In our use case, we apply Effective Resistance to the 0-1 adjacency matrix and then replace each edge weight
with the value one, so it is again a 0-1 adjacency matrix. This way we could improve speed especially for
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Pubmed considering it took around 30 hours and 60GB Ram despite the fact that 90% of the edges had been
removed. The following tables demonstrate Effective Resistance on GNNGP and GNTK Models. We run
experiments with 50% and 90 % of the edges removed. There is a performance penalty for removing edges,
but the difference in Cora, Citeseer, and Pubmed between removing 90% or 50% is small.

Cora | Citeseer | Pubmed | Wiki | Chameleon | Squirrel | Crocodile
GNNGP 0.83 0.71 0.80 0.78 0.64 0.48 0.78
GNTK 0.83 0.72 0.79 0.79 0.68 0.51 0.79
GNNGP 0.5 | 0.77 0.66 0.75 0.70 0.52 04 0.45
GNTK 0.5 | 0.76 0.67 0.75 0.71 0.52 0.46 0.15
GNNGP 0.9 | 0.77 0.69 0.77 0.40 0.45 0.28 0.42
GNTK 0.9 | 0.78 0.69 0.77 0.40 0.45 0.27 0.38

Table 7: Performane with Graph Spectral Sparsification known as Effective Resistance

8.6 ROLE OF BIAS 07 FOR REGRESSION

For Regression experiments with GPs and Kernels we set og = 0.1 and for the GNNs for Regression we
added batch normalization, so we could reproduce the results from |Niu et al.|(2023). We are going to explore
the performance for 1) Having no bias parameter for the GNNs 2) Setting o7 = 0 for the GP and NTK with
the Sigmoid nonlinearity 3) Setting 02 = 0 for the GP and NTK with the Relu nonlinearity 4) 02 = 0 for
GNNGP and GNTK with the Relu nonlinearity. For Classification, trying different o or having the models
without bias term did not have the same effect as for Regression (i.e. no large decrease in performance). For
Regression, the bias term for the Neural Nets as well as the o7 seems to play a crucial role and by leaving it
out the performance worsens in practically every example (including negative R?-Scores).

Chameleon | Squirrel | Crocodile
FCN (No Bias) 0.54 0.38 0.75
GNN (No Bias) -0.13 -1.51 0.17
NNGP (Sigmoid) (o, = 0) 0.46 0.40 0.75
NTK (Sigmoid) (o, = 0) 0.46 0.40 0.75
NNGP (Relu)(op, = 0) -1.59 -7.917 0.726
NTK (Relu) (o, = 0) -1.481 -7.314 0.725
GNNGP (o, = 0) 0.175 -0.817 0.299
GNN (0p, = 0) 0.202 -0.757 0.34

Table 8: Role of bias 7 for Regression

8.7 RECAP: FULLY-CONNECTED DEEP NETS

This section summarizes results on infinite width Fully Connected Networks as our derivations for infinite
width Graph Neural Networks will be reduced to the fully connected derivation. We start with the definition
and the derivatives.

Definition 8.1 (Fully-connected Deep Neural Nets).

F'(X) = \/‘;LWhGh—l(X) + 0, B" € R%X7 (42)
h—1
with B =" @ ITTL and b € R (43)
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G"(X) = o(F"(X)) (44)
G’ = X € Rloxn (45)

The Weights are initialized as W" ~ N(0,1) and b" ~ N(0, 1).
The final Network is F'(X) = \/%WLGL’l(X) + o, BL € Rz xn
L—-1

8.7.1 DERIVATIVES

The derivatives will be necessary for the closed form of the NTK.
The derivative of F'(6, X) with respect W' and b’ can be derived using the chain rule.
Ovec(F(0,X))  Ovec(FL) dvec(GE™)  Ovec(F') dvec(G') dvec(F')
dvec(W!)  O9vec(GL~1) dvec(FL-1) dvec(Gh) Ovec(F') dvec(W?)

Using
h
e = T W)
sh W _ diag(vee(s(F")
e = (@ @)
avegb(fh) = ob(1n ® La,)

Combining the derivatives with the chain rule the final expression is:

dvec(F (X)) Ow Inwl—1 Ow Wyl Ow 1-17
= I, @ W5)X e L, @ WHX G ®1I
9 vec(WH) dn_1 ( ) dp—1 ( ) dp—1 ( )

and similarly
0 vi F(X g g
ec( ( )) w ([n®”7L)EL_1~-~ w

obl dn 1 Ven—1

Now we are going to show how the output of an FCN during training with /5 loss with Gradient Flow (i.e.
infinitesimally step size for Gradient Descent) can be described by the following differential equation:

du(6(t)) _ du(6(t)) (8u(0(t)))T

5

(I, @ WHEley(1, @ 1y,)

dt 90 90 (u(0(t)) — vec(Y)) (46)

with u(0(t)) := vec(F(0(t), X)) and 0 being all trainable parameters flattened to a vector. This equa-
tion nothing else then Kernel Regression under Gradient Flow. When all widths of the hidden Layers of

T
F(6(t), X)) go to infinity, w (%) = O has a closed form expression which stays constant

during training and the equation reduces to Kernel Regression. © is referred to as the NTK. In section[8.2]
simulations confirm the NTK behavior for wide widths GNNs during training. For increased width during
training, we can observe 1) the training loss approaches zero 2) the weights of the GNN stay close to its

20
stays close to its initialization during training. The proof of 1) consists of showing that the empirical NTK

T
initialization (measured in relative Frobenius norm) and the the empirical NTK, (i.e. w (w) )
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stays positive definite during training (Du et al.,2019c)). Proof of 2) consists of first showing that during ini-
tialization the empirical NTK is close to the closed form formula for the widths going to infinity. After that
one has to show that during training the weights do not change by a lot using Gradient Flow Dynamics and
finally proving: 2) — 3) (Jacot et al.} 2018}];|Arora et al., 2019a)). We are going to formally define FCNs and
rederive the NNGP and NTK closed form expressions. The weight matrices are W" € R4 *?»-1 and data
matrix is X € R%*" where dj is the feature dimension of the data and n is the number of data samples. B
denotes the rank-one bias matrix. ¢ is a non-linearity (e.g. Relu) and is applied elementwise. The following
lemma describes how the output of a Fully Connected Neural Net trained with Gradient Descent with an
infinitesimally small learning rate can be interpreted as Kernel Regression with the Neural Tangent Kernel.

Lemma 8.1 (From (Arora et al.,|2019a))). Consider minimizing the squared loss ¢(0) by Gradient Descent

with infinitesimally small learning rat' %(:) = —V/L(0(t)). Then the output of the Network F(0,X)
evolves as:
du(t
Zi ) _ _H@#) - vee(u(t) — V)

with u(t) = F(6(t), X)

_ 9vec(F(O(t), X) (dvec(F(O(t), X)\"
and H(t) = 20 ( 50 )

Proof. The parameters 6 evolve according to the differential equation

T
%t) — —VU(O(t)) = (‘W) vec(F(O(t), X) — V)T

where ¢ > 0 is a continous time index. Using this equation, the evolution of the Network output F'(0(1), X)
can be written as

dF(6(t), X _ dvec(F(6(t), X) (8vec(F(9

(0, X>)Tvec<F<e<t>, X) -y

dt 00 06
Rewriting it using u(t) = vec(F(6(t), X))
du(t)

T —H(t) - vec(u(t) = Y)

O

When the width of the network is allowed to go to infinity, it can be shown that the matrix H (¢) remains
constant during training, i.e. equal to H(0). Moreover, under the random initialization of the parameters
defined in the matrix H (0) converges in probability to a certain deterministic Kernel matrix H* which
is called the Neural Tangent Kernel O evaluated on the training data. If H(t) = H* for all ¢, then equation
becomes

du(t)
dt

which is identical to the dynamics of Kernel Regression under Gradient Glow, for which at time ¢ — oo
the final prediction function is

=—H" vec(u(t) - Y)

P (XtESt) = H:est,train(H*

-1
tra,z'n,traz’n) Yy

*https://en.wikipedia.org/wiki/Euler_method
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*

In the transductive setting Hy,..;,, 1rq:, implicitly accounts for incorporating the test data during training.
The calculate the closed form expression for the NTK of a FCN of depth [ we have to simplify:

| _ Ovec(F'(9,X)) (avec(Fl(e,X))>T
a0 o0

Using our model definition, this results in calculating

©

A9 vec(FL 0, X dvec(F(0,X T dvec(F 0, X Ovec(FL(0, X T
DV O g B ol G e M

h=1
8.7.2 GAUSSIAN PROCESS

Theorem 8.1 (Neural Network GP).
If all the Weight dimensions dy,_1,dp_1,...,d1 other than the input and the output dimensions of a Neural
Network F(X)E successively go to infinity then vec(F(X)L) ~ GP(0, A\L=1 ® I, ), with

Elo(ui)o(u1)] Elo(w)o(u2)]... E[o(ur)o(un,)]
. : : + o} (48)
E[o(un)o(u1)] e E[o(un)o(uy)]

Al =¢

with u ~ GP(0, AL=1) (49)
AL can be written as the outer product of the random vector u
A = 02E [o(w)o(u”)] + of (50)
and the base case concludes the theorem

2
O_Uw

A =
do

XTX 4 o} (51)

The Integral E [o(u)o(u”)] with u being a multivariate Gaussian vector can be calculated in closed form for
certain activation functions like Relu. |[Han et al.|(2022) present an overview with closed form expressions
for activation functions like Relu, Error function, Leaky Relu, Exponential, RBF, and others. For a list of
efficient implementation see Novak et al. (2020). The proof is done by induction on the depth [ for F!(X).
The Base Case is established on the fact that the output of vec(Y!) = vec(F(X)!) is a weighted sum of
zero mean multivariate Gaussian. The induction step is based on the fact that the output of vec(F!*1 (X))
conditioned on vec(G!(X)) is again a Zero Mean Multivariate Gaussian. When the output of the previous
layer goes to infinity, so d; — oo, we will have an infinite sum which will converge to its mean by the Law
of Large Numbers.

Proof. The matrix Cov(Y);; € R%*4 will correspond to the matrix Cov(Y.;,Y.;). And similarly
E(Y); € R4 will be E(Y;). We will first derive the E(z) and Cov(z,z’) with respect to a single, re-
spectively two data samples and then derive the Expectation and Covariance for the whole dataset. Base
Case for single datasample, respectively two data samples:

E(Y)r = 22 WX + opb' =0

Vdoy
T
Cov(Y)rs =E [(%WlX.i + abb1> (\%Wlx.j + abbl) ]
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2
- C;“JIE[WlX.iX,?WlT] +07E [blblT}
0

aﬁj 2
= dfo.[dl <XZ,XJ> +Id10'b

0_2
= Id1 <w <X1,Xj> + O'g)
do

Base case for the complete dataset:

E(vec(Y?)) = \‘%@ vee(WX) + oy vee(BY) = 0

Covtree(y)) = B[ (F2 veelX) + oy vec(5" ) (T veeWX) + oy vec(5))” )]

= Z—’(‘)’E [vec(WlX) vec(WlX)T} +0;E {VGC(Bl) VeC(Bl)T}

= %(‘)’E [(In ® W) vee(X) vec(X)" (I, ® WlT)] +0p (1 ® Ia,)

0_2
= (“’XTX +a§> ® Iy,

do
The induction step for one, respectively two data samples.
E(Yl+1)] -0
(oF g T
Cov(Y' ), = ]E{(wWH'lGZ + Jbe'l) (le+lU Y,i + ottt ) }
(Y= Nz ) Nz (Y3) )
2
= ‘;Q;E[Wlﬂa(yg)g(yg)TWlﬂT} + o2y,
0’2 T 0’2 1 INT
FwE(Wl+la<Yé)U(Y§Wl+l ) uw = d7w tr(o(Y3)o(Y5)" )ouw (LI)
1 1
02 dl P
Suw 22 3" G (VYo (V) 25 0260 E [o(5)o(t)] (51.2)
- AL ALSE
1 S’tNN(0’<A:l_1 A;.].l))

In (ST.1) we have used the quadratic form for random variables. In (51.2) we have used the fact that Y, and
Y! . with n # m are i.i.d. random variables. That also becomes apparent by observing that Cov(Y!, Y,é) is
diagonal. And finally for the whole dataset:

E(vec(Y'H1)) = % vec(W'1GY) + gy vec(B'T1) = 0
!

C yiHlyy — ]EK% whtig! Bl+1> <‘7w WiHiGh + B+l T)]
ov(vec( ) NG vee( ) + oy vec( Nz vec( ) + oy vee( )
2 T T
= %E[vec(W”lGl)vec(Gl W 4o (1, ® Iy,)
T

=% (I, @ W) vee(GY) vee(GYT (I, W] + 62(1, @ I, (51.2)
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2 T
Zw R [(I, ® W) vee(GY) vee(GHT (I, @ W) + 02(1, @ 1y,)

dy
Elo(ui)o(w1)] Elo(ur)o(uz)] ... Elo(ur)o(uy)]

— | o2 + o @ Ig .,
E[o(un)o(u1)] E [0 (un)o(uy)]

with u ~ N(0,A*~1)

In (5T.2) we have used the property of the Kronecker Product, namely vec(AX B) = (BT ® A) vec(X). O

8.7.3 NEURAL TANGENT KERNEL

Theorem 8.2 (NTK).
If all the Weight dimensions dy,_1,dy,_1, ..., d1 other than the input and the output dimensions of a Neural
Network F(X)E successively go to infinity, the NTK has a closed form, namely ©F © I, with

OF =AM+ (Aot ) (52)
A =02 [o(w)a(u”)] + op (53)
AY = 62E [6(u)o(uh)] + of (54)

with u ~ N (0, AE~1)

2
Iuw

1:AO:
(C] a

XTX + o (55)

Proof. Proof is by induction, similar to the NNGP derivation.
Base Case:

@1:A1:

dvec(FL(0, X)) (6vec(F1(97X))T dvec(F1(0, X)) <8vec(F1(9,X)>T
dvec(W1) dvec(WT) dvec(bl) O vec(bl)

To T 2
:(dioX X+Jb)®ld1
Induction Step:

o1 _ li dvec(FI*1(0, X)) [ dvec(FI+1(0, X)\ "
B dvec(Wh) dvec(Wh)

h=1

 Ovec(FI*L(0, X)) [dvec(FHY(0, X))\ . dvec(FH1(0, X)) (dvec(F*1(0, X))\ "
O vec(WIHD) < O vec(Wit1) > * O vec(btt1) ( O vec(bt+1) >

L Ovec(FIHY(0, X)) (Ovec(FF1(0,X))\"  dvec(F*1(0, X)) [ dvec(FI+1(0, X))\
> ( ) + ( )

= dvec(Wh) dvec(Wh) 0 vec(b™) dvec(bh)
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0120 1T 2 03; 1T Al 2
B=-"2(G G®Id,+1)+ob(]1n®ldl+l):(d—lG G +oy) @1,

d;
w AT Al ‘7121; & ) di0 2
(dl G G) = dl ZGimGjnL Ow EL - [a(u)a(v)]
m A A
u,va(O,(Al“ 1 Al 1))

Where we used the fact that the output of the previous layer goes to infinity (so d; — o)

= B=A'®I,,,

l dvec(F'*H1(0, X)) dvec(G') dvec(F! (0, X O vec(F'1(0, X)) Ovec(G') dvec(F! (0, X 4
r— Z( (0,X)) (< (F( )))( (F77(0, X)) (&) (F7( ))>

— A vec(GY) dvec(F')  dvec(W) 9 vec(GY) dvec(F')  dvec(W)

+

dvec(Gh) dvec(FY)  Ovec(bl) O vec(Gh) Ovec(FY)  Odvec(bl)

vec(F'*1(0, X)) Ovec(GY) dvec(F'*1(0, X)) avec(Gl))T

(Gvec (FH*1(0, X)) 0 vec(G') 8vec(Fl(9,X))> <6vec(Fl+1(9,X)) dvec(GY) 8vec(F1(9,X))>T
_9 '@ 1y) <
9 vec(GY) 9 vec(F?) @ dvec(GY) 9 vec(F?)

2w
= (Lo W (e 1) (L, e W)
1

2 2
Ty = <(;w(1n @ WSO ® 1)x! (I, ® Wl“T)) = 2w el sl wit
! 1J !

- of, Sl s W

2 d; P

2
(Zewtish s, Wi, = 2o Z S WasWar “25 8,007, E [6(s)5(t)]
! e U
o)
Convergence in probability follows from the Law of Large Numbers. The righthandside follows from the
definition of 3! and the fact that the output of layer [ — 1 in its infinite width is a Gaussian Process.
— T = (@@AL)®Idl+1
— O =BT =A+ (Al®®l>

The NTK Closed Form can be simplified by expanding the recursion and reordering the terms.
Corollary 8.1 (Non-recursive NTK Formula (Equation 9|Arora et al.,[2019a)).

ALt = 1,
L+1 ) ) .

ol =>" (Ah—l oM oAt e...o AL+1)) ® Iy,
h=2
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8.8 NTK & GP FOR GRAPH NEURAL NETWORK

We copied the definitions of the Graph Neural Network from the main section.
Definition 3.1 (Graph Neural Network).

Fh(X) = <\/ZLW}LG}11(X) + a'th>AT c Rdhxn with Bh _ bh ® 177; and bh c Rdh ®)
h—1
Gh(X):U(Fh(X)) andGozXGRdQXn (9)

The weights are initialized as W" ~ N(0,1) and b" ~ N (0, 1).
The final network of depth L is F'(X) = ("“’WLGLl(X) + O'bBL> AT ¢ RiLxn
Vdr -1

DERIVATIVES

The derivative of F'(6, X) with respect to W' is

Ovec(F(0,X))  Ovec(FL) dvec(GE™Y)  dvec(F*) dvec(Gh) dvec(F)
dvec(W!)  O9vec(GL~1) dvec(FL-1) dvec(G') dvec(F') dvec(W)

Using
h
aavZS(Cg;—)l) - 2:_1 (Aew?)
= DY) dinglvecto ()
i) = A 1)
il Y (AL, ® 1)

8.8.1 GAUSSIAN PROCESS (THEOREM [3.1])

Theorem 3.1 (GNN Gaussian Process). If all the weight dimensions of the hidden layers d,_1,dp_1, ..., dy
of a GNN, F(X)¥ successively go to infinity, then vec(F(X)Y) ~ GP(0, (ANL=*AT) ® I, ) with

A = 02E [o(w)a(u")] + op (10)
with u ~ N (0, ANE=1AT)
o2
A = 2 XTX 4 o} (11)
do

Proof. Proof is by induction. We define Y* = FX(X).

E(vec(Y')) = \%@ vec ((;:l;owlx + abBl>AT> =0

Cov(vec(Y")) = Cov[(A® I, ) vec(

Ow

wix B!
Vi X+ Bl
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—(A® I, )E[vec(%WIXAT + 0 BY)(AT ® I,)
0

= (AAlAT) 02y Idl
The Base Case is reduced to the Base Case of NNGP using a property of the Kronecker Product, namely
(A® B)(C® D) = (AC ® BD).
Induction Step is again just an application of the Kronecker Property and follows the NNGP proof in 8.1}
E(vec(Y!*1)) =0
Cov(vec(YH 1)) = (AN AT) @ 1,

8.8.2 GRAPH NEURAL TANGENT KERNEL (THEOREM [3.2))

Theorem 3.2 (GNN NTK).
If all the weight dimensions of the hidden layers dy,_1,dr_1,...,dy of a GNN, F(X)¥ successively go to
infinity, the NTK has a closed form expression OF @ I;,, with

ol—4 (AL*1 + (AL*1 © @L*)) AT with (12)
A =K [o(w)o(u”)] + o} (13)
AF = 02E [6(w)a(uT)] + of (14)
with u ~ N(0, ANL=1AT)
O'=A"=c2X"X + o} (15)
Proof. Proof is by induction, similar to the NNGP derivation.
Base Case:
ol = Al = dvec(FL(0,X)) [ dvec(FH(0,X)\"  dvec(F(0, X)) [dvec(FL(0,X)\"
dvec(W1) dvec(W1) O vec(bl) O vec(bl)

2
— (A(%:XTX +o07)AT) ® Iy,

Induction Step:

o1 _ li dvec(FI+1(0, X)) ( dvec(F*1(0, X)\ "
B dvec(Wh) dvec(Wh)

h=1

_ Ovec(FI*L(0, X)) (9vec(FHY(0, X))\  dvec(FH1(0, X)) (dvec(F1(6, X))\ "
© Ovec(WitD) < O vec(W+1) > 0 vec(btt1) ( 0 vec(btt1) >

L 9vec(FIHY(0, X)) (Ovec(F1(0,X))\"  dvec(F*1(0, X)) [ dvec(FI+1(0, X))\
+Z dvec(Wh) ( 9 vec(Wh) ) + 0 vec(b™) ( dvec(bh) )

h=1

2
B= (A(ngm . a;) AT) ® L.,
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We can now proceed similar to the previous NTK derivations (see[8.2) and therefore will skip the parts which
stay the same.

= B=A(A'®I,,,)A"

MN

<8vec (F*1(9, X)) 0 vec(G) 8vec(Fl(9,X))> (Bvec(FH‘l(G,X)) dvec(GY) Bvec(Fl(H,X)))T
O vec(Gh) dvec(F')  dvec(W?) O vec(Gh) Ovec(Ft)  Odvec(W?)

=
Il

1

dvec(FH1(80, X)) dvec(Gl) dvec(FH (0, X))\ [ dvec(F*1(0, X)) dvec(G!) dvec(FL (0, X))\ "
dvec(G) dvec(F')  Ovec(b) ) < dvec(Gh) dvec(FY)  dvec(b') )

_|_

q/\

2w T

_ y (A®Wl+1) l(@l ®Id)EI(AT ® Wl+1 )
l

B ow

(4@ L) (I @ WSO @ )8! (I, o W (AT @ 1))
l

We reduced the proof to the NTK proof using property of the Kronecker Product in the last line.
= T=(A0oA)ATY® 1,

O
8.9 NTK & GP FOR GRAPH NEURAL NETWORK WITH SKIP-CONCATENATE CONNECTIONS
The model definition is copied from Section [3.2]for the readers convenience.
Definition 3.2 (Skip-Concatenate Graph Neural Network).
Fh(X) = (\/;LWhGhl(X) + ath) AT forh > 1 (16)
h—1
FY(X) = (;;LI/VlGO(X) + abBl> AT with B" = b" @ 1T and b" € R A7)
1
h
Gh(X) _ (Uﬁ(%))) .50 Gh(X) c R2d1><n and GO =X¢c RdoXn (18)
The weights are initialized as W" ~ N(0,1) and b" ~ N (0, 1).
The final Network of depth L is F*(X) = ( —Ze WLGE-Y(X) + obBL> AT ¢ Rdcxn,
VaL—1
The derivatives are similar to the Graph Neural Network derivatives (see . Only X" is different.
diag(vec o (F")) 0 0o ... 0
1y, 0 0o ... 0
0 diag(veco(Fh)) 0 ... 0
0 1, 0o ...
sh . dvec(GM) _ . . € R2Anx2din
" Ovec(Fh) 0 0
0 0 ... diag(vecd(F"))
0 0 0o ... Iq,
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. . h
»" is block-diagonal, with each block ¥%; = <dlag(V(}Z o(F; ))>
h

8.9.1 S-GNN GAUSSIAN PROCESS (THEOREM3.3)

Theorem 3.3 (Skip-Concatenate GNN Gaussian Process).
If all the weight dimensions of the hidden layers dy,_1,dp_1, ...,dy of a Skip-GNN F(X )" successively go
to infinity, then vec(F(X)1) ~ GP(0, (ANF=1ATY ® I, ), with

A =2} (£ o] + A0 AT) 40} a9)
withu ~ N (0, ANL=1AT)
o2
A =22 XTX 4 of (20)
do

Proof. Prove is by induction. We define Y- = F'* (X). The Base Case doesn’t change, so
E(vec(Y1)) =0
Cov(vec(Y)) = (AN'AT) @ I,
The Induction Step:
E(vec(Y* 1) =0

Cov(vee(Y'H)) = Cov[(A® Iu,.,) vec(%WHlGlAT + oy B
0
— (A®I,,,)Cov [vec(;—%W”lGl + o, BH] (AT @ 14,,)

2
Tuw

= (A®l4,,) ( a {(In @ W) vee(G) vee(G1)T (I, @ W ”lT>] +0p(1, ® Lzm)) (AT ® Iy,,,)
l

2 . 2
%E [(In @ W) vec(GY) vee(GHT (I, @ W!T! )] = %E [Wu(vec(Gl) vec(Gl)T)UWUT]
1 Iuy !

Z = (vec(G') vec(G")T) , , and Z1 is the upper left block matrix of size R4 %,

I

1 2 1 2
and Wit = {Wﬁfl, Wﬁfl] with Wi Wil ¢ R1Xd 5o we split WA t! into two parts, each of length

d;.

2

%E [Wu(vec(Gl) Vec(Gl)T)UWvT}
l

_

1 1 1 2 2 1 2 2
=57 E [Wﬁjlznwi,“ + W Zp Wit + W Zo, Wi + W;“ZQQWW}
l

o T4l A4l | Tl Tl
= 6uv2§)E|:Wu+ 211WU+ + Wu+ Z22Wv+ :|
1
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O',LQU d; d; 0_120 d;
= 6m}27dl (Z (YI)MO'(YZ jg + Z Yzle]lg = (5m;27dl Z O’(Yl)isO'(Yl)js + ()/;lq)/jlq)

S

Poo 1
di—=e 5w,< E [o(s)o(t)] + E[st})
2 Al 1 Al 1
S,tNN(O,(Az'l 1 Al 1))

Convergence in probability follows from the Law of Large Numbers. The righthandside follows from the
definition of 3! and the fact that the output of layer I — 1 is a from a Gaussian Process. O

8.9.2 S-GNN NEURAL TANGENT KERNEL (THEOREM [3.4))

Theorem 3.4 (Skip-Concatenate GNN NTK). Having weight dimensions of the hidden layers
dr—1,dr_1,...,dy of a Skip-GNN F (X)L, approaching infinity, the NTK is OF © I,

OF = A (A1 4 (A1 o OF 1)) AT @
AL = agé (E [o(w)o(u”)] + AN "TAT) + 07 (22)
AL = ai% (E [6(w)o(u")] +1) +oF (23)
with u ~ N (0, AN-—1AT)
O'=A=c2X"TX + 0} (24)

Proof. Proof is by Induction, similar to the NNGP derivation. The Base Case is just a repetition of 3.2|as F'*
has no Skip-Concatenate Connections. We will skip parts which are same as the NTK/ GNTK derivations.
Induction Step:

Ot =B+T

B= ( (2&‘; G" G+ agnn) AT> ® Ia,,,
1 <]E [a(ul)a(ul)} +E [ulul] > 1 <]E [U(Ul)G(UQ):I +E [u1u2] > .3 <]E [a(ul)a(un)] +E [ulun] )

w

% (]E [a(un)a(ul)} +E [unul]> % (]E [U(un)o’(u”)] +E [unun}>

= B=A®l,,,

0.2

2d, pra
2

;dl (I ® Wl-l-l) l(@l ® Id)El(In ® WI—HT)IJ,W _ GU 2;2) WH-IE EJJ(WH-I)

Z := (vec(G') vec(G")T) , , and Z1 is the upper left block matrix of size R4 %,

= A® 1) (I, @ WHHshe! @ 1,)2N(I, @ W) (AT & I,))
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1 2 1 2
and Wt = {Wﬁfl, WL“] with Wi Wil ¢ R g0 we split Wit! into two parts, each of length
dy.

2
Ow

94,
it 1
dic0 5M@ij055 <IE [6(s)o(t)] + 1)

Which follows the same idea for the proof of the NTK. O

=0

1 1 1 2 2 1 2 2
I+1 I+1 I+1 I+1 I+1 I+1 I+1 I+1
( 2 WH W Z W+ W Zpy W + W Zap WiE )

8.10 NTK & GP FOR GRAPH ATTENTION NEURAL NETWORK

The model definition is copied from Section 3.3 for the readers convenience.

Definition 3.3 (GAT*). We have two elementwise nonlinearities 01 and o1 which are polynomially bounded,
(i.e. o(x) = c + m|x| for some c,m € Ry ) and c, cy,ca are defined as above, i.e cT' = concat(cl, cI).

G' = 05(F") and G° = X with X € R%*" (28)
Ll’h — A Oc¢ (Cl,hTGl'fl + Cl,hTGl_—l) with cl,h cl,h c Rdl,l (29)
1,] ) \/m 1 -7 2 -] 1 %2
Fl,h — Gl—lo_l(Ll,h) (30)
Fl _ ]‘;’2 Wl [Fl’17Fl’2, . ’Fl,H]T (31)
VAdd—1
with W € R&*Hdi—1 " U can also be written as F! = ;’d“ ZhH WHPFLUR and W b ~ N(0,1).
-1
.ol o LTl pl2 . pi,H]T
The final Network of depth | and heads H is F* = rmw [F , Fo, , F ]
DERIVATIVES
2 l
sz WVAG) oo tvec(da(F1))

" Ovec(FY)
dvec(F') Ow

= Fl ... Flfl T
dvec(W1) dl_l[ P el

9 vec(F') w Lhl—1

— =, | —=W""G

3V€C(01(Ll7h)) (\/dl—l

dvec(oy (LE))
O vec(LlLh)

1
yhh .= = diag(vec(dy (L")

Ll’h . N A
Oveel L) % feoncat((1, @ GT), (GT @ 1)) with A = diag(vec(AT)

dvec(chkh)y  fod

derived using vec(L"") = \/2"%/1 ((1n ® GT)d" +(GT ® lf)clz’h)
1—1
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o A T Lh T Lh o i T
\/EA ((ln G ")+ (Ghes" ® ln)> \/mAconcat(ln ® In, I, ®1,) concat(G, G)

O vec(Lbh S
el ) =2 A(ee (o) + (e d ) o1,)

aVeC(Ghil) 1/2dl71
8VeC(Fl) 1 2 Ow I,h -1 L1k 5V€C(Ll’h) 1,h\T Ow 1,h
v Vi 2|\ Gas e ) ) ey (e S

PROOF STRATEGY FOR GAT* GP & NTK

The proof of the GAT* Gaussian Process follows from (Hron et al.| 2020, Theorem 1) which is the Scaled
Attention Theorem from (Yang, [2019). Theorem 1/ Scaled Attention Theorem is based on (Yang, 2019;
2020, Mastertheorem) which proves that the infinite width Neural Network connections to GP and NTK
hold for a variety of architectures. The authors of Hron et al|(2020) generalizes Theorem 1 to a particular
scaling, namely the d—3 scaling for Attention Neural Networks. This is made precise in Theorem 3 from
the aforementioned authors. Adapting Theorem 1 is enough to prove the GAT* Gaussian Process derivation
because the GAT* Model does not require the d—z scaling. Contrary to the previous proofs in this work
which derived the infinite Width Limit for d;_; — oo layer after layer, the proofs for the NTK and GP for
the GAT* are conducted for min{H,d;_1} — oo (i.e. the attention heads and weight widths go to infin-
ity simultaneously for each layer). Similar techniques have been used by (de G. Matthews et al.| [2018)) to
demonstrate that infinite width Neural Nets are Gaussian Processes when all widths go to infinity simulta-
neously. Before we start, we have to show that our GAT* model meets all assumptions from (Hron et al.|
2020, Theorem 1/ Theorem 3). We have to make sure that the output of the GAT* model is bounded by
a constant which is independent of H, d;_1. This will make it possible to use Lemma 32 from Hron et al.
(2020). This way, all assumptions of Theorem 3 will be met. To prove boundedness of our GAT* Model
it suffices to prove boundedness for the only component that is different to the Attention Neural Network
(defined in Hron et al.| (2020)) namely L;; from Boundedness of the Model then follows by induction
and Holder Inequality (see (Hron et al., 2020, Lemma 32) which is based on|de G. Matthews et al.| (2018]).
Boundedness of L;; follows by direct application of (de G. Matthews et al.l 2018, Lemma 19). In words:
L;; is just an inner product of a constant vector (the data) with a normally distributed vector. This inner
product can be bounded by a constant independent of the size of the normally distributed vector. Each entry
L;; is just the same vector ¢ which will establish the bound on all of L using the mentioned Lemma 19. The
proof of the NTK is conducted using similar techniques to the NTK proof from (Hron et al., [2020).

8.10.1 GAUSSIAN PROCESS (THEOREM [3.5])

Lemma 8.2. If the output of a GAT Layer | — 1 is a GP, so vec(F'™') ~ GP(0,Q ® I,_,) for a fixed §
and the d;_; — 0o, then vec(L') ~ GP(0,(2)), with

P(Q) = E[al (u)al(uT)] with u ~ GP(O, O'CJA(g 8)J£ ® Idl—l))
and J 4 := diag(vec(AT) concat((1, ® I,,), (I, ® 1,,))

Proof. We will demonstrate the proof for d;_; — oo sequentially for each layer, utilizing Induction to
conclude the proof. (The base case follows from using the Definition of L'). This will make the proof much
simpler. In the case of min{d;_;} — oo, (so all Widths going to infinity simultaneously) the proof can be
conducted applying (Yang, |2019}, Mastertheorem/ Scaled Attention Neural Networks) or (Hron et al., 2020
Theorem 1/ Theorem 3, Part I)). The proof is conducted for L'" so for every head h with corresponding ¢/
but we will omit / and write ¢! instead ¢!*" and L' instead L'.

E[Li;] =0
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2 T T T T
E[leL{sJ = 2do-icA’éllrnAsi&E[(Cll (Gl + Gm) + Clg (Gl + Gm)) + (Cll (Gs + G~t)cl2 (Gs + Gt))] =
1—1

2

= 57 A Au (]E [ (G4 Gon)t (Gos + G)] +E[e) (G + Gon)eh (Gos +Gy)]
-1

+ E[cg (G4 Gon)t (Goy+ Gy)] +E[ch (G + Gon)eh Gus + Git)]>

_ 2d 2 ApmAg ( B[t (G + Go) (Gos+ G +E[y (G + Gom)y Gus+ G.t)])
-1

2dl Alm st ( chuclv ules +E chuclv ulet +E Zc1uclvGuvas +E chuCh;Guvat}

uv
E [Z b Ch GuGos| +E [Z clzuclszugth] +E [Z céucévGuvas] +E [Z céucévGuvat])

Converges in probability for d;—; — oo
—

02 Apm vy (E (o2 (wr)or ()] + E[o () ()] + E[o1 ()0t ()] + E[o1 (m)or (ut>])

with u = vec(F'™1) ~ GP(0,Q® I4,_,) O

Theorem 3.5 (GAT* GP).
If min{H,d;_1} — oo then F'*' (defined as above) is a Gaussian Process with vec(F'*1) ~
GP(0,A'® I,..,)

AL=FE (o2 (u)ag(uT)] with u ~ GP (0, batchm (Ui,Alil, w(Alfl))) (32)
(Al = E[o1(v)or (vT)] with v ~ GP (0, 0274(R2)) (33)
and v () := Ja(8 &) JY and J4 = diag(vec(A)) concat ((1, ® I,), (I, ® 1,,))
A= Lxry (34)
T4

Proof Sketch. Theorem [3.1] can be derived by just applying (Hron et al, 2020, Part IT) Theorem 1 (which
itself is from |Yang| (2020) or Part II) Theorem 3). Notice that for proving Part II) Theorem 3) at no point
is the actual definition of the Attention Neural Networks used, therefore the proves applies to our model
without any adaption.

E[vec(F")] =0

T
]E[vec(Fl)vec(Fl)T} = ]E[(Ul(Ll’h) \(;Z%Wl h> G-t gl <01(Ll’h) ;;%Wl h) ]

for block indices I, J

E [vec(F") vec(F")T] 1=

H
1 w — T — w T
E[EZZ (o1 L") @ 1a,) 4 Kln ® ;EW”’) Gt gt (Idl jjwlh )LT (o1 L") @ 14)) ]

h,h! ST
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ZZU Llh leh(Gl 1TG1 1) TWl,h’Tgl(Ll,h’)tj]
h n' ST

for indices u, v

E[vec(Fl)vec(Fl) Zzzal ")iso1( lh/)t] dw thlh(Gl e I)STLWL:I
hh’ ST Im
2
HZZZm s (L) B[ WL W (G 6 Y,
hh' ST im

Now by a hand wavy argument we first let d;_; — oo to show,

[del Wik (GG s, ] B oA

and then H — oo and by the Law of Large Numbers

o H
% SN (LM ior (L) A s, B o2E[Y Y ou (Lo (L) A8, ]

hh' ST Im ST Im

the righthandside is nothing else than

ZZUI 0'1 ? )t]ASTlm = ZZE 0'1 lsa‘l(L(lh) Al 1—G‘QZA Al 1 [J

ST Im
= E[vec(F")vec(F")" } —>batchm(0wAl_1,1/J(Al o))

For a rigourous treatement and the case of min{H,d;_1} — oo the proof can be concluded using (Yang]
2019, Mastertheorem) or (Hron et al., 2020, Theorem 3, Part II)). [l

8.10.2 GAT*GP NEURAL TANGENT KERNEL (THEOREM [3.6)
Theorem 3.6 (GAT* NTK). The NTK (of a GAT* of depth L) is ©F ® I,

A = E[oa(0)oa(o7)]), A 1= B[o2(0)62(s")] with v ~ GP (0,4') (35)
YA = E[o1(v)d1(v")] withv ~ GP (0,0274(%)) (36)
eleO:o_?ulXX (37)
i

©" = batchm [aiAH, w(AH)] (38)

+ batchm [o—wAL L o2 ( AN @ (A" 1))] 39)

+ batchm [%AL 1 ac( A(OF 1oAY e ¢(AH))} (40)

+ batchm [UZ, (@L71 O} ALil) ,1/)(AL71)] 41)

Proof. As areminder the NTK of depth [ is
dvec(F (6, X)) (a vec(F!(6, X)) ) g

00 00
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for parameters §. We when the width of the hidden layers goes to infinity this expression converges in
probability to ©! ® I;,. Now to the proof, first realize that:

dvec(FL(0, X)) (Ovec(F(6, X))\  dvec(Fl) [dvec(F')\ 1 o dvec(F!) [ dvec(F')\"
a0 ( 00 ) ~ dvec(W?) (8vec(Wl)> H - 9 vec(chh) <8vec(cl’h)>

dvec(F') Ovec(G'~1) dvec(FI=1(0, X)) (8vec(Fl_1(9,X))>T( Ovec(F') avec(Gl_l))T
dvec(GH=1) dvec(FI-1) 00 00 dvec(GH1) dvec(F1-T)

Each of the terms is simplified and probability in convergence is proven for min{d;_,, H} — oc.

Lemma 8.3.

dvec(F") ( dvec(F")

T
P 2 Al—1 -1
dvec(W) 8vec(Wl)> — batchm (UwA P (A )) ® Iy,

Proof.

dvec(FY) [ Ovec(F")
dvec(W) <8 vec(W1)

2 H
_Tw  ([pht IHY [ il 1T\ _ 23 1 Ly de1T Al 7L
Hd—y ([F S FEF - P )_Uw 3 HdzAUl(L )T G oL

T 2
) = d‘jwl AR I T A A Y

We are going to focus on elements %, j and rewrite it

dvec(F) (dvec(FH\"\ i’ii (L4500 (LB M
dvec(W!) \ 0 vec(W) o H h o o & di—1
ij

l,s

Q

L, UEU ZE[Ul(Ll’h)wal(Ll h tj l71 = 02 ZA Al 1 V1J.,

st

To prove convergence in probability (last step). for for min{d;_;, H} — oo one can apply (Hron et al.,
2020, Lemma 19) or (Yang), 2020, Mastertheorem). O

Lemma 8.4.

u dvec(F') [ dvec(F')
- A vec(chh) \ 9 vec(chh)

>T P, batchm [03}[\171,03 (’YA(Alfl) ©) &(Alil)ﬂ ® Iy,

1 ZH:< dvec(F')  dvec(oq(LY") dvec(LMM
h

) dvec(F')  dvec(oy(LE") Ovec(Lbh) 4
vec(op(LhP))  dvec(Lbh)  dvec(chh)

0 dvec(or(LbP))  dvec(LbP)  Ovec(chh)
o L Ovec(LEh) ( Ovec(Lbh) T o T T
I w Lhl | stoh sth (1, w_ ATk
( @ d_1 W ) dvec(chh) < dvec(chh) @ d;_q ¢ w
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Focusing on block indices I, J

l N\ T o2 Lh L\ T ) . .
<8vec(F ) ( O vec(F") ) ) ZWI hGlZth [avec([/ ) <8vec(L )) ] ES?Gl_l Wl
17 17

dvec(chh) \ 9 vec(chh) Hdl 1 dvec(chh) \ dvec(chh)
Focusing on elements with indices u,v of I, J
dvec(F') [ dvec(F') 4 O vec(L dvec(Lbh) r Lh de1\ ol 1 lh L
= W G W G Z E ]
<8vec(cl’h) O vec(chh) . Tw Hdl 1 Z Z 0 vec(c O vec(chh) ”St< A ) JJut
di—1
9 vec(L dvec(L"") ’ N Lyl sl—1 -1
E ’ W, iWi Gos G
Z Z |: 8vec ( 8vec( 1, h) I JJtt d _ Z ua "' vb “as bt
as a reminder

{avec(Ll’h) (8vec(Ll’h))T} o?
dvec(chh) \ dvec(chh) ., T 2d,

(Aconcat((1, ® GT),(GT ©1,))1., A concat((1, ® GT), (GT ©1,))1,)

(G1,,G.0,) +(G1.,G.,)

= O-EAIIssAJJtt 2d;_1
| H.o» (Goty Gos) + (Gt Gor) u b 1 2 3
A A G 1.G)a 7 , A1 A1
e $S i G EV S 2 W Wi Gl Gl
») B 7 ab

converging in probability for min{d;_;, H} — oo
= 00, > (T (A A ) T 1 A1, AL
st
using our previously defined shorthand definition y4(Q) := J4( & &)J% we end up with

= bun0ny Y va(N ) L (AT g AL

st

Similar to the previous lemma to conclude convergence in probability for min{d;_,, H} — oo one can use
(Hron et al., [2020, Lemma 21) or (Yang, 2020, Master Theorem). O

Lemma 8.5.

dvec(F') Ovec(G'™1) © o1, ) dvec(F') Ovec(G'™1) T
dvec(G'=1) dvec(FI-1) =)\ Ovec(GI1) D vec(FI-T)

P
—

batchm [aiAl_l, o2 (VA(@Z_l oA hHoe 1/}(Al_1))] + batchm [0120 (@l_l ©) Al_l) 7¢(Al_1)}

Proof.

dvec(F') dvec(G'™1) . dvec(F') Ovec(G'™1) 4
(8vec(Gll) 3vec(Fll)) (0 el <8vec(Gll)8vec(F11))
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dvec(F") o dvec(F") ’
dvec(GH=1) 7 dvec(G1)

(:)ll = 91 1El hEl,}} , similar to (Hron et al., 2020, Section B2.2 Indirect Contributions). Also note that

for dj_1 — oo, [SLEN A (@l_l © Al_l) ® Ig,_,. (see for example (Yangl 2019, Master Theorem)). Now
continuing with the simplification.

H

l Ow 171 h ~l—1 I,h 3VeC(Llh) Lh Ow 1171k
H%KI”@(MW 6 ) = ey * (A © W

~él{<1 ® <J“’Wl,h’Gl1>> iz,h’ 3VeC(Ll’h) + Ul(Lz,h') ® Ow Wb r
"\ dvec(GhT) 4
H
1

- = Z (Al,h,h’ 4 Bhhl | olh Oz,h,h/T)
k!

Now we will simplify this final expression using the following lemmas to conclude this proof. O

Lemma 8.6.

H

1 , . .

— 3" AW L batchm [aﬁ,Al—l,ai (m(@l—l ® A @w(AH))} ® I,
h,h!

Proof.
/ _ dvec(LbM) 1 o / + Ovec(LbM) r
atmr — | (1, Tw prlhel=1Y ) sibh I, w L =1 ) | stk
K ®(¢d7W ¢ ovecici |7 (\ "\ as ¢ Dvec(Gh 1)

o _ L, Ovec(LEh) . [ Ovec(Lbh) T o T T
_ In lwl,hGl 1 Zl,h (__)l El’h In w Gl 1 Wl h
( N (\/E )) vec(G 1) \vee(@1) “\ Ve

focusing on block indices I, J

’ 2 L dvec(LMM) dvec(Lbh) T 1y T P
Abhh' — Tw prlhl-1ybh 1 SR 17 ppLh
1J dlf1W G T 8vec(Gh—1)® Dvec(Gh ) y 7 G %4
dvec(LbM) . . dvec(Lbh) r o? A o .
[6vec(Gh1) © dvec(Gh-1) le L AH AJJu <C1 Gstcl +¢1 0O, ¢2 + ¢3 Opc1 + ¢ @,ch)

with ©!, € R%-1%di-1 Focusing on element indices u, v
AL oy Z dvec(Lb) (1)1 dvec(Lbh) \ "
Afs, = 0 vec( Gh ) dvec(Gh—1)

1,h,h' U U
1J 2
uv 2dl 1

1 1 ’
Shr S (W, G WL, G
IJst

ZAIISSAJJtt (C{estcl + Cy @5.]02 + Co eftcl + Co 61J02> El ; Ef],}}tt< U Gl;1><WU7 Glt_1>

st
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follows the previous ideas and the the fact that @' 5 (01~ © A=) @ I,;, . as in

Convergencence in probability for min{d;_,, H} — oo

uv

1
EZAZI?}L —)(5m,5hh/ZA]]“AJJ“AS‘]ltGZ 1@l 1Al !

h,h' st
which can be conducted using (Yang, [2020, Master Theorem) or (Hron et al., 2020, Lemma 23). O
Lemma 8.7.
1z
= 0B S batchm [aﬁ (Gl‘l ® AH) ,w(Al—l)} ® 1
h,h!
Proof.

T
Bl _ ( Lk Ule,h) o! ( LN Uquh')
RN ARV
Lhh' 1,h Ow 110\ Al Ow 1 W'T I,h
B =N (0u(LM) @ 1)) 1 [(I ® \FW >® <Idn® T )LT <01(L )®IdL)TJ

ST

Bl h,h' Zal Llh )is del h’@l WlhT (Ll7h,)tj
sT
finally proof in convergence

H n
1 / 11— _ 11—
H E Bl[’?’h E Efoi(L Mison (L), O A = E (A1, 00 AL
h

st

To proof convergence in probability for min{d;_1, H} — oo on can use (Yang} 2020, Master Theorem) or
(Hron et al., 2020, Lemma 22). O

Lemma 8.8.

1 H
Ly By

h,h!
Proof.
T
/ 1, Ovec(LbM) / o /
Clhh ( ( )) slh O oy (L) @ —Zu_wih
}%:/ H % r avec(thl) ! di_1

focusmg on block indices I.J

L,h,h' 8VeC(Llh) Al Lh/'\ \T Ow 1L,h'T
—_ E E bRy )
Cry ~H \/ﬁ (3vec(Gh 1)9 I (o i) @ dl_lw

hh h,h!

focusing on indices uv

H

1 / oo, A A / Ow ¥

T Ol = > Y WG A (1) + F6) (wﬂ»h )9 © —= (W >T>
o V2HAE | !
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CT o _ 1l,h ~ T
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Define v(t) := [t mod n| + 1
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Using Chebyshevs Inequality

E[S?] — E[S]”
15— o< FIFL BT
we show that E[S?] = E[S?] (and E[S] = 0) for min{H, d;—1} — o to finish the proof.
The cross terms where Expectation is taken of ¢; and ¢, are zero.
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By the boundedness of all components of I' (boundedness in the sense that for growing min{H,d;_;} — o0
the expression is bounded by a constant not depending on d;_; or H) and Holderlins Inequality it follows
that I is bounded by a constant only depending polynomially on X.
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Note that for min{dl 1, H} — oo, (;)ll T L. 0fori # m (from Lemma . Therefore
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The case u ;é v
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Sztzu

w c min{d;_1,H} — o0
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For min{d;_1, H} — oo, h,h’, z,1 are the indices that go to infinity, but H2d} | is growing faster than
h,h’,z,1 and therefore the expression is zero. The argument can be repeated for the righthandside to con-
clude for the case u # v.

The case u = v
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The sum over hq, ha, h, hf can be split over:

1. b} = hland hy = hy withl = m and 21 = 29
2. hy = hy and b}, = hy withl = 2z and m = 29

3. hy =hyand hy = hy withl = z; and m = 2

With each case being a sum of which four indices grow to infinity. And therefore again the same argument
holds. =
Corollary 8.2. The NTK (of a GAT* of depth L with oy being the Identitiy Function ) is O @ I, with

A :=E[os(v)aa(vT)]), Al = E[62(v)&2(vT)] withv ~ GP (0, A1)

1
' =A"=0,—X"X
dy
OF = 2. batehm [73A, 0274 (AF~)] + batchm [03,A5 02y, (68 @ A1)

+ batchm [aﬁ, (@L_l © AL_l) ,aim(AL—l)}
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