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Abstract

This paper introduces a formal framework for interpreting
neural network behavior, focusing on Hopfield networks, us-
ing propositional dynamic logic (PDL). By connecting Leit-
geb’s discursive interpretation of neural networks with a for-
mal system, we provide a clear method for analyzing the
dynamic evolution of network states. Utilizing PDL, we de-
scribe the process of convergence to stable memory patterns
and the stability of neural network states. This work offers a
rigorous logical foundation for understanding neural network
dynamics, bridging the gap between symbolic interpretation
and formal analysis. The proposed framework not only en-
hances the interpretability of Hopfield networks but also lays
the groundwork for extending these methods to other neural
network architectures, contributing to the broader field of ex-
plainable Al

Introduction

Artificial neural networks (ANNs) have achieved state-of-
the-art performance inion, language, and scientific comput-
ing by learning high-dimensional function approximations
through large collections of weighted connections (Mccul-
loch and Pitts 1943; Hopfield 1982; Ackley, Hinton, and Se-
jnowski 1985; Hinton et al. 1995). Classic energy-based and
probabilistic models—Hopfield networks, Boltzmann ma-
chines, and restricted variants—linked learning, represen-
tation, and convergence, and influenced modern deep ar-
chitectures (Hopfield 1982; Ackley, Hinton, and Sejnowski
1985; Hinton et al. 1995). Dynamical-systems studies fur-
ther clarified stability and periodicity for threshold-style up-
dates (Goles and Olivos 1980; Zeng 1996; Goles and Ruz
2015). Even so, ANNs remain sub-symbolic: knowledge is
stored in continuous parameters rather than explicit logi-
cal forms. This makes transparency and principled explana-
tion difficult. Existing methods often rely on heuristics and
rarely provide model-exact, logically checkable guarantees
about relevance, minimality, or stability (Titelbaum 2020;
van Benthem, Liu, and Smets 2021; Hornischer and Leitgeb
2025).

Problem statement. We currently lack (i) a logical seman-
tics in which neural state updates admit preservation results
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(e.g., reachability, stabilization) and (ii) explanation objects
for network outputs whose relevance and, when possible,
minimality are theorems rather than observations. This gap
limits the verification, accountability, and careful integration
of learning with reasoning.

A logical route via social network dynamics. Modal
and dynamic logics of social networks offer a precise lan-
guage for diffusion, influence, and link change on graphs
(Liu, Seligman, and Girard 2014; Baccini, Christoff, and
Verbrugge 2022; Baccini and Christoff 2023; Baccini,
Christoff, and Verbrugge 2024), with stabilization phenom-
ena and tight complexity bounds for convergence (Chistikov
et al. 2019). These frameworks extend epistemic logic with
relation-sensitive modalities (e.g., “all friends believe ¢”,
“there exists a path along which ¢ spreads”) and dy-
namic operators for public announcements and relation up-
dates. Importantly, threshold-based diffusion yields attrac-
tors—fixed points and short cycles—that mirror well-known
behaviors in neural threshold systems (Goles and Olivos
1980; Goles and Ruz 2015).

This affinity is structural and dynamic. Statically, both
settings are graphs with node states and edge weights: at-
titudes/influence strengths correspond naturally to neuron
activations/synaptic weights. Dynamically, both evolve by
local neighborhood rules. In social models, diffusion up-
dates beliefs and relation revision adjusts links; in neu-
ral models, inference updates activations and training ad-
justs parameters. Classical examples align closely: majority-
threshold belief updates vs. Hopfiled thresholds for in-
ference; weight adaptation in restricted Boltzmann ma-
chines vs. link weight djustment for reaching balanced
configurations. Standard dynamic-logic operators (including
probabilistic variants and synchronous/asynchronous/block
schedules) support these update schemes within one formal
language.

This paper. We build on this match to give neural com-
putation a clear logical reading. First, we establish a map-
ping from a class of neural update rules to a dynamic logic
of diffusion and link change, and we prove that key behav-
ioral properties—convergence and stabilization—are pre-
served under this mapping. Second, within the same logic,
we define explanation objects for network behavior and es-
tablish relevance guarantees. Third, we transfer stability and



convergence results from diffusion logics to guarantees for
neural attractors.

Why it matters. The framework replaces heuristic attribu-
tions with explanation objects that carry formal guarantees
and turns stability claims into statements that can be proved
and checked in a logic with known complexity. It provides
a common language where learning and logic meet: link-
ing propagation, aggregation, and reconfiguration of neural
networks to transparent, verifiable properties, thus address-
ing the core concerns of interpretability and reliability in
settings where safety and regulation matter (van Benthem
2015; van Benthem, Liu, and Smets 2021; Hornischer and
Leitgeb 2025).

Propositional Dynamic Logic for Hopfield
Network Memory

Overview. The Hopfield network marks a decisive step
in neural computation by introducing an energy function
that ties network dynamics to energy minimization in the
spirit of statistical physics. This yields a clear computa-
tional account of associative memory: stored patterns are
local minima of the energy landscape, and asynchronous
updates implement descent to an attractor (Hopfield 1982).
The same perspective informed later probabilistic generative
models—most notably Boltzmann machines—which inherit
the idea of sampling or optimizing over an energy surface
(Ackley, Hinton, and Sejnowski 1985).

Operational picture. Let S(¢) € {+1,—1}" denote the
network state at time ¢, and let W = (w;; )1<i, j<n be a sym-
metric weight matrix with no self-loops, i.e. w;; = w;; and
1 Hebbian Learning. Given binary patterns {£}];, we

store them by the normalized Hebbian rule

B 1 o . .
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pn=1
which fixes the energy landscape in advance.

2 Associative memory. From a (possibly corrupted) cue
S(0), the network updates one neuron at a time:

hi(t) =) wi;S;(t),
J#i
and S;(t+1) = S;(t) for j # i. We use the convention

Si(t+1) = sgn(hi(t)),

+1 >0,
-1 =<0,

sgn(z) = {

and note that bias terms can be folded into W and are
omitted here.

A PDL semantics for Hopfield dynamics. We now give
a propositional dynamic logic (PDL) account of the recall
phase. Each neuron ¢ is represented by an atomic proposition
D, wWith p; true iff S; = +1, and —p; standing for S; = —1.
Thus each network state s € {+1, —1}" is a possible world,
and there are 2" worlds in total.

For every 7 we introduce a basic action upd; that updates
neuron ¢ according to the Hopfield rule, and we define

upd = Oupdi
i=1

to model nondeterministic asynchronous updates. We also
use an auxiliary atomic formula

0, = ZkaSk >0
k=1

to express that the local field of neuron ¢ is nonnegative at a
given world.

Definition 1 (Language). The formulas and actions are de-
fined by
pu=p; |0 | ~olonel[ae
az=upd; |¢? |aUa| qa|a”
where 1 € N.
Symbol explanation and derived notions.

* Atomic propositions (state). p1,...,p, denote neuron
states: p; true means neuron ¢ is in state +1, otherwise
—1.

» Atomic propositions (local field). For each i, §; abbre-
viates the threshold condition induced by the weight ma-
trix, i.e. ZZ:1 wigpr > 0. (Equivalently, in a state s, 6;
holds iff "}, wiksg > 0.)

* Basic action. upd; means “update neuron ¢ once accord-
ing to the Hopfield rule”.

* Test action. 7 is the standard PDL test, succeeding iff
 holds.

* Choice / sequencing / iteration. «Uf, «; 3, and o* have
their usual PDL meanings.

 Random asynchronous update. upd = (J;_, upd;
means “pick any neuron and update it”.

 Stable configuration.

STABLE = A\ ([upd,Ipi ¢ pi),
i=1
i.e. every single—neuron update leaves the current value
of that neuron unchanged.
* Convergence.
(upd*)STABLE

says “there exists a finite sequence of asynchronous up-
dates that reaches a stable configuration.

Definition 2 (Model). A Hopfield-PDL model is a tuple
M = (S, V,W, R), where:

o S = {+1,—1}" is the set of states;

e V:Sx{p1,...,pn}t — {true, false} is a valuation with
V(s,p;) = true iff s; = +1;

* W = (wyj) is an n X n symmetric weight matrix with
Wij = Wy and Wi = 0,'

* R assigns to every action « a transition relation R, C
S xS



Definition 3 (Satisfaction). For M = (S,V,W, R) and s €

S,
M, s = pi < V(s,p;) = true,
M,S ): 91 — ZZ:I wikSk > 0,
M, s = —p = M,s o,
MsEeANY <= M,skEpand M,s E 1,
M,skElalp <= Vs (sRys' = M, s = ).

We define (o) = —[a]—p and ¢ V 1 = —(—p A ).

Definition 4 (Transition relations). The transition relations
for the Hopfield—-PDL model are defined as follows:

sRypy,s’ =

sRys’ <= s=sAM,skgp

Roup = R, URg
Rop = RaoRp
Ra* = (Ra)*

Definition 5 (Validity). A formula ¢ is valid iff for every
Hopfield-PDL model M and every state s € S we have
M,s = .

Based on the logical system described above, we derive
the following series of valid formulas, each corresponding
to a key property of the Hopfield network. These formulas,
which characterize dynamic convergence and basic update
properties, strongly suggest that the system formalized by
this logic is indeed the associative memory of the Hopfield
network.

Theorem 1 (Modal Equivalence of Single-Neuron Update).
For any neuron i and any formula o, the following equiva-
lence holds:

(upd;)e <> [upd;Jo.

Proof sketch. According to Definition 4, for a fixed neuron
7 and state s, there can be at most one state s’ such that
8§ Rupd, s’. This is because the state of all neurons, except
for ¢, remains unchanged, and the new state of neuron ¢ is
uniquely determined by the sign of its local field. Hence, the
operations (upd,) and [upd, | are identical, establishing the
equivalence.

Theorem 2 (Idempotence of Consecutive Updates). For any
neuron i and any formula o, the following holds:

[upd;; upd;]e < [upd,]e.

Proof. By the semantics of sequential composition,
Rupd,;upd, = Rupd, © Rypg,. Let s be the initial state. If
sRupdi s', then for j # i, we have 5;» = s;, and the local
field computed at s’ is:

2 : / 2 :
wiksk = Wik Sk-
k k#i

In this case, the second update will produce:

" 2 : !
S; = sgn Wik Sk = S;,
k#i

Vji#i:s;=s;&s;=sgn (>p—y wiksk)

and 5" = s; for j # i, resulting in " = s’. Thus, we con-
clude that Rypd,;upd, = Rupd,, and the two modal formulas
are equivalent. Therefore, the equivalence

[upd;; upd;J <> [upd;e
holds, establishing the validity of the statement. [

Interpretation. Theorems 1 and 2 show that consecutive
updates to neuron ¢ are equivalent to a single update. In the
Hopfield network, i’s state depends on its local field, which
is influenced by the other neurons’ states. Since these states
are unchanged during the update, the first update stabilizes
1’s state, making further updates redundant. This ensures the
efficiency of the asynchronous update process and supports
network convergence.

The update operation of a single neuron can be seen as
an accessibility relation in the possible world model, where
a neuron either stays in its current state or transitions to a
new state. Random asynchronous updates, therefore, can be
interpreted as merging these individual update relations.

For example, consider the Hopfield network in Figure 1,
consisting of three neurons a, b, and ¢, with synaptic weights
Wap = 0.6, wy. = 0.5, and wp. = 0.4. For the initial state
(a : =1,b : +1,c : +1), the possible world accessibility
relations corresponding to each update are as follows:

* Update of a transitions to (a : +1,b: +1,c: +1);
* Update of b transitions to (@ : —1,b: —1,¢: +1);
* Update of ¢ transitions to (a : —1,b: +1,¢: —1).

w(ab)=0.6 ‘ w(a)=0.5
@ w(bo)=0.4 @

Figure 1: A Hopfield network with neurons a, b, and ¢

Combining these relations, we obtain the set of possible
worlds reachable from the initial state (a : —1,b : +1,¢ :
+1) under random asynchronous updates: (a : +1,b :
+1,c: +1), (a: =1,b: +1,¢ : —1), or the persistence of
the initial state. This highlights the relationship between ran-
dom asynchronous updates and deterministic single-neuron
updates.

Figure 2: The possible world accessibility relation for ran-
dom asynchronous updates

Theorem 3 (Local Field Determines Update). For any neu-
ron 1, the following holds:



Proof. Assume M, s = 0;,i.e., > ;_, wis, > 0. For any
s’ such that sRpqg, ', by the transition relation, we have
Vj #i:s; = s;and s = +1, thus M,s" = p;. By
modal semantics, M, s |= [upd,]p;, and therefore M, s |=
0; — [upd;]p;. O

Theorem 4 (Negative Local Field Inhibits Update). For any
neuron i, the following holds:

—0; — [upd;]—p;.

Proof. Assume M, s = —;, ie., > ,_, wisy < 0. For
any s’ such that sRypq. 8", s; = —1, and therefore M, s’ |=
—p;. By modal semantics, we conclude M, s = [upd,]—p;,
and hence M, s |= =6; — [upd;|—p;. O

Theorems 3 and 4 show that the update of a neuron is
solely determined by its local field 6;, independent of its
activation state. This “local field-driven” behavior is funda-
mental for the Hopfield network’s associative memory func-
tion.

Theorem 5 (No Effect of Update on Other Neurons). For
any neurons i and j # i, the following holds:

pj <> [upd;]p;.

Proof sketch. Since upd; only affects neuron 7, and neu-
rons j #* ¢ remain unaffected, s;- = s; forall j # 1.
Therefore, [upd;]p; holds if and only if p; holds, implying
p; < [upd;]p;.

Theorem 5 demonstrates that the update of one neuron
does not affect the activation states of others, reflecting the
distributed nature of computation in the Hopfield network.

Theorem 6 (Nondeterminism of Random Update). For any
neuron i, the following holds:

(upd)p <+ \/ (upd,)p.
=1

Proof. The proof follows from the fact that upd =
Ui, upd,. If M, s |= (upd), there exists some ¢ such that
5Rypg,s’, which implies M, s |= (upd;)¢. Conversely, if
M, s |= ;7 (upd;)e, then for some i, sRypq, s, and thus
M, s = (upd)ep. O

Theorem 6 formalizes the equivalence between random
asynchronous updates and individual neuron state transi-
tions, highlighting the nondeterministic nature of updates in
the Hopfield network.

Theorem 7 (Convergence of Random Update). In the Hop-
field-PDL model, for any initial state s € S, there exists a
stable state s' € S such that the network converges to s'
within a finite number of steps, i.e.:

M, s = (upd*)STABLE

where STABLE = A", ([upd,]p; <+ p;) indicates the net-
work is in a stable state.

Proof. The concept for this proof is derived from (Hopfield
1982), but it has been reformulated here to maintain the self-
contained nature of the paper.

Consider the Hopfield-PDL model M = (S,V,W, R)
and define the energy function £ : S — R as:

E(S) = —% Zzwijsisj'

i=1 j=1

Since S is finite (|S| = 2™), E takes only a finite number of
values on S.

Now, consider the update action upd, for any neuron .
According to the system semantics, for state s and updated
state s’, we have sRypqg, s if and only if for all j # 4, s;- =
s;, and s; = sgn(h;), where h; = Y ;_, w;xs, is the local
field. The energy change AE = E(s’) — E(s) is calculated
as follows:

Since only the state of neuron ¢ changes, and the states
of other neurons remain unchanged, the difference between
E(s) and E(s’) comes only from terms involving s;. Expand
the energy function:

n

AE — 7% ZZwkls;sf + %Zzwkzsksz-

k=11=1 k=11=1

Decompose the summation into parts involving index ¢ and
parts not involving ¢. Terms not involving ¢ (i.e., kK # ¢ and
l # i) are the same in s and s’, so they cancel out. Terms
involving ¢ include cases where k = ¢ or [ = i. Due to the
symmetry of the weight matrix (wg; = wyy) and no self-loop
(wy; = 0), we can rewrite:

1 n n
AFE = ) (Z wiS;s) + Zwkis§€s§>
=1 k=1
1 n n
+ 3 <Z w;18;8] + Zwkisk5i> .
=1 k=1

Using symmetry w;; = wy; and s; = s; (for I # i), and
s}, = sy, (for k # 1), simplify to:

1< 1

[ )

AE = — 5 g Wilsis — 5 E WiiSES;
=1 k=1

1 & 1 &
+ 5 ;wilsisl + 5 kZ_lmekSi.

Note that both summations cover all indices, and wy; = w;g,
therefore:

n n n
/ /
AE = — E WSS+ E WiS;S| = E wit(s; — 5;) 515
=1 =1 =1

where Zle w;18; = h; is the local field, hence:

AFE = (Si - S;)hi,
where h; = ZZ:1 w;rS, 18 the local field. The en-
ergy change depends on whether the state of the neuron ¢

changes:



o If h; > 0, then s = +1. In this case, if s; = +1, then
si— s, =0,s0 AE =0;if s; = —1, then s; — s, = =2,
so AE = —2h; <0.

o If h; < 0, then s, = —1. In this case, if s; = —1, then
si— 8 =0,50 AE = 0;if s; = +1, then s; — s, = 2,
so AE =2h; < 0.

Thus, for any update action upd;, AE < 0,and AE < 0 if
and only if the state of neuron 7 changes.

The update action upd = | JI"_, upd; represents randomly
selecting a single neuron to update, and the iterative update
action upd”™ represents repeating upd multiple times. Since
the state space S is finite and the energy function E is non-
increasing, the network must eventually converge to a state
where no updates change the state.

This state is defined by STABLE = A!_,([upd;]p; <
p;). Once the network reaches a state s’ such that M, s’ |=
STABLE, no further updates will change the state. There-
fore, after a finite number of updates, the network will con-
verge to a stable state s’, and M, s = (upd*)STABLE.

Thus, the network converges to a stable state in a finite
number of steps. O

Definition 6 (Sequential Update). The sequential update ac-
tion is defined as

upd
where n € N.
Theorem 8 (Convergence of Sequential Update). In the
Hopfield—-PDL model, for any initial state s € S, the net-
work necessarily converges to a stable state after a finite

number of sequential updates, i.e., the following formula
holds:

seg = Updy;updy; ... ;upd,,

= [upd,, J]STABLE.
Proof sketch. Since each update action upd, either leaves the
energy function E'(s) unchanged or strictly decreases it, and
the state space S is finite, the energy function will eventu-
ally reach a minimum. Therefore, after a finite number of se-
quential updates, the network will converge to a stable state
s', where M, s’ = STABLE, and no update will change the
state. Hence, M, s |= [updg,|STABLE, guaranteeing con-
vergence to a stable state.

Definition 7 (Sequential Update with Permutation). For any
permutation o : {1,2,....,n} — {1,2,...,n}, the per-
muted sequential update action is defined as

upd, = upd,(1); updg(g); - - - ;Updy (s
where n € N.
Theorem 9 (Convergence of Permuted Updates). In the
Hopfield—-PDL model, for any initial state s € S, the net-

work converges to a stable state after a finite number of per-
muted sequential updates:

E [upd:]STABLE.
Proof sketch. In the spirit of Theorem 7, the proof follows the

same reasoning. Consider the Hopfield-PDL model M =
(S, V,W, R) and the energy function:

n

E(S) = 7% ZZwijsisj.

i=1 j=1

Since S is finite, E/(s) ranges over a finite set of values.

The permuted sequential update upd, applies updates
in the order given by permutation o. This process can be
viewed as a sequence of state transitions Sg,Si, ..., Sn,
where each update either leaves the energy unchanged or
strictly decreases it. As S is finite, the energy function must
eventually stabilize, and the network converges to a stable
state s’ after a finite number of updates.

The same reasoning applies to the iterative sequential up-
date upd’,, where the network will converge to a stable state
sk after a finite number of iterations. No further updates will
change the state once stability is reached.

Thus, M, sg | [upd’]STABLE, and the network con-
verges to a stable state after a finite number of permuted
sequential updates.

Remark 1. As shown in Theorems 8 and 9, the conver-
gence of the sequential update mechanism is independent
of the order in which neurons are updated. This property
enhances the model’s ability to characterize the network’s
dynamic behavior, aligning with the convergence observed
in both random asynchronous updates and fixed-order se-
quential updates.

The theoretical convergence of the network requires sym-
metric weights with no self-connections. However, it is the
Hebbian learning algorithm that enables the network’s asso-
ciative memory functionality. The algorithm encodes mem-
ory patterns as attractors (stable states) in the network’s
dynamics. During random asynchronous updates, the net-
work can start from any noisy or imperfect initial state and,
through the threshold rule of the local field, converge to
a stable memory pattern. Thus, the network’s associative
memory capability is determined by how the initial state
(input) evolves into a stable state (output), representing the
stored memory pattern.

Definition 8 (Memory Pattern). A memory pattern £ =
(&1,...,&) € {+1,—1}" is a binary vector representing
a memory state.

Definition 9 (Attractor). A state s is an attractor if and only
if M, s |= STABLE and there exists a state s’ # s such that
8’ Rypd~ 5.

Definition 10 (Basin of Attraction). The basin of attraction
BASIN(s) of state s is defined as the set of all states s such
that s' Rypg=s.

The associative memory function of the Hopfield network
can be viewed as a classifier based on memory patterns (spe-
cific possible worlds). Any input that falls into the basin of
attraction of a memory pattern is mapped to that pattern as
the stable output of the network’s evolution. Even if two
networks have different parameters, as long as their conver-
gence domains for all memory patterns align, they can be
functionally equivalent. This insight emphasizes that the key
determinant of network behavior is not the specific param-
eters, but the invariant set of possible worlds that uniquely
characterizes the network’s memory function.

The Hebbian learning algorithm encodes memory pat-
terns as attractors (stable states) of the network’s dynamical



system. It enables the network to start from any initial state
(even noisy or defective) and converge to a stable state rep-
resenting a complete memory pattern. This process defines
the network’s associative memory capability.

To reliably perform associative memory, the number of
stored patterns must remain within the theoretical capacity
limit of approximately 0.138n, where n is the number of
nodes. Exceeding this limit results in spurious attractors or
the merging of memory patterns, impairing the network’s
memory function. The previously defined logical framework
can formally describe the network’s dynamics beyond its ca-
pacity limit.

Proposition 10. There exists a constant C' = 0.138n such
that for m > C memory patterns, the following holds:

7\ ek — \m/ —STABLE(¢")
k=1 k=1

Memory Merging: When the number of stored patterns m
exceeds C' ~ 0.138n, multiple memory patterns probabilis-
tically merge into a single unstable pattern. If m > C,
at least one pattern ¢* will be unstable, ie., M, &8 =
—STABLE. Thus, for any state s, if M, s = /\ZT:1 £k (e,
s represents all m patterns simultaneously), then M, s =
Vi, ~STABLE(¢).

Proposition 11. When the number of stored patterns ap-
proaches the capacity limit, we have:

(upd™) (STABLE WA ﬁ,gk)
k=1

Spurious Attractors: When the number of stored patterns ap-
proaches the capacity limit of 0.138n, spurious attractors
(stable states that are not memory patterns) appear. There
exists a state s such that M, s = STABLE but s is not any
of the stored memory patterns £, i.e., M, s = AjL, —¢F.
Since the network converges from any initial state to a sta-
ble state, there exists some initial state s such that M, sy |=
(upd”) (STABLE A ALy —¢¥).

The above propositions capture non-ideal behaviors ex-
hibited by the Hopfield network when the number of mem-
ory patterns exceeds the capacity limit. A well-performing
Hopfield network must avoid these behaviors, which leads
to the design goal: every memory pattern must correspond
to a unique attractor. The following definition formalizes this
idea.

Definition 11 (Well-formed Hopfield Network). A Hopfield
network is well-formed if, for every memory pattern ¢ =
(&1,...,&n) € {+1,—1}", it holds that M, £ |= STABLE.

In a well-formed Hopfield network, if the input state is suf-
ficiently similar to a memory pattern £, the network will
eventually converge to £. This is formalized in the follow-
ing proposition:

Proposition 12 (Convergence from Partial Pattern to Com-
plete Memory). For any memory pattern & and any state s
satisfying s; = &; for sufficiently many i, we have:

A\ (@i & &) = [upd*J¢

el

where I C {1,...,n} and |I| is sufficiently large.

While well-formed memory patterns ensure the network’s
convergence, the state space’s geometric structure may still
be complex. Specifically, on the boundaries (or saddle
points) between multiple basins of attraction, there may ex-
ist some network states that are simultaneously within the
basins of attraction of multiple memory patterns, leading to
the following uncertainty phenomenon:

Proposition 13 (Saddle Point Network States May Update
to Multiple Memory Patterns). There exists s € S such that

M, s |= (upd™)&i A (upd™)¢;.
To address this, an ideal Hopfield network must ensure that
the basins of attraction are mutually exclusive:

Definition 12 (Ideal Hopfield Network). A well-formed
Hopfield network is ideal if the basins of attraction of

any two distinct attractors &; and §; are disjoint, i.e.,
—(BASIN(&;) N BASIN(E))).

Theorem 14 (Convergence of Updates in an Ideal Hop-
field Network). In the ideal Hopfield-PDL model M =
(S, V,W, R), for any initial state s € S and any permu-
tation o : {1,2,...,n} — {1,2,...,n}, the random up-
date action upd™ and the permuted sequential update action
upd’ both converge to the same attractor £ € S. That is, the
following formula holds:

(upd®)¢ < (upd; )¢

where & is an attractor satisfying M, ¢ = STABLE, and
there exists s' # & such that s' Rypq-&.

Proof. We start by considering the ideal Hopfield-PDL
model M, where each memory pattern £ is an attractor, and
the basins of attraction of distinct memory patterns are mu-
tually exclusive. This ensures that each state s € S belongs
to exactly one basin BASIN(E).

For any initial state sg, there exists a unique attractor
& such that sy € BASIN({). According to Definition 8,
BASIN(¢) includes all states that converge to £ under ran-
dom updates. Thus, by Theorem 7, we know that random
updates upd™ starting from sq will eventually converge to &,
ie.

M, 50 = (upd™)E.

Similarly, by Theorem 9, sequential updates upd’, starting
from sq also lead to a stable state, which, due to the unique-
ness of the basin, must be the same attractor &:

M, 5o = (upd;)§.

Since the basins of attraction are mutually exclusive, no
other attractor can be reached from the initial state sg. There-
fore, we conclude that both random and sequential updates
converge to the same attractor £, and we can write:

M, so = (upd™)€ > (upd,)¢.
O

Thus, in an ideal Hopfield network, both random and per-
muted sequential updates converge to the same attractor.



Formalizing Leitgeb’s Neural Network
Interpretation with PDL

In Explaining Neural Networks with Reasons, Leitgeb and
Hornischer introduced a framework for interpreting neural
networks using the semantics of possible worlds. Central to
this framework is the conceptualization of input-output pairs
(z,y) processed by a neural network as “possible worlds”
w € W, with classification labels corresponding to “propo-
sitions” A C W. Additionally, the framework constructs
“reason vectors” 7,,, which record the activation values of
neurons across all possible worlds, quantifying the degree to
which neurons provide logical support for propositions.

While this interpretation framework provides an inno-
vative lens for understanding neural networks, it is funda-
mentally discursive rather than a strict logical explanation.
Specifically, it lacks a formal treatment of the accessibil-
ity relation between possible worlds, a key component for
logically analyzing state transitions in neural networks. In
contrast, the Hopfield—PDL model established in this paper
offers a precise and rigorous foundation for Leitgeb’s inter-
pretation theory. This work defines the exact correspondence
between the two frameworks, enhancing the logical clarity
and rigor of the neural network interpretation.

We highlight the following key correspondences:

1. Correspondence of Possible Worlds: In Leitgeb’s in-
terpretation, the set of possible worlds W represents the
entire set of network states that can be encountered. In
our the Hopfield-PDL model, this corresponds to the
state space S = {+1,—1}". Each state s € S repre-
sents a complete configuration (input) of the network,
which will ultimately converge to at least one memory
pattern (output proposition, label). Thus, by interpreting
the input-output pairs as possible worlds, we align the
concept of possible worlds in Leitgeb’s theory with the
network states in our model, creating a direct correspon-
dence between W and S.

2. Correspondence of Propositions: Leitgeb’s theory
treats propositions A, (such as “the input is digit d”)
as sets of possible worlds, where each proposition cor-
responds to a subset of possible worlds where the propo-
sition is true. This corresponds directly to the concept
of basins of attraction BASIN(&,). Specifically, for any
memory pattern &y (i.e., the output proposition), the cor-
responding proposition in Leitgeb’s theory can be strictly
defined as:

Ad = {8 es | SRupdi*fd}

where R4, represents the relation induced by the up-
date process in the Hopfield network. This correspon-
dence effectively links the semantic interpretation of
propositions in Leitgeb’s theory to the dynamic, converg-
ing behavior of the network’s states.

3. Construction of Reason Vectors: The reason vectors 7,
introduced in Leitgeb’s framework can be directly com-
puted in our model. These vectors represent the degree to
which each neuron contributes to the logical support for
a given output. For any neuron ¢, the component of the

reason vector for each memory pattern w, is defined as:

ri(ws) = (5i)ses

where (s;) denotes the activation of neuron ¢ in network
state s. This construction is a direct translation of Leit-
geb’s reason vectors into a formal framework that quanti-
fies the influence of each neuron’s state on the network’s
output.

In conclusion, Leitgeb’s discursive interpretation of neu-
ral networks is fully formalized within the Hopfield-PDL
model. This formalization provides a solid foundation for
interpreting neural network behavior, grounding Leitgeb’s
constructs in a logically rigorous system. By employing
the modal operators from PDL, our system formally de-
scribes the dynamic evolution of network states. For in-
stance, the convergence of states to a stable configuration
is captured as M, s = (upd*)STABLE, a property that Leit-
geb’s framework does not address. This dynamic character-
ization bridges the gap between the discursive semantics of
Leitgeb’s theory and the formalism required for neural net-
work interpretability.

Conclusion

This paper has introduced a formal framework for interpret-
ing the behavior of neural networks, focusing on Hopfield
networks, through propositional dynamic logic (PDL). By
connecting Leitgeb’s discursive interpretation with the for-
mal dynamics of Hopfield networks, we have established
a method to rigorously analyze the evolution of network
states, particularly in terms of convergence and memory re-
trieval.

The primary contribution of this work lies in the appli-
cation of PDL to capture the dynamic properties of neural
networks. We have shown how the modal operators allow
for a precise formal description of the convergence process,
addressing a gap in Leitgeb’s framework. This formal ap-
proach provides a clear way to model how networks sta-
bilize, enabling more reliable and interpretable analyses of
neural network behavior.

The framework developed in this paper, referred to as the
Hopfield-PDL Model, sets the foundation for understand-
ing the dynamic evolution of network states and the stability
of memory patterns in Hopfield networks. Looking ahead,
this formalization opens the door to extending these methods
to more complex neural architectures, such as deep learning
models. Future research could explore how this framework
can be applied to networks trained on a broader range of
tasks and real-world datasets. Additionally, further inves-
tigation into integrating other logical tools could enhance
our ability to describe more intricate interactions within net-
works, particularly in multi-layer systems.

In summary, this work contributes to the field of neu-
ral network interpretability by offering a structured, for-
mal approach to understanding neural dynamics. The Hop-
field-PDL Model not only provides insights into the behav-
ior of Hopfield networks but also sets the stage for future
advancements in making neural networks more transparent,
accountable, and analytically accessible.
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Appendix: Extending the Dynamic-Logical
Framework to General Neural Networks

In the main part of the paper we showed that the dynamic
logic used for diffusion and link-change in social network

models can be transplanted to Hopfield networks once the
asynchronous update process is made explicit. Concretely,
we represented a Hopfield network by a Kripke-style struc-
ture

M= (S,R,V)

where S = {41, —1}" is the configuration space, R,p4,
S xS is the accessibility relation generated by updating neu-
ron ¢, and network convergence is captured by the PDL for-
mula

M, s |= (upd*)STABLE.

The key to that construction was: (i) make the state of
the network the carrier of possible worlds; (ii) make each
atomic update an action in PDL; (iii) use iteration (-)* to
express convergence. This appendix shows that the same
recipe can be lifted from Hopfield-style inference to more
general neural-network computation, provided we refine the
state space and distinguish between the two phases common
to almost all neural models: inference and training.

State Spaces for Inference and Training

The guiding idea, consistent with the Kripke-style semantics
used above, is: a network state is a possible world. What
changes from model to model is what counts as a “state”.

Inference state. For a fixed-parameter network (the ordi-
nary test/deployment situation), a state is just the layerwise
activation under a fixed parameter setting. Formally, let S™f
be the set:

{a | a s the collection of activations of all layers under (W, b) }.

In the Hopfield case we specialized this to S™ =
{+1,—1}". For a convolutional network, a state may have
internal structure, e.g.

a= (a(l), ceey a(L))7 a® e R xwexer
and the atomic propositions may be refined to

© “activation at position (x,y), channel ¢ of layer ¢

Priye  satisties the test.”

Training state. During learning, the configuration must
also contain parameters. We therefore extend the carrier to

Stain — L (a,W,b) |ae St TV is the current weight

collection, b is the current bias collection.}

Intuitively, (a,W,b) says: “with current parameters
(W, b), the network, on the current batch, realizes activations
a.” The entire training process is then a transition system on
Slrain'

Actions for Inference and Training

Once states are fixed, extending the action vocabulary of the
logic is straightforward. As in the main text, we write [a]p
for “after every execution of program «, ¢ holds” and {a)p
for “there is an execution of « after which ¢ holds.”



Inference actions. Inference is the “parameters-fixed”
phase. Its characteristic actions leave W, b unchanged.

¢ Forward propagation fwd. For a feed-forward network
with layers 1,. .., L, we may describe

fwd = upd;; updy; ... ; upd;,

where each upd, rewrites the activation of layer ¢ using
the fixed parameters of that layer. A typical property then
reads
[de ] (poul

meaning: after one forward pass, the output constraint
pout Necessarily holds.

e Iterative inference (Hopfield-type). In the Hopfield
model in the body of the paper we had

upd = | Jupd, and M, s = (upd*)STABLE.
i=1

This is just a special case of an inference action where
the program is an iteration of atomic local updates.

Training actions. Training is the “parameters-changing”
phase. Its actions must be allowed to move in W, b.

¢ Parameter-update action grad. Abstractly:
grad : (a, W,b) — (a’, W'} 1)

where W', b’ are obtained from W,b by one step of
gradient-based optimization (SGD, Adam, etc.), and a’
is the activation under the new parameters for the current
batch. We do not need to commit to a concrete update
rule at the logical level; it suffices that grad be a binary
relation on S,

¢ Performance-test action ¢ 7. As in standard PDL, this
action does not change the state; it only checks whether
a property of the current parameters holds, e.g.

pok = “validation accuracy > 6”.

A Training Program in PDL

With these actions, the usual “train until good enough” loop
can be written in the same PDL language we used for Hop-
field convergence:

*
ain = (@ok?; grad)” 5 @ok?.
Its intended reading is:

repeat: update parameters; as long as the model is not
satisfactory, continue; finally stop in a state satisfying
Pok-
A basic soundness obligation for this program in a concrete
setting would be the formula

<atrain > Pok

which is the exact training analogue of the Hopfield-style
convergence statement (upd*)STABLE proved in the main
text.

Discussion
Two points are worth emphasizing.

1. Uniformity of the possible-worlds view. In the Hop-
field section we treated every network configuration
s € {+1,—1}" as a world. Here we only generalize
that idea: inference worlds contain activations; training
worlds contain activations and parameters. No change to
the underlying logic is required.

2. Uniformity of the action vocabulary. The same
PDL constructors—sequential composition *;”, itera-
tion “(-)*”, and test “?”—suffice for both phases. What
changes is only the interpretation of the atomic actions,
not the logic itself.

Thus, the dynamic-logic account of Hopfield networks is
not an isolated case but an instance of a more general pat-
tern: once a neural model can be seen as a transition sys-
tem over an explicit state space, it can be embedded into
the same PDL-style framework used in the main body of the
paper. This makes it possible, in principle, to reason about
inference-time properties (correctness, robustness, local sta-
bility) and training-time properties (termination, satisfaction
of performance constraints) in one unified logical language.



