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Abstract

This paper studies the multi-agent performative
prediction (Multi-PP) games over multiplex net-
works. We consider a distributed learning setting
where agents partially cooperate on an agent net-
work, while during learning, the data samples
drawn depend on the prediction models of the
agent itself and neighboring agents on a popula-
tion network. The dynamics of Multi-PP games
is hence affected by the interplay between both
networks. This paper concentrates on this Multi-
PP game with the following contributions. Firstly,
we analyze sufficient conditions for the existence
of the performative stable equilibrium (PSE) and
Nash equilibrium (NE) of the Multi-PP games.
Secondly, we analyze the changes to the equilib-
rium induced by perturbed data distributions, and
derive the closed-form solutions where the net-
work topologies are explicit. Our results connect
the existence of PSE/NE with strengths of agents’
cooperation, and the changes of equilibrium so-
lutions across agents with their node centrality,
etc. Lastly, we show that a stochastic gradient de-
scent (SGD) based distributed learning procedure
finds the PSE under the said sufficient condition.
Numerical illustrations on the network effects in
Multi-PP games corroborate our findings.

1. Introduction

A recent trend in machine learning is to study distributed
learning where prediction models are trained on multiple
agents from local and privacy-sensitive data (Kone¢ny et al.,
2016). In the general setting, the learning process on these
agents are applied locally and can be aided by neighbor
agents on an agent network G*. This is motivated by the
scenario when the agents wish to utilize joint experience to
improve generalization performance, especially when the
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Figure 1: Overview of the Multi-PP game on a multiplex
network. Each node consists of an agent-population pair.
The agent cooperation network G* and the population in-
fluence network GF share the same set of nodes V' while
have different edge sets E* and E¥, respectively. The agent
i’s risk depends on its own prediction model 8; and its in-
coming neighbors’ models 0, in G*. The agent i’s local
population D; depends on 6; and its incoming neighbors’
models B, in G*. (See Section 2 for a detailed description.)

local data distributions are heterogeneous. Variants of this
scenario have been considered, e.g., personalized learning
with graph regularization (Liu et al., 2017; Vanhaesebrouck
et al., 2017; Bellet et al., 2018; Nassif et al., 2020), dis-
tributed learning with consensus (Nedic & Ozdaglar, 2009;
Lian et al., 2017), etc.

Meanwhile, a salient challenge in optimizing prediction
models deployed to real world is that the models themselves
may influence the future outcomes/samples observed by
the agent. These outcomes will influence the training of
the future prediction models, creating a feedback dynamics
between the agent who decides the model and the popula-
tion who decides the outcomes/samples. This paradigm is
known as the performative prediction as studied in Perdomo
et al. (2020). An exemplar setting is when the population
consists of strategic users who optimize their own outcomes
according to a utility function parameterized by the predic-
tion model. Applying standard algorithms such as stochastic
gradient descent (SGD) results in a dynamics between the
agent and the population. This has motivated recent works to
analyze the existence and stability of a fixed point to the dy-
namics (Perdomo et al., 2020; Drusvyatskiy & Xiao, 2022),
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the algorithms for finding the fixed point (Mendler-Diinner
et al., 2020), and the optimal solution to the performative
prediction formulation (Miller et al., 2021; Izzo et al., 2021).

In this paper, we concentrate on the multi-agent performa-
tive prediction (Multi-PP) setting where each agent uses
samples from a (local) population for training the agent’s
personal prediction model. As in the (single-agent) perfor-
mative prediction (Perdomo et al., 2020), each population
will react to the prediction models deployed by the agents.
Specifically, we account for a practical scenario where the
effects of prediction models are localized, i.e., each pop-
ulation is influenced by a subset of the prediction models
deployed by the neighbor agents on a population network G¥ .
For example, when the population network is induced by ge-
ographical proximity. Together with the agent network G*,
the two networks (which can have different topologies) are
coupled to form a multiplex network system (De Domenico
et al., 2013). Figure 1 presents an illustrative example of
the Multi-PP game.

The above Multi-PP setting results in a game among agents
over a multiplex network, coupled with a feedback dynamics
between the agents and the populations. Under this network
game-theoretic framework, this paper inquires the following
questions—How will the network structures (topologies)
affect the game’s equilibrium? If the data distribution at a
local population/agent is perturbed, how will the perturba-
tion affect the equilibrium solution at other agents on the
network? Addressing these questions are important steps
towards understanding the role of network structures in dis-
tributed learning.

Quite recently, several related Multi-PP settings have been
studied in the literature, yet they are different from the cur-
rent paper. For example, Narang et al. (2022); Piliouras
& Yu (2022) studied a setting for the local population
whose outcomes/samples generated depend on the mod-
els deployed by all agents who are not directly influenced
by other agents; Li et al. (2022) considered a setting where
each local population is affected only by the model de-
ployed by the local (consensus-seeking) agent. These are
special cases of the multiplex network considered in this
paper. More specifically, let n be the number of agents:
Narang et al. (2022); Piliouras & Yu (2022) consider G* and
GF as a graph with n disconnected nodes and a complete
graph, respectively; Li et al. (2022) considers G* and G¥ as
a complete graph and a graph with n disconnected nodes, re-
spectively; Narang et al. (2022) also considers a case when
both G* and G are complete graphs.

Departing from existing works whose results are restricted
to either complete graphs or disconnected graphs, the cur-
rent paper conducts the first study on Multi-PP games that
focuses on the effects of the multiplex network structures
on the resulting learning dynamics. Our contributions are

summarized as:

* We conduct the first study on Multi-PP games with gen-
eral network structures. Our formulation is inspired by
recent popular works on personalized learning, e.g., (Van-
haesebrouck et al., 2017), and accounts for the interplay
between the cooperation among agents on G* and the
influences of agents on local populations on G*.

* We consider two concepts of equilibrium solution in
Multi-PP games, namely the performative stable equilib-
rium (PSE) and the Nash equilibrium (NE). We first derive
the sufficient conditions for the existence and uniqueness
of these equilibrium solutions in relation to the multiplex
network topology, and provide a SGD-based learning pro-
cedure for finding the PSE. Interestingly, when the agent
cooperation network is asymmetric, we show that increas-
ing the strength of agents’ cooperation may destabilize
the PSE solution to Multi-PP game by adopting a repeated
minimization procedure.

* By specializing the Multi-PP games with simple loss func-
tions and sample distributions, we provide exact charac-
terizations for the PSE and NE. Our results include nec-
essary and sufficient conditions for their existence and
uniqueness based on a repeated minimization procedure,
and the closed form solutions of the equilibriums featur-
ing explicit dependence on the network structure. We
observe that the stability of Multi-PP games can have non-
monotonic dependence on the strength of the agents’ co-
operation involving the network structures, and the form
of equilibrium solutions is related to node centrality of
the multiplex network.

Lastly, our result reveals the intricate effects of enabling
cooperation among agents while accounting for the reaction
of population to models deployed on a Multi-PP game over
a multiplex network. This gives a new perspective to the
study of distributed learning.

Related Works: This paper is related to works on network
games (Galeotti et al., 2010; Parise & Ozdaglar, 2019). Par-
ticularly, characterizing the equilibrium in network games is
important to consumer networks (Candogan et al., 2012), fi-
nancial networks (Acemoglu et al., 2015), and interventions
in economic networks (Bramoullé et al., 2014), etc., and
distributed algorithms for reaching these equilibrium have
been studied (Mazumdar et al., 2020). Besides, the perfor-
mative prediction setup includes strategic classification as a
special case, which can be studied through the Stackelberg
game framework (Hardt et al., 2016; Zrnic et al., 2021).

In this light, our results can be regarded as an extension of
the above works to multiplex games. Note that most prior
results in the multiplex setting are empirical (Allen et al.,
2018; De Domenico et al., 2013; Gémez-Gardenes et al.,
2012), with focus on social and economical networks.
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2. Problem Setup

This section describes the n-agent Multi-PP games over
multiplex networks. The agent network G* (resp. the pop-
ulation network G%) is a directed graph represented by the
adjacency matrix A € R}*" (resp. P € R}*™). We
follow the convention that if A;; > 0 (resp. F;; > 0),
then there is an edge from j to ¢ in G* (resp. G%). In-
tuitively, A;; (resp. P;;) represents the influence from
node j in the agent (resp. population) network on node
i. Define M; = {j : j # i and A;; > 0} (resp.
N; = {j:j # iand P;; > 0}) as the set of incoming
neighbors of node i in G* (resp. G¥).

Letpy,...,pn € Z4 be the dimensions of the prediction
models and p = 377" | p;. We also define O, = [0;];c 4,
and O, = (6] - We consider a Multi-PP game where
agent ¢ seeks to minimize a local risk function:

OfrelimréiFi(aiv [05)ieron;) N

=Ez,~p;0:.0x,) [[i(0i, 00,3 Zi)]

where (6], . x. is given. The local performative risk
function F; depends on the joint prediction model 0 =
[61,...,0,] € RP in two ways. First, f;(0;,0,; Z;) is
the sampled risk function that evaluates the prediction mod-
els deployed by agent i and its incoming neighbors in G*,
ie., 0;,0,, with respect to (w.r.t.) a sample Z; on some
metric space Z;. Second, the distribution of Z; is given by
the distribution mapping D;(0;,0,) that is a probability
measure on Z; and it encodes how the samples generated
from the ¢-th population reacts to the models deployed by
agent ¢ and its incoming neighbors in G¥. Observing that
the risk function F; depends on the two graphs G*, G¥, Prob-
lem (1) yields a multiplex network game (Gémez-Gardenes
et al., 2012; Allen et al., 2018).

In (1), each agent aims to minimize its individual perfor-
mative risk F;(0;, (6], \4.;,) that depends on the joint
prediction model [Oj]j c{ijum,un, - Inspired by the studies
on personalized learning (Vanhaesebrouck et al., 2017; Bel-
let et al., 2018), we consider risk function of the following
form:

fi(8i, 00,5 Z;) = 1;(6;; Zz'H%Z A;5110: - 65113, @
JEM;

where ¢; : RPi x Z; — R is the loss function that depends
only on the local model 8; and the second term is the so
called graph regularization term with p; € [0, co) that pro-
motes similarity between 6; and 8, j € M;. If G* is
a connected graph, then the equilibrium solution of mini-
mizing (2) with p; — 0 provides purely local prediction
models while p; — oo provides the common (i.e., consen-
sual) prediction model. Note that in personalized learning,
it is common for M; to include agents with similar target

models as agent 7 (e.g., the agents are close in terms of their
geographical locations) to maximize performance.

In the sequel, we set without loss of generality that A
is row stochastic with zero diagonal, i.e., A;; = 0 and
Y1 Ay =1fori € [n] == {1,...,n}." We also make
the following assumptions that are common in the perfor-
mative prediction literature, e.g., Perdomo et al. (2020);
Mendler-Diinner et al. (2020); Drusvyatskiy & Xiao (2022);
Li et al. (2022); Narang et al. (2022)

Assumption 2.1. For each i € [n], the following hold:

i) There exist a constant y; > 0, such that for any given
Z; € Z;, 4;i(+; Z;) is pi-strongly convex;

ii) 4;(+; Z;) is C'-smooth for any Z; € Z; and there exists
a constant L; > 0 such that for any 6;,0; € RPi and
Z;,Z! € Z;, it holds that

IV0i(05; Zi) — V(055 Z;) |2
< L;i(|0; — 0;l2 + || Z; — Z{]|2).

Assumption 2.1 imposes the convexity and smoothness prop-
erties on the loss function. It is worth noting that in Assump-
tion 2.1(i), we allow u; = 0, in which case ¢;(+; Z;) is
convex but not strongly convex. In spite of the convexity of
¢;, F; can be generally non-convex in the first argument ;.
We remark that in Assumption 2.1(ii), the Lipschitz conti-
nuity w.r.t. the first argument of V/;(-; -) is not required in
some of our results.

We also require the following condition on the distribution
mapping. Let W7 (D, D’) denote the Wasserstein 1-distance
between two probability measures D, D', we impose the
following Lipschitz-like property:

Assumption 2.2. For i € [n], there exists €; > 0 such that

n 2
W1(Di(6:,0,), Di (6, 6},)) Ssi\/zjzlpijnaj_o;HQ
for all (6;,04,), (0], 8),) € RPi x RZjen; Pi_

The parameter ¢; is the bound on the sensitivity of the ¢-th
population w.r.t. the shift of the deployed prediction models.
Note that for each i € [n], P;; can be viewed as the weight
on the shift of the j-th prediction model. Similar to A in
(2), some forms of normalization are often imposed to avoid
ambiguity with the parameter £;. Among others, we may
consider the special case when P;; € {0,1} and P;; = 1 for
all i, j € [n], i.e., the model shifts in the neighbour nodes
are assigned with equal weights, then Assumption 2.2 is
in line with the other multi-agent performative prediction
literature, e.g., (Narang et al., 2022).

"Note that even if >-i—1 Aij = bi # 1, we can simply scale
pi by b; and A;; by 1/b;, and obtain an equivalent formulation
with normalized weights, i.e., >°7_, (Ai;/bi) = 1.
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We conclude this section by describing a motivating example
for the Multi-PP game under the above settings.

Example 2.3. Consider a multi-agent classification game,
where there are n agents that represent banks aiming to pre-
dict whether the loan applicants are creditworthy. Each bank
trains a personalized logistic regression model according to
(2) with the loss function

—1;0,' x; + log (1 + eajmi) , 3)

where Z; = (x;,y;) € RPi x {0, 1} is the feature-label
pair of the ¢-th applicant. On the one hand, banks located
in regions near to each other tend to deploy similar loan
policies, while banks that are far away from each other tend
to make independent decisions. This gives rises to a inter-
bank cooperation network G* formed according to their
geographical distances, and thus the risk function given by
(2). On the other hand, each applicant in some region may
be affected by neighboring banks’ policies and strategically
manipulate their features to increase the chances of suc-
cessfully applying for the loan. Specifically, suppose that
Z; = (%;,7:) € RPi x {0, 1} follow some base distribution
D;, then each data sample Z; ~ D;(0;,0,,) is generated
by perturbing D; as follows:

o — x; +&; Z?:l Pl-jOj, if g; =0,
’ x;, lfgz = ]-,

0;(6;; Z;) =

“4)

Yi = Ui (%)
where £; € R. Thus, the applicant population network arises
from the bank-applicant influences. Note that when n = 1,
this setting reduces to the strategic classification problem
studied in Hardt et al. (2016); Dong et al. (2018); Perdomo
et al. (2020); Zrnic et al. (2021). It is worth mentioning
that this example satisfies Assumptions 2.1 and 2.2; see
Appendix A for detailed verification.

3. Equilibrium(s) of the Multi-PP Game

This section presents the main results on the equilibrium(s)
of the game (1) resulted from the cooperation/competition
among agents and the agent-population pairs. Compared to
prior works on Multi-PP (Narang et al., 2022; Piliouras &
Yu, 2022; Li et al., 2022), we notice that (1) depends on the
graph structure of G* and G¥ where the interactions between
agents occur simultaneously on both graphs.

The first focus of our study is on the existence of equi-
librium(s) to (1). Our results shall highlight the contribu-
tions of graph structure to the existence condition of equi-
librium(s). When the latter condition holds, we also suggest
a stochastic gradient based procedure to finding an equilib-
rium solution.

Similar to Narang et al. (2022), we concentrate on two
concepts of equilibrium solution for (1) below.

Definition 3.1. A vector % = [07°%; .. .; 0P%°] € RP is
called a performative stable equilibrium (PSE) of the game
(1) if it holds for all ¢ € [n] that

0™ € argmin {EZ ~D (67 O:%) f:(6, 0%; Z;)] } )
9 ERPi
Definition 3.2. A vector "¢ = ;0] € RP is
called a Nash equilibrium (NE) of the game (1) if it holds
for all ¢ € [n] that
12)]}-

A subtle yet important difference between 8P and 0™ lies
in the observation that 8}'° is a global minimizer of the per-
formative risk F;(6;, [Hye]je Ml Ni) that jointly optimizes
the sampled risk and the decision-dependent distribution.

[ne

0ne € arg min {EZ ~D;(8; gne) [fl(Hz, 0
0; €RPi

3.1. Perfomative Stable Equilibrium (PSE)

We first derive a sufficient condition for the existence of PSE
by construction. In particular, to facilitate our analysis, we
consider the strategy of repeated risk minimization (RRM),
which is an iterative mechanism such that each agent re-
peatedly minimizes its own expected risk while fixing all
other agents’ decisions and the induced data distribution. In
iteration ¢, agent ¢ does

07" =T ([0, oo

= aggeﬁﬁn {Ez ~D;(0!.04.) [£:(65,00.: Zi)]} (6)

and compete with other agents to minimize the local risk
upon deploying the current prediction model. From an
optimization perspective, the RRM (6) is a Jacobi-type co-
ordinate descent method. With the sampled risk function
fi(+) defined in (2), the mechanism is similar to the coordi-
nate descent method in Bellet et al. (2018) when the data
distribution D; is independent of 8;, O/, .

Observe that the fixed point(s) of (6) leads to a PSE solu-
tion. Hence, studying the convergence of (6) results in the
following sufficient condition that implies the existence of
PSE, whose proof can be found in Appendix C:

Theorem 3.3. Suppose that 2?21 Aij = land pi+p; >0

Jor all i € [n], Assumptions 2.1 and 2.2 hold. Let p =
[pi]?_q and p == [p;|’_;. Under the condition

" p, L2 H . ( o )
max —rt 23 4+ || Diag | —— | A
\L‘e[n] {; (Wi + pi)? E\utp

where p/(p + p) stands for an element-wise division, then
we have: (i) the game (1) admits a unique PSE, and (ii) the
RRM (6) converges linearly to the PSE.

<1,

2
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In the above theorem, (7) gives a sufficient condition for the
existence of PSE in terms of the distributional sensitivity
w.r.t. the prediction models ({¢;}7 ;). This is a general
result with loss functions satisfying Assumption 2.1 and
decision-dependent distributions satisfying Assumption 2.2.
Moreover, the condition is directly determined by properties
of the graphs G* and GF.

Condition (7) subsumes several results in the literature as
special cases. For instance, when n = 1, p; = 0, and
w1 > 0, then (7) reduces to the condition €1 < py/L4,
which coincides with the result for single-agent performative
prediction (Perdomo et al., 2020, Theorem 3.5). For the
special case with a fully connected population network in the
absence of the graph regularization in (2), i.e., P = 1,1,
and p; = 0, p; > 0 for all i € [n],” then condition (7) can
be simplified to

Yoy Lie? /uf <1, (8)

which coincides with Narang et al. (2022, Theorem 2). As
a special case, if ¢; = ¢, L; = L, u; = p, this condi-
tion reduces to e < u/(y/nL), showing that the sensitivity
requirement becomes more stringent by a factor of /n.

Next, we consider the effects of incorporating cooperation
in (2), i.e., when p; > 0. We highlight that the situation
under consideration differs from that in Li et al. (2022)
which enforces exact consensus in their algorithm and shows
a relaxed condition for the existence of performative stable
solution akin to Perdomo et al. (2020). Here, we do not
enforce exact consensus where p; < oo and the equilibrium
results from the competition among agents.

To analyze this situation using Theorem 3.3, we shall adopt
some simplifications by setting p; = p and p; = p for all
i € [n]. In this case, (7) can be implied by

maxjein) /Yy DijL2e? <p—p(|Al2 = 1), ()

where the above condition can be further simplified into
L+/ ||PHoomaxZ€[n] g < u— p(llAHg — 1) if L, = L,
such that || P||o = max;ecp,) > P;; corresponds to the
maximum weighted out-degree of the graph G*.

The left hand side of (9) extends from the previously dis-
cussed case in (8) by incorporating the population network
GP. In fact, it relaxes the sensitivity requirement factor from
v/n 1o /|| Pl showing that a more localized population
network with less edges can be beneficial.

Meanwhile, the right hand side of (9) reveals an intrigu-
ing property on the role of cooperation in Multi-PP (1) and
agent network G*. Notice that if A is further assumed to
be symmetric, i.e., A is a doubly stochastic matrix, one has

’In this setting, A can be arbitrary since p; = 0 for all i € [n].

Algorithm 1 Stochastic Gradient Greedy Deployment

1: Input: 6? for i € [n], step size v, > 0 for ¢t > 1.
2: fort=0,1,...do
3:  Deploy the models {6!}"_; at the population.
fori =1tondo {executed in parallel}
Sample Z! ™! ~ D; (6", %)
Setg' =Vli(05: Z;) +pi 37, Aij (6] — 65)
Set 0?—1 = glt - ’yt+1gt
end for
end for

LR U0 R

|All2 = 1.} As a consequence, the condition (9) is inde-
pendent of the parameter p. However, in general, one has
|[A|l2 > 1. In the latter case, increasing p may lead to viola-
tion of (7) and destabilize the RRM dynamics. We observe
that while increasing p promotes cooperation among agents
and thus better generalization performance of the trained
model, in the presence of performativity in population, it
may lead to undesirable outcomes in the training procedure.

Stochastic Algorithm for PSE. We conclude our discus-
sions on the PSE solution to (1) through studying a stochas-
tic gradient based algorithm. Our algorithm design follows
from Mendler-Diinner et al. (2020); Drusvyatskiy & Xiao
(2022) with greedy deployment, i.e., the prediction models
under training are directly deployed, then a sample (batch)
is drawn to compute the stochastic gradient estimate for (2)
that is used to inform the update of 8%; see Algorithm 1. No-
tice that except for line 5, the algorithm describes a natural
implementation of personalized learning (Bellet et al., 2018)
based on stochastic gradients.

To analyze the convergence of the stochastic-gradient
greedy-deployment (SG-GD) mechanism described in Al-
gorithm 1, we consider the following assumption on the
variance of the stochastic gradient.

Assumption 3.4. There exists oo, o1 > 0 such that for any
given O € RP?, it holds

E[|V(6; Z) ~E[VL(8; Z)]|3] < o5 +07 [0 — 673,

where V£(0; Z) = [V{1(01; Z1);- -+ ;VLi(0,; Z,,)] con-
catenates the local stochastic gradients, and the expectations
are taken w.r.t. Z = (Z;)_, with Z; ~ D;(0;,0,,).

This is a standard assumption on the stochastic gradient
estimates with a growth condition. The following theorem
establishes the convergence of SG-GD to 6P%¢:

Theorem 3.5. Under the same conditions in Theorem 3.3

A Al,
*On the one hand, || A2 = sup,,_4q H\Ivil)\lzb > “IIInle = 1by

row-stochasticity. On the other hand, | A2 < /|| A|1||A]lc =
1 due to both row-stochasticity and symmetry.
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with Ly = L, ju; = p,e; = €, p; = p. Let
poi=ptp(l = [[All2) = Le v/ Pllco,
52 = 02 + 2 (L% Plloc + (L + |l T — All2)?) .

Suppose that Assumption 3.4 and condition (7) hold, and
the step sizes satisfy

= 9 -
supfytgmin{ﬂ ~} and e §1+M7;+1 Vt>1.

t>1 202" 1 Vi+1
Then, the iterates generated by Algorithm 1 satisfy that for
allt > 1,

t
. 402
E[||6* —67]3] H (1—avs+1) B0+ — a —2i41, (10)

where Ag := ||0° — @P%°||2 is the initial gap.

See the proof in Appendix D. The step size conditions are
general, e.g., they can be satisfied with a constant step size,
or with a standard diminishing rule such as v, =
appropriate ag, a; > 0. In the latter case, (10) shows that
the convergence behavior of Algorithm 1 fowards OP*° is
similar to that of SGD applied to strongly convex objective
functions, i.e., at the rate of O(1/¢) (Moulines & Bach,
2011). However, we observe that the convergence depends
on the graph regularization parameter and the sensitivity
of the population to model shifts, thus SG-GD may not
converge even if u > 0.

Lastly, we remark that besides including the graph regular-
ization term, our result extends over Narang et al. (2022) by
the use of diminishing step sizes; and Bellet et al. (2018)
by incorporating stochastic samples and the performative
effects for interaction with the population network.

3.2. Nash Equilibrium (NE)

Lastly, we discuss the existence and uniqueness of the NE
for the Multi-PP game (1). We focus on the case when (1)
is a C''-smooth convex game, i.e., for all i € [n], V,;F;(0)
(the partial gradient w.r.t. 8;) is C''-smooth and F;(8) is
convex w.r.t. 6; for any fixed (6], (.-

We first impose the following regularity condition:

Assumption 3.6. Foreachi € [n] and 6 € RP, the mapping
Ez.~D,(05,) [fi(0i: 0,5 Z;)] is differentiable at 6; and
its derivative is continuous in [0;; O]

Under Assumption 3.6, we can define the following map-
ping: for any 6,6 € R?,

Hgi,(SNi (Oi’ 0/\/‘@)

d
=—DFEz . e 101,0 V;Zi y
du, Bz Dby (0500 Z0)]|
Hs(0) = [H, 6, (03, 001,)]i21

Then, we consider the following assumption:

Assumption 3.7. For any i € [n] and 0,8 € RP, the map-
ping H;(0) is monotone w.r.t. 4, i.e.,

(Ho(0) — H5(6),0 —8) >0

Moreover, we define the decoupled expected gradients

551:,5)\/1. (0i,00,) =Ez,~p,(5,,6x,) [Vifi(0i, 00, Zi)]
Gs(0) = | fs,i,aNi (0i,00m,)]i—1

for 8,6 € RP. Using the product rule of derivatives, we
obtain

ViF;(0) = Gy, o, (0i,0a,) + Hp, g, (6;,0a1,). (11)

To study the NE of (1), we rely on a classical result that
a strongly monotone game over a non-empty, closed and
convex set admits a unique NE; see, e.g., Facchinei &
Pang (2003, Theorem 2.3.3(b)). Specifically, let (6) :=
[V1F1(0),...,V, F,(0)], then the Multi-PP game (1) is
called strongly monotone if there exists 5 > 0 such that

(@r(0) — ©r(5),0 —8) > 51603  (12)
for all 8,0 € RP. In view of (11), we have
Pp(0) = Go(0) + Ho(0). (13)

Below, we show that the strong monotonicity property (12)
can be satisfied under appropriate conditions on the sensi-
tivity and graph regularization parameters.

Theorem 3.8. Suppose that 37_, Aij = 1 forall i € [n]
and Assumptions 2.1, 2.2, 3.6, and 3.7 hold. Let iy =
min;e ) { i} and puin = min;epn){pi}. If it holds that

n P ‘Li ; 2
max Z<M> +HDiag<“p>A
J€[n] =1 fmin + Pmin mintPmin

maX;ecn] {Lie:}
Hmin + Pmin

2

<1- , (14)
then the Multi-PP game (1) is strongly monotone and admits
a unique NE.

The proof of the above theorem is provided in Appendix E.

It is worthwhile to note that for Multi-PP games with fully
connected population network (i.e., P = 1,,1,}) and non-
cooperating agents (i.e., p; = 0 for all ¢ € [n]), Theorem
3.8 yields a weaker sufficient condition than Narang et al.
(2022, Theorem 5). Specifically, suppose that y1; = ¢ > 0
for all i € [n], then the condition (14) can be reduced to

Vi Lie? + max;e{Lici} < (15)

Since max;epn {Lie;} < /Y., Lie?, our condition is

strictly weaker than the condition 21/> " | L?c? < j re-
quired by Narang et al. (2022, Theorem 5).
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The NE can be found with the best response (BR) dynamics,
i.e., in iteration ¢, each agent ¢ does

t+1 t
0;" =B ([ej]jeMiUNi> (16)
=argminBz, .p, (g, 01,.) [fi(0:,0%,; Z:)] .

0, cRPi

We remark that the stochastic algorithms for finding "¢
can be readily extended from existing works (Narang et al.,
2022; Izzo et al., 2021; Miller et al., 2021). For example,
the NE can be found by adapting the algorithms suggested
in Narang et al. (2022, Section 6), where the derivative
free algorithm exhibits a convergence rate of O(1/+/t). The
detailed discussion is omitted due to space limitation.

4. Case Studies & Numerical Illustrations

This section presents the case studies on Multi-PP game
(1) and analyze their equilibrium solution(s). Notice that
Theorems 3.3 and 3.8 only give the sufficient conditions for
the existence and uniqueness of PSE and NE, respectively.
Here, we will tighten these results to necessary and sufficient
conditions for specific examples. We also derive the closed-
form solutions of the PSE and NE, where the effects of
network structure are explicit. Lastly, we provide numerical
examples to illustrate our findings.

4.1. Mean Squared Error Minimization

We first consider the following special case of (1). Let the
model dimension be p; = p € Z 4 and Z; = RP for all
i € [n]. The loss function of agent  is

(0 2:) = 510~ Zil3 a7
Therefore, the local risk function corresponds to the mean
squared error (MSE) in estimating the mean of Z;. The
graph regularization parameters takes p; = p for all ¢ €
[n] for some p > 0. Next, a sample Z; drawn from the
distribution D;(0;, 0, ) satisfies

Zi=2Z;+Y;_ Py, (18)

where £ € R is the sensitivity parameter, Z; is a random
variable with mean m; and covariance oI;. We remark
that this distribution mapping is motivated by a scenario
when the i-th population generates samples by maximizing
a linear utility. For brevity, we denote m = [my; - - - ;my,].

The Multi-PP game (1) considered under this setting extends
the full-information revenue maximization game in Narang
et al. (2022) and the multi-agent mean estimation problem
in Li et al. (2022) by taking into account the multiplex
network structure. The following proposition provides an
exact characterization of the PSE and NE:

Proposition 4.1. Consider the Multi-PP game (1) instanti-
ated by (17) and (18). Suppose that 2?21 Aij =1 forall
i € [n]. Then, the following hold:

i) There exists a unique PSE with closed form
67 = ([(1+ p)I, — pA— P ' ®@ I;) m, (19)

if and only if (1+ p)I,, — pA — EP is invertible. More-
over, the RRM dynamics (6) converges to the PSE if
and only if

P 3
—A+—P) <1, 20
X (1 +p L+p > 0
where x(+) denotes the spectral radius (i.e., the maxi-

mum absolute eigenvalue) of a matrix.
ii) There exists a unique NE with closed form

-1
P p _
e=1(1+—-=)I,———A—-¢EP I
([ 2 o] o)

if and only if (1 + &) I, — £ A—¢EP isinvertible.
Moreover, the BR dynamics (16) converges to the NE if
and only if

(1-2)e

p
A+
X(aa%p (1-2)2 +p
We remark that the necessary and sufficient conditions for

the existence of the PSEs and NEs can be found along with
the proof in Appendix F.1.

P> <1. @D

Proposition 4.1 reveals that the agent and population net-
works collaboratively contribute to the properties of the PSE
and NE with different weights. Furthermore, (20) and (21)
provide tight conditions for the stability of the PSE and NE.
Below, we illustrate Proposition 4.1 under proper simplifi-
cations. For simplicity, we let p = 1 and focus on the PSE
solution.

Structure of the PSE Solution. We first focus on the
structure of the PSE solutions. With p = 1, the PSE solution
(19) reduces to

0> = ((1+p)I, —EP — pA)~'m. (22

Observe that if £ > 0, then the PSE solution at agent 1,
i.e., 07", is the weighted Katz-Bonacich centrality (Jackson,
2010; Jackson & Zenou, 2015) of node ¢ in a weighted graph
G" with adjacency matrix W (g, p) := ﬁppA + 1ipP, ie.,
G" is a weighted combination of G* and G.

Moreover, we study how the PSE solution of each agent
will be affected if the local data distribution is perturbed.
Specifically, suppose that the j-th mean m; is perturbed by
# and let @*5°(j) € R™ be the new PSE. Then,

K

épse ) — @Pse —
() T+,

(L, —W(&,p) "e;.  (23)
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Mover=0,0=0.0,6=0.3 Mover=1,p0=0.0,6=0.3
0.20 119
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Mover=0,0=0.5,6=0.3
0.23

1.00

0.75

|A PSE|

0.50
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Figure 2: Illustrating the magnitude of perturbation
|6P5¢ () — @P%(5)| for the PSE of mean estimation prob-
lem (17) when the mean of one of the local populations
(‘Mover’) is perturbed. (G*: red, G*: blue.)

The changes in the PSE solution at agent ¢ after perturbing
the j-th population is given by

Aij = 07 () = 07 = 1[I = Wiz o)
= 15, LW e T @9

k=1

If £ > 0and p = 0, then W (¢, p) = P and A,; represents
the total number of walks from node i to node j in GF.
Note that even when p = 0, i.e., the graph regularization is
ignored in (2) and the agents are not directly cooperating,
such a distribution shift at the local population of another
agent can still affect the PSE and NE solutions across the
network.

In Figure 2, we illustrate (24) on a simple configuration
with G* being an undirected complete graph and G* being
an undirected star graph. The weights on A are assigned
such that A;; = 1/deg(i) if (4,7) is an edge in G*. In the
figure, we compute (24) at different combinations of (&, p)
and perturb population j (denoted as ‘Mover’ in the figure).
Observe that the pattern of changes {|A;;|}ie[,,) depends
on the location of the perturbed population j, i.e., |A;;]
increases if agent ¢ is closer to agent j on the combined
graph G", corroborating the calculation (24). Moreover,
increasing p has the effect of making the variations of |A ;|
more uniform across the network. This is reasonable due to
the consensus inducing effect of graph regularization.

Effects of Cooperation on Stability of PSE. We notice that
(20) provides a necessary and sufficient condition for the
RRM to converge to the PSE. The condition is tight such
that if (20) is violated, the RRM may diverge and the PSE
solution becomes unstable. Our focus below is to investigate
the satisfaction of (20) under different settings of A, P and
the cooperation strength p via numerical illustrations.

£=0.1

£=0.3
. + 7
% 06 | —— (A =complete, ¢ = complete E 1'000 ———————————————
+0.511 ¢ = complete, ¢° = star ‘_;_‘ 0:975 K
4 0.4 I —— ¢*=star,c¢? = complete < 0.950 1
S ,' — = ¢F=star, ¢’ =star S20.925 ,'
=03 =0.900 L
0 2 4 6 8 10 . 0O 2 4 6 8 10
P 4

=05 e=-0.5
Q2.4
+22
<20
o 1.8
+ 16
g 14
Q1.2
1.0

Figure 3: Evaluating the necessary and sufficient condition
(20) for stability of RRM on Multi-PP game with (17), (18).

Intuitively, it may seem that increasing the strength of reg-
ularization p would promote stability (of PSE) as it forces
agents to reach consensus while optimizing for the local
risk in (6). However, we also recall from our discussions
on Theorem 3.3 that our sufficient condition for stability
(cf. (9)) maybe violated for p > 1 when A is asymmetric*.

This motivated us to investigate the above phenomena by
evaluating the tight condition (20) with different combina-
tions of A, P and parameters £, p. Our results are shown
in Figure 3. We set G* as either a complete graph or a star
graph. The weighted adjacency matrix A follows the same
design as in Figure 2. Note that A # AT if G* is not regular.
From the figure, we observe that for small (resp. large) sensi-
tivity parameter, € = 0.1 (resp. € = 0.5), the condition (20)
is always satisfied (resp. violated) irrespective of the value
of p. However, at € = 0.3, we note that increasing p would
lead to violation of (20) for the case when both G*, GF are
star graphs. This coincides with the previous observation
that p > 1 can destabilize the PSE when A is asymmetric.
On the other hand, at £ = —0.5, increasing p can stabilize
the PSE, i.e., satisfying (20). Our results indicate that the
stability of PSE depends jointly on the multiplex network
structure. Additional results are available in Appendix G.

4.2. Logistic Regression

Our second case study focuses on a multi-agent logistic
regression game under performative data. The problem
setup has been described in Example 2.3. Particularly, we
set p; = p, Z; = RP for all ¢ € [n] and consider the loss
function given by (3). Suppose that Z; = (&;, 7;) € RP x
{0,1} follows the base distribution D; satisfying P(y; =
0) =q € (0,1), E[z; | % = 0] = m? € RP, and
E[z} | i = 0] = m} € RP. Meanwhile, sample Z; =
(z;,y;) € RP x {0,1} from the i-th population follows

*We remark that as x(A) = 1, a sufficient condition for (20)
is |€] < 1/x(P), which is slightly weaker than (9).
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Figure 4: Learning dynamics of Multi-PP logistic regression
game using SG-GD. (G*: complete, G: star)

distribution D;(0;, O,) as described in (4) and (5).

Since the logistic loss is highly nonlinear, we do not expect
to obtain closed-form solutions for the PSE and NE. As a
preliminary investigation, our remedy is to study an approx-
imate equilibrium using Taylor expansion and investigate
the latter’s dependence on the network structure. Denote
m; = (1 - ¢)m}! — gm? and m = {[my;--- ;m,]. Fo-
cusing on the PSE, we apply Taylor approximation for the
logistic loss (3) around O and linearize the latter. If the
true PSE solution is close to 0, then it can be shown (see
Appendix F.2) that the approximate PSE 7% satisfies
— n n
%mi + % D PO 4 pi > Ay(B — 67 =0,
j=1 j=1
for ¢ € [n], and thus

o7 = ([(Diag(p)([n — A) + Diag (gé) p)] ) IIa)ﬁz.
The above expression illustrates that the PSE for the logistic
regression game admits a similar dependence on the network
structure as the MSE game in Section 4.1, with the exception
that the effect of P will be weighted by q. Nonetheless, we
should mention that this is only a crude characterization of
the PSE when the latter is close to 0. In fact, extending
the analysis by approximation around other points such as
6° = 0 reveals further nonlinear dependence on P.

Numerical Illustration. We examine the network effects
on the multi-agent logistic regression game via simulating
the SG-GD algorithm. We first describe the data generation
process with n = 5 agents. Similar to Bellet et al. (2018),
each agent holds a training dataset of size 1 < .S; < 100
and a testing dataset of size 100. For each i € [n], a tar-
get hyperplane is first generated as m} ~ N(m*, 107 11)
for some fixed m*, S; random feature-label pairs are then

generated with «§ ~ N (0,I) and y{ = w for

0.70

7x107 >
8'0.65

6.8x1071 —

wn
4
2 — p=0,e=0 2
@ p=0.e= 50.60
4+ 6.6x10 £=0.01 P
$ — P £=0.1 + 0.55
F gaxion| — p=0Le=0 3
—— p=0.1,£=0.01
62x101| —— P=01e=01 0.50
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Iterations 1e6 Iterations 1e6
910 0.7
o9 206
g 505
a 0.8 =04
E) 203
F0.7 0.2
g 0ol
F0.6 oo
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Figure 5: Learning dynamics of Multi-PP logistic regression
game using SG-GD on Kaggle Give Me Some Credit dataset.
(G*: complete, G¥: star)

s=1,...,5; as the training set, and the testing set samples
{(x3,55)}1% are generated in a similar manner.

We apply the SG-GD procedure for the distributed learn-
ing task. To account for the performative effect in Exam-
ple 2.3, for any deployed 07, the drawn sample, (X;,Y;) ~
D;(0;, 0}.), follows the generation rule Y; = y;, X; =
xi+(1—y7 )& > ), Pij0% withs ~ U{1,..., S;}. Mean-
while, the prediction model is evaluated with the performa-
tive effect on the testing data, i.e., the samples are modified
by similar rule as above except for taking (&7, 77) instead.

From Figure 4, we observe that while enabling graph regu-
larization (with p = 1) allows the agents to maintain a high
accuracy in classification in general (¢ € {0,0.1}), under
large distribution shifts (£ = 10) of negative samples, it may
lead to degraded performance.

Finally, we validate the results of this paper in a semi-
realistic setting by sampling from a Kaggle dataset (Give Me
Some Credit’). Similar to the previous experiment, we ob-
serve from Figure 5 that when the distribution shift is large
(€ = 0.1), there is a significant degradation of classification
accuracy from p = 0to p = 0.1.

Conclusions. We have studied a new setting for Multi-PP
games over multiplex networks. We analyze the existence
and uniqueness of the equilibriums to the game, and provide
insights on the role of network structures to these equilib-
riums. Our results also indicate an issue that increased
strength of cooperation may destabilize the Multi-PP game
for some topology configurations, which deserves future
investigation.

Acknowledgement. This work is supported in part by the
Hong Kong RGC Project #24203520.

Shttps://www.kaggle.com/c/GiveMeSomeCredit


https://www.kaggle.com/c/GiveMeSomeCredit

Network Effects in Performative Prediction Games

References

Acemoglu, D., Ozdaglar, A., and Tahbaz-Salehi, A. Net-
works, shocks, and systemic risk. Technical report, Na-
tional Bureau of Economic Research, 2015.

Allen, J. M., Skeldon, A. C., and Hoyle, R. B. Social influ-
ence preserves cooperative strategies in the conditional
cooperator public goods game on a multiplex network.
Physical Review E, 98(6):062305, 2018.

Bellet, A., Guerraoui, R., Taziki, M., and Tommasi, M.
Personalized and private peer-to-peer machine learning.
In Proceedings of the 21st International Conference on
Artificial Intelligence and Statistics, pp. 473-481. PMLR,
2018.

Bramoullé, Y., Kranton, R., and D’amours, M. Strategic

interaction and networks. American Economic Review,
104(3):898-930, 2014.

Candogan, O., Bimpikis, K., and Ozdaglar, A. Optimal pric-
ing in networks with externalities. Operations Research,
60(4):883-905, 2012.

De Domenico, M., Solé-Ribalta, A., Cozzo, E., Kivel4,
M., Moreno, Y., Porter, M. A., Gomez, S., and Arenas,
A. Mathematical formulation of multilayer networks.
Physical Review X, 3(4):041022, 2013.

Dong, J., Roth, A., Schutzman, Z., Waggoner, B., and Wu,
Z.S. Strategic classification from revealed preferences. In
Proceedings of the 2018 ACM Conference on Economics
and Computation, pp. 55-70, 2018.

Drusvyatskiy, D. and Xiao, L. Stochastic optimization with
decision-dependent distributions. Mathematics of Opera-
tions Research, 2022.

Facchinei, F. and Pang, J.-S. Finite-Dimensional Variational

Inequalities and Complementarity Problems. Springer,
2003.

Galeotti, A., Goyal, S., Jackson, M. O., Vega-Redondo, F.,
and Yariv, L. Network games. The Review of Economic
Studies, 77(1):218-244, 2010.

Gomez-Gardenes, J., Reinares, 1., Arenas, A., and Floria,
L. M. Evolution of cooperation in multiplex networks.
Scientific Reports, 2(1):1-6, 2012.

Hardt, M., Megiddo, N., Papadimitriou, C., and Wootters,
M. Strategic classification. In Proceedings of the 2016
ACM Conference on Innovations in Theoretical Computer
Science, pp. 111-122, 2016.

1zzo, Z., Ying, L., and Zou, J. How to learn when data reacts
to your model: Performative gradient descent. In Pro-
ceedings of 38th International Conference on Machine
Learning, pp. 4641-4650. PMLR, 2021.

10

Jackson, M. O. Social and Economic Networks. Princeton
University Press, 2010.

Jackson, M. O. and Zenou, Y. Games on networks. In
Handbook of Game Theory with Economic Applications,
volume 4, pp. 95-163. Elsevier, 2015.

Konec¢ny, J., McMahan, H. B., Yu, F. X., Richtarik, P,
Suresh, A. T., and Bacon, D. Federated learning: Strate-

gies for improving communication efficiency. arXiv
preprint arXiv:1610.05492, 2016.

Li, Q., Yau, C.-Y., and Wai, H. T. Multi-agent performative
prediction with greedy deployment and consensus seek-

ing agents. In Advances in Neural Information Processing
Systems 35, 2022.

Lian, X., Zhang, C., Zhang, H., Hsieh, C.-J., Zhang, W., and
Liu, J. Can decentralized algorithms outperform central-
ized algorithms? A case study for decentralized parallel
stochastic gradient descent. In Advances in Neural Infor-
mation Processing Systems 30, 2017.

Liu, S., Pan, S. J., and Ho, Q. Distributed multi-task relation-
ship learning. In Proceedings of the 23rd ACM SIGKDD
International Conference on Knowledge Discovery and
Data Mining, pp. 937-946, 2017.

Mazumdar, E., Ratliff, L. J., and Sastry, S. S. On gradient-
based learning in continuous games. SIAM Journal on
Mathematics of Data Science, 2(1):103-131, 2020.

Mendler-Diinner, C., Perdomo, J., Zrnic, T., and Hardt, M.
Stochastic optimization for performative prediction. In
Advances in Neural Information Processing Systems 33,

pp. 49294939, 2020.

Miller, J. P, Perdomo, J. C., and Zrnic, T. Outside the
echo chamber: Optimizing the performative risk. In Pro-

ceedings of 38th International Conference on Machine
Learning, pp. 7710-7720. PMLR, 2021.

Moulines, E. and Bach, F. Non-asymptotic analysis of
stochastic approximation algorithms for machine learning.
In Advances in Neural Information Processing Systems
24,2011.

Narang, A., Faulkner, E., Drusvyatskiy, D., Fazel, M.,
and Ratliff, L. J. Multiplayer performative prediction:
Learning in decision-dependent games. arXiv preprint
arXiv:2201.03398, 2022.

Nassif, R., Vlaski, S., Richard, C., Chen, J., and Sayed,
A. H. Multitask learning over graphs: An approach for
distributed, streaming machine learning. IEEE Signal
Processing Magazine, 37(3):14-25, 2020.



Network Effects in Performative Prediction Games

Nedic, A. and Ozdaglar, A. Distributed subgradient meth-
ods for multi-agent optimization. IEEE Transactions on
Automatic Control, 54(1):48-61, 2009.

Parise, F. and Ozdaglar, A. A variational inequality frame-
work for network games: Existence, uniqueness, conver-
gence and sensitivity analysis. Games and Economic
Behavior, 114:47-82, 2019.

Perdomo, J., Zrnic, T., Mendler-Diinner, C., and Hardt,
M. Performative prediction. In Proceedings of the 37th
International Conference on Machine Learning, pp. 7599—
7609. PMLR, 2020.

Piliouras, G. and Yu, F.-Y. Multi-agent performative predic-
tion: From global stability and optimality to chaos. arXiv
preprint arXiv:2201.10483, 2022.

Vanhaesebrouck, P., Bellet, A., and Tommasi, M. Decen-
tralized collaborative learning of personalized models
over networks. In Proceedings of the 20th International
Conference on Artificial Intelligence and Statistics, pp.
509-517. PMLR, 2017.

Zrnic, T., Mazumdar, E., Sastry, S., and Jordan, M. Who
leads and who follows in strategic classification? In
Advances in Neural Information Processing Systems 34,
pp- 15257-15269, 2021.

11



Network Effects in Performative Prediction Games

A. Verifying Assumptions 2.1 and 2.2 for Example 2.3

Indeed, Assumption 2.1 has been verified in Perdomo et al. (2020, Section G). Here, we only provide the verification of
Assumption 2.2. Suppose that Z; = (x;,y;) ~ Di(0;,0y;) and Z;] = (x},y;) ~ D;(6;, 8} ). Let 14 denotes the indicator
random variable for some event A. Then, it is implied by (4) and (5) that

;= |xT;+E; Z Piij 1{?31.:0} + jil{ﬂz‘zl} and y; = ¥,
j=1

x; = | T+ & ZPZ i | Ligi=op + Til{g=1y and y; = 7,

for some Z; = (&;, ;) ~ D; and Z! = (%}, 4.) ~ D;. Thus, we have

-

1’14‘5123 1Pi;0;

12— 22 ‘

2
Ligi=oy + wil{yi—l}l _ (502 & i Pu(’]) Ligi=oy + &ilg=1}

v;

Yi

2
<‘ Fil{yi—O} Til(gi=0) + il(g=1) - jél{y;—l}} (5iZ?=1Pz‘j9j) Ligi=o0} — (6123 1 P J) Ligi=o0}
yl yz 2 gl yz 2
This, together with the definition of Wasserstein 1-distance, gives
W1(D;(0;,0,),Ds(0),0))) = inf E NorlllZs — Z
1(Di(8:, 0:), Di(65, Oy,) ﬂen(Di(ei,eﬁ),Di(e;,e/m)) (@212 il
< inf Bz [wil{yFO} ~ Tily=0) + Bil(g=n) wél{y;=1}}
m€l(D;,D;) o Yi — Y; 2
+ inf Bz z)ex <€i Li=1 P"jej) Ligi=oy = (El 2= P J) Ligi=o}
w€ll(D;,D;) : Ui — U; 2
T;ilg,= T; Mooy + XTilep — mil il
< Eiz 2m [ to:=0) = Fh=0) + Eek ey ~ i 1}}
1 i 2
+ Bz, 20 l(gi i1 Pii6)) Lo} ~ (5’ =1 P ])1{540}]
yi_yz 2

where II(D, D’) denotes the set of joint distributions with marginals D and D’ on the first and second factors, respectively
and 7 is an arbitrary joint distribution in II(D;, D;). Taking 7y be a joint distribution satisfying

(Zi; Zl/) ~ Ty = T; = Ci; and Yi = g;,

then the above can be further bounded as follows:

Wi (D;(0i,0x,). Di(6;,0),)) < 0+ EZ —0)|| <&vVINI, | Pil6; — &l
j=1 9 =

where the second inequality follows from the fact that || ., asz < mY ", ||la;||3 for vectors ay,...,a, # O.

Therefore, Assumption 2.2 is satisfied by Example 2.3 with g; = &;+/|/N;].

B. Auxiliary Lemmas

We first introduce the following technical lemma, which is adapted from Perdomo et al. (2020, Lemma D.4).

12
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Lemma B.1. Suppose that Assumption 2.1 ii) holds. Then, for any 0; € RPi and two probability measures P, P’ on Z;, we
have

||Eziw'p [VEZ(BZ, Zz)] — Engp/ [V&(Ol, ZZ/)]H2 S LZW1 (P,Pl) .

Next, for @ = [d1;...; d,] € RP, we define
I, 8x,(00) = Ez,p, (5,8, [V0i(8i: Z)] and J5(8) = [J5, 5., (01);.-.3J5, 5, (0n)]-

Then, we introduce the following lemma that will be used multiple times in our analysis.

Lemma B.2. Suppose that Assumptions 2.1 and 2.2 hold. Then, for any 0,6, € R? and o := (o, ..., ap) € R™, we
have

la® (Jo(8") = J5(8"))]l, < maX{ZPwaQLZ 2} 16 =],

Jj€ln]
Proof. 1t follows from Lemma B.1 that

e ® (Jo(8") — J5(8")II5 =

'Mz

N
Il
-

i (b, (8~ Th s, 00

2
~Di(0:.0x,) [VEi(05: Zi)] — Ez,p,(5,.8,) [VEi(835 Z5))] H2

I

s
I
—

< ) aiLiW? (Di(6;,0x,), Di(8:,0n7)) -

I

=1

Further using the Lipchitzness property of the distribution mapping D;(+) according to Assumption 2.2, we obtain
2

aLie}y  Pyl6; -8l

1 j=1

2
ZpijaiL?E? 16 — 851l

1=

{Z ”CVZLQ Q}ZHO JH%
1 =1

M:

e ® (Jo(8") — Js(8")|5 <

7

|
M:

-
I

—

—

This implies that

", P[22
[a® (Jo(d") — Js(d")l, < maX{Z W} 1e—4l,,
i=1 7 (2

as desired. O

Lastly, the following lemma adapted from Li et al. (2022, Lemma 6) will be used in the proof of Theorem 3.5.

Lemma B.3. Let {v;}:>1 be anon-negative sequence and a > 0. Suppose that sup,~, v < 2/aand v /viy1 < 1+7y141a/2
forallt > 1. Then, we have

t
2
Z%H IT (t—ams) < ~ et
k

=j+1

13
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C. Proof of Theorem 3.3
Proof. Let 6,6',8,8" € RP be such that @' = 7(0) and 8’ = T(d), i.e., it holds for all i € [n] that

0; = arg%nn Ez,~p.(0;.0x,) [fi(Wi; 00,5 Z;)]
u; €RP

=argmin Ez, p, e, 0;) [Ci(ui; Z;))
u; ERPi

Pi ”
+ 5;&]‘”%—‘%”57 (25)

and

o; = argmin Ez, p,(s,.85) [fi(wis Om,; Zi)]
u; ERPi

pz
Z Ayjllu; — 8113 (26)

=argmin Ez, .p,(s,.6y,) [li(wi; Zi)
u; ERPi )

Since f; is convex for ¢ € [n] according to Assumption 2.1, then the first-order optimality conditions for Problems (25) and

(26) read

Tovox, (00) +pi > Aij (6 — 6;) =0,
j=1

Jgi,aNi (8) + pi ZAij (6; —48;) =0.

Jj=1

These, together with the fact that ¢;(-;

21165 = 8115 < (Tb, 0., (00) = T, (57). 6 — &)

Z;) is u;-strongly convex according to Assumption 2.1, imply

51_5j) 70;_5;>

= < Tor0x (01) +pi Y Aij (6 —0)) Tooox, (87) +pi Y Aij (

j=1 j=1
+ <pi > Aij (8] 8;) = pi Z Aij (0, —8;),0, - 5’>
j=1

= < T, (80 i Y Aij (8] = 8;) | = | Jo,.00, (6] +pi > Aij (87— 8)) | ,6; — 5§>
j=1 j=1
+ <Pz‘ D Aij (8- 68;) —pi > Aij (6] —6;),6; — 5§> :
j=1 j=1

Further simplifying gives
2
i 1167 — il

X
( )+(
:<J§,.,5Ni<6;>—Jéi,e,ww;),e;—6;>+<piiAz-j<ej—6j> > g 16; = 113
( )+ (

14

> pi 16; =815, @7)
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where equality (27) holds due to the fact that Z;;l Aijj=1LLtpu+p:=(r,..
it follows from (27) that

. Tn) With 7; == p; + p; for i € [n], then
(s 9 10— 8112 < (T, 5,0 (81) — T, (8). 0, — 5L + <pZZA” ).0; 6;>

ZA” ),0; — 5;> (28)

Wi + pi Uz+pz4

2 1 i i
e 100 81 = (i (T, 60— T 8060 0) ) + <

Let ¢ == (¢p1,...,¢n) wWith ¢; == 2?21 A;j(0; —6;) fori € [n], p = (p1,...,pn), and p == (p;,..., pn). Then, (28)
implies that

10" —&')5 = Z 167 — 85113

<Z< o (b, (8) = by, (60,6, - ')>+i<m+mz% 5;>
—<1®(J5(5) Je(é’)),H’—6’>+<Hip@¢,9’—5’>

© (J5(d") = Ja(8")) —&'|l2, (29)

=4, +\

where ® denote Hadamard product.

To upper bound the first term in (29), we apply Lemma B.2 with &« = 1,,/(u + p) and obtain

|2 0 a0 — a0 < [max 3 e o g (0)
0 —Js < , | max —t — .
n+p 2 7€l i (ﬂi+pi)2 ?
To upper bound the second term in (29), we let A be given by gij = Z - +;J for i,j € [n], then we obtain
2
pz iJ
— 0 ¢ — —0;
Hu+p 2 ; Z +pz )
2

= [[(A® L,)(6 - 8)[I3
< [lA[3]6 - a3,

which implies that
< [|A]2]|6 — 8]l 3D

Plugging (30) and (31) back into (29) and then d1v1d1ng both sides by [|0" — §||2 give

- P L3e? ~
maX{ZJQ} 160 — 6, + [[Al2[]6 — 4|2

i€l | i= (ks + pi)

16" = &'l

IN

n
P, L2c?
= max Zjil% —|—‘Diag <p>A |6 — 6|2

J€ln] i=1 (Ui + pi) B+p 2

Hence, 7 is a contraction mapping provided that
N
max Z ]72522 + HDiag (p) Al <1.
J€ln] i=1 (Mi + ,Oi) H+p 2

Therefore, if the above condition holds, then game (1) admits a unique PSE according to the Banach fixed-point theorem. [

15
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D. Proof of Theorem 3.5

Proof. We recall that the SG-GD iteration reads as follows:

0t = 0] — yiy1 | VE(0): 21T + PZAij(Of -0;) |,
=1

where Z[ 7" ~ D(6!, 6} ). As we have defined ' = [0};65; - - ; 0], the above can be written compactly as
0" = 0" — vy (VL(O,,Z) + p((I, — A)® 1,)60") .
Let E;[-] denote the expectation conditioning on the filtration F; := 0(68°,0 < s < t), then we have
E;[VL(0"; Z!TH)] = Jg:(0"). (32)

We proceed with the proof by observing that

E,[[|0"F — 07¢[[5] = [10° — 8[| — 27,41 E,[(V£(6* Z”l) +o((In — A)® 1,)6",0" — 67°)]
+ Y B[ VO 2 + p((I, ) ® I,)0"||3]
=6 — 6713 — 2y141(Jo: (8") + (( A)®I,)0", 0" — 67
+ B[ VA0 2 + p((L — A) @ 1,)0°[3]. (33)
Notice that the PSE solution 8P*° satisfies
Jovee (07%) + p((I, — A) @ I,)O"™ = 0. (34)

We observe the following lower bound on the inner product:
(Jor (6") + p((I, — A) © ,)6", 6" — 07
— (Jor (0") — Joue (6"), 8" — 67°) + (Jguue (') — Jouue (67), 8" — 67°) + (p((L, — A) © L,)(8" — 67), 8" — 67*)
> (Jor (0") — Jowse(8"),0" — 07°) + 1|0 — 673 + p||0" — 07°|[3 — p]| A[2]|0" — 67| 3
= (Jor (0") — Jovee(8"), 0" — 6) + (1 + p(1 — | All2))[6° — 673 (35)

Moreover, applying Lemma B.2 with o« = 1,,, we have

| Jo: (0%) — Jovee (0|2 < jné?ﬁzpijmg? |6 — 67|,
=1

= Le/|[Plloc (16" — 672, (36)
which, together with the Cauchy-Schwarz inequality, implies that
[(Jo: (0°) — Jovee (8"), 0" — 07*°)| < || Jp:(6") — Jov=e (6")[|2]|0" — 67|
< LeV/|| Pl |67 — 67%|13.
Plugging this back in to (35) gives
(Jor (6) + p((L — A) © 1,)8", 8"~ ) > (1 + p(1 | All2) — Le /TP ) 0" — 673
= [il|e" — 673, (37)

where i = i+ p(1 — ||A||]2) — Le/|| P|| - Note that & > 0 under condition (7) in Theorem 3.3. We further observe that
by (32), the last term in (33) can be decomposed as

E.(|Ve0"; Z') + p((I,, — A) ® I,,)6"[|3]
=2E,[||[VL(0"; Z') — Jou (60")|I3] + 2|1 Jo: (6") + p((I, — A) @ I,,)6"||3
< 203 +207]|0" — 0°%||? + 2| Jp: (6") + p((I,, — A) @ I,,)6" |3, (38)

16
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where the inequality follows from Assumption 3.4. Moreover,
[ 76:(6°) + p((I — A) ® I,)6" |3
— | Jor (8") — Jgue (60") + Jouee (68") + p((I, — A) © I,)8" 3
< 2||Jr(8") — Jovse (6")[I3 + 2[| Joree (8°) + p((I,, — A) © I,)6"13
=2 Jo: (6") — Jovee (6")[13 + 2/ Jor=e (") + p((In — A) @ I))8" — (Jowse (07°) + p((Ln — A) ® I,)07)][3
< 2L282|[ P |6 — 673 + 2 (L||0" — 07*||5 + p|[ L, — Al|>]|6" — 675)’
=2(L%*||Plloc + (L + p|lTn — Al12)*) 10" — 673, (39)

where the second equality uses (34) and the second inequality follows from (36) and Assumption 2.1 ii). Substituting (39)
back to (38) gives

E/[|VE©'; 2") + p((In — A) ® L,)6" 3]
< 205 + 20710 — 07°|* + 4 (L?*|| Pl + (L + p|lTs — A]2)*) 16" — 67
=207 + 25°||0" — 7|2, (40)
where 52 = 07 + 2 (L?e?||P||o + (L + p||I,, — Al|2)?). Combining (37) and (40) with (33) yields
Ee[[|0" — 73] < (10" — 0713 — 241 7il|0° — 07|13 + 2974100 + 2974,5°(|0" — 07|
= (1 =241 + 2527t2+1)H0t 0|3 + 200’7t+1
< (1= [y41)[10° — 67|34 205774,
where the last inequality holds due to sup,~; ¢ < fi/(257). Solving the above recursion gives

t

t
E[6+" —673] < TT(1 = vsr)16° — 675 + 207 Z%H IT = Fmee)

s=0 k=j+1
i 402
< H(l — 7s11)]16° — 6715 + TO’YtJrla
s=0
where the last inequality follows from sup,~;v: < 2/p and v¢/vi41 < 1+ fiye41/2 for all £ > 1, and then applying
Lemma B.3. O
E. Proof of Theorem 3.8

E.1. Useful Technical Results

In this subsection, we provide some technical results that are used in the proof of Theorem 3.8.
Lemma E.1. Suppose that Assumptions 2.1, 2.2, and 3.6 hold. Then, for any 6,8 € RP, we have

(Gs(6) ~ G5(6).0 8> (min (i) + min (5} ~ | Dine() Al ) [0 - 513,

Proof. By Assumption 2.1 (i), we have
(Gs(0) — G5(6),0 — )

_ Z<G5 o, (0:.001) = G 5, (ai,aMi),ai—(sQ

=> < T ox (00) +pi > Aij (0 — 05) | — | Th, 6, (8:) +pi D Aij(8: = 8;) | 6 — 5i>
i=1 =1 =1

= (J5,,6x,(05) = J5, 6, (8:),0; — &;) + <piZAij(9i_9j)_piZAij(5i_5j)70i_5i> . (4D
i=1 j=1 =1

17
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For each i € [n], the strongly convexity of ¢;(-, Z;) implies that
(J5, 60, (00) = J5, 5, (80),0; — 8:) > pi|6; — &i 5. (42)

Besides, for each i € [n], we have
<pz ZAU(GI — GJ) — Pi ZA”(& — 6]), 01 — (51>
j=1 j=1
= </J‘¢ > A0 —8) —pi »_ Aij(0; —6;),0; — 5i>
j=1 j=1

pi > Aij | 10i = 8ill5 — pi > Aij (8; — 8,60, — &)
=1 i=1

> o> Aij | 16: = 8ill5 — pi > Aijll0; — 8;12110; — 6]l
j=1 =1
= pill0: = 8il13 — > piAi;10; — 8;|2110; — &il2, 43)
j=1

where (43) follows from the fact that Z;;l A;; = 1. Plugging (42) and (43) back into (41) gives

(G5(8) — Gs(0),0 — 9)

n n
> ) ill6; — 8ill3 + pill6: — ill5 = piAi; 105 — 85112116 — 8ill2
i=1 j=1
n n
> iﬂel[i%{ui}ﬂg — 33+ gg[i}}]{m}ﬂe =803 =D piAi;l|0: — 8121165 — 85l (44)
i=1 j=1

To proceed, we further bound the last term in (44). Let A € R ™ be a matrix given by /Lj = p;A;; fori,j € [n] and

w € R” be a vector with w; = ||@; — ;|| for i € [n], then we have
DO piAil|0: = 8i]12]10; — §ls = w" Aw < | A|l2|w]3 = || Diag(p)Al|2[|6 — 83, (45)
i=1 j=1

where the inequality follows from the definition of matrix spectral norm. Plugging (45) back into (44) gives

(Gs(0) — Gs(0),0 —6)
min{x;}/|6 — 8|3 + min{p; }[|0 — 6[|5 — max{p;}|| A||2[|6 — 8|3
i€[n] i€[n] i€[n]

v

— (minfu) + min{p} - [ Diog(p)Al2 ) 0 - 815
as desired. O
Lemma E.2. Suppose that Assumptions 2.1, 2.2, and 3.6 hold. Then, for any 0,6',§ € © and i € [n], we have

Hj(8) ~ Hs(0') < max {Liei} 0~ ',
€N

18
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Proof. Suppose that 8,6’ 4. For each i € [n], we have

Hgi,é,,\fi (027 OML) - H(Zsl,éj\@ (0;’ 05\/11)

d
= d EZiNDi(ui76M~) [ft(olv gMi; Zl) - fl(gga 0.//\/117 Zl)}
u’i ‘ uL:&
=~ du, Ez,~D; (i o) [Ei(eiE Z;) — 4;(0;; Z;) + B ;AUH@‘ — 0I5 - B ;Amlleé - 92%1 i
d
= Bz, oD, (wi,ox.) i(05; Zi) — £:(0;; Z)] (46)
Ui ’ u;=04;
For each i € [n], we let h;(s) = 0} + s (0, — 0;) for s € (0,1). Then, we have
1
0
1
= [ (Vaihi(s): 20).6, - 0)) s @)
0
Plugging (47) into (46) gives
) ) d 1
Hs, 6,0, 001,) = Hs, 5, (07, 001,) = 5~ Bz (uion) [/ (Viti(hi(s); Zi), 0 — 9§>d8}
7 0 ul:él
td
:i/ du. Bzinmiusen,) (VE(hi(s); Zi), 0 = 67)] ds. (48
0 U; ‘ u;=94;

Lemma B.1 implies that the function Ez, .p, (. ) [V{;(hi(s); Z;)] is Lie;-Lipschitz continuous, thus its gradient satisfies

d
du Ez.~Di(ui o) [(Vli(hi(s); Z;)] < Lig;. (49)

2

Hence, combing (48) and (49), we have

1
i i d
|5, 610030 = Hi. 81,00, < [ 55 Bz oy [V Chs(5): 20) 16, — 6], ds
v K 2 0 ul u1=51 2
< Lii [|6; — €|, ,
where the first inequality holds due to the Cauchy-Schwartz inequality. This further implies that
/ - 3 ) 2
|Hs(0) = Ha(0')l, = \| D || H5, 5., (60:.000) = Hi s, 6100,
i=1
< \|D_Lietlie: - 6l
i=1
< max{L;} |0 —06'|,,
i€[n]
as desired. O
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E.2. Proving Theorem 3.8
Proof. For i € [n], since V; fi(0;, 0,5 Zi) = Vi(0:5 Zi) + pi >-—,(0; — 8;), then we have

|G, 0, (61:000) = G5 (65,00
= H]EziNDi(ei,eNi) [Vifi(0i,0r:5 Z:)] — Ezinp,(8,.8x,) [Vifi(0i,00M,; Z))] )
= H]Ezvmpv(ev ox,) [V0i(0i: Z:)] — Ezip,(5,.8,) [V0i(0i5 Z))] ‘2
=||Jo..0x, (0:) = Js. 5, (63)]], -

Then, we have

[(Go(0) — G5(0),0 —0)| < [|Go(0) — Gs(0)], 10 — 4,
= [76(6) — J5(0)[|, 1160 — 4],

P,I2:2 Y [0 — 8,
@%{Z ’ }I I

where the last inequality follows from Lemma B.2 with o« = 1,,. This, together with Lemma E.1, yields

6 —
6 —9) + (Go(0) — G5(0),6 - 9)

V

n
> (Hmin + pmin — || Diag(p)All2) (|6 — 813 — \Jﬂné% {Z PijL?Qz} 16— 8],
i=1

= (,Umin =+ Pmin — ||Diag(p)A||2 - Jné?ﬁ{zp L2 2}) |075||§' (50)
JENn

Moreover, we have

(Ho(0) — H5(0)),0 — 6) = (Hs(0) — Hs(0)),0 — b) + (Ho(0) — H5(6),6 — 6)
)

> (Hs(0) — Hs(0)),6 — 9)
> —|Hs(0) — Hs(0))ll2 |6 — 6]|2
> *Helé[lﬁ{Li&?i}HB*‘sH%’ GDh

where the first inequality due to (Hg(0) — Hs(0),0 — &) > 0 by Assumption 3.7 and (51) follows from Lemma E.2. Then,
combining (50) and (51) gives

(2r(0) — Pp(d)) = (Go(0) — G5(0),0 — ) + (Ho(0) — Hs(0)),0 — 5)

> (uw IDiag(p) 412 - Jmax{ZP e }) 10~ 13~ max 1) [0 - a3

V

J€[n]

= (Mmin + Pmin — max {Liei} — || Diag(p) A2 — \l max {Z Pz‘jL?QZ}) 16 — 313,
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where the first equality follows from (13). Thus, according to (12), the Multi-PP game (1) is strongly monotone if

Hmin + Pmin — Max {ngz} — H Dlag( )A||2 — max {ZP L2 2}
i€[n] ‘

j€[n]

n P L c 2
<=, |max Z (l) + HDiag (p) A
JE[n] i—1 HMmin + Pmin Hmin + Pmin
Lastly, the strong monotonicity property implies that the Multi-PP game (1) admits a unique NE (Facchinei & Pang,
2003). O

max;cr,l {1 Li€;
<1 et {Liee).
2 Hmin + Pmin

F. Missing Proofs in Section 4
F.1. Proof of Proposition 4.1

Proof. Let Z] := Z; —m; —e>,_, Ai;0;, then E[Z]] = 0 and Var[Z]] = po?. We compute the following expectation
w.r.t. distribution D(d;, d;,) for some given §; and d/;:

1
Ez,~D,(5:.6x.) [2||Zi - 91‘3}

1 n
=5E Zj+pi+ey Ayd;—0

j=1 )
r . 2
1 1
L Jj=1 i j=1 5
2
po? 1 =
:7-"-5 mi—&—sZPijéj—Hi
Jj=1 9
1) The PSE satisfies
2
p n )
0" = argmin| = |lm; +& Y P 0pse —-0; += A;i110; — 6P
rg i Z 3 2 Aulloi =0
2 =
n
<:>0£)se_ —&‘ZPI 9p8e+pZAij (Ofse—ggse) =0
=1

— |1+ pz AZ‘]‘ — &b Hfse — Z Uajpbe Z&Puafbe =m;
J=1 J#i J#
= (Ipp, +pI, — A) @ I; —EP ® I;) 0" = m.

Then, there exists a unique PSE if and only if (1 + p)I,, — pA — P is invertible (note that the PSE exists if and only if
m € range (I, + p(I,, — A) ® Iz — EP ® I5)). Moreover, the closed-form solution of PSE reads

07 = (I + p(I, — A) @ I, ~eP @ I;) ' m
({04 T pA - P 5 ) m

Moreover, suppose that ¢! = ), then we have for all 7 € [n],

0:,+1 = arg min ||mz + gz -Pwe; P ZA’LJHG 9;“% . (52)
0;cRP -

2
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The first-order optimality condition for (52) reads

O;H_l —62 ij ]—|—pZA7;j (0;&4_1—0;):0
j=1
= 1+,oZA” 0t+1—ml+pZAU ]+§ZPU0§
j=1 j=1 j

(1+p)0t+1 —mz+PZA1J ﬂ'gzngg;,
Jj=1 j

for all ¢ € [n], which can be further written in the following compact form:

0t+1:m+<A® 5+ P®I)0
1+ 1+

Thus, the RRM converges to the PSE if and only if

max{ i (pA—i— < P)‘}<1.
i€[n] 14+p 1+p

ii) The Nash equilibrium satisfies

1 n
01" = angin 4 5 |l — (1= )01+ 3P0y + 53 4410 05713
0:€RP J#i 2 J=1

= —(1-8)[mi—(1-90+e> P;0F | +p> A (0°—0) =0

i j=1
= (1 —&+ 1p5) O — 75D Ayl -y ey =m,
J?ﬁl J#i

which can be written in the following compact form:

{<1+1>I ® I, —1p€A®Ip—5‘P®Ip] 0" =m

Thus, there exists a unique NE if and only if (1 + &) I, — %A — £P is invertible (note that the NE exists if and only
if m € range ((1 + £ ) I, - %A- EP)) Moreover, the closed-form solution of NE reads

oo ([ e aer] on)m

Moreover, suppose that 81 = B; ([05]3 MU N,) , then we have for all i € [n],
2
1 n
0,7 = argmin ¢ = |lm; — (1-2)6, +£y_ P,;6) gz Ayll6: — 053 b . (53)
0,cRP
' J#i 9 Jj=1

Then, the first-order optimality condition for (53) reads

—(1-&|m;—(1- 9t+1+€z ij ] +pZAij(0§+1_0§):0

J#i Jj=1
= (1—5+1 >0t“—mz+EZPm0§ ZAZJ it
J#i
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for all ¢ € [n], which can be further written in the following compact form:
(1 —e— lp_) O =m +a(P®I,)0" + %(A ® I5)0"
— £ —€

1-¢ (1—-¢)¢ p
t+1 )\ pt
0 —(1_5)2+pm+<[(1_5)2+pP+(1_€)2+pA]®Ip>9.

Thus, the BR dynamics converges to the NE if and only if

A<Oq;fipp+f1—g2+PAN}<l’

max
i€[n] {
as desired.

F.2. Derivations for the Approximations in Section 4.2
Proof. Computing the following expectation w.r.t. distribution D(d;, dr,) for some (8;, I, ):
E(mi:yi)NDi(ahaNi) [€:(6:; i, yi)]
= E(mivyi),\,pi(&ﬁ/\@) {—y102—$1 + log (]. + eejmi):|

=E [log (1 + eejwi) ’ Yi = 0} Pr(y;=0)+E [—OiTmi + log (1 —|—eeyzi> ‘ Yi = 1] Pr(y; =

Let g(0;; ;) = log (1 + eein”i) , whose gradient is

Vg(0;; ;) =

T
E—Bi x;

The first-order approximations of g(8;; x;), around 0 yields
T LT
9(0;;2;) ~ g(0;x;) + Vg(0; ;) ' 0; = log(2) + 501- ;.
Plugging this into (54) and using Pr(y; = 0) = ¢, Pr(y; = 1) = 1 — g yield

E(wi,yi)NDi(di,éNi) [@(91‘; T, y?)]

1
~qE [20jxi Yi = O] OT:cz + BT'JCZ

)E Yi = 1] + constant
=qE 1 0, |20+ ZP —(1-¢E 10T - | + constant
B 0; i ij 2 i
(1

= QOT m + &; Z Piié; | — OTm + constant

2 K3
Jj=1
1—
= g@;m? — TqG;r qu o Z P;;6; + constant.

j=1

The PSE of multi-agent logistic regression satisfies the following system for i € [n]:

07" = arg min § g, piorage) | 60w + p’ZAw lo: 071
i ERP °

23
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In view of the first-order approximation of the expected risk in (55), the approximate PSE solution to system (55) satisfies

67°° = argmin qHIT
0,erp | 2

_q T 1 qé’l T - '_’\pse Pi = N
m; 2 02 m; +701 jz::lpljej +§;Am 9

n

q,,0 1- qE” pse ) . [ gpse nbse) _
Sy 10 zae oA (8 ) —o
=1
- npse - pse - q&; npse __ 1- q 1 q o
Z_:piAij 0" — ;plAuaj + 92—21 7Pij‘9j =5 M T ;™

n n
= 20,00 = 20 A0 +> g5 zgejse = (1 - q)m; — qmj.
=1 =1

Since OP%° = [B>*°; ... ;6P| and . = [my;...;m,], we have
[(2Diag(p)(I, — A) + Diag (¢&) P) ® I,) 8" = (1 — g)m' — qm".
Then, if 2 Diag(p)(I, — A) + Diag (¢&) P is invertible, we have
67 = ([(2Diag(p)(I, — A) + Diag (¢8) P)] ' @ I,)) (1 — q)m! — gm?),

as stated in the main paper.

By the way, we can also give the approximate NE using a similar approximation strategy. Specifically, the NE of multi-agent
logistic regression can also be derived. The latter satisfies the following system for i € [n]:

07 = azgef;g;n E(@,.y)~po..05) {i(052i,4:) + % Z Aij |6: — O;GHE : (56)

Based on the first-order approximation of the expected risk (55), the approximate NE solution to system (56) satisfies

Se ) daT. 0 1*qr qsz qszT p
67 = argmin § 507 m} — —=67m} + 2 6:]3 + -6, Z P,0;° + Z A, o —ae ,
]_ _ —~ ~
<~ %mg - Tqmll + quO“e Z PWO;“’ + pi Z Aij (0?6 — 0;.16) =0
JEN; JEM;
n
_ ~ qEi l1—¢q q
<~ | q&; + ZplA” 0?6 - sz ”0;6 Z ‘P Z]e]ne = Tmzl - §m?,
j=1 i i

for ¢ € [n]. Thus, we have
((Diag(qé) + Diag(p)(I, — A) + Diag (2 ) (P — In)> ® Ip> 6" = ——m; —-—m,.
If Diag(q€) + Diag(p)(I, — A) + Diag (&) (P — I,,) is invertible, we have

6" = ([(Ding(248) + Diag(2p) (I, — A) ~ Ding (¢€) (I — P)] ' © 1,) (1 - )] — gm?) .
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G. Additional Numerical Results

In the following, we present several additional numerical results for Section 4. Unless otherwise specified, we follow the

same settings as described in the main paper, yet different network topology configurations and/or additional results will be
used as described in the captions.
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Figure 6: Stability of PSE solution for MSE game (17), (18). Evaluating the condition (20) for different configurations of
network topology with e = 0.2,n = 10.
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£=0.3,n=10

_ 1 —=—- starcenter=1
Q 1.004 star center =2
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— L -—- star center=5
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: 0.996 1] star center =7
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30992 =| — = star center=10
0.990 "

Figure 7: Stability of PSE solution for the MSE game (17), (18). We take G* as the Golomb graph (shown on the left), G¥
as the star graph, and evaluate (20) against p when the center node of GF is placed at different locations. Notice that when
the center node of G¥ is ‘10’, the PSE is never stabilized.
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Figure 8: Stability of PSE Solution for MSE Game (17), (18). We take G* as the star graph, G* as the Golomb graph
(shown in Figure 7), and evaluate (20) against p when the center node of G* is placed at different locations. Notice that
when the center node of G* is ‘5’ or 7’ or ‘9’, the PSE becomes unstable for a certain interval of p.
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Figure 9: Logistic regression game on synthetic dataset. Learning dynamics of SG-GD in logistic regression problem
with an f»-regularization %||6;]|? and A = 10~%. (G*: complete, G: star.)
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Figure 10: Logistic Regression Game on the Kaggle Dataset. Learning dynamics of RSGD for logistic regression on
Kaggle Give Me Some Credit dataset in logistic regression problem with an {5-regularization %||6;[|> and A = 10~%. (G:
complete, G¥: star.)
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