Published as a conference paper at ICLR 2026

LEARNING MESH-FREE DISCRETE DIFFERENTIAL
OPERATORS WITH SELF-SUPERVISED GRAPH NEURAL
NETWORKS

Lucas Gerken Starepravo, Georgios Fourtakas, Ajay B. Harish, Tianning Tang
& Jack R. C. King

School of Engineering

The University of Manchester

Manchester, M13 9PL, United Kingdom
lucas.gerkenstarepravo@postgrad.manchester.ac.uk

Steven Lind

School of Engineering

Cardiff University

Cardiff, CF24 3AA, United Kingdom

ABSTRACT

Mesh-free numerical methods provide flexible discretisations for complex geome-
tries, but classical discrete differential operators typically trade low computational
cost for limited accuracy, or high accuracy for substantial per-stencil computa-
tion. We introduce a parametrised framework for learning mesh-free discrete
differential operators using a graph neural network trained via polynomial mo-
ment constraints derived from truncated Taylor expansions. The model maps lo-
cal geometric stencils directly to discrete operator weights. This demonstrates
that neural networks can learn classical polynomial consistency conditions while
retaining robustness to irregular neighbourhood geometry. The learned opera-
tors depend only on local geometry, are resolution-agnostic, and can be reused
across particle configurations and governing equations. We evaluate the frame-
work using standard numerical analysis diagnostics, showing improved accuracy
over Smoothed Particle Hydrodynamics, and a favourable accuracy—cost trade-
off relative to a representative high-order consistent mesh-free method in the
moderate-accuracy regime. Applicability is demonstrated by solving the weakly
compressible Navier—Stokes equations using the learned operators. An open-
source implementation, including datasets and evaluation tools, is available at
https://github.com/uom—complexfluids/nemdol

1 INTRODUCTION

Partial differential equations (PDEs) are foundational to the modelling of physical systems across
science and engineering. Yet, analytical solutions are rarely available for realistic problems of in-
terest. Thus, numerical methods are often used to approximate the governing equations. Mesh-free
numerical methods have significant potential, as discretisation relies solely on local connectivity
information between collocation points without requiring topological connectivity. Nodes can be
positioned flexibly to satisfy resolution requirements and conform to complex geometries (Liu &
Gul, 20055 |Vacondio et al., [2021)).

Developed in the 1970s, Smoothed Particle Hydrodynamics (SPH) (Lucy, [1977) is today perhaps
the most widely used mesh-free numerical method. In SPH, commonly employed in a Lagrangian
formulation, particles are advected with the underlying velocity field, and differential operators are
approximated via radial kernel interpolation over neighbouring particles. While SPH’s original for-
mulation had practical applications in solving astrophysical systems and computational fluid dynam-
ics (Monaghan, [1994), it is inherently inconsistent, significantly limiting the accuracy and stability
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that it can achieve (Liu & Gu} 2005} |Quinlan et al.| 2006). This motivated the development of more
accurate numerical methods that enforce polynomial consistency through the solution of a local
linear system (Schrader et al., 2010; |Gross et al.l |2020; |[King et al., 2020). However, consistent
mesh-free methods are typically implemented in an Eulerian framework (Flyer et al., |2016; King,
2024), as they require solving dense local linear systems for each particle. In a Lagrangian setting,
where the particle configuration evolves in time, this requires solving a local linear system for every
particle at every time step, leading to substantial computational overhead. As a result, mesh-free
simulations commonly face a trade-off between classical SPH kernels, which are computationally
efficient but inconsistent and exhibit poor convergence, and consistency-corrected methods, which
offer improved accuracy at the expense of significantly higher computational complexity.

In the current work, we introduce a self-supervised graph neural network framework that learns dis-
crete mesh-free differential operators directly from irregular particle configurations, named Neural
Mesh-Free Differential Operator (NeMDO). Rather than learning PDE solutions or problem-specific
closures, NeMDO constructs local operator weights by learning polynomial consistency constraints
derived from Taylor expansions, yielding operators with a clear mathematical foundation. Our re-
sults show that graph neural networks can learn these consistency constraints and predict operator
weights with structural properties analogous to those of classical mesh-free discretisations.

The primary objective of NeMDO is to demonstrate that neural networks can approximate poly-
nomial consistency constraints for mesh-free discrete differential operators, and provide a flexible
framework for constructing mesh-free operators whose accuracy and computational cost can be sys-
tematically controlled. The resulting operators are strictly local, generalise across heterogeneous
node configurations and resolutions, and are independent of any particular governing equation. We
validate the learned operators using established numerical analysis tools, including convergence
studies, modal response analyses, with additional stability and ablation studies reported in the ap-
pendix. We further demonstrate applicability by solving the weakly compressible Navier—Stokes
equations.

2 BACKGROUND & RELATED WORK

2.1 CLASSICAL NUMERICAL APPROXIMATION OF DIFFERENTIAL OPERATORS

Given the discretisation of a spatial domain €2 by a set of collocation points P := {x;}¥, C Q C
R?, a general local discrete approximation of a differential operator acting on ¢ can be written as

LP(¢(xi) = D (6(x)) — (x))w];, 1)

JEN;

where L” denotes the discrete approximation of the differential operator D, N is the local support
(or computational stencil) associated with node ¢, and iji are the corresponding stencil weights.
This formulation encompasses a broad class of numerical methods given appropriate stencils and
indexing—including finite difference method (Lelel |1992), finite element method (Cloughl |1990),
SPH (Lucy, |1977), and mesh-free high-order methods such as the Local Anisotropic Basis Func-
tion Method (LABFM) (King et al., [2020)—with the specific discretisation determined by how the

weights wﬁ and neighbourhoods N are constructed.

The accuracy and utility of the discretised solution depends on the convergence, consistency, and
stability of the numerical method. For a discretisation to be consistent, the discrete operator must
reproduce the Taylor moments up to a prescribed order. In mesh-free methods, these consistency
conditions are typically enforced by solving local reconstruction problems in each particle neigh-
bourhood. Representative approaches include the reproducing kernel particle method (Liu et al.,
1995)), generalised moving least squares (Trask et al., [2017; |2018)), the radial basis function-finite
difference methods (Bayona & Kindelan, 2013} [Bayona et al., [2015), and LABFM (King et al.,
2020). While solving these local linear systems enforces polynomial consistency and can yield
high-order convergence, these methods introduce high computational cost when computing stencil
weights.

In SPH, the stencil weights are obtained with a compact isotropic kernel (Koschier et al.| [2020).
The most used SPH kernel functions are the B-spline functions (Schoenberg, |1946)) and the Wend-
land functions (Wendland, |1995), where the error of the integral approximation is O(h?) in a con-
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tinuum (Monaghan, |2005)—where h is the smoothing length of the kernel—with convergence of
O(h) or lower in practice (Vacondio et al.,[2013} [Ferrand et al.} 2013}, [Fourtakas et al., [2019) due
to discretisation error and particle disorder. A consistency analysis of discrete SPH indicates that
gradient operators are zeroth-order accurate in ~ on disordered particles, and certain Laplacian for-
mulations may diverge as resolution increases. Nonetheless, convergence is often observed within a
finite resolution window and for sufficiently well-behaved particle configurations and low wavenum-
bers (Quinlan et al.| 2006).

2.2 MACHINE LEARNING FOR PARTIAL DIFFERENTIAL EQUATIONS

Learning-based PDE solvers encompass a broad class of approaches that learn solution mappings

directly from data, either at the level of global operators or local particle interactions. Neural opera-
tor methods aim to learn mappings between function spaces, approximating the solution operator of
a PDE from paired input—output functions, with representative examples including DeepONets (Lu
et al., |2021), Fourier Neural Operators (FNOs) (Li et al) [2021), and graph-based neural opera-
tors (Anandkumar et al.,[2019). These models enable inference across varying discretisations and
resolutions and, in some cases, transfer across related equations or parameter regimes (Subrama-
nian et al., 2023), but their focus remains on learning global solution mappings rather than local
numerical operators. Learning-based particle methods leverage the locality of particle discretisa-
tions, such as SPH, to learn particle-wise updates or local solution operators directly from solution
trajectories (L1 & Farimani, 2022; Toshev et al.,[2023;|2024; [2025). While effective for specific flow
classes, these approaches are typically trained end-to-end on time-dependent solution data, tying the
learned representations closely to the governing equations and regimes observed during training.

Learning Low-Level Numerical Operators: A complementary line of work focuses on learning
numerical discretisations or low-level operator components. Rather than approximating solutions
directly, these approaches learn local numerical building blocks—such as derivative stencils or basis
functions—while preserving the structure of established discretisation schemes. Examples include
learning data-driven finite-difference stencils to enable resolution coarsening (Bar-Sinai et al., 2019
Zhuang et al., 2021} Kochkov et al.,[2021)), extending these to finite-volume methods (de Romémont;
et al.l 2024)), and incorporating localised kernels into neural operators to improve accuracy (Liu-
Schiaffini et al. [2024). Related architectures, such as PDE-Net (Long et al., 2018) and GMLS-
Nets (Trask et al., |2019), can also learn local differential operator actions from solution data for
system identification or forecasting, but do not explicitly construct reusable discrete operators as
functions solely from stencil geometry. Despite these advancements, the ability of such models to
approximate differential fields is often restricted to the spectral characteristics and functional forms
present in the training distribution.

More recently, |(Choi et al.| (2025) proposed data-driven finite element methods (DD-FEM), which
replaces classical polynomial bases with locally learned basis functions. This formulation enables
reuse across geometries, mesh types, and boundary conditions, highlighting the potential of learning
reusable numerical building blocks that remain compatible with classical discretisation principles.
The framework presented in the present manuscript is closely aligned with this operator-level per-
spective, but targets the learning of mesh-free discrete differential operators rather than local basis
functions in mesh-based discretisations.

3 METHOD

In this section, we introduce NeMDO (Neural Mesh-Free Differential Operator), a new approach
for computing weights used in discrete differential operators in disordered mesh-free simulations.
Rather than computing these weights with a smoothing kernel or by solving per-particle linear sys-
tems, we formulate operator construction as a learning problem. We employ our framework to
predict discrete operator weights based solely on the relative positions of neighbouring particles,
enabling local mesh-free differential approximations.

Learning Mesh-Free Discrete Differential Operators: Given a discretised domain with colloca-
tion points P, we associate to each point x; a local neighbourhood N; := {x; € P : ||x;i||2 < h}.
Our objective is to construct a local discrete approximation L of a differential operator D acting
on ¢, such that the operator evaluation at x; is approximated by a weighted sum over neighbouring
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samples

LP(¢(xi) = > (d(x;) — d(x:))wi(6), )
JEN;

where wﬁ (0) are the trainable weights parametrised by 6, conditioned on the stencil geometry. We
model the mapping from neighbourhood geometry to operator weights using a learnt function shared
across all stencils. The learnt mapping does not depend on the field samples ¢(x;), the governing
equation, or the global simulation domain. Instead, it defines a reusable local operator constructor

that can be applied consistently across particle distributions, resolutions, and governing equations.

Local Operator Parametrisation: For each local neighbourhood N; a graph is defined G; :=
(Vi, &;), where the node set V; = N; consists of the particle ¢ and its neighbours. The edge set &; :=
{(i,7),(J,2) : j € N; \ {i}} defines star-shaped, bidirectional edges between the central particle
and its neighbours. In contrast to dense radius graph seen in particle-based learning approaches (L1
& Farimanil, [2022)), this star-shaped construction yields linear complexity in the neighbourhood size,
and the graph connectivity is directly constructed from the neighbourhood lists already computed
in standard mesh-free methods, requiring no additional spatial searches or geometric preprocessing.
Node attributes encode the normalised relative position X;; = X;;/2;, 2z = maxjen;||Xjill2 ,
between neighbour particle j and the central particle 4, where ||-||2 denotes the Euclidean norm.

The graphs G; are processed by a shared parametric function fp, implemented by a graph neural
network (GNN). The operator parametrisation is defined as

{05 (0)}jen, + fo(Gi, {Rji}jen), 3)

The relative positions are first embedded into a latent representation using a neural network. Mes-
sage passing is then performed over the stencil graph, and a final network maps the latent node
representations to normalised discrete operator weights, {w0;;(6)},en;, associated with the target
differential operator. A schematic of the framework can be seen in Figure/[l]

Translation invariance is enforced by encoding geometry through relative position vectors, while
permutation invariance is achieved through symmetric aggregation operations over neighbouring
nodes. Scale robustness across particle resolutions is introduced by normalizing relative distances
with respect to the maximum distance between neighbouring particles and the central particle. The
proposed architecture is not explicitly rotation-equivariant; instead, rotational robustness is obtained
implicitly through training on neighbourhoods with diverse node configurations. More details of the

architecture can be found in Appendix
K B ~@B
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Figure 1: We learn the mapping from relative position of particles within a local neighbourhood,
to a local set of weights that approximate differential operators. The learned operator is physics-
agnostic and translation-invariant. The architecture consists of a lifting the relative positions to a
higher dimension with a neural network, followed by a stack of message-passing graph layers, and
a final output head that maps latent representations to operator weights.

Self-Supervised Learning with Polynomial Consistency Constraints: To learn the param-
eters 0, we employ a training objective derived from polynomial consistency conditions im-
posed by a truncated Taylor expansion. Consequently, the method does not require labelled
target weights for individual stencils. Instead, the training objective is constructed by form-

ing a normalised Taylor monomial basis directly from the normalised relative positions X;; :=

.2 ~2 .3 T
N N T A A PR . . . N
[xji, Ujis =55 Tjiljis —yg ;&",.--| - The normalised predicted operator weights {wﬁ(ﬁ)}j@fi are

combined with this basis to form discrete moment estimates, and deviations from the target operator
moments—constant across stencils for a given differential operator—are penalised during training.
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The learned discrete operator L” approximates the action of the continuous differential operator D
and is polynomially consistent up to order p, with the leading order error of O(s? +1_m), where m
is the order of the target differential operator, and s is the average particle spacing.

For a given differential operator, the target moment vector M” € R® encodes the exact action of D
on the Taylor monomial basis. As an illustrative example, consider the second-order approximation
of the Laplacian operator in two dimensions. Using the monomial basis in, the corresponding tar-
get moment vector is given by M2 = [0, 0, 1, 0, 1]7. The polynomial consistency constraints are
learned by minimising the squared residual of the predicted operator action on the Taylor monomials
and the target moments, over all particles in the stencil,

2

1 X
L(0) = Nz Z X;i b (0) = MP|| “4)

=1 [[jEN; 2

where 6 is optimised using stochastic gradient descent. A detailed derivation of the loss function is
provided in Appendix [A]

Data Generation: Training is performed on local particle neighbourhoods N; sampled from syn-
thetic disordered point cloud distributions obtained by applying stochastic perturbations to regular
Cartesian stencils. Specifically, each grid node is independently displaced by a noise term sampled
from a uniform distribution over [—0.5¢/s,,,0.5¢/s,] per coordinate, where s,, denotes the aver-
age particle spacing of the Cartesian grid. This controlled perturbation strategy enables systematic
analysis of operator sensitivity with respect to geometric disorder.

Unless stated otherwise, models are trained at a disturbance level of €¢/s,, = 1.0, which is signif-
icantly larger than the particle disorder typically encountered in practical mesh-free simulations.
This choice ensures that the learned operators remain robust under severe geometric irregularity. In
the Appendix [D.3] we evaluate the effect of different levels of noise.

Operator Rescaling and Reuse: For a target differential operator of order m, the predicted weights
are rescaled by z; ™ to recover the correct physical dimensions, reflecting the m-th order spatial
scaling of the operator and ensuring consistency across resolutions. The resulting weights are then
used within standard mesh-free discretisations to approximate the action of the operator D on arbi-
trary fields.

Since operator construction depends only on local geometry, trained models can be reused across
different resolutions, domains, and governing equations without retraining, provided the neighbour-
hood size |NV;| remains fixed. This enables learned operators to be deployed as drop-in numerical
components within existing mesh-free solvers.

4 EXPERIMENTS

The presented framework is assessed using a combination of polynomial reproduction residuals,
derivative error analysis on a test function, modal response, and behaviour in fluid simulations. To
assess the computational efficiency of the proposed framework, we report a wall-clock time analysis
as a function of the Lo error on a test function. Unless otherwise stated, all results are reported for a
canonical configuration consisting of second-order gradient or Laplacian operators (p = 2). Details
on hyper-parameters and the training dataset for each specific model can be found in Appendix [C]

4.1 POLYNOMIAL CONSISTENCY AND CONVERGENCE

We now verify that the learned operators satisfy the polynomial reproduction conditions imposed in
the training loss and that this translates into accurate differential approximations. For each operator
type, we evaluate the learned stencil weights on monomials up to degree p. For brevity, we only show
the first derivative results for the x direction, noting that results in the y direction are analogous.

Table [T] reports moment residuals for learned NeMDO operators, averaged over independently per-
turbed neighbourhood realisations at fixed stencil size. For the gradient operator, residuals are con-
sistently on the order of 10~° across all first- and second-order monomials. The Laplacian operator
exhibits larger residuals, on the order of 10~4, reflecting the increased sensitivity of second-order
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Table 1: Moment residuals for learned NeMDO operators. Mean absolute error (MAE) and stan-
dard deviation are reported for each monomial moment, averaged over independently perturbed
neighbourhood realisations at fixed neighbourhood size. Residuals quantify the extent to which the
learned discrete operators satisfy the imposed Taylor consistency constraints (smaller values are
better). The superscripts in the learned operator identify the target operator.

Operator  Metric x y x2/2 Y y?/2

NeMDO;_, MAE 884e—5 793¢—5 577e—5 559 —5 4.74e—35
St.d. 1.14e —4 1.04de—4 7.38e—5 735 —5 6.25e—5
NeMDO§:2 MAE 522e—-4 5.09e—4 3.69¢e—4 4.09¢e—-4 3.62e—4
St.d. 6.9le —4 6.69¢e—4 494e—4 549e—4 4.77e—4

derivatives to geometric perturbations, a behaviour also observed in classical high-order mesh-free
and spectral discretisations (Lin et al.l 2025). Overall, these results indicate that the polynomial
consistency constraints can be learnt with a self-supervised framework and generalise for unseen
stencil arrangements.

Next, we evaluate the learned operators on a smooth test function with known analytical derivatives.
Relative Ly errors between the predicted and exact derivatives are reported at varying average par-
ticle spacing s. Details of the convergence test setup are provided in Appendix The learned
operators are compared against classical discretisations, including SPH kernels based on the quintic
spline and Wendland C2, as well as a representative formally consistent method, LABFM.
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Figure 2: Convergence of the discrete x-derivative operator (leff) and Laplacian (right) on a smooth
test function with ¢/s,, = 0.5, noting that NeMDO was trained with ¢/s,, = 1.0. Relative Ly error
versus particle spacing s for the learned NeMDO operator, a second-order LABFM operator, and
two uncorrected SPH kernels (quintic spline and Wendland C2).

Figure [2] reports the convergence behaviour of the derivative and Laplacian operators. All conver-
gence results are computed at a particle disorder level of ¢/s,, = 0.5, since SPH convergence is
known to degrade significantly at higher disorder levels (Quinlan et al., [2006). For the gradient,
NeMDO,,—, closely follows the second-order LABFM,,_> scheme, exhibiting a decay rate consis-
tent with second-order convergence as s — (0. Across all resolutions, both the learned and LABFM
operators substantially outperform the SPH kernel. For most mesh-free operators (including SPH
and LABFM), achieving the expected convergence behaviour requires a sufficiently smooth under-
lying function, moderate particle disorder, and an adequate support size. Under these conditions,
the limiting accuracy in consistent methods is typically bounded by the accuracy of the solution of
the linear system (Shankar et al.,[2014). NeMDO is not a formally consistent method; thus, the ob-
served error floor is instead governed by the residual moment errors and standard deviation reported
in Table [Tl

For the Laplacian, LABFM exhibits the expected first-order convergence, achieving the lowest errors
over the range of resolutions considered. The learned Laplacian displays an apparent second-order
decay at coarse resolutions; however, this behaviour is only observed over a small range of resolu-
tions, and while first-order convergence is expected, we observe second-order convergence because
higher-order truncation error terms dominate the error when s is large (this effect is strongly depen-
dent on the choice of ¢). As resolution increases, the error saturates at a limiting value of O(1073),
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after which the error grows as O(s~ 1 ), similarly to traditional SPH formulations (Meng et al.,[2025).
This behaviour is consistent with the presence of a residual consistency error in the Laplacian oper-
ator, with similar divergence observed in formally consistent mesh-free methods and spectral SPH
formulations, albeit at higher resolutions (King & Lind, |2022; |Lin et al.}|2025)). Despite this limita-
tion, the learned Laplacian remains significantly more accurate than uncorrected SPH kernels across
the entire range of s.

Overall, these results suggest that learning operator weights to approximate polynomial consistency
provides meaningful improvements over traditional SPH and exhibits similar behaviour to the for-
mally consistent method within a finite resolution range.

4.2 MODAL RESPONSE

Insight into the behaviour of the derivative operators can be gained from an analysis of the modal
response.
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Figure 3: Resolving power of the gradient operator (left) and Laplacian (right) on disordered par-
ticle distributions with noise level €/s,, = 1.0. The horizontal axis shows the true wavenumber k
normalised by the Nyquist wavenumber kyy, while the vertical axis shows the corresponding effec-
tive wavenumber keg/kny. The dashed black line indicates the ideal response, corresponding to a
spectral method.

Figure [3|shows the modal response of the different discretisations. For both the gradient and Lapla-
cian operators, all methods recover the true modal response at low wavenumbers and progressively
deviate as k/kny increases, indicating larger errors for high wavenumber modes. For both opera-
tors, LABFM,,_, remains closest to the spectral reference, followed by the Wendland C2 and quintic
spline kernels, while the learned operator exhibits the lowest resolving power. Although the SPH
kernels exhibit a stronger modal response than NeMDO, this spectral advantage is confined to suf-
ficiently low resolutions and did not translate into smaller error during the convergence study in
practice due to their pronounced sensitivity to node disorder and the resolution range investigated in
Figure[2] The dependence of the stability properties of the operators on disordered nodes is explored
in Appendix [E.2} where we find that NeMDO yields the most stable and uniform spectral response
compared to both SPH and LABFM. Combined, these results suggest a trade-off between resolving
power and stability. The dependence of the modal response on stencil size is further examined in

Appendix
4.3 COMPUTATIONAL COST AND ACCURACY

We now quantify the cost—accuracy trade-off of NeMDO relative to LABFM and SPH. For each con-
figuration, we measure the wall-clock time required to compute stencil weights for the z-derivative
on a fixed particle cloud and evaluate the resulting Lo error of the test function in equation
detailed explanation about the setup is found in Appendix We report results for NeMDOZl)ZQ,
NeMDOf,ZQ, NeMDOE’,:Q, corresponding to increasing numbers of trainable parameters, to examine
how computational cost and limiting accuracy scale with model capacity.

Figure ashows that NeMDO! _, achieves substantially lower error than the SPH kernels at compa-
rable or lower cost, and yields a speedup of roughly 10x over LABFM,,_5 up to its limiting error of
4e—3. NﬁMDOZQ,:2 offers a more balanced trade-off, with a 1.5-2x speedup relative to LABFM,,—
and up to two orders of magnitude lower error than the SPH baselines. Increasing the number of
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Figure 4: Evaluation of the trade-off between parameter count, wall-clock forward time, and accu-
racy for NeMDO and baseline kernel methods when computing stencil weights. The vertical axis
shows the Lo error of the xz-derivative of the test function in equation @] at a different resolutions;
horizontal lines mark the resolution at which each operator converges (i.e., further refinement does
not reduce this error). All NeMDO models are trained with geometric noise ¢/s,, = 1.0, while the
convergence tests are performed at €¢/s,, = 0.5.

network parameters further in NeMDOf,:2 reduces the error floor again, at the expense of increased
forward time.

It is important to note that all NeMDO models in Figure ] were trained with geometric noise of
magnitude €/s,, = 1.0, so they retain their accuracy for particle disorder up to this level. The figure
reports results for ¢/s,, = 0.5, which is approximately the highest noise level at which the SPH
kernels still exhibit convergence, while LABFM,,_, (and other consistent methods) maintain the
same convergence for particle disorder from ¢/s,, = 0 — 1.0 for second-order approximations (King
et al,2020). Additional experiments (Appendix indicate that training with milder noise makes
the learning problem simpler, yielding lower errors for the same architecture. In this sense, the
cost-accuracy curves in Figure [d] provide a conservative, worst-case characterisation of NeMDO’s
performance. Taken together, these results demonstrate a clear accuracy—computational cost trade-
off enabled by NeMDO, which is not readily accessible to traditional mesh-free discretisation ap-
proaches.

4.4  APPLICATION TO PARTIAL DIFFERENTIAL EQUATIONS

To assess the effectiveness of the learned operators in practical settings, we use them in mesh-free
simulations of the compressible Navier—Stokes equations in an Eulerian unstructured node distri-
bution. While SPH is generally implemented in Lagrangian schemes, particle clustering and in-
stabilities can significantly affect the quality of the simulation (Price} 2012} |Sun et al., [2018; |Lyu
et al.,|2022). Our objective in this work is to assess the quality of the differential operator; thus, we
constrain our investigation to Eulerian simulations. We consider the two-dimensional Taylor—-Green
vortex.

Weakly compressible SPH is known to generate pressure oscillations; thus, to improve numerical
stability we dealiase the solution with a high-order filter at each time-step (Jameson et al.l [1981).
Furthermore, high-order collocated methods are known to frequently lead to spurious oscillations at
small scales (Lamballais et al., 2011); thus, we also use a high-order filter in LABFM, and for our

. - h
framework we train a hyperviscous operator GNpr:p4.

Governing Equations: We solve the two-dimensional compressible Navier—Stokes equations in
conservative form

Op | Opuy _0
ot 8xk (5)
Opu; | Opujup 1 9Jp 1 0%y
ot Oy Ma’0x;, | Redrg0r

where p is the density, u; is the i-th component velocity, and Re is the Reynolds number, and Ma
is the Mach number. The system is closed with a barotropic equation of state absorbed into the
momentum equation.
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Figure 5: Relative root mean squared error of different operators with respect to the analytical
solution (equation 27) for velocity. s indicates the average particle spacing, and ¢* indicates charac-
teristic time units of the flow.

Figure[5|reports the relative root-mean-square error of the Taylor—Green vortex with Reynolds num-
ber of 100 and Mach number of 0.1, computed using NeMDO,,_,, SPH with the Wendland C2
kernel, and LABFM,,_4 as a representative high-order mesh-free discretisation. The relative error
is computed with respect to the analytical solution (Appendix [E.4.T). Both SPH and NeMDO ex-
hibit convergent behaviour with increasing resolution; however, the SPH error saturates at 0(10*3),
whereas NeMDO achieves errors approximately one order of magnitude smaller across the tested
resolutions. The observed performance of NeMDO is consistent with the operator-level accuracy
and stability diagnostics reported earlier, indicating that the learned operators can be directly em-
bedded within a compressible flow solver and used as a standalone spatial discretisation without
problem-specific tuning. In contrast, SPH required either high-order filtering or kernel correction to
obtain stable solutions. Because NeMDO is trained without access to PDE solution data, the learned
operators can be deployed in a zero-shot manner at the differential operator level, enabling direct
reuse within PDE solvers without retraining.

Limitations: In its present form, each model is trained for a fixed stencil size |NV;| and does
not natively support variable-size neighbourhoods at inference time. In practice, this constraint in-
troduces limited additional bookkeeping. Allowing variable-size neighbourhoods would provide
greater flexibility and simplify integration with adaptive particle distributions. Additionally, the
achievable accuracy degrades as particle disorder increases unless the model capacity is correspond-
ingly increased. This behaviour reflects the growing difficulty of satisfying polynomial moment
constraints under highly irregular stencils and is not unique to NeMDO: classical SPH discreti-
sations and consistency-corrected mesh-free methods similarly suffer from reduced accuracy and
conditioning issues under strong node disorder at higher reproduction orders. These effects become
especially relevant in fully Lagrangian settings, where particle densities and neighbourhood sizes
can vary significantly over time. In such cases, the framework would likely need to be coupled with
particle-shifting or regularisation strategies (Xu et al., 2009} [Lind et al. 2012} |Oger et al.,2016), as
is standard practice in SPH-based methods, to maintain suitable stencil quality.

5 CONCLUSION

We presented a self-supervised learning framework for constructing mesh-free discrete differen-
tial operators on unstructured particle sets. Graph neural networks are trained to predict local stencil
weights that approximate polynomial moment constraints derived from truncated Taylor expansions,
yielding operators that are physics-agnostic, local, and robust to moderate particle disorder. Through
moment analyses, wavenumber response, and Taylor—Green vortex simulations, we demonstrated
that the learned operators can reproduce differential operators more accurately than standard SPH
discretisations, while remaining competitive with traditional consistent methods for a range of reso-
lutions. Furthermore, our method demonstrate a clear accuracy-computational cost trade-off, which
is not readily accessible to traditional mesh-free differential operators.

Future work will focus on training objectives based on spectral and modal targets, and on differ-
ent architectures with better robustness under highly disordered particle configurations. Another
promising avenue is the integration of symbolic regression techniques with machine learning to dis-
cover compact kernels. More broadly, this work suggests that learning low-level numerical building
blocks provides a principled pathway for integrating machine learning into mesh-free PDE solvers.
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APPENDIX STRUCTURE

The appendix is organised as follows: Appendix [A] explains in detail the construction of the self-
supervised loss function, Appendix [B]contains detailed description of the standard numerical meth-
ods used in the current investigation; Appendix |C| describes in detail NeMDO architecture and
hyper-parameters used in the manuscript; Appendix [D] contains model ablation, Appendix [E] pro-
vides additional tests not included in the main body of the manuscript and supplementary details
regarding experiments conducted in the main body of the manuscript.
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REPRODUCIBILITY STATEMENT

The complete implementation for solver development and neural network training, along with the
datasets used for training and the scripts for convergence, stability, and resolving power analyses,
is available as open-source athttps://github.com/uom-complexfluids/nemdo. The
repository is organized into modular directories for training and testing, including all benchmarked
methods and hyperparameter configurations used in this study.

A  THEORETICAL CONSTRUCTION OF LOSS FUNCTION

In this section, we explain in more detail the polynomial consistency constraints implemented for
model training.

We consider a scalar field ¢ : R?> — R sampled on a discrete point cloud P. For a given
neighbourhood N;, where D(¢)|; denotes the vector of partial derivatives of ¢ at particle 7,

_ o] a@| @] o%e)| @] &)
D(¢)‘z = [W i787yi’ 512 ;7 9zdy |, Dy ;’ 93 i
monomials of the position of j relative to ¢, the multivariate Taylor expansion of ¢ about point ¢ may

be written compactly as
(9); = (9)i +Xji -D(9)l; (6)

T
,} , X; is the vector of Taylor

One can analyse the error in the discrete differential operator L by substituting the Taylor expan-
sion into equation[I] obtaining

LP(¢)= > X;i -D(¢)]; w]; (7)
JEN;

which, when expanded, is
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For a target continuous differential operator D, polynomial consistency of order p requires that the
discrete operator L reproduces the action of D exactly on all monomials of total degree at most p,
ie.

LP(¢) = D(¢)|;, V polynomials of degree < p. )
For instance, to approximate J,¢, second-order polynomial consistency requires that the discrete

moments satisfy

JEN; JEN;
with all remaining moments associated with the second-order approximation also set to 0. In this
case, the corresponding target moment vector is M® = [1, 0, 0, 0, 0]. When these conditions

are satisfied, the resulting discrete operator approximates d,,¢ with second-order accuracy for suffi-
ciently smooth ¢, yielding a truncation error of order O(s?).

In our framework, we approximate polynomial consistency by minimizing the error between pre-
dicted and target moments over all particles

2
1 .
£O)=5>_|| > Xiwfo) -MP| (1n
i=1 [[jEN; 9

Thus, the proposed method does not require individual labels for each computational stencil. One
can compute the training operator moments directly from the inputs and the predicted weights, and
compute the loss based on the fixed target moments.
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B STANDARD NUMERICAL METHODS

In this section, we explain SPH and LABFM in detail.

B.1 SMOOTHED PARTICLE HYDRODYNAMICS OPERATORS

In this work we use two standard SPH kernels: the quintic spline (Schoenberg,|1946) and the Wend-
land C2 kernel (Wendland, [1995). Both have been widely adopted in CFD-oriented SPH simula-
tions (Adami et al., 2013} [Sun et al, [2018). We summarise the kernel definitions, support choices,
and discrete operators used in this investigation.

For gradients, the following form of the first-order gradient operator is generally used:

wy, = VW (xji, h)V; (12)

When computing the Laplacian with SPH operators, we employ the Morris operator (Morris et al.,
1997):

wiy = Tt ViWiiV; (13)

B.2 SMOOTHING KERNELS

Quintic spline: The quintic spline kernel has support r € [0, 3] and its given by

(1=n% =6 (3 —r)3+15(3 -r)], 0<r<l,

pyauinte () — o (1—7")3—6(%—7‘%_, 1<r<2, (14)
1-r)3, 2<r <3,
()7 7/.23’

where 7 is given by ||x;;||2/k, o is a normalisation constant that depends on the system’s dimension,

in two dimensions ¢ = 478% (Liu & Liu, 2010). We set h = 1.5s, which yields approximately
60-65 neighbours for the quintic spline.

Wendland C2: The Wendland C2 kernel has a support of r € [0, 2] and is defined as
WY (r) = o (1 —r)*(1 +4r). (15)

In two dimensions, o = W—ZLQ We set h = 1.5s, which yields approximately 25-30 neighbours for
the Wendland C2.

B.3 THE LoCAL ANISOTROPIC BASIS FUNCTION METHOD (LABFM)

In this work, we use the LABFM as an exemplar high-order mesh-free method, noting that it shares
characteristics (structure of computational stencil, form of discrete operator, and local linear system)
with other high-order mesh-free methods (e.g. generalised finite difference method (Zheng & Li,
2022), GMLS (Trask et al.| 2017), radial basis function finite difference (Shankar et al., |[2014)).
Indeed, in the specific case where LABFM is constructed with Taylor monomials as a basis, the
linear systems are identical to those in GMLS. For a comprehensive description and derivation of
LABFM, we refer the reader to (King et al., 2020).

In LABFM, a general discrete operator is defined to approximate differential operators as shown in
equation (1| The weights wﬁ- are given by a weighted sum of anisotropic basis functions (ABFs),

wh =Wy - @2 = WLuP + W2 oPl, + Wil 4 (16)

Ji i,

in which the vector Wj; are the ABFs, and \IIP is a coefficient vector. The coefficient vector is
obtained by solving the following linear system

A;0¢ = MP (17)
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For a given support region, A; is given by:

A=) X; 0 Wi, (18)
JEN;
where the rank of A; is given by a,
2 m=p+1
_p +3p B m(m+ 1)
a = T and a = 7;:2 # (19)

in 2 and 3 dimensions, respectively.

B.3.1 ANISOTROPIC BASIS FUNCTIONS

To construct the ABFs, bivariate Hermite polynomials are combined with a radial basis function
(RBF). The g-th element of X ;;, which is the vector of Taylor monomials, is proportional to 95‘]1lyj’Z
Thus, the ¢-th ABF is defined as

o _ UIxjill2/hi) ( Tji ) ( Yji )
W= o) T e 0

where H, is the a-th order univariate Hermite polynomial (of the physicists kind), and v is an RBF.
In this work, the Wendland C2 kernel is used, following King & Lind|(2022).

B.3.2 GLOBAL OPERATOR CONSTRUCTION

To solve PDEs and evaluate the stability of the local operators we construct a linear global dis-
crete operator, GP (an N x N matrix), from the local operators L? . The i-th row of GP is the
rearrangement of the local operator LP, which is achieved by setting the elements of G as

GP i =wp;, Vj#i

Jst
Ghi=— wj. @D
J
The discretised form of the global system is given by
GP® =TF, (22)

where F is the source vector.

C NEMDO ARCHITECTURE AND HYPER-PARAMETERS

The architecture developed in this work uses a multi-layer perceptron (MLP) to lift the relative
normalised positions of the nodes to a high-dimensional latent space, followed by graph message
passing layers, and a final MLP mapping the latent representations to operator weights.
vl = MLP§™ (%;;), MLPG™:R? =R,  VjeN; (23)
wj; = MLP"(v}), MLPP": R - R, VjeN, (24)
where v? and v¥ are the node features at the input and output of the graph layers, respectively. The
number of dimensions of the system is given by d and the number of hidden features per node after
encoding is denoted as F,.

We define L graph layers as
vl = MLPLUM (vj-*l, Breo, MLP,ME (vfgl)), I=1,.,L, YjeN, (25

where MLPfQ’Up 4 and MLPlG’Msg are the update and message networks at layer [, vé— denotes the node
features of node j, Q; C N is the set of nodes connected to node j, and @ is a differentiable,
permutation-invariant aggregation operator. In our implementation, @ is realised as an attention-
weighted aggregation based on cross-graph matching (Li et al.| 2019). All MLPs use hyperbolic
tangent activation functions. Models are trained using the adaptive moment estimation (Adam)

optimiser.

Below we summarise the NeMDO architectures used in the different experimental sections.
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Table 2: NeMDO architectures used in the main experiments.

MLP Hidden Layers  Graph
Operator |Ni| #Parameters F; (Emb/Out/Msg/Upd) Layers ¢/s

NeMDO?_, 35 22M 256 3 3 1.0
NeMDOS-, 35 22M 256 3 3 1.0

Table 3: NeMDO architectures used in the cost—accuracy experiments.

MLP Hidden Layers  Graph
Operator |N;| #Parameters F, (Emb/Out/Msg/Upd) Layers ¢/s

NeMDO}_, 10 11.1k 32 1 2 1.0
NeMDO,—, 15 46.3k 64 1 2 1.0

Main experiments. For the polynomial consistency and convergence (Section [A.1)), modal re-
sponse (Section {f.2), Taylor-Green vortex simulations (Section 4.4)), and stability (Appendix [E.2)),
we use a single architecture for both the x-derivative and Laplacian operators, denoted NeMDOj_,
and NeMDO?._,,. Their hyper-parameters are listed in Table [2| In the computational cost-accuracy
plot (Figure4)), this configuration is referred to as NeMDO?_,. The models presented in tablewere
trained with approximately 7 million neighbourhood graphs, with about 2 million samples used for
validation and 1 million reserved for testing, yielding a total of roughly 10 million neighbourhoods.

The models were trained with a starting learning rate of 1e — 5 and a plateau scheduler for a total of
2,000 epochs.

Ablations: For the ablation studies on Taylor truncation and stencil size (Appendix D)), we fix the
network architecture and vary only the reproduction order p € {2, 3} and the number of neighbours
IN;| € {10,25,50,100}. All models in this group share the same parameter count and embedding
dimension. The models have 183.7k trainable parameters, all MLPs (encoder, decoder, message and
update) only have 1 hidden layer, the GNN has 2 graph layers, and all models with an embedding
of size 128, with particle disorder of €¢/s = 1.0, trained for 1,000 epochs, with a starting learning
rate of le — 4 with a plateau scheduler. The models presented in the ablations were trained with
approximately 115k neighbourhood graphs, with about 33k samples used for validation and 16k
reserved for testing, yielding a total of roughly 164k neighbourhoods.

Cost-accuracy experiments: For the computational cost and accuracy study in Figure 4] we use
smaller-capacity models to probe the trade-off between parameter count, runtime, and limiting error.
The architectures are summarised in Table all models were trained for 2,000 epochs. NeMDO]?;:2
(Figure EI) corresponds to NeMDOj _, listed in Table[2} The models presented in the computational
cost-accuracy experiments (Table |3)) were trained with approximately 115k neighbourhood graphs,
with about 33k samples used for validation and 16k reserved for testing, yielding a total of roughly
164k neighbourhoods.

D ABLATION

We perform 3 ablations: (i) varying Taylor truncation, (ii) varying stencil size, (iii) varying node
disturbance.

D.1 STENCIL S1ZE

We first study how the accuracy of the learned operators depends on the stencil size |A;|. Table E]
reports the average moment error and standard deviation for z-derivative operators as |N;]| is var-
ied for disordered node distribution, while keeping the network architecture and all other training
parameters fixed.
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Table 4: Polynomial moment errors for z-derivative operators varying stencil size |N;]|.

IN;|  Operator MAE St.d.

10  NeMDO,—_» 4.25¢—3 8.04e—3
25 NeMDO,_, 7.77e—4 1.04e—4
50 NeMDO,_, 4.14e—4 4.88¢c—4
100 NeMDO,—> 1.89¢—3 1.4be—3

1.0 04
2 1.0 1.0 1 015 1.0
0.10 0.04
1 02
0.5 1 0.5 0.5 0.5
0.05 0.02
> 004 [ 0.0 s N
g 00 0.04 0.0 fi: 38 0.0
I e 0.00 I 0.00
-1 - -0.05
0.5 0.5 0.2 0.5 0.5 4 -0.02
2 -0.10
1.04 1.0 0.4 1.0 4 1.0 4 -0.04
b —_— b

b
-1.0 -0.5 0.0 0.5 1.0 1.0 05 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0 -1.0  -0.5 0.0 0.5 1.0
Ax Ax Ax

By

(@n=10,p=2 (byn =25 p=2 (©n=>50p=2 d)n =100, p =2

Figure 6: Ablation results for varying stencil size n for node disorder of ¢/s = 1.0. Colours indicate
value of weights. To generate the plots, multiple stencils with normalised relative positions have
their weights predicted and plotted on top of each other.

Table E shows that increasing |A;| from 10 up to 50 neighbours reduces the average moment er-
ror, this reflects the improved conditioning of the local Taylor system when more neighbours are
included (indicated by the smaller weights in Figure[7). However, further increasing the stencil size
to |NV;| = 100 does not lead to additional gains. This suggests the presence of an optimal stencil
size, beyond which particle noise, network capacity, and training dataset size, rather than the num-
ber of neighbours, become the dominant limiting factors. Consistent with the convergence results in
Section [4.1] larger residuals (reported in table [ translate into lower accuracy. Thus, models with
larger moments residual show a larger error floor.

With respect to the modal response (Figure [7](left)), decreasing the stencil size improves the modal
response, with smaller stencils staying closer to the spectral line at large k/kxy. In Figure (right),
models with smaller stencils lie below the lines with larger stencils at low resolutions, highlighting
the improving resolving power when decreasing the number of neighbours.

D.2 TAYLOR TRUNCATION

We now vary the Taylor truncation by increasing the number of moments included in M”. In tra-
ditional high-order mesh-free numerical methods, this enforces polynomial consistency to a higher
degree, which leads to more accurate solutions at equivalent resolution (i.e. improved resolving
power). However, the local systems that must be solved become more poorly conditioned for higher
orders of approximation; thus, these usually require larger computational stencils, and are more
prone to instabilities (Shankar et al.| 2014} [King et al.|[2020).

Figure(8](left) shows the resolving power obtained with increased Taylor truncation order. Consistent
with classical high-order numerical methods, including additional terms in the truncated expansion
improves the resolving power. This improvement is also reflected in the convergence results shown
in Figure [§] (right). At coarse resolutions, the model trained with p = 3 significantly outperforms
the p = 2 model; however, it exhibits a larger limiting error. This behaviour reflects the more
restrictive nature of higher-order approximations, for which a larger set of polynomial moments must
be approximately satisfied. As a result, the learning problem becomes more constrained, leading to
reduced limiting accuracy for a fixed model capacity.
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Figure 7: Impact of stencil size on learned z-derivative operators: effective wavenumber (left) and
convergence (right) for a disordered node distribution with noise €/s,, = 1.0. The superscripts in
the legend indicate the number of neighbours for each model.
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Figure 8: Impact of Taylor truncation on learned x-derivative operators: effective wavenumber (/eft)
and convergence (right) for a disordered node distribution with noise €/s,, = 1.0. The superscripts
in the legend indicate the number of neighbours for each model.

D.3 KERNELS SENSITIVITY TO NOISE

In this section, we present supplementary ablation results. We keep the same architecture and num-
ber of neighbour nodes, and vary the particles disorder used for training.

107! -

LABFM,-,, €/s=0.1
Quintic spline, €/s =0.1
Wendland C2, ¢/s=0.1
NeMDO, -5, £€/5=0.1
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NeMDO, -, €/5=1.0

107!

Figure 9: Convergence of the discrete x-derivative operator on a smooth test function (equation
with varying particle disturbance €/s training and inference. Relative Ly error of test function
(equation 26) versus normalised spacing s. Learned operators are trained and do inference with the

same level of particle disorder.
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Figure [9] shows that varying the level of particle disturbance during training and inference affects
the limiting accuracy of NeMDO. Increased disorder leads to a broader range of stencil geometries
that the model must represent, resulting in higher residual errors. These results indicate that, for
a fixed model architecture, more homogeneous particle distributions yield improved limiting accu-
racy. Similar behaviour is observed for SPH kernels and consistency-corrected methods, at higher

approximation orders (Quinlan et al.,[2006).

E SUPPLEMENTARY ANALYSIS AND DETAILS ON EXPERIMENTS

In this section, we present supplementary results and provide additional details on the experiments
discussed in the main body of the manuscript. Appendix presents qualitative results for the
learned z-derivative and Laplacian operators. Appendix Ereports the stability analysis. Ap-
pendix provides additional details on the convergence study introduced in Section .1} Ap-
pendix describes the Taylor—Green vortex (TGV) setup and its analytical solution. Finally,
Appendix details the computational cost evaluation conducted in this study.

E.1 QUALITATIVE ANALYSIS OF LEARNED OPERATOR

To assess the geometric structure of the learned discrete operators, we perform a qualitative analysis
of the predicted stencil weights across multiple noisy neighbourhood realisations. Figure [10] visu-
alizes the learned kernel corresponding different differential operators, where weights predicted for
many independently perturbed neighbourhoods are overlaid in relative coordinate space.
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(a) z-derivative (b) Laplacian

Figure 10: second-order normalised learned operators, colours indicate weight value. Models were
trained with particle disturbance of €/s = 1.0 and inferred with the same noise.

Despite significant stochastic variation in local particle configurations, the learned operators exhibit
coherent structures. In Figure the x-derivative aggregated weight distribution displays approx-
imate odd symmetry about the origin, w(—z, —y) ~ —w(z,y), consistent with the structure of a
first-derivative operator, while decaying in the transverse direction. This symmetry is not enforced
explicitly by the architecture or loss, but emerges purely from the polynomial moment constraints
used during training. The overlaid kernels further reveal a decay in weight magnitude with increas-
ing distance from the central particle. For Laplacian operator, the learned kernels instead exhibit
rotational invariance, with larger weights concentrated near the central particle and decreasing with
distance. Together, these symmetry patterns and the consistent decay of weight magnitude away
from the central particle mirror structural properties commonly observed in gradient and Laplacian
kernels of classical mesh-free methods, including uncorrected SPH and polynomially corrected ker-

nel formulations (Dehnen & Aly, 2012} King et al., [2020).

E.2 STABILITY

To analyse the stability of the discrete operators, we construct a global discrete derivative matrix
GP (see Appendix [B.3.2). The eigenvalues of G provide insight into the stability properties of
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the discretisation. Eigenvalues on the imaginary axis correspond to advective (translational) modes,
while eigenvalues with nonzero real parts indicate growth or decay.

For convective derivatives (i.e. first-order spatial derivatives), the continuous operator is purely
dispersive, with Fourier modes corresponding to translation and no amplification or attenuation.
Accordingly, the eigenvalues p of a stable discrete approximation should ideally lie on the imaginary
axis, i.e. ®(p) = 0 for all u. In contrast, for the Laplacian operator, all eigenvalues should lie on
the negative real axis, reflecting the decay of all modes due to diffusion (Fornberg & Lehtol 2011).

4
1.0 1.0
05 7 J 0.5 s . LABFM,.,
Y

2 00 — 2 o0 =S - NeMDO, -(ours)
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0.5 ] -0.5 —x Quintic spline
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R(u) Rip)

Figure 11: Normalised eigenvalue spectrum of the global xz-derivative operator with node distur-
bance ¢/s,, = 1.0 and 2500 nodes. Left: z-derivative operators; right: Laplacian operators.

Figure [TT] (left) shows the normalised eigenvalues of the discrete z-derivative operator on a noisy
particle distribution. The spectrum of the learned operator is tightly clustered near the imaginary
axis, with a comparable spread to the quintic spline, and lies closer to the imaginary axis than
that of LABFM constructed with the same neighbourhood size |N;| and the Wendland C2 kernel.
Given that high-order discretisations are known to generate small-scale oscillations (Lamballais
et al.,[2011)), it is notable that the learned operator—trained to approximate second-order polynomial
consistency—exhibits stability properties comparable to the quintic spline. This suggests that the
learned operator achieves more favourable stability characteristics per neighbour than both corrected
and uncorrected kernel-based baselines.

For the Laplacian, no eigenmodes exhibit growth in time (R(x) < 0 V p) for any of the opera-
tors considered. NeMDO Laplacian displays a larger spread along the imaginary axis than the other
methods; however, its eigenvalues are more tightly clustered overall, indicating more uniform damp-
ing of modes. In contrast, the Morris Laplacian (Morris et al.,|1997) exhibits only real components,
corresponding to purely diffusive behaviour, which likely contributes to its widespread use and ro-
bustness in SPH simulations. Overall, the learned operators demonstrate a more uniform spectral
response across modes in disordered particle configurations for both first- and second-order deriva-
tives, although a large dispersiveness is observed in the Laplacian. It should be noted that the results
presented in this section are with particle disorder of €/s,, = 1.0, which represents the worst-case
scenario regarding node distribution compared to standard simulations.

E.3 TEST FUNCTION

We considered a square domain defined by (,y) € [—0.5,0.5]2. We define the test function

6
G(&,7) = LO+ (@9)" + ) _(@" +§"), (26)

n=1

where £ = x — 0.1453 and y = y — 0.16401. This choice of test function with pseudo-random
offset ensues asymmetry in the function, to prevent the masking of errors, which could cancel for a
symmetric function (e.g. Fourier modes) (King et al.,[2020).

E.4 TAYLOR-GREEN VORTEX

This appendix describes analytical solution used to compute the relative error of the TGV (Ap-
pendix [E:4.1), and qualitative results (Appendix [E-4.2).
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E.4.1 ANALYTICAL SOLUTION AND ERROR METRIC

The analytical solution of the TGV for incompressible flow is given by:

872
u(z,y,t) = —exp <_Re t*) cos(2mx) sin(27y),

, 27

8
v(z,y,t) = exp <_I7{Te t*) sin(2nx) cos(27y),

on the spatial domain (z,y) € [0, 1]? equipped with periodic boundary conditions. In the equation
above, u and v denote the velocity components in the z- and y-directions, respectively, which we
use as a reference. In the experiments carried in this section, we used a Reynolds number of 100
and Mach number of 0.1. In the weakly compressible regime, the numerical discretisation error
dominates the deviation introduced by compressibility effects; therefore, the incompressible solution
can be used as a reference (King & Lind, |[2022)).

The error between the analytical solution and the predicted solution obtained with the learned dis-
cretisation is quantified using a relative root mean squared error (relative Lo error) based on the
velocity magnitude. Specifically, defining the exact and numerical speed as

Uor (i, Yir t) = V/texact (Tis Yir )2 4 Voxact (Ti, Yi )2, Unum (%3, yi, t) = Vui(t)? 4+ v;(t)?,

where the error is given by

Zilil (Unum('ria Yis t) B Uex(xia Yi,s t))z
Zi\il (Uex(xia Yi, 750))2

Ly(t) =

E.4.2 QUALITATIVE RESULTS

Figure [12] and Figure [T3] shows snapshots of the velocity and pressure, respectively, of the TGV at
different time units.
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Figure 12: Velocity magnitude for the Taylor—Green vortex with different operators at different
resolutions. Colour axis are rescaled at different time scales for better visualisation of the flow
structures.
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Figure 13: Relative pressure (p — pr.y) for the Taylor-Green vortex with different operators at
different resolutions. Colour axis are rescaled at different time scales for better visualisation of the
flow structures.
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E.5 COMPUTATIONAL DETAILS

Providing a fully balanced performance comparison between fundamentally different approaches is
inherently difficult. The estimates in Figure [4] should therefore be interpreted as indicative rather
than absolute. All timings were obtained on a single Intel Core i9-14900F core (single thread). For
NeMDO, we measure the wall-clock time of inference. For the SPH baselines, we measure the
time required to compute weights with the kernels. For LABFM, we include the time to assemble
and solve the resulting linear systems, and form the final stencil weights. The time measurements
provided in Figure {4 represents the total time for each operator to predict the x-derivative weights
for all nodes in a given resolution.

Most neural-network components in our framework are implemented using deep learning libraries
optimised for GPU and batched execution, whereas small dense linear systems can be solved very
efficiently on CPUs. As a result, the single-core CPU timings reported here are conservative for
NeMDO and relatively favourable for LABFM. We do not report GPU or multi-threaded timings
in this work; a systematic study of heterogeneous CPU-GPU execution and distributed inference
is left for future work. The key takeaway from the present measurements is the relative ordering
and scaling behaviour of the methods: NeMDO eliminates the per-stencil linear solves required by
corrected-kernel schemes and exposes explicit architectural and stencil-size knobs to trade compute
for accuracy within a single framework.
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