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ABSTRACT

Finding equilibria via gradient play in competitive multi-agent games has been
attracting a growing amount of attention in recent years, with emphasis on design-
ing efficient strategies where the agents operate in a decentralized and symmetric
manner with guaranteed convergence. While significant efforts have been made
in understanding zero-sum two-player matrix games, the performance in zero-
sum multi-agent games remains inadequately explored, especially in the presence
of delayed feedbacks, leaving the scalability and resiliency of gradient play open
to questions. In this paper, we make progress by studying asynchronous gradient
plays in zero-sum polymatrix games under delayed feedbacks. We first establish
that the last iterate of entropy-regularized optimistic multiplicative weight updates
(OMWU) method converges linearly to the quantal response equilibrium (QRE),
the solution concept under bounded rationality, in the absence of delays. While the
linear convergence continues to hold even when the feedbacks are randomly de-
layed under mild statistical assumptions, it converges at a noticeably slower rate
due to a smaller tolerable range of learning rates. Moving beyond, we demon-
strate entropy-regularized OMWU—Dby adopting two-timescale learning rates in
a delay-aware manner—enjoys faster last-iterate convergence under fixed delays,
and continues to converge provably even when the delays are arbitrarily bounded
in an average-iterate manner. Our methods also lead to finite-time guarantees to
approximate the Nash equilibrium (NE) by moderating the amount of regulariza-
tion. To the best of our knowledge, this work is the first that aims to understand
asynchronous gradient play in zero-sum polymatrix games under a wide range of
delay assumptions, highlighting the role of learning rates separation.

1 INTRODUCTION

Finding equilibria of multi-player games via gradient play lies at the heart of game theory, which
permeates a remarkable breadth of modern applications, including but not limited to competitive
reinforcement learning (RL) (Littman, 1994), generative adversarial networks (GANs) (Goodfellow
etal., 2014) and adversarial training (Mertikopoulos et al., 2018). While conventional wisdom leans
towards the paradigm of centralized learning (Bertsekas & Tsitsiklis, 1989), retrieving and sharing
information across multiple agents raise questions in terms of both privacy and efficiency, leading to
a significant amount of interest in designing decentralized learning algorithms that utilize only local
payoff feedbacks, with the updates at different agents executed in a symmetric manner.

In reality, there is no shortage of scenarios where the feedback can be obtained only in a delayed
manner (He et al., 2014), i.e., the agents only receive the payoff information sent from a previous
round instead of the current round, due to communication slowdowns and congestions, for example.
Substantial progress has been made towards reliable and efficient online learning with delayed feed-
backs in various settings, e.g., stochastic multi-armed bandit (Pike-Burke et al., 2018; Vernade et al.,
2017), adversarial multi-armed bandit (Cesa-Bianchi et al., 2016; Li et al., 2019), online convex op-
timization (Quanrud & Khashabi, 2015; McMahan & Streeter, 2014) and multi-player game (Meng
et al., 2022; Héliou et al., 2020; Zhou et al., 2017). Typical approaches to combatting delays include
subsampling the payoff history (Weinberger & Ordentlich, 2002; Joulani et al., 2013), or adopting
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Table 1: Tteration complexities of the proposed OMWU method for finding e-QRE/NE of zero-sum
polymatrix games, where logarithmic dependencies are omitted. Here, v denotes the maximal time
delay when the delay is bounded, n denotes the number of agents in the game, d,a« is the maximal
degree of the graph, and [|Al|, = max; ; [|4; ;|loo is the £ norm of the entire payoff matrix A
(over all games in the network). We only present the result under statistical delay when the delays
are bounded for ease of comparison, while more general bounds are given in Section 3.2.

adaptive learning rates suggested by delay-aware analysis (Quanrud & Khashabi, 2015; McMahan
& Streeter, 2014; Hsieh et al., 2020; Flaspohler et al., 2021). Most of these efforts, however, have
been limited to either the asymptotic convergence to the equilibrium (Zhou et al., 2017; Héliou
et al., 2020) or the study of individual regret, which characterizes the performance gap between an
agent’s learning trajectory and the best policy in hindsight. It remains highly inadequate when it
comes to guaranteeing finite-time convergence to the equilibrium in a multi-player environment, es-
pecially in the presence of delayed feedbacks, thus leaving the scalability and resiliency of gradient
play open to questions.

In this work, we initiate the study of asynchronous learning algorithms for an important class of
games called zero-sum polymatrix games (also known as network matrix games (Bergman & Fokin,
1998)), which generalizes two-player zero-sum matrix games to the multiple-player setting and
serves as an important stepping stone to more general multi-player general-sum games. Zero-sum
polymatrix games are commonly used to describe situations in which agents’ interactions are cap-
tured by an interaction graph and the entire system of games are closed so that the total payoffs keep
invariant in the system. They find applications in an increasing number of important domains such
as security games (Cai et al., 2016), graph transduction (Bernardi, 2021), and more.

In particular, we focus on finite-time last-iterate convergence to two prevalent solution concepts in
game theory, namely Nash Equilibrium (NE) and Quantal Response Equilibrium (QRE) which con-
siders bounded rationality (McKelvey & Palfrey, 1995). Despite the seemingly simple formulation,
few existing works have achieved this goal even in the synchronous setting, i.e., with instantaneous
feedback. Leonardos et al. (2021) studied a continuous-time learning dynamics that converges to the
QRE at a linear rate. Anagnostides et al. (2022) demonstrated Optimistic Mirror Descent (OMD)
(Rakhlin & Sridharan, 2013) enjoys finite-time last-iterate convergence to the NE, yet the analy-
sis therein requires continuous gradient of the regularizer, which incurs computation overhead for
solving a subproblem every iteration. In contrast, an appealing alternative is the entropy regular-
izer, which leads to closed-form multiplicative updates and is computationally more desirable, but
remains poorly understood. In sum, designing efficient learning algorithms that provably converge
to the game equilibria has been technically challenging, even in the synchronous setting.

1.1 OUR CONTRIBUTIONS

In this paper, we develop provably convergent algorithms—broadly dubbed as asynchronous gradi-
ent play—to find the QRE and NE of zero-sum polymatrix games in a decentralized and symmet-
ric manner with delayed feedbacks. We propose an entropy-regularized Optimistic Multiplicative
Weights Update (OMWU) method (Cen et al., 2021), where each player symmetrically updates their
strategies without access to the payoff matrices and other players’ strategies, and initiate a system-
atic investigation on the impacts of delays on its convergence under two schemes of learning rates
schedule. Our main contributions are summarized as follows.

* Finite-time last-iterate convergence of single-timescale OMWU. We begin by showing that, in
the synchronous setting, the single-timescale OMWU method—when the same learning rate is
adopted for extrapolation and update—achieves last-iterate convergence to the QRE at a linear
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rate, which is independent of the number of agents as well as the size of action spaces (up to log-
arithmic factors). In addition, this implies a last-iterate convergence to an e-approximate NE in
O(e!) iterations by adjusting the regularization parameter, where O(-) hides logarithmic depen-
dencies. While the last-iterate linear convergence to QRE continues to hold in the asynchronous
setting, as long as the delay sequence follows certain mild statistical assumptions, it converges at
a slower rate due to a smaller tolerable range of learning rates, with the iteration complexity to

find an e-NE degenerating to 6(6_2).

* Finite-time convergence of two-timescale OMWU. To accelerate the convergence rate in the pres-
ence of delayed feedback, we propose a two-timescale OMWU method which separates the learn-
ing rates of extrapolation and update in a delay-aware manner for applications with constant and
known delays (e.g. from timestamp information). The learning rate separation is critical in by-
passing the convergence slowdown encountered in the single-timescale case, where we show that
two-timescale OMWU achieves a faster last-iterate linear convergence to QRE in the presence
of constant delays, with an improved O(e1) iteration complexity to e-NE that matches the rate
without delay. We further tackle the more practical yet challenging setting where the feedback
sequence is permutated by bounded delays—possibly in an adversarial manner—and demonstrate
provable convergence to the equilibria in an average-iterate manner.

We summarize the iteration complexities of the proposed methods for finding e-approximate solu-
tions of QRE and NE in Table 1. To the best of our knowledge, this work presents the first algorithm
design and analysis that focus on equilibrium finding in a multi-player game with delayed feedbacks.
In contrast, most of existing works concerning individual regret in the synchronous/asynchronous
settings typically yield average-iterate convergence guarantees (see e.g., Bailey (2021); Meng et al.
(2022)) and fall short of characterizing the actual learning trajectory to the equilibrium.

1.2 NOTATION AND PAPER ORGANIZATION

Denote by [n] the set {1,---,n} and by A(S) the probability simplex over the set S. Given
two probability distributions p,p’ € A(S), the KL divergence from p’ to p is defined by
KL(p[|p') := > 4egp(k)log ]f,((lz)). For any vector z = [2;]1<i<n € R", we use exp(z) to represent
[exp(zi)]1<i<n. The rest of this paper is organized as follows. Section 2 provides the preliminary
on zero-sum polymatrix games and solution concepts. Performance guarantees of single-timescale
OMWU and two-timescale OMWU are presented in Section 3 and Section 4, respectively. Numer-
ical experiments are provided in Section 5 to corroborate the theoretical findings, and finally, we
conclude in Section 6. The proofs are deferred to the appendix.

2 PRELIMINARIES

In this section, we introduce the formulation of zero-sum polymatrix games as well as the solution
concept of NE and QRE. We start by defining the polymatrix game.

Definition 1 (Polymatrix game). Let G := {(V, E),{Si}iev,{Aij},j)er} be an n-player poly-
matrix game, where each element in the tuple is defined as follows.

* An undirected graph (V, E), with V' = [n] denoting the set of players and E the set of edges;
* For each player i € V, S; represents its action set, which is assumed to be finite;

* For each edge (i,j) € E, A;; € RIS X151 gnd Aj € RISi1%X18il represent the payoff matrices
associated with player i and j, i.e., when player i and player j choose s; € S; and s; € Sj, the
received payoffs are given by A;;j(s;, s;j), Aji(sj,si), respectively.

Utility function. Given the strategy profile s = (s1,--- ,s,) € S = [ ], S: taken by all players,
the utility function u; : S — R of player 7 is given by

UL(S) = Zj:(i,j)eE Aij(si, Sj).

Suppose that player ¢ adopts a mixed/stochastic strategy or policy, 7; € A(.S;), where the probability
of selecting s; € S; is specified by ;(s;). With slight abuse of notation, we denote the expected
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utility of player ¢ with a mixed strategy profile 7 = (71, -+ ,m,) € A(S) as
w(m)=  E _ [w(s)]= Y 7 Aym. (1)
si~Ti ,VieEV L
J:(4,0)€EE

It turns out to be convenient to treat 7; and 7 as vectors in RI%il and RZiev I5:] without ambiguity,
and concatenate all payoff matrices associated with player 7 into

Ai = (Ain, -, Ain) € RISiIx2jev 1961 )

where A;; is set to 0 whenever (¢, j) ¢ E. In particular, it follows that A;; = 0 for all i € V. With
these notation in place, we can rewrite the expected utility function (1) as

ui(m) = m] Agm, (3)

where A;m € RISl can be interpreted as the expected utility of the actions in S; for player i. In ad-
dition, we denote the maximum entrywise absolute value of payoff by ||A|| ., = max; ; [|Aij|lcc =
max; || A;||c, and the maximum degree of the graph by dmax = max;cy deg;, where deg; is the
degree of player i. Moreover, we denote Sy, = max; |.S;| as the maximum size of the action space
over all players.

Zero-sum polymatrix games. The game G is a zero-sum polymatrix game if it holds that
Y ey ui(s) = 0,¥ s € S. This immediately implies that for any strategy profile 7 € A(S), it
follows that ) .\, u;(7) = 0.

Nash equilibrium (NE). A mixed strategy profile 7* = (#7,--- ,7) is a Nash equilibrium (NE)
when each player ¢ cannot further increase its own utility function u; by unilateral deviation, i.e.,
wi(mh, ;) < wi(mf,wr,), foralli € V, n; € A(S;), where the existence is guaranteed by the
work (Cai et al., 2016). Here we denote the mixed strategies of all players other than 7 by 7_; and

write u;(m;, m—;) = u;(m). To measure how close a strategy 7 € A(.S) is to an NE, we introduce

NE-G = S ) — ’
ap(m) = max s (i, i) — i ()
which measures the largest possible gain in the expected utility when players deviate from its strat-
egy unilaterally. A mixed strategy profile 7 is called an e-approximate Nash equilibrium (e-NE)
when NE-Gap(w) < €, which ensures that u; (7}, m—;) < w;(m;, m—;)+e€, foralli € V, «, € A(S;).

Quantal response equilibrium (QRE). The quantal response equilibrium (QRE), proposed by
McKelvey & Palfrey (1995), generalizes the classical notion of NE under uncertain payoffs or
bounded rationality, while balancing exploration and exploitation. A mixed strategy profile 7% =

(7% 75,7, ) is @ QRE when each player assigns its probability of action according to the ex-

pected utifityngf every action in a Boltzmann fashion, i.e., forall ; € V,
) = Rl

’ > kes, exP([Aimt]k/7)

where 7 > 0 is the regularization parameter or temperature. Equivalently, this amounts to max-

imizing an entropy-regularized utility of each player (Mertikopoulos & Sandholm, 2016), i.e.,
Wi 7 (75,7, ) S wi g (wr,,mn, ) foralli € V, € A(S;). Here, the entropy-regularized utility

kesS; “4)

—%,T
function u; : S — R of player ¢ is given by
Wi r(m) = ui(m) + 7H(m;), )
where H(m;) = —771-T log 7; denotes the Shannon entropy of ;. In Leonardos et al. (2021), it is

shown that a unique QRE exists in a zero-sum polymatrix game. Similarly, we can measure the
proximity of a strategy 7 to a QRE by

RE-G = i (5 i) — uir ()| - 6

0 ap,(m) = max i, (i, 7—i) — uir(7) (6)

A mixed strategy profile 7 is called an e-QRE when QRE-Gap, (7) < €. According to the straight-

forward relationship NE-Gap(7) < QRE-Gap,(7) + 710g Smax., it follows immediately that we

can link an ¢/2-QRE to ¢-NE by setting 7 = ﬁ. This facilitates the translation of conver-

gence to the QRE to one regarding the NE by appropriately setting the regularization parameter
T.
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Algorithm 1 Entropy-regularized OMWU, agent ¢
(0) _ =(0)
— ﬂ'i

1 i
2: fort=0,1,2,... do

3:  Receive payoff vector Aﬁ("””E
4:  Whent > 1, update 7; according to

. Initialize 7 as uniform distribution. Learning rates 7, and 77 (optional).

0)

(k) om0 (B) T exp(nAm ), Wk €S,

5:  Update 7; according to the single-timescale rule

7 (k) o 7 (B)1 7 exp(n[Am ™)), Wk € 8. )

or the two-timescale rule

7D &) o 7O ()T exp(@AAS ), Vk € Si. (10)

i

6: end for

3 PERFORMANCE GUARANTEES OF SINGLE-TIMESCALE OMWU

In this section, we present and study the entropy-regularized OMWU method (Cen et al., 2021)
for finding the QRE of zero-sum polymatrix games. Whilst the method is originally proposed for
finding QRE in a two-player zero-sum game, the update rule naturally generalizes to the multi-player
setting as

m (k) o () expnlAF ), vk e S, )
where 17 > 0 is the learning rate and 7(**1) serves as a prediction for 7(**1) via an extrapolation
step

T R) o 7 (k)1 exp(n[ATP]y), Yk € S )

In the asynchronous setting, however, each agent 7 receives a delayed payoff vector Aﬁ(’iét)) instead
of A;7® in the ¢-th iteration, where ﬁgt) = max{t — %—(t), 0}, with 72-('5) > 0 representing the length
of delay. The detailed procedure is outlined in Algorithm 1 using the single-timescale rule (9) for
extrapolation.

3.1 PERFORMANCE GUARANTEES WITHOUT DELAYS

We first present our theorem concerning the last-iterate convergence of single-timescale OMWU for
finding the QRE in the synchronous setting, i.e. fyft) =0forall: € Vandt > 0. Forany 7,7’ € V,
let KL( || ') = 3, cv KL(m; || 7).

Theorem 1 (Last-iterate convergence without delays). Suppose that the learning rate 1 of single-

1 1
55 m} R thenfor anyT Z O, the

iterates ) and wT®) converge at a linear rate according to
KL(7% || 7)) < (1 —nr) "KL (72 || #@), KL (7% | 77 HY) < 2(1 — pr) TKL (7% || 7(9). (11a)
Furthermore, the QRE-gap also converges linearly according to

ORE-Gap, (")) < (n' + 27 a2, ]| AL, ) (1 =) T KL (72 7). (b

timescale OMWU in Algorithm 1 obeys 0 < n < min{

Theorem 1 demonstrates that as long as the learning rate 7 is sufficiently small, the last iterate of
single-timescale OMWU converges to the QRE at a linear rate. Compared with prior works for
finding approximate equilibrium for zero-sum polymatrix games, our approach features a closed-
form multiplicative update and a fast linear last-iterate convergence. Some remarks are in order.

* Linear convergence to the QRE. Theorem 1 implies an iteration complexity of O (n% log %)
for finding an ¢-QRE in a last-iterate manner, which leads to an iteration complexity of
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O ((M + 1) log %) by optimizing the learning rate in Theorem 1.The result is especially

p=
appealing as it avoids direct dependency on the number of agents n as well as the size of ac-
tion spaces (up to logarithmic factors), suggesting that learning in competitive multi-agent games
can be made quite scalable as long as the interactions among the agents are sparse (so that the
maximum degree of the graph dp,.x is much smaller than the number of agents n).

 Last-iterate convergence to e-NE. By setting T appropriately, we end up with an iteration com-
plexity of O (%) for achieving last-iterate convergence to an e-NE, which outperforms

the best existing last-iterate rate of O (n]|All/€*) from Leonardos et al. (2021) by at least a
factor of n/(dmax€)-

Remark 1. Our results trivially extend to the setting of weighted zero-sum polymatrix games
(Leonardos et al., 2021), which amounts to adopting different learning rates {n; };cv at each player.

In this case, the iteration complexity becomes O (maxiev 77% log %) In addition, our convergence
result readily translates to a bound on individual regret as detailed in Appendix C.

3.2 PERFORMANCE GUARANTEES UNDER RANDOM DELAYS

We continue to examine single-timescale OMWU in the more challenging asynchronous setting. In
particularly, we show that the last iterate of single-timescale OMWU continues to converge linearly
to the QRE at a slower rate, as long as the delays satisfy some mild statistical assumptions given
below.

(®)

i

Assumption 1 (Random delays). Assume that for alli € V, t > 0, the delay ~
generated and satisfies

is independently

E oy, ] =B[22 <B@), we=01,.... (12)
Additionally, there exists some constant ( > 1, such that L = Z;‘;o C*E(0) < .

We remark that Assumption 1 is a rather mild condition that applies to typical delay distributions,
such as the Poisson distribution (Zhang et al., 2020), as well as distributions with bounded support
(Recht et al., 2011; Liu et al., 2014; Assran et al., 2020). Roughly speaking, Assumption 1 implies
that the probability of the delay decays exponentially with its length, where ¢! approximately
indicates the decay rate. We have the following theorem.

Theorem 2 (Last-iterate convergence with random delays). Under Assumption 1, suppose that the
regulari-zation parameter 7 < min{l, dmax || Al } and the learning rate 1 of single-timescale
OMWU in Algorithm I obeys

0 < 5 < min il et (13)
24d2, || A2 (L+1) 7¢

ax|

then for any T > 1, the iterates ) and ™) converges to X at the rate
1
max {E [KL(W; I w<T>)] 5E [KL(W: I ﬁ(T))} } < (1= )T KL(x% || 7). (14a)
Furthermore, the QRE-gap also converges linearly according to

E [QRE—GapT(f(T))} <dn~'(1—nr)"KL(7E || TI'(O)). (14b)

Theorem 2 suggests that the iteration complexity to e-QRE is no more than
(@] (max {deaX ||A||iC (L+1), 6%1 Zlog 1) after optimizing the learning rate, whose range is
more limited compared with the requirement in Theorem 1without delays. In particular, the range
of the learning rate is proportional to the regularization parameter 7, an issue we shall try to address
by resorting to two-timescale learning rates in OMWU. To facilitate further understanding, we
showcase the iteration complexity for finding e-QRE/NE under two typical scenarios: bounded
delay and Poisson delay.
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* Bounded random delay. When the delays are bounded above by some maximum delay vy, As-
sumption 1 is met with ( = 1 +~~1 and L = ey(y + 1). Plugging into Theorem 2 yields an

~ 2 2 2 ~ 2 2 2
iteration complexity of O (M log %) for finding an e-QRE, or O (w)

€
for finding an e-NE, which increases quadratically as the maximum delay increases. Note that
these rates are worse than those without delays (cf. Theorem 1).

* Poisson delay. When the delays follow the Poisson distribution with parameter 1/T, it suffices to
set( =1+ T 'and L = eT(1 + T) Assumption 1. This leads to an iteration complexity of

~ 2 A T
o (W log i) for finding an e-QRE, or O (W) for finding an e-NE, which is

similar to the bounded random delay case.

4 PERFORMANCE GUARANTEES OF TWO-TIMESCALE OMWU

While Theorem 2 demonstrates provable convergence of single-timescale OMWU with random
delays, it remains unclear whether the update rule can be better motivated in more general asyn-
chronous settings, and whether the convergence can be further ensured under adversarial delays.
Indeed, theoretical insights from previous literature (Mokhtari et al., 2020; Cen et al., 2021) suggest
the critical role of 7(*) as a predictive surrogate for 7 in enabling fast convergence, which no

longer holds when 7 is replaced by a delayed feedback from ﬁ(”it)). To this end, we propose to
replace the extrapolation update (9) with one equipped with a different learning rate:
D (k) o (k)T exp@AFS ), Ve S, (15)

i

which adopts a larger learning rate 77 > n to counteract the delay. Intuitively, a choice of  ~ ('yi(t) +
1)n would allow 75 1o approximate 7(*) by taking the intermediate updates {7() : /{Et) <Il<t}
into consideration. We refer to this update rule as the two-timescale entropy-regularized OMWU,
whose detailed procedure is again outlined in Algorithm 1 using (10) for extrapolation.

4.1 PERFORMANCE GUARANTEES UNDER CONSTANT AND KNOWN DELAYS

To highlight the potential benefit of learning rate separation, we start by studying the convergence of
two-timescale OMWU in the asynchronous setting with constant and known delays, which has been
studied in (Weinberger & Ordentlich, 2002; Flaspohler et al., 2021; Meng et al., 2022). We have the
following theorem, which reveals a a faster linear convergence to the QRE by using a delay-aware
two-timescale learning rate design.

Theorem 3 (Last-iterate convergence with fixed delays). Suppose that the delays v(t) =~ are fixed

i

and known. Suppose that the learning rate 1 of two-timescale OMWU in Algorithm 1 satisfies

1 1
< min ,
= {2T(v+1) Sdmax [|All o (7 + 1>2}

and 7] is determined by 1 — jT = (1 — nT)(”’Jrl), then the last iterate 7 and T converge to the
ORE at a linear rate: forT > 7,

max {KL (w7 || 7(7+D), %KL(ﬂ |FT=+D) L <(1— ) THKL (% || 7®) + (1 — )T+,

In addition, the QRE-gap converges linearly according to

a2, A%, 1
ORE-Gap, (7T=71) <2 max{w, f} ((1 —nr) KL (72 || 71'(0)) +(1—- T]T)T+17’Y).
T n

By optimizing the learning rate 1, Theorem 3 implies that two-timescale OMWU takes at most

[ dmax|| A 2 . . . . .
O (% log %) iterations to find an e-QRE in a last-iterate manner, which translates to an

<dma><HAHoo(’Y+1)2 )

iteration complexity of O for finding an e-NE. This significantly improves over

the iteration complexity of O (d2,, | A||%, (v + 1)?/€?) for single-timescale OMWU, verifying the
positive role of adopting two-timescale learning rate in enabling faster convergence.
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4.2 PERFORMANCE GUARANTEES WITH PERMUTED BOUNDED DELAYS

The above result requires the exact information of the delay, which may not always be available.
Motivated by the need to address arbitrary or even adversarial delays, we consider a more realistic
scenario, where the payoff sequence arrives in a permuted order (Agarwal & Duchi, 2011) con-
strained by a maximum bounded delay (McMahan & Streeter, 2014; Wan et al., 2022).

Assumption 2 (Bounded delay). Foranyi € V andt > 0, it holds that v"

<.
PRI
Assumption 3 (Permuted feedback). Foranyt > 0, the payoff vector at the t-th iteration is received

by agent i only once. The payoff at the 0-th iteration can be used multiple times.

The following theorem unveils the convergence of two-timescale OMWU to the QRE in an average
sense under permutated bounded delays.

Theorem 4 (Average-iterate convergence under permutated delays). Under Assumption 2 and

3, suppose that the learning rate 1 of two-timescale OMWU in Algorithm 1 satisfies 1 <
min { 5y, s - and 71 s determined by 1 = 7ir = (1= 7)Y, then for
T > 2, it holds that

L KL 1800). 2 S k(o )
T — 2’y T ) 3 T

t=2v t=2vy

1

< -
— (T = 2y)
Furthermore, the average QRE-gap can be bounded by

dnyl
(KL(W;T B +n) + %. (16)

1
T —2y

T-1
Y ORE-Gap, (7))
t=2v

1 32, A7 1
<75 max { "’axzﬂ 'OO,T}(W<KL(W:,T|w§°>)+n)+36m1ogsmax).

Theorem 4 guarantees that the best iterate among {ﬁ(t)}Q,KtST is an e-QRE as long as

. ~ dS A 3 1 5/2
T is on the order of O (” mae| ‘|T°§E(’Y+ )

o (ndiax\lAHgg(vH)S”

), which translates to an iteration complexity of

) for finding an e-NE. While the rate seems slower than the previous the-

orems, Theorem 4 holds under arguably the weakest delay assumptions, where it can be even ad-
versarially bounded. We remark that the result in (16) also guarantees the convergence of the last
iterate 7() to the QRE asymptotically, although without a finite-time rate. This is in sharp con-
trast to typical average-iterate analysis that only applies to % Zthl 7(*) without implications on the
convergence of the last iterate 7).

Remark 2. The analysis in this section can be generalized to more commonly-used delay models
where the reward information is not assumed to be observed once per round (Quanrud & Khashabi,
2015; Joulani et al., 2013), i.e., in every round an agent may observe multiple reward feedbacks from
previous iterations or receive no information. This can be achieved by storing reward feedbacks in
a buffer memory and picking one for policy update every round in a First-In-First-Out manner.

5 NUMERICAL EXPERIMENTS

In this section, we verify our theoretical findings by investigating the performance of both single-
timescale and two-timescale OMWU on randomly generated zero-sum entropy-regularized polyma-
trix games with n = 10, [S;| = 10,7 € V and 7 = 0.1. For each (i, j) € E, we set A;; = —A;
with entries of A;; independently sampled from the uniform distribution over [—1, 1]. All the results
are averaged over five independent runs.

In Fig. 1 (a), we compare the performance of single-timescale OMWU in both synchronous and
asynchronous settings, with delay uniformly sampled from {0,1,...,10}. We adopt the opti-
mal learning rate n from {0.1,0.05,0.02,0.01, ...} that yields the highest accuracy. The method
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Figure 1: KL(ﬂ': I ﬂ'(t)) of single-timescale and two-timescale OMWU with respect to different
values of learning rate and delay. (a): performance of single-timescale OMWU in the synchronous
setting and asynchronous setting. (b) & (c): performance of the two methods after 5000 iterations
under various choices of 17 and 7, with 7 fixed to 7 = 771(1 — (1 — 57)7*!) in (b) and 7 fixed to
0.001 in (c).

achieves linear convergence in both cases, yet the convergence rate is slowed down by delayed feed-
backs in the asynchronous setting. Fig. 1 (b) and (c) compare the effect of different choices of
learning rates 7, 77 on the performance of the proposed methods, where the feedback is permutated
with bounded delay v = 25 (cf. Assumptions 2 and 3). In general, two-timescale OMWU outper-
forms single-timescale OMWU given appropriate choices of learning rate 7. On the other hand, (c)
demonstrates that the choice of 7 = 77(1 — (1 — 7)) suggested by the theory (marked with
star) indeed leads to near-optimal performance of two-timescale OMWU.

Figure 2 shows KL(ﬂ: I 7T(t)) with respect to the number of iterations of single-timescale and two-
timescale OMWU under different asynchronous scenarios, with optimal choices of 1 and 7 = 0.1.
In particular, two-timescale OMWU adopts the extrapolation learning rate suggested by theory 7 =
771(1 — (1 — »7)7™1). While both methods yield linear convergence to the QRE, two-timescale
method outperforms its single-timescale counterpart in the case with constant and known delay and
the case where the feedback is permutated with bounded delay, which verifies our theory.

100 10°

£ > é

= 2 >
—%— single-timescale 103 —=— single-timescale > I R single-timescale P

10! > two-timescale > two-timescale ’ , 10 > two-timescale s .
104
0 5000 10000 15000 20000 0 2000 4000 0 5000 10000 15000 20000
Iteration count ¢ Iteration count ¢ Iteration count ¢

(a) random delay (b) fixed delay (c) permuted feedback

Figure 2: KL(W: I 7T(t)) with respect to iteration count ¢ of single-timescale and two-timescale
OMWU under various asynchronous settings. (a): random delays bounded by v = 25. (b): constant
delays v = 50. (c): permuted feedback with delay bounded by v = 25.

6 CONCLUSION

This paper studies asynchronous gradient play in zero-sum polymatrix games, by investigating the
convergence behaviors of entropy-regularized OMWU with delayed feedbacks under two different
schedules of the learning rates. We demonstrate that single-timescale OMWU enjoys a linear last-
iterate convergence to the QRE even under mild statistical delays. However, the presence of the delay
noticeably limits the allowable range of learning rates and slows down the convergence. To mitigate
the impact, we further show that the method benefits from adopting a two-timescale learning rate
in a delay-aware manner, which achieves a faster last-iterate convergence when the delay is fixed
and known, and continues to converge provably even when the delays are arbitrarily bounded in
an average-iterate manner. We believe our work lays the foundation for further understandings of
delayed feedback in games under symmetric and independent learning.
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A FURTHER RELATED WORKS

Learning in two-player zero-sum matrix games.  Freund & Schapire (1999) proved that Multi-
plicative Weights Update (MWU) method achieve an average-iterate convergence rate of O(1/ VT )
through the lens of regret analysis. Daskalakis et al. (2011) is the first to achieve an optimal conver-
gence rate of O(1/T) with the excessive gap technique of Nesterov (Nesterov, 2005a;b). Rakhlin
& Sridharan (2013) achieved the same rate with OMD, which is more commonly referred to as
OMWU when entropy regularization is in use for the mirror descent update rule. In terms of last-
iterate convergence, Daskalakis & Panageas (2018) established asymptotic last-iterate convergence
for OMWU assuming the uniqueness of NE. Wei et al. (2021) improved upon the analysis under the
same assumption by showing a problem-dependent linear rate of convergence, which is extended to
a class of extensive-form games (Lee et al., 2021). Cen et al. (2021) showed that entropy-regularized
OMWU converges linearly to the QRE of two-player zero-sum matrix game, which translates to an
iteration complexity of O(1/T) for finding an e-NE, without assuming its uniqueness; the linear
convergence to the QRE continues to hold with smooth value updates (Cen et al., 2022). Sokota
et al. (2022) showed that linear convergence to QRE can be achieved without resorting to optimistic
update rules, e.g., using entropy-regularized MWU, albeit with a more restrictive learning rate. It is
worth pointing out that the idea of learning rate separation has been explored for equilibrium finding
in two-player zero-sum games with instant feedback (Fasoulakis et al., 2022) and online learning
with delayed feedback (Hsieh et al., 2020), but lacks study in an asynchronous multi-player game
setting.

13



Published as a conference paper at ICLR 2023

Asynchronous optimization. Asynchronous and decentralized optimization algorithms have been
extensively studied since the proposal of Bertsekas & Tsitsiklis (1989), where a number of agents
seek to find an approximate global optimizer of a common loss function, by performing iterative
gradient-based methods in a collaborative manner. Typical approaches including parallelizing the
computation of gradient with regard to data (Tong et al., 2020), or parallelizing the model updates by
imposing coordinate update rules (Nesterov, 2012; Liu et al., 2014; Liu & Wright, 2015). Delayed
gradient (feedback) is also common in these scenarios due to the existence of other agents updating
the model. Moreover, the zero-sum polymatrix setting considered in this work is inherently non-
collaborative by requiring every agent to maximize its own utility function and compete with other
agents, and leads to substantially difference analysis techniques.

B PROOF FOR SINGLE-TIMESCALE OMWU (SECTION 3)

Before delving into the main proof, we first record a useful lemma pertaining to a basic property
of zero-sum polymatrix games; the proof is deferred to Appendix E.1. For ¢ € V, we denote by
N; ={j: (i,j) € E} the neighbors of agent 4 in the graph (V, F). For notational simplicity, we

denote by = L y the equivalence between two vectors x and y up to a global shift, i.e.,
=yt (17)
for some constant ¢ € R, where 1 is the all-one vector.
Lemma 1. For any zero-sum polymatrix game G, it holds that for w, 7' € A(S) that
Z [ui(m,w’_i) + ui(ﬂg,w_i)] =0. (18)
i€V
Or equivalently, Y\, (7] Aiw’ + (7)) " Aiwc] = 0. It follows that

> mi—wp Ai(w =)y = [ui(m) +ui(x)] = Y (7 A + (x)) T Aim] = 0,

eV eV eV
B.1 PROOF OF THEOREM 1

We start with the following lemma that characterizes the iterates of OMWU, which generalizes Cen
et al. (2021, Lemma 1) for zero-sum two-player games to zero-sum polymatrix games. The proof
can be found in Appendix E.2.

Lemma 2. The iterates of OMWU based on the update rule (9) satisfy

(log ™V — (1 —gr)logw") — 7 logns, THY —77) = 0.

To continue, by the definition of KL divergence, we have
t+1) _ (1 —pr)lognm® — nrlognt, ﬁ(t+1)>

t+1)>

(logm
= (log 7" — (1 —yr)log ™ — nrlogns, 7
— <logﬁ(t+1) —logwt*Y), 71'<t+1)> — <1ogf(t+1) — log wtHD) | Ft+D) _ 7r(t+1)>
= (1= )KL (ED | 20 4 prKL(ED [ 72) 4 KL (x| 7E+D)
- <logﬁ(t+1) — log 7D+ _ 7r(t+1)>.
In addition,

—( log 7Y — (1 — nr)logn® — nrlognr, mr) = KL(n% || 7r(t+1)) — (1= nr)KL(7x || W(t)).

(t+1

Summing up the above two relations, in view of Lemma 2, it holds that
KL(7x | 7)) = (1 = pr)KL (2 | 7)) — (1 — pr)KL(FED || 70) — KL (7D || 7ED)

+ <logﬁ(t+1) — log 7+ 7+ _ 7T(t+1)> - nTKL(ﬁ(tH) | 75).
19)
We now proceed to bound the terms of interest one by one.
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Bounding KL (7 || 7(¥). We aim to control the right-hand-side (RHS) of (19). Based on the

update rule of 7r( 1 )in Algorithm 1, we have
log 7r(t+1) log 7r(t+1) L nA, 7 — 7)) (20)

(I

A (78 — 70y 4 Ay (z® — D),

It follows that
(t+1)

(log; log7r-(t+1) *(»Hl) — §t+1)>
— Z (ﬁ§t+1) (t+1))TA (! ) _ ;t)) +n Z (ﬁ(‘tﬂ) B W§t+1))TAij(7T§t) ~ ﬁgt-&-l))
JEN; JEN;
<0 Y Mgl [T = a DYl =700, 0 D il Y = w0 5 = 70
JEN; JEN;
< DAl X2 (70 = 7P+ 75D = w0 4+ 27 - 2O
JEN;
<Al Z (KL( (t) H—(t)) n KL(fgt-H) I Wj(‘t)) i 2K|_(7T1(t+1) ||ﬁ§t+1))) : 1)
JEN;

where the last line follows from Pinsker’s inequality. Summing the inequality over ¢ € V, we get

(t+1) _

log w1 7D _ £(t+1))

<log7r
< e [ 4]l o (KL(r® [ 70) + KLEHD | 0) 4 2KL (20D | 7040 ).
Plugging the above inequality back into (19) yields
KL (2 (| < (1= )KL (s [|20) — (1= 17 — nidma [ AlL o) KL [ 70)
(1~ 2 [ A KL (D [ TED) i | Ao, KL(x® [ 70)
— nrKL(FY || 75). (22)

With the choice of the learning rate
0<n< 1 1
min _—
= 27" Al A,
it holds that 1 — 77 — Ndmay || A/, > 0 and

Amax HAH < (1 —n7)(1 = 2ndmax ”A”oo) (23)

NH

This allows us to further relax (22) by

KL(w2 [ D) 4 (1 = 20dimas || Al )KL (7D || 70D)

< (1= nn)KL(aE | 71) + ndmax [| Al o KL(7® [|70))

< (1= n7) (KL 179) + (1 = 2 [ AL )KL (7O [ 7))
Let us now introduce the potential function of iterates

L0 = KL (2 [|70) + (1 = 2ndm | ALOKL (7 || 70),
which allows us to simply the previous inequality as
LY < (1 —r) L0 < (1= n7) ' LO = (1 —9r) KL (a7 | ), (24)

where the last equality follows from the definition 7®) = 7(9). Hence, we have

KL(72 || 7®) < LY < (1 - pr)KL(7% || 7).
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Bounding KL (7% || #**1).  Following similar approaches to (21), we can bound

— (mf, =7 logm Y —log (Y
_ U(fgtﬂ) _ TF;T)TAi(f( ) 4 (7 (t+1) _ ,'*,T)Tqu(W(t) — D)
— 1) — 1
<nlAlle > (KL(w§t) 179) + KL@ D 7)) 4 2KL (a7, || 7 >)). (25)
JEN;

Summing the inequality over ¢ € V leads to

—(mk - 7D g7t —1og 7T(t+1)>

< Ndmax | Al [KL(7® |70) + KLEFEED || 7®) 4 2KL (rf || 7).
On the other hand, by the definition of KL divergence, we have

KL(m2 | 7)) = KL (rf | e D) =KL (7D || 7 D) —(r2 -7 1og 7Y —log 7 (D).
(26)
Combining the above two inequalities, we get

(1 — 2ndmax [| Al )KL (3 || 7+D)
< KL(m2 1740 4 | A, (KL | 70) + KLED | 70)).
Plugging the above inequality back into (22), we have
(1 — 2ndmax HAHoo)K ( ; H 7(t+1))
< (1 —nr)KL(7x || 7T(t)) — (1 = n7 = 2dmaxn HA||OC)KL(ﬁ(t+1) I 7T(t)) - nTKL(ﬁ(tH) | 75)
— (1 = 27dmax [|All )KL (7D | 7Y 4 2 | A o KL (2O || 70)
< (1 —pr)KL(7E | 70) + 2ndmax || Al o KL(7® || 71)
< KL [ 79) + (1 = 20dmae [ All )KL (= [|70) = LO,

where the second and third inequalities follow from the choice of the learning rate, and the last line
follows from the definition of the potential function L® . Then the result follows from (24) as

1 e _ *
5KL( [ 7YY < (1 = 2ndmax || Al )KL (72 | 7YY < LO < (1 — pr)KL(a% || 7).

Bounding the QRE-Gap. Finally, we bound the QRE-gap, which can be linked to the KL diver-
gence using the following lemma. The proof can be found in Appendix E.3.

Lemma 3. For any m € A(S) and QRE 77 € A(S), it holds that

QORE—-Gap,(m) < TKL(T(‘ I w;) MKL( ol 7r).

Lemma 3 tells us
(t) (t) dr2na>< ||"4||2 * || =(t)
ORE-Gap, (7)) < 7KL(7" || 7}) + %KL( | 7). 27

With KL (7% || 7®)) controlled in the above, we still need to control KL(7*) || 7%). From (22), it
follows that

TKL(f(t) | 75) < n 1 =) LY <71 — ) L© =571 — n7) KL(7% || 71'(0)).
Plugging them back to (27), we arrive at
ORE-Gap, (7") < (7" + 2r a2, AL ) (1 — nr)! KL (X || 7).
B.2 PROOF OF THEOREM 2
We begin with bounding the KL divergence KL(T(‘: I 7T(t)) and then move to bound the QRE-gap by

linking it to the KL divergence.
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Bounding the term KL (Wi || 7 ) . We start with the following equation

(1- TIT)KL( -l ﬂ(t)) (1- UT)KL(f<t+1) I w(t)) i TITKL(f(‘t-H) s ) N KL( (t+1) Hﬁgt“))
FKL(mf, 7Y = (Qog 7w —log a7 gty
+ (@ — )T A - ) (28)

where its proof follows a similar deduction as (19). Our first target is to bound the last two terms on
the RHS of (28) with

ﬁTKL(fZ(t-i_l) || 7'(':: ) + KL( (t"rl || 7(t+1)> ( T]T)KL( (t"r].) || ﬂ_ft))
Let us introduce the potential function of iterates

() KL( (I+1) ||7T )+KL( 0} ||7T(l) v — Z\I,(l 70+1) ||7r(l))+KL(7T(l) ”ﬁ(z)%
i€V

which will be used repetitively in the rest of this proof. For notational simplicity, let \IIZ(.Z) = 0 when
<.

(t+1)

Step 1: bounding <10g7r — log ’R’(H_l) *(f“) §t+1)>. Following a similar argument as
(21), we get
<logﬁ(—t+1) — log 771(t+1), fEtH) — 7T§t+1)>
—(t41 t+1 (&Y ()
= 3 @ —a ) Ty ) - w)
JEN;
t41) || =(t+1 77||A||oo £ My 2
< e | Al KL ({70 Sl - @)
JEN;
(r (7+1)) 2
To control the term ||7r 1 when t = 0, we have
Cas N (r{"F) - 1) _ _(0) (0)
7 %—H I < |7 ==l < 2w (30)
by Pinsker’s inequality. For ¢t > 1, consider the decomposmon
DU (%;Hl) —ﬁgl)) . Vi<k<t,
I=t—k
it then follows that
—(t) _ —(t—k) +1) _ =12
75 =7 H1 <k Z 75 T |3
I=t—k
S (=0 02 (-0 2
_(I+1 l o —(
<2% ) (H”j = |yl =7 Hl)
I=t—k
— 40
l
<4k > v, 31
I=t—k

where the last line applies Plnsker s inequality. Depending on whether ’y(t+ )

( (f+1))

> 0, we proceed to

i(n

bound the terms ||7r in (29) considering the following two cases based on (31).

I

. %(Hl) = 0. Then

(D)

w® ) ) (s
R A T A R s
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<80 4 830 Z v,
l=t— "/E)

where the last step uses (31) and
75D =705 < 2 (Y = w1+ |l 7)) < 4w

via again Pinsker’s inequality.

. ry(fH) > 0. Then it follows similarly that

D) _(=() - ) )2, N D) 02
705 H1— Yoo w0 Y ImT -7
I=t41—yHD 1=t—~
t—1 t—1
<4y N w4 N el
l:tf'ygurl) l=t— ’y(t)

Combining the above two bounds together, we get

t—1 =1

(n“*”) 7@0) 2 (t) (t) 0 (t+1) @

A T AR D DI R Han D DI A
1=t—~" l=t—y

when £ > 0. In view of (30) when ¢t = 0, the above bound (32) holds for all £ > 0. Plugging the
above inequality into (29) yields

<10g w+d) — log 7r§t+1), ﬁgtﬂ) — 7r§t+1)>

t—1
<Al S S AR g Y Z SR

FENG =y ) JENG |—_ A
A Al S U i Al KL (T 7). (33)
JEN;

Step 2: bounding (7" — 7)) T Ay (T ‘)

sition

—72). Let us begin with the following decompo-

gt+1))

@ —m ) TAGEST) — ) = @Y - ) TAGE — )
n (ﬁz(_tJrl) T* )TA ( (ROHD) ﬁ(t+1))7 (34)
where the second term in the RHS of (34) can be bounded by

FY - m ) TG - w )

_ Z (ﬁgt_‘—l) . W;T)TAM(%;”?H)) B ﬁ;H—l))
JEN;
(D
<Al Do Y = || m ) =F
JEN;
1 . 2 Ao Al ) ey 2
<54l D (dmaXMHWEtH) S e P ”§'t+1)H1)
JEN;
< KL )+ DA 5 et e
JEN;

Following similar deduction of (32) for the second term, we attain

(@D —mp )T AT D)
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A
§TKL(ﬁ§t+1) HW: ) Amax || ||oo Z (\Il(t)+ Z 7§t+1)q/§l)>'

]EN l=t— ,Y(f+1)
Plugging the above inequality back to (34) results in

()

(ﬁl(t+1) . ’/T:':T)TAi(ﬁ ;

T rKLESD ) + dmax IIAIIOO Z( o 4 Z %_(t+1)q,§z)).

w:>s<ﬁ<f+” m) T AFED — 1)

JEN; I=t—ny (D
(35
Step 3: combining the bounds. For simplicity, we introduce the short-hand notation
dmax || A
=1+ Inax [Alloe 4 ca = dmax || Al . - (36)

-
Combining (33) and (35) into (28), and summing over ¢ € V' gives

(1 — )KL (7% || 7))

>(1- nT)KL(f(t'H) I W(t)) +(1- QnCA)KL(W(t'H) I f(t""l)) + KL(7x || 7T(t+1))

t—1 t—1
—477||A||OOZ Z ( Z %_(t+1)\1,§_l)+ Z 7§t)‘1’§l)+cr‘lf§-t)>

iEVjGNi l—=t— ,Y(t+1) l:t*’y(t)
i

> KL(n% | 7)) + (1 — dnea(e, + 1)) ¥@

t—1 t—1
l l
—an Al (cT oo+ ¥y v§t)‘11,§»)>7 (37)
1=t

i€V jeN; —y (D) 1=t -~

where we make use of the fact
M@ —ap )T AT — a2 =0
ieV
from Lemma 1 in the first inequality, and the second inequality uses the relation

ST =S d < dpg, O,

i€V jEN; eV

Step 4: finishing up via averaging the delay. We now evaluate the expectation of
KL (7 || w(t+1)). Recall that we use subscript [+ [-] to represent the conditional expectation given
v = {’Y(t)}zev We shall first control the conditional expectation of the last term in (37). Ob-
=) ()
serving that 7, ", 7,
E(t — 1), we have

3pIERAELED S

i€V jEN; I=t—~®

are independent of v(t) for j € M;andl <t — 1. Using the definition of

K2

ZZ Z E,_ 1<y |7 [ )\Il(l)}

i€V 1=0 jEN;

t—

ST I,

i€V jEN;
t—1
=S EE-03Y Y vl
1=0 i€V jeEN;
t—1 t—1
Cdmax 3Bt =100 = da Y B(t - DU, (38)
=0 i€V =0
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where the second line follows from the definition of E(t — 1) in Assumption 1. Applying a sim-
ilar argument to bound } ., Z]EN D {’y( +1) Z
v ®) A+ on both sides of (37), we get

It v(”l) \If ] and taking expectation of

(1 n7)E, 0 [KL( * ||7r<t>)} > B o [KL(W; [7tD) + (1 = dea(er + 1)@
t—1

—dnea(e, +1) ) E(t— 1w,
=0

Taking expectation on both sides over all the delays yields
(1—nr)E [KL(W: I M)}

t—1
>E [KL(W: I w(t“))} + E[a — dnealer +1) WO —dnea(e, + 1) Y Bt - )wd } .

=U®
(39
Telescoping over t = 0,1,...,7T, we get
T
(1= nr)THKL(x: | 7)) > E [KL(T{‘: |2 (THD) } +3 (1 - 9r)TE [U(ﬂ (40)
t=0
which leads to the desired bound if
t
S (-9 E [U(t)} > 0. (41)
t=0

Proof of (41). To begin, notice that with the choice of the learning rate

. T (-1
0 <n <min ) )
{24d23x 1Al (L+1)" €7 }

it follows that

1
<(¢ (42a)
1—nr
and
T dmax || A
dncale. + D(L+1) <4 dimax || A <2+"‘a°° L+1
nea( )( ) 24 A (L1 1) 1Al - ( )
T dinax || Al T 1 1
2 ) — <= (42
deaannm( B Bdmee AT, 652 Y

as T < dmax || A]| .- Both of these relations will be useful in our follow-up analysis.

Now, taking the definition of U (®) (cf. (39)), we have

T T t—1

S @=gn)TUD =y (1 - [(1 —dnea(er +1) O —dnea(e, +1)> Bt —1)wW

t=0 t=0 =0

where the second half of the RHS can be further controlled via

T t—1 T
> @=nn)"TY B - 1" = Z\W S @-nn)E( -1
t=0 =0 t=0 I=t+1

T

T t
U= 0
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T—t

(1 =nn)" O (1 =) EQW)
I'=0

(1—nr)"te® fj C'E(l)

=0

1= 104+ 104~

(1—nr)"'Le®,
t

i
=

where the first line follows by changing the order of summation, the second line follows from the
change of variable I’ = [ — t, and the last line follows from (42a) and the definition of L in Assump-
tion 1. Plugging the above relation back leads to

T

> (@ —nn)tu® >Z )T (1= dnea(er + 1)) — dnea(er + 1)L 00

t=0 t=0
1
25 (1 —nr)T—te® >0, (43)
t=0

where the second line results from (42b).

Bounding the term KL (7 || 7(/*1)).  With a similar deduction of (19), we get

(1= )KL [ 70) + 5 3 (7D —wn) T A7) — )
eV
= KL( o[ 7T(tJrl)) +(1— UT)KL( (t+1) I l ) Jr777_KL( (t+1) | 7 ) (44)

Following the similar argument of (35), we have

R — )T A

m X A
+gKL(ﬁgt+1) Hﬂf,r) a || ||oO Z ( 4 Z %t)\Ij z))
JEN: I=t— 'y

- < (f?*” i) A )

Summing over ¢ € V' and plugging into (44) yields

(1 _ UT)KL( * ” 7_‘_(t)) Amax HA”oo Z (\If(t + Z 7(75 \If(l )
)

(i.)€E 1=t—~*
> KL (s [|7HD) + (1 = ) KL(EHD || 70) + ZDRLED | 2)
> KL(ms || 7+0) + TKL(ED | 7).
Taking expectation on both sides over all delays and using (38) leads to

Al

(1= n7)E [KL(mx | 70)] + 7'“3” S \1:<f>+ZE Hwd)

=0
> E [KL(m: | 749) | + TE [KL(E | 77)] - (45)

Notice that with the choice of the learning rate

. T ¢—1
0 <n < min 3 ) )
24z, Al (L +1) 67

8(L + ndag, A%, _ 1

T

we have

[\
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and
t

> > (= nr) ' [u)]

=0

(1 — )" T'KL(72 || 7(©

l\')\r—l

by combining (43) and (40). It follows that

E [W)} < 2(1 = pr) KL (72 || )

and
t—1 ) t—1
E | Et-)v?| <E lZa — )L Bt — 1)@—11
=0 =0
t—1 t—1
<E D @—nn) w0y Bt - z)gt—l]
=0 =0

(i)
< 2L(1 — nr)" KL (7% || W(O)),

where (i) is by the bound (1—n7)~! < ¢ and (ii) uses the definition of L in Assumption 1. Plugging
the above inequalities into (45) leads to

(1= n7)E [KL(ms [ 7)] + (1 = 5r) KL (s || 7))
> B [KL(r: || 7040)] + TE KL 7))
Then from (40) we have
_ nt — *
E {KL( ol n(t“))} E {KL( ol <t+1>)} +TE [KL(w(t“) I 777)}
< (1 =) T KL(7E | 7)) + (1 — nr) KL (72 || 7(©)
=2(1 — pr)"TKL(7% || 7). (46)
Bounding the QRE-Gap. Combining (27) and (46), we have

&2, Al
T

E [oRE-Gap, (7+1)] < 7E [KL(ED || 77)] + E [KL(r; | 70+0)]

< 2 (e [k )] + B [k (e 401 )
< A= (),

n
where the second line uses the learning rate bound

2 AU AR (L+1) | Al

n T T

C REGRET ANALYSIS OF SINGLE-TIMESCALE OMWU

For completeness, we also provide the regret analysis of single-timescale OMWU in both syn-
chronous and asynchronous settings, which might be of independent interest. To begin, for 7 > 0,
the regret for each player ¢ € V' is defined as

T
Regret; , (T') = mrEnAa(XS )2 ul (T, T z:: 47)

which measures the performance gap compared to the optimal fixed strategy in hindsight for player
1, when the rest of the players follow the strategies derived from Algorithm 1.
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Synchronous setting. We begin with the following no-regret guarantee of single-timescale
OMWU in the synchronous setting.

Theorem 5 (No-regret without delays). Suppose all players i € V follow single-timescale OMWU
in Algorithm 1 with the initialization 771(0) = ‘S—l_|1 and the learning rate obeys 0 < n <

m. Then, for T' > 1, it holds that

Regret; . (T) < log |Si] + 167 deg; ||A[|% Z log | Sk|-
keV

By optimizing the learning rate 1), Theorem 5 suggests that the regret is bounded by
ma“;{ Regreti T(T) 5 6 (HAHOO % ndmax)
i€ ’

up to logarithmic factors. Compared with the OMD method for multi-agent games in Anagnostides
et al. (2022), which only provided the regret bound for 7 = 0, our bound is more general by allowing
entropy regularization. Moreover, our bound is tighter by a factor of 1/dax by exploiting the graph
connectivity pattern, which is significant for large sparse graphs.

Asynchronous setting. We next move to the asynchronous case, and show that single-timescale
OMWU continues to enjoy no-regret learning as long as the delays have finite second-order mo-
ments.

Assumption 4 (Random delays). Recall the definition of E({) in (12). There exists some constant
o > 0, such that E [(fyi(t))ﬂ <Y oo EW) <o? forallt >0andi € V.

Clearly Assumption 4 is weaker than Assumption 1, since it only requires the second-order moments

to be finite, instead of an exponential decay of *yi(t)

. We have the following theorem.

Theorem 6 (No-regret with random delays). Under Assumption 4, suppose all players i € V follow
single-timescale OMWU in Algorithm 1 with the initialization 7r§0) = ﬁl the regularization
parameter T < min{1, ||A|| }, and the learning rate obeys 0 < 1 < Then, for

T > 1, it holds that

1 dmax [|A
E [Regret; . (T)] < Elog |Si] + 8dmax | All oo (ﬂ”(’o + 2) (0 +1)> log|Si|. (48)
i€V

BT ()"

max

Theorem 6 guarantees that the iterate among {ﬁ(t) }i>1 enjoys a regret bound on the order of

i€V T

= (0 ndmax || A|I?
max E [Regret; (T)] <O (Unma”Hoo
by optimizing the learning rate 7.

C.1 PROOF OF THEOREM 5

Recall the expression of the regret

Regret; . (T') = N Regret; . (m:, T),

where

T T
Regretm (771-, T) = Z i (mi, T Z

1

o+
Il

M'ﬂ

(i =70, AFED) 4o (m) — M) @)

i
t

Il
=)

Therefore, it is sufficient to bound Regret, . (m;, T') for any m; € A(S;). To begin, we record the
following useful lemma whose proof can be found in Appendix E.4.
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Lemmad. Forany ™ > 0andT > 0, we have

T

E Regret, . (T + 1) mAa(XS )2 (<7Ti — ﬁl(_t+1)7 AN 4 7 H (7)) — TH(ﬁ£t+1))) > 0.
’ 7'r S
i€V

Let us now proceed with the following regret decomposition

<7T¢ . ﬁ§t+1)7 Aif(t+1)> + TH(?T ) . TH( (t+1 )
= (m — 7r§t+1), Aif(t+1)> + 7H(m;) + <7T§t+1) - ﬁ§t+1), Aﬁ(t)> - TH(?EHD)
— (7D gD g m D) gm0, (50)

?

We proceed to bound each term on the RHS of (50).

+ To begin, note that log ﬂEtH) 2 (1—n7)log 772@ +nA; 7D The first term in (50) can then be
written as

<'/Ti (t+1) A —=(t+1) >+7H(7T1‘)

= <1og 7r(t+1) log Wz(t), T 7r§t+1)> + T<log wgt), ™ — W§t+1)> - T<log iy 7ri>

(117 - 7') KL (m; || Wl(t)) - % (KL(m I 7ri(t+1)) + KL(?T§t+1) I Wl(t))) — 7(log Wl(t), l(t+1)>

(S
where the second step is derived from the definition of KL divergence.
 Similarly, the second term in (50) has the form
(D R, A0 )
1 1
= (KL(wgt“) |77y = KL(xY | fgt“))) - (n - T) KL@ Y 7t
+7(logm? | wHD)y, (52)

* Moving to the third term on the RHS of (50), we first make the following claim, which shall be
proven at the end of this proof:

R4 — a0, < gl — Az O] 3
With (53) in place, we have
—(mtHD FD, AT~ Am0) < 3 Al D -7 - 70,

JEN;
<0 Y Al AT —7O)| 7 =),
JEN;:
2
<ol (3 I =70, )

JEN;
The latter term can be further bounded by

2
(3 I7*0 =700,) < deg, Y |7 =2l 40 - 7O

jeNi jGNl
< 2deg; Z (||7T(t+1) (t)||§ + ||7r§t) 7f§t)||?)
JEN;
< ddeg; 3 (KL 77) + KL= 7))
JEN;
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where it follows respectively from Cauchy-Schwarz inequality, ||a + b||? < 2(Ha||? + ||b||f), and
Pinsker’s inequality. Plugging this into the previous inequality leads to

—(rTY — Y AF) — A7) < dndeg; A2 S (KLETT (|7) + KL(x D | 7).
JEN;
(54)
Plugging (51), (52), and (54) into (50) yields
(mi — ﬁgtﬂ), ATEDY 47 H () — TH(?Z(-H_I))
1 1 1
< (KU ) KU )) = DR 1) = (= )KL )

— KL (mi || 7") + dndeg, 42 Y (KLETD ) + KL 7).

JEN;
Telescoping the sum over t = 0,1, ...,7 leads to
T
_ 1 _(t+1) | (2
Regret, _(m, T+ 1) < KL i || ) — KL (x| 2y <r> KLY | 7
T 1) < LKL n; N R DI )

T
+dndeg ALY Y (KLE [I77) + KL 7)) 535)
t=0 jE/\/’i
1 T
< log |Si| + 4ndeg; A2, (KL( D 70 + KL () ||?(t))) ,
t=0
(56)

where the last line follows from the fact that KL (; || 7'('(0)) < log|S;| and 1/ > 7. The proof is
thus complete if we can establish

ZKL (=®) || 70) +ZKL @D 7)) <4 log |Skl. (57)
keV

Therefore, it remains to establish (53) and (57), which shall be completed as follows.

=(t+1)

Proof of (53). By the update rules of 7, and ni””, from (20) we can deduce that

< log WEH )

By Pinsker’s inequality, we have

. log ﬂ_l(t+1), ﬁEtJrl) . 7Tl(t+1)> 77<A ( t) (t+1))7 fEHU . 7T§t+1)>. (58)

(t+1) (t+1) f(t+1) £t+1)> > ||72t+1) . WZ(t-H)Hi

<log7r —logm;
In addition,
(A =7, 7Y ) < - A -7 )

Plugging the above two relations into (58) then leads to (53).

Proof of (57). Summing (55) over ¢ € V gives

T T
> Regret, (m;, T +1) < fKL (]| 7 @) - = Z KL (D | 70Dy — ( - T) D OKLED 2 0)
9% 77 t=0
T
+dnd2, ALY (KL(ﬁ(tH) 170) + KL(x® | ﬁ(t)))
t=0
1 1 a
< p (KL(ﬂ' I 71'(0)) + KL(?T(O) I ﬁ(o))) - (77 — 7 —4nd? . ||A||io) Z KL(ﬁ(tH) I 7r(t))
t=0
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T
1
= (b 412, ) KL 170
T

1 _
<= Z log |Sk| — — Z KL(7 t+D) ) 7 t)) o Z KL(?T(t) I 7T(t)),
" jev t=0
(59)

where the last line follows from 7(%) = 7O, KL(7 || 7(0) < 37, ,, log | Sk| for any 7 since 7(?) is
a uniform distribution, as well as the choice of the learning rate such that

1 1
4nd A d < —.
nih AL < 5 andr <o

Taking supremum over 7 on both sides of (59) and applying Lemma 4 gives (57) as advertised.
C.2 PROOF OF THEOREM 6

Similar to the proof of Theorem 5 in Appendix C.1, it suffices to bound Regret, . (m, T) for any
m; € A(S;), where

Me

Regret; , (771-, T) =

T
Uq, 771: §

((m — DAY 4o () — TH(F ““))) (60)

o+
Il

1

7

Il
M=

t

I
=)

Consider the following decomposition:
(m; — ﬁ(.t'H) A )+ TH(m) — TH(T (H_l))
— <7Tl' 71( +1) VAT (t+1>)> + <7ri *(H_l) , AT 7D _ g7 R > + 7H(m;) — TH(T (H_l))
= (m - 7ri(t+1)’Aﬁ K§t+1>)> I <7r2(t+1) _ ﬁ§t+1)’ A7 n§‘>)>
(D G Y (G A,ﬁ<n5">)>

S CARAVE CORE (Tl ©1)

We now bound each term on the RHS of (61). For simplicity, we reuse the short-hand notation in
(36).

* To begin with, note that 7ri(t+1) =(1- m’)ﬂz@ + T]Aiﬁ(“§t+l)) + ¢;1 for some normalization

constant ¢;. Thus we have

<m7 (t+1) Aﬁ(ﬁgf“>)>

L(tog i) ~log?, m; — m"*V) 4 7(log ", m — n*Y)
77

= L (KLl ") K (o) = KL [ 70) + 7(log ), m =),

(62)
where the second step is derived from the definition of KL-divergence.
* Similarly, it holds that
<7Ti(t+1) —ﬁ§t+1)7 Aiﬁ(ﬂgt))>
1
= L (KL ) — KL )~ KLED 7))+ flogl?, Y (),
(63)
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¢ For the term
(D _F D AT gm0y

in (61), following the deduction of (33), we get

 (nfEH D, 4l g el

%

-1 t—1
<ol T () 3 e T 0w )

JEN; I=t—y (D) s=t—(®
(64)
* For the last term in (61), it similarly follows that
(; _%7(:25—&-1)’ A Aﬁ(ngt+1>>>
= (m— Wz(t)» A Aﬁ(ng‘+1>)> + <7T§t) _ﬁ§t+l)7 A7 Aﬁ(mg‘+1>)>
< 2e4KL(@HD | 70 4 dey Al S (\pgw + ti %-(Hl)\llgl)). (65)

JEN; =t —n D
Plugging (62) (63) (64) (65) into (61) yields
(mi— 7Y AT 47 (H(m) - H(ﬁ(tﬂ)))

i

< (KLl — KL 7)) = (3= 2ea ) 0l

t—1
t t l
+e AL, S U roy g S Y wl
JEN; JEN; (t)

i

l=t—~
t—1
e Al ST Y wP s rloga®, =7 D)+ - (H(m) - HEY)).
JENi =4, (4D
Note that
H(m;) — ’H(ﬁgtﬂ)) + (log 771@, i — ﬁ§t+1)> = —(logm; — log 7T2(t), ™)+ <1ogﬁ§t+1) —logm

= KLE" (| 7P) — KL (7, || 7).

0, 7e00)
Then we have

<7Ti - ﬁtﬂ), Aif(t+1)> + T (’H(m) — ’H(ﬁ(“‘l)))

(3

S % (KL(m I 77) = KL (i |21 - (717 9, - T) e

t—1 t—1
t t l t+1 l
+er Al Y5 v+ 207 14l Y v e Al Y YD S0 vy
JEN; JENi =4, ® FENG (=g (t+D)
(66)
Since the learning rate satisfies
1 _ 24d2, ||A|
> maxH ||OC(O'2+1)Z2dmax||A||oo+T:2CA+T7
n

taking expectation on both sides of (66) leads to
E |(m =7, AR 41 (H(m) - HETD))|

< %E [KL(m 17") = KL(m | wgt“))} - (:’ — %4 — T) E [\pgﬂ
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t—1

> B(t-nw®

=0

+ e | All B [90] + e, || 4]l B

—_

“E [KL(mi | 77) = KL(m | 7D) | + de [ Al E [99)] + de- [ A]| B

3

t—1
> Bt -nw?
=0

(67)

where we use the fact 3, \I/;l) < ¥ and the definition of E(t — ). Since >_;°, E(l) < 0% by
definition in Assumption 4, summing (67) overt = 0,1, ..., T yields

E [Regret,; . (T +1)] < %E [KL(WZ. ||7T§°))} +4e, |A|l, (0 + DE

Z T®)

1
< 5log |S;| + 4er || Al (6% + DE Z\If(t) (68)
It remains to establish
T
E DY oW <2 log|Si|. (69)
t=0 i€V

Proof of (69). Summing (66) over ¢ € V gives
3 (i — T, AFED) 7 () - HEH))

i€V

1 1
< - (KL(ﬂ' I W(t)) — KL(n | 7r(t+1))> - ( —2cpq — T) o)

Ui Ui

t—1
¢ 1) l
+der Al Y Y U 2 41D D Z U e Al YoYDL w
i€V jeN; 1€V jeEN; |y A eV JEN; 1=t —y (D

Taking expectation of on both sides and using (38) leads to

: lZ (s =7, AFED) 1 (H(m) - M)

eV

< %E [KL(W 17®) = KL(r | 7r<t+1>)} - <717 —dealer +1) — T) E [xp(ﬂ]

ZEt—w(“

Summing over ¢t = 0,1,...,T yields

+4ca(e, + DE

ZE [KL(x || 7)) .

T
1 1
> Regret, (7, T+1)| < -E [KL(W | 7r<0>)} - ( —4ealer +1)(0% + 1)) E|Y w®
eV 7 n n t=0
1 1 L
L on] -+ (t)
< E [KL(W |7 )} 3 E Sw (70)
t=0
where the second line follows from
Aonax || A 1
dea(er +1)(0% + 1)1 < ddmax | Al o (2 + "‘|°°> (0®+1) . <5
T 24d2,,, A% (o2 +1) 2

due to 7 < dmax |4l and n < Wm. Taking supremum with respect to 7 on both
sides, in view of Lemma 4, we arrive at the advertised bound (69).

28



Published as a conference paper at ICLR 2023

D PROOF FOR TWO-TIMESCALE OMWU (SECTION 4)

D.1 PROOF OF THEOREM 3

Bounding KL(7% || 7). For notational convenience, we set 7(*) = 7*) = 7(0) for ¢ < 0. The
following lemma parallels Lemma 2 by focusing on delayed feedbacks. The proof is postponed to
Appendix E.5.

Lemma 5. Assuming constant delays 'yi(t) =, the iterates of OMWU based on the update rule (10)
satisfy
(log 7D — (1 —pr)logn® — prlogms, w7+ — ) =0.

By following a similar argument in (19), we conclude that
KL(W: I 7T(t+l)) =(1- 7]7')KL(71—: [ ,n-(t)) —(1- T]T)KL(ﬁ(t77+l) I ,/T(t)) _ KL(ﬂ_(tJrl) I ﬁ(tfrerl))
+ <logﬁ(t*’y+1) _ logw(”l), f(t*’}“"l) o ,n_(t+1)> o ﬂTKL(f(t7’Y+1) || ﬂ_:)
(71)

It boils down to control the term —(log 7!~ 1) —log 7 (1) 7(t=7+D — 7+ When t > +,
by taking logarithm on the both sides of the update rules (7) and (10), we have

logfgtdfﬂ) L (1 =m77)log a0y A w2

i
and

log (" = (1 = nr)log ") + A7+

%

9
(1 —n7) " 1og wf‘” +1n Z(l — )t AT,
1=0

(t=7+1) _(t+1)

Subtracting the above equalities and taking inner product with 7, gives

<10gﬁ(t_7+1) _ logng_l) —(t=7+1) _ 7r(t+1)>

¥
=1 Z(l - 7’]T)l<ﬁ§t77+l) . 7Tl(tJrl), Ai(f(t_?’) _ ﬁ(t—7_1+1))>)
1=0

(

where the log Wit_ﬂ’) terms cancel out due to the choice 1 — 7 = (1 — n7)>*1. Summing over

i1eV,
<1ng(tw+1) _ logﬂ(tﬂ)’ Ft—y+1) _ ﬂ(t+1)>

~
— Z Z (1- 777)l <ﬁ§t—’y+1) B Wz(t—H)’ Ai(ﬁ(t—QV) . ﬁ(t—n,—l-|r1))>

i€V 1=0
5
<nlAle Do D@ —nn) 7T - 2T R w0 a2
(4,5)€E 1=0
Using the triangle inequality, we can bound ||7(*~27) — 7=+ || ag
1
Hﬁ(t—Q’)’) — ﬁ(t—w—z+1)H1 < tz: Hﬁl(_lrw) _ ﬂ_lrwl)Hl
ll=t—’y
t—1
< X0 (I = =)
li=t—y

Substitution of the bound into (72) yields

(log TH=17D) _ log alt+D)_ =141 _ 7(t+1))
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t—1

.
<Al > Y-t 3o 7 = aO) (F T = w0 FE D - A

(1,7)€E 1=0 Li=t—y
t—Iq

t
—nldlle > > S E D = Al ([ = A R - )

(i,§)EE li=t—~ =0

1 t t—11
<ol 3 [2 30 T a-m e -
(i,j)€E b li=t—y 1=0
~ - (L= _ (Lyt1) __(h))2
+ (1) (e =+ e - |
l1§7 l— ! j '

< dmax | All oo {2@ + 1)2KL (r D || 7t=7HD)

t—Iq
+ Z S (1) (KL(W(m |70 4 KL (70— ||7T<zl>))]_ (73)
l]—t "Yl 0

Plugging the above inequality into (71) and recursively applying the inequality gives
KL (7% || 7D + KL (7D || 7E ) 4oprKL (D || 72)

t
<(1- m)t“_VKL(W: [ 7T(v)) —_ Z(l _ m)t—ll (KL(W(““) ||ﬁ(l1_')’+1)) +(1 nT)KL( (li—v+1) I ) ))
L=y

t
Ndmax [ Al o {2(7 +1)? Y (1= gr) KL (x|t t)
l1="

t Iy lo—1q

£ DT 3T ) (KL ) KU >)}
t2: ll lQ Y =0

t

(1= pr) KL (x| 7)) = Y (1 —nr)th (KL(W(““) 7)) 4 (1 — pr)KL(FO D | 20 ))

li=vy

()
<

t
+2(7 + 1) ndmax Al Y (1= ) KL (D | o+ D)
l1=v
t

207+ 12 [ Allog D (1= 1) 7 (KL (7D 70 77D) 4 (1= pr)KL (D || 7(00))

l1:0
(ii)
< (1= )KL (g || 7))
y—1
20y 4+ 1 [ All g S (1= 1)1 (KL (D 70 50) 4 (1= )KL (7050 | 2(09) ),
l1:0
(74)
where (i) results from basic calculation
12 ll
St 3 S - (ke ) o )
ta="y li=ly—v 1=0
t ity o=l
= Y@= YT ST @ =g (KL (a0 [ F ) 4 KLE D [ 20))
11:0 l2 l1 =0
t o
= (1—nr)th Z (1—nr)t =V (KL(W(Zl) Hf(ll_w) + KL(ﬁ(ll_W'l) I W(ll)))
11=0 1I'=0 1=0

30



Published as a conference paper at ICLR 2023

t —(y+1
Z (=) +1)2(1 - 2(71+1)> v )(1—777)(“-( )70 =) + KL(EH D | 20))

M-~

<207+ 12D (1= ) (1= ) (KL(r®) 70 77) 4+ KL (O || 700))

=
Il
=)

M=~

< 2(’Y + 1)2 (1 _ nT)t—ll (KL(W(ZI+1) || ﬁ(ll—v-‘rl)) + (1 _ nT)KL(ﬁ(ll—W-H) || 7T(ll)))

I
=)

1

and (ii) is due to n < min { To proceed, we introduce the following

1 1
27(’Y+1) ’ 5dma><”A”oc(’Y+1)2 }
lemma concerning the error KL (w;‘ I ’/T(’Y)), with the proof postponed to Appendix E.6.

Lemma 6. With constant delays %(t) = 7, the iterates of OMWU based on the update rule (10)
satisfy

KL(7% || 77(7))
v—1

< (1 —nr)"KL(7x | 7r(0)) _ Z(l —pr)lh (KL(?T(Z1+1) [ f(ll—'}’"!‘l)) +(1— nT)KL(ﬁ(ll_’Y“’l) I 7T(ll)))
11=0

+ 20772 dima [| All
With the lemma above in mind, we can continue to bound (74) by
KL (7% || 7(+D)
< (1 =) T KL(wr | 7D) + 201 = 07) 0P dina [| Al

~y—1
_ Z(l —pr)th (KL(W(thl) I ﬁ(lrwl)) +(1— UT)KL(ﬁ(lrwl) [ ﬂ-(ll)))
l1:0
~y—1
207+ 1) dman | Allg 3 (1 =)~ (KL D 70 775D) 4 (1= )KL (ES D | 200))
l]ZO

< (1 —nr)PKL(xE || 7)) + (1 — pr)ttio.

Bounding KL (7% || #¢~7*1). By definition of KL divergence, we have
KL( * HW(t 7+1))
=KL (7% || w(t+1)) + (7, log atD _log 7t "’+1)>
= KL (7% || 7T(t+1)) + KL(7T<t+1) | 7 7+1)) + (mr — 7D Nog ntHD) — log 7= 7+1)> (75)

It remains to control the term (7% — 7(*+1) log 7(t+1) —log7w(t=7+1)) . By following a similar
argument in (73), we have

(mr - 7D log £+ — log 7! =71

)
= a3 () (et — Y, Ay )

i€V 1=0
:
<uldle 0 30— ar) fni, - w0 - w0
(i,5)€E 1=0
2l t—1
<uldle 3 =m0 fwte = wl O (IR = T =)
(i,§)€E 1=0 li=t—~

t—11

t
=nldle Yo D Y@ —nn)|fm, a7 = A 4 T =)

(i,§)EE li=t—v 1=0
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< e Al [2@ £ 1PKL(e || 20D

t—11
i Z S @) ( L(x @) [|70=7) 4 KL (704D ||7T(zl>))],

li=t—y 1=0

Substitution of the above inequality into (75) yields

KL (7% |70 4 prKL (Y || 72)

=(1+2(y+ 1)2ndmaX)KL( D) 4 KL (@D | 7EFD) foprKL(FEHD | 7k)

t—11

Al 3 S - ) (KL 7)1 KL (R ) 70))

ll_t ’Yl 0

2(KL(x [ 7640) 4+ KL (x| 7-7D) 4 grKL (0 | 1))
t
+ 2(,7 + 1)77dmax HAHOO Z(l _ UT)t 1 (KL( (1141) ||*(l1 "/+1)) =+ (1 _ T]T)KL(ﬁ(ll_’y'H) H ﬂ-(h)))
l1_0
< 21— )KL (e [ 7)) - 2 Z )ih (KL( (A 7B =rH D) 4 (1 — )KL (7| 7701)))
li=v
t

Ay + 1) dmax [|All o > (1= p7) THKL(aB#D | 7l=HD)
li=v
t

607+ 1) ndmax 1Al D2 (1= 7)1 (KL (D 70 —70) 4 (1= )KL (RO | 200) )

11:0
< 2(1 —nr)" YKL (s || 7T(7))
v—1
63+ 1) ndmar 1Al S (1= 7)1 (KL (D 70 7D) 4 (1 )KL (07D | 7(00) ),
l1=0
where (i) results from
t—Iq
Z S @) (KL(Wul)Hﬁul—w))+KL(f(z1—w+1>HW(zl>)>
ll_t "yl 0
t t—1y
= > =) Y =) (KL (a0 7)) KL (FR D | 20))
l1:t—'y =0
t
< 3 =)+ (1= gr) O =) (KL (a0 ) KL (D | 7))
lLi=t—y

t
<2(y+1) Z(l _ nT)t*ll (KL(ﬂ.(thl) [ f(lr*ﬁl)) +(1— nT)KL(f(llf'Hl) [ 7-1-(11))) .
11=0

and (ii) is due to the bound established in (74). Finally, applying Lemma 6 yields
KL (72 || 77D 4 prKL (D | 77)
<2(1- nT)t“KL( S AO) + 400 =) 0 e [ Al

) Z )il (KL( (1) f(lrwl)) +(1— UT)KL(f(llfwl) I 77(11))>
11=0
y—1
67+ 1) [ Allg Y (1= 77) 7 (KL (D 70 75D) o (1= pr)KL(FO D | 2(0))
l1:O
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<2(1 — ) KL (72 || 7(©) + 2(1 — )t (76)
Bounding the QRE gap. With Lemma 3, we have

d2 A 2
ORE-Gap, (7¢"7HY) < 7““** | ”OOKL(W*HW“—V“))+TKL(ﬁ<t—v+1> || %)

< max{ hax 14115

* || =(t—v+1) =(t—y+1) *
- ’n}<KL( | 7ET40) 4 prKL (R | ) )

2
i I1AIl5 1

<2 max{ ; ;}} ((1 — nT)t'HKL(W: I 7r(0)) +(1— m.)t-&-l—’v)’

T

where the last step results from (76).

D.2 PROOF OF THEOREM 4

Bounding the term KL (7% || 7(!)). Recall that the update rule of 7 (k) is given by

7O (k) o 7V (k)7 exp(n[ A7) ). 7

We introduce an auxiliary variable %Z@:

_ _ a0, (e ®
ﬂl(t)(k) x 7T§t 1)(lc) i T exp (ﬁit) (A7 )]k) , (78)

()

which can be viewed as a conceptual alternative update of 7, with a different step size 77( ) >0

satisfying

O _
(=T =)™ =17
or equivalently

1- 707 = (1= eyt
It directly follows that ﬁi(t) > 7. Since Ii(t) < t, we have 1 — ﬁ(t)T >1—(y+1-t+ H(t))nT >
1 — (v + 1)y7, which implies 71" < 7 = 70

7“7?) =7 and /€Z(-t) = 0 when ¢t < 0. The following lemma establishes a one-step analysis, with the

proof postponed to Appendix E.7.
Lemma 7. Whent > 1, it holds that

< (v + 1)n. For notational convenience, we set T,

(t)
KL(x}, || 7) + nrKLGE™ ) | 77,
(t) t
= (1= nr)KL(af, | ) =) — )T A — ) — gl
() (t)
+ ~7(7) (log 7r( ) — log %Z-(t), ﬁgmi ) _ %gt)>, (79)

9 = (1- KLY 2 Y)

+~Z){(1 A PKLES 2 D) 4 KLED | 75) 4 kLD 1 70)
;

()

®
We proceed to control the term <log ™, (t) *(H ) NZ(t)>

—log T, . By definition, we have

log %Et) 1 (1-— ﬁ(t) ) log 7r(t b + n(t)A (")

L@ = )1 — ) dog Y
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0 (4w 8 o0t

(t)

I=kK;
and
(k (i)) 1 ) (n<t> 1)
log7; (1 —77)logni —Y 4 5A7™" )
when HE” > 1. Subtracting the two equations yields

® IR ¢
10g7r( ) —log7" =7 (Ai(ﬁ("i I G ))>

({9 -1) 0
+Z -y ),
—e®
(80)
where the log 7’ =1) terms cancel out due to (1- ﬁft)T)(l - nT)t_KEt) = 1 — 7. It follows that
(t) (t)
<10gf£”i ) —log 7'('( ) ( ) _ (t)>

({1

=" ((wﬁ”“)) A0 AFET ) ZF D))

t—1 t—
+ Z (1-am)a - Ur)tflflﬁfﬂﬁgt)) — 7D A7 (h( "y _ W(N§l>))>)
l—ngt)
~(t) _ (s t) MON (K(ﬁét*l)))
<n; 1Al sz ' ||1 Z Z H T Hl &1

jENZ l—ngt)

(t=1)
1) (r; )
The next lemma establishes an upper bound on the term Z;zﬁ(.t) ||ﬁ5“7 ) ﬁ;'{f’ ) |

1 with the
proof postponed to Appendix E.8.

Lemma 8. Ler v;(t) denote the time index when agent j receives the payoff from the t-th iteration,
ie., /-@S i) — t Fort = 0, we set v;(0) to an arbitrary index that satisfies Ii( viO) — 0. When
t > 2y + 1, it holds that

(I) (t—1) (K(t 1))

=Dy ) u(n )
> I - Hl<4fv+1 P+ 2vE 1 ’

1= () I=t—2

Plugging Lemma 8 into (81) gives
(")

<10g ﬁl — log %gt), ﬁgﬁgt)) _ %(t)>
Y (m(‘ ),
< 7O A 7 — 7O, 3 [4v3(r+ 1) Z o+ 2B 17
JEN: I=t—2y
() 1 ( e -
- 2~l(t) ||A||oo {14dmax('}/ + 1)3/2”%5 g ) _ ﬂ.l(t)H?

t+ St—l))
+ 3 [+ Y ¢<’)+4(v+1)5/2w(”’(” ”]}

JEN; I=t—2v

t+vy (t—1)
(i) (e )
A A L AR Dl (ORI DT LEE CRR VA SR |

JEN; I=t—2~
(82)
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where (i) results from Young’s inequality
(n” t) @) ,(nff)) ~(t) 12 1/2 (1)
I= /ol < (Gl O+ Ve 1)

® 2
and (ii) follows from ( ) %Et)H < 2KL( (®) ||*(H ) <2(y+ 1)1,&2@). Plugging (82) into
1

(79) and summing over ¢ € V yields

KL(x2 |70 + 5 SORLES ) | 2)

eV
< (1= pr)KL(m 7 0) =g 0 E — o )T A - )
i€V
=)
(1= M [ Al (v D7) D0 4 2 All (r+ DY 30 gt
eV (i,j)EE

t+y
+ dndma [|All, (v + 1P > w0, (83)

I=t—2vy

where we denote ) ., zp§” by ¥ for notation simplicity. We then seek to sum the above equation

overt =2y +1,--. ,T. Before proceeding, we note that
t4+vy T4~y 14+2v
DI SRUES S SRUEITEN Sl
t=2v+11=t—2~ =1 t=l—~ =1
and that
T i <N(f—1>))) T4y—1 T+y—1
vi(k, * t
Dot Vs 3 3 s 300
t=2y+1 (i,j)eE (i.5)€E =0

G

where the first step is due to the mapping ¢ — v;(x ) being injective when ¢ > 2+ + 1 (cf.

Assumptions 2, 3). Note that ’(/J](-t) = 0 when ¢t < 0 and hence can be safely discarded. Taken
together, we arrive at

T T ,
nT Z KL(ﬂ': ||7T(t))—‘r777' Z ZKL(EEHE))H@*’T)

t=2v+1 t*2'y+1 eV
< QKL ) =y 3 S ) A )
t=2v+1i€V
T4~
f(1f14ndmax||AHm<v+15/2) Z 0 120 dmax | Al (v + 172 90
t=2~+1 =1
T+~vy—-1
+277dma><HAHoo('7+1)5/2 Z ¢(t)
t=1
d ®) ®
< (- pn)KL(az 7)) = 30 So@S ) —ar )T A )
t=2y+1i€V

— (1= 280dmax |1 AlL . (7 +1)*2) S 0+ L Al (3 )72 5 0
t=2v+1 ler
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N (t) - (t) 1
< (1 —yr)KL(xs || 7@) = Z SE —m ) TAED — )+ 23 w0, @84
t=2y+1i€V ler

where ' = {1,--- , 29y} U{T 4+ 1,---,T + ~}. The last step results from the choice of learn-

(=) _

ing rate < It now remains to bound the terms Y7, oyt1 2iev (T

1
28dmax[| Al o (+1)5/2
)T Ay (T ) o, KL(7x || 727) and 3, 9. In view of Lemma 1, we have

S Y T E T myTa )

t=2v+1i€V
- (1) - a (1S N
=Y Y@ -m )T A —an - S S @) —ar )T A — ).
t=y+1icV t=2v+1:€V

)
We remark that each (fl(-m"’ ) ) A 7" —

t»—)ngt

72) term will cancel out due to the mapping
) being injective when ¢ > . In addition, we have a crude bound
@)~ ) A — ) = Y @ )T A — ) < ddmax [ All

JEN;

for every ¢ € V,t > 0. Applying the bound to the remaining n~y terms gives

Sy Y

t=2y+1i€V

(t) ¢
Vo ) TAERT) = 12) < dnydmma || All, - (85)

The remaining terms KL(W: I 77(27)) and 1)) can be bounded with the following lemma, with the
proof postponed to Appendix E.9.

Lemma 9. [t holds for all i € V and t > 0 that

b < (domax || All . (2 + 11) 4 37 log |S;]). (86)
In addition, we have
KL(W’»k

il

) < KL 7") + 4ndma | Al 7 @7

Putting all pieces together, we continue from (84) and show that

T
oy KL(mr | =)

t=2vy+1
(t )
< (1= pr)KL (s || 7@) — Z S )T AT ) 2 S g
t=2v+14i€V leF
< KL(m, [|7”) + 8nmydumax | AL, + m(ndmax Al (27 +11) + 37> log |Si|)
eV

< KL(t, 17”) + 80 [y [ A1l + 7 (e Al (27 + 11) + 37 1og S )|
< KL(ﬂ';‘T I FZ(O)) + n + 24nmnylog Spax-

Bounding the term KL (7 || 7(!~7*1)), By definition of KL divergence, we have

KL(mp, |77 )
= KL(m, oY) + (rr, dog (Y — log (7Y
= KL (7, |l Y) = KL@EY 7Y 4 (= w7 Jog Y < log m ).

(88)
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It follows directly from the update rules that
(t=)
)

log*(t LARES (1—m7) logw 4 AT
t+1
logﬂ(f-&-l) 1 (1 —nr)"*+ log 7rl(t—v) . Z 1- m)tfzﬂAﬁ(ng”)’
l=t—~v+1
which enables us to control the term (7} . — 7 log Y —1og 7)Y as
(mr . — 7 Jog nTY —log fgt_7+1)>
AR t—1+1 /% —_(t—vy+1) (w87 =k 2
=1 Z (1 - 777) <7ri,‘r - T ; Ai(ﬂ- )>
l=t—~+1
_ (=71 — 5 —(x")
< n ||A||oo Hﬂ—z T l ||1 Z Z 7Tj ”1 (89)
JEN; I=t— ~,+1
“/)
In the same vein as Lemma 8, we can bound the term Zf‘tl S+ || - *(H ) | | With {w(l 1,

as detailed in the following lemma. The proof is omitted due to its smnlarlty w1th that of Lemma 8.
Lemma 10. When t > 2+, it holds that

D ) (D) tﬂ“ [ (s (5))
oo T =m < 4av2(v+1) 4 2v2(y + 1) (A
I=t—~y+1 I=t— 2'y+1

Plugging the above lemma into (89), we have

<ﬂ_f _ﬁ(_t*’)“i'l) logﬂ'(wl) —logﬁ(.t77+1)>
bt 1) t+y+1 5 =
<Al llm =7 Y <4\/§(v+1 \/¢T+2\T7+1 it >
JEN; I=t—2y+1
2 * —(t— 1)112
2 Il { Vol + 177, 7
t+v+1 .
+ Z |: "y+1 3/2 Z q/)(l) +4(7+1)5/2w(’/g H )):|}
JEN: I=t—2y+1

(ii)
Al {14dmax<v LKL ([ 7D

ty+1

B SRS RED SN CRE I 7)”}},

JEN; I=t—2y+1

where (i) results from similar arguments in (82) and (ii) invokes Pinsker’s inequality. Substitution
of the above inequality into (88) and summing over 7 € V leads to

(1 — 14ndmax ”Alloo (’Y + 1)3/2)K|_(77: || ﬁ(t—’H-l))

t+y+1
* 1 v Rgt—w)
<KLl A ) +nflAll, > [0+ 1072 S w20y + 1)l
(i,j)€E l=t—2v+1
t+y+1 -
< KL(ar 7Y+ dndimas [ All o (v + D23 0 4 2y | A (o + 1)3/ 2577,
l=t—2y+1
Summing the above inequality over ¢ = 2y — 1,---,T — 1 and adding
+1)
S Yoy KL(T (i V|| 7%, to the both sides,
= /2 1 (D)
S (GRLG IR ) 4 KL ES i)
t=2~ eV
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< KL 12) £ 3 SR )
t=2v t=2vi€V
T—1 t+vy+1 T—1 .
+ dndma |Alle v+ D230 ST 9O 4 2 Al (y + 1YY )
tAQVI—t—27+1 t=2~
< - k(e ) 1Y S E )G )
t= 27+116V
— (1~ 280dmax | Al (v + 1)772) S 60 1 L ] v+1)5/22w(“}
t=2v+1 ler
T+ TH4+vy—1
+ 120 dmax [|All oo (v + 12D 90 + 2y [|All o, (v + )72 > p®
=1 t=0
_ 1 (17 KL (7* 2’y) (K() * TA (t) o
- nT)KL(7% || Z G (7 )
t=2v4+1:€V

T
i
— (12801 + Ly 4] (7 + 172) S W+14<1+m>ndmax||A||m<v+1>5/22w<l>}.

t=2v+1 ler

Here, (i) invokes the bound established in (84). We remark that our choice of learning rate

1 1
o
7= { 27(7 + 1) 42 || Al (7 + 1)572 }

guarantees 1 — 28(1 + L) ndmax [|A|| (v + 1)%/2 > 0. This taken together with (85) and Lemma
9 gives

= 2 * || =(t— +1 —(r; )
> (GRLEIR ) 4 3o KLES i)
t=2v eV

(f))

17{(1?77)KL( S a0y — g Z 3 (m ) A7 wi)+§2¢”>}

t=2y+1i€V ler
1 3
< Lt 1) + 80 [ 41+ 5 (o AL (23 10 + 37 08 S )}
nT 2
1
< 77{KL( IO +n+36777n'ylog5max}. (90)
-

Bounding the QRE gap. With Lemma 3, we have
T—v—1

Z QRE-Gap, (7)< 3~ (7’“"x ”A||°°KL( LIFCD) 4 rKLECD || 7))
t=2v t=2v
T—vy—1

2 2
< max {%,T} 3 @KL(W: |7ED) £ KL(FD | 77:)).

t=2v

Since the mapping ¢ — v;(t) is injective we have

&t _(t+1) 'S RV = (=Y
SO KLER T 7r,) = Z ZKL 7)< 3D KLE™ I,
t=2v i€V t=2v i€V t=2vieV

Combining the above two equalities gives

>~ orE-Gap, (7))

t=2v
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i gKL( £ FEHD) 4+ ZKL t+1>|\7r))

27y t=27y

2 w(TFD
(GRLG 17 ) + KL )
t=2v i€V

< max{ o 14115 3
— 27_ ?
T

Smax{izngaEL'_A” ,T} 1

A 1
< max {M, T}— (KL(W{‘T I W(O)) +n + 36nTnylog Smax>
2T nT ’

where the last step results from (90).

E PROOF OF AUXILIARY LEMMAS

E.1 PROOF OF LEMMA 1

To prove this lemma, we recall a key observation in Cai et al. (2016) that allows one to transform
a zero-sum polymatrix game G = {(V, E),{Si}icv,{Ai;}u,j)ep} into a pairwise constant-sum
polymatrix game G = {(V, E), {Si}icv,{Aij}(i,j)cr} such that

(1) For every player ¢ € V, it has the same payoft in G and G:
u;(8) = w;(s), Vs e S.

(2) For each pair (i, j) € E, i # j, the two-player game G is constant-sum, i.e., there exist constants
a;j = ajj, such that
Aij(si7sj) +Aji(8j,8i) = Qyj o1
holds for all s; € S;,5; € 5.

We are now in a place to prove Lemma 1. Let G be the pairwise constant-sum polymatrix game
associated with G after the above payoff preserving transformation. We have

Z [wi(ms, m'y) + wi(m), m—3)]

eV
_ Z (i, my) + wi(m), my)]
eV
(i.j)EE 8Ty, 85~ SirT] 84
> A {g”(si’sj)} + E [O‘ij - /Tji(sjasi)n
(,j)eE LITTH8INT; ST 85~
(i.5)eE

where the penultimate line uses (91), and the last line uses the fact that G is also a zero-sum poly-
matrix game, which satisfies

Z Q= Z |:Aij($i,8j)+ sJ,sl} Zuz —|—Zﬂj(s)—
(i.4)€EE (i,J)€E iev jev
for any arbitrary s € S.
E.2 PROOF OF LEMMA 2
In view of the update rule (7), we have
(t-‘rl) — (1

log ; — ) logm™ + AR 4 i1
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for some constant c;. On the other hand, it follows from the expression of QRE in (4) that
nrlogn;, =nAim; +cil 92)

for some constant c;. By combining the above two equalities and taking the inner product with

fz(-tﬂ) m; -, we have
(t+1) _ q _ ® _ 7+ * (t+1) _ o+ T (t+1)
(log e — (1 = nr) log m® — nrlogt,, TV —mt ) = (@Y —wr )T A (RO —).
(93)
Summing the above equality over ¢ € V gives
(log D (1 —pr)logz® — priognr, 7Y — )
1 *
=0y (@ — )T A FD — )
i€V
_ 772 [ —(t+1) )T A —(t+1) +( :T)TA - } B 772 [ t+1))TA (WZT)TAiﬁ(t-‘rl)}
eV eV
> [ ] <o,
i€V

where the last line follows from Y_, [( UHINT Agm® + (n2 )TAﬁ(t“)} = 0 due to Lemma 1,
as well as that the game is zero-sum.
E.3 PROOF OF LEMMA 3

Recalling the definition

QRE-Gap, (1) = max L max L(mhmog) — um(ﬂ)}

< 12 { max ;. (), m_;) — ui,f(w)]

mEA(S;)

= max )Z[Ui,r(ﬂgﬂf—i)*Uv:,r(ﬂi,ﬁ—i)],

1€V 4 ASL
ieVimleA( ey

where the inequality holds since max,sea(s,) Ui, r (7], T—i) =i, (7) > wi 7 (75, 7—i) —u; - (7) = 0
for all 7 € V. We now proceed to decompose

> i (7 7)) = wi (i, )

i€V
= Z ul T 7'(' s TT—4 ui,‘r(ﬂ-:‘:q—aﬂiiﬁ)] -7 Z (H(TFZ) a H(W;T))
eV 9%
- Z [ui,r(ﬂ-z{a i) = Wi (7}, 7Tii;r) - uiﬂ'(ﬂ-:‘r’ i)+ w7 T, ﬂ-ii,r)]
1%
+ Z I:ui,’r(ﬂ—:‘iq—a ﬂ-f’i) - ui,”f—(ﬂ—;ﬂ" Trii,T) -T (H(ﬂ—l) - H(T‘—ZT))}
eV
+ Z [ui,'r(ﬂ—gv ﬂ—ii,'r) - uiy”'(’]r;ﬂ" ﬂ-ii,‘f')] (94)
i€V

where the first line follows from Y,y (ui - (7) — TH(m;)) = > ey (wir (7F) — TH(7S ) =0
by the definition of zero-sum games. It boils down to control the terms on the RHS of (94)

* To control the first term, by the definition of u; , in (5) (see also (3)), it follows that
*

ui:T(Wz{7 ﬂ-—i) - ’u’iﬂ'(ﬂ- Tr—z ‘r) ’u’iﬂ'(ﬂ-z s ) +u; T( T ﬂ-—i,T)

:ui(ﬂ-z{’ﬂ-—i) _ul(ﬂ- 7T—z 7-) ui(ﬂ-zT’ )+ul( 17’77‘-11’,7‘)
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= (’/T: - W;T)TAi(ﬂ- - W:) = Z (7-(-7{ - W;T)TAU(T(J' - Tr;,r)a
JEN;

which each summand can be further bounded by Young’s inequality and Pinsker’s inequality as

(7’1’2 - W;,T)TAU(T(] - 7TJ T) < ”A”oo HTI' || Hﬂ-ﬂ ﬂ-;ﬂ'Hl
1 * ||2 dmax || All

/
5 ||A||oo <dmax ||A||oo Hﬂ-z - Tri,r 1 + T = ||7rj - ’/T;w-

IN

I
1

IN

Summing the inequality over 7, j gives

Z [uiy‘r(ﬂ-;’ﬂ—i) 7u7517'(7r 7T—z ‘r) ui,"’( T T ) + u; T( ’LT’ﬂ-ii,T)]
i€V

A2 || Al
< 7KL(7' || 7)) + MKL(W: | 7). 95)
T
* Regarding the second term, we have

Z [Uiﬂ'( 'L‘r?ﬂ- ) Uy 7’( :T?Wii,T) -7 (H(ﬂ—i) - H(W:T))}

i€V
=" (7 ) " Ailr = 72) + (] logm; — (n7,) T log )]
i€V
=3 [T Air = 73) + 7 (i, logmi — log i, ) + (mi — 7. log il )]
i€V
_ Z )T Ay (= 70) + (s _W;T)TAiW:+TKL(7Ti 7))
i€V
= 7KL(7 || %), 96)

where the penultimate step follows from (92) and the last step invokes Lemma 1.
* Moving to the last term, we have
Ui (T T ) = i (w2, ) = (5, — ) T Aut — 7(t) T log w4+ 7(wh) T log
=7(nf, —m) " logn}, T( o) logmi . +7(m) " log
= 7KL (|| 7} ). o7
where the second line follows again from (92).

Plugging (95), (96) and (97) into (94) gives

Z[Ui,r(ﬂ'g,ﬂ—) Wi 7 (13, m—3)] <TKL(7T||7T ) MKL( *||7T).

eV

Taking maximum over 7’ finishes the proof.
E.4 PROOF OF LEMMA 4
Let 77 = 7 S, @D then ™) € A(S). The proof is completed if we can show

> Regret; (T +1) > Y Regret, (7", T +1) >0, (98)
eV eV

where the first inequality holds trivially since Regret; . (T'+ 1) > Regret, . (7; 71 ,T). It then
boils down to show the second inequality of the above relation. From the deﬁnltlon of zero-sum
polymatrix games, it holds that

5S4y = 35 (R0, Ane0)

ieV t=0 i€V t=0
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_Z ~(T) LA Zﬂ.(ﬂrl

i€V

=(T+1) Z(HT) A7y = 0.

i€V

In addition, applying Jensen’s inequality gives

ZH GED) = (T + DHED) > S HED).

t=0

!

Combining the above two relations yields

> Regret, (7, T+1) > > Z (FD =7, A7) 4 1GED) - rHEY)) 20,

2% i€V t=0
which concludes the proof.

E.5 PROOF OF LEMMA 5

Taking logarithm on the both sides of (7), we have

(t+1) L (1—mn7) 10g7r +nAmEHD,
On the other hand, the definition of QRE in (4) gives

log

ntlogm; L nA;mr.

(t=v+1) _

Subtracting the two equalities and taking inner product with 7, we get

z‘r’

(t1) _ (4 A

<10g7T i T 7,7
(t=v+1) <\ —(t—v+1) *
=n ( Tl'iﬂ_) A; (7r — 7rT> .

Summing the above equality over ¢ € V' leads to

—n7)log 7r§ —nrlogw}

<10g a+D) (1- 777') log ) — 17 log w:,ﬁEFVH) — 7T:>
3 (R ) (R ) =
eV

where the final step results from Lemma 1.

E.6 PROOF OF LEMMA 6

Recall from (71) that

99)

KL(ﬂ l 77(t+1)) =(1- nT)KL(w: I w(t)) —(1- nT)KL(ﬁ(t_'Y""l) [ 7T(t)) _ KL(W(t-i-l) [ ﬁ(t—’yﬁ‘l))
+ <logﬁ(t—’)’+1) _ 10g7r<t+1)7 FE—y+1) _ 7T(t+1)> _ nTKL(ﬁ(t_”“) I W:).

—(t—+1)

When ¢ < v, we have 7, = (9, It follows that

log 77T = 1og @ Lo,

and that

t
log 7r(t+1) (1-— 777)”1 log 70 4 n Z(l - m')lAﬁ(t*77l+1)
1=0
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t
1 Z (1—n7)'4; (0
=0
Therefore, we can bound the term (log 7! ~7*1) — log g1 F(t=7+1) _ 7(t+1)) 5
t
(log T+ log (D) 7t=1+D _ x(+1y — (15 (1 )l 4@, 70) _ 4D
1=0

<+ Do | Al @ = 0|
< 20t + 1) dmax | Al .- (101)
Plugging the above inequality into (100) leads to
KL (7% || 7Y < (1 = pr)KL(r2 [ 7®) — (1 — pr)KL(FEHD || 70) — KL (7D || 77+D)
+2n(t + 1)dmax [ Al|

Applying the above inequality recursively to the iterates 0, 1, ...,y — 1, we arrive at

KL (7% || 7))

v—1

<(1- nT)VKL(ﬂ [ 7r(0)) _ Z(l _ nT)w—l—ll [(1 _ nT)KL(ﬁ(ll_'Y“Fl) I ﬂ-(ll)) + KL(w(ll“) [ f(ll—vﬂ))}
l1=0

+2n Z —n7)7"" - ll(l + 1) dmax ”AH
1,=0

v—1

<(1- 777')7KL(71-7’§ I 71-(0)) _ Z(l _ m.)'y—l—ll [(1 _ 777.>K|_(ﬁ(ll—’v+1) I ﬂ-(ll)) + KL(ﬂ-(ll"Fl) I ﬁ(ll_'y+1))i|
l1=0

+ 277’72dma>< HAHOO

E.7 PROOF OF LEMMA 7
Taking logarithm on the both sides of (77) and (78), we get

77(108771‘() logﬂ(t 1)) (t)(logﬂg) logw(t 1))7

or equivalently

M;

Taking inner product with 7 — ﬁft),

~(t) n (t-1) )y _
()logw (1—~—t))1og7r T — T, ) =0.

% %

<10g w(t)

By definition of KL divergence, we have

*

(log a® (t) log 7\ — (1 - W) log ™Y, )
= <(log7ri —logm; ;) — (logﬂ(t) log ;) — (1 - %)(logw(t 2 —logn} ), )
'l 771

= KU 1) + (1 R ) + L 7).

and
@m“—JJ%#)(L“Hﬁ%(“l#U
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(t)KL( (t) ”'V(t)) (1 o W)KL( (t) H (t 1))

Taken together, we get

n ~
KL(rf, [l m) + 0 KL 17) + (1—W)KL( © | 7=y

-(1- W)KL( Al Y) + KL ||~£“>~

(t) (102)
®
On the other hand, taking logarithm of (78) and making inner product with 7r( ) ;- gives
®
<log%m —(1- ( ) )logﬁ(t b _ ( )Tlogﬁz . 7rl(-Ki ) _ 771*,7>

= FOEE )T A ).

Following a similar discussion in (19) gives

(t)
KL(ms, 177) = (1= )KL (xs, [ 770) = =50 nKLE™ = Y)
(t) (t)
— KL ) (| ar,) — KLED 7))
(t) (t) (t) X
+ (log 7r( ) logw(t) ﬁ-n’ (t)> (t) F) Z—*’T)TAZ-(%("EO) — 7).

(103)
Plugging the above equation into (102),

* ~ ’)7 1
KL %) + KL 177) + (1 ) <>> KL (" || ~)
i 1
0) ,
= (1 — n7)KL(7} 7T4t_1) — f(,n" ) _ * TAi ﬁ(nﬁ”) _ 1t
n ,T 7 mm; i,T T

N(.” — ~ K/(.t) _t’)
Z) (1= 7O KLES ) 7Y + 7O KL ES ) | 7g,) + KLED (7))

(t)>

(5" ~(t) —(r") _
+ W<log7r —logm; 7ri

Rearranging the terms finishes the proof.

E.8 PROOF OF LEMMA 8
For notational convenience, we set

# = (1= =) I ==,
Ub

7

n (,)
+ (I -

’L

M, + 70 =7+ [ -5,

for all 2 € V,t > 0. By triangular inequality, we have QS( ) > 7r(t) (t b

. In addition, we
denote by t1 A to := min{ty,t2} and t1 V ty := max{ti,t2}. For 0 < t1 < to, it holds that

H(t1) K (t2)
757 =,
(u,(nﬁ“))) v (n 2)y) m( t1) » KEtl)
o TR L e

v.7~<f<§“’>vuj<n§t2>)

— _ (s ~(v; ngtl)
< > 7§ = DY+ Y = w ),
1=(j (k) D) A (572 +1)

(2))

K Vi H(-t2)
e = A

v; n( 1) (tl)
+H ~(v( )

I,
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(=) (v (")) ~(wi (")) (sl
+[7 -7 I, + 117 - B
G NZICHED (v (k")) ~(v; ("))
< ZJ g0 4 T e ; S
a (t) (t2) n Ui J
1=(v; (5 ) D) Ay (52)) 1)
V~(n(t1>)\/u-(n(.t2))
S 0 (i (")) (3 (12)))
< > &3 + (v + )¢+ (v +1)g,” (104)
1=(v; (") 1) A (v (12)) 41)
Therefore, we have
t (t—1)
—(=9) k)
Yo B
k KEt)
(st )) k
t vi(r; * )\/Vj(KE ) i (N(t—l)))) i *
l vi(k, v vi(k;
-y 5 60+ + 1)t 4 Do >>}.
k= ({71 (k)
L= D)D) AG (s +1)
(105)

Since OV (t — ) < Ii(-t) <t <y(t) <t+-~foralli € V,¢ > 0, the first term can be bounded by

{1

vj(; s (k) l (thr-Dvistn AR S
) SED YRR WL
(t—1) I=(t—=2v)AN(k—~+1) I=t—2v

= (T ) F)AW, () +1)

In addition, the mapping k — v;(x; K )) is injective when k > v (cf. Assumption 2 and 3). It follows
that

Lowe®) - R . R
DD S W L
her® 1= ( —ry I=t—2+

Plugging the above inequalities into (105) yields
KD

(B (s
i 7(K11 )
Z HW T Hl
k_ngt)
t+y Et 1)) t+y
<t+1-s") N 0Pt t+ 1w+ V(1) Y gV
I=t—2y I=t—2~v
t+y . s (Ngt—l))))
2v+1) Y o+ (v + 1) .

l=t—2y

Finally, we control the term qbgt) with z/)ft) as

n \1/2 n \1/2 B
(61" = ((1_5@) -(1—W) = — 2V,

" 7 —1) 2 n ~ K® n
+ (Fra=a0n )" (S -it0n) R ),

0
(o) () (R =, 0 700 )
2 (1ot g =30 7) (1 ) =)
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n (t) _ 7,4) _
i (=PI O RO w1 7))
(i) B
Srera-an7)|(1- %)KL(wf‘) 7

+ 7 (= TODKLES 7 70) + KLE 17 + KLl ||~“’>)]

(iii)
< syplY) (106)

where (i) applies Cauchy-Schwarz inequality, (ii) invokes Pinsker’s inequality and (iii) is due to

7”7ft)7 < (v + 1)nT < 1/2. Combining the above two inequalities finishes the proof.

E.9 PROOF OF LEMMA 9

We start with verifying the claim (86). Recall that
® ._ (t=1)
o= (1- A{t))KL( [ErS)

()
+m[<1—~<” KLES 7 70) + KLE |77 + KL 170)

We introduce the following standard Lemma (see e.g., (Cen et al., 2020, Appendix A.2)), which
allows us to bound control KL (m; || 7}) properly:

Lemma 11. Given m;, 7, € A(S;) and w € RIS with log m; 1 log 7} + w, we have

KL(’]Tz || 71';) < Hlogﬂi - 1og7r§||oo < QHMHOO

Therefore, it suffices to figure out the terms log 771@

log 7" ) () (t=1).

(t=1)

— logm; ®

, logm; ¢

— log 7, ® _

), log ;

and log7; —logm,;
* Bounding KL(7r R ) and KL(m, ® )7 ). The following equations follow directly from

(77) and (78):
log (" —log (" L y([47w")]) — rlog ('Y

log 7ri(t)

(107)

® L

— logm; (¢ 1))

n— ) (A", — Tlog n!

(= 1)” , which we shall

In addition, we have the following bound w.r.t. the order of Hlogﬂ
establish momentarily.

[rlogm' V|| < 7 log|Si| + 2dmax | Al - (108)
This taken together with Lemma 11 yields
{KL( {1 ™) < (B | Al + 7 log |Si)

. (109)
L(xi? | 77) < (7 = 1) (3dmax | All . + 710 |S4])

* Bounding KL(7; () |7 7 ) When mﬁ“ > 1, we recall from (80) that:
® <~<§”—1> +
log 7r( ) —log 77( e (t) (A (*( i ) _ gl >))

(n(” )
+ Z (=701 =gyt m ) - >)7 (110)

1= K:(t)
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which leads to a crude bound
K'/(t) ~
KL 7)< 7 dma [ Al (2= 87 + 1) < Gl [ AL, (7 + 1).
When /@Z(-t) = 0, we have

®
logfgﬁi ) _ log %Z( 1 —log ’/T(t)
= (-7 4'n70t*110g74°)
<A f(nm + Z (1— “{t) nT)tllAﬂT(mEl))>
lfngﬂ-l-l
) = )
L0 (amD e X - an - ame),
l:ngt)Jrl
(111)
which yields

KL 1 79) <7 da Al t < 7 da [ Al (7 + 1),

* Bounding KL(7; (s )H (t= 1)) Note that

—(r{) (t-1) _ <t>) (t) (t=1)),

log 7; — logm; (log T, g —log7;”) + (log %l(t) — log ﬂgt)) + (logm;” — logm,

This yields, by equatlons (107), (110), (111) and associated bounds,
w! t—1 ~(t ~(t
KL 7)< 70 doe Al (3 + 1) + 7 (3o [ 4], + 7 10g]Si]).

Putting all pieces together, we conclude that

t) _ (®) (t—1)
o0 = (1 e
(t) (t)
*W {(1—4” KLE ) |2 1 KLGED | 7)) + KL(=D |79)
n;

< 31(3dmax ”A”oo + 7 log [Si) + 2ndmax ”A”oo (v+1)
= 1)(dmax ||A||oo (27 +11) + 37 log | Sy]).

It remains to prove the claim (87):
M(MWWW—Kuzwﬁ%+<”A%H)1%w”>
< KL(m}, |l 771(0)) + Hlogw — logm; 27)”

2y
<KL(r, (|7 +2 0> (1 = nr) A
=1 -

< KL(E, [17) + 40 dma | All o ¥

where the third step results from log 7>" £ (1 — )2V log 7”4+ 2 (1 — nr)> A, 7l

and Lemma 11.

Proof of the claim (108). First, we prove by induction that for any k,! € S,

2dmax || All o
T b

log 7Y (k) — log 7" (1) < vt > 0. (112)

Note that the claim trivially holds for ¢ = 0 with the uniform initialization 7r(0) E |1 VieV.

Assume that (112) holds for all ¢ < ¢ — 1. Note that log 7r§ )1 (1 —n7)log 775 D4 nA; ()

we have
(t) (t)
log n" (k) — log (1) = (1 = n7) (log '~V (k) ~ 1og ="~ (1)) 4+ ([47)y = (A7)
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IN

(1—=mn7)
2 || Al o

2max || A
% + Qndmax ||A||OO

Y
T

where the second line follows from the induction hypothesis (112). This completes the induction at
the ¢-th iteration. It follows that for all € V and ¢ > 0,

2dmax || Al
. :

(113)

Oy > ()  2dmax Al S _ 0
logm;”’ (1) > log <¥€Iéaé’)i(771 (k)> . > —log|S;|
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