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ABSTRACT

Contextual bandits aim to choose the optimal arm with the highest reward out
of a set of candidates based on their contextual information, and various bandit
algorithms have been applied to personalized recommendation due to their ability
of solving the exploitation-exploration dilemma. Motivated by online recommen-
dation scenarios, in this paper, we propose a framework named Graph Neural
Bandits (GNB) to leverage the collaborative nature among users empowered by
graph neural networks (GNNs). Instead of estimating rigid user clusters, we model
the “fine-grained” collaborative effects through estimated user graphs in terms
of exploitation and exploration individually. Then, to refine the recommendation
strategy, we utilize separate GNN-based models on estimated user graphs for ex-
ploitation and adaptive exploration. Theoretical analysis and experimental results
on multiple real data sets in comparison with state-of-the-art baselines are provided
to demonstrate the effectiveness of our proposed framework.

1 INTRODUCTION

Contextual bandits are a specific type of multi-armed bandit problem where the additional contextual
information (contexts) related to arms are available at each round, and the learner intends to refine
its selection strategy based on the received arm contexts and rewards. Various contextual bandit
algorithms have been applied in real-world recommendation tasks, such as online content recom-
mendation and advertising (L1 et al.,[2010; [Wu et al., 2016), and clinical trials (Durand et al., 2018
Villar et al., [2015). Meanwhile, collaborative effects among users provide us the opportunity to
design better recommender strategies, since the target user’s preference can be inferred based on
other similar users. Such effects have been studied by many bandit works (Gentile et al.| 2014 |L1
et al., 2019; |Gentile et al., 2017 L1 et al., 2016; Ban & He, |[2021)). Different from the conventional
collaborative filtering methods (He et al.,[2017; |Wang et al.| 2019)), bandit-based approaches focus on
more dynamic environments (such as news, short-video platform) and the exploitation-exploration
dilemma inherently existed in the decisions of recommendation.

Existing works for clustering of bandits (Gentile et al.,[2014} L1 et al.| 2019; \Gentile et al., [2017} |L1
et al.,|2016; Ban & He, 2021} Ban et al.| 2022a) have been proposed to model the user correlations
(collaborative effects) by clustering users into rigid groups, and assigning each formed group with
an estimator to learn the assumed reward functions combined with an Upper Confidence Bound
(UCB) strategy for exploration. However, these works only consider the “coarse-grained” user
correlations. To be specific, they assume that users from the same group would share identical
preferences, i.e., the users from the same group are compelled to make equal contributions to the final
decision (arm selection) with regard to the target user. Such formulation of user correlations (“coarse-
grained” collaborative effects), evidently fails to comply with real-world application scenarios, since
users within the same group tend to have similar but subtly different preferences instead of sharing
completely identical tastes. Therefore, given a target user, it is more practical to assume that the rest
of the users would impose different levels of (collaborative) effects on this user.

Motivated by aforementioned limitations of existing works, in this paper, we propose a novel
framework, named Graph Neural Bandits (GNB), to formulate the “fine-grained” collaborative
effects, where the correlation of each user pair is preserved by user graphs. Given a target user,
other users are allowed to make different contributions to the final decision based on the strength of
their correlation to the target user, which therefore corresponds to the “fine-grained” collaborative
effects. In particular, in GNB, we propose a novel approach to construct two kinds of user graphs with
distinct purposes, called “user exploitation graphs” and “user exploration graphs”. Then, we apply
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two separate graph neural network (GNN) models on these two kinds of user graphs, to incorporate
the collaborative effects for both exploitation and exploration purposes in the final decision-making
process. Our main contributions can be summarized as follows:

1. Different from existing works that only formulate the “coarse-grained” collaborative effects
by neglecting the divergence within user groups, we introduce a new problem setting to
model the “fine-grained” user collaborative effects via user graphs. In our setting, the
pair-wise user correlations are preserved to contribute differently to the decision-making.

2. We propose a framework named GNB, which has the novel ways to build two kinds of user
graphs with two different purposes, i.e., exploitation and adaptive exploration, respectively.
Then, GNB utilizes GNN-based models for a refined arm selection strategy by leveraging
the user correlations encoded in these two kinds of user graphs.

3. With standard assumptions, we provide the theoretical analysis showing that GNB can
achieve the regret upper bound of complexity O (/71 log(Tn)), where T is the number of
rounds and n is the number of users. This bound is sharper than the existing related works.

4. Extensive experiments comparing GNB with nine state-of-the-art algorithms are conducted
on various real data sets, which demonstrate the effectiveness of our proposed method.

After introducing the problem definition in Section [2| we provide the details of our proposed
framework in Section [3] Then, we present the theoretical analysis in Sectiond] and the experiments
in Section[5] Finally, we conclude the paper in Section [6] Due to page limit, we will leave the review
of related works to the Section [A|in the Appendix.

2 GRAPH NEURAL BANDITS: PROBLEM DEFINITION AND NOTATION

Suppose there are a total of n users with the user set &/ = {1,--- ,n}. Ateach time step ¢ € [T, the
learner will receive a user u; € U to serve, along with a set of candidate arms X}, = {wi,t}ie[a] for
selection. The cardinality of this arm set is |X;| = a, and each arm is described by a d-dimensional
context vector x; ; € R4 with llzi]l2 = 1. Meanwhile, each arm @;; € X, is associated with a
reward ; ;. As the user correlation is one important factor in determining the reward, we define the
following reward function:

rit = h(x; ¢, us, g1(1t)*) + €t (D

where h(-) is the unknown reward mapping function, and ¢; ; stands for some zero-mean noise

such that E[r; ;] = h(z; 4, uy, Qflt)*) Here, we have gi(’lt)’* = (U,E, Wﬁ)*) being the unknown
user graph induced by arm x; ;, which encodes the “fine-grained” user correlations in terms of

expected rewards. In graph g}}t)’*, each user u € U corresponds to a graph node; meanwhile,

E = {e(u, ') ey refers to the set of edges, and the set W} = {wz(lt)*(u7 ) Yu,ucu stores

the weights for each edge from E. Under real-world application scenarios, users sharing the same
preference for certain arms (e.g., sports news) may have distinct tastes over other arms (e.g., political

news). Thus, we allow each arm x; ; € A} to induce different user collaborations g§ ?’*.

Then, motivated by various real applications (e.g., online recommendation with normalized ratings),
we consider 7; ; to be bounded r; ; € [0, 1] in this paper, which is standard in existing works (e.g.,
Gentile et al.|(2014; [2017); |Ban & He|(2021); Ban et al.| (2022a))). Note that as long as r; ; € [0, 1],
we do not impose any distribution assumption (e.g., sub-Gaussian distribution) on noise term ¢; ;.

Comparison with Existing Problem Definitions. The problem definition of existing user clustering
works (e.g., Gentile et al.|(2014)); Li et al.| (2019); |Gentile et al.|(2017); [Ban & He|(2021); Ban et al.
(2022a)) only can formulate "coarse-grained" user correlations. In their settings, given a user group
N C U, all the users in N are forced to share the same reward function given an arm Tit, 1.,
Elris | u, @it = ha (2 1), Vu € N. In contrast, our definition of the reward function enables us
to model the pair-wise fine-grained user correlations by introducing another two important factors

w and gi( 115)’*. With our formulation, each user here is allowed to produce different rewards facing
the same arm, i.e., E[r;; | u,x; ] = h(wi’hu,gﬁ)’*),Vu € N. Here, with different users wu,

the corresponding expected reward h(x; ¢, u, gf?’*) can be different. Therefore, our definition of
the reward function is more generic, and it can also readily generalize to existing user clustering
algorithms (with “coarse-grained” user correlations) by allowing each single user group to form an
(1),
,t

isolated sub-graph in G; ;" with no connections across different sub-graphs.
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To bridge user collaborative effects with user preferences (rewards), we consider the following
constrain for the reward function in Eq. |1} The intuition is that for any two users with comparable
user correlations, they would share similar tastes over the items with a high probability. For arm x; 4,
we consider the difference of expected rewards between any two users u, u’ € U to be governed by

A0, u, G — R, i, G ) < WG [, 1), 65 ) )

where gf}ﬁ* [u, :] stands for the adjacency matrix row of G, (D that corresponds to user (node) u, and
¥ : R™ x R™ — R denotes an unknown mapping functlon The reward function definition (Eq. [T
and the constraint (Eq. [2) motivate us to design the GNB framework, to be introduced in Section

Since the true user graph gﬁ)’* in Eq. reﬂects user correlations in terms of the expected reward, it
is exactly referring to the user exploitation correlation, where users with high correlations tend to

have similar expected rewards (Eq. . Then, we proceed to give the formulation of gz‘(,lt)’* below.

Definition 1 (User Correlation for Exploitation). In round t, for any two users u,u’ € U, their

. . . 1),* . .
exploitation correlation score w£ t) (u,u') w.rt. a candidate arm x; ; € X, is defined as

wz(lt)*(mu’) = \I/(l)(E[ri,t\u, xig), Elriglu, @;4])

where B[r; (|u, x; 4,1 € [a] is the expected reward in terms of the user-arm pair (u, z; ¢). Given two

users u,u’ € U, the function ¥ : R x R — R maps from their expected rewards Er; ;|u, x; ] to

their user exploitation score w( ) (u, u').
Given an arm x; ; € A}, the user correlation for exploitation measures the user preference (i.e.,
expected reward) correlation between two users u, v’ € U, and the corresponding exploitation score

Z(lt) (u, u') refers to the edge weight between these two users (nodes) u, v’ in exploitation graph

g, (1% In this paper, we consider the mapping functions U() as the prior knowledge, and it can be
functlons such as the radial basis function (RBF) kernel or normalized absolute difference in practice.

Modeling User Exploration Correlations with the User Exploration Graph gi(?’*. In order to
deal with the exploration-exploitation dilemma, for each candidate arm x; ; € A}, we propose to

formulate the user exploration graph gﬁ)’* =(U,E, Wﬁ)’*) in order to model the user correlations
in terms of the uncertainty of the reward estimation model, which are formulated by the set of

edge weights W( = {w;7 (2),x (u, w) }yu,ureu- Inspired by Ban et al{(2022b), before defining the
second kind of user correlatlon (i.e., user exploration correlation), we tirst introduce the definition of
expected potential gain for reward estimation, which measures the prediction uncertainty of reward
estimators. Note that our formulation is distinct from Ban et al.|(2022b), since they only focus on the
single-bandit setting with no user collaborations, and all the users will be treated identically.

Definition 2 (Expected Potential Gain). Given user u € U at time step t, given a candidate arm
x;; € Xy,i € [a] and a reward estimation function f,(-) corresponding to user u, the expected
potential gain for the reward estimation f,(x; ) is defined as E[r; t|u, ;1] — fu(®it).

Here, the potential gain for reward estimation essentially formulates the uncertainty of model f,(-)
by measuring the difference between the expected reward E[r; ;|u, x; ] and the prediction f,(x; ).
Next, we proceed to introduce the second kind of user correlation, i.e., user exploration correlation.

Definition 3 (User Correlation for Exploration). In round t, given two users u,u’ € U and an arm

;s € Xy, their underlying exploration correlation score w( ) (u,u') is

w2 () = OO (Blrgglu, @i — ful@ig), Elradu’, i) — (@)

with E[r; s|u, @, 4] — fu(xi), i € [a] being the potential gain for the user-arm pair (u, x; ;). Here,
fu(+) is the reward estimation function specified to user u, and U . R x R — R is the mapping
from user potential gains E[r; ;|u, x; ] — fu(x; ) to their exploration correlation score.

For the arm @, ; and two users u, v’ € U, the user exploration correlation score wf f) (u, u') refers to
the correlation of prediction uncertainty between two user-specific functions f, (- ) and f,(+). Then,
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Figure 1: Workflow of the proposed Graph Neural Bandits (GNB) framework.
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(users) u, v’ in the true user exploration graph Qi@t)’*. Analogous to previous U1, we also consider

the exploration score w u, u') will be considered as the edge weight between these two nodes

the mapping functions W(?) is given as the prior knowledge. Intuitively, when the exploration score
wz(i)*(u, u') is high, we can apply similar exploration strategies for both users u, u’. For example,

given arm x; 4, if the reward estimation error (i.e., prediction uncertainty) is large for both v and v/,
we may want to explore these two user-arm pairs (u, &;,;), (v, x; ;) more for additional knowledge.

Learning Objective. For the received user u; in round ¢, the learner is expected to recommend an arm

x¢ € Xy (with reward 7) in order to minimize the cumulative pseudo-regret R(T") = E[Zz;l (ry —
r¢)] where r} is the reward for the optimal arm E[r} |u;, X;] = maxg, ,cx, (i, us, gflt’*)

Notation. Denoting 7, , C [¢] as the collection of time steps that user v € U is served up to round ¢,
we use Py ; = {(x-,7+)}reT, , to represent the collection of received arm-reward pairs associated
with user w, and T, ; = |T,.| refers to the number of rounds that user « has been served. Here,
x, € A, r; € R separately refer to the chosen arm and actual received reward in round 7 € T, ;.
Similarly, we use Py = {(x,,7;)},c[ to denote all the past records (i.e., arm-reward pairs), up to
round ¢. For any graph G, we denote A € R™*" as its adjacency matrix (with added self-loops), and
D € R™ ™ as its degree matrix. Then, we will introduce our proposed solution, the GNB framework.

3 GRAPH NEURAL BANDITS: PROPOSED FRAMEWORK

The workflow of our proposed GNB framework is illustrated by Figure|[I] and it consists of four major
components: (1) estimating the user exploitation graph G(1)-*, denoted by G(*), and user exploration
graph G(?)*, denoted by G(®) to model the user correlations in terms of exploitation and exploration
respectively; (2) applying GNN models f_(g,ll)n() g(i)n() on the estimated user graphs G 1) and G@,
to collaboratively derive the estimated reward for exploitation, and potential gain for exploration; (3)
selecting the arm x; based on estimated reward and potential gain; and (4) training parameters for
GNN models and user neural networks with gradient descent (GD).

3.1 USER GRAPH ESTIMATION WITH USER NETWORKS

Based on the definition of unknown true user graphs gf 1]5)’*, gﬁ)’* w.rt. arm x; ; € X; (Definitions

, we proceed to derive their estimations gf?, gi(?,z' € [a] with individual user networks fﬁl),

flsz), u € U. With these two kinds of estimated user graphs gi‘}t) and gfi), we can thus model the
user behaviors under the exploitation setting and the exploration setting separately. Due to page limit,

pseudo-code summarizing the workflow is presented in Alg. 2]in Section D] of the Appendix.

User Exploitation Network qul). For each user u € U, we propose to apply an exploitation network

I(Ll)(-) to learn user u’s preference for arm x; 4, i.e., E[r; ;|u, x; ;]. Here, fle)(-) will be trained
on the past records (arm contexts and rewards) P, ; from user u, and the loss function will be the
quadratic loss between the predicted reward and the actual reward. Following the Definition[T] we will

then be able to construct the exploitation graph g}}t) by estimating the user exploitation correlation

4



Under review as a conference paper at ICLR 2023

based on user preferences. In gl.“t), we consider the edge weight between two user nodes u, v’ to be

w;l}(u, u) = v (fﬁl)(a:i,t), fqg})(:c,»7t)), where ¥ (-, .) is the mapping function mentioned in
Definition[I] (line 11, Alg. 2).

User Exploration Network f752). To estimate the potential gain (i.e., the uncertainty for the reward

estimation) E[r|u, ; ;] — F (x;,+), we adopt an additional user exploration network F (+) inspired
by Ban et al.|(2022b). As the confidence interval of reward estimation can be expressed as a

function of network gradients (Zhou et al., [2020; |Qi et al.| [2022), we apply fq(f)(~) to directly
learn the confidence bound with the gradient of qul) (+). Here, the input of f,(f)(-) is the network
gradient of f1(tl)(~) given arm x; ¢, denoted as Vf&l)(a:i,t). For the training process, ff)(-) will

be trained with the past gradients of e, {V £ (x+)}reT, . as inputs; and the uncertainty of

reward prediction {r, — ) (x+)}reT,, Will be the labels. Analogously, for the estimated user

exploration graph gfi) and given two user nodes u, u’, we let their edge weight be wl(zf) (u,u) =

w2 (fﬁg) (Vﬂ(Ll)(azi,t)), 2 (qui,l) (sc”))>, where V f{") (; ;) stands for the gradient of f{"(-)

given arm x; ; as the input (line 12, Alg. , and ¥(?)(-,.) is the mapping function in Deﬁnition

Network Architecture. For the theoretical analysis and experiments, we apply separate L-layer
(L > 2) fully-connected (FC) networks for both kinds of user networks. Their weight matrix entries
for the first L — 1 layers are drawn from the Gaussian distribution N (0, 2/m). The entries of the last
layer (L-th layer) are sampled from N (0,1/m). Complementary details are in Appendix Section

3.2 EXPLOITATION AND EXPLORATION WITH USER GRAPHS

With two kinds of estimated user graphs encoding user correlations, we apply two GNN models
to separately estimate arm rewards and potential gains for a refined arm selection strategy, which
enables us to utilize the past records from all the users compared with single-bandit algorithms
(i.e., methods with no user collaboration).

3.2.1 ARCHITECTURE OF GNN MODELS

In round ¢, with user exploitation graph gz.(}t) for each arm x; ; € X, we apply the exploitation GNN

model fé}l)n (:ciyt, g}}t); Gﬁn) to collaboratively estimate the arm reward 7; ; for the received user
u; € U. We start from learning the aggregated hidden representation over the user graph, denoted as
Hogy = o((S]))" - (X1,00)),)) e R 3)

agy
where S Elt) = (DEE))’%Ai,t(DE}t))’% is the symmetrically normalized adjacency matrix of gi(}t),

and o represents the ReLU activation function. With m being the network width, we have @fli])g €

R™4X™ ag the trainable weight matrix. After propagating the information for & hops over the user
graph, each row of H 4, corresponds to the aggregated m-dimensional hidden representation for
one specific user-arm pair (u, z; ¢), w € U. In this way, the propagation of multi-hop information
can provide a global perspective over the users, since it also involves the neighborhood information
of users’ neighbors (Zhou et al., 2004). Here in Eq. the embedding matrix X; ; for the arm
Tt € Ay, i € [a] is defined as

al, 0 - 0
0 miTt .. 0
Xi,t — . ’ . . c Rnxnd (4)
0 0o - =z,

to partition the weight matrix @;L)n for different users. In this way, it is designed to generate individual
m-dimensional representations w.r.t. each user-arm pair (u, x; ), u € U, which correspond to the

rows of the matrix multiplication (X ; @fllg)g) e R,

Then, with Hg = H ,,,, we feed aggregated representations to the L-layer (L > 2) FC network as
H =0(H, - 91(1)) eR™™ le[L—1], Ta(Tis) = Hp -@(Ll) erR™ (5
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where 7, (x; 1) € R™ represents the reward estimation for all the users in I, given the arm ; ;.
Received user v, in round ¢, the reward estimation for the user-arm pair (u;, «; ;) would be the
corresponding element in 7,y (line 8, Alg. [1), represented by:

Pie = 8 (@0, G500 ) = Fann(@i )], 6)

For the FC network, the weight matrices for the first L — 1 layers are @; € R™*™ | ¢
[1,---,L — 1], and for the L-th layer, we have ®; € R"™. Here, we use 6(1) =

gnn

[vec((-)((l{})q) 7vec(@%l))T, ceey vec(@S-}))T]T € R? to represent the trainable parameters of the GNN

exploitation model. The exploitation GNN model fgnn( ) will be trained with GD based on all
the received records P;. Then we apply the quadratic loss function between the reward prediction

g(il)n( z,, GV, @glm,)}Te[t of chosen arms ., and the actual received rewards {7+ } r¢[y-

Connection with the Reward Function Definition (Eq. [I) and Constraint (Eq. [2). It is known
that when width m is large enough, the FC network is naturally Lipschitz continuous with respect
to the input (Allen-Zhu et al.l 2019). In our case, with aggregated hidden representations H ;4
being the input to the FC network (Eq. [3), we will have the difference of reward estimations
7; + bounded by the distance of rows in matrix H,4, (i.e., aggregated hidden representations).
Therefore, given arm x; ; € X; and two users u;, u; € U, the difference of their estimated rewards
[[Patt(@i,¢)]u; — [Pau(x4,¢)]u, | can be bounded by the distance of their estimated correlation vectors
(i.e, the corresponding rows in S; ;). This matches the reward function definition and the constraint

presented in Eq. [1}2]

Exploration GNN Model. To achieve adaptive exploration with user collaborations, we apply a
second GNN model fg(i)n( W g(:L)nL ‘ gf?, eo? ) to evaluate the potential gain b; ; of the reward

gnn

estlmatlon fgnn(wi’t, Qz(lt), oW ) (line 8, Alg. |1 . Here, the input is the user exploration graph

gnn

gz . » and the corresponding input graph signal is the gradient of the exploitation GNN model
i gg’}L)’n]i,t = Veéln)n f;,ll)n(mi,t, gf?, © ). Analogous to fgnn( ), the architecture of f;?)n() can

gnn

also be represented by Eq. Eq. @ Note that while fgnn(-), fg,m(-) have the same network width and

number of layers, the dimensionality of weight matrices G)g;)g € Rrdxm, @g?q?q € R"P>™ ig different.
Similarly, the exploration GNN model will be trained with GD. With the quadratic loss function, we
aim to minimize the difference between estimated potential gains { fgnn( [ g(i)n]ﬂ @), ®§in)}fe[t]
and the actual ones {r, — é,ll)n( 6o gm)}Te

Instead of calculating non-negative UCB intervals (upward exploration only) as in existing works
(e.g.,|Gentile et al.| (2014); Ban et al.|(2022a)), the exploration GNN model fgnn( ) leverages both
gradient information from the exploitation GNN model fgnn( ) and the user exploration correlations
(i.e., gi(i)) to achieve adaptive exploration (downward and upward exploration).

Remark 3.1 (Reducing Input Complexity). The input of fg(%)n(-) is the gradient Vg féi)n(zc) given
the arm «, and its dimensionality is naturally p = (nd x m) + (L — 1) x m? + m, which can be
large when increasing the network width m and depth L. Inspired by Convolutional Neural Networks
(CNNs), e.g.,|Radenovic et al.| (2018)), we apply the average pooling to calculate the approximation
for the original gradient vector in practice. In this way, we can save the running time for large
matrix multiplications, and reduce the space complexity at the same time. Note this approach is
also compatible with user networks in Subsection To prove its effectiveness, we will apply this
method on GNB for all the experiments in Section [5]

Remark 3.2 (Working with Large Systems). When facing a large number of users, to deal with
potentially high computational cost, we can apply approximated user neighborhoods to reduce the
running time of GNB. Given user graphs G, t) , 9(2) in terms of arm x; ;, we derive approximated user
neighborhoods A"V (u;), N'®) (u;) C U for target user u; , with the size [NV (u)| = [N ®) (uy)] =
n, where n << n. For instance, we can choose a subset of 7 representative users (e.g., users who

always post high quality reviews in e-commerce platforms) to form N 1)(ut) NG )( ¢) for the
downstream GNN models, which can significantly reduce the computation cost. Related experiments
are provided in Subsection[5.3]and Appendix Section
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ALGORITHM 1: Graph Neural Bandits (GNB)
Input: Number of rounds 7", network width m, information propagation hops k. Functions for
edge weight estimation W™ (--), W) (. ) : R x R — R.

Output: Arm recommendation x; for each time step .
Initialization: Initialize parameter @ for all models.
fort=1,2,..., T do
Receive a user u; and a set of arm contexts X; = {mi7t}i6[a].
Construct two kinds of user graphs {gf? }Yiela)s {Qi(?t) }iela) for arm set X with Algorithm
for each arm x; ; € X, do
Compute reward estimation 7; ; = fé})n (i1, gf 1t), [@éln)n]t 1), and the potential gain
b = fomn(Ve, Jomn(@ie G113 1O50)im1), G5O ]i-).
end
Play arm @; = arg maxg, ,cx, (Fit + 131 ), and observe its true reward ry.
Train the user networks f" (eWb), £ )( ©?) and GNN models fgnn( @f;m)
éi)n( @Eﬁl)n) with gradient descent, according to Algorlthm
end

Weight Matrices Initialization. For both GNN models @g,}n and (-)g(]n)n’ the matrix entries of the

aggregation weight matrix ©,4, and the first L — 1 FC layers {@®1, ... ®_1} are drawn from the
Gaussian distribution N (0,2/m). Then, for the last layer @, we draw its entries from N (0,1/m).

3.2.2 ARM SELECTION MECHANISM AND MODEL TRAINING

In round ¢, with the current parameters [@Eﬁl)n]t,l, [@_gi)n]t,l for GNN models before train-
ing, the selected arm is chosen as x; = argmaxg,, cx, (fé,ll)n(w”, gzt,[eﬁﬁm]t 1) +
féi)n(V@(;n)nfg(,lL)n(mi’t, gV 01, g}i); [G_E,QTL)n]tfl)) based on the estimated reward and

1.t
potential gain (line 10, Alg. [I). After receiving the true reward r;, we proceed to update the user
networks and GNN models based on GD and quadratic loss function (line 11, Alg. [T). Pseudo-code
summarizing the training procedure is shown in Alg. 3] (Appendix Section DJ.

4 THEORETICAL ANALYSIS

In this section, we present the theoretical analysis for the proposed GNB. Here we consider each
user u € U to be evenly served T'/n rounds up to time step T, i.e., | T,1| = Ty = T/n, which
is standard in closely related works (e.g., |Gentile et al.| (2014); Ban & He (2021)) To ensure the
neural models are able to efficiently learn the underlying reward mapping, we have the following
mild assumption on arm separateness.

Assumption 4.1 (p-Separateness of Arms). After a total of T' rounds, for every pair x; ;, i 1+ With
t,t' € [T]and i,i € [al, if (t,7) # (t',i'), we have ||@; s — @y ||2 = p where 0 < p < O().

Note that the above assumption is mild, and it has been repeatedly applied in previous works on
neural bandits (Ban et al.,[2022b) and over-parameterized neural networks (Allen-Zhu et al.,[2019)).
Meanwhile, Assumption 4.2 in Zhou et al.|(2020) and Assumption 3.4 from|Zhang et al.|(2021) also
imply that no two arms are the same, and they measure the arm separateness in terms of the minimum
eigenvalue \y (with Ag > 0) of the Neural Tangent Kernel (NTK) (Jacot et al.,2018) matrix, which is
comparable with our Euclidean separateness p. Note that since L can be manually set (e.g., L = 2),
we can easily satisfy the condition 0 < p < O(%) as long as no two arms are identical.

Based on Definition || l and Definition [3| ' given an arm x; ; € A}, we have the adjacency matri-
ces A; 1) * and A(2 for the true arm graphs G, (1) Q(Q) *. For the sake of analysis, given any
adjacency matrix A we derive the normalized adJacency matrix S by scaling the elements of
A with 1/n. We also set the neighborhood parameter & = 1, and define the mapping functions
UMW (a,b), ¥ (a,b) := exp(—|a—b|) given the inputs a, b € R. Note that our results can be readily
generalized to other mapping functions with the Lipschitz-continuity properties.
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We proceed to derive the regret bound for 7' time steps, denoted as R(7T). Here, the following
Theorem [4.2] offers the cumulative regret bound covering both types of error: (1) the estimation error
of user graphs; and (2) the approximation error of neural models. Let 71, .JJ; be the learning rate and
iterations for user networks, and 72, J> denote the learning rate and iterations for GNN models.

Theorem 4.2. Define § € (0,1), 0 < &,& < O(/T) and 0 < p < O(1/L). With the user
networks defined in Eq. [7]and the GNN models defined in Eq. with L FC-layers, let their width

m > (Poly(T, L,a, %) : log(1/5)>. With training process in Algorithm set parameters

P P
e —of ——F
" (m “Poly(T,n,a, L))’ " <m “Poly(T, a, L) >
Poly(T,n,a, L) 1 Poly(T,a, L) 1
J =0 ————— -log(— Jo=0| ——————= -log(—) |-
' ( p- 62 Og(£1)>’ ’ < p- 62 Og(&z)
Then, following Algorithm I} Algorithm 2|for arm pulling and user group update, with probability at
least 1 — 0, the T-round pseudo-regret R(T') of GNB could be bounded by

Tn-a

R(T) < VT -O(L) + VT - O(L?) + VT - O(L?) - y/log( )+ O(L?) + O(1).

The proof of Theorem [4.2]and the full regret bound are presented in the Appendix.

Remark 4.3 (Reducing /n to y/log(n)). While our O(y/T log(T")) bound matches theoretical
bound of state-of-the-art EE-Net (Ban et al.|[2022b), EE-Net only considers the single-bandit setting
with no collaboration among users. Compared with Meta-Ban (Ban et al.,[2022a), we provide the
theoretical analysis from a new perspective regarding the fine-grained user collaborative effect and
GNN:gs. In particular, compared with existing user clustering works (e.g., Ban et al.| (2022al)); \Gentile
et al.| (2014); |Li et al.{(2019); Ban & He|(2021)) imposing the additional \/n (where n is the number

of users) factor to incorporate user collaborative effects, our GNB only end up with the 1/log(n)
term by adopting GNN models for user collaboration, which is sharper than existing works.

Remark 4.4 (Removing i.i.d. Assumption). Compared with existing clustering of bandits algorithms
(e.g.,|Gentile et al.|(2014); L1 et al.| (2019)); (Gentile et al.|(2017);Ban et al.|(2022a))) and the single-
bandit algorithm EE-Net (Ban et al., [2022b), we avoid making the i.i.d. assumption for the arms by
applying the martingale-based analysis. For real-world applications, their i.i.d. assumption can be
strong since the candidate arm pool is always conditioned on the received records, and candidate
arms for a specific round can also come from different distributions.

5 EXPERIMENTS

In this section, we evaluate the proposed GNB framework on multiple real data sets against nine
state-of-the-art algorithms, including: CLUB (Gentile et al.,|2014), SCLUB (L1 et al.} 2019), LOCB
(Ban & Hel [2021)), DynUCB (Nguyen & Lauw, 2014}, COFIBA (Li et al.,2016), Neural-UCB-Pool
(Neural-Pool) (Zhou et al.. 2020), Neural-UCB-Ind (Neural-Ind) (Zhou et al.. [2020), EE-Net (Ban
et al.| 2022b), and Meta-Ban (Ban et al.} 2022a)). We will include the descriptions for the baselines
in the Appendix Section [B]

5.1 REAL DATA SETS

Recommendation Data Sets. “MovieLens rating dataset” (https://www.grouplens.org/
datasets/movielens/20m/) includes reviews from 1.6 x 10° users towards 6 x 10* movies.
Since the genome-scores of user-specified tags are provided for each movie, we select 10 tags with
the highest score variance to generate the movie features v; € R%,d = 10. Here, the user features
v, € RY u € U are obtained through singular value decomposition (SVD) of the rating matrix.
Here, we use K-means to divide users into 50 groups based on v,,, and the group information is
unknown to models. In each round ¢, a user wu; is drawn from a randomly selected group. For the
arm pool X; of 10 arms, we randomly choose one bad movie (with two stars or less, out of five)
rated by u; with reward 1, and randomly pick the other 9 good movies with reward 0. For “Yelp”
data set (https://www.yelp.com/dataset), we extract ratings and build the rating matrix
w.r.t. the top 2, 000 users and top 10, 000 arms with the most reviews. Then, we use SVD to extract a
normalized 10-dimensional feature vector for each user and restaurant. Given the rating for a specific
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Figure 2: Cumulative regrets on the recommendation and classification data sets.

user-item pair, if the user’s rating is greater than three stars (out of five stars), the reward is set to 1;
otherwise, the reward is 0. Similarly, we apply K-means clustering to divide users into 50 groups
based on user features. In each round ¢, a target u,, is sampled from a randomly selected group. For
the arm pool &}, we randomly choose one good restaurant rated by u; with reward 1 and randomly
pick the other 9 bad restaurants with reward 0.

Classification Data Sets. In addition to the two recommendation data sets above, we also perform
experiments on two real classification data sets under the recommendation settings, which are
“MNIST” (http://yann.lecun.com/exdb/mnist /) and “Shuttle” (https://archive.
ics.uci.edu/ml/datasets/Statlog+ (Shuttle)) data sets. Similar to previous works
(Zhou et al.,[2020; Ban et al.| [2022al), given a sample & € R%, we transform it into C different arms,
asx; = (x,0,...,0),z2 = (0,z,...,0),...,x)c; = (0,0,...,2) € RI+C=1 where we add C — 1
zero digits as the padding. The received reward r; will be 1 if we select the arm of the correct class,
else the reward will be 0.

5.2 EXPERIMENT RESULTS

Figure ] illustrates the cumulative regret results on the four data sets, our proposed GNB manages to
achieve the best performance against all these strong benchmarks. First, since the MovieLens data set
involves real arm features unlike the Yelp data set that includes high inherent noise, the performance
of different algorithms on the MovieLens data set tends to have larger divergence. Among those
regret results, the algorithms with neural architectures (Neural-Pool, EE-Net, Meta-Ban) generally
perform better than linear algorithms due to the approximation power of neural networks. However,
as Neural-Ind considers no collaboration among users, it performs the worst among all baselines
on these two data sets. EE-Net outperforms Neural-Pool thanks to its adaptive exploration strategy.
For classification data sets, Meta-Ban performs better than the other baselines by modeling user
correlations under the non-linear setting. Different from recommendation data sets, the classification
data sets involve more complicated reward mapping functions, and this might lead to the poor
performances of linear algorithms. Our proposed GNB consistently outperforms all baselines by
modeling fine-grained user correlations and utilizing the adaptive exploration strategy simultaneously.
In addition, GNB only takes at most 75% of Meta-Ban’s running time to finish the experiments
(Table[I), since Meta-Ban trains the framework individually for each arm before making predictions.

5.3 SUPPLEMENTARY EXPERIMENTS

Due to the page limit, we present additional supplementary experiments in the Appendix Section
including: (1) experiments on additional data sets; (2) with increasing number of users, experiments
demonstrating the effectiveness of applying approximated user neighborhoods (Remark [3.2); (3)
experiments showing the potential performance impact on GNB when there exist underlying user
clusters; (4) the parameter sensitivity study showing that our adaptive exploration strategy can indeed
improve the performance of GNB, and the effects of different hops & for information propagation.

6 CONCLUSION

In this paper, we propose a novel framework named GNB to model the fine-grained user collaborative
effects. Instead of modeling user correlations through the estimation of rigid user groups, we estimate
the user graphs to preserve the pair-wise user correlations for exploitation and exploration separately,
and utilize individual GNN-based models to achieve the adaptive exploration. Moreover, under
standard assumptions, we also demonstrate the improvement of regret bounds over existing methods
from a new perspective of “fine-grained” user collaborative effects and GNNs. Extensive experiments
are conducted to show the effectiveness of our proposed framework against strong baselines.
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A RELATED WORKS

In this section, we briefly review the existing works related to our proposed GNB framework.
Assuming the reward mapping to be linear, linear upper confidence bound (UCB) algorithms (Chu
et al 2011 [Li et al., 20105 |Auer et al., 2002} |Abbasi-Yadkori et al.l 2011 were first proposed
to solve the exploitation-exploration dilemma. After kernel-based methods (Valko et al., 2013}
Deshmukh et al.l 2017) were used to address the non-linear setting where the reward mapping is the
kernel-based function, neural algorithms (Zhou et al.,|2020; Zhang et al., 2021; Ban et al., [2021)
have been proposed to utilize neural networks to estimate the reward function and confidence bound.
Meanwhile, AGG-UCB (Q1 et al.,|2022) adopts GNN to model the arm group correlations. GCN-UCB
(Upadhyay et al.,|2020) manages to apply the GNN model to embed arm contexts for downstream
linear regression, and GNN-PE (Kassraie et al.,[2022) utilizes the UCB based on information gains to
achieve exploration for classification tasks on graphs. Note that the above neural algorithms with
UCB-based exploration strategy all suffer from the space complexity O(p?) to store their gigantic
gradient matrix, where p is the number of model parameters. This space cost is especially enormous
when you increase the quantity of model parameters by adding more network width m and depth L.
Instead of UCB, EE-Net (Ban et al.,|2022b) achieves adaptive exploration by using neural models for
estimating prediction uncertainty. Assuming a finite number of arms, (Maillard & Mannor, [2014;
Hong et al.| [2020) discuss the latent bandits where there exist latent states that affect the reward
generation. Nonetheless, all of these works fail to consider the collaboration effects among users
under the real-world application scenarios.

In order to model the user correlations, (Wu et al., [2016; [(Cesa-Bianchi et al., 2013 assume the user
social graph is known, and apply an ensemble of linear estimators. Without the prior knowledge of
user correlations, CLUB (Gentile et al.,[2014) introduces the user clustering problem in contextual
bandits with the graph connected components, SCLUB (Li et al.,|2019) adopts dynamic user sets and
applies set operations to update user clusters, and DynUCB (Nguyen & Lauw, 2014) assigns users
to their nearest estimated clusters. Then, CAB (Gentile et al., 2017} studies the arm-specific user
clustering, and LOCB (Ban & He| [2021)) estimates soft-margin user groups through a random-seed
based approach. COFIBA (Li et al.,|2016) utilizes user and arm clustering for collaborative filtering.
Apart from these linear algorithms, we note a concurrent work Meta-Ban (Ban et al., [2022a)), which
applies a neural meta-model to adapt to different user groups. However, all algorithms mentioned in
this paragraph consider rigid user groups, where users from the same group are treated equally with
no internal differentiation.

GNNs (Welling & Kipf, [2017;|Chen et al., 2018; |Wu et al.l 2019; |Gasteiger et al.,|2019; He et al.
2020 [Satorras & Estrach, [2018)) are a kind of neural models operating on the graph data, and have
been proved effective for various tasks, e.g., community detection (You et al.,2019) and recommender
systems (Ying et al.,|2018)). In this work, we leverage GNNs to learn from user correlations and arm
contexts simultaneously.

B EXPERIMENT SETTINGS AND SUPPLEMENTARY EXPERIMENTS

B.1 BASELINES AND EXPERIMENT SETTINGS
The descriptions for our nine baseline methods are:

* CLUB (Gentile et al., 2014) regards connected components as user groups out of the
estimated user graph, and adopts a UCB-type exploration strategy;

* SCLUB (Liet al.,[2019) estimates dynamic user sets as user groups, and allows set operations
for group updates;

* LOCB (Ban & He, 2021)) applies soft-clustering among users with random seeds and choose
the best user group for reward and confidence bound estimations;

* DynUCB (Nguyen & Lauw, 2014) dynamically assigns users to its nearest estimated cluster.

* COFIBA (Li et al.l 2016) estimates user clustering and arm clustering simultaneously, and
ensembles linear estimators for reward and confidence bound estimations;

* Neural-Pool adopts one single Neural-UCB (Zhou et al., 2020) model for all the users with
UCB-type exploration strategy;
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* Neural-Ind assigns each user with their own separate Neural-UCB (Zhou et al.l 2020)
model;

* EE-Net (Ban et al.| [2022b) achieves adaptive exploration by applying additional neural
models for the exploration and decision making;

¢ Meta-Ban (Ban et al., [2022a) utilizes individual neural models for each user’s behavior, and
applies a meta-model to adapt to estimated user groups.

Baseline Settings. For all the UCB-based baselines, we choose theirs exploration parameter with grid
search in the range {0.01, 0.1, 1} individually. And we set the L = 2 for all the deep learning models,
and set the network width m = 100. The learning rate of all neural algorithms are selected by grid
search in range {0.0001, 0.001, 0.01}. For EE-Net, we follow the default setting in their paper by
using a hybrid decision maker, where the estimation is f1 + fo for the first 500 time steps, and then
we apply an additional neural network for decision making afterwards. For Meta-Ban, we follow the
settings in their paper by turning the clustering parameter -y through grid search {0.1,0.2,0.3,0.4}.
For GNB, we choose the k-hop user neighborhood &k € {1, 2,3} with grid search. Reported results
are the average of 5 runs.

B.2 EXPERIMENTS ON ADDITIONAL DATA SETS

Due to the page limit in the main body and to better compare our GNB with the bench-
marks, here, we include the experiments on two additional classification data sets in this subsec-
tion. They are: (1) the “Letter” data set with C = 26 different classes (https://archive,
ics.uci.edu/ml/datasets/letter+recognition), and (2) the “Pendigits” data set
with C = 10 classes (https://archive.ics.uci.edu/ml/datasets/Pen—BasedH
Recognition+of+Handwritten+Digits), under the recommendation settings. Analogous
to settings of the “MNIST” and the “Shuttle” data set, we consider each class to be a user. Given a
sample = € R4, we transform it into C arms for different classes similar to previous works (Zhou et al.,
2020; Ban et al.,[2022a)), namely 1 = (,0,...,0),x2 = (0,x,...,0),...,z¢c = (0,0,...,x) €
R¥FC=T where additional C — 1 zero digits are added as the padding. The reward will be = 1 if we
choose the correct arm that represents the sample’s true class; otherwise, the reward will be 0.
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Figure 3: Cumulative regrets on the two additional classification data sets.

The experiment results for these two additional data sets are presented in Figure [3] It is worthwhile
to note that EE-Net continues to outperform the two Neural-UCB baselines, which is also another
evidence of the effectiveness of the adaptive exploration strategy. On the other hand, our exploration
strategy inspired by EE-Net further incorporates the user exploration graphs to exploit the encoded
“fine-grained” user collaborative effects. Therefore, analogous to the experiment results in the main
body (Figure 2), our proposed GNB framework consistently outperforms the other benchmarks by
exploiting and adaptively exploring the “fine-grained” correlations among different classes at the
same time.
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B.3 EFFECTS OF THE ADAPTIVE EXPLORATION AND EFFECTS OF INFORMATION
PROPAGATION HOPS

In order to demonstrate the necessity of the adaptive exploration strategy, we consider an alternative
arm selection approach (different from line 10, Alg. [1) at each time step ¢, with the following form:

= arg . (400 (o1 GLY50000 1)

Tt €EXy
+a- féz)n (v@éln)n fg(}L)n(mi,ta gz(,lt)’ [G)éln)n]t—l)’ gz(,2t)’ [6527271]1‘—1))

given the candidate arm set X; = {x; ; } ;|4 and the model parameters [@gﬁl)n]t_l, [@gzn)n]t_l. Here,
we introduce an additional parameter o € [0, 1] as the exploration coefficient to control the levels
of exploration (larger the « values will lead to higher levels of exploration). And we will show the
experiment results with o € {0,0.1,0.3,0.7,1.0} on the “MNIST” and the “Yelp” data sets.
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Figure 4: Cumulative regrets for different exploration coefficients «.

In Figure 4 we illustrate the effects of different exploration coefficients. Regarding the results in
the left figure (“Yelp” data set), the adaptive exploration indeed helps to improve the performance
GNB, but the performances of GNB do not differ dramatically with different « values. As the “Yelp”
data set contains inherent noise, the curve of cumulative regrets (including cumulative regrets of
the other benchmark algorithms) tends to follow a near-linear growing rate. However, our carefully
designed adaptive exploration strategy based on user exploration graphs is still helpful to improve
the overall performance, and this is validated by the fact that setting @ = 1 will lead to better
performance compared with the situation when no exploration strategy is involved (o« = 0). On the
other hand, based on the figure on the right hand side (“MNIST” data set), different « values tend
to have relatively divergent results. The reason can be that in the “MNIST” data set, the mapping
from arm contexts to the rewards is more complicated compared with that of the “Yelp” data set.
Thus, the adaptive exploration strategy is able to prominently improve the performance of GNB by
flexibly estimating potential gains of different classes with the estimated “fine-grained” user (class)
correlations.

Recall that there exists a parameter k& for the GNB framework in Eq. [3] which controls the user
neighborhood hops that the two GNN models learn from. In this subsection, we will present the
experiment results with £ € {1,2, 3} on the “MNIST” data set and the “Yelp” data set, which are
presented in Figure[5

Based on the results on the two data sets, we can observe that setting £ = 1, namely making the
GNB learn directly from the 1-hop neighborhood, tends to yield the best result. This might be due
to the fact that since our user graphs are staying as connected graphs while the user correlations
are encoded by the edge weights, learning directly from the neighbor would be good enough. And
the pair-wise user correlations between the target user and every other user have already been taken
into consideration. Meantime, with larger k values (k = 2, 3), raising the matrix to the power of
k would lead to more even entry values across the adjacency matrix, which can be related to the
over-smoothing problem (Xu et al.,[2018}/2021)). The figure on the right hand side (“MNIST” data
set) may support this claim. Since it has already been shown in the Figure 2] that applying one single
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Cumulative regret on Yelp dataset

Cumulative regret on MNIST dataset

8000
2500f — k=1
7000 I k=2
— k=3
6000 2000
©
£ 5000
o 1500
£ 4000
B
K
23000 1000
3
2000
500
1000
0 0
0 2000 2000 6000 8000 10000 0 2000 4000 6000 8000 10000
Time step Time step

Figure 5: Cumulative regrets for different neighborhood hops &.

estimator across all users (classes), i.e., Neural-Pool and EE-Net, will lead to poor performances,
the “MNIST” data set tend to have complex correlations among different classes. In this case, when
we increase k, different user pairs tend to have similar correlations because entries of the adjacency
matrix become more close to each other, which may lead to extra estimation error.

MNIST dataset (k=1)

MNIST dataset (k=2)

MNIST dataset (k=3)

— a=0.0 2500} — a=0.0 — a=0.0

2000} — a=03 — a=03 2500 — a=03
a=0.6 a=0.6 a=0.6

— a=1.0 2000 _ a=1.0 2000} — a=1.0

—
o
=3
S

1500 1500

o
o
S
S

1000 1000

Cumulative regret

[
=3
S

500 500

0 2000 4000 6000

Time step

8000 1000 0 2000 4000 6000

Time step

8000 1000 0 2000 4000 6000

Time step

8000 10000

Figure 6: Cumulative regrets for different neighborhood hops & and exploration parameter « for the
MNIST data set.

Moreover, we also conduct the experiments on the MNIST data set with different sets of o and k
parameters jointly, as shown in Figure[6] Following our conclusion above, setting k = 1 generally
leads to better results and the adaptive exploration strategy offers considerable help to improve the
GNB’s performance. One phenomenon to note is that when we increase the value of parameter %, the
performance difference of GNB with different « values will shrink. One reason for this situation is
that when we increase the k value, the propagated adjacency matrix of the user graph will become
more “smooth”, which makes the users closer to each other in terms of similarity. In this case, the
effect of the adaptive exploration strategy can be affected as the user correlations estimated are less
divergent.

B.4 EXPERIMENTS WITH DIFFERENT NUMBER OF UNDERLYING USER GROUPS
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Figure 7: Cumulative regrets for different number of underlying user groups (MovieLens data set).
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Figure 8: Cumulative regrets for different number of underlying user groups (Yelp data set).

To better understand the influence of potential underlying user clusters, we conduct the experiments
on the MovieLens and the Yelp data sets, with controlled number of underlying user groups. The
underlying user groups are derived by using hierarchical clustering on the user features, and we
maintain approximately a total of 50 users. Here, we apply four representative baselines with relatively
good performances, which are DynUCB (Nguyen & Lauwl, 2014) [fixed number of user clusters],
LOCB (Ban & Hel 2021)) [fixed number of user clusters], CLUB (Gentile et al., 2014) [distance-based
user clustering], Neural-UCB-Pool (Zhou et al., 2020) [neural single-bandit algorithm], and Meta-Ban
(Ban et al.,|2022a) [neural user clustering bandits]. In particular, DynUCB and LOCB are provided
with the true cluster number as the prior knowledge to determine the quantity of initial user clusters
/ random seeds. The experiment results are shown in Fig. [/|and Fig.

As we can see from the results, our proposed GNB consistently outperforms other baselines across
different data sets and number of user groups. In particular, with more underlying user groups, the
performance improvement of GNB over the baselines will slightly increase, due to the increasingly
complicated user correlations. The modeling of fine-grained user correlations and the representation
power of our GNN-based architecture can help explain GNB’s good performance, and the ability of
utilizing user correlations.

B.5 EXPERIMENTS WITH APPROXIMATED USER NEIGHBORHOOD

In this subsection, we conduct experiments to support our claim that applying approximated user
neighborhoods is a feasible solution for increasing number of users (Remark [3.2). Then, we consider
three scenarios where the number of users n € {200, 300, 500}. Meanwhile, we let the size of the
approximated user neighborhood N’ (u;), N @ (uy) fix to 2 = [N D (uz)] = [N @ (uy)| = 50 for
all these three experiment settings, and the neighborhood users are sampled from the user pool U/ for
experiments.
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Figure 9: Cumulative regrets for different number of users with approximated user neighborhood
(MovieLens data set).

The experiment results are shown in Figure[9] Here, we see that the proposed GNB still outperforms
the baselines with increasing number of users. In particular, given a total of 500 users, the approx-
imated neighborhood is only 1/10 (50 users) of the overall user pool. These results can serve as
a clear support that applying approximated user neighborhoods (Remark 3.2) is a practical way to
scale-up GNB in real-world application scenarios.
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B.6 RUNNING TIME ON REAL DATA SETS

Data sets (10? rounds)
Methods MovieLens Yelp MNIST Shuttle
CLUB 230 36 359 4
SCLUB 274 82 363 4
LOCB 215 31 223 3
DynUCB 214 29 357 3
Neural-Pool 509 321 289 226
Neural-Ind 472 281 265 169
EE-Net 2435 2149 2903 2052
COFIBA 321 135 11874 13
Meta-Ban 20170 19825 18172 18101
GNB (Ours) 14121 [4295] 12506 [4082] 4299 [1072] 1606 [185]

Table 1: Average running time results (seconds) on real data sets. The running time in the brackets
“[]” is the actual time consumption for recommendation w/o the time consumption for training.

From Table[I] we see that compared with the most closely related work, Meta-Ban, our proposed
GNB is generally faster, since GNB does not required to re-train the model for each candidate arm.

Although the other baselines, especially the linear baselines tend to run much faster compared with
our proposed GNB, their experiment performances (Section [5)) are also not comparable with our
proposed GNB as their linear assumption is too strong for most application scenarios. In particular,
for the data set with large arm context dimension d, the mapping from the arm context to the reward
will be much more complicated. In this case, as shown by the experiments on the MNIST data set
(d = 784) in Figure 2] the neural algorithms manage to achieve an undoubtedly huge improvement
over the linear algorithms, and have the reasonable running time.

Here, the numbers in the brackets “[]” are the time consumption for the actual recommendation
process. We have the following remarks: (1) Based on the running time in the brackets, we see that
for the two recommendation tasks, GNB takes approximately ~ 0.4 second / per round to make
the arm recommendation for the received user, which is reasonable in real-world cases; (2) In all
the experiments, we train the GNB framework per 100 rounds after 7" > 1000 and still manage to
achieve good performance. Thus, the running time of GNB in a long run could be further significantly
improved by reducing the training frequency since we have already have enough data and an accurate
framework; (3) Moreover, since we are actually predicting the rewards and potential gain for all the
nodes within the user graph (or the “approximated” user graph), GNB is able to handle multiple users
in each round simultaneously without running the recommendation procedure multiple times, which
is efficient in real-world cases.
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C USER NETWORKS ARCHITECTURE.

Here, we can choose different architectures for fﬁl)(-), f752)(-) to deal with various application
scenarios (e.g., Convolutional Neural Networks [CNNs] for recommendation tasks of visual contents).
In this paper, for the theoretical analysis and experiments, we apply separate L-layer fully-connected
(FC) networks for user exploitation models and exploration models, as

Julx;©,) =Oro(®r_10(0r 2...0(01X))) (N
with @, = [vec(©®1)T,...,vec(®)T]T being the trainable parameters, and o being the ReLU
activation. Here, since f&l) (), f 752) (+) are both L-layer networks shown in Eq the input x can be
either the arm « or the network gradient V oW f&l) (5 @E})).

Initialization. Then, the weight matrix of the input layer is different for two user networks where

@gl) € R™*4 and (952) € R™*P_ The rest of the layers will be the same comparing the two kinds of
user networks, which are @, € R™*™ [ € [2,--- L —1],and @ € R*™,

D PSEUDO-CODE FOR ESTIMATING USER GRAPHS AND TRAINING THE
GNB FRAMEWORK

ALGORITHM 2: Estimating Arm-Specific User Graphs

Input: Model parameters ®;_;. Functions for edge weight estimation
W), T )R x R e R

Output: Updated user graphs {Qf’lt)}ie[a], {in)}ie[a].

Initialize {gf}t) }ielals {gﬁ) }ielal-

for each user v € U do

for each arm x; ¢ € X;,i € [a] do

Compute 7, ; = 151)(5131',1‘,; [G)St)]t_l), and
bu,i = I(LQ)(V®£}£) fl(tl)(mi,t; [@gl,,)h—ﬂ; [67(3)]t—1)-

end

end

for each arm x; + € &, do

for each user pair (u,uv') € U x U do
)

For edge weight wz(lt (u,u’) € Wﬁ) update wg}t)(u, u') = OO (7 4 Fur i)
For edge weight wgi) (u,u') € Wﬁ), update wgi)(u, u') = U (by i, by ).
end
end

Return user graphs {gi(ft) Fiela)s {gg? Vicla)-
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ALGORITHM 3: Model Training

1 Input: Initial parameter ®y, step size 11, 72, training steps .J1, J2, network width m. Updated

user graphs gt(”, Q,SQ). Served user ;.
2 Output: Updated model parameters [@Sj]t, [@f)]t, @) 1, and [ng)nit

gnnlt
3 [6(1)] £ [6(2)] = User-Model-Training (ut, [@E}t)]o, [@1(3)]0).
4 forVu' e U, v’ # uy do
s | @l Ol ©F) O

¢ end
[@gln)n] [@ffn)n]t = GNN-Model-Training ([@g}z)n] [@;i)n]o).
s Return [O1))],, (@], [O) ], O, ;.

o Procedure User-Model-Training (uy, [@S}t)}o, [@1(?]0)
o | O« [0, [02]° O

1 # Training of F ()

e | Let£(0) =Y cr [f (@ 00) = r.f?

13 forj:1,2,...,J1dO

uw || @YY =@ - VeL(®N))
15 end

16 | # Training of £ ()

17 Let E(@Si)) =

Srer, P (Vo 10 (@ 001 1);02) = (rr — £ (@ [O0)], 1)
18 forj=1,2,....J; do

v | [Qi)]j = [eﬁi)ij_l —m - VeL([®@P)1)

20 end

a | Lt (O, (0017 (O]  [0F)

2 Sample and return new parameters ([G)E}t)]t, [eii)it) ~ {([@St)]ﬁ ® (2)] Ve
23 end

24 Procedure GNN-Model-Training ( ®§lr:)ni [@gl)n] )

s | O]« [Oh]o.  [O5).]° « 05 ]o.

26 # Training of fg(,lv)n()

Let £(© =3 f(l) ). @(1) 2
27 € gnn) : Te[t]| gnn(w‘m gnn) TT|
28 forj =1,2,...,J5do
29 i i®§}nn] [®§]1ILYL]] 1— n2 - VGE([@_glnn] B )
30 end
31 # Training of fg?m( )
2 | Apply finn(@-) to denote fiun(z,, G4 [O0) 1. 1).

2 2 2 1 1

w | Let L(OGn) == X eplfamn (Vo fon(@:), 673 00)) = (rr = foun(@r,G))P2
34 forj=1,2,...,Jodo

3 | [©%),) = [®§]2n)nij L= VeL(®F),1)
36 end
1) ~(2)
37 Let [(-)gnnit — [(-)_gln)niJQ’ [®gn ] [6(931)71]
38 Sample and return new parameters ([(Bg,m}t, [@gﬁm] )~ {([ g,m]T7 [Ag,m} )} el
39 end
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E PROOF OF THEOREM [£4.2]

Before presenting the regret bound after 7' rounds, we proceed to bound the regret at a single time
step ¢ € [T]. Recall that there are two kinds of user graphs {gf}}}ie[a], {gﬁ)}ie[a] at each time
step t, while we can also build true user exploitation graph {Qi(’lt)’*}ie[a] and true user exploration

graph { gﬁ”* }ie[a) based on the Definition (1| and Deﬁnitionrespectively. Comparably, the true

normalized adjacency matrices of g (L) ,1 € [a] are represented as S, (1)’

With 7, rf separately being rewards for actual selected arm x; € X; and the optimal arm x} € A,
we formulate the pseudo-regret for a single round t as R; = E[r}|us, Xt] — E[ri|ue, Xy] based
on the candidate arms X; and received user u; for the current round ¢. Here, regarding our
arm pulling mechanism in Algorithm |1} we have fy,,(x;) = ;,m( x4, gtl) [@gln)n} 1) +

g(i)n(Vf(l)( t)s (2); [@éi)n]t 1) given the selected arm x; with the input gradient Vft ( 1) =
V®(1> fqnn(wt g, Ti1)

cgL

the estimated user graphs Qtl ,

(cg > 0 as the normalization factor, such that ||Vft(1) (z4)l2 <1),and
( )

related to 4. Analogously, we also have estimated user graphs
t v gt . for the optimal arm ;.
Then, in round ¢ € [T, the single-round regret R; can be bounded as
Ry = E[ry lug, &) — Elrefue, A
= E[r} |ut, X] — fonn(@t) + fonn(@t) — Elre|us, Xi]
I -

;E[rtmt,Xt fonn wt)—I—fgnn( t) — Elr|ug, X

<E[|r} — fonn(®))||ue, Xe] +Ellre — fonn ()| |ur, Xi]

=B |72 (V5 @), G Ofli-1) = 7 = fi¥h(at. GOl ]+
B[ 271 0, G OFle-1) = (= 8 e, G5Ol e 2

where inequality (i) is due to the arm pulling mechanism, i.e., fgnn(21) > fonn(x)), and CBy(+)
is the regret bound function at round ¢ formulated by the last equation. Then, given an arbitrary
candidate arm « € X; with reward r, and its estimated user graphs G (1), G2 we have

CBt(w):E{Ifg(i%(fol)( ), G502 1,—1) — (r — fD (2, GO0 1,-1))

U, Xt]

[fgm Vi (@), 6P 102 1o1) — (r— fO (2, ¢[00 1,1)]

I

Ut, Xf:| +

E |fé7];b)n( z, GV 100) 1im1) — fO (x, GV [00) 1) Ut»Xt} +
Iz
E |fg<i>n< Vi (@), 62 100) 1) - FRLV D (@), g<2>;[@;i>n1u>ut7xt]+
I3
| 271 @), 6510 ) ~ S (VA @), 9P5 O 2.
Iy
(®)

Here, we have the term I; representing the estimation error induced by the GNN model parameters

{[Ggln)n}t 1, [@g?n)n]t—l }, the term I3 denoting the error caused by the estimation of user exploitation
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graph. Then, error term I3 is caused by the estimation of user exploitation graph, and term I is the
output difference given input gradients V ft(l)’* (x) and V ft(l) (), which are individually generated
by true user exploitation graph G(1)* and the estimated exploitation graph G(1).

These four terms I, I5, I3, 14 are respectively bounded by Lemma (Corollary and the

bounds in Subsection[G.I)), Lemma [G.4] Lemma|G.5] and Lemma|G.7|in the appendix. Then, with
the notation from Theorem. 4.2] the pseudo regret after 7' rounds, namely R(T), can be bounded by

=) R

i)
§2-<\/£-(\/%+f’/%+(1+w) 2log(1%)
+(+ O(tL:jll‘ffo/(:” )) - O(pt;% log(m)) + O(W)
+2-0(L (\ﬁ+ +(1+m) 210g(T%'a))
O(%)JﬂQ L% (f+*+ (1+m) 2log(TT;'a>)+4Ft> =
P 3m
R(T)gz-ﬁ(\/@Jr%Jr(Hvz) 210g(Tn§'a))

+VT-O(L?)- (\ﬁ+—+ (L4+m) 2log(Tn ) + o)

VT (VB + O VD) + O(L) + O() 210075 ) 4 VT - O(L) + 0(1)

where the second inequality is because we have sufficient large network width m >
Q(Poly(T L,a, ) log(1 /5)) as indicated in Theorem Here, since m > Q(Poly(T')), terms
71,2 can also be bounded by O(1). Therefore,

R(T) < VT - ((\/% +O(L?)/26) + O(L*) + O(L?) - zlog(TT;' “)) +VT-O(L) + O(1)

gﬁ.<0(L3)+0(L2). 210g(T6 )>+f O(L) + O(L?) + O(1)

— VT -O(L) + VT - O(L%) + VT - O(L?) - 1og(T"5' Y+ o2 + o)

when we have &, & < O(+). The proof is then completed.

Apart from the two remarks in the main body (Remark 4.4} 4.3), we also want to mention another
improvement over existing works with the Remark [E.T| below.

Remark E.1 (Removing d, d Terms). Existing neural single-bandit (i.e., with no user collaboration)
algorithms (Zhou et al., [2020; [Zhang et al.,|2021) derive the bound O (dv/T log(T')) based on neural
gradient mappings and ridge regression, and they involve the effective dimension term d of the NTK
matrix, which can grow along with the scale of network parameters and number of rounds 7'. The
linear user clustering algorithms (e.g., [Li et al.| (2019); [Ban & He| (2021)); |Gentile et al.| (2017))
have the bound O(d+/T log(T")) with the term of arm dimension d, which can be large given arm
contexts in the high-dimensional space. Here, we improve their bounds by a multiplicative factor
of /log(T") and remove the dimension terms d, d. We apply the generalization bound for over-
parameterized neural networks (Allen-Zhu et al., 2019} Cao & Gu, |2019)) instead of regression-based
analysis to remove the \/log(7T") term, and the generalization error is also unrelated to d or d for
over-parameterized neural networks.
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F GENERALIZATION OF USER NETWORKS AFTER GD

In this section, we present the generalization results of user networks fisl) (0, fq(f) (0P) ue
U. Up to a certain time step ¢ and for a given user v € U, we have all its past arm-reward pairs
Pui—1 = {(xr,7+)}reT, . Before presenting the bounds, with two vectors &, x as the input such
that [|Z||2 < 1,||z|2 = 1, inspired by (Allen-Zhu et al.| 2019), we first define the the following
operator

6(@.2) = (= 5.0) ©

T
f
: x 3 T 1
as the concatenation of the two vectors %, % and one constant ¢, where ¢ = (/5 — (%)2 > 5.
And this operator makes the transformed vector ||¢(E,x)||2 = 1. The idea of this operator is to
make the gradients V@L” fﬁl) (+; @&1)) of the user exploitation model, which is the input of the
user exploration model f152) (+), comply with the normalization requirement and the separateness
assumption (Assumption [4.1). For the sake of analysis, we will adopt this operation in the following
proof. Note that this operator is just one possible solution, and our results could be easily generalized

to other forms of input gradients under the unit-length and separateness assumption. Similar ideas
are also applied in previous works (Ban et al.| 2022b)).

F.1 USER EXPLOITATION MODEL

With the convergence result presented in Lemma [F.6] we could bound the output of the user
exploitation model fy 1)( -) after GD with the following lemma.

Lemma F.1. For the constants p € (0,0(+)) and & € (0,1), given user u € U and its past records
Pu,t—1 up to time step t, we suppose m,n, Jy satisfy the conditions in Theorem 4.2 - Then, with
probabzltty at least 1 — 0, given an arm- reward pair (x,r), we have

(1)
[fV (@[, 1) <m

where
3

t3L L2t4 1
/6
W ogin) +0 (i o om) )

) o denote [G)( )] The LHS of the inequality could be written as

(€] M,y am A1)

Proof. For brev1ty, we use @
70 (0,)] <10 (@:8,”) - £ (@518, o) — (V g, £ (2518, 10). 8., - 6, )0)]
) (1) (1) ~ (1)

~(1 ~ ~
+ |f751)(15, [®u ]0) + <V[(:)(1)]0f151)(x; [eu ]0)7 @u - [eu ]0>|'
Here, we could bound the first term on the RHS with Lemma Applying Lemma on the

71_2+O(

( )

second term, and recalling ||(:)il) — [®M]o]|2 < w, would give
70 (@ 8.)] <2+ 1V gy SV (56, 10)12118) - O]+
0! 212 /mlog(m) - 8, ~ [©L o]l
<2+0(1)- 8, — [0 ]o]ls + O /mlog(m)) (18, — (@ ]o]l2)*.
Then, with T}, ¢ = % applying the conclusion of Lemmawould lead to

(1) 7(Tu’t)3 ogm 2/mlog(m 7(Tu’t)3 ogm ‘
5 )|<2+O()O(P\/7711g )+ ot vmiogim) (0 ogm) )

t3 Lt 11/6
O

Then, under the assumption of arm separateness (Assumption [4.1)), we proceed to bound the reward
estimation error of the user exploitation network f." (-;[®(M];) in the current round ¢.
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Lemma F.2. For the constants p € (0,0(+)) and & € (0,1), given user u € U and its past
records P, ¢—1, we suppose m, 11, J1 satisfy the conditions in Theorem 4.2 n and randomly draw the

parameter [©M], ~ {[9( )] }reT... Consider the past records Py ¢ up to round t are generated
by a fixed policy when witness the candidate arms {X:}reT,,. Then, with probability at least 1 — §
given an arm-reward pair (x;, 1), we have

t 3L in-a
Z Equ(Ll)(wﬂ[@gl)]T)_rrl ’XT:I S \/7 <\/2§1++(1+71) 210g( )>
n V2 )
TETu, e U{t}
where r; is the corresponding reward generated by the reward mapping function given an arm x..

Proof. We proof this Lemma following a similar approach as in Lemma C.1 from (Ban et al.,[2022b)
and Lemma D.1 from (Ban et al.|[2022a). First, for the LHS and with 7 € 7, , U {t}, we have

~ (1 (1
O @ 1041) — il < £ @ 1031 + rel <147

based on the conclusion from Lemma Then, for user u, we define the following martingale
difference sequence with regard to the previous records P, - up to round 7 as

= B0 (25 [05],) = o] — £ (@05 [0 ],) — 0.

Since the records in set PU,T are sharing the same reward mapping function, we have the expectation
A A1)

E[VV|F.] = E[fP(@7(0, 1:) — -] = E[ £ (@73[©, ];) — 7+ ]| Fur] = 0.

(1

where I, , denotes the filtration given the past records P, . And we have the mean value of V;
across different time steps as

1 1 A
[Vr(l)] T Z E[|f£l)(w7; O, ]-) =1l = 7 Z |f(1 (z-;[© ]7—) =7l
it TETu,t u,t TETu,t TETu t
with the expectation of zero. Then, we proceed to bound the expected estimation error of the
exploitation model with the estimation error from existing samples following the Proposition 1 from
(Cesa-Bianchi et al.,[2004). Applying the Azuma-Hoeffding inequality, with a constant § € (0, 1), it

leads to
|: E:E‘f(l) L] u])_rt - E ‘f(l) Lr] u]T)_rT|
utTET ot ut TETu,t
2 1
> (1 u | =—1In(=)| <.
> (k) w3)| <6

(1
As we have the parameter [@(V], ~ {[@i )]7}767—“,,/ , with the probability at least 1 — 4, the expected

loss on [® "], could be bounded as

! ~ (1)
> EIfP(@ [0, ):) = rill < (14 m)-
Tu,t TE€ETut

where for the second term on the RHS, we have

3L\/2T,
7 > e u1>—rT|S% Zlf“)( 18, 10) = o+ S 2

T,
TETu t u,t u,t

)+ (7 X @81 - rr)

it TETu,t

I /\

(1) 2 3L
Tui- Y |fu (3]0, ])—7‘7\ + —=
TETu,t 2Tu,t

+

<
- Tu’t V 2Tu,t

where the first inequality is the application of Lemma [F.10} and the last inequality is due to
Lemma [F.6 Summing up all the components and applying the union bound for all a arms, all
n users and ¢ time steps would complete the proof. O

Then, we also have the following Corollary for the rest of the candidate arms x; ; € (Xt \ {:Ut})
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Corollary F.3. For the constants p € (0,0(1)) and & € (0 1), given user w € U and its past
records Py t—1, we suppose m,n, J1 satisfy the conditions in Theorem [4.2| n and randomly draw

the parameter [©V]; ~ {[(—)( )
collection of arms Py ¢ U{x; +, 71} are generated by a fixed policy when witness the candidate arms

7}reT, Foranarm x;, € X,, consider its union set with the the

{X:YreT,, with 757%,5 = {®;, 7,74, + }+ being the collection of arms chosen by this policy. Then,
with probability at least 1 — 0, we have

Z Hf(l)(wzhry [9(1)] ) - 741},7" ‘XT} S V Tu,t : (\/E‘i‘ % + (1 + '71) 210g(T)> + Ft

TETu,+U{t}
where 1; ; is the corresponding reward generated by the mapping function given an arm x; ,, and

tL?log®® t1L tL2log!/"
i) -0 tostm) + 0 ).
npl/3m nipy/m n5pd/3m1/6

'y < (1+O(

Proof. The proof of this Corollary follows an analogous approach as in Lemma[F.2] First, suppose a

~ (1 ~
shadow model fisl) (; [@i )]t), which is trained on the alternative trajectory P, ;. Analogous to the

proof of Lemma|F.2] for user u, we can define the following martingale difference sequence with
regard to the previous records P, , up to round 7 € [t] as

~ ~ (1) ~ (1)
V-r(l) = E“fél)(mim'r; ©, 1) =7l - |f1(tl)(wi7;7'; 0, 1) - Tim‘r|-

Since the records in set P, ; are sharing the same reward mapping function, we have the expectation

VD |E o =)
E[VO|Fur] = B (@i, [0, | = B[l (@i, (0, ]) = 7i e

&)

|F.r] = 0.

]T) - rirvT

where Fu .+ denotes the filtration given the past records Pu . The mean value of V; " across different

time steps will be

1 ~ (1) ~ (1)
T [ T Z f(l) (@i, 75O, 1) —Ti, 7l 77— Z |fu1) (@i, 75 [© 1) —Ti, |-

u,t TETu,t TETu t u ¢ TETu,t

with the expectation of zero. Afterwards, applying the Azuma-Hoeffding inequality, with a constant
d € (0,1), it leads to

1 ~ (1)
Pl 3 Bl w10 = i ol -
ust TE€ETu,t

D (@, 5O

TETu,t

J-) — Tip T
u,t

> (k) o n(p)] <6

~ (1
To bound the output difference between the shadow model f&l) ( [@i )

(1
based on received records fi(tl) (- [@i )]t), we apply the conclusion from Lemma , which leads
to that given the same input x, we have

1 (8

]+) and the model we trained

6. — O (@; [0 <

tL310g” % (m) t3L t4L2 1og'/ (m)

Finally, assembling all the components together will finish the proof.

F.2 USER EXPLORATION MODEL

: (2) . . Ve, @O0
To ensure the unit length of f,”(-)’s input, we normalize the gradient —°x oL with

Lemma Lemma [F.9)and a normalization constant ¢, > 0. Then, to satisfy the separateness
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(Assumption[4.T) assumption, we adopt the operation mentioned in Eq. [9]to derive the transformation
Vo, i @O0])
o( oL

separateness of at least %.

x) to make sure the transformed input gradient is of the norm of 1, and the

Analogous to the user exploitation model, regarding the convergence result for FC networks in

Lemma we proceed to present the generalization result of the user exploration model ff) ()
after GD with the following lemma.

Lemma F.4. For the constants ¢;; > 0, p € (0, O(4)) and & € (0,1), given user u € U and its past

records P, 1, we suppose m, 771, J1 satisfy the condmons in Theorem n and randomly draw the

2
parameter [©P], ~ {|© 6 )] }reT. .. Consider the past records Py s up to round t are generated

by a fixed policy when wztness the candidate arms {X: },cr, ,. Then, with probability at least 1 — §
given an arm-reward pair (x, (), we have

\% 1 ’lg«l) 75 91(1.1) T
5wl (o @O e ) - (- a0l ) ]
g

TETwu, e U{t}

Tt (@Jr 3—\/% + (14 271) 2log(m5' a))

Proof. The proof of this lemma is inspired by Lemma C.1 from (Ban et al., 2022b). Following the
same procedure as in the proof of Lemma we bound

V 1 51) ;@721)
><¢>< A (ZB O e [@%) - ( - (@ [ea”m)]
g9

Wy (00
CYPRCRRL (@€ T0)
v ey L

<

+1

@) [@%) \ n \f&l><mt; e],)

<1+2m
by triangle inequality and applying the generalization result of FC networks (Lemma on
£ OW), 1P o).

. (1) V[@<1)]Tfﬁ”(mt;[®il)lf) )
For brevity, we use V fy 7 (@) to denote ¢p( —= oL , @) for the following proof. Define

the difference sequence as

v =E[ 1Y (w“ (2-); (O] ) - (rT —f751>(wf;[®$>]f>>ﬂ
- (Vi@ ) - (v - 0 @s ]|

Since the reward mapping is fixed given the specific user u, which means that the past rewards and

the received arm-reward pairs (., ;) are generated by the same reward mapping function, we have
the expectation

E[V?|F, ] :EHfg) (vfé}g(%);[@%) _ (r — (. [© i”b)) H
EH]’ 2>< VI (a,); [02)], > - <TT fﬁl)(wT;[@S)]T)>’|FuJ] o

where F,, ; denotes the filtration given the past records P, ;, up to round 7 € [t]. This also gives

the fact that VT(2) is a martingale difference sequence. Then, after applying the martingale difference
sequence over 7T, +, we have

7 o v _*TGT e N (S|

TET it
S X (Ve e, ) - (- et

ut TETu,t
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Analogous to the proof of Lemma by applying the Azuma-Hoeffding inequality, it leads to

2log(1
[ S v - § EV®] > (1 +2v,), | 2osL/0) /5)] )
u St Tu t
TETu TETu ot ’

Since the expectation of VT(Q)

(2)

u

is zero, with the probability at least 1 — § and an existing set of
~ (2
8l — @@L <of

parameters e) nséi/a log m) , the above inequality implies

! (2) 2log(1/9)
Tt TGZTU% Var < (1 + 2'71) Tus
Tu,t TGTu,t “

— Ye 0 ) 210g(1/0)
- Tus €Tt <Vf ) ( wT, [©.7) )|+ (L +2m) Tt
s 2 (Vf“ - >-@ff>) (e 00 [@m [+ 2 200D
1 T .

2
J f<”< o @f?) - ( O[O, >) + (1Lt 2y 2800
TETu,t w,t

A

/ (142 210g(1/(5)
11) T

Here, the upper bound (i) is derived by applying the conclusions of Lemma |F.6/and Lemma [F.10}
and the inequality (ii) is derived by adopting Lemma [F.6] while defining the empirical loss to be
2
2
1Y e, \ff’ (Vf )(@,); ©, )) ( — (@ [@%)) . Finally, applying the union

bound would give the aforementioned results.

O

Corollary E.5. For the constants p € (0,0(1)) and & € (0 1), given user u € U and its past
records Py —1, we suppose m,n, J1 satisfy the conditions in Theorem [4.2] ! and randomly draw

the parameter [©V]; ~ {[@u |7 }reT., Foranarm x;; € X,, consider its union set with the the
collection of arms Py s U{x; 1,7} are generated by a fixed policy when witness the candidate arms

{XrYreT, o With Puy = {®i_ 7,73, r}+ being the collection of arms chosen by this policy. Then,
with probability at least 1 — 0, we have

View,, i @i - [0):)

> s (a1 o O ) = (1 = 11 s(00]) ) ]

TETu, 1 U{t}
T (VB + 2% 4 1)y 21050 ) T
: V2 s
where r;_ . is the corresponding reward generated by the mapping function given an arm x;_ », and

tL310g® % (m) t*L t5L21og'"/%(m)
Iy = (1 + O(npl/?’ml/G)) ' O(W log(m)) + O(nSp4/3Tnl/6>

This corollary is the direct application of Lemma[F.4] and the proof is analogous to that of Corollary

[E3l
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F.3 LEMMAS FOR OVER-PARAMETERIZED USER NETWORKS

Applying P, ;—1 as the training data, we have the following convergence result for the user exploita-
tion network fy (1)( @) after GD.

Lemma F.6 (Theorem 1 from (Allen-Zhu et al.,|[2019)). Forany0 < & <1, 0<p < O(%) Given
user u € U and its past records Py 1, suppose m,n, Ji satisfy the conditions in Theorem
then with probability at least 1 — §, we could have

1. L(@S)) < & after J iterations of GD.

2. Foranyj € 1), ||[@V) — [©@V]0]| < (9( PN logm) =0 (ngf)i/m logm).

In particular, Lemma [F.6|above provides the convergence guarantee for fl(bl) (- @7(})) after certain
rounds of GD training on the past records P, ;—1.

Lemma F7 (Lemma 4.1 in (Cao & Gul, [2019). Assume a constant w such that
O(m=32L=3?[log(TnL?/8)]*/?) < w < O(L~%[logm]~3/?) and n training samples. With
randomly initialized [@V]o, for parameters ©,©' satisfying |© — [O@P]o]], |© — [©M]o]| < w,
we have

[V (@:©) — [V (2:0') = (Ve [V (2:©),0 — ©')] < O(w'*L?/mlog(m))|© — €|
with the probability at least 1 — 0.
Lemma F.8. Assume m,n, J1 satisfy the conditions in Theorem and [@1(})]0 being randomly
initialized. Then, with probability at least 1 — § and given an arm ||z|2 = 1, we have
1|1 @ [0]0) < 2
2. |1V gy, 187 (@3 [©P]o) | < O(L).

Proof. The conclusion (1) is a direct application of Lemma 7.1 in (Allen-Zhu et al., 2019). For
conclusion (2), applying Lemma 7.3 in (Allen-Zhu et al., 2019), for each layer ®; € {®4,...,0},
we have

Ve, £ (@; [®]0)ll2 = (@D -1+ Di11©141)-(D141O141 - - D1©y) 27|z = O(VL).
Then, we could have the conclusion that

||V[@;u1>]0f751)( [9(1) 102 = Z IIV@l w, ]o)H% =O(L).

le[L]

O

Lemma F.9 (Theorem 5 in (Allen-Zhu et al., [2019)). Assume m,n1, J1 satisfy the conditions in
Theoremd.2|and [@,ﬁl)]o being randomly initialized. Then, with probability at least 1 — ¢, and for
all parameter ©V) such that |©H — [@V]||2 < w, we have

IV i (@ ©1) = Vg, I (@: [0 ]0)]2 < Ow!L? \/log(m))

Lemma F.10. Assume m,n, satisfy the condition in Theorem With the probability at least 1 — 6,
we have

~ (1) ~ (1) 3L.\/2T,,
ST (@0, 1) — el < Y 1D (@310, 1) — | +

2
TETu,t TETu,t

log(m)

3
Proof. With the notation from Lemma 4.3 in (Cao & Gu, [2019), set R = T“’%, v=R? and

€= %. Then, considering the loss function to be £(@)) := Y oreT., o (z,;01) —r.|
would comblete the proof. O
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G PROOF OF THE REGRET BOUND

In this section, we present the generalization results of GNN models f,g,ll)n( ; !(;L)n) fqm( ; gn)n).
Recall that up to round ¢, we have all the past arm-reward pairs P; = {(z,7)}re—1) for the

revious t — 1 time steps. Analogous to the generalization analysis of user models in Section
ﬁ we adopt the the operation in Eq. |9 on the gradients VG)(gln) ;}m( @gn)n) to comply with
the assumptions of unit-length and separateness, and the transformed gradient input is denoted as

V () () given the arm .

G.1 BOUNDING THE PARAMETER ESTIMATION ERROR

Regarding Eq[8] given an arbitrary candidate arm @ € X; with its reward r, and its user graphs
G, G, we have the bound for the estimation error as

CBy(z) = [uiq LV (@), 62503 1,-1) — (re — fU) (2, ¢V 00 ], mmm}
<E[fg<ill<vﬁ“7*<w>792>* O 1i1) — (re — FD (. GO (O], mmm}
I

+ L+ I3+ 1,

where we have the term /; representing the estimation error induced by the GNN model parameters
{[@((;L)n}t 1, [@f]i)n]t_l}. Based on our arm selected strategy given in Algorithm we have the
selected arms and their rewards {x, rT}Te[t,l] up to round ¢. And we first proceed to bound term

I, w.r.t. the selected arm x4, i.e., CB:(x¢).

Analogous to the user-specific models, we also have bounded outputs for the GNN models shown in
the following lemma.

Lemma G.1. For the constants p € (0, O(1)) and & € (0, 1), the past records Py up to time step t,
we suppose m, 1, M2, J1, Jo satisfy the conditions in Theorem Then, with probability at least
1 — ¢ and given an arm-reward pair (x, ), we have

(1)
‘ gnn( [ gnn]t)| <72

where

—oro(LE, o (LE _1ogrs
Yo =2+ p\/aogm + Wog (m) ).

Proof. The proof of this lemma follows an analogous approach as in Lemma [F. 1| where we have
proved the conclusion for the FC networks.

Given an arm @, we denote the adjacency matrix of its estimated user graph G(!) as AW and we
have the normalized adjacency matrices as S . /n. For the received user u; € U, we could
deem the corresponding row of the matrix multlphcatlon S - X, represented by h,, = [S - X];., as
the aggregated input for the network for the user-arm pair (x, u;). Note that in thls way, the rest of the
network could be regarded as a L+ 1-layer FC network (one layer GNN + L-layer FC network), where

the weight matrix of the first layer is @ﬁll;g. Then, to make sure each aggregated input has the norm

of 1, we apply an additional transformation mentioned in Eq.@ h,, = ¢(hy,,x) = (?}g ;5 Cu,)

_ 3 1 2 . . 7 _ . .
where c,, = /3§ — 5|/hu,||3- This transformation ensures |7z, [|2 = 1 while preserving the original

information w.r.t. the user-arm pair (x, u;), as it does not change the original aggregated hidden
representation. Meantime, this transformation also ensures the separateness of the transformed

contexts to be at least £, which would fit the original data separateness assumption (Assumption
|.1I). Finally, followmg a similar approach as in the FC networks (Lemma|F.I)), on the transformed
aggregated hidden representations would complete the proof.

O
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Regarding the definition for the true reward mapping function in Section[2] we have the following
lemma for term I; given the arm-reward pair (¢, 7).

Lemma G.2. For the constants p € (0,O(1)) and & € (O 1), given user w € U and its past records

Pu,t, we suppose m,n1, 132, J1, Jo satisfy the conditions in Theorem [4.2)] n and randomly draw the

parameters [@gh)n]t ~ {[@;2n]r}fe[t], [@g%z)n]t ~{[© ;n)n] }repy- Then, with probability at least

1 — 0 given a sampled arm-reward pair (x,r), we have

Y E [ (5 @, 0 510 ) = (i St 051001 ) ]
TEt]
tn-a
(x/ + (1 +72)y/21og(— )>
where
t3L L2t4 11/6
72—2+O<Wlogm>+0(wlog (m))
Proof. Based on the conclusion of Lemma we have the upper bound as
2 (VI @0, 60 510 ) = (e - S, G0 s[OR) )| <1+ 200

by simply using the triangular inequality. Then we proceed to define the sequence V., 7 € [t] as

Vz :EXT |:

RV (@), G108 1 21) = (rr — D (z,, G [0 ], 1>>H

— | (VD (@), GO0 Jr 1) = (rr = [ (@, GO0 ] 1))’

And since the candidate arms and the corresponding rewards are associated with the same reward
mapping function h(-), the sequence V. is a martingale difference sequence with the expectation

E[V.|F,] = [fgnn(v;fﬁl%*(m), GO0 1,1) — (rr — ), (xr, G [O0) ] 1>>H

| -

where F. denotes the filtration of all the past records P up to time step 7. Then, we will have the
mean value for this sequence as

1
FL V=

FB VD (), GO 02 1,1) — (rr — fi8 (-, I [O0) 1:21))

TEt]
§ X B |[FEMTA @), 62O ) - 0~ Fifh e 05 O] - >>H
TEt]
tz fgnn(va('l)7*(w‘f)7 g() [G_Sﬁz)n]‘r 1) (7" - gnn(mT? g‘g—l [G)g(]%l)n]T 1))‘
TE[]

As it has shown that the sequence is a martingale difference sequence, by directly applying the
Azuma-Hoeffding inequality, we could bound the difference between the mean and its expectation as

IP’EZHVT = STEWV] 2 (14 27) W}gzs

TE [t]
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with the probability at least 1 — 24. Since it has shown that the V. is of zero expectation, we have the
second term on the LHS of the inequality to be zero. Then, the inequality above is equivalent to

TG[t]
LN [ Lo (VD (@2), G (O] 1) = (e = [ (-, GO [O4), ] >>H
TEt]
1 *,
<D (VI @), GO O ]r0) = (rr = [l (@, G O] m]
TE(t]
2log(1/6
+ (14 27) 70% /%)

with the probability at least 1 — 2§. Then, for the RHS of the above inequality, by further applying
Lemma|[G.8and Lemma|[G.12] we have

T

‘re[t]

=53

TE[t]

3LV2t
4 3L

Lo (VI (@0), G755 [O0) ]rm1) = (rr = fimn(@r, G5 (O] 1))‘

FD (VD (), GO0 ) — () — fD) (@, GO 1O 1, 1))

with regard to the parameter é L st ||© gnn [@éi)n}oﬂg <0 (% log m) Therefore, by
~(2)

applying the conclusion from Lemma|G.8, we could bound the empirical loss w.r.t. ©,,, a

>

S

FD VD (@), GO 0,,,) — (rr — fi0, (2, G5 [00) ], 1>>‘

TE[]
1 Jk ¥ "’(2) s 2
<7 ST (VI (@), GP710,,,) = (rr = fomn(@r, G5 100) 1))
TE(t]
<%
- t

Finally, assembling all the components and applying the union bound would complete the proof.

O
Analogous to the Lemma [G.I| we could also have the following corollary of the generalization
results for the optimal arms and their rewards {2}, 77}, <[ up to round ¢. Then, let [@;,L)n ]+ be the

(2) .
parameter that is trained on {x}, r>} <[4, and denote © gnn |t as the parameter of fgm( ) trained
on corresponding gradients and residuals.

Corollary G.3. For the constants p € (0,0(1)) and & € (0,1), given user u € U and its past
records Py, ., we suppose m, 11,12, J1, Jo sansfy the conditions in Theorem [.2)] n and randomly draw

~ (1), ~(2),
the parameter [(9!(;2;1 le ~{[© ;n)n |+ }rep (© ;2,2;1 le ~{[© Em)n |+ }rey)- Then, with probability at
least 1 — 0 given a sampled arm-reward pair (x,r), we have

ZE[fm,n( Vi (@), 620, > <r;‘ O (2, ¢ [O0) ], 1))

TE(t]

|ut7Xt:|
< Vi (VG + 2t )y f210p() ) 4
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where

t3L L2t 11/6

Proof. The proof of this corollary is comparable to the proof of Lemma At each time step
t, regarding the definition of the optimal arm, we have x; = maxg, ,cx, E[ri¢|us, x;¢]. Then,
analogously, we could define the difference sequence as

b |

|2 (v (), 625 020, 1) — (v — £ (ah, GO gﬁnm»]

’}/222+O<

fgnn(vf‘z(-l)y*(m:'% g [6_5731)71 ]7'— ) ( fgnn( :—7 g‘g_l) [6_5711)71 ]7'—1))”

where by reusing the notation, we denote g&l)’*, g?)’* to be the true user graphs w.r.t. the optimal
arm z; here. Then, similar to the proof of Lemma we have the sequence to be the martingale
difference sequence as

II*Z[VT*|FT*]]Ech[fgm(Vf(1 “(@7), GO0 1) — (rr — fon(ar, G5O én)ﬂf—l))u

—M[fgm (VD™ (27), D (0001, 1) — (rr — f), (%, G (O 5,72”}7_1>>H=0

with F* being the filtration of past optimal arms up to round 7. Then, we could also applying
the Azuma Hoeffdlng inequality to bound the difference between the mean 3 Z V and its

expectation 3 ZT j E[V7]. Finally, like in the proof of Lemma applying the conclus1on from
Lemma|G.8|and Lemma [G.12) would complete the proof.

O

Then, recall the definition of of the confidence bound function CB;(z}) w.r.t. the optimal arm x;,
we the corresponding term I; as

E||f2, (V" (@), 677102 )im1) — (e — £ (27, 675 (000, 1>>ut,xt].
And it can be further decomposed as
1F2 (VD (2 )gﬁ”*[@;i)n]t 1) = (re — fiD (7, gé“*[@é,z)n] D)l
< |f@ (v (@ >, 025 1) — (r, fﬁ%( G @)+
+| ;mwt, [@;13;114 fi0(r, 61t [@;w )l
12 (v (@), 67102 ) — fRL (VY (@), 67 [0 1)

where the first term on the RHS could be bounded by Corollary Then, for the second term,
we first denote h] € R™ to be the aggregated hidden representation w.r.t. the user-arm pair (u;, ;)
where w; is the i-th user. Here, h; is essentially the row in the aggregated representation matrix H o4
corresponding to the user arm pair (u, ;). Therefore, for the received user u; € U, the reward
estimation based on two samples regarding the two sets of parameters would have the same the input
h;. Then, for the second term, since the outputs w.r.t. two sets of parameters have the same input b},
we could apply the conclusion from Lemma |G.14] which will lead to

O (@5, 6 00 1) — fU) (&, 6V e 1))

tL310g"/ % (m) t3L t4L210g™ /5 (m)
< (1+0(p1/3m1/6 >) o log(m))+0<p4 0w )

Analogously, we could also have the same bound for the third term on the RHS. Summing up the
bounds for three terms on the RHS would finish deriving the upper bound for term ;.
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G.2 BOUNDING THE EXPLOITATION GRAPH ESTIMATION ERROR

Then, we proceed to bound the error induced by the estimation of user exploitation graph, i.e., the
error term I5. Recall that the confidence bound function CB; () for the given arm « € A&} is

CBy(z) = [|fgm<w“’< ), 625102 1,_1) — (r — f (2, Vs [0N 1,-1))|

Ut, Xt}

_E[|fgzz<w, GO 00 1,1) — FD (@, 63 [0 ],1))

Ut, X{l +Il + 13 + I4.

I

given an arbitrary arm « € X;. For arm «, we use the following lemma to bound the error caused by
the difference between the estimated exploitation graph G(!) and the true exploitation graph G(1)-*
associated with arm x.

Denoting the adjacency matrix of the estimated graph G(1) as AW and the adjacency matrix for
the true user exploitation graph G()* as AM* e have the normalized adjacency matrices as

SO = AW /p and S+ = AMW* /n. For the i-th user u; € U, we could deem the i-th row
of the matrix multiplication S - X, represented by ho,; = [S - X|;., as the aggregated input for
the network for the user-arm pair (x,u;). Note that in this way, the rest of the network could

be regarded as a L + 1-layer FC network, where the weight matrix for the first layer is @l(lz)g.

Then, to make sure each aggregated input has the norm of 1, we apply an additional transformation

mentioned in Eq. Has ilg,i = ¢(hoi,x) = (Fioﬁ, Z,co,:) where ¢ = ,/% - %Hholﬂg And

this transformation ensures | ho ;|| = 1 and co; > 1. Since this transformation does not alter the
original aggregated representation hy ;, it will not impair the original information w.r.t. the user-arm
pair (&, u;). Meantime, note that this transformation also ensures the separateness of the transformed
contexts to be at least 5.

Lemma G.4. For the constants p € (0,0(1)) and & € (0,1), given past records Py_1, we
suppose m, 771, 772, J1, Jo satisfy the cona’ztlons in Theorem{.2] and randomly draw the parameter

[© gnn]t ~ {[ gnn] }reqy- Then, with probability at least 1 — 8, given an arm x € R%, we have

Z| ('}L)n .’B g(l [ _EllrL)n]T 1) f;z)n(w g(l) [ grL>7JT 1)

<0(L)-x/87-<\/ﬁ+f’/%+(1+vl) 2log( 5 ))+Ft~

Proof. By the conclusion of Lemma [F.2] at time step ¢, the reward estimation error of the user
exploitation model could be bounded as
a
)> + T

t 3L tn
S TE[fM (@ [00]) —r| 4] < \/> (\/251 + 22 4 (14 71)4/2log(
el " V2
with the probability at least 1 — . And given two users u;, u; € U and an arbitrary arm x € A},
we denote their individual reward as r;, r; separately. We omit the expectation notation below for
simplicity. Then, we could bound the absolute difference between the reward estimations as

s — 7l = 1 (23 [OP]r) — D (53 (O] < (i — P (24 [OP]h)) — (r — £ (255 [©D]1)]
<|(rs = f (i [O1) = (rj — fV (51 [©5)],))]
< |(rs = f (@i O] + 1 (r — £ (255 [OL])).

Based on the definition of the mapping function ¥, it would naturally be Lipschitz continuous with
the coefficient of 1, which is

lexp(—|ri — 75]) — exp(—| £ (@i; [ON];) — £V (255 [OL]:)])]
<|lri =7l = [£0 (@5 [OD]) = £ (255 O]
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with the probability at least 1 — §. Finally, applying the union bound for all the (n? — n)/2 user
pairs and re-scaling the § would give us the estimation error bound for the reward difference for each
pair of users. To achieve the upper bound, we apply the Corollary [E3|by considering the trajectory

P, consists of the past arm-reward pairs {x;_ -, riT’T}Te[t], where arm x; ;- leads to the largest

estimation error of the estimation model fﬁi) (+) in each round 7 € [t]. Thus, we have the bound for
the edge weight difference, where the difference of an arbitrary i-th row could be bounded by

4
> AN — [AD ]2 < 2002 - (\/ +—+ (147)4/2log(— “)>+rt,
TEt]
which implies
SIS = 19l < 2vE - (VB + 2%+ (14 )y 21055 )) 4T
TEL

Therefore, applying the conclusions from Lemma|F.2] it leads to
Z |lrie =il = |f(1)(931 I Ch e D) — f(l)(ac],T, [6(1 1ol

TE[t]

< 2\/5 (@Jr f’/—% +(1+m) 21og(m6'a)> 4T

Afterwards, recalling the transformation at the beginning of this subsection, and given an user-arm
pair (u;,x) for the i-th user, we denote h = [S™) . X];, and h* = [ . X],.. Based the
aforementioned transformation in Eq. |9} their transformed form could naturally be h = ( fh, 3.0
and b = (\[h*
could have

, 5,c) with |||z = 1. Without the loss of generality, we let ¢ > c*. Then, we

I =l = /I =B+ (e < I = B + (2 ()22

1
= y/|Ih = B2+ < ([|R*]Z - |h]3)?
(n)\/ 13 + 7 (1R715 = I1R13)

* 1 * *
= \/|h—h 13 + *(Hh —hl2-[|h" + hll2)?
< V2 ||lh =R

(111

2 * |12
Here, (i) is because ¢, ¢* > 1. (ii) is because of ¢ + % = ()2 + (L 3, and (iii) is due to
[hll2, [R"]2 < 1.

Then, we proceed to bound ||k — h*||2. Recall the definition from Eq. 4, Extending the above
conclusion across different rounds 7 € [t], we will have

« " 3L tn -
S W= il < oISl ~ (547 Tull < 2V (VB + 2% 4 (14 )y 210575 )) + T

TE[t]

Finally, combining the conclusion from Lemma|[G.13] we finally have

ZI Fimn(@, GO0 1 1) = fimn (@, G5 105 1-1)]

< O(L)- VB (VB + 2%+ (1 )y f2on( ) ) 4

which concludes the proof.

O
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G.3 BOUNDING THE EXPLORATION GRAPH ESTIMATION ERROR

Again, recall the definition of the confidence bound function CB; () which is

CBy(z) = [|fgm< vV (@), 6202 11) - (r— Y (&, gV; [0 ], >>|ut,xt}
Lf;iL(w,f”’*(m), G2+ 102 1,1) — fR(V IV (@), 62502 1>ut7Xt]
I3
+ 1)+ I + 1y

Analogous to the procedure for the user exploitation graph, we have the following lemma to bound
the error induced by user exploitation graph estimation.

Lemma G.5. For the constants p € (0,0(1)) and & € (0,1), given past records Py_1, we
suppose m, 771, 772, J1, Jo satisfy the cona’ztlons in Theorem{.2] and randomly draw the parameter

[© gnn]t ~ {[ gnn] }reqy- Then, with probability at least 1 — 6, given an arm x € R%, we have

Z| FPV " @), 6P 02 11) — fO (VD (@), 6502 1,-1)]

< O(L) - V38t - (@+ % +(14+m) 21og(m5'a)> +T4.

Proof. The proof of this lemma could be derived based on a similar approach as in Lemma

Recall that for the exploration GNN model fﬁ)n (+), we have the gradients of the GNN exploitation
1 fq(ll)(mQ[@S‘,l)]t)

model V fq(ft) (x) = ChuP T as the input given an arm « and user u € U/, whose norm

IV £ @)]l2 < 1.

Given two users u;, u; € U and an arbitrary arm x € X}, we denote their individual reward as r;, 7;
separately. Then, we could bound the absolute difference between the potential gain estimations as

(ri = D (@ [©8)1) = (r = £P (@i [O10)] = 112 (VI (@): [02))) — £ (V£ (@): (O]
< P (VF @) [02)) — (ri — 1D (@ [O)])]
+ V1 @) [02]) — (rj — £ (s [OL)])].
Afterwards, applying the conclusion from Lemma[F4] would lead to the result that

Z (i — 9 (a5 [©D)0) — (ry — O (@ [©@D)))] = 1£P (V£ (2); [©2)) — RV (): [0P])]]

< 2\/Z~ (x/E+ ‘% +(1+7) 210g(t”5'a)) + T

Following a similar approach as in the proof of Lemma|G.4] we proceed to consider the aggregated
hidden representations for the input gradients. Since the entries between A® — A®)* (and also

the distance between §® — §(2)*) are bounded, by adopting the aforementioned transformation in
Eq. 9]on the aggregated hidden representations for the input gradients and the initial arm contexts @,
we would end up with the bound for the difference between transformed representations for input
gradients. Finally, combining the conclusion from Lemma [G.13| would give the proof.

O

G.4 BOUNDING THE GRADIENT INPUT ESTIMATION ERROR

For the last term I, in the confidence bound function CB;(x), we have

E(If@, (VO (@), 6503 1,-1) - f2 (v (@), 6P; 03, ],1)]

Ut , Xt:l
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which represents the estimation error induced by the difference of input gradients. And we first bound
the gradient difference with the following lemma

Lemma G.6. For the constants p € (0,0(1)) and & € (0,1), given past records Py_1, we
suppose m, 771, 7727 J1, Jo satisfy the condmons in Theorem{.2| and randomly draw the parameter

W1, ~{[® qnn] }reqy- Then, with probability at least 1 — 8, given an arm x € R%, we have

gnn
S IV (@) - VD (@)
TEt]

p1/3m1/6 \/ﬁ

o), fqnn(w’ gMie) 1e1) o) £ (@, g elh) 1, 1)
‘ and Vf(l)’*(il:) _ ©gin
cgL ’ t - cgL .

2714 5/6
SO(M)+O(L)-\/§~(\/E+3L+(1+71> 210g( 5 ))+rt

where Vft(l) (x) =

Proof. Following the aggregation procedure and transformation procedure shown in section|G.2] we
have the transformed representations for given an user-arm pair (u;, x) with the i-th user, which are

h=[SW . X]; and h* = [SV)* . X];.. And their transformed form could naturally be h = (h, ¢)
and h" = (h*,c*). From the conclusion of Lemma we have
a)) +T;.

Sl = bl < VB (VI -+ 25+ (1 )y 210n(”

TE(t]

Then, applying the conclusion from Lemma would complete the proof.
O

Then, we have te following lemma to bound the term .

Lemma G.7. For the constants p € (0,0(1)) and & € (0,1), given past records Py_1, we
suppose m,n1, 1z, Ji, Jo satisfy the condmons in Theorem{.2] and randomly draw the parameter

@41 ~ {16

gnnlt gnn

Z| gnn Vf (1), )’ g(?) [Gg(m?n}‘r 1) f_cgi)n(vf‘z(-l)(m)’ g(?)’ [Qén)n}‘r 1)‘

TEt]

|+ }reqy)- Then, with probability at least 1 — 6, given an arm x € R?, we have

215 10g™ % (m) 2)

Proof. We again follow the aggregation procedure and transformation procedure presented in
section Then, the aggregated and transformed input gradient could be denoted as we have
the transformed representations for given an user-arm pair (u;, ) with the i-th user, which are
g=[5?.G);; and g* = [S? . G*],., where G denotes the gradient matrix embedded w.r.t. Eq.

And their transformed form could be g = (? g,c) and g* = (% g*,c*). Then, according to the

definition of Eq. 4 we could naturally have

1§ — "2 < NSPalle - IV (@) = VD @)[|2 < V£ (@) = VA (@)

since the normalization of the adjacency matrix ensures its arbitrary row has the norm smaller than 1.
Finally, applying the conclusions from Lemma and Lemma|G.13] it will leads to

Zlfgnn (VI (@), G2 [O0) ) 1) — fimn (VD (@), 625 [0 ]-—1)]

1215 10g” % (m) ) 3L r—
0<W>+O<L).¢§.(@+ﬂ+<1+m 21og(" >)+rt.

O
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G.5 LEMMAS FOR OVER-PARAMETERIZED NETWORKS

Applying P,_; as the training data, we have the following convergence result for the exploitation
GNN network f{" (;©WM) Y after GD.

gnn

Lemma G.8 (Theorem 1 from (Allen-Zhu et al., 2019)). Forany 0 < & < 1,0 < p < (9(%)
Given past records Py_1, suppose m,n1, 1z, J1, Jo satisfy the conditions in Theorem then with
probability at least 1 — §, we could have

1. E(G( ) < & after Jy iterations of GD.

gnn

2. Forany j € [72), (00,1 ~ [©0),1°] < 0 (55 logm).

In particular, Lemma above provides the convergence guarantee for fl(f (- @ﬁn) after certain
rounds of GD training on the past records P;_1.

Lemma G.9 (Lemma 4.1 in (Cao & Gu, 2019)). Assume a constant w such that
O(m=32L=3?[log(TnL?/8)]*/?) < w < O(L~%[logm]3/?) and n training samples. With
randomly initialized [@gnn}o,forparameters('-) O’ satisfying ||© — [('-)gm] I, 11©— [('-)gm] | <w,
we have

/D (@:0) - fV(2;0') - (Vo [V (2:©),© — ©)] < Ow!/L?/mlog(m))|© — O]
with the probability at least 1 — 6.
Lemma G.10. Assume m,n1,12,J1, Jo satisfy the conditions in Theorem 4.2|and [@)( ) lo being

gnn
randomly initialized. Then, with probability at least 1 — § and given an arm ||2 =1, we have

Lo (@00 10) < 2,

gnn
2. Ve, fi) (@:[©5)10) 12 < O(L).

Proof. The conclusion (1) is a direct application of Lemma 7.1 in (Allen-Zhu et al., 2019). For

conclusion (2), for each weight matrix @; € {(--)((Jl)7 @5”, o C-)(Ll)} where ('-)é @fllg)g, we have

IVe £ (x; [©0)J0)ll2 = [(©rDr_1 -+ Di110111)-(D141©41 - - D1©1D®0)-hT|| < O(VL)

by applying Lemma 7.3 in (Allen-Zhu et al, 2019), and h denotes the aggregated hidden representa-
tion for each user-pair, namely the corresponding row in H ,4,. Therefore, by combining the bounds
for all the weight matrices, we could have

Vom0 F ([0 1o)]l2 = Z Ve (z;[© Ohlo)l3 = o(L).
1e{o,...,L}

which finishes the proof.

O

Lemma G.11 (Theorem 5 in (Allen-Zhu et al ,12019)). Assume the training parameters m,ns, Jo
satisfy the conditions in T heoremand & lo being randomly initialized. Then, with probability

gnn

at least 1 — §, and for all parameter @gn)n such that ||®£(ﬁl)n - [@QM] l2 < w, we have
||V@§/1n>nf1(tl)(w @é];y,)n) E]I’L)n f(l ( [ gnn} )HQ < O( 1/3L3 10g(m))

Lemma G.12. Assume m, 1, satisfy the condition in Theorem With the probability at least
1 — 6, we have

3LV2t
Z|fw‘r? gnn TT‘<Z|fmT7 gnnlt )7 "'|+ 2
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Proof. With the notation from Lemma 4.3 in (Cao & Gul[2019), set R = %, v = R?, and

—LE_ Then, considering the loss function to be £(®'1) ) .= replf (@ o)) — r;| would

€= Vaut gnn
complete the proof. O

Lemma G.13. Consider a L-layer fully-connected network f(-; ©;) initialized w.r.t. Subsection
Forany0 <& <1,0<p< (9(%) Given the training data set with t samples satisfying the
unit-length and the p-separateness assumption, suppose the training parameters m, 12, Jo satisfy the
conditions in Theorem Then, with probability at least 1 — §, we have

|[f(2;04) = f(2;0)] < O(L) - |z — 2’2

tL*1og® % (m)

Ve, f(x;©:) — Ve, f(';04)]2 < O( P /3m1/6 )

+O(L) - |lz — 2|2

when given two new samples x, T’

Proof. Denoting D; to be the diagonal sign matrix of the I-th layer such that D;[i,i] =
I[(®;h;—1); > 0],4 € [m], we could have
|f(x;0;) — f(2';04)] = (@D 1 ---D1©1) - (x — 2')7|
<|®LDp-1-D1O1z - |z — 2[|2.
Based on Lemma 7.3 from (Allen-Zhu et al., [2019) and Lemma C.4 from (Ban et al., 2022b),
we have we have ||©pDp_1---D10O1|2 = O(L) for the initialized parameters @, =
{[®1]o,---,[OL]o}- Meantime, after training the network and ending up with trained parame-

ters @; = {[O1]¢,...,[OL]:}, according to Lemma 8.6 from (Allen-Zhu et al.| 2019), the bound
1©LDp_1---D1®+]|z = O(L) still holds, which proves this statement.

Then, for the bound on the gradients, we have
[Ve,f(z;0:) — Ve, f(z';0)|2
= |[Ve, f(x;0:) — Ve, f(z;0¢) + Ve, f(x;00) — Ve, f(x';0¢) + Ve, f(x';00) — Ve, f(x'; ©;)]2
<|Ve,.f(z;8:) — Ve, f(x;©0)l2 + Ve, f(x;©0) — Ve, f(z'; ©¢) |2+
[Ve,f(x';00) — Ve, f(x'; 0|2

Firstly, we have

IVief(@;00)ll2 = [(©®LDr_1+ - Di310141) - (D141©141 - - D10©1) - 2T||s < O(VL)
based on Lemma 7.3 from (Allen-Zhu et all,2019), and this leads to [|Ve, f(x; ®¢)|l2 < O(L).

Analogously, we also derive
Ve, f(@:©0) — Ve, f(z'; ©0)ll2
=[(®LDr-1-+ D1410111) - (D110 - D1O1) - (. — a')T|2 < O(L) - || — 2| .
Then, according to Theorem 5 from (Allen-Zhu et al., 2019) and with ||®¢ — ©;||2 < w, we could
have |[Ve,f(x;©®0) — Ve, f(x; 0|2 < Ow/3L?\/log(m)) - |Ve, f(x; ©¢)||2. Substituting
the w value with the conclusion from Lemma we could have
IVeof(®;©0) = Ve, f(x; 0|2 < Ow!/*L?\/log(m)) - Ve, f(x; ©0)| 2

B (tL4 log™ % (m) )

- p1/3m1/6 :
Finally, assembling all parts together will lead to the conclusion.

O

Lemma G.14. Consider a L-layer fully-connected network f(-; ©;) initialized w.r.t. Sectionm
Forany 0 < & < 1,0 < p < C’)(%) Let there be two sets of training samples Py, P with the
unit-length and the p-separateness assumption, and let ©; be the trained parameter on P; while
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O, is the trained parameter on P). Suppose m, 1,12, J1, Jo satisfy the conditions in Theorem
Then, with probability at least 1 — §, we have

|f(z;©¢)—f(2;0})| <

tL310g®/ % (m) t3L t4L210g™ /5 (m)
<1 + O(ipl/?’ml/ﬁ )) : O(p\/ﬁ log(m)) + O<p4/3m1/6 >

when given a new sample © € R,

Proof. First, based on the conclusion from Theorem 1 from (Allen-Zhu et al.,2019) and regarding
the ¢ samples, the trained the parameters satisfy ||@; — @2, [|©; — O¢||2 < O(% log(m)) = w
where © is the randomly initialized parameter. Then, we could have

Ve, f(x;:0:)]2 < Ve, f(z;©0)l2 + Ve, f(®; ©1) — Ve, f(2; Oo)ll2

tL310g™ % (m)
< (1 + O(W)> LO(L)

w.r.t. the conclusion from Theorem 1 and Theorem 5 of (Allen-Zhu et al.l 2019). Then, regarding the
Lemma 4.1 from (Cao & Gu, 2019), we would have

/(25 04) - f(;©}) — (Ve f(x;0}),0, — ©})| < O(w'/*L*\/mlog(m)) - ||©; — O|2.
Therefore, the our target could be reformed as
/(x5 04) — f(;©})] < [|[Ve, f(x;0))|2]©: — O} + Ow"*L*\/mlog(m)) - |©; — O]

tL310g® % (m)
PL/3m1/6

< <1 +O( )> -O(L) - w + O(wW*?L?*\/mlog(m))

Substituting the w with its value would complete the proof.

H COMPUTATIONAL RESOURCES

All the experiments are conducted on a Windows machine with an Intel Core i7 CPU, 64GB RAM,
and two RTX 5000 GPUs.
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