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Abstract

A fundamental challenge in continuous-time optimal control (OC) is the efficient
computation of adaptive policies when agents act in unknown, uncertain environ-
ments. Traditional OC methods, such as dynamic programming, face challenges in
scalability and adaptability due to the curse-of-dimensionality and the reliance on
fixed models of the environment. One approach to address these issues is Model
Predictive Control (MPC), which iteratively computes open-loop controls over
a receding horizon. However, classical MPC algorithms typically also assume
a fixed environment. Another approach is Reinforcement Learning (RL) which
scales well to high-dimensional setups but is often sample inefficent. Certain RL
methods can also be unreliable in highly stochastic continuous-time setups and
may be unable to generalize to unseen environments. This paper presents the Deep
Adaptive Regulator (DARE) which uses physics-informed neural network based
approximations to the agent’s value function and policy which are trained online
to adapt to unknown environments. To manage uncertainty of the environment,
DARE optimizes an augmented reward objective which dynamically trades off ex-
ploration with exploitation. We show that our method effectively adapts to unseen
environments in settings where “classical” RL fails and is suited for online adaptive
decision-making in environments that change in real time.

1 Introduction

Many real-world decision making problems in fields such as biology [24]] and algorithmic trading [11]],
require agents to act at high-frequency in noisy systems, and hence can be modeled as continuous-time
stochastic optimal control (OC) problems. Moreover, in many of these areas, the agent is uncertain of
the system’s true dynamics, which may be non-stationary, and the agent must learn these dynamics
in real-time through interacting with the environment [[17]]. However, classical continuous-time OC
methods for generating optimal policies, such as solving the standard Hamilton-Jacobi-Bellman
(HJB) equation, generally assume known, fixed environments, limiting their wider application [535].
To address this challenge, adaptive control methods enable agents to optimize their performance by
continuously learning and adapting to the unknown and evolving dynamics of their environment [8].
However, these methods typically rely on explicit parametric models of the environment [12], and the
numerical methods required to solve these problems are often intractable [[10].

One common approach to controlling unknown systems is Reinforcement Learning (RL), in which
agents compute (near) optimal policies iteratively through trial and error [48]]. However, without
certain ad-hoc techniques such as action-repetition, certain RL methods can perform poorly in
highly stochastic and nearly continuous-time setups, even when the environment is stationary; see
[49,154] 25]]. Moreover, model-free RL methods suffer from sample inefficiency [3| [13] which can
limit their applicability to real-world problems, whereas model-based methods that aim to mitigate
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this drawback can require expert data that is not always accessible and are likely to lead to poor
generalization [39]].

Another control methodology for the control of uncertain systems is model predictive control (MPC).
In MPC, agents optimize control inputs by solving a sequence of open-loop optimization problems
based on a predictive model over a receding time horizon, allowing for real-time adjustments of
the agent’s policy; see [19]. While MPC is generally more computationally efficient than standard
dynamic programming methods, which often require compute-intensive finite-difference schemes,
standard methods of solving MPC problems still face computational bottlenecks, hindering their
application to high-frequency environments [51]]. For a more detailed review of relevant literature,
see Appendix [A] Hence, flexible methods that compute optimal policies efficiently in uncertain,
non-stationary environments are desirable.

In this paper, we propose the Deep Adaptive Regulator (DARE). DARE is a deep learning-based
method for solving stochastic continuous-time adaptive control problems. Our method consists of
two distinct phases: offline and online. In both phases, physics-informed neural networks (PINNs)
[42] parameterize the agent’s value function and policy. During both phases, we optimize the value
function and policy networks to satisfy the HIB equation resulting from the agent’s estimate of the
dynamics of the system and costs.

In the offline phase, the agent is endowed with an initial (potentially misspecified) estimate of the
environment, which in practice may be learned from historical data. With this initial estimate, the
agent constructs and solve an approximate OC problem which yields an initial policy. To accelerate
training, we make use of two inductive biases: 1) we let the value function network learn the
discrepancy between the true value function and the terminal condition of the HIB equation, and 2)
we let the policy network learn the discrepancy between the true policy and a locally optimal policy
generated by the Iterative Linear-Quadratic Gaussian (ILQG) method [51]]. In the online phase, the
agent implements their policy in the true environment and updates their estimate of the environment
based on (potentially noisy) observations of the system and running costs. At each observation time,
the agent updates their value function and policy by solving an updated OC problem over a receding
horizon, similar to MPC. In contrast to MPC, which iteratively computes a sequence of open-loop
controls to attain closed-loop feedback, DARE approximates the optimal closed-loop policy directly
and updates this approximation in real-time. Moreover, to account for the agent’s uncertainty about
the environment, we consider a modification of the agent’s objective function which dynamically
balances exploration and exploitation.

—
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Figure 1: A schematic of DARE.

\4
Take Action

To benchmark DARE, we study its performance in three adaptive OC problems: (i) a one-dimensional
Linear-Quadratic-Gaussian (LQG) Regulator problem in which the agent is uncertain of the drift of
the system, (ii) an adaptive nonlinear MPC problem in which the agent is uncertain of the running
cost and models it in real time with a Gaussian Process (GP), and (iii) a realistic high-dimensional
nonlinear MPC problem motivated by algorithmic trading in finance [11]. While these problems are
relatively simple, we demonstrate that in the LQG problem, a suite of classical RL methods including
PPO [44], A2C [35]], and SAC [20] are unable to learn robust policies when the time between actions
is small, for a variety of action-repetition parameters. Moreover, we demonstrate that when RL
methods are able to learn a robust solution, they require substantially more training time than DARE.
In contrast, we show that DARE can learn accurate solutions and adapt to non-stationary environments
in each problem.

In summary, this paper: (i) proposes the PINN-based method DARE to compute adaptive control
policies in uncertain, continuous-time environments (ii) proposes an OC problem formulation that
explicitly trades off exploration and exploitation which aids adaptation in non-stationary systems,
(iii) demonstrates experimentally that classical RL methods fail on relatively simple continuous-time
adaptive control tasks when time between actions is small, and (iv) proposes a inductive bias based
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on ILQG and the structure of the HIB which significantly accelerates offline training and improves
speed of adaptation in non-stationary environments, outperforming classical RL.

2 Problem Formulation

Let X; € R%x be a stochastic system evolving continuously in time. We consider an agent who
controls X with a policy u; € R% over a fixed time horizon 7' > 0 to maximize a terminal reward
g : R¥ — R. The agent’s actions u; on the system X, incur a penalty modelled by a function
f: R x R% — R, and their impact on the system dynamics is modelled by a drift function
h : R4 x R4 The system evolves according to the dynamics

dXy = h(Xy,u) dt + AWy, Xp € R, @

where W is a dx -dimensional Brownian motion and - € R%x ¥4 js a covariance matrix. We assume
3, T and g are fixed and known to the agent, and p := (h, f) represents the modelling assumptions
of the agent over the environment. We refer to p as the OC pair.

Classical OC approaches assume a fixed and known pair p to compute an optimal policy. In practice,
the agent uses an uncertain estimate p of the true environment. To account for this uncertainty, DARE
solves the decision-making problem in two phases: offline and online. In the offline phase, the agent
solves an OC problem according to an initial estimate of the environment py. In the online phase, the
agent implements the policy from the offline phase in the true environment, receives noisy samples
of the true OC pair, and updates their estimate of the environment. Then, the agent updates their
control policy to be the solution of an updated OC problem according to the agent’s new estimate of
the environment. The agent is uncertain of their estimate, so it may be profitable to explore unknown
areas of the system for potentially higher rewards. Hence, a balance must be struck between exploring
new information and exploiting existing knowledge.

Offline phase. At time ¢ = 0, the agent assumes an initial estimate py = (ﬁo, ]/%) of the OC pair.
To explicitly account for the exploration-exploitation trade-off, the agent seeks an optimal policy u*
which maximizes the following performance criterion:

Hs,zi) = E[g(¥r) - [ "B [A)] (rundr o / Var o] (X, u(r X)) dr 6] @

for all s € [0, T, where G is the information known to the agent at time s, E [fo} denotes the mean

prediction of the estimate fo and Var [ﬁo} is the sum of the variance of each each estimator in po,
and we assume that X follows the dynamics

dX, = ho(Xs,us)ds + SdW,, Xo e R A3)

The objective optimized by the agent in (2) is an adjusted formulation of the agent’s true objective,
in which the agent explicitly rewards or penalizes uncertainty on their estimate of the environment.
More precisely, When ¢ > 0 (resp. < 0) the agent rewards (resp. penalizes) exploration, i.e., the
agent is encouraged to visit areas of the environment with higher (resp. lower) uncertainty. We
show in Section [4.5]that the exploration parameter ¢ is key to the performance of decision-making
problems in noisy and non-stationary environments.

The incorporation of the variance of the environment estimation in (2)) is similar in spirit to the
variance adjusted objective common in bandit algorithms such as [46]. However a notable difference
is that the uncertainty in (2)) is incorporated dynamically as opposed to myopically in the case of
bandits.

To solve the problem (2), the agent defines the value function

V(s,x) =sup J(s,z;u). @

We assume that the dynamic programming principle holds for E {fo} and Var [ﬁo], so V solves the

HIJB equation:
1 ~
0=Vi+ §Tr(2 Ve V)+ sup H(z,u,V,V(t,x);po), )

wERdu
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subject to terminal condition V (T, z) = g(x), where . = X X.T. For £ € R%x, the Hamiltonian H
in (é]) is defined as

H(z,u,4;po) :lAzo(:v,u)TK +E [fg] (z,u) — ¢ Var [ﬁo] (z,u(t,x)). (6)

The policy u* which maximizes (Z)) can be computed using the following first order conditions for
s €[0,T):
w*(s,;Po) = argmax H («, u, V, (s, 2); o) )
ue

where V (¢, x) solves the nonlinear PDE (). In contrast to several approaches in RL which address
the exploration-exploitation trade-off through penalization or reward of random control processes (see
[S3]] in a continuous-time setup), our method learns a control policy that is a deterministic function of
the environment and which explores domain regions in which the agent is uncertain of their estimates
of the OC pair.

Online Problem. At each time ¢ € (0,77, the agent takes an action u;, observes a noisy sample
of the true environment p(u, X;) + €; for some i.i.d. noise {¢;}, and updates their estimate p;
accordinglyﬂ Conditionally on the new estimate, the policy computed during the offline phase is not
optimal. To adapt the optimal policy, the agent computes a new policy which maximizes the updated
objective, for s € [t,T:

J(s,m;u):E{g(XT)—/STIE[ﬁ} (Xr,ur)dr—kd)/sTVar 3] (X, u(r, X,)) dr ]g} 8)

This new control policy is then implented in the true system for s € [t,7] un-
til the agent observes the system again, at which point the procedure is repeated.
When the uncertainty Var(p;) is high and the

agent rewards exploration, i.e., ¢ < 0, the DARE

policy focuses on improving the agent’s esti- - v¢ - Truev — Term. cond.
mate of their environment. As the estimation
accuracy increases, the variance of the estima-
tor and hence its contribution to the objective
decreases. Hence, the DARE policy naturally
balances the exploration-exploitation trade-off
throughout the online phase. We demonstrate
the benefit of the exploration term to overcome
misspecified priors or nonstationary environ-
ments in Section d.I] We note that simply op-
timizing the offline variance-adjusted objective
(2) without updating the system and re-solving
for a new optimal control would likely lead to
sub-optimal solutions, as the variance penalty
would be fixed for the entire time horizon. As
far as we are aware, incorporation of model un-
certainty into continuous-time stochastic control
problems in this fashion is new to the literature.

Figure 2: [Illustration of the initialization of
V% %0 in the offline phase. The value function
network is initialized around the terminal condi-
tion g in (2)), and the control policy network is
initialized around an affine approximation to the
true optimal control.

3 The Deep Adaptive Regulator

A clear difficulty faced in the procedure above is the computation of the updated policy in the online
phase. Even in low-dimensional settings, compute-intensive finite-difference schemes are required
to solve the resulting HIBs [18]. Hence, we present DARE, which addresses this issue with PINN
models of both teh value function and control policy.

Offline Phase. To obtain the initial policy corresponding to the pair py, we use PINN approxi-
mations V' and u¥ of the value function V' and the optimal control u that solve the HIB (5). We

'We do not assume a particular estimation procedure, but this can be achieved with function approximators
suitable for online learning, e.g., Gaussian Processes or Bayesian NN as in [16].
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initialize V9 and u¥, for s € [0, 77, as follows:

{Vg(s,x) = g(x) + X9(s, 2),
u¥(s,z) =ux,(s,z) + X¥(s,2),

where g is the terminal reward function and ux, is a locally optimal linear approximation of the true
optimal control. We use the ILQG method of [51]] to compute @ x, starting from X, and we set x°
and X¥ to be fully-connected feedforward networks; see Figure

To train V¢ and u¥, we devise a multi-objective PINN loss which considers (i) the HIB (), (ii) the
Hamiltonian (6) satisfying first-order conditions, and (iii) the terminal condition. We use Monte
Carlo integration to minimize the loss function on a compact domain K C R, We let || - || =
| - lz2 (0,71 x i) and we reformulate (3)) in a variational form to define the loss:

5(0, ¢; E) = »CHJB + L:hamillonian + Elerminal ) (10)

€))

where
L = H‘/te + %TI’(E vzzve) + H(~,u¢(~, ')’ Vace('v )’/ﬁ)” )
Lhamilionian = HauH('7u¢('7 ')7 VZB('7 )aﬁ)” ’ (I
ﬁterminal = HVG(T: ) - g” .

The loss (IEI) is similar to that in [[1], however, here we use a first-order condition for the Hamiltonian
component, which we found to improve training performance when H is concave. Otherwise, we set

Ehamiltonian = *||H(7 B u¢,§)|\ . (12)
We summarize the procedure in Algorithm [B]

Online Phase. Let7 = {t¢,...,t,} C [0, 7] be a set of potentially irregularly spaced times which
are unknown to the agent at time ¢ = 0. In the online phase, the agent uses new estimates of the

environment to update their control policy as follows. Suppose the agent calculated VO (s 3 Dti_y)
and u¥*%-1(-,-; Py, _,) at time t),, where 6;,  and t,, _, minimize the loss £(8, ), Dy, _,). At time
tx, the agent (i) takes the action u¥te—1 (tg, Xt,; D¢, _, ) and (ii) computes the new estimate p;, . Then,
over the period [tx, tx+1), the agent minimizes £(0, 1, py, ) to compute the parameters (6, , 1y, ).

This loss minimization uses a gradient-based method (e.g., ADAM), with (Otkfl , /lljtk—l) as a warm
start for the neural networks; our method is outlined in Figure T]and Algorithm B]

4 Numerical Experiments

This section investigates the performance of DARE in both the offline and online phases. Three
control tasks are considered, including Linear-Quadratic Gaussian (LQG) control, an augmentation
of the LQG problem with uncertain running costs, and a high-dimensional control task motivated by
algorithmic trading in finance. First, we demonstrate the ability of DARE to learn accurate solutions
in the offline phase. We then present a failure mode of classical RL methods in continuous-time
control tasks, demonstrating degradation of performance in the simple LQG control problem. We
also investigate the impact of the variance-adjusted objective in the MPC problem when running cost
observations are corrupted by noise. Finally, we present a comparison of the sample efficiency of
DARE compared to RL methods, demonstrating vastly improved training times.

4.1 Description of Control Tasks

Linear-Quadratic-Gaussian. Consider system dynamics
dX, = (b+cu)dt + XdW,, X €R, (13)

where b is a constant drift, ¢ > 0 scales the linear impact of an agent on the system, and % > 0 is the
variance of the observation noise. The agent maximizes the LQ criterion

T
ElXT—aX%—¢/ ufdt} , (14)
0

where ¢ > 0 scales the running quadratic penalty and o > 0 scales the terminal quadratic penalty.
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Model Predictive Control. We consider an augmentation of LQG in which the agent is subject
unknown running cost and must model this cost in real-time. In particular, the dynamics of the system
evolves according to (I3), and the true running cost of the system is quadratic as in (I4). The agent
uses a Gaussian Process (GP) f to model the true running cost, and updates this model in real time
using noisy observations of accumulated running costs. Hence, in both the offline and online phase
of training, the DARE optimizes the objective

E [XT —aX?— ¢/0T E[f](u:) dt — @/OT Var[ﬂ(ut)dt] . (15)

High-Dimensional Control. For a high-dimensional control example, we consider an example
from finance. In recent years, regulators have urged financial institutions to manage the risk of their
trading activity within very large portfolios called central risk books. The aggregated trading activity
of large institutions is often conducted at very high frequency and can be modeled as an OC problem.
The controlled system is described by the agent’s inventory Q; € RY, the asset prices S; € R?, and
running wealth X; € R, with dynamics:

dQ, = u,dt, dS, =X dW,, dX, = —u] S, dt — f(u,)dt,

where u; € R? denotes the trader’s speed of trading. The agent incurs transaction costs according to
some unknown function of the trading speed f(u;) € R?, and maximizes the exponential utility of
their terminal wealth for some estimate f of the true transaction costs

sup]E|:— exp(—y (Xr + QF St — QLT Q1)) |,

In this example, we set d = 5. In Appendix we record the model parameters 7 and 3 and include
a detailed motivation for this problem.

4.2 Offline Performance

First, we investigate the performance of DARE in the offline phase. To do so, we fix the agent’s prior,
and demonstrate the ability of DARE to learn accurate solutions to the HIB equation posed with this
prior. In particular, we investigate the impact of the inductive biases used to augment the value
function and control policy defined in (9). We compare DARE to PINNs without such bias, that is, we
consider two methods, MLP and DGM with initializations

VO(t,x) =X%(t,x) and w¥(t,x)=X¥(t,z),

where X2 and X¥¥ are feedforward DNNs with Xavier initialization in MLP and LSTM-like networks
as in the Deep Galerkin Method [45]] in DGM.

MPC High-Dim

LQG
10t 10°
1
10 101 102
107 10-3 10!
107!

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 5000 10000 15000 20000
—— DARE MLP —— DGM —— DARE MLP —— DGM —— DARE MLP —— DGM

Figure 3: We plot the training loss trajectory in the offline phase for DARE, MLP, and DGM. In the MPC
problem, we set b = 0, and other model parameters are given in Appendix [C] In the LQG and MPC
figures, we take the average of 100 seeds.

In each of problems, the MLPs of both DARE and MLP, there are 2 layers and 20 hidden units. In DGM,
there are two hidden LSTM-like layers between two single layer feedforward neural networks of
width 20. Additional details about the parameters for each problem in this experiment are found in
Appendix |C] Figure [3|shows the loss of the three methods throughout offline training when the
agent’s prior is fixed. On average, we observe that DARE substantially outperforms other architectures
in convergence speed in all three problems, achieving lower loss with fewer iterations. While existing
work [45] emphasizes the importance of network architecture for performance, our findings indicate
that, at least for simple problems, inductive biases may hold greater importance.
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A2C Actions PPO Actions SAC Actions DARE Actions Drift Estimates

: Q=== === N

3 5 |

0.00 025 050 0.75 1.00 0.00 025 050 075 1.00 0.00 025 050 075 1.00 0.00 025 050 0.75 1.00 0.00 025 050 0.75 1.00
— Oracle — Repetition=50 — oracle — Repetition=40 — oracle — Repetition=50 — Oracle — Filtering — oOracle — Filtering
Repetition=" 10— Repetition=100 Repetition=20 —— Repetition=100 Repetition=10 —— Repetition=100 DARE — wisspecified DARE — Misspecified

Figure 5: We plot the actions each of algorithm in the online phase, along with the drift estimation
used by the RL agents and DARE. For each RL method, we plot actions corresponding to the top three
performing methods in Figure @ We also include continuous-time Kalman filtering using a prior
b ~ N(5,3), which is calculated using techniques in Appendix [G]

4.3 Failure Mode of Reinforcement Learning in Continuous-Time Systems

In [49], the authors find that )-learning
based RL methods struggle in near

Performance A2C Performance PPO Performance SAC

continuous-time environments, as the Q- = _ - - =] = - - - - =] o E—
value contribution of a single action .15 \ F L L JH ;
vanishes with a shrinking discretization = -w . “DE DT e I
timestep. Here, we demonstrate that a suite ~ =={ _ - _ _|™ =
of RL methods, including Proximal Pol- | _ I S
icy Optimization (PPO) [44]], Advantage o R s awome oM odosooaoode 2D s w0 ok

Actor Critic (A2C) [35], and Soft Actor
Critic (SAC) [20] struggle in even the most  Figure 4: Average total reward of PPO, A2C, SAC, and
simple continuous-time stochastic control DARE in the LQG problem across 1000 rollouts. The
setting, the LQG problem, when the time oracle average reward is denoted by the dashed line and
discretization is very small. is calculated using techniques outlined in Appendix
o Each agent is trained offline using a misspecified prior
In the LQG problem t.he drift b is unknown of by — 5 in the case of DARE and b ~ A/ (b, Tl,) for
to the agent. To train the RL agent, we .
. : . the RL agents, and upon rollout, uses an exponential
simulate trajectories of the state process

in (T3) using samples of the drift b from moving average to estimate the true drift b ~ N (=5, 3)

some prior distribution. We then let the of the system.

drift estimation be a state variable, that is,

we let the policy of each agent u¥ = u¥(t, x;b). To estimate the drift, at each observation time #
in the online phase, each agent uses an exponential moving average with smoothing A = 0.95 to
determine an estimate b,. To test each agent’s ability to adapt, we consider the case of a misspecified
prior distribution where the drift is sampled from b ~ A (bg, I1y), where by = 5 and 11y = 3. To
implement DARE in this environment, we use the same drift estimation, and after each observation,
we use 10 ADAM steps to update the DARE policy. Additional details regarding our implementation
and hyperparameters used for A2C, PPO, and SAC are included in Appendix I}

In Figure [ we plot the performance of each RL agent when the system is simulated with the true
drift b = 5 and the agent must estimate the drift in run time. We discretize the problem horizon into
1000 steps and investigate the effect of varying number of times actions are repeated. When actions
are repeated less frequently, we observe that the performance of each RL algorithm steadily degrades.
DARE, however, does not require action-repetition during training, and achieves similar performance
to the best performing RL method, which required extensive hyperparameter tuning.

In Figure [5} we picked the top three performing action-repetition hyperparameters for each RL
method and plotted the actions of these agents in the online phase. Note that while A2C with 100
repeated actions is the top performing method, the actions produced by this method are quite far
from the oracle. On the other hand, DARE learns the oracle control policy quickly after only a few
environment steps.

4.4 Real Time Adaptation in Nonlinear Environments

Here, we investigate the performance of the online phase of DARE in the MPC and high-dimensional
control problems. To test the ability of DARE to adapt in these settings, we first train DARE to a
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misspecified prior in the offline phase. Then, we suppose the agent learns the true environment
parameters, and we test how many iterations are required to adjust the misspecified policy to the
optimal policy of the true environment.

For the MPC problem, We define two running penalty functions f; = |u|'™ for i € {0, 1}, where

Yo = 1.3 and 3 = 1. We consider agents who use a Gaussian Process (GP) f as a predictive model
for the running penalty; see Appendix [[| for details on GPs. First, the agents fit two Gaussian Process

fi fori € {0,1} to ten noisy, random samples of the running penalty f;. Next, we use DARE, MLP,
and DGM to solve for solutions V9, 4%° relative to fo. Once all methods have converged, we change
the agents’ estimate of the running penalty to ﬁ and re-train V9 %o with this updated penalty
function. For the high-dimensional control problem, we first train each algorithm using a running
cost of f(u)u”T nu” where the exponent v = 1.3 is applied element-wise, and then we change the
exponent to y = 1.

In Figure [6l we plot the training loss after adjusting the running costs. In the MPC problem, all
methods learn the new policy with comparable precision after a few hundred iterations. In the
high-dimensional problem, DGM is unable to adapt to the new environment. DARE, however, is able to
adapt to the new environment faster than the other methods, requiring less than 20 ADAM steps to
achieve satisfactory precision. Each iteration lasts 0.00446 seconds on average in our experiments so
DARE is suited for online problems with near continuous observations in nonstationary environments.

MPC (first 100) High-Dim High-Dim (first 100)
)

4

0 200 400 600 800 1000 0 20 40 60 80 100 0 200 400 600 800 1000 0 20 40 60 80 100
DARE ML — oaM 3 [ — oam — onre [ — DARE [ — oM

Figure 6: We plot the training loss trajectory in the online phase DARE, MLP, and DGM when the prior
in each case is v = 1.3 and the true environment is y = 1.

4.5 Online Performance: Exploration-Exploitation in Non-Stationary Environments

We now focus on the MPC problem above. We consider the online phase and investigate when
the agent’s real-time observations of the running penalty are corrupted by noise. That is, the agent
observes [u¥ (t, X;)|? + € for e, ~ N(0,.02). In this setting, we investigate whether it is beneficial
for the agent to explore to ensure they have an accurate model of the running penalty function. We
examine the effect of varying the variance penalty weight ¢ in (T3). In particular, we test DARE with
¢ = 0 and ¢ < 0, which corresponds to an agent which is indifferent to exploration and encourages
exploration, respectively.

Figure [/| shows that in the presence of noise, encouraging explo-
ration in the objective enables the agent to learn the true policy far
faster than being indifferent to exploration. Often, the absence of E—— NP0
exploration in noisy environments leads to local optima in the value F2tg
function and control policy network parameters, because a (wrong)
mean prediction leads to a specific policy which prevents accurate
learning of the cost function in the whole domain of controls. o g2 i 06 ox 10

DARE _ DARE
no explorati

misspecified =

Finally, we consider a simulation setup where the true form of

the cost function randomly switches between that of i = 1.3

and 73 = 1 according to a Poisson process with intensity 0.005, Figure 7: Mean and std
i.e., with 1.5 switches, on average, per simulation. We consider dev of policy for oracle,
an environment which starts with the cost functional o = 1.3, misspecified, and DARE when
and the observations of the running penalty [u®(t, X;)|'*"" +¢ ® = 0 (no exploration), and
are corrupted with noise ¢; ~ A(0,.1). Similar to the previous When@ =5-10"" (exploration).
experiment, the agent uses a GP to model the running penalty. In

Figure [§lone sees that DARE quickly adapts to the new environment

after each jump in the running cost exponent.
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‘We note that our decision to exclude an RL benchmark in this case

was informed by two factors. First, we demonstrate above that ‘ 2o
the RL algorithms considered struggle even in the LQG setting, Lo
suggesting poor performance in nonlinear problems. Second, in the Los “
MPC problem, the agent uses a GP to model uncertainty. In the L 20
LQG problem, uncertainty about the drift was parametric and could ! s

be incorporated as a state variable for the RL agent. Hence, the v 02 1 05 os 10

RL agent could be trained on samples of different drifts and learn 1oi8 Sysl SOt
the optimal policy for all drifts in the sampled region. In the MPC

problem, the GP estimate could not be incorporated directly as a Figure 8: Mean and std dev of
state variable for the RL agent, because the GP is a non-parametric policy for DARE when the true
function approximator. Tailoring an RL algorithm to optimize over value of -y jumps between 1.3 and
a set of non-parametric cost functions was out of the scope of this 1.

paper.
4.6 Sample Efficiency

Finally, we show that DARE is more computationally efficient than the SOTA RL algorithms tested. In
Table|l|l we report the wall-clock training times of the offline phase each of the best performing RL
methods and DARE in the LQG task. Clearly, DARE learns an optimal solution much faster than each
of the RL methods. As the RL methods tested here are model-free, this is expected, as each algorithm
must also learn from scratch the dynamics corresponding to the agent’s prior over the system. We
leave the comparison of DARE to more model-based RL methods for future work.

Table 1: Average Wall-Clock Runtime Comparison, see Appendix [J|

Algorithm  Wall-clock time in sec.  Device

A2C 451 NVIDIA A40
PPO 550 NVIDIA A40
SAC 1629 NVIDIA A40
DARE 22 Apple M1

5 Conclusions, Limitations, and Future Work

This paper presents DARE, a PINN-based methodology for solving OC problems in noisy and non-
stationary environments. We demonstrate that when the time between actions is small, classical RL
methods struggle in continuous-time control settings. Moreover, these methods are unstable with
respect to action-repetition. In contrast, DARE does not require a fixed time discretization scheme and
is shown to learn accurate solutions in stationary environments. Additionally, with the incorporation
of a variance-adjusted objective which explicitly trades off exploration and exploitation, we show
that DARE can efficiently adapt to non-stationary environments in real time.

A limitation of this work is the restriction of our experiments to simple control problems. Justification
for our choice of problem settings is twofold. First, we sought to demonstrate that even simple
continuous-time control problems prove difficult for classical RL methods without ad-hoc techniques.
With these techniques, the RL methods considered were still unable to learn the true optimal control
policy. Second, we sought OC problems for which classical solutions were available in order to verify
that DARE indeed learns the true solution. We also wish to highlight that while the MPC environment
appears simple, generating solution via classical methods is by no means trivial, as the system does
not admit a dimensionality reducing ansatz. We acknowledge the need for further experimentation of
DARE in physical systems and intend to pursue this in future work.

Also left for future work is a more unified methodology for system identification. In the LQG
problem, the dynamics of the system could be learned quickly because of the problem’s simple linear
structure. For more nonlinear problems, this estimation can be far more difficult. In future work, we
intend to integrate DARE with more flexible methods for learning system dynamics.
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sss A Related Work

496 Deep Learning Methods for Control. Deep learning is extensively used to solve HIB equations
497 because of its flexibility and scalability to high dimensions [23| |5, 38| 28|]. Among earlier examples,
498 [21,145] provide two contrasting approaches. The former proposes the Deep Galerkin Method, which
499 uses Monte Carlo integration to minimize a variational form of the HIB in a mesh-free manner, while
s00 the latter proposes the Deep BSDE method, which reformulates the PDE as a backward stochastic
so1  differential equation and approximates the gradient of the solution with a neural network. Global
s02 convergence of DGM was recently established in [27]. There are numerous extensions to their
503 method, including adaptive Monte Carlo sampling in [4]], augmented loss function for non-parametric
s04 running penalties and drifts in [1], and optimally weighted loss objectives in [S2].

505 Model Predictive Control. Classical methods in MPC are the foundation of many online control
s06 optimization methods in both the deterministic and stochastic settings [2} 31]]. Recently, deep learning
507 was integrated with MPC, with applications in controlling uncertain nonlinear systems such as
sos unsteady fluid flow and high-performance autonomous systems [29} 133}, 9} 143} 136]. These approaches
509 leverage neural networks to enhance dynamic modeling capacity and real-world control performance.

st10  Continuous-Time Reinforcement Learning. Methods in deep RL are highly effective in several
511 complex decision-making problems [34, 30, 44]. Continuous-time environments pose significant
si2  challenges to RL methods [49} 54]]. In particular many RL methods optimize incorrect objectives
513 [see[25] when environments are noisy, e.g., temporal difference (TD) learning [[14]. Recently, 53]
s14 study the exploration-exploitation trade-off in stochastic and continuous-time RL, and prove that the
515 optimal exploration policy is Gaussian in a Linear-Quadratic setting. Subsequent work [25! 26, [22! 6]
st6  extend RL methods to stochastic and continuous-time environments.

57 B Algorithms

518
Algorithm 1 : DARE - Offline Phase Algorithm 2 : DARE - Online Phase
Inputs: Input: o
e Initial OC pair po = (ho, fo) * OC pair po = (ho, fo)
e Weights 0, 1o * Initial weights 6, ¢
* Area of integration K C R * Area of integration K C R
 Number of training iterations N € N * Number of ADAM updates in offline
* Initial state Xg step Nosr € N

lix, + ILQG(Xo, o) * Number of ADAM updates per on-

6o -~ o line step N,, € N
Zzpo : 5\0 +fx¢0 * Time discretization 7 C (0, 7]
Xo * Initial State X
forn=1,...,N do

0o o0 o
D <+ Batch of uniform samples of [0, T') X V7, ut < DARE(po, 0,9, K, Noysy, Xo)

K tprev < 0
bo 1, rev €
e I%\ Z(t,x)GD £(t7x>veo7u1/07p0) Fgl'et c Tp((io
on» wn — ADAM(en—lv wn—la loss = f) Xt — System(t, ti”m , uwtpTev (t7 timu))
end for

/ﬁt «— Approx(ﬁpreva Eprev (Xta u;‘imv (ty Xt))+
€)

Vet , uwt .
DARE(ﬁtv gtprm, ) wtprm, ’ t7 Non)

tprev < 1
end for
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si9. C Experimental Parameters

520 Default parameters for the LQG and MPC problems are reported here.

Table 2: Default parameter values for the LQG problem.

PARAM. b c o ¢ o x T
VALUE -5 1 1 1 03 10 1

Table 3: Default parameters values for the MPC problem.

Param. b ¢ o 10) © o zo T
Value 0 1 1 015 01 0.05 100 1

2 D ILQG

522 We provide a brief overview of the ILQG method from [S1] that we use to initialize the control policy.
523 Let the system X, evolve as:

dXt = h()(t7 ut)dt + Z(Xt, Ut)th

s24 and let the performance criterion be

J(t,z;u) =E

T
g(XT)+/t f(TavauT)dT] :

525 In this section, we assume that the agent seeks to minimize J(t, x;u). Let @, be a random open-loop
526 control policy, and consider

dYt = f(Yt,ﬂt) .

527 Next, we linearize the original system around X,,%; and discretize time k = {0,..., K} with
s28 At = % and t;, = kdt.

529 Define the discrepancies § X; = X; — X, 0uy = uy — Ty, which evolve (approximately) as

0Xpy1 = Apd Xy + Brduy + Ck(éuk)fk
Cr=c1+Crpéu+---+Cqa,

1
costp = qr + (5X,qu + §5X]IQ]€5X]€
1
+ 5u;rk + iduZRmuk + 5u;Pk5Xk ,

s30  where 6 X =0, & ~ N (0,14, ),

Ay = Ig + Ath, qr = At fy
B, = Ath, Qr = At for
Cik = VALY Ty = At fy
Cix = VALY Ry = At fuu

qk = At f Py = Al fuz,

531 and g = ¢, Qg = gz, and Qx = guz-

532 Above, all functions are evaluated at X 1, %y, and X? denotes the i-th row of 3. It is shown in [51]]
533 that the optimal control to the linearized system du* is affine, with

(5u*((5X)=lk+Lk5X. (16)
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When du takes the form (I6), the value function is quadratic and we write

1
Vk((SX) = Sk + (SX];rsk + §5X]IS]€§X]C .

On can obtain an explicit representation of Sk, S, i by first defining
g =T+ Bgsk + Z CZkSkHci,k
i

G = P, + B;ISk-i-lAk
Hy, = Ry, + BL By, + ZC;kSk+1Ci,k )

which leads to the following equalities

Sk = Qr + ALSk+1Ax — Ly Hy Ly, + L{Gr + G} Ly,
Sk =qr + Al Sky1 + LLHpli + LTgr + Gk

1 1
Sk = Qk + Sk+1 + 5 ;Ci,ksk+1ci,k + QZZHklk + l};gk ,

where S = Qk, Sk = qKr, Sk = qx. Consequently, we obtain

Ik =—H, g
Ly —lele.

When f or g are not convex, H may have negative eigenvalues. This generally causes numerical
issues due to the the minimization problem being unbounded. In this case, we use the Levenberg-
Marquardt method to achieve an approximate inverse, by forcing all negative eigenvalues of H to be
equal to some A > 0.

E Transfer Learning in Neural Adaptive Control

One way of interpreting the ability of DARE to adapt to unseen environments in real time is through
transfer Learning (TL). TL encompasses methods in which knowledge acquired from an initial source
task is used to improve performance on a related target task; see [40} 56} 37,47, |50]] for an overview
of transfer learning. One can study the efficiency of DARE in the online phase from the perspective of
TL because its performance hinges on successive transferring of knowledge (parameters) between
DNNss corresponding to the solutions to “similar” OC problems; see Figure[I] In this section, we
provide a theoretical justification for our method. More precisely, we analyze the smoothness of OC
problems with respect to the OC pair describing the environment and the resulting smoothness of
DNN parameters.

To provide a theoretical foundation to this claim, we use the tools of regular perturbation in OC
and a notion of continuity of the DARE network parameters. Later, Section 2] explores specific
examples and quantifies empirically the improvement achieved from TL in the online phase of DARE.
In particular, we use the number of iterations required to attain, on average, a prespecified loss in the
target task to measure the strength of transfer.

To streamline our analysis, assume dx = d,, = 1 and consider an agent who receives observations of
the OC pair and updates their estimate p;, accordinglyE] In practice, between two sufficiently close
observation times 7, s € [0, 7] with r < s, we assume that the estimate p, at time r remains close
to the estimate p, at time s. Hence, we write p, as a perturbation of p,.. This is formalized in the
following assumption.

Assumption E.1. For any ¢, there are suitable perturbation functions p/ and p” such that

fo=fr+ep’ and h, = h, +eph. (17)

Mt is straightforward to generalize to multi-dimensional setups.
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Fix t € [0, T and consider the value and control functions associated to p,- and ps on [t, T]. That is,
for p € {r, s}, let

T
V?(t,x) =supE {Z)\(Xé’«) +/ Fo(XE uy)dr ’ X! = x] , (18)
u t

where
dX? = h,(X2,u,)dr + S dW, .

Theorem [E.2] first shows that small perturbations in the OC pair lead to small perturbations in the
optimal policy and the value function. Next, the result examines the continuity of the parameters of
the DNNs approximating the value and control functions. This continuity is considered with respect
to the function space in which the functions are defined. Intuitively, when a DNN is trained to a
particular function, one expects that marginal changes to this function will result in marginal changes
to the network parameters. Providing such a result in a general setting poses an intricate challenge.
Thus, we simplify the setting by reducing the class of DNNs to that of single-layer perceptrons.
However, our empirical findings suggest that it generalizes to more general cases.

Theorem E.2. Suppose that fr, ]?S, nr, b, pf, ph € C;’Q([O, T1; K) and ¢ is defined as in .
Moreover, assume that solutions (V" ,u"™*) and (V*,u**) to (I8) exist and are unique. For a value
of € which is sufficiently small, then there exists L > 0 such that for any v > 0 and single-layer
perceptron approximations (VO u¥") and (VO u¥s) of (V",u") and (V*,u*), respectively, with
precision vy, such that

107 — 6°|| + [|9p" — || < Le>. (19)

The proof of Theorem [E.2]is given below. Although the above result justifies the performance of
DARE for two consecutive policy updates with two fixed OC pairs, the results extend to the case
of a dynamic estimate of the environment. That is, suppose (A, f) = (ht, f:) evolves throughout
t € [0,T). Then, if (h¢, f;) changes smoothly, we expect the DNNs parameterizing the corresponding
solutions to vary smoothly. Finally, our numerical results indicate that DARE also adapts efficiently to
large and abrupt changes in the environment.

E.1 Definitions

First, we introduce the notation used throughout the section.

Definition E.3 (Single-Layer Perceptron (SLP)). Denote d;,dy,d, € N, 0 : R — R. A single-layer
perceptron is defined as

R4 — R

F: T —s Zfil(CT)m-(Aierbi)

with 4; € R%, b; € R, (CT); € R% fori € {1,...,dy} and e denotes the component-wise
application. We denote with 6 := (A, b, C') € R? the parameters of this SLP, with d = d;dy, + dy, +
dody, and Fy is an SLP with parameter 6.

E.2 Proof of Theorem[E.2]

We split the proof of Theorem [E.2]into two results. Proposition [E.4shows that perturbations in the
environment lead to perturbations of similar scale in the value function and the optimal policy of OC
problems. Next, Proposition [E.5|shows that for small perturbations of the value function and optimal
policy, the parameters of the networks used to approximate these functions are continuous.

Proposition E.4. There is a constant C' such that

V" (t,z) = Vi(t,z)| < Ce?, (20)
|u™* —u®*| < Ce. (21

3C2([0,T); K) denotes the set of functions defined on [0, 7] x K with continuous first derivative in ¢ and
continuous and bounded second derivatives in x.
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Proof First, note that the assumption of Theorem [E.2]ensure that the functional .J is well defined.
Observe that the OC problem V" is a perturbation of V' * but also V* is a perturbation of V" . In
particular, first write

T
J"(t,z,u) =E [ﬁ(X%)Jr/ };(Xf:,u-,—)d’l“Xf :x} (22)
t

T
T (o) =[50 + [ RO dr | X7 =] 23)
t

Next, use Theorem 2.1 of Chapter III and Theorem 2.1 of Chapter IV in [7] to write

VT (t, o) — J"(t,x,u*)| < Cpe,

|Vs(t7x)_<]s(t7xvur’*)| < Ol 62;
for suitable constants Cy and C1. Finally, use the asymptotic expansions (Section 2.3, Chapter III, in
[7]) to write

[Vr(t,x) — J*(t,x,u®*)| < Lge?,

|Ve(t,x) — J"(t,z,u™)| < L€,
for suitable constants Ly and L. O

Proposition E.5. Let K C R% be compact; f € Cg(K ;R). There exists 6, L > 0 such that for every
' K — R with ||f — f'|| < § and every v > 0, there exists parameters 0,0 € R? such that

1Fo — fllezir) <7 (24)
I1For — f'llcz(xim) < s (25)

and
10" =01l < LIlf = f'llez(xm » (26)

where Fy is a single-layer perceptron with ReLU activation of width dy,.

Proof Without loss of generality, assume that K includes an open set around 0, i.e. there exists
0<d<est D’ — fCCEK;R), where

D= {1 € GER)|If = Fllcaiaem <3}

Fix an arbitrary v > 0. According to [32], Theorem 2.1, we can find a hidden dimension d;, € N, a
matrix A € R4 a vector b € R%, and a continuous linear functional C : C2(K;R) — R% such
that

If' = Fapeygnlly <7, feD.

Since for f’ € D? holds
Faveun = Favew—n + Favei)
due to linearity of C and Definition[E.3] we have
10" =6l = IC(f" = HI < LIS = Fllezamy
where we used the fact that the operator norm ||C||7 of a continuous operator is finite. We conclude

0" — || < e and finish the proof. O

F Performance

We report training performance of all the methods tested in Section [4.T]in Table ] All tests have
been conducted on a standard MacBook Pro M1 and a single NVIDIA A40 for training each
of the RL algorithms. We make our code public in the following (anonymized) repo: https:
//anonymous .4open.science/r/dare-7136/README.md
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Table 4: Run time of different algorithms in the experiments.

Section Test Algorithm  Run time in seconds
per 1000 iteration
ETraining performance  Offline LQG DGM 4.26
MLP 1.95
DARE 2.24
Offline MPC DGM 6.02
MLP 2.28
DARE 2.34
LQG Online phase DARE 7.47
MPC Exploration-Exploitation =~ DARE 2.46
Non-stationary DARE 2.52
High-dimensional Offline phase DGM 6.01
MLP 241
DARE 4.01
Online phase DGM 6.64
MLP 3.26
DARE 3.92

G Filtering mathematics

G.1 Perfect knowledge of the drift

This section solves the OC problem (T4) when the agent fixed the value of the drift and does not
update their belief throughout the time window.

When the drift is known and fixed, the OC problem @) can be solved with standard methods [55]],
and is
c

u*:2—(2A(t)x+B(t)+1), (27)
where A and B solve the ODE system
A _ cA(t)2
{ A/ oL 2 A(t) (B(H+1) (28)
-B (t)=2pA)+ —

G.2 Bayesian filtering of the Gaussian drift

This section solves the OC problem when the agent uses a Gaussian prior to continuously update
their estimation of the drift throughout the time window of the OC problem.

Consider the control problem in (T4). When the agent uses a Gaussian prior N (b, I1y) for p then it
can be shown that the dynamics of = can be written

diﬂt = ﬂtdt—i—cutdt—l—ath

in a different filtration in which W is a Gaussian process. 3¢ = E [u|F] is the best estimate of y at
time ¢ and can be obtained analytically as

II (t ob
@:*7( ) <$00 ItJFQt)
g HO

where I1(t) = (II; " + 5)71 and ¢; = fotcut dt.
Using the learning dynamics above to solve the control problem (see [15] for details) gives the
optimal control @* given by

c

@ =5- QAW +B®) 2+ 201 +B() g (29)

18



638

639

640
641
642
643
644
645

646
647

648

649
650

654

656

+(1+D@t)+ E®¥)), (30)

where A, B, C' solve the Riccati equation in

and D and E solve the ODE system

0= D (t)+2TTII(t) A(t)—II(t)(1+ D (1))
+i5 QA +B®)’
0= E (t)+IIITB(t)+1IT (1+ D(t))

c? 2
+i5 2C@H)+B (1),
with terminal conditions D(T') = E(T) = 0.

H Algorithmic trading in high dimension

We motivate the multidimensional setup in our experiments of Section Consider the case of
the trading desk of a large bank that must execute a number d € N* of large transactions in d
correlated financial assets throughout a trading window [0, T]. The trading desk must minimize their
trading costs while minimizing the risk of their positions. Throughout this section, we consider a
filtered probability space (Q, F,.PF = (]:t)te[O,T]), with 7" > 0, satisfying the usual conditions and
supporting all the processes we introduce.

Let Qo € R? represent the transaction sizes in every asset. The inventory of the agent is mod-

T . . .
eled by (Q4)icpo, ] = (QF, - "Qg)te[O,T} and it evolves with the trading speed (u¢)sejo. 7] =
(u},... ,uf)}e[o 77 in each asset
th = U¢ dt.

The prices (St):ejo,1] = (Stl, R Sf)ze[o,ﬂ of the d assets are modeled as correlated Brownians

with dynamics

dS; = S dw,,
where W = (W', ..., W) is a d-dimensional standard Brownian motion and Sy € R? is known.
The matrix ¥ € M 4(R) measures the correlation of the prices and we define the covariance matrix
Y=%¥%Te Sﬁ(R)

Trading activity of the agent generates transaction costs, driven by some function of the trading speed
f (ut) so the cash from their trading activity evolves as

dX; = *Ugst dt — f(ut) dta Xo=0.

The agent maximizes the exponential utility of their terminal wealth so their objective is

V(t,x,q,s):supE[—exp(—’y(Q}ST—Q}FQT 31

_/tTugSsds—/tTf(us)ds))], (32)

“The superscript T is the transpose operator.
SMa(R) := Mg q(R) is the set of d x d real square matrices, Sq(R) is the set of real symmetric d x d
matrices, and S 1 (R) is the set of positive matrices.
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for values Q; = ¢, X; = =, and S; = s at time ¢.

The dynamic programming principle holds and the HIB equation associated with the problem

1
0=0a,V + 35T (ED%gV)

+ sup (—(uTs+ f(u))0,V + 0TV, V), (33)
uERA
with terminal condition
V(Taxqus) = —€exp (_'7 (qu _qTFq)) (34)

In the experiment of Section[4.1] we solve the HIB (33)-(34) using DARE to obtain the optimal policy
of the trading agent.

When all the parameters of the problem are known and fixed, i.e., the agent does not adapt to new
information, the problem described above admits an analytical solution which we use to study the
performance of DARE.

To solve the problem semi-analytically, the function f must be a quadratic form, that is, there is some
n € ST (R*?) with
flu)=u"nu. (35)

We follow the standard steps in linear-exponential quadratic Gaussian (LEQG) control and we propose
the following form for the value function

V(t7 ‘r? Q7 S) =
—exp (=7 (z +¢"S+ QTA(t)g + B(t)Tqg + C(1))),
and straightforward calculations find that the problem reduces to solving the following ODE system
A(t) = 3 — Aty A(t)
B'(t) = —A(t)n 1 B(t) (36)
C'(t) =~ L BT B(),
with terminal conditions

A(T)=-T, B(T)=C(T)=0. 37)

Clearly, the solutions for B and C are B = C' = 0. To obtain a solution, we use the change of
variables

a(t) =n"2A(t)yn~% Vte[0,T],

so the problem reduces to the following terminal value problem

d(t)= A% —a(t)?
{amz -c, G
where )
= 5t er) s,
and

C=n":Tn"2eSF(R).
We solve (38) in the next result.

Proposition H.1. Define & : [0,T] — S4(R)

A—1 N
€(t) = — AT (I - e*“(T*t)) (39)

_ AT <C+/1)_1 o AT—1)
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as the unique solution to the ODE system

+
&(T) = — (c + A)_ . .
Then Vit € [0,T), £(t) is invertible and
a:te0,T] — A+&(t)™ € Su(R)
is the unique solution of (38).

Thus, the value function, which we use as the oracle in Section[d.1]is given by
V(t7 x? q7 S) =
—exp (=7 (z+q"S+QTA(t)g+ B(t)Tq + C(1))),
where

A—1

A(t) = 77% (A — {142 (I _ e—QA(T—t))
e AT (C + A) T ATy }_1> ne.

Finally, Figure [H|shows the true value function and the solution learned by DARE for a set of model
parameters in dimension 5, and Figure 0] shows the associated training loss.

~ Lhamiltonian  Lterminal
= Lhjb — £

T T T T T T
0 2000 4000 6000 8000 10000

Iterations
Figure 9: Training loss (I0) of DARE for the multidimensional OC problem (3I). The parameter
values are I' = 1072 x I5,
25.13 1041 11.67 13.75 22.21
1041 6.42 768 9.12 124
n = 1073 x 11.67 7.68 1295 11.2 1871 |, and X =
13.75 9.12 11.2 17.04 17.25
22.21 124 1871 17.25 29.02
2.83 2.02 253 191 1.59
2.02 196 204 1.28 1.31
2.53 2.04 285 2.04 1.32
1.91 1.28 2.04 1.76 0.96
1.59 1.31 1.32 0.96 1.06

I Gaussian Process mathematics

Formally, a GP is a random function f : X +— R, such that, for any finite set of points X, C X,
the random vector f, = {f (z)}zex, follows a multivariate Gaussian distribution. The shape of
the function f is determined by a finite set of (training) observations y = {y;},c (1,om} collected

at the (training) observation points X = {xi}ie{1 on} where y; = f(x;) + €; is subject to i.i.d.
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Figure 10: True and approximated (with DARE) value function (B3I for ¢ € [0,7] and X =
X1, Xo, X3, X4, X5 € [—5,5]°. Each surface corresponds to the value function for time and one
dimension in X, where the value of the system in all other dimensions is fixed to z; = 0.

Gaussian measurement noise €; ~ N(0, s2) for s > 0. GPs are fully specified by a mean function
i X — R and a covariance (kernel) function k : X x X — R, In particular, if f ~ GP(u, k) and
X, is a set of test points in the domain A" of the GP, then the set of random variables f, is Gaussian
with parameters N (g4, K, ), where

Hr = {M(w)}zex* and K, , = {k (w7w,)}(m,m’)€X* :

A convenient property of GPs is that one computes the posterior distribution with analytic formulae.
Suppose we collect n noisy observations y = {y1, . . ., Y } at the domain points X = {x1,..., &y},
where y; = f(x;) +e; ande; ~ N (O7 52). Then, the posterior distribution over f given the previous
(training) observations X and y, is also a GP with mean function fip0s and covariance function Kpeg
given by

Hpost (x4) =k (z,, X) (K+52 I)_ly,
kpost (s, @) =k (s, ) 41)
—k(z,, X)(K+s2I)"tk(X, ),
where
kE(z,X)=k(X,z,)" = (k(zy, 1), ..., k (Ts, Tp))

is the n-dimensional covariance vector of the test point x, with training points X = {x1,...,x,},
K = (k (%, ;5)); ;e (1,....n} 18 the positive semi-definite kernel matrix from training data, and I is
the n-dimensional identity matrix. See Figure [l for an example.

Let the elements of the vector @ € © be hyper-parameters of the prior’s kernel function and s? is the
variance of the i.i.d. Gaussian noise that corrupts reward observations. Both 8 and s are inferred
with the log marginal likelihood of the data given by

L(0,s)=logp(y|X,86,s) (42)
1
— — 5 log ((det (Ko +5°1) )

1 —1 n
—in (K9—|—321) y—§ log (27) ,
for a zero-mean GP, where X and y are the n training samples and Ky is the prior’s positive
covariance matrix with kernel kg. The vector of hyper-parameters 8 and the variance s maximize

the quantity @2)), i.e., (6*,s*) € argmax L(6, s), which one solves with classical gradient descent-
6cO,scR+t
based optimization algorithms.
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Figure 11: Two GPs fitted to f(u) = u'™i foryg = 1.3 and 1 = 1.

J Reinforcement Learning Benchmarks

Table |1| shows the average elapsed real time i.e. wall-clock time comparison of Reinforcement
Learning Algorithms (PPO, SAC, A2C) with that of DARE rounded to the nearest second training
on the LQG problem from section We utilize the implementations in the Stable-Baselines-3
library [41] for the Reinforcement Learning experiments.

We measure the elapsed time from the first step in the training loop until convergence using the time
module from Python 3.9.19.

The hyperparameter ranges in Table [5|are determined in a way that includes the recommended values
on the Stable-Baselines-3 [41] implementation used in this work.

Table 5: Hyperparameter Range considered for each RL algorithm

Hyperparameter ~ Algorithm Range
Learning Rate PPO

10~*,10~3] (continuous range)

[

SAC [10~%, 10~?] (continuous range)

A2C [10~%,10~?] (continuous range)
Action Repeats PPO {10, 20, 40, 50, 100}

SAC {10, 20, 40, 50, 100}

A2C {10, 20, 40, 50, 100}
Number of Steps PPO [128,4096] (integer range)

A2C [4, 32] (integer range)

K Impact Statement

This paper presents a novel deep learning methodology for solving decision-making problems in
noisy and non-stationary environments, with wide-ranging applications in finance, robotics, and
biology. Our contribution is a highly accurate and efficient method for solving model predictive
control problems. Possible implications include more efficient and effective risk management in
finance, safer robot-human interaction, and improved biomedical engineering. We use tractable
examples to test our approach and to demonstrate that our model produces reasonable policies.
Before implementing our model for critical problems, we believe further specific experimentation
and validation is necessary.
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4 NeurIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims in the introduction and abstract accurately reflect the set of problems
the paper is focused on and how the proposed methods were tested and compared.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Yes, we discuss the limitations of the work like its requirements for PDE
representations that are not required by other fields like Reinforcement Learning that also
deal with high dimensional control problems.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Section [E]of the Appendix includes the proofs with the relevant definitions
and propositions.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all experimental details along with an anonymized repository
containing all code.

Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: All code can be run using open source packages without external data.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https !
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Outlines of each of the experiments as well as our choice of hyperparameters
is given in Section[4.T]and Appendix [J}
Guidelines:
* The answer NA means that the paper does not include experiments.
* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.
 The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Each test is run with a sufficient across a sufficient number of seeds when
necessary.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide hardware information in Appendix [F] Our tests do not require any
specialized or intensive computing power.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We conform with the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: An impact statement is included in Appendix [K]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We believe our model does not have a high risk for misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All sources are cited and we use publicly available packages.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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