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Abstract

We study the Pareto Set Identification (PSI) problem in a structured multi-output
linear bandit model. In this setting each arm is associated a feature vector belonging
to R" and its mean vector in R? linearly depends on this feature vector througxh
a common unknown matrix © € R"*?, The goal is to identity the set of non-
dominated arms by adaptively collecting samples from the arms. We introduce and
analyze the first optimal design-based algorithms for PSI, providing nearly optimal
guarantees in both the fixed-budget and the fixed-confidence settings. Notably, we
show that the difficulty of these tasks mainly depends on the sub-optimality gaps
of h arms only. Our theoretical results are supported by an extensive benchmark
on synthetic and real-world datasets.

1 Introduction

A multi-armed bandit is a stochastic game where an agent faces K distributions (or arms) whose
means are unknown to her. When the distributions are scalar-valued, the agent faces two main tasks:
regret minimization and pure exploration. In the former, the agent aims at maximizing the sum of
observations collected along its trajectory [Lattimore and Szepesvari, 2020]. In pure exploration
the agent has to solve a stochastic optimization problem after some steps of exploration and it does
not suffer any loss during exploration [Bubeck and Munos, 2008]. Examples of pure exploration
tasks include best arm identification in which the goal is to find the arm with largest mean [Audibert
and Bubeck, 2010], thresholding bandit [Locatelli et al., 2016] or combinatorial bandits [Chen et al.,
2014], to name a few.

In this paper, we are interested in the less common setting where the rewards are R?-valued, with
d > 1. Different pure exploration tasks have been considered in this context, e.g. finding the set of
feasible arms, i.e. arms whose mean satisfy some constraints [Katz-Samuels and Scott, 2018], or a
feasible arm maximizing a linear combination of the different criteria [Katz-Samuels and Scott, 2019,
Faizal and Nair, 2022]. Finding appropriate constraints is not always possible in practical problems
and our focus is on the identification of the Pareto set, that is the set of arms whose means are not
uniformly dominated by that of any other arm, a setting first studied by [Auer et al., 2016]. We note
that a regret minimization counterpart of this problem has been considered by [Drugan and Nowe,
2013].

Pareto set identification can be relevant in many real-world problems where there are multiple,
possibly conflicting objectives to optimize simultaneously. Examples include monitoring the energy
consumption and runtime of different algorithms (see our use case in Section 5), or identifying a set
of interesting vaccine by observing different immunogenicity criteria (antibodies, cellular response,
that are not always correlated, as exemplified by Kone et al. [2023]). In both cases, there could be
many arms with a few descriptor of the different arms (e.g. vaccine technology, doses, injection
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times). By incorporating such arm features in the model we expect to reduce substantially the number
of samples needed to identify the Pareto set.

In this work, we incorporate some structure in the PSI identification problem through a multi-output
linear model, formally described in Section 2. In this model, each of the K arms whose means are in
R? is described by a feature vector in R”, h > 1. We propose the GEGE algorithm, which combines
a G-optimal design exploration mechanism with an accept/reject mechanism based on the estimation
of some notion of sub-optimality gap. GEGE can be instantiated in both the fixed-budget setting
(given at most 7" samples, output a guess of the Pareto set minimizing the error probability) and the
fixed-confidence setting (minimize the number of sample used so as to guarantee an error probability
smaller than some prescribed §). Through a unified analysis, we show that in both cases the sample
complexity of GEGE, that is the number of samples needed to guarantee a certain probability of error,
scales only with the h smallest sub-optimality gaps. This yields a reduction in sample complexity due
to the structural assumption. Finally, we empirically evaluate our algorithms with extensive synthetic
and real-world data-sets, and compare their performance with other state-of-the-art algorithms.

Related work When d = 1 and the feature vectors are the canonical basis of R, PSI coincides with
the best arm identification problem, that has been extensively studied in the literature both in the
fixed-budget [Audibert and Bubeck, 2010, Karnin et al., 2013, Carpentier and Locatelli, 2016] and
the fixed-confidence settings Kalyanakrishnan et al. [2012], Jamieson et al. [2014]. For sub-Gaussian
distributions, the sample complexity is known to be essentially characterized (up to a log(K) factor in
the fixed-budget setting) by a sum over the K arms of the inverse squared value of their sub-optimality
gap, which is their distance to the (unique) optimal arm. In the fixed-confidence setting and for
Gaussian distributions there are even algorithms matching the minimal sample complexity when ¢
goes to zero, which takes a more complex, non-explicit form (e.g., Garivier and Kaufmann [2016],
You et al. [2023]).

Still when d = 1 but for general features in R", our model coincides with the well-studied linear bandit
model (with finitely many arms), in which the best arm identification task has also received some
attention. It was first studied by Soare et al. [2014] in the fixed-confidence setting who established
the link with optimal designs of experiments [Pukelsheim, 2006] showing that the minimal sample
complexity can be expressed as an optimal (XY) design. The authors proposed the first elimination
algorithms where in each round the surviving arms are pulled according to some optimal designs
and obtained a sample complexity scaling in (h/AZ . )log(1/d) where Ay is the smallest gap
in the model. Tao et al. [2018] further proposed an elimination algorithm using a novel estimator
of the regression parameter based on a G-optimal design, with an improved sample complexity in
Z?:l A(;)z log(1/6) where Ay < --- < Ay, are the h smallest gaps. This bound improves upon
the complexity of the un-structured setting when K >> h. Some algorithms even match the minimal
sample complexity either in the asymptotic regime § — 0 [Degenne et al., 2020, Jedra and Proutiere,
2020] or within multiplicative factors Fiez et al. [2019]. Some adaptive algorithms such as LinGapE
Xu et al. [2018] are also very effective in practice, but without provably improving over un-structured
algorithms in all instances.

The fixed-budget setting has been studied by Azizi et al. [2022], Yang and Tan [2022] who propose
algorithms based on Sequential Halving Karnin et al. [2013] where in each round the active arms are
sampled according to a G-optimal design. The best guarantees are those obtained by Yang and Tan

[2022] who show that a budget T" of order log,(h) 2?:1 A(_Z)z log(1/4) is sufficient to get an error

smaller than §. Katz-Samuels et al. [2020] propose an elimination algorithm that can be instantiated
both in the fixed confidence and fixed budget settings, and is close in spirit to our algorithm. However,
unlike prior work, their optimal design aims at minimizing a new complexity measure called the
Gaussian width that may better characterize the non asymptotic regime of the error. Extending this
notion, or that of minimal (asymptotic) sample complexity to linear PSI is challenging due to the
complex structure of the set of alternative models with a different Pareto set. In this work, our focus
is on obtaining refined gap-based guarantees for the structured PSI problem.

When d > 1, the PSI identification problem has been mostly studied in the unstructured setting
(h = K, canonical basis features). Auer et al. [2016] introduced some appropriate (non-trivial)
notion of sub-optimality gaps for the PSI problem, which we recall in the next section. They
proposed an elimination-based fixed-confidence algorithm whose sample complexity scales in
ZiK:l A;?1og(1/5), which is proved to be near-optimal. A fully sequential algorithm with some
slightly smaller bound was later given by Kone et al. [2023], who can further address different
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relaxations of the PSI problem. Kone et al. [2024] proposed the first fixed-budget PSI algorithm:
a generic round-based elimination algorithm that estimates the sub-optimality gaps of Auer et al.
[2016] and discard and classify some arms at the end of each round, with a sample complexity in
SR A7 log(K) log(1/4).

The multi-output linear setting that we consider in this paper was first studied by Lu et al. [2019]
from the Pareto regret minimization perspective. This model may also be viewed as a special case of
the multi-ouput kernel regression model considered by Zuluaga et al. [2016] when a linear kernel is
chosen. This work provide guarantees for approximate identification of the Pareto set, scaling with
the information gain. Choosing appropriately the approximation parameter in e-PAL as a function
of the smallest gap A,;;, yields a fixed-confidence PSI algorithm with sample complexity of order
(h?/A2. )log(1/6). More recently, the preliminary work of Kim et al. [2023] proposed an extension
of the fixed-confidence algorithm of Auer et al. [2016] with a robust estimator to simultaneously
minimize the Pareto regret and identify the Pareto set. Their claimed sample complexity bound is in

(h/Afin) 10g(1/0).
For the fixed-confidence variant of GEGE we prove an improved sample complexity bounds in
which (h/A2, ) is replaced by the sum 2?21 A(:)Q Moreover, to the best of our knowledge the

fixed-budget variant of GEGE is the first algorithm for fixed-budget PSI in a multi-output linear bandit
model, and enjoys a similar sample complexity. Our experiments confirm these good theoretical

properties, and illustrate the impact of the structural assumption.

2 Setting
We formalize the linear PSI problem. Let d, h € N* and K > 2. vy, ..., vk are distributions over R?
with means (resp.) p1,..., hx € R¢. We assume there are known feature vectors z1, . .., zx € R"

associated to each arm and an unknown matrix © € R"*9 such that for any arm k, i, = ©Txy.
Let X := (z1...7x)7 and [K] = {1,..., K}. The Pareto set is defined as S* = {i € [K] : §j €
[K\{} : p; = p;} in the sense of the following (Pareto) dominance relationship.

Definition 1. For any two arms i,j € [K], i is weakly dominated by j if for any ¢ € {1,...,d},
wi(e) < w;(c). An arm i is dominated by j (n; < i or simply i = j) if i is weakly dominated
by j and there exists ¢ € {1,...,d} such that p1;(c) < p;j(c). An arm i is strictly dominated by j
(i < pj orsimply i < j)ifforany c € {1,...,d}, pi(c) < p;(c).

In each round ¢, an agent chooses an action a; from [K] and observes a response y; = OTz,, + 7
where (1)) s<¢ are i.i.d centered vectors in R whose marginal distributions are o-subgaussian.' In
this stochastic game, the goal of the agent is to identify the Pareto set S*. In the fixed-confidence
setting, given ¢ € (0, 1), the agent collects samples up to a (random) stopping time 7 and outputs a
guess S, that should satisfy P(S* # §T) < § while minimizing 7 (either with high-probability or in
expectation). In the fixed-budget setting, the agent should output a set §T after T' (fixed) rounds and
minimize ey := P(Sp # S*).

We following notation is used throughout the paper. A,, is the probability simplex of R™ and if
A € R™ " is positive semidefinite, for x € R", ||z||4 = 2T Az and () denotes its i-th component.

2.1 Complexity Measures for Pareto Set Identification

Choosing the features vectors to be the canonical basis of R¥ and © = (1, ..., k), we recover
the unstructured multi-dimensional bandit model, in which the complexity of Pareto set identification
is known to depend on some notion of sub-optimality gaps, first introduced by Auer et al. [2016].
These gaps can be expressed with the quantities

m(i, j) = min [11j(c) — pi(c)] and M(3, j) := —m(i, j).
We can observe that m(7, j) > 0iff i < j and represents the amount by which j dominates ¢ when

positive. Similarly M(¢, j) > 0 iff ¢ £ j and when positive represents the quantity that should be
added component-wise to j for it to dominate . The sub-optimality gap A; measures the difficulty to

'A centered random variable X is o- subgaussian if for any X € R, log E[exp(AX)] < X\?¢?/2.
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classify arm 7 as optimal or sub-optimal and can be written (Lemma 1 of Kone et al. [2024])

A { A} = max;egym(i,j) ifi ¢ S* )
v oF else,

where 67 := min;,;[M(i, j) A (M(4,4)4 + (A})+)]. For a sub-optimal arm i, A; is the smallest
quantity by which p; should be increased to make ¢ non dominated. For an optimal arm 4, A; is the
minimum between some notion of distance to the other optimal arms, min e s\ {53[M(3, j) A M(j, 7)]
and the smallest margin to the sub-optimal arms min;¢ s~ [M(j,7)+ + (A%)4]. These quantities are
illustrated Appendix G. We assume without loss of generality that A; < --- < Ay and we recall
the quantities H, = Zfil A;?and  Hy := max;c[r) iA; > which have been used to measure
the difficulty of Pareto set identification respectively in fixed-confidence [Auer et al., 2016] and
fixed-budget [Kone et al., 2024] settings. In this work we introduce two analogue quantities for linear
PSI namely

1

— 2
i€[h] A% )
and we will show that the hardness of linear PSI can be characterized by H i, and Hy ji, respectively
in the fixed-confidence and fixed-budget regimes. These complexity measures are smaller than H;
and H, respectively as they only feature the h smallest gaps. In order to obtain this reduction in
complexity, it is crucial to estimate the underlying parameter © € R"*¢ instead of the K mean
vectors.

"1
Hijin = E A? and Hajj, := max
i=1 1

2.2 Least Square Estimation and Optimal Designs

Given n arm choices in the model, ay, ..., a,, we define X,, := (x4, ... 24, )7 € R™" and we
denote by Y;, := (y1 ...yn)T € R™*? the matrix gathering the vector of responses collected. We
define the information matrix as V,, := XTX,, = Zfil T, (i)z;z] € RP*" where T;(n) denotes
the number of observations from arm ¢ among the n samples. More generally, given w € R%, we
define V¥ := Y5 w(i)za].

The multi-output regression model can be written in matrix form as Y,, = X,,0 + H, where
H, = (n1...n,)7 is the noise matrix. The least-square estimate (:)n of the matrix © is defined as
the matrix minimizing the least-square error Err,, (A) := || X,,A — Y, ||7. Computing the gradient of
the loss yields VnC:)n = XTT Y,,. If the matrix V,, is non-singular, the least-square estimator can be
written

0, =V, 'X]Y,.

In the course of our elimination algorithm, we will compute least-square estimates based on obser-
vation from a restricted number of arms, and we will face the case in which V,, is singular. In this
case, different choices have been made in prior work on linear bandits: Alieva et al. [2021] defines a
custom “pseudo-inverse” while Yang and Tan [2022] define new contexts z; that are projections of the
x; onto a sub-space of dimension rank(Xs) where Xs := (z; : ¢ € S)T and S is the set of arms that
are active. We adopt an approach close to the latter which is described below. Let the singular-value

decomposition of (Xs)T be USVT where U, V are orthogonal matrices and B := (uq, ..., Uy) is
formed with the first m columns of U where m = rank(Xs). We then define
Vi:=BBV,B)"'BT and ©,=VIXTY,. 3)
The following result addresses the statistical uncertainty of this estimator.
Lemma 1. If the noise 1, has covariance ¥ € R™? and a,, . . ., a,, are deterministically chosen
then for any ©; € {x4,,..., %4, }, Cov(OT ;) = ||acl||%ﬂ2
Therefore, estimating all arms’mean uniformly efficiently amounts to pull {ay, ..., a,} to minimize
max;es ||x; ||%/T The continuous relaxation of this problem is equivalent to computing an allocation
W € argmin max || Z; || %~ 4
S wEgA‘s‘ ieS H 1||(Vw)71 ( )
where 7; := BTz, V¥ = Y iesw(s)T;x] and i — s; maps Sto {1,...,[S|}. (4) is a G-optimal

design over the features (BTx;, 4 € S) and it can be interpreted as a distribution over S' that yields a
uniform estimation of the mean responses for (3). This is formalized in Appendix H.
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3 Optimal design algorithms for linear PSI

Our elimination algorithms operate in rounds. They progressively eliminate a portion of arms and
classify them as optimal or sub-optimal based on empirical estimation of their gaps. In each round, a
sampling budget is allocated among the surviving arms based on a G-optimal design.

3.1 Optimal Designs and Gap Estimation

At round r, we denote by A,. the set of arms that are still active. To estimate the means and henceforth

the gaps, we first compute an estimate of the matrix (:)T. This estimate is obtained by carefully
sampling the arms using the integral rounding of a G-optimal design.

Algorithm 1: OptEstimator(S, N, )

Input: Subset S C [K], sample size N, precision

Compute the transformed features Xg = (BTx;,4 € S) with B as defined in Section 2.2
Compute a G-optimal design w over the set X

Pull (aq,...,an) < ROUND(N, fg,wg, ) and collect responses y1, . . ., YN
Compute VZI[ as in Eq. (3) and compute the OLS estimator on the samples collected

N
O« V]I, Z ] Yyt
t=1

return: ©

Algorithm 1 takes as input a set of arms .S, a budget N and chooses some N arms to pull (with
repetitions) based on an integer rounding of w¥, a continuous G-optimal design over the set {Z;,7 €
S} of (transformed) features associated to that arms. Several rounding procedures have been
proposed in the literature and we use that of Allen-Zhu et al. [2017], henceforth referred to as ROUND.
In Appendix H, we show that ROUND(N, X, w¥, k) outputs a sequence of arms aq,...,ay € S
such that max;c g ||xz\|3/+ <1+ 6/@)%7”5), where Fg(w}) is the optimal value of (4). Using the
N

Kiefer-Wolfowitz theorem [Kiefer and Wolfowitz, 1960], we further prove that F’ S(wg) = hg, the
dimension of span({z;,7 € S}). This observation is crucial to prove the following concentration
result, at the heart of our analysis.

Lemma 2. Let S C [K], k € (0,1/3] and N > 5hg /x> where hs = dim(span({z; : i € S})). The
output © of OptEstimator(.S, N, k) satisfies for alle > 0 andi € S

P (/(0 — 8)Tar o > <) < 20 Ne?
— ZTilloo =€) < Xp | ——————— | -
P 2(1+ 6K)o2hs
Once the parameter C:)r has been obtained as an output of Algorithm 1 with S = A, and an appropriate

value of the budget N, we compute estimates of the mean vectors as fi; , := O]z, and the empirical
Pareto set of active arms,

S.={icA. :fjcA i, < Hjr}-
In both the fixed-confidence and fixed-budget settings, at round r, after collecting new samples from
the surviving arms, GEGE discards a fraction of the arms based on the empirical estimation of their
gaps. We first introduce the empirical quantities used to compute the gaps:

M(i,j; r) = max[ﬁi,r(c) - ﬁj,r(c)] and Hl(i,j; T) = min[ﬁj,r(c) - ﬁi,r(c)]~
c€ld] celd]

We define for any arm i € A,.,

X (&)

N, o ﬁz,r = ImaXjeA, m(Zv.]7 T) if 7 € AT\ST
v 0F = minge a0\ iy [M(7, 757) A (M5, 4;7)+ + (AF,)4)]  ifi €S,

the empirical estimates of the gaps introduced earlier. Differently from BAI, as the size of the Pareto
set is unknown, we need an accept/reject mechanism to classify any discarded arm, described in
details in the next sections for the fixed budget and fixed-confidence versions.
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Final output In both cases, letting A,. be the set of active arms and B, be the set of arms already
classified as optimal at the beginning of round r, GEGE outputs B, 1 U A, as the candidate Pareto
optimal set, where 7 denotes the final round. And A, contains at most one arm.

3.2 Fixed-budget algorithm

Algorithm 2, operates over [log,(h)] rounds, with an equal budget of T'/[log,(h)] allocated per
round. By construction |Afiog, (n)1+1/= 1. At the end of round 7, the [h/2"] arms with the smallest
empirical gaps are kept active while the remaining arms are discarded and classified as Pareto optimal
(added to B,41) if they are empirically optimal (belonging to set S,) and deemed sub-optimal
otherwise. If a tie occurs, we break it to eliminate arms that are empirically sub-optimal. This is
crucial to prove the guarantees on the algorithm, as sketched in Section 4.

Algorithm 2: GEGE: G-optimal Empirical Gap Elimination [fixed-budget]
Input: budget T’
Initialize: let A, « [K], By < 0, D1 < 0
for r = 1 to [log,(h)] do
Compute O, + OptEstimator(A,, T/ logy(h),1/3)
Compute S, the empirical Pareto set and the empirical gaps 3” with Eq.(5)
Compute A, the set of [ %] arms in A, with the smallest empirical gaps // ties
broken by keeping arms of S,
Update By11 < B, U{S, N (4,;\A,41)} and D, 1 < D, U{(A\Ar+1)\Sr}

return: Briog, (n)1+1 U Afog, (n)1+1

Theorem 1. The probability of error of Algorithm 2 run with budget T' > 45hlog, h is at most

T
. log C(h. d, K
eXp( 120002 Hy g [logy 1] 0% (h.d, )>

where C(h,d, K) = 2d (K + % + [log, h).

To the best of our knowledge GEGE is the first algorithm with theoretical guarantees for fixed-budget
linear PSI. Our result shows that in this setting, the probability of error scales only with the first h
gaps. Kone et al. [2024] proposed EGE-SH, an algorithm for fixed-budget PSI in the unstructured
setting whose probability of error is essentially upper-bounded by

T
—— +log(2d(K — 1)|S*|log, K) | .
0 (= gt o+ OB~ IS o, 1))
Therefore, GEGE largely improves upon EGE-SH when K > h. Moreover, when K = h and
T1,...,TK is the canonical R"-basis, both algorithms coincide, thus, GEGE can be seen as a

generalization of EGE-SH.

We state below a lower bound for linear PSI in the fixed-budget setting, showing that GEGE is optimal
in the worse case, up to constants and a log, (h) factor.

Theorem 2. Let W g be the set of instances with complexity Hs ;, at most H. For any budget T,
letting Siﬁ‘ be the output of algorithm A, it holds that

~ 1 2T
: A *
min max P, (St # S*(v)) > 7P < H02> .

3.3 Fixed-confidence algorithm

At round r, Algorithm 3, allocates a budget ¢, to compute an estimator (:),n of ©* by calling Al-

gorithm 1. ¢, is computed so that through ©,., the mean of each arm is estimated with precision
€,/4 with probability larger than 1 — §,. (using Lemma 2). Then, the empirical Pareto set S,., of
the active arms is computed and the empirical gaps are updated following (5). At the end of round
r, empirically optimal arms (those in S;.) whose empirical gap is larger than ¢, are discarded and
classified as optimal (added to B, 1). Empirically sub-optimal arms whose empirical gap is larger
than ¢,. /2 are also discarded and classified as sub-optimal (added to D, 1).
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Algorithm 3: GEGE: G-optimal Empirical Gap Elimination [fixed-confidence]
Initialize: A, < [K], By + 0, Dy < 0,7 < 1

while |A,.|> 1 do

Lete, < 1/(2-2") and §, < 65/7%r? and h,. < dim(span({z; : i € A,}))

Gt - [

Compute @,« + OptEstimator(A,, t,, &)
Compute S, and the empirical gaps A, . with Eq. (5)
Update B, 41 < B, U{i € S, : A, , > e, }and D,y < D, U{i € A,\S, : A, > ¢e,/2}
Update A, 41 < A\ (Dyy1 UBry1)
L rr+1
return: B, U A,

Theorem 3. The following statement holds with probability at least 1 — 8: Algorithm 3 identifies the
Fareto set using at most

h
6402 Kd 2
log,(2/A1) + Z A? log (5 log, (A))

=2

samples and [log,(1/A1)] rounds.

This result shows that complexity of Algorithm 3 scales only with the first & gaps. In particular,
when K >> h using our algorithm substantially reduces the sample complexity of PSI. In Table 1,
we compare the sample complexity of GEGE to that of existing fixed-confidence PSI algorithms,
showing that GEGE enjoys stronger guarantees than its competitors. We emphasize that both Kim
et al. [2023] and Zuluaga et al. [2016] use uniform sampling and do not exploit an optimal design
which prevents them from reaching the guarantees given in Theorem 3.

Table 1: Sample complexity up to constant multiplicative terms for different algorithms for PSI in the fixed-
confidence setting.

Algorithm Upper-bound on 75 Linear PSI
Zuluaga et al. [2016] (A}éin) log3 (%)
Kone et al. [2023] Zfil Ai? log (12K4 log(Ali ) X
Kim et al. [2023] A%i.. log(dgz\gf))
GEGE (Ours) st Ai? log( %4 logy (&)

We state a lower bound showing that our algorithm is essentially minimax optimal for linear PSI.

Theorem 4. For any K,d,h € N, there exists a set B(K,d, h) of linear PSI instances s.t for
v € B(K,d, h) and for any §-correct algorithm for PSI, with probability at least 1 — 6,

T('SA =0 (Hl,lin(l/) log((S*l)) .

Remark 1. When K = h and x1, . .., x i forms the canonical R" basis we recover the classical
PSI problem. We note that unlike its fixed-budget version, GEGE does not coincide with an existing
PSI identification algorithm. Instead, it matches the optimal guarantees of Kone et al. [2023 ] while
needing only [log(1/A1)] rounds of adaptivity, which is the first fixed-confidence PSI algorithm
having this property. Such a batched algorithm may be desirable in some applications e.g. in clinical
trials where measuring different biological indicators of efficacy can take time.

4 A unified analysis of GEGE

Before sketching our proof strategy, we highlight a key property of PSI that makes the analysis differ
from classical BAI settings. Let a be a (Pareto) sub-optimal arm. From (1), there exits a* € S*
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such that A, = m(a, a*) and importantly, a* could be the unique arm dominating a. Therefore,
discarding a* before a may result in the latter appearing as optimal in the remaining rounds, thus
leading to mis-identification of the Pareto set.

To avoid this, an elimination algorithm for PSI should guarantee that if a sub-optimal arm a is active,
then a™ is also active. We introduce the following event

Pri={Vs<r:Vie(S) icA,=i" €A}

An important aspect of our proofs is to control the occurrence of P, (by convention, if 7P; holds and
A, = 0 for any s > t then P, holds). The first step of the proof is to show that when P, holds, we
can control the deviations of the empirical gaps. We now define for > 0, the good event

&) ={VijeA IO -0 -zl <n}. ©)

Letting n, = |A,| and \ a constant to be specified, we introduce £ := N5 M1er(\A,  11)
and & := N2, E"(e,/2). We then prove by concentration and induction the following key result.

Proposition 1. Let A € (0,1/5) and assume E;. (resp. £}, in fixed-budget) holds. Then at any round
r, P, holds and for all arm i € A,

X =N ifieS* 2AA,, . +1  (fixed-budget)
A —A; > h = T
’ {—777« /2 else, wheTe {ET (fixed-confidence).

Building on this result, we show that the recommendation of Algorithm 2 is correct on & A 5o its
probability of error is upper-bounded by inf\¢ (g 1/5) P(€3,). We conclude the proof of Theorem 1 by
upper bounding this probability (see Appendix D).

Similarly, using Proposition 1 we prove the correctness of Algorithm 3 on &: at any round 7,
B, C §* and D, C (S*)¢. To upper bound its sample complexity we need an additional result to
control the size of A,..

Lemma 3. The following holds for Algorithm 3 on E.: for all p € [K|, after [log(1/A,)] rounds it
remains less than p active arms. In particular, GEGE stops after at most [log(1/A1)] rounds.

To get the sample complexity bound of Theorem 3 some extra arguments are needed. We sketch
some elements below (the full proof is given in Appendix E.3). Assume & holds and let 75 be the

sample complexity of Algorithm 3. Lemma 3 yields 75 < ZLIZO%(I/AI)] Q(h,/2) with h,. < |A,].

Using Lemma 3, we introduce "checkpoints rounds” between which we control | A,.| and thus h,.. Let
the sequence (cs)s>0 defined as ap = 0 and ay = [logy(1/A |5 /25))], for s > 1. Simple calculation

yields av|iog, (n)| = [logo(1/A1)] and {1,.. ., [logy(1/A1)]} = UEE%Q(MJ [ors—1, as]. Therefore

[logy (h) ]
1

S (Al/e).

r=as_1+1

Ts < Z

s=

Now by Lemma 3, for r > ag, |4,|< |h/2°], so essentially 75 < ZEE%?(W 0(4%= | h/2%]).
Carefully re-indexing this sum and addressing some few more technicalities we obtain the result in
Theorem 3. Showing that P(Eg.) > 1 — § using Lemma 2 completes the proof.

5 Experiments

We evaluate GEGE on real-world and synthetic instances. In the fixed-budget setting we compare
against EGE-SH and EGE-SR [Kone et al., 2024], two algorithms for unstructured PSI in fixed-budget
setting, and a uniform sampling baseline. In the fixed-confidence setting we compare to APE [Kone
et al., 2023], a fully adaptive algorithm for unstructured PSI and PAL [Zuluaga et al., 2013], an
algorithm that uses Gaussian process modeling for PSI, instantiated with a linear kernel.

5.1 Experimental protocol

We describe below the datasets in our experiments and we detail our experimental setup.
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Figure 1: Average Figure 2: Average sample Figure 3: Average Figure 4: Empirical distri-
misidentification rate w.r.t complexity w.r.t K in the misidentification rate w.r.t bution of the sample com-
K on the synthetic dataset synthetic experiment T on NoC experiment plexity on the NoC dataset

Synthetic instances We fix features x1, . .., x;, and © common to the instances described below. For
any K > h we define a linear PSI instance vx augmented with arms x,41, ..., £ x chosen so that
arms 1, ..., h have the same lowest gaps in vg. This implies that the complexity terms H i, and
Hy i are equal on such instances, irrespective of the number of arms. We set h = 8,d = 2.

Real-world dataset NoC [Almer et al., 2011] is a bi-objective optimization dataset for hardware
design. The goal is to optimize d = 2 performance criteria: energy consumption and runtime of the
implementation of a Network on Chip (NoC). The dataset contains K = 259 implementations, each
of them described by h = 4 features.

On each instance, we report, for different algorithms, the empirical error probability (fixed-budget)
and empirical distribution of the sample complexity (fixed-confidence), averaged over 500 seeded
runs. We set 6 = 0.01 for the fixed-confidence experiments and 7' = H> y;, for fixed-budget.

5.2 Summary of the results

By Theorem 1 and 3, on the synthetic instance with K arms the sample complexity of GEGE should
be a constant plus a log(K) term. This is coherent with what we observe: Fig.1 shows that the
probability of error of GEGE merely increases with K whereas for EGE-SH/SR it grows much faster.
Similarly, on Fig.2, the sample complexity of GEGE does not significantly increase with K, unlike
that of APE. Therefore, GEGE only suffers a small cost for the number of arms.

For the real-world scenario, GEGE significantly outperforms its competitors in both settings. Fig.4
shows that it uses significantly fewer samples to identify the Pareto set compared to both APE and
PAL. Fig.3 shows that the probability of misidentification of GEGE is reduced by up to 0.5 compared
to EGE-SH. Moreover, it is worth noting that EGE-SH requires 7' > K log,(K') = 2000 (for NoC)
to run on this instance while GEGE only needs T > log,(h).

We reported runtimes around 10 seconds for single runs on instances with up to K = 500,d = 8
(cf Table 2 in Appendix I.1). The time and memory complexity of is addressed in Appendix I.1
and additional details about the implementation are provided. Appendix 1.2 contains additional
experimental results on a real-world multi-criteria optimization problem with K = 768 arms.

6 Conclusion and remarks

We have proposed the first algorithms for PSI in a multi-output linear bandit model that are guaranteed
to outperform their un-structured counterparts. They leverage optimal design approaches to estimate
the means vector and some sub-optimality gaps for PSI. In the fixed-budget setting GEGE is the
first algorithm with nearly optimal guarantees for linear PSI. In the fixed-confidence setting, GEGE
provably outperforms its competitors both in theory and in our experiments. It is also the first
fixed-confidence PSI algorithm using a limited number of batches.

While the sample complexity of GEGE features a complexity term depending only on h gaps we still
have log(K) terms due to union bounds. Katz-Samuels et al. [2020] showed that such union bounds
can be avoided in linear BAI by using results from supremum of empirical processes. Further work
could investigate if these observations would apply in linear PSI. In the alternative situation where
h > K for example in a RKHS, following the work of Camilleri et al. [2021], we could investigate
how to extend this optimal design approach to PSI with high dimensional features.
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A Outline

In section C, we prove Proposition 1, which is a crucial result to prove the guarantees of GEGE in
fixed-confidence and fixed-budget settings. Section D proves the fixed-budget guarantees of GEGE,
in particular Theorem 1. In section E we prove the fixed-confidence guarantees of GEGE by proving
Theorem 3. Section F contains some ingredient concentration lemmas that are used in our proofs.
In section G we analyze the lower bounds in both fixed-confidence and fixed-budget settings. In
section H we analyze the properties of Algorithm | by using some results on G-optimal design.
Finally section I contains additional experimental results and the detailed experimental setup.

B Notation

We introduce some additional notation used in the following sections.

In the subsequent sections, r will always denote a round of GEGE which should be clear from the

context. We then denote by A, active arms at round r and by @T the empirical estimate of © at round
r, computed by a call to Algorithm 1. By convention we let maxy = —oo.

For any sub-optimal arm i there exists a Pareto-optimal arm i* (not necessarily unique) such that
A; = m(i,7*). More generally given a sub-optimal i we denote by i* any arm of argmax ;¢ g« m(i, j).

At around r we let
Pri={Vse{l,...,r}, Vi€ As,i € (§")° NA, =i € A} @)

and P = P4 In particular if for some 7, P, is true and A, 1 = () then we say that P holds.

C Proof of Proposition 1

We first recall the result.
Proposition 1. Ler A € (0,1/5) and assume Es. (resp. Sf)l‘) in fixed-budget) holds. Then at any round
r, P, holds and for all arm i € A,,

~ -y ifi € §* 2MAp, 41 (fixed-budget)
A > = T
Air =B 2 {—nr /2 else, where 1, {ET (fixed-confidence).

In both the fixed-budget and fixed-confidence setting, the proof proceeds by induction on the round 7.
Before presenting the inductive argument separately in each case, we establish in Appendix C.1 an
important result that is used in both cases (Lemma 7): if P, holds at some round r then, the empirical
gaps computed at this round are good estimators of the true PSI gaps.

To establish this first result, we need the following intermediate lemmas, proved in Appendix F.

Lemma 4. At any round r and for any arms i, j € A, it holds that
M, j57) = M@, )|< (18, — ©)T (2 — ) oo and
(m(i, j;7) = m(i, j)|< [(©r = O)T (i — 2)|oc-

Lemma 5. At any round r, for any sub-optimal arm i € A, if i* € A, and i* does not empirically
dominate i then A} < |[(©, — O)T(x; — T4+ )| 0o

C.1 Deviations of the gaps when P,. holds

In this part, we control the deviations of the empirical gaps when proposition P, holds.

Lemma 6. Assume that the proposition P,. holds at some round r. Then for any arm i € A,. it holds
that

(Brs = (AN < A7, - A

S Yi,r

where ; » 1= maXjca, ||(C:),n —O)T(z; — ;)] oo

12
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Proof. This inequality is a direct consequence of Lemma 4 and the relation |z — y4|< |:c —y|)
which holds for any =,y € R. Note that for a Pareto- optlmal arm 7 we trivially have (A¥)T =0 =
(maxjea, m(i, j))+. And for a sub- optimal arm ¢ € A,, as i* € A, (from proposition P,.) we have
A¥ = m(i, %) = max;ca, m(s, j). Thus for any arm ¢ € A, we have

(A1) — (A4 =

(maxm(i, j;7))+ — (maxm(i, 7))+

JEA,
< max m(, ;7)) — (maxm(z, 5))|,
< |(maxm(i, j;7)) — (maxm(i, j))
< C N e
< max|m(i, j;r) —m(, )l
< max| (6. - O)T (@i — ;)| =1
JEA, %)
where the last inequality follows from Lemma 4. O

Lemma 7. If the proposition P,. holds at some round r then for any arm i € A,,

Aip— A > {2% fies,
’ —Yi,r else,

where 7; ; = maxjea, |[(Or — O)T(x; — ;)| and v, 1= max;ea, Vir

Proof. We first prove the result a sub-optimal arm i. From the proposition P,., as i € A, we have
i* € A, so A; = max;ea, m(7, j) and we recall that

o~

A’i,'f = ma'X(A:N 6:r> (8)
Note that by reverse triangle we have for any arm ¢ € A,. (sub-optimal or not)
_ < L), 9
(magm(iogin) ) = (myom) )| < i gir) = (i) ©)
< max[|(©, —0) (@ — )]l =i (10)

JEA,

where the last inequality follows from Lemma 4. If ¢ a sub-optimal arm (i ¢ S*) then as A; = A}, it
follows N N
ADir =D 2 A7, — A7
therefore
Air =8y = —|A7, - Ay
= —l(maxm(, j;r) — (maxm(, 7))

> —Yir (see (10)

Now we assume i is a Pareto-optimal arm (i € §*) so that now

A; = 67

Combining with Eq. (54) yields
Ai,r - Ai,r Z 3\: 5*

2,17

where we recall that

5% = min [M(i,j:r) A (M@, d;7)4 + ﬁ*»r
min IMGir) A (MG + (B0

and

6= min [M(i,5) A (M(5,49)+ + (A%)4)].
je[rﬁﬁl{i}[ (4,5) AN (M(5,3)+ + (A%)4)]

13



445

446

447

448

449

450

451

452
453

454
455

456
457
458

459
460
461

462

As forany z,y € R we have [zt — y*|< |z — y|, the following holds for any i, j € A,

IM(7,35m) " = M(@G,0) | < IM(G,d5r) — M(j,9)| (11
< Ve (12)
From Lemma 6 we have for any j € A,
(A5 — (A4 = =5 (13)
Combining (12) and (13) yields for any j € A,
M@, i) 4 + (A5, > MO, i)4 + (A4 = 2%, (14)

which in addition to M(j, ¢;7) > M(j,4) — ~y;,, yields

M, §;7) A (MGG, 657) 1+ (B5,)4)] > MG, 5) A (MG, i)y + (A7) )] = 290
for any arm j € A,. Thus taking the min over A, yields

3\,&-*, = min [M(4,75;7) A(M(j,4;7r)L + ﬁf‘»,.
=i NG A MG+ (B0
min  [M(i,7) A (M(,4)5 + (A - 29,
min ING.9) A (MG )+ (5))) — 2
> min [M@,§) A (MG, )4 + (A%) )] — 29,
> min M) A MG, + (89))) - 20
= 0 —2v

Y]

which concludes the proof the proof of this lemma. O
Building on this result, we show that P, holds in the fixed-confidence and fixed-budget settings.

C.2 Fixed-budget setting

We recall the definition of the good event for any A > 0.
= {Vij €A 1B - O)T(wi — ;)lloc < M, 141}

and £ = OLE%Q(’Z)]S&’)‘. We prove that proposition P, holds on the event £ for some any

A€ (0,1/5).

Lemma 8. The proposition holds P, on the event £} for any X € (0,1/5): at any round r €
{1,...,[logy k] + 1} and for any armi € A, N (S*)S, i* € A,.

Proof. We prove P, by induction on the round r. In the sequel we assume Ef’t\, holds. We also
assume P, is true until some round 7. As g holds, we have by application of Lemma 7: for any arm
i€ A,

Ajr —A; >

R {_mAan ifi € S* as)

Ay, 41 else.

We shall prove that if a Pareto-optimal arm ¢ is discarded at the end of round r then there exists no
arm sub-optimal j € A, such that j* = i. Since ¢ is removed and |A,1|= n,11 there exists
k. € A1 U {i} such that

AV A VI (16)

If ¢ is empirically sub-optimal then as it is discarded we have
R, =A > A,
for any arm k € A, 1. So A:T > ﬁkhr thus using (15) and (16) it comes that
max m(i,q) > Anwl +1 — 3)\An7\+1+1

geA-\{i} -
= (1-3NAu,0

14



463
464

465
466

467

468

469

470
471
472
473
474

475
476

477

478

479

480
481

and the latter inequality is not possible for A < 1/3 as the LHS of the inequality is negative as ¢ is a
Pareto-optimal arm.

Next we assume that ¢ is empirically optimal. We claim that 5 is not dominated by 7. To see this, first
note that as j € A1 we have

Air > Ay, (17)
so that as ¢ is empirically optimal, if 7 was empirically dominated by 7 we would have
Aip M@, i7)4 + (A%5) 4 = Ay, (18)

Combining (17) and (18) yield A; ,, = A; ,., 4 is empirically optimal and j is empirically sub-optimal.
However our breaking rule ensures that this case cannot occur. Therefore 7 is not dominated by 3.
But, by assumption, j is such that j* = i and we have proved that ¢ does not empirically dominate j
so by Lemma 5

Ay <116, = ©)T(x; — i)l

which on the event &, yields
Aj <M1 (19)

On the other side, as 7 is discarded as an empirically optimal arm we have
Ai,r - 5:7T Z Ak,r

forany arm k € A, ;1. Since k. € A, 1 U {i} it comes 3;‘, > Ek:,.,r thus using (15) and (16) yields

M(]7Z)+ + Aj > Anr+1+1 - 4AA7LT+1+1
which further combined with (19) yields

M(ja i)+ 2 (1 - 5)‘)Anr+1+1'

However, as j* = ¢ we have M(j,4); = 0 so the latter inequality is not possible as long as A < 1/5.
Put together, we have proved proved that if P, holds then for any Pareto-optimal arm ¢ which is
removed at the end of round r, there does not exist an arm j € A,.;1 such that j* = 4. So P,.;1 holds.
Finally noting that P, trivially holds for 7 = 1 we conclude that P, holds on the event &3 for any
A< 1/5.

Combining this result with Lemma 7 and assuming &£ holds then yields at any round r €
{1,...,[logy h]} and for any arm i € A,:

R {_2AAM1+1 ifi € S*

Ny — Dy 2> 20
’ —AA,, 41 else, 20)

which proves Proposition 1 in the fixed-budget setting.

C.3 Fixed-confidence setting

We recall below the good events we study in the fixed-confidence setting:
&={Vije A O, —O)(w - z)|x </2}

and & := N2 &L

Lemma 9. The proposition Po, holds on the event E: at any round r for any arm i € A, N (S*)€,
e A,

Proof of Lemma 9. We prove the proposition by induction on the round r. Note that the proposition
‘P, trivially holds for » = 1. Assume the property holds until the beginning of some round r. Let
i € 8* be an optimal arm and assume 7 is discarded at the end of round r. We will prove that there
exists no sub-optimal arm j € A, such that j* = 4. Recall that when i is discarded, we have either
1 € S, (empirically optimal) or ¢ ¢ S,. (empirically sub-optimal). We analyze both cases below. If
i ¢ S, then it holds that R

Ai,r Z 67‘/2a

15
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then, as i ¢ .S, it follows that ﬁw = 31* i= maxjea,\ (i} M(%,7;7), 50

max m(z,j;r) > ¢e./2
JEAN{i} (3, 57) /

which using Lemma 4 and assuming event &£, holds would yield

max m(z,5) > 0.
JEAN{i} (6.4)

The latter inequality is not possible as i € S* is a Pareto-optimal arm. Therefore, on &, when 7 € &*
is discarded we have i € S,..

Next, we analyze the case ¢ € S, that is ¢ is discarded and classified as optimal. In this case it
follows from the definition of A; ,. that

min [M(j,4;7) 4 + ﬁ*-r > e 21
min MG i)+ @5,):] e

Let j € A,41 N (S*)¢ be such that j* = 4. If j is empirically optimal then (ﬁ;‘r)+ = 0 thus
M(4,4;7)+ > &,. On the contrary, if j is empirically sub-optimal then because it has not been
removed at the end of round 7 it holds that

A%, <& /2,

which combined with (21) yields M(j,4;r)+ > &,/2. Thus, in both cases we have M(j,i;7)+ >
€,/2 which using Lemma 4 and assuming event £}, would imply that

M(] ) Z)+ >0,
which is impossible as, by assumption j* = i, so j is dominated by .
Put together with what precedes, on &, if P, holds then P, ; holds. Since the property trivially
holds for » = 1 we have proved that the property P, holds at any round when & holds.
Combining this result with Lemma 7 proves that, on the event &, for any round r and for any arm
i€ A,

~ {—a ifieS 22)

Ny — N>
" "7l -er/2  else,

which proves Proposition 1 in the fixed-confidence setting.

D Upper bound on the probability of error

In this section, we prove the theoretical guarantees of GEGE in the fixed-budget setting. We prove
Theorem 1 and some ingredient lemmas.

Theorem 1. The probability of error of Algorithm 2 run with budget T' > 45hlog, h is at most

T
— 1 h,d, K
exp ( 120002H2,[in [logz h-| + & C( Y )>

where C(h,d, K) = 2d (K + % + [log, h]).

Proof of Theorem 1. We first prove the correctness of GEGE on the event é}{‘) for some A small

enough. Let us assume Ef% holds which by Proposition 1 implies that P, holds and at round 7, we
have for any arm i € A,

_ {Qmmﬁl ifi e S* o3

Ajp—A; >
’ T AL else

We recall the definition of the good event for any A > 0,

£t = {Vi,j €A (8, —O) (2 — ;)]lo0 < AA,MH}
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and &y, = ﬂ,[:%z(hﬂ Efrb’)‘. Applying Lemma 4 on this event then yields for all arms i, j € A,.,
|M(Za jv T) - M(Za ])‘S )‘A’ﬂr+1+1 and (24)
|m(i,j;r) - m(ZM]HS )‘Anr+1+1‘ (25)

Let ¢ be an arm discarded at the end of round r. Since 7 is discarded and |A,1|= .41 there exists
k. € A1 U {3} such that
Ak,‘ > Anr+1+1- (26)

If i ¢ S, that is i is empirically sub-optimal then

Ai,r = Azr > Akr,ra
then, recalling that

N x ..

* = max m(s, ;7

1,7 JEAN{i} ( )y J5 )

and further applying (23) to k,. and using (25) yields

.7) > (1 —3M)A,,.
jeglf\@}m(l J) = ( JAn, 11

which for A < 1/3 implies that max;c 4, m(z,7) > 0, that is there exists j € A, such that p; < p;
s0 % is a sub-optimal arm.
8, > Ay

Next, assume ¢ € S, (i.e 7 is empirically Pareto-optimal). In this case we have 3” =07,

‘We recall that

T

o, = min [M(i,5;7) A (M, 5 7)4 + (AL 4]
FjEAN{}

Applying (23) to k,. and using (24), it follows that

in M(i,7) > (1 —3\)A, . 1.
jein (4,7) = ( JAn, 11

Thus, for A < 1/3, we have min;c 4, \ {53 M(4, j) > 0. Therefore, no active arm at round r dominates

1 which together with proposition P, yields that ¢ is a Pareto-optimal arm (otherwise, we would
have i* € A, that dominates 7).

All put together, we have proved that for any A < 1/5 (we need A\ < 1/5 for P, to hold), Algorithm 2
does not make any error on the event £3. It then follows that the probability of error of GEGE is at
most
inf P ((&p)° 27
Ae(0.1/5) (€)% @7)
Now we upper-bound Eq. (27) which will conclude the proof. Let A € (0,1/5) be fixed. We have by
union bound

[log, k]
P(E)) < Y E[P(EM14)]
r=1
[logy ] . 1
< Z E Z P(I(©r — ©)Tzif o0 > iAAnT»+1+1|AT)
r=1 i€A,

Note that for ¢ fixed, we can use Lemma 2 with k = 1/3 and the conditions of this theorem are
satisfied as the budget per phase is T'/ log, (h) > 45h (recall from the theorem that GEGE is run with
T > 45hlogy(h)). Thus applying this theorem yields

[log, h] A2A2 T
PENS < 24 E S5
((Ep)°) < ; o lexp ( 2402h, logy h|

[log, h] eraz
= nPT hy < min(n,,
< ; Ny €XP ( 2402 min(h, n,)[log, M) , as h, < min(n,,h)
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Then, note that

A%r+l+1 _ A%h/y] +1
min(h, n,) [h/2r—1]

Afpjorisa [h/27] +1
[h/27] +1 [h/27=1]
Afpjerisr B/27 +1

>
~ [h/271+1hj/2r1 +1
> ATzt 1
— [h/271+12’
which follows as (z + 1)/(2x + 1) > § for z > 1. Therefore,
A72’Lr+1+1 1 A%h/Qr.H‘l
min(h,n,) — 2[h/27]+1
1
2Hs jin
Finally,
)\QT [logy hl
P((&p)) < 2 - 1 .
(( fb) ) . eXp( 480'2H2,1in[10g2 + Og ) Z n
)\2T
<

h
< 2 (K + 5 + [log, h]) exp (— 1807 Hy yn Tlogy 1] + log(d)>

Finally it follows that

h T
inf P ((&3)°) <2( K+ = + [l — 1
Ae€£1/5) ((gfb) ) B ( * 2  Hogs m) b ( 120002 Ha i [logy h] - 0g(d)> ’

which concludes the proof. O

E Upper bound on the sample complexity

We prove the theoretical guarantees in the fixed-confidence setting. We prove the correctness of
Algorithm 3 and we prove the sample complexity bound of Theorem 3 and some key lemmas. We
first prove the correctness of the fixed-confidence variant of GEGE.

E.1 Proof of the correctness

We need to prove that the final recommendation of Algorithm 3 is correct: that is we should show
that : at any round r, B, C §* and D, C (§*)¢.

Lemma 10. On the event &, Algorithm 3 identifies the correct Pareto set.

Proof of Lemma 10. In this part let 7 denotes the stopping time of Algorithm 3. We assume & holds.

Using Proposition 1 : for any round r < 7 for any (Pareto) sub-optimal i € A, we have i* € A,.
We then prove the correctness of the algorithm as follows. Let ¢ be an arm that is removed at the
end of some round r. Assume ¢ € S, then, as ¢ is discarded and empirically optimal we have

Al r= 5 > g, In particular, it holds that

min  M(z,5;7) > &,
JEAN{} (6,5;7)

which using Lemma 4 on the event & yields
min M(z >e./2>0,
jin, M5, j) > &/
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that is no active arm dominates 7. Put together with proposition P, (cf Lemma 9) the latter inequality
yields ¢ € S*. Now assume we have i ¢ S,.: i is discarded and it is empirically sub-optimal. Then

Ei,r = maxm(i, j;r) > &./2,
JEA,
so using Lemma 4 again on event & it follows that there exists j € A, such that m(4, j) > 0: that is
1 ¢ S*. Put together, we have proved that if & holds then for any arm ¢ discarded at some round 7,
1€ B <=ieS".

Note that if A, is non-empty then it contains a single arm and because P, holds, this arm is also
Pareto optimal. U

Thus, Algorithm 3 is correct on &.. Before proving Theorem 3 we need Lemma 3 to control the size
of the active set A,. in the fixed-confidence setting.

E.2 Controlling the size of the active set

We prove the following result that controls the size of the active set.

Lemma 3. The following holds for Algorithm 3 on E.: for all p € [K|, after [log(1/A,)] rounds it
remains less than p active arms. In particular, GEGE stops after at most [log(1/A1)] rounds.

Proof of Lemma 3. By Lemma 9 we on the event & for any round r and for any arm i € A,.,

Eir_AiZ —&, ifieS
’ —e./2  else.
Then let p € [K] and let assume an arm ¢ € {p, ..., K} is still active at round r = [log,(1/A,)].

We have AZ > A; — e, withe, = 1/2"+! and A > A, which combined with A; >N =g,
yields

Air >N, — e, (28)
Asr = [logy(1/A,) it holds that 2¢,. < A, so Eq. (28) yields ﬁm > g, thus ¢ will be discarded at

the end of round r that is any arm ¢ € {p, ..., K} will be discarded at the end of round [log,(1/A,)].
O

We now prove the main lemma on the sample complexity of GEGE in the fixed-confidence setting.

E.3 Proof of Theorem 3

We provide an upper bound on the sample complexity of the algorithm.

Theorem 3. The following statement holds with probability at least 1 — §: Algorithm 3 identifies the
Pareto set using at most

64 Kd 2
log,(2/A1) +Z ? log( 5 log, (A ))

samples and [log,(1/A1)] rounds.

Proof. We assume &, holds. The correctness of Algorithm 3 is then proven in Lemma 10 and
Lemma 3 upper-bounds the number of rounds before termination. It remains to bound the sample
complexity of the algorithm on & and compute P(r.) to conclude.

By Lemma 3 an upper-bound on | A,.| for some specific rounds. Interestingly we can bound the sample
complexity between consecutive "checkpoints rounds”. In what follows, we rewrite the complexity
as a sum of number of pulls between these intermediate "checkpoints rounds”. Let us introduce the
sequence {a : s > 0} defined as ap = 0 and for any s > 1, ay = [logy(1/A|;/2¢1)]. We assume
w.l.0.g that the sequence is increasing. Simple calculation shows that a|1og, ()| = [loga(1/A1)] and

[log, (h)]

{1, Nloge (/AT = | o1, ] (29)
s=1
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Letting

g2 O

32(1 + 3¢, )o%h, dn,,.
T, = &log < n ) ,
T
where n,, = |A,| and t, = [T}], so t,. < T, + 1. Using (29) then leads to

[log, (1/A1)] [logy (h)| =1 @s41
> = > X5
r=1 s=0 r=as+1
[logz(h)]—1

= Z N
s=0

where N, = Zf:t; 41 T is "the number of arms pulls” between round (as + 1) and avgy1.

Next we bound the term N for s € {0,..., [logy(h)]| — 1}. We recall that h, < min(h,n,.) as,
n, = |A,| is the number of active arms at round r and h,. is the dimension of the space spanned by
the features of the active arms. Using Lemma 3 on &, it holds that for r > o, + 1

K ifs=0
<
for = {Lh/sz ifs>1 (30)

Therefore for s € {0,..., |logy(h)] — 1} and for any r > «a, + 1, we simply have min(h, n,) <
|h/2%], so h, < |h/2°]. It then follows that

Qs41
Ne = > T 31)
r=as+1
< 6402|h/2°| 10 Kd ail 1 (32)
< e\ 5. ) 2 2
s r=as+1
. Kd\ &R
= 640%|h/2°|log ( ) 4" (33)
6a5+1 r=oas+1
Kd \ &%
< 640 h/2°|log ( ) 4" (34)
5045-4—1 r=1
6402 | h/2° Kd
_ B2, ( ) (441 — 1) (35)
3 5as+1
then further using that
0, > logz(l/ALh/gsJ) %f821
— 10 if s =
yields
441 < —— !
[h/25%1 |
which combined with (35) yields
402%|h/2° Kd
N, < % log () . (36)
3AUZ/23+1J ags+1
We can now bound N = )" N, in terms of the sub-optimality gaps:
[logy h]—1
N = > N (37)
s=0

IN

2 Hog M=t s 2K d[logs(1/A (pj0+1))]2
640 /2] (W [logy (1/A | ny2e+1))] ) (38)

33 Ay 60
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then we note that the mapping

1 w2 Kd[logy(1/A,)]?
U — El ( 626 )

is non-increasing and it is easy to check that
[h/2°] = [[h/2°]/2] +1 = 5 W2SJ
s65 therefore

|h/2°) log<w2Kdnog2<1/AW25J>V><2 “fJ 1log<W2K(K—1)d[log2(1/Au)12>

2 2
ALh/2*J 120 u=[|h/25]/2] ¥ 69

(39)
se6 Combining (38) and (39) yields

[logy hJ Lh/27] 9 2
128 S 3 Ailog <7r Kd[logy(1/A,)] ) 40)

2
s=1 u=[lh/2°]/2] " 60

Now let us introduce for any s, the set of integers Zs = [[|h/2°]|/2], | h/2°]]. We have

Llog, hJ

U Z.c{2....n.

s=1
567 We show that for any p, ¢ € {1,..., [logy(h)]} if |[p — q|> 2 then Z, N Z, = (). Assuming p < g we

ses claim that
[h/2°72] < [[h/27]/2] (41)
Assume otherwise then |h/2PT2| > [|h/2P|/2] > |h/2P]/2 so
h/2PT1 > | h/27 ]

which is impossible since for any p € {0,..., [logy(h)| — 1}, h/2P > 1. Therefore we have proved
(41) and for any ¢ > p + 2 it holds that

[h/2%) < [h/2PF2] < [[h/27]/2]
se9  thus Z,NZ, = and forany i € {2,...,h}, i belongs to no more than 2 of the subsets 71, . . . Z|1og, 1
570 SO it comes that

[log, h]

[h/2° 2 2
128 1 Kd[logy(1/A,
No< B Z E (W [0%26(/ )] ) “2)
s=1 w=[[h/2¢]/2] "
128 , & 2Kd[ log (1/A))?
g e
. 128 22”: < 2Kdlog2 (2/A;)? ) m

h
128 2 1 Kd 2
< Z p log < log, (Az>> (45)

Then, from Lemma 9 it holds that with probability at least 1 — ¢ the sample complexity N5 of GEGE
is upper-bounded as

h
6402 Kd 2

log,(2/A1) +Z A2 log< 5 log, (A )> .
i=2 Tt ¢

571 O

572 Therefore, we have shown the sample complexity bound and the correctness on &. Thus proving
573 that P(&) > 1 — § will conclude the proof.
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E.4 Probability of the good event &..

At round r,
P(E)°1A) < Y P16 - 0) il > 20/4/4,)
i€EA,

Then, note that at round 7, Algorithm 3 calls OptEstimator with precision &, /2 and budget ¢, and
by design we have ¢, > 20h,./€2, so using Lemma 2, it follows

IN

t,e2
P((ET)° | A, 2 e
((&)° | Ar) dexp( 32(1+3ar)o2hr)

Sr /| Arl

A

which follows by plugging in the value of ¢,.. Therefore, by union bound over A,. and r it holds that
P(&)>1- Zrz 0, > 1 — 4. This conludes the proof of Theorem 3.

F Concentration results

In this section we prove some concentration inequalities that are essential to the proofs of others
results.

Lemma 4. At any round r and for any arms i, j € A, it holds that
IM(i, i 7) = MG, §)|< (8, — ©)T(w; — )| oo and
im(i, j;r) — m(i, J)|< (O — O)T (i — 7)) oo

Proof. We have

MG, Gir) = MG, )| = |max (s (0) = 7y (0)] — max [us(e) = 15(0)]]

INE

max |(7i,r(¢) = f1j,r(€)) = (i(e) = pi(e))]
(i — 125.0) — (i — 125) Il og 5
1(6r = O)T(2; — 2;) | cc-

where (i) follows from reverse triangle inequality. The second part of the lemma is a direct conse-
quence of the relation M(7,j) = —m(¢,7) as well as M(4, j;7) = —m(4, j; ) that holds for any
pair of arms ¢, j. O

Lemma 5. At any round r, for any sub-optimal arm i € A, if i* € A, and i* does not empirically
dominate i then A} < ||(0©, — O)T(x; — i+ )] co-

Proof. Since i* does not empirically dominate ¢ it holds that M(¢,i*;7) > 0 so M(é,i*;r) —
M(4,4*) > — M(i,4*). Then noting that
—M(7,i*) = m(4,1*) = A
yields M(7,¢*;7) — M(4,4*) > A,;. Therefore
A, = A7 < M(i,5%571) — M(,4%)
< 116r = O)T(wi =zl

where the last inequality is a consequence of Lemma 4. O

We recall the following lemma from the main paper.

Lemma 1. If the noise 1, has covariance ¥ € R%*% and a,, . .., a, are deterministically chosen
then for any x; € {%a,, ..., %a, }, Cov(OFz;) = [z} 2.

22



595

596
597

598
599

600

601

602

603

604

605

606

We actually prove a stronger statement that is stated below.

Lemma 11. Ifthe noise n; has covariance ¥ € R*d gnd ai,...,apn are deterministically. Assuming
the set of active arms is 1, . .., xk then for any x € span({z1,...,xzk}), Cov(OLz) = ||x||%/T 3.
N

Proof. In what follows we let E := span({x1, ..., zx}) be the space spanned the vectors z1, ... X .
As the columns of B forms an orthogonal basis of E, P = B(BTB)~!BT = BBT is a matrix that
project onto F. Therefore, for any x €

OTz =OTBBTx = (B7O)"BTx.

Thus recalling that Xy = (Zg,,...,Zq, )T it holds that Xxy© = (X B)(BTO). Rewriting the
solution of the least squares leads to

~

On = B(BTVNB) 'BTXJ(XNO + Hy)

(BTVNB) *BTXL(XNO) + Vi XT Hy
B(B"VyB) 'BTX](XyB)(B™O©) + V{ XTI Hy
B(B"VyB)"Y(BTVNB)(BTO) + Vi XTI Hy

= BBTO+ VXL Hy

s

then for any x € F, as BBTz = x it follows that
Olz = O'BBTz+ (ViXLHN)Tz
= Oz + (VIXLHN)z

thus we have for x € F,

Oy —O)Tz = (VIXTLHy) 2. (46)

Computing the covariance follows as
Cov((By —©)Tz) = E [(VIEXITVHN)T:WT(VJ,XITVHN) 47)
= E[H izTHn| (48)

where 7 := X NVJJ{,;U. Letting h] denotes the i-th row of HJ, for each ¢, j

E[r]z2Th;] = :ETIE[hih]T-}a: 49)
= ZZ'TO'Z‘J‘QNZ (50)
where ¥ := (0y.5)rs<q and the last line follows since for any ¢,¢' < N by independence of

successive observations we have E[h; (t)h;(t')] = 65 0; ;. Combining Eq. (50) with Eq. (48) yields
Cov((On — O)Tz) = $iTi

then further noting that

LVEXT XNV

2TB(BTVyB) 'BTVNyB(BTVyB) 'BTz

= "WV} = J2ll},

#E

concludes the proof. O

The following results is proven in Appendix H.
Lemma 2. Let S C [K], k € (0,1/3] and N > 5hg/rk? where hs = dim(span({z; : i € S})). The
output © of OptEstimator(.S, N, k) satisfies for alle > 0 and i € S

N Ne?
P <||(® —0)Tz;|[o0 > E) < 2dexp (_2(1+6/‘6)02h5) :
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Figure 5: PSI gaps and distances

G Lower Bounds

Before proving the lower bounds, we illustrate the PSI and the quantities M, m on Fig.5

We note that, in this instance A; = m(4, j) and by increasing ¢ by A; on both x and y axes it will
become non-dominated.

We also have Ay = m(¥, j). As £ is only dominated by j, if is it translated by m(4, ) on the z-axis it
will become Pareto optimal.

For Pareto-optimal arms k, j, 5;“ = 6;-“ = M(j, k). As k dominates both ¢ and ¢ its margin to
sub-optimal arms is 5,7 = min(A;, Ay) and we have ;7 = min(M(¢, j) + Ag, Ay).

Observe that for both j, k, A; = Ay, = M(j, k). If k is translated by M(4, k) on the y-axis it will
dominate j. Similarly, if j is translated by — M(4, k) on the y-axis, it will be dominated by k.

We now prove minimax lower bounds in both fixed-confidence and fixed-budget settings. We recall
the lower-bound below for un-structured PSI in the fixed confidence setting.

Theorem 5 (Theorem 17 of Auer et al. [2016]). For any set of operating points ji; € [1/4,3/4]%,
i =1,..., K, there exist distributions D; such that with probability at least 1 — 6, any §-correct
algorithm for PSI requires at least

K B
Q(Zylog(é )>

=1 i

samples to identify the Pareto set. Where for any sub-optimal arm 51 = A; and for an optimal arm
A; =5

In particular, there exist instances where A; = (5? for any Pareto-optimal arm ¢. Thus, this result
shows that H; is a good proxy to measure the complexity of PSI in the fixed-confidence setting. The
proof of this result is based on the celebrated change of distribution technique (see e.g Kaufmann
et al. [2016]) which given the instance v := (v1,. .., vk ) shifts the mean of v; for an arm ¢ while
keeping the others fixed constant. However in linear PSI the arms’ means are correlated through ©.
So that in general Theorem 5 does not directly apply to linear PSI. We recall below our lower-bound
for linear PSI in the fixed-confidence setting.

Theorem 4. For any K,d,h € N, there exists a set B(K,d,h) of linear PSI instances s.t for
v € B(K,d, h) and for any §-correct algorithm for PSI, with probability at least 1 — 6,

7'54 =0 (Hlﬁlm(u) log((S_l)) .

Proof of Theorem 4. The idea of the proof is to transform an unstructured bandit instance into a
linear PSI instance. Let v be a bandit instance with X > 2 arms and dimension d > 1 and with
means (i1, ...,k € [0, 1}’1. Let e, . .. ep, denote the canonical basis of R”. We define a linear PSI
instance vy;, with features
{ei ifi <h
T; =

0 else.
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We assume that the learner knows that z1; € [0, 1]¢ for any arm i. We claim that with this information
an "efficient” algorithm for PSI should not pull arms from {h + 1, ..., K'}. To see this, first note that
these arms will be sub-optimal so S* C [h]. Moreover, even if an arm ¢ € {h + 1,..., K} dominates
another arm j € {1,...,h}, as j is not Pareto-optimal there exits another arm j* € S* C {1,...,h}
which dominates j with a larger margin, so is "cheaper” to pull. Therefore the complexity of v,
reduces to the complexity of a linear bandit 7;, with only A arms. As the features in x4, ..., 2,
forms the canonical R” basis, 7, reduces to an un-structured bandit instance with (un-correlated)
means ji; = OTx;, i = 1,..., h. Therefore, by choosing i1, ..., u, € [1/4,3/4]%, we can apply
Theorem 5 to ;. ]

Actually in the result stated above we have proved that this bound holds for a class of instances
B(K,d, h) of and not just a single fixed instance .

For the fixed-budget setting Kone et al. [2024] proved a lower-bound for a class of instances. We
recall their result below after introducing some notation. Their lower-bound applies to class of
instances 55 defined as follows. 55 contains the instances such that each sub-optimal arm 4 is only
dominated by a Pareto-optimal arm denoted by ¢* and that for each optimal arm j there exists a
unique sub-optimal arm which is dominated by j, denoted by j. Moreover for any instance in B the
authors require its Pareto-optimal arms not to be close to the sub-optimal arms they don’t dominate:
for any sub-optimal arm ¢ and Pareto-optimal arm j such that p; A p;,

Let v := (v1,...,Vk) be an unstructured instance whose means belongs to B and with isotropic
multi-variate normal arms v; ~ N (u;, 02I). For every i € [K], define the alternative instance
v® = (v, ... I/i(z), ..., Vi) in which only the mean of arm i is shifted:
‘ oA s o .
M’El) S 2Al?di ifi € S*(v), 51)
Wi + 2064, else,

where €1, . .., &4 denotes the canonical basis of R? and for any arm i, d; := argmin,.eq [1i- (¢) —
pi(c)]. Defining (%) := v, the theorem below holds.
Theorem 6 (Theorem 5 of Kone et al. [2024]). Let v = (v1,. ..,V ) be an instance in 1B with means

poi= (1 ...px)7 and v; ~ N(u;, 0I). For any algorithm A, there exists i € {0,..., K} such
that H(v)) < H(v) and the probability of error A on v\") is at least

Lo (2T
4 *P o2H(v®) )"

As explained above for the fixed-confidence setting. The proof of this lower bound also uses the
change of distribution lemma. In the instances »(*) introduced above, it is crucial that only the mean
of arm i has changed w.r.t »(9). Therefore, Theorem 6 does not apply to general instances in linear
PSI. We recall our lower-bound for linear PSI in the fixed-budget.

Theorem 2. Let Wy be the set of instances with complexity Ho j;, at most H. For any budget T,
letting 574 be the output of algorithm A, it holds that

. 5 1 2T
min max P, (57 # 8*(v)) > 18P (—HJQ) :

Proof of Theorem 2. Let H be fixed and recall that Wy : {vn : Haun(v) < H} is the set of
linear PSI instances with complexity less than H. The proof of Theorem 2 follows similar lines to
Theorem 4. Let v be an un-structured bandit instance with X > 2 arms, dimension d > 1, with
means fi1, . .., ux € [0,1]¢ and such that Hy(v) < H. We construct a linear PSI instance v;, from
an unstructured multi-dimensional instance v by setting x; := e; forany ¢ < h and fori > h, z; =0
where e, . .., ep, is the canonical R’-basis. We also assume that the agent knows that u; € [0, l]d for
any arm ¢. For vy, the arms {h + 1, ..., K} are necessarily sub-optimal so §* C [h] thus to identify
the Pareto set and efficient algorithm should reduce to pull arms in {1, ..., h}. Indeed, as explained
in the proof of Theorem 4 even if an arm ¢ € {h + 1, ..., K'} dominates another arm j € {1,...,h},
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as j is not Pareto-optimal there exits another arm j* € §* C {1,..., h} which is "cheaper” to pull
as it dominates j with a larger margin. v, reduces to a linear bandit ;, with only h arms and since
the features z1, . . ., xp, forms the canonical basis of R”, 7, is an un-structured bandit instance with
(un-correlated) means fi; = ©Tx;, @ = 1,...,h. Therefore, by choosing 7 := (v1,...,v},) that
belongs to 3, we can apply Theorem 6 which yields

. 1 2T
(GA (%) - _
epax, Py (57 #S*()) = 7 exp ( HUQ)
where by construction (0 (see construction above) is also a linear PSI instance. Then further noting
that H > Hy(v) > H(7) and by Theorem 6 for any ¢ < h Ha jin (D) > H2(D(i)). Then recalling
that vy, is equivalent to ¥ it comes

4 Ho?

which is the claimed result. O

1 21
: A * S - _
min max P, (S7 £ S (v)) > —exp ( ) )

H Computing and rounding a G-optimal design

In this section, we discuss the results related to the G-design and the rounding. In what follows let
S C [K] be a set of arms. To ease notation we re-index the arms of S by assuming S := {1,...,|S|}.
Let N be the allocation budget (the total number of pulls of arms in S) and x € (0, 1/3] the parameter
of the rounding algorithm to be fixed. hg = dim(span({z; : i € S})) is the dimension of the space
spanned by the covariates of S. Xs := (z;,7 € S)T and Bg := (u1,. .., Uy,) is the matrix formed
with the first m = hg = rank(S) columns of U, the matrix of left singular vectors of XJ obtained by
singular value decomposition. We recall that for N pulls of arms in [S], letting T;(N') be number of
samples collected from arm ¢,

K
Vi = Bs(BLVyBs)'BL and Vy =) Ti(N)za]. (52)

i
i=1

As from Lemma | the statistical uncertainty from estimating the mean of arm 4 scales with ||z ||+, a
N

call to OptEstimator(S, IV, k) is meant to estimate the hidden parameter © by collecting N samples
from arms in S according to an approximation of the solution of the following problem (ordinal
G-optimal design):
argmin  max ||z;|| syt
Crgmin | s il ve)

st. Y s(i)=N.

€S

(53)

Finding such an optimal design with integer values is a NP-hard problem [Allen-Zhu et al., 2017].
Instead, its continuous relaxation (obtained by normalizing by V), amounts to finding an allocation
w that minimizes

-1
meag((ngi)T (Z w(i)BgzixiTB5> Bla;, (54)
‘ i€s
which reduces to compute a G-optimal allocation on the covariates Blx;,i € S :
wg € argmin max ||E¢||?‘~/w)71, and V¢ := Zw(z)fziz (55)
weA 5 €5 ics

This is a convex optimization problem on the probability simplex of RIS Efficient solvers have
been used in the literature for linear BAI and experiment design optimization see (e.g Fiez et al.
[2019], Soare et al. [2014]). In this work, we follow Allen-Zhu et al. [2017] and we recommend an
entropic mirror descent algorithm to solve Eq. (55), which is recalled as Algorithm 4 for the sake of
completeness.

Then, computing an integer allocation whose value is close to the optimal value of Eq. (55) can be
done in different ways. Tao et al. [2018] and Camilleri et al. [2021] use a stochastic rounding: they
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sample N arms from S following the distribution w¥ and use a novel estimator different from the
least-squares estimate. Yang and Tan [2022], Azizi et al. [2022] use floors and ceilings of Nw¥.
Although practical, it is known that the value of such rounded allocations can deviate a lot from the
optimal value of Eq. (53) [Tao et al., 2018].

Algorithm 4: Entropic mirror descent algorithm for computing w§ Tao et al. [2018]

Input: A set of arms S and covariates (Z;,% € ), tolerance ¢ and Lipschitz constant L s
Initialize: ¢ < 1 and w™) < (1/S|,...,1/|S|)
while |max;cs 2T (V®'”)~1Z; — hg|> e do
V2InN 1
set Nt < Ly Vi
= —1 e~
Compute gradient g(t) «— Tr (V (w(t)) (xﬁr?))

7
(t+1) wi” exp(negl")

RS (mal?)

Update w;
t+—t+1
return: w®

Allen-Zhu et al. [2017] proposed an efficient rounding procedure that guarantees that the value of the
returned integer allocation is within a small factor of the optimal value of Eq. (55). Before recalling
their result we introduce the notation Fg(s) := max;eg ||2; ”%VS)T .

We recall the celebrated Kiefer—Wolfowitz equivalence theorem below.

Theorem 7 (Restatement of Kiefer and Wolfowitz [1960]). Let covariates {x; : i € S} C R" and for
any w € Ag| define V¥ = 3", g w(i)zix] and when V¥ is non-singular f(x;w) := 2T (V¥) la.
The following two extremum problems:

a) w maximizing det(V*)
b) w minimizing max;cg f(x;;w)

are equivalent and a sufficient condition to satisfy Eq. (b) is max;cgs f(2;,w) = h, which is satisfied
when the covariates {z; : i € S} span R".

Theorem 8 (reformulated; rounding of Allen-Zhu et al. [2017]). Suppose € (0,1/3] and N >
Shs/K?. Let w§ = argming,¢ca s Fs(w). Then, there exists an algorithm that outputs an integer
allocation s* satisfying

F *
s*€Dgny and Fs(s*)<(1+ GK)M

where Dg n = {s € {0,...,N}I5I; > icg s(i) = N}. This algorithm runs in time complexity
%) (N|5\7L2).

We refer to a call to this algorithm as ROUND(XV, {Z;, ¢ € S}, w¥, ). It returns an integer allocation
s* = (s*(1),...,8*(]S|)) from which we can immediately deduce a list of arms to pull (the first arm
in S replicated s*(1) times, the second replicated s*(2) times, etc.).

Simple arguments from linear algebra show that the hg columns of Bg form a basis of span({z; : i €
S}, hence {BLx; : i € S} spans R"s. Using Theorem 7 applied to the covariates {Blz; : i € S}
yields
Fg(ws) = hs

and thus the integer allocation s* output by ROUND(N, {Z;, ¢ € S}, w¥, k) satisfies for N > 5hg /K2,

hs

F(s*) < (14 6r)-2,
(5%) < (14 65) S

which is stated below.
Lemma 12. Let S C [K], k € (0,1/3] and N > 5hg/k? where hg = dim(span({z; : i € S})).
The allocation {T;(N) : i € S} computed by OptEstimator(S, N, k) to estimate © satisfies
hs
2
) < A
ma ] < (1+65) 5
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Building on this result, we derive the following concentration result.

Lemma 2. Let S C [K], k € (0,1/3] and N > 5hs/k? where hg = dim(span({z; : i € S})). The
output © of OptEstimator(.S, N, k) satisfies for alle > 0andi € S

. Ne?
P (H(@ —0)Tzillo = E) < 2dexp <_2(1+6"E)02hS) :

Proof of Lemma 2. We recall that by assumption the vector noise has o-sub-gaussian marginals.
From the proof of Lemma 11 it is easy to see that for any ¢ € S, the marginals of (O — ©)z; are
a||l X ]T\,V]I,xl ||2-sub-gaussian. Then direct calculations shows that

IXEVieil3 = alViVaViae

z] (Bs(BLVNBs) 'BY) Vi (Bs(BLVNBs) 'BY) z;
2] Bs(BLVnBs) ' Blz;

eIV = il

Therefore, by concentration of sub-gaussian variables (see e.g Lattimore and Szepesvari [2020]) we
have for 7 fixed,

82

P(I(© = 8) ailloo > ) < 2dexp |-
ilec 207 il

82

IN

2d
P T o0 maxges lzxll? 4
N

then the G-optimal design and the rounding (Lemma 12) ensure that

2
max ||£Ck||vjfr < (14 6k)hg/N.

Therefore

~ Ne?
P ([|(©—8)aifloo > ¢) <2 ).
(I©=8)ail > ) deXp< 2(1—&-6%3)0%3)

I Implementation details and additional experiments

In this section we detail our experimental setup and provide additional experimental results.

I.1 Complexity and setup

Time and memory complexity The main computational cost of GEGE (excepting calls to
OptEstimator) is the computation of the empirical gaps. Which requires to compute M(i, j; )
for any tuple (i, j) of active arms and to temporarily store them. Computing the gaps results in a total
O(K*d) time complexity and O(K?) memory complexity. Note that for the memory allocation we
can maintain the same arrays for the whole execution of the algorithm thus only cheap memory alloca-
tions are made after initialization. The overall computational complexity is reasonable as GEGE is an
elimination algorithm the computational cost reduces after rounds and we have proven that no more
than [log,(1/A1)] rounds are required in the fixed-confidence regime and only [log,(h)] rounds in
the fixed-budget setting. For this reason the computational complexity of a call to OptEstimator has
a limited impact in practice. We report below the average runtime on a personal computer with an
ARM CPU 8GB RAM and 256GB SSD storage. The values are averaged over 50 runs.
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Table 2: Runtime of GEGE recorded different instances.
[K, h, d] GEGE[6 = 0.1] GEGE[T = 500]

[10,2,2] 6ms 217ms
(50,8, 2] Tms 464ms
[100, 8, 4] 545ms 791ms
200, 8, 8] 768ms 1139ms
[500, 8, 8] 1013ms 2425ms

Setup We have implemented the algorithms mainly in python3 and C++. For each experiment,
the value reported (sample complexity or probability of error) are averaged over 500 runs. For the
experiments on synthetic instances we generate and instance satisfying the conditions reported in
the main by first choosing the A vectors by hand (and thus ©) then the remaining arms are generated
by sampling and normalizing some features from 2/([0, 1]*) to satisfy the contraints. For the real-
world datasets we normalize the features and (when mentioned) we use a least square to estimate a

regression parameter © or we use the dataset as such (mis-specified setting). PAL is run with same
confidence bonus used in Zuluaga et al. [2016] (which are tuned empirically) and for APE we follow
Kone et al. [2023] and we use their confidence bonuses on pair of arms, which was already suggested
by Auer et al. [2016].

L2 Additional experiments

We provide additional experiments on synthetic and real-world datasets. GEGE is evaluated both in
the fixed-confidence and fixed-budget regimes.

Multi-objective optimization of energy efficiency We use the energy efficiency dataset of Tsanas
and Xifara [2012]. This dataset is made for buildings energy performance optimization. The efficiency
of each building is characterized by d = 2 quantities: the cooling load and the heating load. The
heating load is the amount of energy that should be brought to maintain a building in an acceptable
temperature and the cooling load is the amount of energy that should be extracted from a building to
sustain a temperature in an acceptable range. Ideally both heating and cooling loads should be low for
energy efficiency and they are characterized by different factors like glazing area and the orientation
of the building, amongst other parameters. Tsanas and Xifara [2012] reported the simulated heating
and cooling loads of K = 768 buildings together with i = 8 features characterizing each building
including surface, roof and wall areas, the relative compactness, overall hight etc. The dataset was
primarily made for multivariate regression but we use it for linear PSI as the goal is to optimize
simultaneously heating and cooling loads which in general (and in this case), results into a Pareto
front of 3 arms. We evaluate Algorithm 2 with a budget 7" = 10000 and in the fixed-confidence we
set & = 0.1 for Algorithm 3. We report the results average over 500 runs on Fig.6 and Fig.7. In the
fixed-confidence experiment, "Racing” is the algorithm of Auer et al. [2016] for unstructured PSI.
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Figure 6: Average probability of error on Figure 7: Sample complexity distribution
the energy efficiency dataset. on the energy efficiency dataset.
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We observe that in both fixed-confidence and fixed-budget, GEGE largely outperforms its competitors.
It worth noting in the fixed-budget setting, as i = 768, Uniform Allocation requires 7" > 768 to be
run correctly while EGE-SH requires 7' > 7360. On the contrary GEGE just requires 7' > h = 8
which is negligible w.r.t K = 768. Moreover we observed that its probability of error is reasonable
even for abudget T' < K.
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