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Abstract

We revisit the smooth convex-concave bilinearly-
coupled saddle-point problem of the form
minx maxy f(x)+ ⟨y,Bx⟩− g(y). In the highly
specific case where function f(x) is strongly con-
vex and function g(y) is affine, or both functions
are affine, there exist lower bounds on the number
of gradient evaluations and matrix-vector multi-
plications required to solve the problem, as well
as matching optimal algorithms. A notable as-
pect of these algorithms is that they are able to
attain linear convergence, i.e., the number of itera-
tions required to solve the problem is proportional
to log(1/ϵ). However, the class of bilinearly-
coupled saddle-point problems for which linear
convergence is possible is much wider and can
involve general smooth non-strongly convex func-
tions f(x) and g(y). Therefore, we develop the
first lower complexity bounds and matching opti-
mal linearly converging algorithms for this prob-
lem class. Our lower complexity bounds are much
more general, but they cover and unify the exist-
ing results in the literature. On the other hand,
our algorithm implements the separation of com-
plexities, which, for the first time, enables the
simultaneous achievement of both optimal gradi-
ent evaluation and matrix-vector multiplication
complexities, resulting in the best theoretical per-
formance to date.
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1. Introduction
In this paper, we consider the following saddle-point opti-
mization problem with a bilinear coupling function:

min
x∈X

max
y∈Y

[F (x, y) = f(x) + ⟨y,Bx⟩ − g(y)] , (1)

where X = Rdx and Y = Rdy are finite-dimensional Eu-
clidean spaces, B ∈ Rdy×dx is a coupling matrix, and
f(x) : X → R and g(y) : Y → R are continuous func-
tions. We aim to solve problem (1) in the fundamental
setting where both functions f(x) and g(y) are convex and
smooth.1

Saddle-point problems of the form (1) appear in various
fields such as economics (Von Neumann & Morgenstern,
1947), game theory (Roughgarden, 2010), and statistics
(Berger, 2013). Moreover, these problems have a wide range
of applications in machine learning, including supervised
learning (Zhang & Xiao, 2017; Wang & Xiao, 2017; Xiao
et al., 2019), reinforcement learning (Du et al., 2017), com-
puter vision (Chambolle & Pock, 2011), robust optimization
(Ben-Tal & Nemirovski, 2002; Liu et al., 2017), distributed
optimization (Lan et al., 2020; Scaman et al., 2018; Ko-
valev et al., 2021; Yarmoshik et al., 2024; Kovalev et al.,
2024), and the training of generative adversarial networks
(Mescheder et al., 2017; Nagarajan & Kolter, 2017).

1.1. First-Order Methods and Linear Convergence

The majority of machine learning applications of prob-
lem (1) involve high-dimensional spaces X and Y . In this
scenario, the most widely used and often the only scal-
able optimization algorithms are first-order methods. These
methods implement an iterative process to find an approx-
imate solution to the problem using the evaluation of the
gradients of the functions f(x) and g(y), as well as matrix-
vector multiplication with the matrices B and B⊤. More
specifically, they perform iterative updates of the current es-
timate of the solution until it converges to the exact solution
up to a given accuracy. One of the main goals of our paper
is to develop efficient first-order optimization methods for

1A function is called smooth if it is differentiable and has a
Lipschitz-continuous gradient. See Section 2 for an equivalent
formal definition.
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solving problem (1).

In this paper, we are interested in first-order methods for
solving problem (1) that are able to achieve linear conver-
gence. That is, we are interested in algorithms that can
find an ϵ-approximate solution to the problem using at most
O(K· log(1/ϵ)) gradient evaluations and matrix-vector mul-
tiplications, where O(·) hides universal constants, ϵ > 0 is
an arbitrary precision, and K ≥ 1 is a constant that possibly
depends on the internal properties of the problem such as
condition numbers, etc.

In this work, we also intend to consider problem classes
where linear convergence is possible in principle. A typical
and one of the most fundamental examples of such a class is
problem (1) with strongly convex functions f(x) and g(y).
There are plenty of linearly converging first-order optimiza-
tion methods in this strongly-convex-strongly-concave set-
ting, which include the gradient descent ascent (Zhang et al.,
2022a), the extragradient method (Korpelevich, 1976), and
the optimistic gradient method (Gidel et al., 2018). More-
over, there is an array of algorithms that enjoy improved,
or accelerated, convergence rates (Kovalev et al., 2022b;
Thekumparampil et al., 2022; Jin et al., 2022; Du et al.,
2022; Li et al., 2023) with the help of the Nesterov momen-
tum trick (Nesterov, 2013). Another fundamental problem
class where linear convergence is possible is the class of
bilinear min-max games, which is a special case of prob-
lem (1) with affine functions f(x) and g(y). Such problems
can be solved using the corresponding algorithms with lin-
ear convergence rates (Azizian et al., 2020; Li et al., 2022).
Finally, Kovalev et al. (2022b) developed an algorithm for
solving the general smooth convex-concave problem (1)
and provided a set of sufficient conditions under which the
proposed algorithm attains linear convergence.

1.2. Optimal Algorithms and Complexity Separation

In this paper, we are concerned with the task of developing
optimal algorithms, which is one of the ultimate goals in
optimization research. This task can be divided into two
key parts. The first part involves finding lower bounds on
the oracle complexity of solving the optimization problem,
i.e., the number of oracle calls, such as gradient evalua-
tions or matrix-vector multiplications, required to find an
approximate solution to the problem. The second part is to
find optimization algorithms that match these lower bounds.
Such algorithms are called optimal because their oracle
complexity cannot be improved due to the lower complexity
bounds. For example, in the case of bilinear min-max games,
lower bounds were proposed by Ibrahim et al. (2020) and
matching optimal algorithms were developed by Azizian
et al. (2020); Li et al. (2022). Similarly, Salim et al. (2022)
developed lower bounds and optimal algorithms for smooth
and strongly convex minimization with affine constraints,

which is a special case of problem (1) with a strongly convex
function f(x) and an affine function g(y).

Unfortunately, apart from the cases of bilinear min-max
games and affinely constrained minimization, the question
of finding optimal algorithms for solving problem (1) is
far from being resolved, even in the fundamental strongly-
convex-strongly-concave setting. Although separate lower
bounds on the gradient evaluation and matrix-vector mul-
tiplication complexities have already been developed by
Nesterov (2013) and Zhang et al. (2022b), respectively, the
existing state-of-the-art algorithms (Kovalev et al., 2022b;
Thekumparampil et al., 2022; Jin et al., 2022; Du et al., 2022;
Li et al., 2023) cannot simultaneously reach these bounds.
The main reason is that these algorithms perform the same
number of evaluations of the gradients ∇f(x) and ∇g(y)
and matrix-vector multiplications with the matrices B and
B⊤ at each iteration while solving the problem, whereas
the lower bounds on these numbers (Nesterov, 2013; Zhang
et al., 2022b) can be significantly different. Thus, to reach
the desired lower bounds, an optimal algorithm would have
to implement the separation of complexities by skipping gra-
dient evaluations and/or matrix-vector multiplications from
time to time. Borodich et al. (2023); Alkousa et al. (2020);
Sadiev et al. (2022); Lan & Ouyang (2021) attempted to
develop efficient first-order methods with the complexity
separation for solving the problem; however, these algo-
rithms are not able to achieve optimal complexities by a
substantial margin, see Section 5 and Table 1 for details.

The situation is even worse in other cases, such as the
strongly-convex-concave or convex-strongly-concave set-
tings, where only one of the functions f(x) or g(y) is
strongly convex, or the convex-concave setting, where nei-
ther of the functions is strongly convex. To the best of
our knowledge, there are no lower complexity bounds that
would cover these cases, with the exception of the highly
specific cases of bilinear min-max games (Ibrahim et al.,
2020) and affinely constrained minimization (Salim et al.,
2022). Therefore, the question remains unresolved as to
whether the current state-of-the-art linearly converging algo-
rithms for this setting (Kovalev et al., 2022b; Sadiev et al.,
2022) are optimal or not.

1.3. Main Contributions

The above discussion reveals significant gaps in the cur-
rent theoretical understanding of smooth convex-concave
saddle-point problems with bilinear coupling. In particu-
lar, the existing lower complexity bounds are insufficient,
and the state-of-the-art optimization algorithms are limited.
Summarizing these gaps leads to the following open re-
search question: Is it possible to develop an optimal lin-
early converging first-order optimization method for solving
the smooth convex-concave bilinearly-coupled saddle-point
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problem (1)? We provide a positive answer to this question
and present the following key contributions:

(i) We describe the class of smooth convex-concave
saddle-point problems of the form (1) for which it is
possible to achieve linear convergence in Section 2. We
establish the first lower complexity bounds for this class.
In particular, we show that to find an ϵ-approximate
solution to problem (1), any first-order optimization
method requires at least Õ(κx) evaluations of the gra-
dient ∇f(x), Õ(κy) evaluations of the gradient ∇g(y),
and Õ(κxy) matrix-vector multiplications with the ma-
trices B and B⊤, where κx, κy, and κxy denote cer-
tain condition numbers associated with functions f(x),
g(y), and matrix B.2

(ii) We show that our lower complexity bounds are tight.
That is, we develop the first optimal algorithm that
matches these lower bounds. This algorithm imple-
ments the complexity separation, allowing us to si-
multaneously achieve both optimal gradient evaluation
and matrix-vector multiplication complexities. To the
best of our knowledge, such a result has never been
established in the literature, even in the fundamental
strongly-convex-strongly-concave setting.

(iii) As a side contribution, we develop a new algorithm for
solving a class of composite monotone variational in-
equalities. Just like the current state-of-the-art method
of Lan & Ouyang (2021), our algorithm implements the
separation of complexities, but enjoys substantially im-
proved convergence rates and works in a much broader
range of settings. Refer to Section 4 and Section 5.2
for details.

Our lower complexity bounds are much more general than
the existing lower bounds for the special cases of strongly-
convex-strongly-concave (Nesterov, 2013; Zhang et al.,
2022b), bilinear (Ibrahim et al., 2020), and affinely con-
strained (Salim et al., 2022) optimization. On the other
hand, our lower bounds recover and provide unification of
these existing results. Besides, our optimal algorithm shows
the best theoretical performance “on the market”, which,
to the best of our knowledge, outclasses all existing meth-
ods in the literature, with the exception of the algorithms
of Azizian et al. (2020); Li et al. (2022) and Salim et al.
(2022); Kovalev et al. (2020), which are already optimal in
the aforementioned specific cases of bilinear and affinely
constrained optimization, respectively.

2Here, Õ(·) hides the logarithmic factor log(1/ϵ), and univer-
sal (and possibly additive) constants. The precise definitions of κx,
κy , and κxy are provided in Section 2.

2. Preliminaries
2.1. Main Definitions and Assumptions

In this paper, we use mathematical notation, which is mostly
standard and is therefore described in Appendix A. Fur-
ther, in this section, we provide a formal description of the
assumptions that we impose on problem (1). First, we de-
fine the (strong) convexity and smoothness properties of a
differentiable function.

Definition 2.1. A differentiable function h(x) : Rd → R is
called µ-strongly convex for µ ≥ 0 if the following inequal-
ity holds for all x, x′ ∈ Rd:

Dh(x, x
′) ≥ 1

2 · µ∥x− x′∥2. (2)

A differentiable function h(x) : Rd → R is called convex if
the same inequality holds with µ = 0.

Definition 2.2. A differentiable function h(x) : Rd → R is
called L-smooth for L ≥ 0 if the following inequality holds
for all x, x′ ∈ Rd:

|Dh(x, x
′)| ≤ 1

2 · L∥x− x′∥2. (3)

Next, we formalize the (strong) convexity and smoothness
assumptions that we impose on functions f(x) and g(y) as
Assumptions 2.3 and 2.4. Note that we allow the strong
convexity constants µx and µy to be zero, thus covering the
case of non-strongly convex functions f(x) and g(y).

Assumption 2.3. Function f(x) : X → R is µx-strongly
convex and Lx-smooth for Lx > µx ≥ 0.

Assumption 2.4. Function g(y) : Y → R is µy-strongly
convex and Ly-smooth for Ly > µy ≥ 0.

Finally, the next Assumption 2.5 describes the spectral prop-
erties of the coupling matrix B.

Assumption 2.5. There exist constants Lxy > µxy, µyx ≥
0, such that

µ2
xy ≤

{
λ+
min(B

⊤B) ∇f(x) ∈ rangeB⊤for all x ∈ X
λmin(B

⊤B) otherwise

µ2
yx ≤

{
λ+
min(BB⊤) ∇g(y) ∈ rangeB for all y ∈ Y

λmin(BB⊤) otherwise

L2
xy ≥ λmax(B

⊤B) = λmax(BB⊤),

Additionally, we assume that if µxy > 0 and µyx > 0, then
µxy = µyx.

Further, to shorten the notation, we gather all the parame-
ters defined in Assumptions 2.3 to 2.5 into a single vector
π = (Lx, Ly, Lxy, µx, µy, µxy, µyx) ∈ Π, where Π ⊂ R7

+

denotes the parameter set.
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2.2. Key Assumption for Linear Convergence

As discussed in Section 1, we are interested in algorithms
for solving problem (1) that exhibit linear convergence. We
introduce the key Assumption 2.6, which will enable us to
establish linear lower complexity bounds and devise optimal
linearly converging algorithms.

Assumption 2.6. Parameters π ∈ Π satisfy the inequality
min{δx, δy} > 0, where δx and δy are defined as follows:

δx = µx + µ2
xy/Ly, δy = µy + µ2

yx/Lx. (4)

To better understand this assumption, consider the standard
primal and dual reformulations of problem (1), which are
given as follows:

min
x∈X

[
P (x) = f(x) + g∗(Bx)

]
,

max
y∈Y

[
D(y) = −g(y)− f∗(−B⊤y)

]
.

(5)

One can show that the primal objective function P (x) and
the dual objective function −D(y) satisfy the quadratic
growth condition (Anitescu, 2000; Karimi et al., 2016) with
constants δx and δy , respectively. This fact provides a good
starting point for understanding why linear convergence is
plausible under Assumption 2.6. On the other hand, Ko-
valev et al. (2022b) showed that this assumption is sufficient
for developing a linearly converging algorithm. Moreover,
in Section 3, we obtain Theorem 3.2, which implies that
Assumption 2.6 is also necessary for achieving linear con-
vergence, thus making it both a necessary and sufficient
condition.

We also need to characterize the linear convergence rates of
the first-order methods that we consider in this paper. Such
rates are typically expressed via the condition numbers as-
sociated with a given optimization problem. Consequently,
we define the following condition numbers for problem (1):

κx =
Lx

δx
, κy =

Ly

δy
, κxy =

L2
xy

δxδy
. (6)

The condition numbers κx and κy correspond to the func-
tions f(x) and g(y), respectively. These can be seen as
extensions of the standard condition numbers Lx/µx and
Ly/µy, which are commonly used in smooth and strongly
convex optimization (Nesterov, 2013). Similarly, the con-
dition number κxy associated with the bilinear coupling
term is a generalization of the standard condition num-
ber L2

xy/(µxµy), which is widespread in strongly-convex-
strongly-concave saddle-point optimization (Zhang et al.,
2022b; Ibrahim et al., 2020).

Further, we would like to ensure that the condition numbers
defined in equation (6) are lower-bounded by some small
universal constants. This is achieved by the following addi-
tional Assumption 2.7 on the parameter set Π. It allows us

to avoid addressing some corner cases where the condition
numbers are small, which are neither theoretically nor prac-
tically interesting. It should be noted that Assumption 2.7
does not impose any fundamental restrictions;3 it is merely
introduced to streamline our complex theoretical findings.
Assumption 2.7. For all π ∈ Π the following additional
constraints are satisfied:

Lx > 4µx, Ly > 4µy,
√

LxLy > 4max{µxy, µyx}
Lxy > 18max{µxy, µyx,

√
µxµy}

2.3. Structure of the Solution Set

In this paper, we denote the solution set of the saddle-point
problem (1) as S ⊂ X × Y . Under Assumptions 2.3 to 2.5,
(x∗, y∗) ∈ S if and only if the following first-order optimal-
ity conditions hold:

∇f(x∗) +B⊤y∗ = 0, ∇g(y∗)−Bx∗ = 0. (7)

Moreover, under Assumption 2.6, the solution set is al-
ways non-empty and has an affine structure, as indicated by
Lemma 2.8.
Lemma 2.8. Under Assumptions 2.3 to 2.6, the solu-
tion set S of problem (1) is nonempty and is given as
S = Sx × Sy, where Sx = Argminx∈X P (x) and Sy =
Argmaxy∈Y D(y). Moreover, the primal and dual solu-
tion sets Sx ⊂ X and Sy ⊂ Y have the following affine
structure:

Sx = x∗ +

{
{0} µx > 0

kerB otherwise
,

Sy = y∗ +

{
{0} µy > 0

kerB⊤ otherwise
,

(8)

where (x∗, y∗) ∈ S is an arbitrary solution to problem (1).

We also define a weighted squared distance function
R2

δxδy
(x, y) as follows:

R2
δxδy (x, y) = δx dist

2(x;Sx) + δy dist
2(y;Sy). (9)

We are going to use this function to measure the quality of
a given approximate solution to problem (1) in both lower
complexity bounds and the convergence analysis of optimal
algorithms.

3. Lower Complexity Bounds
3.1. First-Order Saddle-Point Optimization Methods

In this section, we present lower bounds on the number of
gradient evaluations and matrix-vector multiplications re-
quired to solve problem (1). These lower bounds apply to

3In particular, it is always possible to increase the smoothness
constants Lx, Ly , and Lxy to satisfy Assumption 2.7.
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a specific class of algorithms that we refer to as first-order
saddle-point optimization methods. A formal description
of this class is provided in Definition 3.1. This definition
is mostly inspired by the common linear span assumption
(Nesterov, 2013; Zhang et al., 2022b; Ibrahim et al., 2020).
However, the standard existing definitions focus only on
iteration complexity. This is insufficient in our case, as we
need to derive more specific lower bounds on the numbers
of gradient evaluations and matrix-vector multiplications.
Therefore, in Definition 3.1, we introduce a continuous
execution time parameter τ ≥ 0 and assume that the evalu-
ation of the gradients ∇f(x) and ∇g(y) takes time τf and
τg, respectively, while matrix-vector multiplication with
matrices B and B⊤ takes time τB. A similar approach
was previously used in distributed optimization by Scaman
et al. (2017; 2018); Kovalev et al. (2024), where they had
to ensure a distinction between communication and local
computation complexities.

Definition 3.1. An algorithm is called a first-order saddle-
point optimization method with gradient computation times
τf , τg > 0, and matrix-vector computation time τB > 0, if
it satisfies the following constraints:

(i) Memory. At any time τ ≥ 0, the algorithm main-
tains a memory, which is represented by a set M(τ) =
Mx(τ)×My(τ), where Mx(τ) ⊂ X and My(τ) ⊂
Y . The memory can be updated by computing the gra-
dients ∇f(x) and ∇g(y), and by performing matrix-
vector multiplications with matrices B and B⊤. This
is represented by the following inclusions:

Mx(τ) ⊂ Mf (τ) ∪MB⊤(τ),

My(τ) ⊂ Mg(τ) ∪MB(τ),
(10)

where sets Mf (τ), Mg(τ), MB⊤(τ), and MB(τ)
are defined below.

(ii) Gradient computation. At any time τ ≥ 0, the algo-
rithm can update the memory by computing the gra-
dients ∇f(x) and ∇g(y), which take time τf and τg,
respectively. That is, for all τ ≥ 0, sets Mf (τ) ⊂ X
and Mg(τ) ⊂ Y are defined as follows:

Mf (τ) =

{
span({x,∇f(x) : x ∈ Mx(τ − τf )}) τ ≥ τf

∅ τ < τf
,

Mg(τ) =

{
span({y,∇g(y) : y ∈ My(τ − τg)}) τ ≥ τg

∅ τ < τg
.

(iii) Matrix-vector multiplication. At any time τ ≥ 0,
the algorithm can update the memory by performing
matrix-vector multiplication with matrices B and B⊤,
which takes time τB. That is, for all τ ≥ 0, sets

MB⊤(τ) ⊂ X and MB(τ) ⊂ Y are defined as fol-
lows:

MB⊤(τ) =

{
span({x,B⊤y : (x, y) ∈ M(τ − τB)}) τ ≥ τB

∅ τ < τB
,

MB(τ) =

{
span({Bx, y : (x, y) ∈ M(τ − τB)}) τ ≥ τB

∅ τ < τB
.

(iv) Initialization and output. At time τ = 0, the algo-
rithm must initialize the memory with the zero vector,
that is, Mx(0) = {0},My(0) = {0}. At any time
τ ≥ 0, the algorithm must specify a single output
vector from the memory, (xo(τ), yo(τ)) ∈ M(τ).

3.2. Lower Bounds

In this section, we present our lower complexity bounds.
We start with Theorem 3.2, which shows that it is not pos-
sible to obtain a linearly converging algorithm for solving
problem (1) if Assumption 2.6 does not hold. The proof
can be found in Appendix F. This theorem indicates that
there exists a specific “hard” instance of problem (1), such
that any first-order saddle-point optimization method fails
to converge in terms of the distance to the solution set and
converges sublinearly in terms of the primal-dual gap. It is
important to clarify that the main purpose of Theorem 3.2
is to demonstrate the impossibility of attaining linear con-
vergence in general if Assumption 2.6 does not hold, rather
than to provide tight lower complexity bounds for this set-
ting. Thus, we leave further investigation of the general
case of problem (1) under Assumptions 2.3 to 2.5 for future
work.

Theorem 3.2. Let π ∈ Π, Rx > 0, and ϵ > 0 be ar-
bitrary parameters, distance, and precision, respectively.
Suppose that Assumption 2.6 does not hold, i.e., without
loss of generality, δx = 0. There exists a problem (1) satis-
fying Assumptions 2.3 to 2.5 with parameters π, such that
dist(0;Sx) = Rx, and for any first-order saddle-point op-
timization method and execution time τ > 0, the following
inequality holds:

dist2(xo(τ);Sx) >
1
8R

2
x. (11)

Moreover, to reach precision on the primal-dual gap
P (xo(τ))−D(yo(τ)) < ϵ by any first-order saddle-point
optimization method, the execution time τ must satisfy the
following inequality:

τ ≥ Ω
(
τf · dist(0;Sx)

√
Lx/ϵ

)
. (12)

Now, we are ready to present lower complexity bounds for
problem (1) under Assumptions 2.3 to 2.7 in Theorem 3.3.
The proof can be found in Appendix G. The lower bound
on the total execution time τ in equation (13) contains the
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terms Ω̃(
√
κx), Ω̃(

√
κy), and Ω̃(

√
κxy). These terms can

be respectively interpreted as gradient evaluation complex-
ities with respect to the gradients ∇f(x) and ∇g(y), and
matrix-vector multiplication complexity with respect to the
matrices B and B⊤, as they are respectively multiplied
by the corresponding times τf , τg, and τB. In addition,
these complexities are proportional to the logarithmic factor
log(1/ϵ), making them linear as we previously discussed.
Theorem 3.3. Under Assumption 2.7, let π ∈ Π, R > 0,
and ϵ > 0 be arbitrary parameters, distance, and pre-
cision, respectively. Suppose that Assumption 2.6 holds.
There exists a problem (1) satisfying Assumptions 2.3 to 2.5
with parameters π, such that R2

δxδy
(0, 0) = R2, and to

reach precision R2
δxδy

(xo(τ), yo(τ)) < ϵ by any first-order
saddle-point optimization method, the execution time τ must
satisfy the following inequality:

τ ≥ Ω̃
(
τf ·

√
κx + τg ·

√
κy + τB · √κxy

)
, (13)

where Ω̃(·) hides the multiplicative factor log cR2

ϵ , c > 0 is
a universal constant.

The result in Theorem 3.3 has two important merits. First,
this lower bound is tight, which we prove by developing
a matching optimal algorithm in Section 4. Second, by
making an appropriate restriction of the parameter set Π, we
can recover the existing lower complexity bounds for the
important and fundamental special cases of strongly-convex-
strongly-concave saddle-point optimization (Zhang et al.,
2022b; Nesterov, 2013), bilinear saddle-point optimization
(Ibrahim et al., 2020), and strongly convex minimization
with affine constraints (Salim et al., 2022). On the other
hand, our result applies to an arbitrary choice of parameters
π ∈ Π. Therefore, Theorem 3.3 and our definition of the
condition numbers κx, κy, and κxy in Section 2 provide
unification and substantial generalization of the existing
results. See Appendix D for additional discussion.

4. Optimal Algorithm
4.1. Monotone Variational Inequalities

In this section, we develop an optimal algorithm for solving
problem (1). To do this, we consider a more general mono-
tone variational inequality problem of finding z∗ ∈ Cz such
that

p(z∗)− p(z) + ⟨Q(z), z∗ − z⟩ ≤ 0 for all z ∈ Cz, (14)

where Cz is a closed and convex subset of the finite-
dimensional Euclidean space Z = Rdz , and differentiable
convex function p(z) : Z → R and continuous monotone
operator Q(z) : Z → Z have the following finite-sum struc-
tures:

p(z) =
∑n

i=1 pi(z), Q(z) =
∑n

i=1 Qi(z), (15)

where pi(z) : Z → R, Qi(z) : Z → Z . Vector z∗ defined
in equation (14) is often called a weak solution to the mono-
tone variational inequality. In the setting of this paper, it is
equivalent to the strong solution4; refer to Kinderlehrer &
Stampacchia (2000) for details.

Further, we assume that the gradients ∇pi(z) and operators
Qi(z) are monotone and Lipschitz with respect to the norm
∥·∥2P, where P ∈ Sdz

++. These assumptions are commonly
used in the literature and are formalized through the follow-
ing Definitions 4.1 and 4.2 and Assumptions 4.3 and 4.4.
Note that Assumption 4.3 implies that each function pi(z)
is convex and smooth.
Definition 4.1. An operator G(x) : Rd → Rd is called µ-
strongly monotone with respect to the norm ∥·∥P for µ ≥ 0
if the following inequality holds for all x, x′ ∈ Rd:

⟨G(x)−G(x′), x− x′⟩ ≥ µ∥x− x′∥2P. (16)

An operator G(x) : Rd → Rd is called monotone if the
same inequality holds with µ = 0.
Definition 4.2. An operator G(x) : Rd → Rd is called M -
Lipschitz with respect to the norm ∥·∥P for M ≥ 0 if the
following inequality holds for all x, x′ ∈ Rd:

∥G(x)−G(x′)∥P−1 ≤ M∥x− x′∥P. (17)

Assumption 4.3. For all 1 ≤ i ≤ n, the gradient ∇pi(z) is
monotone and Li-Lipschitz w.r.t. ∥·∥P.
Assumption 4.4. For all 1 ≤ i ≤ n, operator Qi(z) is
monotone and Mi-Lipschitz w.r.t. ∥·∥P.

4.2. Optimal Sliding Algorithm for Monotone
Variational Inequalities

Now, we are ready to present our new algorithm for solv-
ing the variational inequality problem (14). One of the key
ideas behind the development of this algorithm is our new
perspective on the celebrated accelerated gradient method
of Nesterov (2013). In particular, a single step of this algo-
rithm, applied to minimizing an L-smooth convex function
h(z) : Z → R, can be seen as applying a single step of
the standard gradient method to the function ht(z) with
the fixed stepsize 1/L, where ht(z) : Z → R is defined as
follows:

ht(z) = α−2
t h(αtz+(1−αt)z

t), where zt ∈ Z. (18)

Indeed, the stepsize 1/L is suitable, since one can show
that function ht(z) is L-smooth as well. Hence, using the
standard recursion for the gradient descent, for all z ∈ Z ,
we obtain the following inequality:5

1
2L∥z

t+1− z∥2+ht(z
t+1) ≤ 1

2L∥z
t− z∥2+ht(z). (19)

4Vector z∗ ∈ Cz is a strong solution to the variational inequality
if p(z∗)− p(z) + ⟨Q(z∗), z∗ − z⟩ ≤ 0 for all z ∈ Cz .

5Refer to Lan (2020, proof of Theorem 3.3) for the proof.
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Next, we can define zt+1 = αtz
t+1+(1−αt)z

t, and use the
definition of function ht(z) in equation (18), the convexity
of function h(z), and the definition of αt in equation (20).6

This gives the following recursion:

1
2L∥z

t+1 − z∥2 + α−2
t [h(zt+1)− h(z)]

≤ 1
2L∥z

t − z∥2 + α−2
t−1[h(z

t)− h(z)],

which implies the accelerated convergence rate [h(zt) −
minz h(z)] = O(LR2/t2), where R > 0 is the initial dis-
tance to the solution. Overall, the derivations above offer a
vast simplification compared to the standard proof of Nes-
terov (2013).

Inspired by the sliding algorithm of Lan & Ouyang (2021;
2016); Kovalev et al. (2022a), we apply a series of transfor-
mations of the form (18) to functions pi(z) in a recursive
fashion. This leads, subject to some additional details, to
Algorithm 1 for solving problem (14).7 Moreover, using the
considerations above, we obtain the key theoretical result in
Theorem 4.5. The proof can be found in Appendix K.

Theorem 4.5. Let Assumptions 4.3 and 4.4 hold, where
Mi, Li ≥ 0 and Mi+Li > 0. Let αt be defined recursively
as follows:

α0 = 1, αt+1 = 2 ·
(
1 +

√
1 + 4/α2

t

)−1
for t ≥ 1. (20)

Then the output zout of Algorithm 1 for solving problem (14)
satisfies the inclusion zout ∈ Cz and the inequality

p(zout)− p(z) + ⟨Q(z), zout − z⟩

≤
n∑

i=1

(
4iLi∏i
j=1 T

2
j

+
2iMi∏i
j=1 Tj

)
· 1
2∥zin − z∥2P.

(21)

Furthermore, we can reorder functions pi(z) and operators
Qi(z) in ascending order of the values of the Lipschitz
constants Li and Mi, which leads to the complexity result
in Corollary 4.6. The proof can be found in Appendix L.

Corollary 4.6. Under the conditions of Theorem 4.5, to
ensure the following inequality

p(zout)− p(z) + ⟨Q(z), zout − z⟩ ≤ ϵn∥zin − z∥2P (22)

for all z ∈ Cz and ϵ > 0, it is sufficient to perform no more
than

6n ·max
{√

Li/ϵ,Mi/ϵ, 1
}

(23)

computations of the gradient ∇pi(z) and operator Qi(z)
for 1 ≤ i ≤ n.

6From the definition of αt in equation (20), it follows that
αt ∈ (0, 1] and α−2

t = α−2
t−1 + α−1

t .
7The pseudocode for the proposed Algorithm 1 is postponed to

Appendix B due to space limitations.

Using Corollary 4.6, we can show that Algorithm 1 achieves
the optimal complexity separation for solving the variational
inequality problem (14) as long as n = O(1). Thus, Al-
gorithm 1 matches the existing lower complexity bounds
for this problem (Nesterov, 2013; Ouyang & Xu, 2021) and
theoretically outperforms the existing state-of-the-art algo-
rithm of Lan & Ouyang (2021), which is designed for the
case n = 2 with additional restrictions.8 See Section 5.2 for
details.

4.3. Application to the Main Saddle-Point Problem

In this section, we show how to adapt Algorithm 1 to solve
the main problem (1) and reach the lower complexity bounds
in Theorem 3.3. To do this, we define a diagonal matrix
P ∈ Sdz

++ as follows:

P = diag(δxIdx
, δyIdy

), (24)

and consider a special instance of problem (14), where n =
3, Z = Cz = X × Y , operators Qi(z) = Qi(x, y) are
defined as follows:

Q1(x, y) = 0,

Q2(x, y) = 0,
Q3(x, y) =

[
Odx

B⊤

−B Ody

][
x
y

]
, (25)

and functions pi(z) = pi(x, y) are defined as follows:

p1(x, y) = f(x), p2(x, y) = g(y),

p3(x, y) =
βx

2 ∥Bx−∇g(yin)∥2 + βy

2 ∥B⊤y +∇f(xin)∥2,
(26)

where zin = (xin, yin) ∈ Z and βx, βy ≥ 0 are defined as

βx = 1/(4Ly), βy = 1/(4Lx). (27)

From the optimality conditions (7), one can conclude that
this variational inequality problem instance is equivalent
to the original problem (1) as long as function p3(z) is re-
placed with zero. However, the additional quadratic regular-
izer p3(z) helps to achieve the optimal linear convergence
rates in all cases where δx > 0 and δy > 0, even when
µx = 0 and/or µy = 0. Moreover, this regularization does
not break the convergence to the exact solution z∗ of the
original problem (1). Indeed, it is easy to show that ∇p3(z

∗)
converges to zero as long as zin converges to z∗.9

Next, we apply Algorithm 1 to solve the variational inequal-
ity problem instance defined in equations (14), (25) and (26).
Using Theorem 4.5 and Corollary 4.6, we obtain the fol-
lowing result in Theorem 4.7. The proof can be found in
Appendix M.

8The algorithm of Lan & Ouyang (2021) works in the case
n = 2, where Q1(z) ≡ 0dz and p2(z) ≡ 0.

9Refer to the proof of Theorem 4.7 in Appendix K for more
details.
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Theorem 4.7. Under Assumptions 2.3 to 2.7, functions
pi(z), operators Qi(z), and matrix P defined in equa-
tions (24), (25) and (26) satisfy the conditions of Theo-
rem 4.5 with the following parameters:

L1 = κx, L2 = κy, L3 = κxy,

M1 = M2 = 0, M3 =
√
κxy.

(28)

Moreover, the input zin = (xin, yin) and the output zout =
(xout, yout) of Algorithm 1 satisfy the inequality Ψ(zout) ≤
2
3Ψ(zin) as long as the numbers of inner iterations {Ti}3i=1

are chosen according to the proof of Corollary 4.6 in Ap-
pendix L. Here, the Lyapunov function Ψ(z) = Ψ(x, y) is
defined as follows:

Ψ(z) = R2
δxδy (x, y) + 12Df (x, x

∗) + 12Dg(y, y
∗), (29)

where z∗ = (x∗, y∗) = projS(zin) = projS(zout).

Theorem 4.7 implies that we can reduce the value of the
Lyapunov function Ψ(x, y) defined in equation (29) by a
constant factor with a single run of Algorithm 1. Hence, we
can apply the standard restarting technique to this algorithm
and obtain the complexity result in Corollary 4.8. The proof
can be found in Appendix N.

Corollary 4.8. Under the conditions of Theorem 4.7, to
reach precision R2

δxδy
(x, y) ≤ ϵ, it is sufficient to perform

Õ(
√
κx), Õ(

√
κy), and Õ(

√
κxy) computations of the gra-

dients ∇f(x) and ∇g(y), and matrix-vector multiplications
with the matrices B and B⊤, respectively. Here, Õ(·) hides
the multiplicative factor log cR2

ϵ , R2 = R2
δxδy

(0, 0) is the
initial distance, ϵ ∈ (0, R2), and c = 1 + 12κx + 12κy .

The complexity result in Corollary 4.8 matches the lower
complexity bounds in Theorem 3.3 up to universal and/or
additive constants. Hence, this result is optimal. Moreover,
to the best of our knowledge, this result theoretically out-
performs all existing state-of-the-art algorithms, including
the algorithms of Kovalev et al. (2022b); Li et al. (2023);
Jin et al. (2022); Du et al. (2022); Thekumparampil et al.
(2022); Borodich et al. (2023); Alkousa et al. (2020); Sadiev
et al. (2022); Chambolle & Pock (2011). See Section 5.1
for additional discussion.

5. Comparison with Existing Results
5.1. Algorithms for Solving the Main Problem (1)

The theoretical complexity of Algorithm 1 with restarting,
applied to solve the smooth bilinearly-coupled saddle-point
optimization problem (1), is established in Corollary 4.8
and is proven to be optimal due to the lower complexity
bounds in Theorem 3.3. We compare this result with the
theoretical complexities of the existing state-of-the-art lin-
early converging first-order methods. These include the

algorithms for the strongly-convex-strongly-concave case
(Kovalev et al., 2022b; Li et al., 2023; Jin et al., 2022; Du
et al., 2022; Thekumparampil et al., 2022; Borodich et al.,
2023; Chambolle & Pock, 2011; Alkousa et al., 2020), the
strongly-convex-concave case (Kovalev et al., 2022b; Sadiev
et al., 2022), and the convex-concave case (Kovalev et al.,
2022b). This comparison is summarized in Table 1, which
is postponed to Appendix C due to the page limit. One
can observe that our optimal result is substantially better
compared to all the listed algorithms.

Once again, it is worth highlighting that the complexity of
our algorithm matches the complexities of the algorithms
of Salim et al. (2022) and Azizian et al. (2020); Li et al.
(2022), which are optimal in the more specialized cases
of affinely constrained minimization and bilinear saddle-
point optimization, respectively. We provide a detailed
discussion of the lower complexity bounds in these cases in
Appendix D.

5.2. Algorithm for Solving the Variational Inequality
Problem (14)

Here, we consider the variational inequality problem defined
in equations (14) and (15) in the case n = 2, where func-
tion p2(z) and operator Q1(z) are zero. This is one of the
simplest yet most important special cases of problem (14)
as discussed by Lan & Ouyang (2021). We compare Algo-
rithm 1 for solving this problem with the algorithm of Lan
& Ouyang (2021). Let R ≥ 0 be the following distance
parameter associated with the constraint set Cz:

R = sup
z∈Cz

∥z − zin∥P. (30)

We compare the numbers of evaluations of the gradient
∇p1(z) and operator Q2(z) required by both algorithms to
find a vector zout ∈ Cz that satisfies the following accuracy
criterion:

sup
z∈Cz

p(zout)− p(z) + ⟨Q(z), zout − z⟩ ≤ ϵ, (31)

where ϵ > 0 is an arbitrary precision. Note that the pa-
rameter R is finite only if the constraint set is bounded.
However, we can easily tackle this issue by following the
standard approach and replacing the constraint set Cz with
its intersection with the ball {z ∈ Z : ∥z − zin∥P ≤ D},
where D > 0 is a positive parameter. Refer, for instance, to
Nesterov (2007).

The comparison of Algorithm 1 with the algorithm of Lan
& Ouyang (2021) is summarized in Table 2, along with the
corresponding lower complexity bounds (Nesterov, 2013;
Ouyang & Xu, 2021). The table is postponed to Appendix C
due to the page limit. One can observe that the theoretical
complexities of these algorithms coincide up to universal
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constants when
√
L1R2/ϵ ≤ M2R

2/ϵ. However, Algo-
rithm 1 can significantly outperform the algorithm of Lan &
Ouyang (2021) in the case where

√
L1R2/ϵ ≫ M2R

2/ϵ.
It is important to highlight that this case is worth consid-
ering, as it plays an essential role in achieving the optimal
complexities in Corollary 4.8 for the main problem (1). In
addition, the algorithm of Lan & Ouyang (2021) only works
in the case n = 2 with the additional restrictions described
above. On the other hand, using the result in Corollary 4.6,
it is easy to verify that our Algorithm 1 can achieve the
optimal complexity separation for n > 2, provided that
n = O(1).
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This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
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Appendix
A. Notation
In this paper, we use the following notations: Sp and Sp++ denote the sets of p × p symmetric and symmetric positive
definite matrices, respectively; Ip denotes the p× p identity matrix, Jp×q and Op×q denote the p× q all-ones and all-zeros
matrices, respectively, Jp = Jp×p and Op = Op×p; epj ∈ Rp denotes the j-th unit basis vector, 1p = (1, . . . , 1) ∈ Rp,
0p = (0, . . . , 0) ∈ Rp. In addition, ∥·∥ denotes the standard Euclidean norm of a vector, and ⟨·, ·⟩ denotes the standard
scalar product of two vectors, ∥·∥P = ∥P 1

2 (·)∥ and ⟨·, ·⟩P = ⟨P(·), ·⟩ denote the weighted Euclidean norm and scalar
product, respectively, where P ∈ Sp++; λmin(·), λ+

min(·), and λmax(·) denote the smallest, smallest positive, and largest
eigenvalues of a symmetric matrix, respectively; σmax(·) and σ+

min(·) denote the largest and smallest positive singular values
of a matrix.

For a nonempty closed convex set A ⊂ Rd and a vector x ∈ Rd, we define the standard distance function dist(x;A) as
follows:

dist(x;A) = min
x′∈A

∥x− x′∥. (32)

For a differentiable function h(x), we denote the Bregman divergence associated with h(x) as Dh(x, x
′), which is defined

as follows:
Dh(x, x

′) = h(x)− h(x′)− ⟨∇h(x′), x− x′⟩. (33)

For a proper, closed, and convex function h(x), we denote its Fenchel conjugate as h∗(x), its Moreau envelope as Mλh(x),
and its proximal operator as proxλh(x). These are respectively defined as follows:

h∗(x) = sup
x′

(
⟨x, x′⟩ − h(x′)

)
,

Mλh(x) = min
x′

(
h(x′) +

1

2λ
∥x′ − x∥2

)
,

proxλh(x) = argmin
x′

(
h(x′) +

1

2λ
∥x′ − x∥2

)
.

(34)
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B. Algorithm 1 Pseudocode

Algorithm 1
1: input: zin ∈ Cz
2: parameters: P ∈ Sdz

++, {αt}∞t=0 ⊂ R++,
{Li}ni=1, {Mi}ni=1 ⊂ R+, {Tk}nk=1 ∈ {1, 2, . . .}

3: for i = 1, . . . , n do
4: zi0,...,0 = zin
5: p0i (z) ≡ pi(z)
6: end for
7: zout = RecursiveProcedure(1)
8: output: zout ∈ Z
9: ▷ Auxiliary Recursive Procedure:

10: function RecursiveProcedure(k, t1, . . . , tk−1)
11: if k = n+ 1 then
12: return argminz∈Cz

∑n
i=1 p

n;t1,...,tn
i (z)

13: else
14: zk0 = zkt1,...,tk−1,0

15: for tk = 0, . . . , Tk − 1 do
16: for i = 1, . . . , n do

17: p̂k;t1,...,tki (z) ≡

{
α−1
tk

p
k−1;t1,...,tk−1

i (αtkz + (1− αtk)z
k
tk
) i ≥ k

p
k−1;t1,...,tk−1

i (z) i < k

18: Lk;t1,...,tk
i = Li ·

∏k
l=1 αtl

19: Mk;t1,...,tk
i = Mi ·

∏k
l=1(αtl/αTl−1)

20: Hk;t1,...,tk
i = Lk;t1,...,tk

i +Mk;t1,...,tk
i

21: ∆k;t1,...,tk
i = ∇p̂k;t1,...,tki (zkt1,...,tk) +Qi(z

k
t1,...,tk

)

22: pk;t1,...,tki (z) ≡

{
H

k;t1,...,tk
k

2 ∥z − zkt1,...,tk∥
2
P + ⟨z,∆k;t1,...,tk

k ⟩ i = k

p̂k;t1,...,tki (z) i ̸= k
23: end for
24: zkt1,...,tk−1,tk+1/2 = RecursiveProcedure(k + 1, t1, . . . , tk)

25: zktk+1 = αtkz
k
t1,...,tk−1,tk+1/2 + (1− αtk)z

k
tk

26: ∆k;t1,...,tk
Qk

= Qk(z
k
t1,...,tk

)−Qk(z
k
t1,...,tk−1,tk+1/2)

27: zkt1,...,tk−1,tk+1 = zkt1,...,tk−1,tk+1/2 + (Hk;t1,...,tk
k P)−1∆k;t1,...,tk

Qk

28: for l = k + 1, . . . , n do
29: zlt1,...,tk−1,tk+1,0,...,0 = zlt1,...,tk−1,tk,Tk+1,0,...,0

30: end for
31: end for
32: return zkTk

33: end if
34: end function

13
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C. Tables

Table 1. Comparison of the optimal complexity of Algorithm 1 for solving the main problem (1) developed in this paper (Theorem 3.3,
Corollary 4.8) with the existing state-of-the-art linearly-converging algorithms in the strongly-convex-strongly-concave, strongly-convex-
concave, and convex-concave settings.

Kovalev et al. (2022b); Li et al. (2023)
Jin et al. (2022); Du et al. (2022)

Thekumparampil et al. (2022)

Borodich et al. (2023)
√

Lx

µx
+
√

Ly

µy
+

Lxy√
µxµy

Chambolle & Pock (2011) Lxy√
µxµy

Alkousa et al. (2020)
√

Lx

µx

Lxy

√
Ly√

µxµy

√
L3

xy√
µxµy

Optimal(3) (this paper)(4)

Kovalev et al. (2022b)

Sadiev et al. (2022) Lxy

µyx

4

√
L3

x

µ3
x
+

L2
xy

µ2
yx

4

√
Lx

µx
N/A(2) Lxy

µyx

√
Lx

µx
+

L2
xy

µ2
yx

Optimal(3) (this paper)

Kovalev et al. (2022b)

Optimal(3) (this paper)

Algorithm
Complexity(1)

∇f(x) ∇g(y) B and B⊤

Strongly-convex-strongly-concave case (µx, µy > 0 and µxy = µyx = 0)√
Lx

µx
+
√

Ly

µy
+

Lxy√
µxµy√

Lx

µx
+
√

Ly

µy

N/A(2)

√
Lx

µx

√
Ly

µy

Lxy√
µxµy

Strongly-convex-concave case (µx, µyx > 0 and µxy = µy = 0)(5)

Lxy

µyx

√
Lx

µx
+

√
LxLy

µyx
+

L2
xy

µ2
yx

√
Lx

µx

√
LxLy

µyx

Lxy

µyx

√
Lx

µx

Convex-concave case (µxy = µyx > 0 and µx = µy = 0)
Lxy

√
LxLy

µ2
xy

+
L2

xy

µ2
xy√

LxLy

µxy

√
LxLy

µxy

Lxy

√
LxLy

µ2
xy

(1)For brevity, we omit universal constants and logarithmic factors such as log 1
ϵ .

(2)Requires computation of the proximal operators of functions f(x) and/or g(y).
(3)Lower complexity bounds are established in Theorem 3.3. These bounds are matched by Algorithm 1,

which is established by Theorem 4.7 and Corollary 4.8.
(4)Here, the lower bounds were also established by Zhang et al. (2022b); Nesterov (2013).
(5)This case is symmetric to the convex-strongly-concave case, which we omit for brevity.

Table 2. Comparison of Algorithm 1 with the algorithm of Lan & Ouyang (2021) for solving the variational inequality problem defined in
equations (14) and (15) in the case n = 2, p2(z) ≡ 0, Q1(z) ≡ 0.

∇p1(z) Q2(z)

Lan & Ouyang (2021) O
(√

L1R2

ϵ

)
O
(√

L1R2

ϵ + M2R
2

ϵ

)
Algorithm 1 (this paper)

Lower Bounds (Nesterov, 2013;
Ouyang & Xu, 2021)

Algorithm
Complexity

O
(√

L1R2

ϵ

)
O
(

M2R
2

ϵ

)
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D. Additional Discussion of the Lower Complexity Bounds
As mentioned in Section 3.2, the lower complexity bound in Theorem 3.3 recovers several important problem classes,
which are special instances of problem (1). We can recover these problem classes by imposing additional constraints on the
parameter set Π.

(i) The class of smooth strongly-convex-strongly-concave saddle-point optimization problems corresponds to the constraint

µxy = µyx = 0. (35)

In this case, the lower bound in equation (13) becomes the following:

Ω̃

(
τf ·

√
Lx

µx
+ τg ·

√
Ly

µy
+ τB · Lxy√

µxµy

)
, (36)

where Ω̃(·) hides universal constants and logarithmic factors. This result recovers the existing lower complexity bounds
of Zhang et al. (2022b); Nesterov (2013).

(ii) The class of bilinear saddle-point optimization problems is obtained by choosing

Lx = Ly = 0, µx = µy = 0, τf = τg = 0, µxy = µyx > 0, (37)

and the lower bound in equation (13) turns into the following:

Ω̃

(
τB · Lxy

µxy

)
. (38)

This result recovers the existing lower complexity bound of Ibrahim et al. (2020). Note that strictly speaking, we
cannot choose Lx = Ly = 0 due to Assumption 2.7. However, this is not an issue, because Assumption 2.7 allows us
to choose arbitrary Lx, Ly > 0 such that

√
LxLy = 5µxy and still obtain the lower bound (38) from equation (13). In

addition, as mentioned in Section 2, this assumption is not a fundamental restriction but is rather used to avoid covering
uninteresting corner cases in our theoretical proofs.

(iii) The class of smooth strongly convex optimization problems with affine constraints is obtained by choosing

Ly = µy = 0, µxy = 0, τg = 0. (39)

In this case, the lower bound in equation (13) becomes the following:

Ω̃

(
τf ·

√
Lx

µx
+ τB · Lxy

µyx

√
Lx

µx

)
, (40)

which recovers the existing result of Salim et al. (2022). Similarly to the previous case (ii), we can choose Ly =
17µ2

yx/Lx instead of Ly = 0 to satisfy Assumption 2.7 and still obtain the lower bound (40).

It is worth mentioning the work of Ouyang & Xu (2021), who offer sublinear lower complexity bounds for this problem
class. However, their result does not contradict ours since they consider the case µyx = δy = 0, i.e., Assumption 2.6
does not hold. It is also important to highlight that affinely constrained optimization problems, where µyx = 0, hold
limited interest. Indeed, in this setting, it is typically assumed that µ2

yx = λ+
min(BB⊤), which, by definition, is always

nonzero.
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E. Proof of Lemma 2.8
We define linear spaces Lx ⊂ X and Ly ⊂ Y as follows:

Lx =

{
{0} µx > 0

kerB otherwise
, Ly =

{
{0} µy > 0

kerB⊤ otherwise
. (41)

One can show that the following identity holds:

F (x+ dx, y + dy) = F (x, y) for all (x, y) ∈ X × Y and (dx, dy) ∈ Lx × Ly. (42)

Indeed, for the saddle part, we obviously have ⟨y+ dy,B(x+ dx)⟩ = ⟨y,Bx⟩. Furthermore, we can show that f(x+ dx) =
f(x) and g(y + dy) = g(y). Indeed, Assumptions 2.5 and 2.6 and equation (41) imply ∇f(x) ∈ L⊥

x and ∇g(y) ∈ L⊥
y .

Hence, we obtain

f(x+ dx)− f(x) =

∫ 1

0

⟨∇f(x+ dx · t), dx⟩dt = 0,

g(y + dy)− g(y) =

∫ 1

0

⟨∇g(y + dy · t), dy⟩dt = 0,

which conludes the proof of equation (42). In addition, it is easy to show that

dom f∗(·) ⊂ L⊥
x and dom g∗(·) ⊂ L⊥

y . (43)

Consider the following saddle-point problem:
min
x∈L⊥

x

max
y∈L⊥

y

F (x, y). (44)

We can show that this problem has a unique solution (x∗, y∗) ∈ L⊥
x × L⊥

y , which, together with equation (42), implies
Lemma 2.8. Let us further prove this statement.

One can show that function P (x) is strongly convex on L⊥
x . Indeed, if µx > 0 this statement is obvious. Otherwise,

Assumption 2.6 implies µxy > 0, which in turn implies the strong convexity of function g∗(Bx) on L⊥
x thanks to the strong

convexity of function g∗(y). The strong convexity of function g∗(y) is implied by the smoothness of function g(y).

Next, we show that domP (·) ̸= ∅, which immediately implies domP (·) ∩ L⊥
x ̸= ∅, thanks to equation (42). Indeed, if

µy > 0 function g∗(y) is smooth, which implies domP (·) = X . Otherwise, Assumption 2.6 implies µyx > 0, which in
turn implies ∇g(y) ∈ rangeB for all y ∈ Y . Hence, there exists x ∈ L⊥

x such that Bx = ∇g(y) for some y ∈ Y . On the
other hand, ∇g(y) ∈ dom g∗(·), which implies Bx ∈ dom g∗(·) and x ∈ domP (·).

The strong convexity of P (x) on L⊥
x and the fact that domP (·)∩L⊥

x ̸= ∅ imply that there exists a unique solution x∗ ∈ L⊥
x

to the following problem:
min
x∈L⊥

x

P (x). (45)

Similarly, there exists a unique solution y∗ ∈ L⊥
y to the following problem:

max
y∈L⊥

y

D(y). (46)

Moreover, vectors x∗ and y∗ are solutions to the primal and dual problems in equation (5), respectively, thanks to
equation (42).

Let h(x) = g∗(Bx). Vector x∗ is a solution to the problem minx∈X [f(x) + h(x)]. Hence, standard theory implies
−∇f(x∗) ∈ ∂h(x∗), or

h(x) ≥ h(x∗)− ⟨∇f(x∗), x− x∗⟩ for all x ∈ X . (47)

From this inequality, for arbitrary x ∈ x∗ + kerB, we obtain

0 ≤ ⟨∇f(x∗), x− x∗⟩,
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which implies ∇f(x∗) ∈ rangeB⊤. Hence, there exists y ∈ L⊥
y such that ∇f(x∗) = −B⊤y, which for all x ∈ X , implies

h(x) ≥ h(x∗) + ⟨y,Bx−Bx∗⟩.

Hence, for all z ∈ rangeB, we obtain

g∗(z) ≥ g∗(Bx∗) + ⟨y, z −Bx∗⟩.

In addition, this inequality holds for all z ∈ Y due to equation (43). Hence, y ∈ ∂g∗(Bx∗), which implies Bx∗ = ∇g(y).
We also have x∗ ∈ ∂f∗(−B⊤y). Hence, y is a solution of problem (46), which implies y = y∗. It remains to observe, that
(x∗, y∗) satisfies the first-order optimality conditions (7). Hence, the strong duality holds in both problems (1) and (44),
which concludes the proof.
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F. Proof of Theorem 3.2
Note that the condition δx = 0 implies µx = 0 and µxy = 0. Consider the following special instance of problem (1):

min
ux∈Rd1

min
vx∈Rd2

max
y∈Rd2

f(ux) +
Lx

2
∥vx∥2 + µyx⟨y, vx⟩ −

µy

2
∥y∥2, (48)

where f(x) : Rd1 → R is the Lx-smooth function proposed by Nesterov (2013, Theorem 2.1.7). This problem has a single
solution (u∗

x, 0, 0) ∈ Rd1 ×Rd2 ×Rd2 , where u∗
x = argminux∈Rd1 f(ux). Moreover, the primal-dual gap is lower-bounded

as follows:

P (ux, vx)−D(y) ≥ f(ux)− f(u∗
x).

Thus, the statement of Theorem 3.2 trivially follows from Theorem 2.1.7 of Nesterov (2013).

G. Proof of Theorem 3.3
The proof of Theorem 3.3 relies on the following Lemmas G.1, G.2 and G.3. The proof of Lemma G.1 is available in
appendix H. The proof of Lemma G.2 is available in appendix I. The proof of Lemma G.3 is available in appendix J.

Lemma G.1. Under conditions of Theorem 3.3, the execution time can be lower-bounded as follows:

τ ≥ Ω
(
τf ·

√
κx log

cR2

ϵ + τg ·
√
κy log

cR2

ϵ

)
. (49)

Lemma G.2. Under conditions of Theorem 3.3, let µy, µyx > 0 and µ2
yx ≥ µxµy. Then the execution time can be

lower-bounded as follows:
τ ≥ Ω

(
τB · √κxy log

cR2

ϵ

)
. (50)

Lemma G.3. Under conditions of Theorem 3.3, let µx, µy > 0 and µxµy ≥ max{µ2
xy, µ

2
yx}. Then the execution time can

be lower-bounded as follows:
τ ≥ Ω

(
τB · √κxy log

cR2

ϵ

)
. (51)

It remains to obtain the lower bound Ω
(
τB·

√
κxy log

cR2

ϵ

)
without the additional assumptions that were made in Lemmas G.2

and G.3. It can be done by considering the following special cases:

(i) Case µx = µy = 0. In this case, we have µxy = µyx > 0 due to Assumptions 2.5 and 2.6. We can replace µy = 0
with a very small value µy > 0 and apply Lemma G.2 to obtain the desired result.

(ii) Case µx = 0 and µy > 0.

(ii.a) Case µyx > 0. We can apply Lemma G.2.
(ii.b) Case µyx = 0. This case is symmetric to case (iii.b).

(iii) Case µx > 0 and µy = 0.

(iii.a) Case µxy > 0. This case is symmetric to case (ii.a).
(iii.b) Case µxy = 0. In this case, we have µyx > 0 due to Assumption 2.6. We can replace µy = 0 with a very small

value µy > 0 and apply Lemma G.2 to obtain the desired result.

(iv) Case µx > 0 and µy > 0.

(iv.a) Case µxµy ≥ max{µ2
xy, µ

2
yx}. We can apply Lemma G.3.

(iv.b) Case µxµy < µ2
yx. We can apply Lemma G.2.

(iv.c) Case µxµy < µ2
xy . This case is symmetric to case (iv.b).

This concludes the proof.
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H. Proof of Lemma G.1
Case µxy > 0. We consider a special instance of problem (1), where X = Y = Rd, functions f(x) and g(y) and matrix B
are defined as follows:

f(x) =
µx

2
∥x∥2 + Lx − µx

2
∥Fx∥2 −A⟨ed1, x⟩,

g(y) =
Ly

2
∥y∥2, B = µxyId,

(52)

where matrix F ∈ R(d−1)×d is defined as follows:

F =
1

2

1 −1

1 −1

. (53)

This problem instance has a unique solution (x∗, y∗) ∈ X × Y , which is given as follows:

x∗ = argmin
x∈X

δx
2
∥x∥2 + Lx − µx

2
∥Fx∥2 −A⟨ed1, x⟩, y∗ =

µxy

Ly
x∗. (54)

The rest of the proof is similar to the proofs of Lemmas G.2 and G.3.

Case µxy = 0. In this case, we assume µyx > 0, otherwise we can use the proof of the previous case. We consider a special
instance of problem (1), where X = Rd+1 and Y = R, functions f(x) and g(y) and matrix B are defined as follows:

f(x) = f(ux, vx) =
µx

2
∥x∥2 + Lx − µx

2
∥Fux∥2 −A⟨ed1, ux⟩,

g(y) =
Ly

2
∥y∥2, B = µyx

[
0 0 1

]
,

(55)

where x = (ux, vx), ux ∈ Rd, vx ∈ R, and matrix F ∈ R(d−1)×d is defined as follows:

F =
1

2

1 −1

1 −1

. (56)

This problem instance has a unique solution (x∗, y∗) = (u∗
x, v

∗
x, y

∗) ∈ X × Y , which is given as follows:

u∗
x = argmin

x∈X

µx

2
∥ux∥2 +

Lx − µx

2
∥Fux∥2 −A⟨ed1, ux⟩, v∗x = y∗ = 0. (57)

The rest of the proof is similar to the proofs of Lemmas G.2 and G.3.
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I. Proof of Lemma G.2
We consider the following “hard” instance of problem (1):

(i) Linear spaces X and Y are defined as X = (Rd)nx and Y = (Rd)ny , where

nx = 3n and ny =

{
3n µxy > 0

3n− 1 µxy = 0
, n ∈ {2, 3, . . .}. (58)

(ii) Function f(x) is defined as follows:

f(x) =

nx∑
i=1

fi(xi), (59)

where we use the notation x = (x1, . . . , x3n) ∈ (Rd)3n, and functions fi(xi) : Rd → R are defined as follows:

fi(z) =


1
2µx∥z∥2 + 1

2 (Lx − δ̃x)∥F1z∥2 i ∈ {1, . . . , n}
1
2 δ̃x∥z∥

2 i ∈ {n+ 1, . . . , 2n}
1
2 δ̃x∥z∥

2 + 1
2 (Lx − δ̃x)∥F2z∥2 −A⟨ed1, z⟩ i ∈ {2n+ 1, . . . , 3n}

, (60)

where A ∈ R will be determined later, δ̃x > 0 is defined as follows:

δ̃x = µx + 4µ2
xy/Ly, (61)

and matrices F1 ∈ R2⌊d/2⌋×d and F2 ∈ R2⌊(d−1)/2⌋×d are defined as follows:

F1 =
1√
2

 1 −1 0
0 0 1 −1 0

,
F2 =

1√
2

 0 1 −1 0
0 0 0 1 −1 0

.
(62)

(iii) Function g(y) is defined as follows:

g(y) =

ny∑
i=1

gi(yi), (63)

where we use the notation y = (y1, . . . , yny ) ∈ (Rd)ny , and functions gi(yi) : Rd → R are defined as follows:

gi(yi) =

{
1
2 L̃y∥yi∥2 i = 1
1
2µy∥yi∥2 i ∈ {2, . . . , ny}

, where L̃y =

{
Ly µxy > 0

µy µxy = 0
. (64)

(iv) Matrix B ∈ Rnyd×nxd is defined as follows:

B =

{
E⊗ Id µxy > 0

E′ ⊗ Id µxy = 0
(65)
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where matrix E ∈ R3n×3n is defined as follows:

E =



γ γ

β −β

β −β

α −α

α −α

−β β

−β β



n times

n−1 times

n times

n times

, (66)

and matrix E′ ∈ R(3n−1)×3n is defined as follows:

E′ =



β −β

β −β

α −α

α −α

−β β

−β β



n times

n−1 times

n times

, (67)

where α, β, γ > 0 are defined as follows:

α =
Lxy

2
, β =

Lxy

n
, γ =

2µxy√
n

. (68)

One can verify that the problem described above satisfies Assumptions 2.3 to 2.5. Indeed, each function gi(z) is obviously
Ly-smooth and µy-strongly convex, and each function fi(z) is Lx-smooth and µx-strongly convex due to the fact that
σ2
max(F1) = σ2

max(F2) = 1, and µx ≤ δ̃x ≤ Lx, where the latter inequality is implied by Assumption 2.7 as follows:

δ̃x = µx + 4µ2
xy/Ly < 1

4Lx + 1
4Lx = 1

2Lx. (69)

Moreover, we establish the following Lemma I.1, which describes the spectral properties of matrix B. The proof is available
in Appendix I.1.2.

Lemma I.1. Let n ∈ {2, 3, . . .} and α, β > 0. Then for γ > 0, the singular values of matrix E defined in equation (66) can
be bounded as follows:

min

{
nγ2

4
,
β2

36
,
α2

9n2

}
≤ σ2

min(E) ≤ σ2
max(E) ≤ max

{
2nγ2, 2(n+ 1)β2, 4α2

}
, (70)

and for γ = 0, the singular values of matrix E′ defined in equation (67) can be bounded as follows:

min

{
β2

36
,
α2

9n2

}
≤ (σ+

min(E
′))2 ≤ σ2

max(E
′) ≤ max

{
2(n+ 1)β2, 4α2

}
. (71)

Using Lemma I.1 and the definition of α, β, γ in equation (68), we can show that matrix B satisfies Assumption 2.5 as long
as n is defined as follows:

n =

⌊
Lxy

6µyx

⌋
. (72)
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Indeed, the definition of n in equation (72), the definitions of α, β, γ in equation (68), and Lemma I.1 imply

µ2
xy = µ2

yx ≤ σ2
min(E) ≤ σ2

max(E) ≤ L2
xy (73)

in the case µxy > 0, and
µ2
yx ≤ (σ+

min(E
′))2 ≤ σ2

max(E
′) ≤ L2

xy (74)

in the case µxy = 0. Moreover, it is not hard to verify that rangeB⊤ = X in the case µxy > 0 and rangeB = Y in both
cases. Also note that n ≥ 3 due to Assumption 2.7.

Next, we establish the following Lemma I.2, which describes the solution to the problem defined above, the proof is available
in Appendix I.1.1.

Lemma I.2. For all d ∈ {1, 2, . . .}, the instance of problem (1) defined above has a unique solution (x∗, y∗) ∈ X × Y .
Moreover, there exists a vector (x◦, y◦) ∈ (Ld,ρ)

nx × (Ld,ρ)
ny such that the following inequality holds:

R2
δxδy (x

◦, y◦) ≤ CπA
2ρ2d, (75)

where Cπ > 0 is some constant that possibly depends on the parameters π ∈ Π, but does not depend on d, Ld,ρ ⊂ Rd is a
linear space which is defined for ρ ∈ (0, 1) as follows:

Ld,ρ = range

 1 0 0 0
1 0 ρ2 0 ρ4

0 1 0 ρ2 0 ρ4

⊤

, (76)

and ρ ∈ (0, 1) satisfies the following inequality:

ρ ≥ max

{
1− 89 · n

√
κxy

,
1

346

}
. (77)

Let (x0, y0) = (x0
1, . . . , x

0
nx
, y01 , . . . , y

0
ny
) ∈ X × Y be defined as follows:

(x0, y0) = projspan({ed
1})

nx+ny ((x
∗, y∗)) = (Inx+ny ⊗P)(x∗, y∗), (78)

where P ∈ Rd×d is the orthogonal projection matrix onto the linear space span({ed1}) ⊂ Rd, which is given as follows:

P = ed1(e
d
1)

⊤. (79)

Then vector (x◦, y◦) from Lemma I.2 satisfies the following relation:

(Inx+ny
⊗ (Id −P))(x◦, y◦) = (ux, uy)⊗ (0, 1, 0, ρ2, . . .) + (vx, vy)⊗ (0, 0, 1, 0, ρ2, . . .),

where ux = (ux,1, . . . , ux,nx
) ∈ Rnx , vx = (vx,1, . . . , vx,nx

) ∈ Rnx ,

uy = (uy,1, . . . , uy,ny
) ∈ Rny , vy = (vy,1, . . . , vy,ny

) ∈ Rny .

(80)

Hence, we can obtain the following relation:

R2
δxδy (x

0, y0) = δx∥x∗ − x0∥2 + δy∥y∗ − y0∥2

(a)
= δx∥(Inx

⊗ (Id −P))x∗∥2 + δy∥(Iny
⊗ (Id −P))y∗∥2

= δx∥(Inx ⊗ (Id −P))(x∗ − x◦ + x◦)∥2 + δy∥(Iny ⊗ (Id −P))(y∗ − y◦ + y◦)∥2

(b)
≤ 2δx∥(Inx

⊗ (Id −P))(x∗ − x◦)∥2 + 2δy∥(Iny
⊗ (Id −P))(y∗ − y◦)∥2

+ 2δx∥(Inx
⊗ (Id −P))x◦∥2 + 2δy∥(Iny

⊗ (Id −P))y◦∥2

≤ 2δx∥(Inx
⊗ (Id −P))x◦∥2 + 2δy∥(Iny

⊗ (Id −P))y◦∥2 + 2R2
δxδy (x

◦, y◦)

(c)
= 2(δx∥ux∥2 + δy∥uy∥2)∥(0, 1, 0, ρ2, . . .)∥2

+ 2(δx∥vx∥2 + δy∥vy∥2)∥(0, 0, 1, 0, ρ2, . . .)∥2 + 2R2
δxδy (x

◦, y◦)
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= 2(δx∥ux∥2 + δy∥uy∥2)
⌊d/2⌋−1∑

j=0

ρ4j

+ 2(δx∥vx∥2 + δy∥vy∥2)
⌊(d−1)/2⌋−1∑

j=0

ρ4j + 2R2
δxδy (x

◦, y◦)

=
2(δx∥ux∥2 + δy∥uy∥2)(1− ρ4⌊d/2⌋)

1− ρ4

+
2(δx∥vx∥2 + δy∥vy∥2)(1− ρ4⌊(d−1)/2⌋)

1− ρ4
+ 2R2

δxδy (x
◦, y◦)

≤ 2(δx∥(ux, vx)∥2 + δy∥(uy, vy)∥2)
1− ρ4

+ 2R2
δxδy (x

◦, y◦),

where (a) uses the definition of (x0, y0) in equation (78); (b) uses Young’s inequality; (c) uses equation (80) and the
properties of the Kronecker product.

Further, we fix k ∈ {1, . . . , d}. using the sparse structure of the matrices F1,F2 and E defined in equations (62) and (66),
respectively, and using the standard arguments (Nesterov, 2013; Ibrahim et al., 2020; Zhang et al., 2022a; Scaman et al.,
2017; 2018; Kovalev et al., 2024), we can show that the output vectors xo(τ) = (xo,1(τ), . . . , xo,3n(τ)) ∈ X and
yo(τ) = (yo,1(τ), . . . , yo,3n(τ)) ∈ Y satisfy the following implication:

τ ≤ D · τBn(k − 1) ⇒ xo,i(τ), yo,j(τ) ∈ span({ed1, . . . , edk}) (81)

for all i ∈ {1, . . . , nx} and j ∈ {1, . . . , ny}, where D > 0 is a universal constant. The right-hand side of this implication
implies the following:

R2
δxδy (xo(τ), yo(τ))

(a)
≥ 1

2δx∥xo(τ)− x◦∥2 + 1
2δy∥yo(τ)− y◦∥2 −R2

δxδy (x
◦, y◦)

(b)
≥ (δx∥ux∥2 + δy∥uy∥2)

2

⌊d/2⌋−1∑
j=⌊k/2⌋

ρ4j

+
(δx∥vx∥2 + δy∥vy∥2)

2

⌊(d−1)/2⌋−1∑
j=⌊(k−1)/2⌋

ρ4j −R2
δxδy (x

◦, y◦)

=
(δx∥ux∥2 + δy∥uy∥2)(ρ4⌊k/2⌋ − ρ4⌊d/2⌋)

2(1− ρ4)

+
(δx∥vx∥2 + δy∥vy∥2)(ρ4⌊(k−1)/2⌋ − ρ4⌊(d−1)/2⌋)

2(1− ρ4)
−R2

δxδy (x
◦, y◦)

≥ (δx∥(ux, vx)∥2 + δy∥(uy, vy)∥2)(ρ2k − ρ2d−4)

2(1− ρ4)
−R2

δxδy (x
◦, y◦)

(c)
≥ (ρ2k − ρ2d−4)

4

(
R2

δxδy (x
0, y0)− 2R2

δxδy (x
◦, y◦)

)
−R2

δxδy (x
◦, y◦)

=
(ρ2k − ρ2d−4)

4
R2

δxδy (x
0, y0)−

(
1 +

(ρ2k − ρ2d−4)

2

)
R2

δxδy (x
◦, y◦)

(d)
≥ (ρ2k − ρ2d−4)

4
R2

δxδy (x
0, y0)−

(
1 +

(ρ2k − ρ2d−4)

2

)
CπA

2ρ2d,

where (a) uses Young’s inequality; (b) uses equation (81) and the expression for (x◦, y◦) in equation (80); (c) uses the
previously obtained upper bound on R2

δxδy
(x0, y0); (d) uses Lemma I.2.

Next, we establish the following Lemma I.3, the proof is available in Appendix I.1.9.
Lemma I.3. For all d ∈ {2, 3, . . .}, the unique solution to the instance of problem (1) defined above satisfies the following
relation:

R2
δxδy (x

0, y0) = Bπ,dA
2, (82)
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where Bπ,d > 0 is a constant that possibly depends on d ∈ {2, 3, . . .} and the parameters π ∈ Π, Moreover there exists
d̂ ∈ {2, 3, . . .} such that the following inequality holds:

min
d∈{d̂,d̂+1,...}

Bπ,d > 0 (83)

Using Lemma I.3, for d ≥ d̂, we can further lower-bound R2
δxδy

(xo(τ), yo(τ)) as follows:

R2
δxδy (xo(τ), yo(τ)) ≥

(ρ2k − ρ2d−4)

4
Bπ,dA

2 −
(
1 +

(ρ2k − ρ2d−4)

2

)
CπA

2ρ2d. (84)

Next, we can choose A = R/
√
Bπ,d to ensure R2

δxδy
(x0, y0) = R2 and obtain the following:

R2
δxδy (xo(τ), yo(τ)) ≥

(ρ2k − ρ2d−4)

4
R2 −

(
1 +

(ρ2k − ρ2d−4)

2

)
CπR

2ρ2d

Bπ,d

(a)
≥ (ρ2k − ρ2d−4)

4
R2 −

(
1 +

(ρ2k − ρ2d−4)

2

)
CπR

2ρ2d

mind∈{d̂,d̂+1,...} Bπ,d

(b)
≥ 1

5
ρ2kR2,

where (a) uses Lemma I.3; (b) is implied by choosing a large enough value of d. The rest of the proof uses the lower bound
on ρ in Lemma I.2 and is almost identical to the final steps of the proof of Lemma G.3 in Appendix J.

I.1. Proofs of Auxiliary Lemmas

I.1.1. PROOF OF LEMMA I.2

In this proof, we consider the case µxy > 0, since the case µxy = 0 is almost identical. Using the first-order optimality
conditions (7) in problem (1), we obtain the following expression for the optimal dual variable y∗ ∈ Y:

y∗ = ∇g∗(Bx∗) ⇒ y∗ =




1/Ly

1/µy

1/µy

E
⊗ Id

x∗, (85)

where the optimal primal variable is the solution to the primal minimization problem in equation (5):

x∗ = argmin
x∈X

f(x) + g∗(Bx). (86)

Moreover, using the definition of functions f(x) and g(y) in equations (59) and (63) and the definition of matrix B in
equation (65), we can rewrite this problem as follows:

min
x∈X

n∑
i=1

(
f1(xi) +

β2

2µy
∥xi − xn+1∥2

)
+

3n∑
i=2n+1

(
f3n(xi) +

β2

2µy
∥xi − x2n∥2

)

+
γ2

2Ly
∥ 1
n

∑n
i=1xi∥2 +

2n∑
i=n+1

δ̃x
2
∥xi∥2 +

2n−1∑
i=n+1

α2

2µy
∥xi+1 − xi∥2.

(87)

It is also not hard to verify that the following inequality holds:
n∑

i=1

(
f1(xi) +

β2

2µy
∥xi − xn+1∥2

)
≥ nf1(

1
n

∑n
i=1xi) +

nβ2

2µy
∥ 1
n

∑n
i=1xi − xn+1∥2, (88)

where equality is attained if and only if x1 = · · · = xn. Consequently, the problem can be further reformulated as follows:

min
x∈X

nMµy

β2 h1
(xn+1) + nMµy

β2 h2
(x2n) +

2n∑
i=n+1

δ̃x
2
∥xi∥2 +

2n−1∑
i=n+1

α2

2µy
∥xi+1 − xi∥2, (89)
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where functions h1(z), h2(z) : Rd → R are defined as follows:

h1(z) =
δ̃x
2
∥z∥2 + Lx − δ̃x

2
∥F1z∥2,

h2(z) =
δ̃x
2
∥z∥2 + Lx − δ̃x

2
∥F2z∥2 −A⟨ed1, z⟩,

(90)

and Mµy

β2 h1
(z) and Mµy

β2 h2
(z) are the corresponding Moreau envelopes. Moreover, the solution x∗ satisfies the following

relations:
x∗
1 = · · · = x∗

n = proxµy

β2 h1
(x∗

n+1)

x∗
2n+1 = · · · = x∗

3n = proxµy

β2 h2
(x∗

2n)
(91)

Further, we perform the minimization in the variables xn+2, . . . , x2n−1. Using the first-order optimality conditions, we
obtain the following relations:(

2 +
δ̃xµy

α2

)
x∗
i = x∗

i−1 + x∗
i+1 for i ∈ {n+ 2, . . . , 2n− 1}. (92)

This is nothing else but a linear recurrence, which is not hard to solve. Let q > 0 be the smallest root of the following
characteristic polynomial: (

2 +
δ̃xµy

α2

)
q = 1 + q2, (93)

which is given as follows:

q =

√
4α2 + δ̃xµy −

√
δ̃xµy√

4α2 + δ̃xµy +
√
δ̃xµy

. (94)

Then x∗
n+2, . . . , x

∗
2n−1 can be expressed as follows:

x∗
n+i =

x∗
n+1(q

n−i − qi−n) + x∗
2n(q

i−1 − q1−i)

(qn−1 − q1−n)
. (95)

Moreover, one can observe the following:

2n∑
i=n+1

δ̃x
2
∥x∗

i ∥2 +
2n−1∑
i=n+1

α2

2µy
∥x∗

i+1 − x∗
i ∥2

=

2n∑
i=n+1

δ̃x
2
∥x∗

i ∥2 +
2n−1∑
i=n+1

α2

2µy

(
∥x∗

i ∥2 + ∥x∗
i+1∥2 − 2⟨x∗

i+1, x
∗
i ⟩
)

=

(
δ̃x
2

+
α2

2µy

)(
∥x∗

n+1∥2 + ∥x∗
2n∥2

)
+

2n−1∑
i=n+2

(
δ̃x
2

+
α2

µy

)
∥x∗

i ∥2 −
2n−1∑
i=n+1

α2

µy
⟨x∗

i+1, x
∗
i ⟩

=

(
δ̃x
2

+
α2

2µy

)(
∥x∗

n+1∥2 + ∥x∗
2n∥2

)
− α2

2µy

(
⟨x∗

n+1, x
∗
n+2⟩+ ⟨x∗

2n, x
∗
2n−1⟩

)
+

2n−1∑
i=n+2

α2

2µy

((
δ̃xµy

α2
+ 2

)
∥x∗

i ∥2 − ⟨x∗
i , x

∗
i+1 + x∗

i−1⟩

)
(a)
=

(
δ̃x
2

+
α2

2µy

)(
∥x∗

n+1∥2 + ∥x∗
2n∥2

)
− α2

2µy

(
⟨x∗

n+1, x
∗
n+2⟩+ ⟨x∗

2n, x
∗
2n−1⟩

)
(b)
=

(
δ̃x
2

+
α2

2µy

)(
∥x∗

n+1∥2 + ∥x∗
2n∥2

)
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− α2

2µy
·
(∥x∗

n+1∥2 + ∥x∗
2n∥2)(qn−2 − q2−n) + 2⟨x∗

n+1, x
∗
2n⟩(q − q−1)

(qn−1 − q1−n)

=

(
δ̃x
2

+
α2

2µy

(
1− (qn−2 − q2−n + q − q−1)

(qn−1 − q1−n)

))(
∥x∗

n+1∥2 + ∥x∗
2n∥2

)
+

α2

2µy
· (q − q−1)

(qn−1 − q1−n)
∥x∗

n+1 − x∗
2n∥2

=

(
δ̃x
2

+
α2

2µy
· (1− q)(1− qn−2)

(1 + qn−1)

)(
∥x∗

n+1∥2 + ∥x∗
2n∥2

)
+

α2

2µy
· (1− q)(1 + q)

q(q1−n − qn−1)
∥x∗

n+1 − x∗
2n∥2

=

(
δ̃x
2

+
ωnα

2

2µy

)(
∥x∗

n+1∥2 + ∥x∗
2n∥2

)
+

νnα
2

2µy
∥x∗

n+1 − x∗
2n∥2

where (a) uses equations (93) and (95); (b) uses equation (95), and ωn, νn > 0 are defined as follows:

ωn =
(1− q)(1− qn−2)

(1 + qn−1)
, νn =

(1− q)(1 + q)

q(q1−n − qn−1)
. (96)

In addition, we can observe that the following relation holds:

1

2
∥x∗

n+1 − x∗
2n∥2 = min

z∈Rd

(
∥z − x∗

n+1∥2 + ∥z − x∗
2n∥2

)
. (97)

Therefore, the problem can be further reformulated as follows:

min
x∈X

min
z∈Rd

Mµy

β2 h1
(xn+1) +

(
δ̃x
2n

+
ωnα

2

2nµy

)
∥xn+1∥2 +

νnα
2

nµy
∥xn+1 − z∥2

+Mµy

β2 h2
(x2n) +

(
δ̃x
2n

+
ωnα

2

2nµy

)
∥x2n∥2 +

νnα
2

nµy
∥x2n − z∥2.

(98)

Let functions h+
1 (z), h

+
2 (z) : Rd → R be defined as follows:

h+
j (z) = Mµy

β2 hj
(z) +

(
δ̃x
2n

+
ωnα

2

2nµy

)
∥z∥2, j = 1, 2, (99)

and let functions h++
1 (z), h++

2 (z) : Rd → R be defined as follows:

h++
j (z) = M nµy

2νnα2 h+
j
(z), j = 1, 2. (100)

Then the latter problem reformulation can be rewritten as follows:

z∗ = argmin
z∈Rd

h++
1 (z) + h++

2 (z), (101)

and the solution x∗ ∈ X satisfies the following relation:

x∗
n+1 = prox nµy

2νnα2 h+
1
(z∗), x∗

2n = prox nµy

2νnα2 h+
2
(z∗). (102)

Next, we establish the following Lemma I.4, which is used to obtain the explicit expressions for the Moreau envelopes. The
proof is available in Appendix I.1.3.
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Lemma I.4. Let function h(z) : Rd → R be defined as follows:

h(z) =
µ

2
∥z∥2 + L− µ

2
∥Fz∥2 − ⟨b, z⟩, (103)

where L > µ > 0, and F ∈ Rp×d and b ∈ Rd satisfy the following assumptions:

FF⊤ = Ip, F⊤Fb = 0. (104)

Then for λ > 0, the Moreau envelope Mλh(z) is given as follows:

Mλh(z) =
µλ

2
∥z∥2 + Lλ − µλ

2
∥Fz∥2 −Bλ⟨b, z⟩ − Cλ, (105)

where constants Lλ > µλ > 0 and Bλ, Cλ ∈ R are defined as follows:

Lλ = (λ+ 1/L)
−1

, µλ = (λ+ 1/µ)
−1

, Bλ = (1 + λµ)−1, Cλ =
λ∥b∥2

2(1 + λµ)
. (106)

Using Lemma I.4 and the definition of functions h1(z), h2(z) in equation (90), we can express functions h+
1 (z), h

+
2 (z) as

follows:

h+
1 (z) =

µ+

2
∥z∥2 + L+ − µ+

2
∥F1z∥2 + const,

h+
2 (z) =

µ+

2
∥z∥2 + L+ − µ+

2
∥F2z∥2 −A+⟨ed1, z⟩+ const,

(107)

and functions h++
1 (z), h++

2 (z) can be expressed as follows:

h++
1 (z) =

µ++

2
∥z∥2 + L++ − µ++

2
∥F1z∥2 + const,

h++
2 (z) =

µ++

2
∥z∥2 + L++ − µ++

2
∥F2z∥2 −A++⟨ed1, z⟩+ const,

(108)

where constants L+ > µ+ > 0 are defined as follows:

L+ =

(
1

Lx
+

µy

β2

)−1

+
δ̃x
n

+
ωnα

2

nµy
, µ+ =

(
1

δ̃x
+

µy

β2

)−1

+
δ̃x
n

+
ωnα

2

nµy
, (109)

constants L++ > µ++ > 0 are defined as follows:

L++ =

(
1

L+
+

nµy

2νnα2

)−1

, µ++ =

(
1

µ+
+

nµy

2νnα2

)−1

, (110)

and constants A+, A++ ∈ R are defined as follows:

A+ =
β2A

β2 + µy δ̃x
, A++ =

2νnα
2A+

2νnα2 + nµyµ+
. (111)

Next, we establish the following Lemma I.5, the proof is available in Appendix I.1.4.

Lemma I.5. Let ẑ = (ẑ1, . . . , ẑd) ∈ Rd be defined as follows:

ẑ = argmin
z∈Rd

µ∥z∥2 + L− µ

2
∥Fz∥2 −B⟨ed1, z⟩, (112)

where L > µ > 0, B ∈ R and matrix F ∈ R(d−1)×d is defined as follows:

F =
1√
2

1 −1

1 −1

. (113)
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Then there exists z◦ ∈ span({(1, ρ, . . . , ρd−1)}) such that the following inequality holds:

∥z◦ − ẑ∥ ≤ Bρd

2µ
, (114)

where ρ ∈ (0, 1) is defined as follows:

ρ =

√
L−√

µ
√
L+

√
µ
. (115)

From Lemma I.5, the definition of z∗ in equation (101), and the definition of functions hj(z), h+
j (z), and h++

j (z) in
equations (90), (107) and (108), it follows that there exists z◦ ∈ span({(1, ρ, . . . , ρd−1)}) such that the following inequality
holds:

∥z◦ − z∗∥ ≤ A++ρd

2µ++
, (116)

where ρ ∈ (0, 1) is defined as follows:

ρ =

√
L++ −

√
µ++

√
L++ +

√
µ++

. (117)

Finally, we obtain the desired statement of Lemma I.2 with the help of the following Lemma I.6. The proof is available in
Appendix I.1.8.

Lemma I.6. Let vector (x◦, y◦) = (x◦
1, . . . , x

◦
nx
, y◦1 , . . . , y

◦
ny
) ∈ X × Y be defined as follows:

x◦
i = projLd,ρ

(x′
i), y◦i = projLd,ρ

(y′i), (118)

where vector (x′, y′) = (x′
1, . . . , x

′
nx
, y′1, . . . , y

′
ny
) ∈ X × Y is defined as follows:

x′
i =



proxµy

β2 h1
(x′

n+1) i ∈ {1, . . . , n}

prox nµy

2νnα2 h+
1
(z◦) i = n+ 1

x′
n+1(q

2n−i−qi−2n)+x′
2n(q

i−(n+1)−q(n+1)−i)

(qn−1−q1−n) i ∈ {n+ 2, . . . , 2n− 1}
prox nµy

2νnα2 h+
2
(z◦) i = 2n

proxµy

β2 h2
(x′

2n) i ∈ {2n+ 1, . . . , 3n}

,

y′ = ∇g∗(Bx′).

(119)

Then the following inequality holds:
R2

δxδy (x
◦, y◦) ≤ CπA

2ρ2d. (120)

where Cπ > 0 is some constant that possibly depends on the parameters π ∈ Π

It remains to lower-bound ρ. It is done with the help of the following Lemmas I.7, I.8 and I.9, the proofs are available in
Appendices I.1.5, I.1.6 and I.1.7, respectively.

Lemma I.7. Under assumption µxµy ≤ µ2
xy , the following ineqality holds:

q−n ≤ 2. (121)

Lemma I.8. The following inequalities hold:

ωn ≤ (n− 2)δ̃xµy

α2
,

νn ≥ 1

4(n− 1)
.

(122)

Lemma I.9. Constants L++ and µ++ defined in equation (110) satisfy the following inequality:

L++

µ++
≥ 1 + max

{
1

86
,
1

55
·
µ2
yx

δxδy

}
. (123)
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Using Lemma I.9, we can lower-bound ρ as follows:

ρ
(a)
= 1− 2√

L++

µ++ + 1

(b)
≥ max

{
1−

√
220 ·

√
δxδy
µ2
yx

,

√
87−

√
86√

87 +
√
86

}

≥ max

{
1−

√
220 ·

√
δxδy
µ2
yx

,
1

346

}
(c)
= max

{
1−

√
220

√
κxy

· Lxy

µyx
,

1

346

}
(d)
≥ max

{
1− 89 · n

√
κxy

,
1

346

}
,

where (a) uses the definition of ρ in equation (117); (b) uses Lemma I.9; (c) uses the definition of κxy in equation (6); (d) uses
the definition of n in equation (72), which concludes the proof.

I.1.2. PROOF OF LEMMA I.1

Let matrices Wi,W
′
i ∈ Ri×i be defined for i ∈ {1, . . . , n− 1} as follows:

Wi =



2 −1
−1 2

2 −1
−1 2

, W′
i =



1 −1
−1 2

2 −1
−1 2

. (124)

Then using the definition of matrix E in equation (66), we can write the matrix EE⊤ as the following block matrix:

EE⊤ =



nγ2 βγ βγ

βγ −αβ

βγ −αβ

−αβ −αβ

αβ αβ

αβ

αβ

β2(In + Jn)

α2Wn−1

β2(In + Jn)



n
tim

es

n
tim

es

n times

n times

. (125)

Furthermore, let matrices Qi,Q
′
i ∈ R(n+i)×(n+i) be defined for i ∈ {1, . . . , n} as follows:

Qi =


αβ αβ

αβ

αβ

α2Wi

β2(In + Jn)

n
tim

es

n times

, Q′
i =


αβ αβ

αβ

αβ

α2W′
i

β2(In + Jn)

n
tim

es

n times

. (126)

It is not hard to verify that the following matrix inequality holds:

Q′
n−1 ⪰ β2

[
On−1

In

]
. (127)
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Moreover, we can show that for i ∈ {1, . . . , n}, matrices Qi,Q
′
i satisfy the following inequalities:

Qi
α2(n+ i+ 1)

n+ i
(en+i

1 )(en+i
1 )⊤,

Q′
i ⪰

α2

n+ i
(en+i

1 )(en+i
1 )⊤.

(128)

Indeed, let us prove equation (128) by induction. The base case i = 1 is trivial:

Q′
1 =


α2 αβ αβ

αβ

αβ

β2(In + Jn)

 ⪰


α2

n+1

0

0

 =
α2

n+ 1
(en+1

1 )(en+1
1 )⊤. (129)

Furthermore, for an arbitrary index i ∈ {2, . . . , n− 1}, we can show that

Q′
i =


α2 α2 0 0

α2

0

0

Qi−1


(a)
⪰



α2 α2 0 0

α2 α2(n+i)
n+i−1

0 0

0 0


(b)
⪰


α2

n+i

0

0

.

which is nothing else bu the induction hypothesis (128) for the index i, and where (a) uses the induction hypothesis (128)
for the index i− 1; (b) uses Young’s inequality. Next, we can obtain the following inequality for the matrix EE⊤:

EE⊤ =



nγ2 βγ βγ

βγ −αβ

βγ −αβ

−αβ −αβ

β2(In + Jn)

Qn−1


⪰



nγ2 βγ βγ

βγ −αβ

βγ −αβ

−αβ −αβ

β2(n+1)
n Jn

Qn−1



⪰



0

−αβ

−αβ

−αβ −αβ

β2Jn

Qn−1


⪰

 0

On

Q′
n−1



⪰ α2

n+ i
(e3n2n+1−i)(e

3n
2n+1−i)

⊤.

This implies the following inequality for the matrix EE⊤:

EE⊤ (a)
=

n−1∑
i=1

2(n+ i)

3n(n− 1)
EE⊤ ⪰

n−1∑
i=1

2(n+ i)

3n(n− 1)
· α2

n+ i
(e3n2n+1−i)(e

3n
2n+1−i)

⊤

=
2α2

3n(n− 1)

 On+1

In−1

On

.
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where (a) uses the facdt that
∑n−1

i=1
2(n+i)
3n(n−1) = 1. Furthermore, using equation (127), we can obtain the following inequality

for the matrix EE⊤:

EE⊤ ⪰

 0

On

Q′
n−1

 ⪰ β2

[
O2n

In

]
.

Next, we can obtain the following inequality for the matrix EE⊤:

EE⊤ =



nγ2 βγ βγ

βγ −αβ

βγ −αβ

−αβ −αβ

β2(In + Jn)

Qn−1



(a)
⪰



nγ2 βγ βγ

βγ −αβ

βγ −αβ

−αβ −αβ 2nα2

2n−1

O2n−2

β2(In + Jn)


(b)
⪰


0

β2In + β2
(
1− 1

n − 2n−1
2n

)
Jn

0

O2n−2



=


0

β2In − β2

2nJn

0

O2n−2


(c)
⪰


0

β2

2 In

0

O2n−2

.

where (a) uses equation (128); (b) uses Young’s inequality; (c) uses the fact that Jn ⪯ nIn. Furthermore, we can obtain the
following inequality for the matrix EE⊤:

EE⊤ (a)
⪰



nγ2 βγ βγ

βγ −αβ

βγ −αβ

−αβ −αβ 2nα2

2n−1

O2n−2

β(In + Jn)


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(b)
⪰



nγ2 βγ βγ

βγ −αβ

βγ −αβ

−αβ −αβ 2nα2

2n−1

O2n−2

β2(n+1)
n Jn



(c)
⪰



nγ2 βγ βγ

βγ

βγ

0

O2n−2

3β2

2n Jn


(d)
⪰ nγ2

3


1

On

0

O2n−2

.
where (a) uses the ineqality obtained above; (b) uses the fact that Jn ⪯ nIn; (c) and (d) use Young’s ineqality. Now, we sum
all the inequalities for the matrix EE⊤ obtained above with positive coefficients θ1, θ2, θ3, θ4 > 0 and obtain the following:

EE⊤ ⪰


θ1 · nγ2

3

θ2 · β2

2 In

θ3 · 2α2

3n2 In−1

θ4 · β2In

. (130)

Choosing θ1 = 3
4 , θ2 = 1

18 , θ3 = 1
6 , and θ4 = 1

36 implies the following:

EE⊤ ⪰ min

{
nγ2

4
,
β2

36
,
α2

9n2

}
I3n. (131)

Finally, we obtain the following inequality for the matrix EE⊤:

EE⊤ (a)
⪯



2nγ2

β2In + β2(2n+1)
n Jn

3α2 −α2

−α2 2α2 −α2

−α2 2α2 −α2

−α2 3α2

β2(In + 2Jn)


.

(b)
⪯


2nγ2

2(n+ 1)β2In

4α2In−1

(2n+ 1)β2In


⪯ max

{
2nγ2, 2(n+ 1)β2, 4α2

}
I3n.

where (a) uses the expression for the matrix EE⊤ and Young’s inequality; (b) uses Young’s inequality, which concludes the
proof in the case γ > 0. The remaining case γ = 0 is a trivial extension of the case γ > 0.
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I.1.3. PROOF OF LEMMA I.4

Using the definition of the Moreau envelope, we get

Mλh = argmin
z′∈Rd

1

2λ
∥z′ − z∥2 + µ

2
∥z′∥2 + L− µ

2
∥Fz′∥2 − ⟨b, z′⟩. (132)

Using the first-order optimality conditions, we get

1

λ
z + b =

((
1

λ
+ µ

)
Id + (L− µ)FF⊤

)
z′. (133)

Hence, we obtain the following:

Mλh
(a)
=

1

2λ
∥z′ − z∥2 + µ

2
∥z′∥2 + L− µ

2
∥Fz′∥2 − ⟨b, z′⟩

=
1

2λ
∥z∥2 + 1

2
∥z′∥2( 1

λ+µ)Id+(L−µ)F⊤F
− ⟨z′, 1

λz + b⟩

(b)
=

1

2λ
∥z∥2 − 1

2
∥ 1
λz + b∥2

(( 1
λ+µ)Id+(L−µ)F⊤F)

−1

(c)
=

1

2λ
∥z∥2 − 1

2
∥ 1
λz + b∥2

( 1
λ+µ)

−1
Id−( 1

λ+µ)
−2

F⊤
(

1
L−µ Ip+( 1

λ+µ)
−1

FF⊤
)−1

F

(d)
=

1

2λ
∥z∥2 − 1

2
∥ 1
λz + b∥2

( 1
λ+µ)

−1
Id−( 1

λ+µ)
−2

F⊤
(

1
L−µ Ip+( 1

λ+µ)
−1

Ip
)−1

F

=
1

2λ
∥z∥2 − 1

2
∥ 1
λz + b∥2

λ
1+λµ Id− λ2(L−µ)

(1+λL)(1+λµ)
F⊤F

(e)
=

1

2λ
∥z∥2 − 1

2
∥ 1
λz + b∥2(λ−λ2µλ)Id−λ2(Lλ−µλ)F⊤F

=
µλ

2
∥z∥2 + Lλ − µλ

2
∥Fz∥2 − ⟨z, ((1− λµλ)Id − λ(Lλ − µλ)F

⊤F)b⟩

− 1

2
∥b∥2(λ−λ2µλ)Id−λ2(Lλ−µλ)F⊤F

(f)
=

µλ

2
∥z∥2 + Lλ − µλ

2
∥Fz∥2 − (1− λµλ)⟨z, b⟩ −

λ(1− λµλ)

2
∥b∥2

(g)
=

µλ

2
∥z∥2 + Lλ − µλ

2
∥Fz∥2 −Bλ⟨b, z⟩ − Cλ,

where (a) uses the definition of the Moreau envelope; (b) uses the expression for z′; (c) uses the Woodbury matrix
identity; (d) uses the assumption FF⊤ = Ip; (e) uses the definitions of Lλ and µλ; (f) uses the assumption F⊤Fb =
0; (g) uses the definitions of Bλ and Cλ, which concludes the proof.

I.1.4. PROOF OF LEMMA I.5

One can verify that vector ẑ satisfies the following linear system:(
2µId + (L− µ)F⊤F

)
ẑ = Bed1, (134)

which can be rewritten as follows:
(L+ 3µ) −(L− µ)
−(L− µ) 2(L+ µ) −(L− µ)

−(L− µ) 2(L+ µ) −(L− µ)
−(L− µ) (L+ 3µ)



ẑ1
ẑ2

ẑd

 =


2B
0

0

. (135)

Let z◦ ∈ Rd be defined as follows:
z◦ =

2B

(1− ρ)(L− µ)
· (ρ, ρ2, . . . , ρd). (136)
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Then one can observe that (
2µId + (L− µ)F⊤F

)
z◦ = Bed1 −Bρdedd, (137)

which implies (
2µId + (L− µ)F⊤F

)
(z◦ − ẑ) = −Bρdedd. (138)

Hence, we obtain the following inequality:

∥z◦ − ẑ∥ ≤ Bρd

2µ
, (139)

which concludes the proof.

I.1.5. PROOF OF LEMMA I.7

We can upper-bound q−n as follows:

q−n = exp

(
n log

(
1 +

1− q

q

))
(a)
≤ exp

(
n(1− q)

q

)
(b)
≤ exp

(
Lxy

6µyx
· 1− q

q

)
(c)
≤ exp

(
Lxy

6µyx
· 2

√
δ̃xµy√

4α2 + δ̃xµy −
√

δ̃xµy

)

= exp

(
Lxy

6µyx
·
2
√
δ̃xµy

(√
4α2 + δ̃xµy +

√
δ̃xµy

)
4α2

)
(d)
≤ exp

(
Lxy

6µyx
·
4
√
δ̃xµy

(
α+

√
δ̃xµy

)
4α2

)

(e)
≤ exp

 Lxy

6µyx
·

√
µxµy + 4µ2

xy
µy

Ly

(
α+

√
µxµy + 4µ2

xy
µy

Ly

)
α2


(f)
≤ exp

 Lxy

6µyx
·
µyx

√
1 +

4µy

Ly

(
α+ µyx

√
1 +

4µy

Ly

)
α2


(g)
≤ exp

(
Lxy

6µyx
·
µyx

√
2
(
α+ µyx

√
2
)

α2

)
(h)
≤ exp

(√
2

3

(
1 +

2
√
2µyx

Lxy

))
(i)
≤ exp

(√
2

3
+

2

27

)
≤ 2,

where (a) uses the concavity of the logarithm; (b) uses the definition of n in equation (72); (c) uses the definition of
q in equation (94); (d) uses the ineqality

√
a+ b ≤

√
a +

√
b for a, b > 0; (e) uses the definition of δ̃x in equa-

tion (61); (f) uses the assumption µxµy ≤ µ2
yx and the assumption µyx > 0, which, together with Assumption 2.5,

implies µxy ≤ µyx; (g) and (i) use Assumption 2.7; (h) uses the definition of α in equation (68), which concludes the
proof.
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I.1.6. PROOF OF LEMMA I.8

We can upper-bound ωn as follows:

ωn
(a)
=

(1− q)(1− qn−2)

(1 + qn−1)

(b)
≤ (1− q)(1− qn−2) = (1− q)2

n−3∑
j=0

qj

(c)
≤ (n− 2)(1− q)2

(d)
=

4(n− 2)δ̃xµy(√
4α2 + δ̃xµy +

√
δ̃xµy

)2
≤ (n− 2)δ̃xµy

α2
,

where (a) uses the definition of ωn in equation (96); (b) uses the fact that q ≥ 0; (c) uses the fact that q ≤ 1; (d) uses the
definition of q in equation (94). Next, we can upper-bound 1

νn
as follows:

1

νn

(a)
=

q(q1−n − qn−1)

(1− q)(1 + q)
=

q2−n

(1 + q)

2n−3∑
j=0

qj
(b)
≤ 2(n− 1)q−n

(c)
≤ 4(n− 1).

where (a) uses the definition of νn in equation (96); (b) uses the fact that 0 ≤ q ≤ 1; (c) uses Lemma I.7, which concludes
the proof.

I.1.7. PROOF OF LEMMA I.9

First, we can lower-bound L+

µ+ as follows:

L+

µ+

(a)
=

β2Lx

β2+Lxµy
+ δ̃x

n + ωnα
2

nµy

β2δ̃x
β2+δ̃xµy

+ δ̃x
n + ωnα2

nµy

= 1 +
β4(Lx − δ̃x)(

β2δ̃x + (β2 + δ̃xµy)
(

δ̃x
n + ωnα2

nµy

))
(β2 + Lxµy)

(b)
≥ 1 +

β4Lx

2
(
β2δ̃x + (β2 + δ̃xµy)

(
δ̃x
n + ωnα2

nµy

))
(β2 + Lxµy)

(c)
≥ 1 +

β4Lx

2δ̃x

(
β2 + (n−1)

n (β2 + δ̃xµy)
)
(β2 + Lxµy)

(d)
= 1 +

β4Lx

2δ̃x

(
β2 + (n−1)

n

(
β2 + µxµy + µ2

xy
4µy

Ly

))
(β2 + Lxµy)

(e)
≥ 1 +

β4Lx

2δ̃x

(
β2 + (n−1)

n

(
β2 + µ2

yx(1 +
4µy

Ly
)
))

(β2 + Lxµy)

(f)
≥ 1 +

β4Lx

2δ̃x

(
β2 + (n−1)

n

(
β2 + 2µ2

yx

))
(β2 + Lxµy)

(g)
= 1 +

β4Lx

2δ̃xβ4
(
1 + (n−1)

n

(
1 +

2n2µ2
yx

L2
xy

))(
1 +

n2Lxµy

L2
xy

)
(h)
≥ 1 +

Lx

2δ̃x

(
1 + (n−1)

n

(
1 + 1

18

))(
1 +

Lxµy

36µ2
yx

)
≥ 1 +

9Lxµ
2
yx

37δ̃x
(
µ2
yx + 1

36Lxµy

) =
9
37Lxµ

2
yx + δ̃x

(
µ2
yx + 1

36Lxµy

)
δ̃x
(
µ2
yx + 1

36Lxµy

) ,
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where (a) uses the definition of L+ and µ+ in equation (109); (b) uses equation (69); (c) uses Lemma I.8; (d) uses the
definition of δ̃x in equation (61); (e) uses the assumption µxµy ≤ µ2

yx and the assumption µyx > 0, which, together with
Assumption 2.5, implies µxy ≤ µyx; (f) uses Assumption 2.7; (g) uses the definition of β in equation (68); (h) uses the
definition of n in equation (72). Furthermore, we can lower-bound L+

µ+ as follows:

L+

µ+
≥ 1 +

9Lxµ
2
yx

37δ̃x
(
µ2
yx + 1

36Lxµy

) = 1 +
9µ2

yx

37

(
δ̃xµ2

yx

Lx
+ 1

36 δ̃xµy

)
(a)
≥ 1 +

9µ2
yx

37
(

1
2µ

2
yx + 1

36

(
µxµy +

4µyµ2
xy

Ly

))
(b)
≥ 1 +

9µ2
xy

37
(

1
2µ

2
yx + 1

36µ
2
yx

(
1 +

4µy

Ly

))
(c)
≥ 1 +

9µ2
yx

37
(
1
2µ

2
yx + 1

18µ
2
yx

) = 1 +
81

185

≥ 10

7
,

where (a) uses equation (69) and the definition of δ̃x in equation (61); (b) uses the assumption µxµy ≤ µ2
yx and the

assumption µyx > 0, which, together with Assumption 2.5, implies µxy ≤ µyx; (c) uses Assumption 2.7. Next, we can
lower-bound L++

µ++ as follows:

L++

µ++

(a)
=

2νnα
2L+

2νnα2+nµyL+

2νnα2µ+

2νnα2+nµyµ+

= 1 +
(L+ − µ+)

µ+
(
1 +

nµyL+

2νnα2

)
(b)
≥ 1 +

3L+

10µ+
(
1 +

nµyL+

2νnα2

)
(c)
≥ 1 +

3L+

10µ+
(
1 +

2n(n−1)µyL+

α2

)
(d)
≥ 1 +

3L+

10µ+
(
1 +

8n(n−1)µyL+

L2
xy

)
(e)
≥ 1 +

3L+

10µ+
(
1 +

2µyL+

9µ2
yx

) = 1 +
3µ2

yx

10
(

µ+

L+µ2
yx + 2

9µyµ+
)

(f)
≥ 1 +

3µ2
yx

10
(

µ+

L+µ2
yx + 2

9µy

(
β2δ̃x

δ̃xµy+β2
+ δ̃x

n + ωnα2

nµy

))
≤ 1 +

3µ2
yx

10
(

µ+

L+µ2
yx + 2

9µy

(
(n+1)δ̃x

n + ωnα2

nµy

))
(g)
≥ 1 +

3µ2
yx

10
(

µ+

L+µ2
yx + 2

9µy

(
(n+1)δ̃x

n + (n−2)δ̃x
n

)) ≥ 1 +
3µ2

yx

10
(

µ+

L+µ2
yx + 4

9µy δ̃x

)
(h)
≥ 1 +

3µ2
yx

10

(
δ̃xµ2

yx(µ2
yx+

1
36Lxµy)

9
37Lxµ2

yx+δ̃x(µ2
yx+

1
36Lxµy)

+ 4
9µy δ̃x

)
≥ 1 +

3µ2
yx

10

(
37δ̃x(µ2

yx+
1
36Lxµy)

9Lx
+ 4

9µy δ̃x

) ≥ 1 +
27µ2

yx

370δ̃x

(
µy +

µ2
yx

Lx

)
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(i)
= 1 +

27µ2
yx

370δ̃xδy

(j)
≥ 1 +

27µ2
yx

1480δxδy

≥ 1 +
µ2
yx

55δxδy
,

where (a) uses the definition of L++ and µ++ in equation (110); (b) uses the previously obtained inequality µ+ ≤
7
10L

+; (c) and (g) use Lemma I.8; (d) uses the definition of α in equation (68); (e) uses the definition of n in equa-
tion (72); (f) uses the definition of µ+ in equation (109); (h) uses the previously obtained lower bound on L+

µ+ ; (i) uses

the definition of δy in equation (4); (j) uses the definition of δ̃x in equation (61) and the definition of δx in equation (4).
Furthermore, we can lower-bound L++

µ++ as follows:

L++

µ++
≥ 1 +

µ2
yx

55δxδy

(a)
≥ 1 +

µ2
yx

55
(
µxµy +

µy

Ly
µ2
xy +

µx

Lx
µ2
yx +

µ2
xyµ

2
yx

LxLy

)
(b)
≥ 1 +

1

55
(
1 +

µy

Ly
+ µx

Lx
+

µ2
xy

LxLy

) (c)
≥ 1 +

16

25 · 55
≥ 1 +

1

86
,

where (a) uses the definitions of δx and δy in equation (4); (b) uses the assumption µxµy ≤ µ2
yx and the assumption µyx > 0,

which, together with Assumption 2.5, implies µxy ≤ µyx; (c) uses Assumption 2.7, which concludes the proof.

I.1.8. PROOF OF LEMMA I.6

First, we can upper-bound ∥x′ − x∗∥2 as follows:

∥x′ − x∗∥2 (a)
=

n∑
i=1

∥proxµy

β2 h1
(x′

n+1)− proxµy

β2 h1
(x∗

n+1)∥2

+ ∥prox nµy

2νnα2 h+
1
(z◦)− prox nµy

2νnα2 h+
1
(z∗)∥2

+

2n−1∑
i=n+2

∥∥∥∥∥ (x′
n+1 − x∗

n+1)(q
2n−i − qi−2n) + (x′

2n − x∗
2n)(q

i−(n+1) − q(n+1)−i)

(qn−1 − q1−n)

∥∥∥∥∥
2

+ ∥prox nµy

2νnα2 h+
2
(z◦)− prox nµy

2νnα2 h+
2
(z∗)∥2

+

3n∑
i=2n+1

∥proxµy

β2 h2
(x′

2n)− proxµy

β2 h2
(x∗

2n)∥2

(b)
≤ n∥x′

n+1 − x∗
n+1∥2 + ∥z◦ − z∗∥2

+

2n−1∑
i=n+2

∥∥∥∥∥ (x′
n+1 − x∗

n+1)(q
2n−i − qi−2n) + (x′

2n − x∗
2n)(q

i−(n+1) − q(n+1)−i)

(qn−1 − q1−n)

∥∥∥∥∥
2

+ ∥z◦ − z∗∥2 + n∥x′
2n − x∗

2n∥2

(c)
≤ 2∥z◦ − z∗∥2 + n(∥x′

n+1 − x∗
n+1∥2 + ∥x′

2n − x∗
2n∥2)

+ 2

2n−1∑
i=n+2

(q2n−i − qi−2n)2

(qn−1 − q1−n)2
∥x′

n+1 − x∗
n+1∥2

+ 2

2n−1∑
i=n+2

(qi−(n+1) − q(n+1)−i)2

(qn−1 − q1−n)2
∥x′

2n − x∗
2n∥2

= 2∥z◦ − z∗∥2 +

(
n+ 2

n−2∑
i=1

(qi − q−i)2

(qn−1 − q1−n)2

)
(∥x′

n+1 − x∗
n+1∥2 + ∥x′

2n − x∗
2n∥2)

(d)
= 2∥z◦ − z∗∥2
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+

(
n+ 2

n−2∑
i=1

(qi − q−i)2

(qn−1 − q1−n)2

)
∥prox nµy

2νnα2 h+
1
(z◦)− prox nµy

2νnα2 h+
1
(z∗)∥2

+

(
n+ 2

n−2∑
i=1

(qi − q−i)2

(qn−1 − q1−n)2

)
∥prox nµy

2νnα2 h+
2
(z◦)− prox nµy

2νnα2 h+
2
(z∗)∥2

(e)
≤

(
2 + 2n+ 4

n−2∑
i=1

(qi − q−i)2

(qn−1 − q1−n)2

)
∥z◦ − z∗∥2

(f)
≤

(
2 + 2n+ 4

n−2∑
i=1

(qi − q−i)2

(qn−1 − q1−n)2

)(
A++ρd

2µ++

)2

(g)
= C ′

πA
2ρ2d,

where (a) uses the expressions for x∗ in equations (91), (95) and (102) and the definition of x′ in equation (119); (b) and (e) use
the nonexpansiveness of the proximal operator; (c) uses Young’s inequality; (d) uses the definitions of x∗

n+1 and x∗
2n in

equation (102) and the definitions of x′
n+1 and x′

2n in equation (119); (f) uses equation (116); (g) uses the definition of A++

in equation (111), and C ′
π ≥ 0 is a constant that depends on the parameters π ∈ Π.

Next, we can upper-bound R2
δxδy

(x′, y′) as follows:

R2
δxδy (x

′, y′)
(a)
= δx∥x′ − x∗∥2 + δy∥y′ − y∗∥2

(b)
= δx∥x′ − x∗∥2 + δy∥∇g∗(Bx′)−∇g∗(Bx∗)∥2

(c)
≤ δx∥x′ − x∗∥2 + δy

µ2
y

∥B(x′ − x∗)∥2

(d)
≤ δx∥x′ − x∗∥2 +

δyL
2
xy

µ2
y

∥x′ − x∗∥2

(e)
≤

(
δx +

δyL
2
xy

µ2
y

)
C ′

πA
2ρ2d

= C ′′
πA

2ρ2d,

where (a) uses the definition of R2
δxδy

in equation (9); (b) uses the definition of y′ in equation (119) and the expression for
y∗ in equation (85); (c) uses the (1/µy)-smoothness of function g∗(y); (d) uses Assumption 2.5; (e) uses the previously
obtained upper bound on ∥x′ − x∗∥2, and C ′′

π ≥ 0 is a constant that depends on the parameters π ∈ Π.

Furthermore, we can express x′
2n as follows:

x′
2n

(a)
= prox nµy

2νnα2 h+
2
(z◦)

(b)
= z◦ − nµy

2νnα2
∇h++

2 (z◦)

(c)
=

(
Id −

nµy

2νnα2

(
µ++Id + (L++ − µ++)F⊤

2 F2

))
z◦ +A++ed1

=

(
1− nµyµ

++

2νnα2

)
z◦ − nµy(L

++ − µ++)

2νnα2
F⊤

2 F2z
◦ +A++ed1

(d)
=

2A++

(1− ρ)(L++ − µ++)

((
1− nµyµ

++

2νnα2

)
Id −

nµy(L
++ − µ++)

2νnα2
F⊤

2 F2

)
(ρ, . . . , ρd)

+A++ed1
(e)
= A(C ′

π,2nId + 2C ′′
π,2nF

⊤
2 F2)(ρ, . . . , ρ

d) +AC ′′′
π,2ne

d
1

(f)
= AC ′′′

π,2ne
d
1 +AC ′

π,2n(ρ, . . . , ρ
d)

+AC ′′
π,2n(0, ρ

2(1− ρ), ρ2(ρ− 1), ρ4(1− ρ), ρ4(ρ− 1), . . .)
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= A(C ′′′
π,2n + ρC ′

π,2n)(1, 0, 0, . . .)

+A(ρ2C ′
π,2n + ρ2(1− ρ)C ′′

π,2n)(0, 1, 0, ρ
2, 0, ρ4, . . .)

+A(ρ3C ′
π,2n + ρ2(ρ− 1)C ′′

π,2n)(0, 0, 1, 0, ρ
2, 0, ρ4, . . .),

where (a) uses the definition of x′ on equation (119); (b) uses the properties of the proximal operator and the definition of
h++
2 (z) in equation (100); (c) uses the definition of h++

2 (z) in equation (108); (d) uses the adapted version of the definition
of z◦ in equation (136); (e) uses the definition of A++ in equation (111); (f) uses the definition of matrix F2 in equation (62),
and C ′

π,2n, C
′′
π,2n ∈ R are constants that depend on the parameters π ∈ Π. From this expression, we can conclude that the

following inequality holds:
∥x′

2n − x◦
2n∥2 ≤ A2Cπ,2nρ

2d, (140)

where Cπ,2n ≥ 0 is some constant that depends on the parameters π ∈ Π. Similarly, we can obtain the following inequality:

δx∥x′ − x◦∥2 + δy∥y′ − y◦∥2 ≤ C ′′′
π A2ρ2d, (141)

where C ′′′
π ≥ 0 is some constant that depends on the parameters π ∈ Π. Therefore, we obtain the following inequality:

R2
δxδy (x

◦, y◦) ≤ 2R2
δxδy (x

′, y′) + 2δx∥x′ − x◦∥2 + 2δy∥y′ − y◦∥2

≤ 2(C ′′′
π + C ′′

π)A
2ρ2d

= CπA
2ρ2d,

which concludes the proof.

I.1.9. PROOF OF LEMMA I.3

Functions f(x) and g(y) defined in equations (59) and (63) are quadratic. Hence, the optimality conditions (7) can be
written in the following form:

Gxx
∗ +B⊤y∗ = Ab

Gyy
∗ −Bx∗ = 0,

(142)

where b = (02n,1n)⊗ed1 ∈ Rnxd, and Gx ∈ Rnxd×nxd and Gy ∈ Rnyd×nyd are symmetric matrices that can be expressed
from d ∈ {1, 2, . . .} and the parameters π ∈ Π using the definitions of functions f(x) and g(y) in equations (59) and (63).
Hence, the solution (x∗, y∗) can be expressed as follows:

x∗ = A ·Q−1
x b,

y∗ = A ·G−1
y BQ−1

x b,
(143)

where Qx ∈ Rnxd×nxd is defined as follows:

Qx = Gx +B⊤G−1
y B. (144)

Note that matrix Gx +B⊤G−1
y B is invertible due to Assumptions 2.3, 2.4, 2.5 and 2.6:

Gx +B⊤G−1
y B ⪰ δxInxd ≻ Onxd. (145)

Furthermore, using the definition of (x0, y0) in equation (78), we obtain the following:

(x∗ − x0, y∗ − y0) = (Inx+ny
⊗ (Id −P))(x∗, y∗)

= (Inx+ny
⊗ (Id −P))(Q−1

x b,G−1
y BQ−1

x b) ·A.

Hence, it is easy to observe that R2
δxδy

(x0, y0) = Bπ,dA
2 for some constant Bπ,d ≥ 0 that depends on d ∈ {2, 3, . . .} and

the parameters π ∈ Π. Finally, we need to show the existence of d̄ ∈ {2, 3, . . .} such that for all A > 0 the following
inequality holds:

min
d∈{d̂,d̂+1,...}

Bπ,d = min
d∈{d̂,d̂+1,...}

R2
δxδy

(x0, y0)

A2
> 0. (146)
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To do this, we can lower-bound R2
δxδy

(x0, y0) as follows:

R2
δxδy (x

0, y0) ≥ δx
(
∥x0

n+1 − x∗
n+1∥2 + ∥x0

2n − x∗
2n∥2

)
(a)
= δx

(
∥(Id −P)x∗

n+1∥2 + ∥(Id −P)x∗
2n∥2

)
(b)
≥ 1

2δx∥(Id −P)(x∗
n+1 + x∗

2n)∥2

(c)
= 1

2δx∥(Id −P)(prox nµy

2νnα2 h+
1
(z∗) + prox nµy

2νnα2 h+
2
(z∗))∥2

(d)
= 1

2δx∥(Id −P)(2z∗ − nµy

2νnα2 (∇h++
1 (z∗) +∇h++

2 (z∗)))∥2

(e)
= 2δx∥(Id −P)z∗∥2

(f)
≥ δx∥(Id −P)z◦∥2 − 2δx∥(Id −P)(z∗ − z◦)∥2

(g)
≥ δx∥(Id −P)z◦∥2 − 2δx

(
A++ρd

2µ++

)2

(h)
≥ δx

(
2A++ρ2

(1− ρ)(L++ − µ++)

)2

− 2δx

(
A++ρd

2µ++

)2

≥ (A++)2
(

2δxρ
4

(L++)2
− δxρ

2d

2(µ++)2

)
(i)
≥ A2 ·

(
2νnα

2β2

(2νnα2 + nµyµ+)(β2 + µy δ̃x)

)2

·
(

2δxρ
4

(L++)2
− δxρ

2d

2(µ++)2

)
,

where (a) uses the definition of x0 in equation (78); (b) uses the convexity of ∥·∥2; (c) uses the expressions for x∗
n+1 and x∗

2n

in equation (102); (d) uses the properties of the proximal operator and the definition of h++
j (z) in equation (100); (e) uses

the definition of z∗ in equation (101); (f) uses Young’s inequality; (g) uses equation (116); (h) uses the adapted version
of the definition of z◦ in equation (136) in the proof of Lemma I.5 in Appendix I.1.4; (i) uses the definition of A++ in

equation (111). It is not hard to verify that
(

2νnα
2β2

(2νnα2+nµyµ+)(β2+µy δ̃x)

)2
and 2δxρ

4

(L++)2 are positive constants that do not
depend on d. Hence, we can easily obtain the following relation:

lim inf
d→+∞

R2
δxδy

(x0, y0)

A2
> 0, (147)

which concludes the proof.
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J. Proof of Lemma G.3
Let µ̄xy = max{µxy, µyx}. We consider a special instance of problem (1), where X = Y = Rd, functions f(x) and g(y)
are defined as follows:

f(x) =
µx

2
∥x∥2 −A⟨ed1, x⟩, g(y) =

µy

2
∥y∥2, (148)

and matrix B ∈ Rd×d is defined as follows:

B =
1

2


α −β

α −β
α

, where α = Lxy + µ̄xy, β = Lxy − µ̄xy. (149)

Functions f(x) and g(y) obviously satisfy Assumptions 2.3 and 2.4. Moreover, matrix B satisfies Assumption 2.5 due to
the following Lemma J.1, the proof is available in Appendix J.1.1.

Lemma J.1. The singular values of matrix B defined in equation (149) satisfy the following inequalities:

µ̄xy ≤ σmin(B) ≤ σmax(B) ≤ Lxy. (150)

Next, we establish the following Lemma J.2, which describes the solution to the problem defined above, the proof is available
in Appendix J.1.2.

Lemma J.2. For all d ∈ {2, 3, . . .}, the instance of problem (1) defined above has a unique solution (x∗, y∗) ∈ X × Y .
Moreover, there exist vectors x◦, y◦ ∈ span({(1, ρ, . . . , ρd−1)}) such that the following inequality holds:

R2
δxδy (x

◦, y◦) ≤ CπA
2ρ2d, (151)

where Cπ > 0 is some constant that possibly depends on the parameters π ∈ Π, but does not depend on d, and ρ ∈ (0, 1)
satisfies the following inequality:

ρ ≥ max

{
1−

√
8

√
κxy

,
4

5

}
. (152)

In addition, the initial distance to the solution R2
δxδy

(0, 0) is a quadratic function of A, that is,

R2
δxδy (0, 0) = Bπ,dA

2, (153)

where Bπ,d > 0 is a constant that possibly depends on d ∈ {1, 2, . . .} and the parameters π ∈ Π, and satisfies the inequality
mind∈{1,2,...} Bπ,d > 0.

We can express (x◦, y◦) from Lemma J.2 as follows:

x◦ = ux(1, ρ, . . . , ρ
d−1), y◦ = uy(1, ρ, . . . , ρ

d−1), where ux, uy ∈ R, (154)

which implies

∥x◦∥2 =
u2
x(1− ρ2d)

1− ρ2
, ∥y◦∥2 =

u2
y(1− ρ2d)

1− ρ2
. (155)

Further, we fix k ∈ {0, . . . , d}. Using the sparse structure of matrix B defined in equation (149), and using the standard
arguments (Nesterov, 2013; Ibrahim et al., 2020; Zhang et al., 2022a; Scaman et al., 2017; 2018; Kovalev et al., 2024), we
can show that the output vector (xo(τ), yo(τ)) ∈ X × Y satisfies the following implication:

τ ≤ D · τBk ⇒ xo(τ), yo(τ) ∈

{
span({ed1, . . . , edk}) k > 0

{0} k = 0
, (156)

where D > 0 is a universal constant. The right-hand side of this implication implies the following:

R2
δxδy (xo(τ), yo(τ)) = δx∥xo(τ)− x∗∥2 + δy∥yo(τ)− y∗∥2
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(a)
≥ 1

2δx∥xo(τ)− x◦∥2 + 1
2δy∥yo(τ)− y◦∥2 −R2

δxδy (x
◦, y◦)

(b)
≥ 1

2 (δxu
2
x + δyu

2
y)

d−1∑
j=k

ρ2j −R2
δxδy (x

◦, y◦)

= 1
2 (δxu

2
x + δyu

2
y)
ρ2k − ρ2d

1− ρ2
−R2

δxδy (x
◦, y◦)

= 1
2 (δx∥x

◦∥2 + δy∥y◦∥2)
ρ2k − ρ2d

1− ρ2d
−R2

δxδy (x
◦, y◦)

(c)
≥
(

1
4R

2
δxδy (0, 0)−

1
2R

2
δxδy (x

◦, y◦)
) ρ2k − ρ2d

1− ρ2d
−R2

δxδy (x
◦, y◦)

=
ρ2k − ρ2d

4(1− ρ2d)
R2

δxδy (0, 0)−
(
1 +

ρ2k − ρ2d

2(1− ρ2d)

)
R2

δxδy (x
◦, y◦)

(d)
≥ ρ2k − ρ2d

4(1− ρ2d)
Bπ,dA

2 −
(
1 +

ρ2k − ρ2d

2(1− ρ2d)

)
CπA

2ρ2d,

where (a) and (c) use Young’s inequality; (b) uses equation (156) and the expression for (x◦, y◦) in equation (154); (d) uses
Lemma J.2. Furthermore, we can choose A = R/

√
Bπ,d to ensure the initial distance R2

δxδy
(0, 0) = R2 and obtain the

following:

R2
δxδy (xo(τ), yo(τ)) =

ρ2k − ρ2d

4(1− ρ2d)
Bπ,dA

2 −
(
1 +

ρ2k − ρ2d

2(1− ρ2d)

)
CπA

2ρ2d

(a)
=

ρ2k − ρ2d

4(1− ρ2d)
R2 −

(
1 +

ρ2k − ρ2d

2(1− ρ2d)

)
CπR

2ρ2d

Bπ,d

(b)
≥ ρ2k − ρ2d

4(1− ρ2d)
R2 −

(
1 +

ρ2k − ρ2d

2(1− ρ2d)

)
CπR

2ρ2d

mind′∈{1,2,...} Bπ,d′

= ρ2kR2 ·
(
1− ρ2(d−k)

4(1− ρ2d)
−
(
1 +

ρ2k − ρ2d

2(1− ρ2d)

)
Cπρ

2(d−k)

mind′∈{1,2,...} Bπ,d′

)
(c)
≥ 1

5ρ
2kR2,

where (a) uses the choice of A above; (b) uses the inequalities Bπ,d ≥ mind′∈{1,2,...} Bπ,d′ > 0 implied by Lemma J.2; (c) is
implied by choosing a large enough value of d ∈ {1, 2, . . .}.

Next, we consider the case ϵ ≤ 1
5R

2. Choosing k as follows:

k =

⌊
log
(
1
5R

2/ϵ
)

2 log (1/ρ)

⌋
(157)

implies R2
δxδy

(xo(τ), yo(τ)) ≥ ϵ. Therefore, by contraposition, from implication (156), we obtain the following:

R2
δxδy (0, 0) < ϵ ⇒ τ > D · τBk. (158)

The right-hand side of this implication implies the following lower bound on the execution time τ :

τ > D · τBk

(a)
= D · τB

⌊
log
(
1
5R

2/ϵ
)

2 log (1/ρ)

⌋

≥ D · τB ·
log
(
1
5R

2/ϵ
)
− 2 log (1/ρ)

2 log (1/ρ)

(b)
≥ D · τB ·

log
(
1
5R

2/ϵ
)
− 2 log (5/4)

2 log (1/ρ)
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=
D

2
· τB ·

log
(

16
125R

2/ϵ
)

log (1/ρ)

(c)
≥ D

2
· τB ·

log
(

16
125R

2/ϵ
)

(1/ρ− 1)

=
D

2
· τBρ

1− ρ
· log

(
16R2

125ϵ

)
(d)
≥ D

5
√
2
· τB

√
κxy · log

(
16R2

125ϵ

)
= Ω

(
τB · √κxy log

(
16R2

125ϵ

))
,

where (a) uses the definition of k in equation (157); (b) and (d) use Lemma J.2; (c) uses the concavity of the logarithm,
which concludes the proof in the case ϵ ≤ 1

5R
2. In the remaining case ϵ > 1

5R
2, we have log

(
16R2

125ϵ

)
≤ 0. Hence, the latter

lower bound holds due to the fact that τ ≥ 0, which concludes the proof.

J.1. Proofs of Auxiliary Lemmas

J.1.1. PROOF OF LEMMA J.1

We can write matrix B⊤B as follows:

B⊤B =
1

4


α2 −αβ
−αβ α2 + β2 −αβ

−αβ α2 + β2 −αβ
−αβ α2 + β2



=
1

4


αβ −αβ
−αβ 2αβ −αβ

−αβ 2αβ −αβ
−αβ 2αβ

+
1

4


α(α− β)

(α− β)2

(α− β)2

.
Therefore, we can obtain the following matrix inequalities:

B⊤B ⪰ 1
4 min{(α− β)2, α(α− β)}Id = µ̄2

yxId,

B⊤B ⪯ 1
4 max

{
(α− β)2 + 4αβ, α(α− β) + 2αβ

}
Id = L2

xyId,
(159)

which conclude the proof.

J.1.2. PROOF OF LEMMA J.2

The first-order optimality conditions (7) imply that the unique solution to the problem (x∗, y∗) ∈ X × Y is defined by the
following linear system:

(µxµyId +B⊤B)x∗ = µyAed1,

µyy
∗ −Bx∗ = 0.

(160)

Hence, we can express the initial distance R2
δxδy

(0, 0) as follows:

R2
δxδy (0, 0) = δx∥x∗∥2 + δy∥y∗∥2

(a)
= δx∥µyA(µxµyId +B⊤B)−1ed1∥2 + δy∥AB(µxµyId +B⊤B)−1ed1∥2

= A2Bπ,d,

where (a) uses the linear system (160) and the fact that the matrix (µxµyId +B⊤B) is invertible, which is implied by the
matrix inequality (µxµyId +B⊤B) ⪰ (µxµy + µ̄2

xy)Id and Assumption 2.6, and where Bπ,d is defined as follows:

Bπ,d = δxµ
2
y∥(µxµyId +B⊤B)−1ed1∥2 + δy∥B(µxµyId +B⊤B)−1ed1∥2. (161)
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We can also lower-bound Bπ,d as follows:

Bπ,d = δxµ
2
y∥(µxµyId +B⊤B)−1ed1∥2 + δy∥B(µxµyId +B⊤B)−1ed1∥2

(a)
≥

δxµ
2
y + δyµ̄

2
xy

(µxµy + L2
xy)

2

(b)
> 0,

where (a) uses Lemma J.1 and the fact that ∥ed1∥2 = 1; (b) uses Assumption 2.6 and the assumption µy > 0. Therefore, we
obtain the desired inequality mind∈{1,2,...} Bπ,d > 0.

Furthermore, the first equation in equation (160) can be written as follows:

(
γ2 − β

α

)
−1

−1 γ2 −1

−1 γ2 −1
−1 γ2

x∗ =
4µyA

αβ
ed1, (162)

where γ2 is defined as follows:

γ2 =
α2 + β2 + 4µxµy

αβ
=

2(q + 1)

(q − 1)
, (163)

where q > 1 is defined as follows:

q =
L2
xy + µxµy

µ̄2
xy + µxµy

, (164)

where the denominator is always positive due to Assumption 2.6. Let (x◦, y◦) ∈ X × Y be defined as follows:

x◦ =
4µyA

β(α− βρ)
· (ρ, ρ2, . . . , ρd), y◦ =

2A

β
(ρ, ρ2, . . . , ρd), (165)

where ρ ∈ (0, 1) is defined as follows:

ρ =

√
q − 1

√
q + 1

. (166)

One can verify that (x◦, y◦) satisfies the following linear system:

(µxµyId +B⊤B)x◦ = µyAed1 +
αρd+1

α− βρ
· µyAedd,

µyy
◦ −Bx◦ = − 2ρd+1

α− βρ
· µyAedd,

(167)

which, together with equation (160), implies

(µxµyId +B⊤B)(x◦ − x∗) =
αρd+1

α− βρ
· µyAedd,

µy(y
◦ − y∗)−B(x◦ − x∗) = − 2ρd+1

α− βρ
· µyAedd,

(168)

Hence, we can upper-bound ∥x◦ − x∗∥ as follows:

∥x◦ − x∗∥ (a)
=

αµyAρd+1

α− βρ
· ∥(µxµyId +B⊤B)−1edd∥

(b)
≤ αµyAρd+1

(µxµy + µ̄2
xy)(α− βρ)

,
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where (a) uses the linear system (160) and the fact that the matrix (µxµyId + B⊤B) is invertible, which is implied by
the matrix inequality (µxµyId +B⊤B) ⪰ (µxµy + µ̄2

xy)Id and Assumption 2.6; (b) uses the fact that µxµyId +B⊤B ⪰
(µxµy + µ̄2

xy)Id and ∥edd∥ = 1. Furthermore, we can upper-bound ∥y◦ − y∗∥ as follows:

∥y◦ − y∗∥ (a)
=

1

µy

∥∥∥∥B(x◦ − x∗)− 2ρd+1

α− βρ
· µyAedd

∥∥∥∥
(b)
≤ 1

µy
∥B(x◦ − x∗)∥+ 2Aρd+1

α− βρ
· ∥edd∥

(c)
≤ Lxy

µy
∥x◦ − x∗∥+ 2Aρd+1

α− βρ

(d)
≤ αLxyAρd+1

(µxµy + µ̄2
xy)(α− βρ)

+
2Aρd+1

α− βρ

=

(
2 +

αLxy

µxµy + µ̄2
xy

)
Aρd+1

α− βρ
,

where (a) uses the linear system above; (b) uses the triangle inequality; (c) uses the fact that ∥B∥ ≤ Lxy and ∥edd∥ =
1; (d) uses the previously obtained upper bound on ∥x◦ − x∗∥. Combining the upper bounds on ∥x◦ − x∗∥ and ∥y◦ − y∗∥
gives the desired inequality:

R2
δxδy (x

◦, y◦) = δx∥x◦ − x∗∥2 + δy∥y◦ − y∗∥2 ≤ CπA
2ρ2d. (169)

It remains to lower-bound ρ as follows:

ρ
(a)
= 1− 2

√
q + 1

(b)
= 1− 2√

L2
xy+µxµy

µ̄2
xy+µxµy

+ 1

(c)
≥ 1− 2√

182 max{µ̄2
xy,µxµy}+µxµy

µ̄2
xy+µxµy

+ 1

≥ 1− 2√
(182−1)max{µ̄2

xy,µxµy}
µ̄2
xy+µxµy

+ 1 + 1

≥ 1− 2√
(182−1)

2 + 1 + 1
≥ 4

5
,

where (a) uses the definition of ρ in equation (166); (b) uses the definition of q in equation (164); (c) uses Assumption 2.7.
In addition, we can lower-bound ρ as follows:

ρ
(a)
= 1− 2

√
q + 1

(b)
= 1− 2√

L2
xy+µxµy

µ̄2
xy+µxµy

+ 1

(c)
≥ 1− 2√

L2
xy

2µxµy

(d)
≥ 1−

√
8

√
κxy

,

where (a) uses the definition of ρ in equation (166); (b) uses the definition of q in equation (164); (c) uses the assumption
µxµy ≥ max{µ2

xy, µ
2
yx}; (d) uses the definition of κxy in equation (6) and the definitions of δx and δy in equation (4),

which concludes the proof.
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K. Proof of Theorem 4.5
Without loss of generality, we can assume P = Idz

. Otherwise, we can simply make a variable change z → P1/2z. That is,
we can replace functions pi(z) and operators Qi(z) with pi(P

−1/2z) and P−1/2Qi(−P1/2z).

We start with the following Lemmas K.1, K.2 and K.3 that describe the basic properties of functions pk;t1,...,tki (z) and
p̂k;t1,...,tki (z), and operators Qi(z). The proofs of these lemmas is a trivial utilization of the definitions of functions
pk;t1,...,tki (z) and p̂k;t1,...,tki (z) on lines 17 and 22 of Algorithm 1, and the definitions of constants Lk;t1,...,tk

i , Mk;t1,...,tk
i ,

and Hk;t1,...,tk
i on lines 18, 19 and 20 of Algorithm 1. We omit these proofs due to their simplicity.

Lemma K.1. For all k ≤ i, function p̂k;t1,...,tki (z) is Lk;t1,...,tk
i -smooth.

Lemma K.2. For all k ≥ i, function pk;t1,...,tki (z) is Hk;t1,...,tk
i -strongly convex.

Lemma K.3. For all 1 ≤ i ≤ n, operator Qi(z) is Mk;t1,...,tk
i -Lipschitz.

Next, we establish the key Lemma K.4 that describes the convergence properties of Algorithm 1. The proof is available in
Appendix K.1.1.
Lemma K.4. For all 1 ≤ k ≤ n and ẑ ∈ Cz , the following inequality holds:

0 ≥
n∑

i=1

(
rk;t1,...,tki (zkt1,...,tk−1,tk+1/2)− rk;t1,...,tki (ẑ)

)
+

Hk
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
,

(170)

where function rk;t1,...,tki (z) : Z → R is defined as follows:

rk;t1,...,tki (z) = pk;t1,...,tki (z) +

{
⟨z,Qi(ẑ)⟩ i > k

0 i ≤ k
, (171)

constant Hk
Σ ≥ 0 is defined as follows:

Hk
Σ =

k∑
i=1

Hi;t1,...,ti
i , (172)

and Dk;t1,...,tk
i;t ≥ 0 is defined as follows:

Dk;t1,...,tk
i;t =

Lk;t1...,tk
i

∏i
j=k+1 α

2
Tj−1 +Mk;t1...,tk

i

∏i
j=k+1 αTj−1

2
∥zit1,...,tk−1,t,0...0

− ẑ∥2. (173)

Now, we are ready to prove Theorem 4.5. Using the initialization steps on lines 4 and 5 of Algorithm 1, the definition of the
output zout ∈ Z on line 7 of Algorithm 1, and the arguments that are identical to the proof of Lemma K.4, we obtain the
following simplified version of equation (170) for the case k = 0:

n∑
i=1

(
r0i (zout)− r0i (ẑ)

)
≤

n∑
i=1

Li

∏i
j=1 α

2
Tj−1 +Mi

∏i
j=1 αTj−1

2
· ∥zin − ẑ∥2. (174)

Furthermore, we prove the following Lemma K.5 in Appendix K.1.2.
Lemma K.5. The output zout of Algorithm 1 satisfies the inclusion zout ∈ Cz .

It remains to upper-bound αt. First, we lower-bound α−1
t as follows:

α−1
t

(a)
= 1

2 + 1
2

√
1 + 4α−2

t−1 ≥ 1
2 + α−1

t−1 ≥ · · · ≥ 1
2 t+ α−1

0
(b)
= 1

2 (t+ 2),

where (a) and (b) use the definition of αt in equation (20). This lower bound on α−1
t implies the following upper bound on

αT−1:

αT−1 ≤ 2

T + 1
, (175)

which concludes the proof.
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K.1. Proofs of Auxiliary Lemmas

K.1.1. PROOF OF LEMMA K.4

We prove this lemma by induction for k = n, . . . , 1.

Base case (k = n). Using lines 12 and 24 of Algorithm 1, we get the following relation:

znt1,...,tn−1,tn+1/2 = argmin
z∈Cz

n∑
i=1

pn;t1,...,tni (z). (176)

Moreover, function
∑n

i=1 p
n;t1,...,tn
i (z) is Hn

Σ-strongly convex due to Lemma K.2 and the definition of Hn
Σ in equation (172).

Hence, using the fact that ẑ ∈ Cz and the fact that

pn;t1,...,tni (ẑ) = rn;t1,...,tni (ẑ), (177)

which is implied by equation (171), we obtain the following inequality:
n∑

i=1

rn;t1,...,tni (ẑ) ≥
n∑

i=1

rn;t1,...,tni (znt1,...,tn−1,tn+1/2) +
Hn

Σ

2
∥znt1,...,tn−1,tn+1/2 − ẑ∥2, (178)

which is nothing else but the desired equation (170) in the case k = n.

Induction step (k → k − 1). We assume that equation (170) holds for 2 ≤ k ≤ n, which implies the following:

0 ≥
n∑

i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1

(
rk;t1,...,tki (zkt1,...,tk−1,tk+1/2)− rk;t1,...,tki (ẑ)

)
(a)
=

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1,i̸=k

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k+1

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

+
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1/2 − zkt1,...,tk∥

2 −
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2

+ ⟨zkt1,...,tk−1,tk+1/2 − ẑ,∆k;t1,...,tk
k ⟩

(b)
=

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1,i̸=k

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k+1

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

+ ⟨zkt1,...,tk−1,tk+1/2 − ẑ,∇p̂k;t1,...,tkk (zkt1,...,tk)⟩+
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1/2 − zkt1,...,tk∥

2

+ ⟨zkt1,...,tk−1,tk+1/2 − ẑ, Qk(z
k
t1,...,tk

)⟩ −
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2

(c)
≥

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k+1

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

+
Hk;t1,...,tk

k − Lk;t1,...,tk
k

2
∥zkt1,...,tk−1,tk+1/2 − zkt1,...,tk∥

2 −
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2
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+ ⟨zkt1,...,tk−1,tk+1/2 − ẑ, Qk(z
k
t1,...,tk

)⟩

(d)
=

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k+1

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

+
Hk;t1,...,tk

k − Lk;t1,...,tk
k

2
∥zkt1,...,tk−1,tk+1/2 − zkt1,...,tk∥

2 −
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2

+ ⟨zkt1,...,tk−1,tk+1/2 − ẑ, Qk(z
k
t1,...,tk−1,tk+1/2) + ∆k;t1,...,tk

Qk
⟩

(e)
≥

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

+
Hk;t1,...,tk

k − Lk;t1,...,tk
k

2
∥zkt1,...,tk−1,tk+1/2 − zkt1,...,tk∥

2 −
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2

+ ⟨zkt1,...,tk−1,tk+1/2 − ẑ,∆k;t1,...,tk
Qk

⟩

(f)
=

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

+
Hk;t1,...,tk

k − Lk;t1,...,tk
k

2
∥zkt1,...,tk−1,tk+1/2 − zkt1,...,tk∥

2 −
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2

+
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1/2 + (Hk;t1,...,tk

k )−1∆k;t1,...,tk
Qk

− ẑ∥2

−
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2 − 1

2Hk;t1,...,tk
k

∥∆k;t1,...,tk
Qk

∥2

(g)
=

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk−1
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

+
Hk;t1,...,tk

k − Lk;t1,...,tk
k

2
∥zkt1,...,tk−1,tk+1/2 − zkt1,...,tk∥

2 −
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2

+
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1 − ẑ∥2 − 1

2Hk;t1,...,tk
k

∥Qk(z
k
t1,...,tk

)−Qk(z
k
t1,...,tk−1,tk+1/2)∥

2

(h)
≥

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk−1
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

+
(Hk;t1,...,tk

k )2 − Lk;t1,...,tk
k Hk;t1,...,tk

k − (Mk;t1,...,tk
k )2

2Hk;t1,...,tk
k

∥zkt1,...,tk−1,tk+1/2 − zkt1,...,tk∥
2

−
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2 +
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1 − ẑ∥2
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(i)
≥

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk−1
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

n∑
i=1

(
p̂k;t1,...,tki (zkt1,...,tk−1,tk+1/2)− p̂k;t1,...,tki (ẑ)

)
+

n∑
i=k

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

−
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2 +
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1 − ẑ∥2,

where (a) uses the definition of functions rk;t1,...,tki (z) in equation (171) and the definition of functions pk;t1,...,tki (z) on
line 22 of Algorithm 1; (b) uses the definition of ∆k;t1,...,tk

k on line 21 of Algorithm 1; (c) uses the convexity and Lk;t1,...,tk
k -

smoothness of function p̂k;t1,...,tkk (zkt1,...,tk), where the smoothness property is implied by Lemma K.1; (d) uses the definition
of ∆k;t1,...,tk

Qk
on line 26 of Algorithm 1; (e) uses the monotonicity of operator Qk(z); (f) uses the parallelogram rule of

the form ⟨a, b⟩ = c
2∥a+ b/c∥2 − c

2∥a∥
2 − 1

2c∥b∥
2; (g) uses line 27 of Algorithm 1, the definition of Hk

Σ in equation (172),
and the definition of ∆k;t1,...,tk

Qk
on line 26 of Algorithm 1; (h) uses the Mk;t1,...,tk

k -Lipszhitzness of operator Qk(z), which
is implied by Lemma K.3; (i) uses the definition of Hk;t1,...,tk

k on line 20 of Algorithm 1. Furthermore, we obtain the
following:

0
(a)
≥

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk−1
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

k−1∑
i=1

(
p
k−1;t1,...,tk−1

i (zkt1,...,tk−1,tk+1/2)− p
k−1;t1,...,tk−1

i (ẑ)
)

+
1

αtk

n∑
i=k

p
k−1;t1,...,tk−1

i (αtkz
k
t1,...,tk−1,tk+1/2 + (1− αtk)z

k
tk
)

− 1

αtk

n∑
i=k

p
k−1;t1,...,tk−1

i (αtk ẑ + (1− αtk)z
k
tk
) +

n∑
i=k

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

−
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2 +
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1 − ẑ∥2

(b)
≥

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk−1
Σ

2
∥zkt1,...,tk−1,tk+1/2 − ẑ∥2

+

k−1∑
i=1

(
p
k−1;t1,...,tk−1

i (zkt1,...,tk−1,tk+1/2)− p
k−1;t1,...,tk−1

i (ẑ)
)

+
1

αtk

n∑
i=k

p
k−1;t1,...,tk−1

i (zktk+1)−
1− αtk

αtk

n∑
i=k

p
k−1;t1,...,tk−1

i (zktk)

−
n∑

i=k

p
k−1;t1,...,tk−1

i (ẑ) +

n∑
i=k

⟨Qi(ẑ), z
k
t1,...,tk−1,tk+1/2 − ẑ⟩

−
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2 +
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1 − ẑ∥2

(c)
=

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

Hk−1
Σ

2
∥α−1

tk
zktk+1 − (1− αtk)α

−1
tk

zktk − ẑ∥2

+

k−1∑
i=1

p
k−1;t1,...,tk−1

i (α−1
tk

zktk+1 − (1− αtk)α
−1
tk

zktk)

+

n∑
i=k

⟨Qi(ẑ), α
−1
tk

zktk+1 − (1− αtk)α
−1
tk

zktk − ẑ⟩
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+
1

αtk

n∑
i=k

p
k−1;t1,...,tk−1

i (zktk+1)−
1− αtk

αtk

n∑
i=k

p
k−1;t1,...,tk−1

i (zktk)−
n∑

i=1

p
k−1;t1,...,tk−1

i (ẑ)

−
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2 +
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1 − ẑ∥2

(d)
≥

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
+

1

αtk

(
Hk−1

Σ

2
∥zktk+1 − ẑ∥2 +

n∑
i=k

⟨Qi(ẑ), z
k
tk+1 − ẑ⟩

)

− 1− αtk

αtk

(
Hk−1

Σ

2
∥zktk − ẑ∥2 +

n∑
i=k

⟨Qi(ẑ), z
k
tk

− ẑ⟩

)

+
1

αtk

n∑
i=1

p
k−1;t1,...,tk−1

i (zktk+1)−
1− αtk

αtk

n∑
i=1

p
k−1;t1,...,tk−1

i (zktk)−
n∑

i=1

p
k−1;t1,...,tk−1

i (ẑ)

−
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2 +
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1 − ẑ∥2

(e)
=

1

αtk

(
Hk−1

Σ

2
∥zktk+1 − ẑ∥2 +

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zktk+1)− r
k−1;t1,...,tk−1

i (ẑ)
))

− 1− αtk

αtk

(
Hk−1

Σ

2
∥zktk − ẑ∥2 +

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zktk)− r
k−1;t1,...,tk−1

i (ẑ)
))

−
Hk;t1,...,tk

k

2
∥ẑ − zkt1,...,tk∥

2 +
Hk;t1,...,tk

k

2
∥zkt1,...,tk−1,tk+1 − ẑ∥2

+

n∑
i=k+1

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
,

where (a) uses the previous inequality and the definition of function p̂k;t1,...,tki (z) on line 17 of Algorithm 1; (b) uses the
definition of zktk+1 on line 25 of Algorithm 1 and the convexity of functions pk−1;t1,...,tk−1

i (z); (c) uses the definition of
zktk+1 on line 25 of Algorithm 1; (d) uses the convexity of function p

k−1;t1,...,tk−1

i (z) and ∥·∥2; (e) uses the definition of
functions rk−1;t1,...,tk−1

i (z) in equation (171). Next, we divide both sides of the inequality by αtk and obtain the following:

0 ≥ 1

α2
tk

(
Hk−1

Σ

2
∥zktk+1 − ẑ∥2 +

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zktk+1)− r
k−1;t1,...,tk−1

i (ẑ)
))

− 1− αtk

α2
tk

(
Hk−1

Σ

2
∥zktk − ẑ∥2 +

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zktk)− r
k−1;t1,...,tk−1

i (ẑ)
))

−
Hk;t1,...,tk

k

2αtk

∥ẑ − zkt1,...,tk∥
2 +

Hk;t1,...,tk
k

2αtk

∥zkt1,...,tk−1,tk+1 − ẑ∥2

+

n∑
i=k+1

1

αtk

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
(a)
=

1

α2
tk

(
Hk−1

Σ

2
∥zktk+1 − ẑ∥2 +

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zktk+1)− r
k−1;t1,...,tk−1

i (ẑ)
))

− 1− αtk

α2
tk

(
Hk−1

Σ

2
∥zktk − ẑ∥2 +

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zktk)− r
k−1;t1,...,tk−1

i (ẑ)
))

−
Lk;t1,...,tk
k +Mk;t1,...,tk

k

2αtk

∥ẑ − zkt1,...,tk∥
2 +

Lk;t1,...,tk
k +Mk;t1,...,tk

k

2αtk

∥zkt1,...,tk−1,tk+1 − ẑ∥2
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+

n∑
i=k+1

1

αtk

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
(b)
=

1

α2
tk

(
Hk−1

Σ

2
∥zktk+1 − ẑ∥2 +

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zktk+1)− r
k−1;t1,...,tk−1

i (ẑ)
))

− 1− αtk

α2
tk

(
Hk−1

Σ

2
∥zktk − ẑ∥2 +

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zktk)− r
k−1;t1,...,tk−1

i (ẑ)
))

+
L
k−1;t1,...,tk−1

k

2

(
∥zkt1,...,tk−1,tk+1 − ẑ∥2 − ∥zkt1,...,tk − ẑ∥2

)
+

M
k−1;t1,...,tk−1

k

2αTk−1

(
∥zkt1,...,tk−1,tk+1 − ẑ∥2 − ∥zkt1,...,tk − ẑ∥2

)
+

n∑
i=k+1

1

αtk

(
Dk;t1,...,tk

i;tk+1 −Dk;t1,...,tk
i;tk

)
,

where (a) uses the definition of Hk;t1,...,tk
k on line 20 of Algorithm 1; (b) uses the definitions of Lk;t1,...,tk

k and Mk;t1,...,tk
k on

lines 18 and 19 of Algorithm 1. Using the definition of Dk;t1,...,tk
i;t in equation (173), one can verify that 1

αtk
Dk;t1,...,tk

i;t does

not depend on tk. Moreover, using the definition of αtk in equation (20), one can verify that α0 = 1 and 1−αtk

α2
tk

= 1
α2

tk−1
for

tk ≥ 1. Hence, we can do the telescoping and obtain for arbitrary tk ∈ {0, . . . , Tk − 1} the following:

0 ≥ 1

α2
Tk−1

(
Hk−1

Σ

2
∥zkTk

− ẑ∥2 +
n∑

i=1

(
r
k−1;t1,...,tk−1

i (zkTk
)− r

k−1;t1,...,tk−1

i (ẑ)
))

+
L
k−1;t1,...,tk−1

k

2

(
∥zkt1,...,tk−1,Tk

− ẑ∥2 − ∥zkt1,...,tk−1,0
− ẑ∥2

)
+

M
k−1;t1,...,tk−1

k

2αTk−1

(
∥zkt1,...,tk−1,Tk

− ẑ∥2 − ∥zkt1,...,tk−1,0
− ẑ∥2

)
+

n∑
i=k+1

1

αtk

(
Dk;t1,...,tk

i;Tk
−Dk;t1,...,tk

i;0

)
.

After multiplying both sides of the inequality by α2
Tk−1, we obtain for arbitrary tk ∈ {0, . . . , Tk − 1} the following:

0 ≥
n∑

i=1

(
r
k−1;t1,...,tk−1

i (zkTk
)− r

k−1;t1,...,tk−1

i (ẑ)
)
+

Hk−1
Σ

2
∥zkTk

− ẑ∥2

+
L
k−1;t1,...,tk−1

k · α2
Tk−1

2

(
∥zkt1,...,tk−1,Tk

− ẑ∥2 − ∥zkt1,...,tk−1,0
− ẑ∥2

)
+

M
k−1;t1,...,tk−1

k · αTk−1

2

(
∥zkt1,...,tk−1,Tk

− ẑ∥2 − ∥zkt1,...,tk−1,0
− ẑ∥2

)
+

n∑
i=k+1

α2
Tk−1

αtk

(
Dk;t1,...,tk

i;Tk
−Dk;t1,...,tk

i;0

)
(a)
=

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zkTk
)− r

k−1;t1,...,tk−1

i (ẑ)
)
+

Hk−1
Σ

2
∥zkTk

− ẑ∥2

+
L
k−1;t1,...,tk−1

k · α2
Tk−1

2

(
∥zkt1,...,tk−1,Tk

− ẑ∥2 − ∥zkt1,...,tk−1,0
− ẑ∥2

)
+

M
k−1;t1,...,tk−1

k · αTk−1

2

(
∥zkt1,...,tk−1,Tk

− ẑ∥2 − ∥zkt1,...,tk−1,0
− ẑ∥2

)
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+
α2
Tk−1

αtk

n∑
i=k+1

Lk;t1...,tk
i

∏i
j=k+1 α

2
Tj−1 +Mk;t1...,tk

i

∏i
j=k+1 αTj−1

2
∥zit1,...,tk−1,Tk,0...0

− ẑ∥2

−
α2
Tk−1

αtk

n∑
i=k+1

Lk;t1...,tk
i

∏i
j=k+1 α

2
Tj−1 +Mk;t1...,tk

i

∏i
j=k+1 αTj−1

2
∥zit1,...,tk−1,0...0

− ẑ∥2

(b)
=

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zkTk
)− r

k−1;t1,...,tk−1

i (ẑ)
)
+

Hk−1
Σ

2
∥zkTk

− ẑ∥2

+
L
k−1;t1,...,tk−1

k · α2
Tk−1

2

(
∥zkt1,...,tk−1,Tk

− ẑ∥2 − ∥zkt1,...,tk−1,0
− ẑ∥2

)
+

M
k−1;t1,...,tk−1

k · αTk−1

2

(
∥zkt1,...,tk−1,Tk

− ẑ∥2 − ∥zkt1,...,tk−1,0
− ẑ∥2

)
+

n∑
i=k+1

L
k−1;t1...,tk−1

i

∏i
j=k α

2
Tj−1 +M

k−1;t1...,tk−1

i

∏i
j=k αTj−1

2
∥zit1,...,tk−1,Tk,0...0

− ẑ∥2

−
n∑

i=k+1

L
k−1;t1...,tk−1

i

∏i
j=k α

2
Tj−1 +M

k−1;t1...,tk−1

i

∏i
j=k αTj−1

2
∥zit1,...,tk−1,0...0

− ẑ∥2

(c)
=

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zkTk
)− r

k−1;t1,...,tk−1

i (ẑ)
)
+

Hk−1
Σ

2
∥zkTk

− ẑ∥2

+

n∑
i=k

L
k−1;t1...,tk−1

i

∏i
j=k α

2
Tj−1 +M

k−1;t1...,tk−1

i

∏i
j=k αTj−1

2
∥zit1,...,tk−2,tk−1+1,0...0 − ẑ∥2

−
n∑

i=k

L
k−1;t1...,tk−1

i

∏i
j=k α

2
Tj−1 +M

k−1;t1...,tk−1

i

∏i
j=k αTj−1

2
∥zit1,...,tk−1,0...0

− ẑ∥2

(d)
=

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zkTk
)− r

k−1;t1,...,tk−1

i (ẑ)
)
+

Hk−1
Σ

2
∥zkTk

− ẑ∥2

+

n∑
i=k

(
D

k−1;t1,...,tk−1

i;tk−1+1 −D
k−1;t1,...,tk−1

i;tk−1

)
(e)
=

n∑
i=1

(
r
k−1;t1,...,tk−1

i (zk−1
t1,...,tk−2,tk−1+1/2)− r

k−1;t1,...,tk−1

i (ẑ)
)

+
Hk−1

Σ

2
∥zk−1

t1,...,tk−2,tk−1+1/2 − ẑ∥2 +
n∑

i=k

(
D

k−1;t1,...,tk−1

i;tk−1+1 −D
k−1;t1,...,tk−1

i;tk−1

)
,

where (a) and (d) use the definition of Dk;t1,...,tk
i;t in equation (173); (b) uses the definitions of Lk;t1,...,tk

i and Mk;t1,...,tk
i on

lines 18 and 19 of Algorithm 1; (c) uses line 29 of Algorithm 1; (e) uses lines 24 and 32 of Algorithm 1. The latter inequality
is nothing else but the desired equation (170) for k − 1, which concludes the proof.
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K.1.2. PROOF OF LEMMA K.5

We prove by induction that for all 1 ≤ k ≤ n, the following inclusion holds:

zkt1,...,tk−1,tk+1/2 ∈ Cz. (179)

Indeed, in the base case k = n, equation (179) holds due to lines 12 and 24 of Algorithm 1. Next, we assume the
inclusion (179) for a fixed k satisfying 1 ≤ k ≤ n. We have zk1 = zkt1,...,tk−1,1/2

∈ Cz due to the definition on line 25 of
Algorithm 1 and the fact that α0 = 1, which is implied by equation (20). Furthermore, for tk ≥ 1, we have zktk+1 ∈ Cz
due to the definition on line 25 of Algorithm 1 and the inclusions zktk , z

k
t1,...,tk−1,tk+1/2 ∈ Cz , and αtk ∈ (0, 1). Hence, we

obtain zkTk
∈ Cz . This, together with lines 24 and 32 of Algorithm 1, implies equation (179) for k− 1, if k ≥ 2, or zout ∈ Cz ,

if k = 1, which concludes the proof.

L. Proof of Corollary 4.6
Without loss of generality, we can assume that

max
{√

Li+1/ϵ,Mi+1/ϵ, 1
}
≥ max

{√
Li/ϵ,Mi/ϵ, 1

}
for all i ∈ {1, . . . , n− 1}. (180)

Otherwise, we can simply reshuffle the pairs (pi(z), Qi(z)). To ensure the desired inequality (22), it is sufficient to choose
{Ti}ni=1 as follows:

T1 =
⌈
2 ·max

{√
L1/ϵ,M1/ϵ, 1

}⌉
,

Ti+1 =

2 ·
max

{√
Li+1/ϵ,Mi+1/ϵ, 1

}
max

{√
Li/ϵ,Mi/ϵ, 1

}
 for i ∈ {1, . . . , n− 1}.

(181)

Indeed, we can lower-bound
∏i

j=1 Tj as follows:

i∏
j=1

Tj = T1

i∏
j=2

Tj ≥ 2max
{√

L1/ϵ,M1/ϵ, 1
} i−1∏

j=1

2max
{√

Lj+1/ϵ,Mj+1/ϵ, 1
}

max
{√

Lj/ϵ,Mj/ϵ, 1
}

= 2i max
{√

Li/ϵ,Mi/ϵ, 1
}
,

which, together with equation (21), implies equation (22). Similarly, we can upper-bound
∏i

j=1 Tj as follows:

i∏
j=1

Tj = T1

i∏
j=2

Tj

≤
(
2max

{√
L1/ϵ,M1/ϵ, 1

}
+ 1
) i−1∏

j=1

2max
{√

Lj+1/ϵ,Mj+1/ϵ, 1
}

max
{√

Lj/ϵ,Mj/ϵ, 1
} + 1


≤ 3max

{√
L1/ϵ,M1/ϵ, 1

} i−1∏
j=1

3max
{√

Lj+1/ϵ,Mj+1/ϵ, 1
}

max
{√

Lj/ϵ,Mj/ϵ, 1
}

= 3i max
{√

Li/ϵ,Mi/ϵ, 1
}

≤ 3n max
{√

Li/ϵ,Mi/ϵ, 1
}
,

Finally, it is easy to verify that Algorithm 1 performs
∏i

j=1 Tj computations of the gradient ∇pi(z) on line 21 and
2i ·
∏i

j=1 Tj computations of operator Qi(z) on lines 21 and 26, which concludes the proof.
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M. Proof of Theorem 4.7
Let z = (x, y) ∈ Z = X × Y and z′ = (x′, y′) ∈ Z = X × Y . Then we can upper-bound ∥∇p1(z) −∇p1(z

′)∥P−1 as
follows:

∥∇p1(z)−∇p1(z
′)∥P−1

(a)
= δ−1/2

x · ∥∇f(x)−∇f(x′)∥
(b)
≤ δ−1/2

x · Lx∥x− x′∥ (c)
=

Lx

δx
∥x− x′∥P

(d)
= κx∥x− x′∥P,

where (a) uses the definition of function p1(z) in equation (26) and the definition of matrix P in equation (24); (b) uses the
smoothness property in Assumption 2.3; (c) uses the definition of matrix P in equation (24); (d) uses the definition of κx in
equation (6). Hence, we can choose L1 = κx, and similarly, we can choose L2 = κy. In addition, we can upper-bound
∥∇p3(z)−∇p3(z

′)∥P−1 as follows:

∥∇p3(z)−∇p3(z
′)∥P−1

(a)
=

√
β2
x

δx
∥B⊤B(x− x′)∥2 +

β2
y

δy
∥BB⊤(y − y′)∥2

(b)
≤

√
β2
xL

4
xy

δx
∥x− x′∥2 +

β2
yL

4
xy

δy
∥y − y′∥2

(c)
≤ max

{
βxL

2
xy

δx
,
βyL

2
xy

δy

}
∥z − z′∥P

(d)
= κxy ·max {βxδy, βyδx} ∥z − z′∥P
(e)
≤ κxy ·max

{
δy
4Ly

,
δx
4Lx

}
∥z − z′∥P

(f)
= κxy ·max

{
1

4κx
,

1

4κy

}
∥z − z′∥P

(g)
≤ 1

4κxy∥z − z′∥P,

where (a) uses the definition of function p3(z) in equation (26) and the definition of matrix P in equation (24); (b) uses
Assumption 2.5; (c) uses the definition of matrix P in equation (24); (d) uses the definition of κxy in equation (6); (e) uses
the definitions of βx and βy in equation (27); (f) uses the definitions of κx and κy in equation (6); (g) uses the fact that
κx, κy ≥ 1, which is implied by Assumption 2.7. Hence, we can choose L3 = κxy. Furthermore, we can upper-bound
∥Q3(z)−Q3(z

′)∥P−1 as follows:

∥Q3(z)−Q3(z
′)∥P−1

(a)
=

∥∥∥∥[Odx B⊤

−B Ody

][
x− x′

y − y′

]∥∥∥∥
P−1

(b)
=

√
δ−1
x ∥B⊤(y − y′)∥2 + δ−1

y ∥B(x− x′)∥2

(c)
≤

√
L2
xy

δx
∥y − y′∥2 +

L2
xy

δy
∥x− x′∥2

(d)
=
√
κxyδy∥y − y′∥2 + κxyδx∥x− x′∥2

(e)
=

√
κxy∥z − z′∥P,

where (a) uses the definition of operator Q3(z) in equation (25); (b) and (e) use the definition of matrix P in equa-
tion (24); (c) uses Assumption 2.5; (d) uses the definition of κxy in equation (6). Hence, we can choose M3 =

√
κxy .

Next, we can obtain the following:

ϵn∥zin − z∗∥2P
(a)
≥ p(zout)− p(z∗) + ⟨Q(z∗), zout − z∗⟩
(b)
= f(xout)− f(x∗) + g(yout)− g(y∗) + ⟨B⊤y∗, xout − x∗⟩ − ⟨Bx∗, yout − y∗⟩
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+
βx

2
∥Bxout −∇g(yin)∥2 +

βy

2
∥B⊤yout +∇f(xin)∥2

− βx

2
∥Bx∗ −∇g(yin)∥2 −

βy

2
∥B⊤y∗ +∇f(xin)∥2

(c)
≥ f(xout)− f(x∗) + g(yout)− g(y∗) + ⟨B⊤y∗, xout − x∗⟩ − ⟨Bx∗, yout − y∗⟩

+
βx

4
∥B(xout − x∗)∥2 + βy

4
∥B⊤(yout − y∗)∥2

− βx∥Bx∗ −∇g(yin)∥2 − βy∥B⊤y∗ +∇f(xin)∥2

(d)
= Df (xout, x

∗) + Dg(yout, y
∗) +

βx

4
∥B(xout − x∗)∥2 + βy

4
∥B⊤(yout − y∗)∥2

− βx∥∇g(y∗)−∇g(yin)∥2 − βy∥∇f(x∗)−∇f(xin)∥2

(e)
≥ Df (xout, x

∗) + Dg(yout, y
∗) +

βx

4
∥B(xout − x∗)∥2 + βy

4
∥B⊤(yout − y∗)∥2

− 2βxLyDg(yin, y
∗)− 2βyLxDf (xin, x

∗)

(f)
≥ Df (xout, x

∗) + Dg(yout, y
∗) +

βx

4
∥B(xout − x∗)∥2 + βy

4
∥B⊤(yout − y∗)∥2

− 1
2Df (xin, x

∗)− 1
2Dg(yin, y

∗),

where (a) uses Corollary 4.6; (b) the definitions of functions pi(z) and operators Qi(z) in equations (25) and (26); (c) uses
Young’s inequality; (d) uses the optimality conditions (7); (e) uses the smoothness properties in Assumptions 2.3
and 2.4; (f) uses the definitions of βx and βy in equation (27).

Using the definitions of functions pi(z) and operators Qi(z) in equations (25) and (26), Assumptions 2.5 and 2.6, and
Lemma 2.8, we can conclude that projS(zin) = projS(zout). Hence, we get the following:

βx∥B(xout − x∗)∥2 + βy∥B⊤(yout − y∗)∥2 ≥ βxµ
2
xy∥xout − x∗∥2 + βyµ

2
yx∥yout − y∗∥2, (182)

which implies the following:

ϵn∥zin − z∗∥2P ≥ Df (xout, x
∗) + Dg(yout, y

∗)− 1
2Df (xin, x

∗)− 1
2Dg(yin, y

∗)

+ 1
4βxµ

2
xy∥xout − x∗∥2 + 1

4βyµ
2
yx∥yout − y∗∥2

(a)
≥ 3

4Df (xout, x
∗) + 3

4Dg(yout, y
∗)− 1

2Df (xin, x
∗)− 1

2Dg(yin, y
∗)

+
(
1
8µx + 1

4βxµ
2
xy

)
∥xout − x∗∥2 +

(
1
8µy +

1
4βyµ

2
yx

)
∥yout − y∗∥2

(b)
≥ 3

4Df (xout, x
∗) + 3

4Dg(yout, y
∗)− 1

2Df (xin, x
∗)− 1

2Dg(yin, y
∗)

+ 1
16δx∥xout − x∗∥2 + 1

16δy∥yout − y∗∥2

(c)
= 3

4Df (xout, x
∗) + 3

4Dg(yout, y
∗)− 1

2Df (xin, x
∗)− 1

2Dg(yin, y
∗)

+ 1
16∥zout − z∗∥2P,

where (a) uses the strong convexity properties in Assumptions 2.3 and 2.4; (b) uses the definitions of βx and βy in
equation (27) and the definitions of δx and δy in equation (4); (c) uses the definition of P in equation (24). Furthermore, we
have ∥zin − z∗∥2P = R2

δxδy
(xin, yin) and ∥zout − z∗∥2P = R2

δxδy
(xout, yout) due to the definition of z∗. Hence, we obtain the

following inequality:
R2

δxδy (xout, yout) + 12Df (xout, x
∗) + 12Dg(yout, y

∗)

≤ 16ϵnR2
δxδy (xin, yin) + 8Df (xin, x

∗) + 8Dg(yin, y
∗).

(183)

Choosing ϵ = 1
24n = 1

72 concludes the proof.
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N. Proof of Corollary 4.8
We use a restarted version of Algorithm 1. That is, we apply Algorithm 1 T times and use the output at each run as the
input for the next run. Formally, by ztin = (xt

in, y
t
in) and ztout = (xt

out, y
t
out) we denote the input and the output of Algorithm 1

at t-th run, where t ∈ {0, . . . , T − 1}. Then we have z0in = 0 and zt+1
in = ztout for all t ∈ {0, . . . , T − 1}. Hence, we can

upper-bound R2
δxδy

(xT
in , y

T
in ) as follows:

R2
δxδy (x

T
in , y

T
in )

(a)
≤ Ψ(zTin )

(b)
≤
(
2
3

)T
Ψ(z0in)

(c)
=
(
2
3

)T (R2
δxδy (x

0
in, y

0
in) + 12Df (x

0
in, x

∗) + 12Dg(y
0
in, y

∗)
)

(d)
≤
(
2
3

)T (R2
δxδy (x

0
in, y

0
in) + 12Lx∥x0

in − x∗∥2 + 12Ly∥y0in − y∗∥2
)

(e)
≤
(
2
3

)T
(1 + 12κx + 12κy)R2

δxδy (x
0
in, y

0
in)

(f)
=
(
2
3

)T
cR2,

where (a) use the definition of Ψ(z) in equation (29); (b) uses Theorem 4.7; (c) use the definition of Ψ(z) in equation (29),
where (x∗, y∗) = projS(z

0
in); (d) uses the smoothness properties in Assumptions 2.3 and 2.4; (e) uses the definitions of κx

and κy in equation (6) and the definition of R2
δxδy

in equation (9); (f) uses the definitions z0in = 0, R2 = R2
δxδy

(0, 0) and
c = 1 + 12κx + 12κy . Next, we choose T as follows:

T =

⌈
log(cR2/ϵ)

log(3/2)

⌉
, (184)

which implies R2
δxδy

(xT
in , y

T
in ) ≤ ϵ. Note that T ≥ 0 due to the fact that ϵ ≤ R2 and c ≥ 1. In addition, we can upper-bound

T as follows:

T
(a)
≤ log(cR2/ϵ)

log(3/2)
+ 1

=

(
1

log(3/2)
+

1

log(cR2/ϵ)

)
log(cR2/ϵ)

(b)
≤
(

1

log(3/2)
+

1

log(c)

)
log(cR2/ϵ)

(c)
=

(
1

log(3/2)
+

1

log(1 + 12κx + 12κy)

)
log(cR2/ϵ)

(d)
≤
(

1

log(3/2)
+

1

log(25)

)
log(cR2/ϵ)

= O
(
log

cR2

ϵ

)
,

where (a) uses the properties of ⌈·⌉; (b) uses the assumption ϵ ≤ R2; (c) uses the definition c = 1 + 12κx + 12κy; (d) uses
the fact that κx, κy ≥ 1, which is implied by Assumption 2.7.

It remains to combine equation (28) in Theorem 4.7 and multiply T by the appropriate number of computations of the
gradients ∇pi(z) and operators Qi(z), which are provided by Corollary 4.6. Note that the computation of the gradients
∇p1(z) and ∇p2(z) is equivalent to the computation of the gradients ∇f(x) and ∇g(y), respectively. The computation
of the gradient ∇p3(z) and operator Q3(z) requires O(1) matrix-vector multiplications with the matrices B and B⊤, as
well as a single computation of the gradients ∇f(xin) and ∇g(yin) at the beginning of the algorithm, which concludes the
proof.
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