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Abstract001

Hallucinations arise when large language mod-002
els (LLMs) guess rather than acknowledge their003
underlying uncertainty. Existing static strate-004
gies for mitigating hallucinations have been005
only partially successful, largely because they006
do not explicitly model the information gain007
from interacting with the external environment.008
Researchers need a general method to proac-009
tively steer users toward informative clarifi-010
cations, thereby unlocking the model’s effec-011
tive capacity under underspecified inputs. We012
model the uncertainty of LLMs in interactive013
settings and uncover the mechanism of active014
calibration between model concepts and hu-015
man evaluations, improving reliability. We016
show that calibration error in LLMs density017
estimation admits a non-vanishing lower bound018
under non-interactive learning, while interac-019
tion empirically reduces it. We further char-020
acterize that calibration error identifies infor-021
mative queries and that calibration can be ac-022
celerated by shifting query distributions from023
imbalanced to balanced regimes. Guided by024
these insights, we propose a calibration-driven025
Interactive Learning Strategy (ILS) that selects026
clarification queries by optimizing calibration027
error, providing both theoretical guarantees and028
empirical gains for reliability. Code and data029
are available at https://anonymous.4open.030
science/r/DemystifyingUncertainty/.031

1 Introduction032

Human interaction with the world is fundamen-033

tally guided by beliefs. To make effective deci-034

sions, these beliefs must align with appropriate035

“world models” (Ha and Schmidhuber, 2018; Le-036

Cun, 2022; Wong et al., 2023), which capture the037

latent structure of reality. Since our knowledge of038

the external world is rarely complete, such beliefs039

are probabilistic, encoding uncertainty about the en-040

vironment. As the world changes or new evidence041

emerges, these beliefs must be updated accordingly042

to remain consistent with reality. Recent advances 043

in large language models (LLMs) (Brown et al., 044

2020; Li et al., 2023; Guo et al., 2025) invite a 045

natural extension of this perspective: 046

What forms of uncertainty underlie the interac-
tion between LLMs and humans?

047

LLMs have demonstrated remarkable capabili- 048

ties across a variety of tasks, including text genera- 049

tion, question answering (Ouyang, 2022; Wei et al., 050

2022; Havlík et al., 2025), code generation (Zhao 051

et al., 2025), information retrieval (Dai et al., 2024), 052

and tool use (Qin et al., 2023; Wang et al., 2025). 053

By analogy, LLMs interact with humans through 054

outputs that implicitly encode beliefs about knowl- 055

edge and reasoning. However, LLMs often hallu- 056

cinate (Manakul et al., 2023; Ji et al., 2023), pro- 057

ducing fluent but incorrect statements even in the 058

latest models (OpenAI, 2025), limiting adoption 059

in safety-critical domains. To mitigate these risks 060

and encourage LLMs to acknowledge uncertainty 061

rather than guess, uncertainty quantification (UQ) 062

has been explored as a key strategy for assessing 063

model reliability. Yet, existing UQ methods for 064

LLMs primarily rely on numerical estimates (Ma- 065

linin and Gales, 2020; Ling et al., 2024), instead 066

of leveraging the language space to actively com- 067

municate and elicit clarifications about the sources 068

of uncertainty, even though such language-based 069

uncertainty articulation is typically more intuitive 070

for humans (Zimmer, 1983; Windschitl and Wells, 071

1996). Besides, some studies propose leveraging 072

an LLMs’ own ability to evaluate the uncertainty 073

of its responses without relying on external knowl- 074

edge (Kadavath et al., 2022; Miao et al., 2023). 075

However, these approaches suffer from overcon- 076

fidence issues due to the model’s inherent bias to 077

trust its own outputs (Xiong et al., 2023; Li et al., 078

2024). These limitations highlight the need for new 079

frameworks that model how LLMs represent and 080
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update uncertainty in interaction with humans.081

To this end, we decompose uncertainty into082

aleatoric and epistemic components (Section 2),083

and show that they are tightly entangled in LLMs084

rather than cleanly separable. We introduce cal-085

ibration error as a key indicator of this entangle-086

ment by measuring the model’s density-estimation087

mismatch. In particular, a larger calibration error088

suggests a greater discrepancy between these un-089

certainty components. This perspective motivates090

an interactive learning paradigm in which LLMs091

move beyond static numerical evaluation and in-092

stead adopt an active calibration framework, ac-093

tively querying humans to reduce calibration error094

and align their probabilistic concepts with human095

evaluations. Crucially, enabling LLMs to ask hu-096

mans—rather than merely answer them—captures097

an equally important dimension of intelligence,098

highlighting the model’s capacity to guide its own099

knowledge acquisition.100

In this work, we advance the theory of un-101

certainty in LLM–human interaction. We show102

that calibration error cannot vanish in the non-103

interactive setting (Theorem 1 in Section 3.1), ad-104

mitting a monofact-rate–controlled lower bound105

even under zero aleatoric uncertainty, and vali-106

date this relation via controlled n-gram simulations107

(Section 3.2). Empirically, multi-turn interaction108

consistently reduces calibration error (Section 4).109

We further show that calibration error pinpoints110

informative queries and that calibration can be ac-111

celerated by shifting the query distribution from112

imbalanced to balanced (Theorem 2 in Section 5.1).113

Guided by these insights, we propose ILS (Sec-114

tion 5.2, with a case study in Figure 1), which115

selects clarifications by maximizing calibration er-116

ror and adaptively reweights the query distribution,117

with theoretical guarantees and consistent gains118

over prompt-only baselines on free-form genera-119

tion benchmarks.120

2 Backgrounds121

We consider the LLM πθ that maps an input x ∈ X122

to a distribution over sequences Y := VL, where V123

denotes the vocabulary of size V and L represents124

the max length of windows. Given the question125

x, a concrete prediction y = [y1, . . . , yL] ∈ Y is126

then sampled from this distribution. The sequential127

nature of language modeling requires an autore-128

gressive factorization: πθ(y | x) =
∏L

l=1 πθ(yl |129

x, y<l), where y<l denotes the prefix of yl, which130

makes the analysis more complicated. To solve this 131

problem, we can merge this factorization into the 132

definition of the backbone hθ, similar to the for- 133

mulation in Ren and Sutherland (2024). Letting χ 134

denote the concatenation of x and y, the prediction 135

of all tokens in y can then be written as: 136

z = hθ(χ), πθ(y | x) = Softmax_column(z). 137

Here z is a V ×L matrix where the l-th column cor- 138

responds to the logits used to predict the l-th token. 139

Our hθ, even though it receives the entire sequence 140

χ as input, will force the model not to refer to the 141

future tokens y>l when making predictions on the 142

l-th token yl, which is typically implemented via 143

“causal masking” (Vaswani et al., 2017). 144

Probability measure. Let (X , TX ) be a topo- 145

logical space. We write M+(X ) for the set of 146

all Borel probability measures on X . We assume 147

that an input x is drawn from a query distribution 148

µ ∈ M+(X ). Formally, a parameterized LLM 149

with parameters θ ∈ Θ assigns, for each input 150

x ∈ X , a probability distribution over the output 151

space Y , which is denoted by πθ(· | x) ∈M+(Y). 152

Therefore, it can be equivalently viewed as an op- 153

erator, i.e. a concept: 154

πθ : X →M+(Y), x 7→ πθ(· | x). 155

with a concrete prediction y ∼ πθ(· | x). 156

The target distribution over the entire output 157

space Y can be denoted as p(· | x) where each 158

element p(y | x) represents the probability of a 159

specific sequence y. A language model learns a 160

parameterized distribution πθ to approximate p, 161

which is a classical density estimation problem 162

typically optimized via the auto-regressive loss 163

L(x; θ) = Ey∼p[−
∑L

l=1 log πθ(yl | x, y<l)]. The 164

entropy of the learned distribution πθ can be formu- 165

lated as Hx(πθ) = −
∑

y∈Y πθ(y | x) log(πθ(y | 166

x)). If the target distribution p is known, the KL 167

divergence between πθ and p can also be com- 168

puted as KLx(p | πθ) =
∑

y∈Y p(y | x) log[p(y | 169

x)/πθ(y | x)]. 170

Aleatoric uncertainty. Intuitively, aleatoric un- 171

certainty reflects the inherent randomness in the 172

data-generating process, arising from the true con- 173

ditional distribution p(y | x), such that even an 174

ideal model with unlimited capacity cannot elim- 175

inate it. If a sample x admits a unique correct 176

answer y∗, then p(y | x) is degenerate and the 177

aleatoric uncertainty is zero. Conversely, if the 178
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Did you mean to ask about a minister in 
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state or the central government?

Are you asking about the current minister or 
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LLM: Candidate Questions �0 Calibration Error  Cal�: � ∈ �0 

0.458
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0.088
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I’m asking about a past 
game minister of India, 
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Figure 1: Overview of Interactive Learning Strategy (ILS). Given an underspecified user query x, the LLM
produces an initial answer distribution πθ0(· | x) and we estimate Alex, Epix, and Calx. ILS then generates a
candidate clarification set C0 and selects the most informative query by maximizing the calibration error, contrasting
prompt-only baselines (Random, SelfSelect). After T turns, ILS progressively enhances calibration.

task itself is intrinsically ambiguous (e.g., multi-179

ple valid translations or open-ended QA), p(y | x)180

has high entropy, yielding irreducible aleatoric181

uncertainty. In practice, since p(y | x) is inac-182

cessible, we approximate this quantity by com-183

bining ground-truth signals with the model’s out-184

put distribution obtained from sampling (Kada-185

vath et al., 2022). Inspired by Kalai et al. (2025),186

we partition answer space Y into valid answers187

Ax = suppx(p) = {y ∈ Y | p(y | x) > 0} and er-188

rors Ex = Y \ Ax that are inconsistent with p. The189

aleatoric uncertainty of the LLM πθ w.r.t. query x190

is denoted by:191

Alex := πθ(Ex | x) = Pr
y∼πθ(·|x)

[y ∈ Ex].192

Moreover, the aleatoric uncertainty of πθ w.r.t.193

query distribution µ is given by Ale := Ex∼µAlex.194

Here, a single query inherently carries uncertainty,195

yet our analysis elevates this notion to the distri-196

butional level by modeling uncertainty over the197

query space with µ. In experiments we report the198

uncertainty of πθ by averaging across 100 queries.199

Epistemic uncertainty. Unlike aleatoric uncer-200

tainty, which arises from irreducible randomness in201

the data distribution, epistemic uncertainty reflects202

the limitations of the model class in approximating203

the true preference distribution. Even when suffi-204

cient training signal is available, a model with re-205

stricted capacity may fail to capture the underlying206

structure. To formalize this, we define epistemic 207

uncertainty w.r.t. query x as the entropy induced 208

by the distribution πθ, i.e. 209

Epix := Hx(πθ) = −
∑
y∈Y

πθ(y | x) log(πθ(y | x)), 210

with further uncertainty estimation methods (e.g., 211

confidence, margin score, perplexity, semantic en- 212

tropy) detailed in Appendix B.2. Similarly, the 213

epistemic uncertainty of πθ w.r.t. query distribu- 214

tion µ is denoted by Epi := Ex∼µEpix. 215

Calibration Error. Calibration asks whether 216

probabilities assigned by a language model match 217

empirical frequencies. For example, in weather 218

forecasting, if an LLM predicts a 70% chance of 219

rain on a set of days, then approximately 70% of 220

those days should indeed experience rain. More 221

generally, an LLM is calibrated if, among re- 222

sponses to which it assigns confidence near πθ(y | 223

x), the empirical frequency of correctness is also 224

p(y | x). We define the calibration error as the 225

distance between πθ and p, i.e. 226

Cal(πθ,p) := Ex∼µCalx(πθ,p)

= Ex∼µd (πθ(· | x),p(· | x)) ,
227

where d may be instantiated as total variation dis- 228

tance or Jensen–Shannon divergence. We derive 229

lower bounds for calibration error in the next sec- 230

tion and show that the relation implied by Theo- 231

rem 1 holds for both choices of d (Appendix B.1). 232
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3 Calibration Error Cannot Vanish233

without Interaction234

In this section, we show that calibration error ad-235

mits a non-vanishing lower bound: without inter-236

action, it cannot be eliminated, even under zero237

aleatoric uncertainty. The key is the monofact238

rate, inspired by Turing’s “missing-mass” estima-239

tor (Good, 1953; Kalai et al., 2025). n-gram ex-240

periments show that high monofact rate induces241

aleatoric uncertainty, epistemic uncertainty and242

hence calibration error. Combining theoretical anal-243

ysis and empirical validation, we highlight that ac-244

tively asking questions is essential for LLMs to245

close the calibration gap.246

3.1 Why Calibration Error Persists247

Our lower bound for calibration error is based on248

the fraction of facts appearing just once in the train-249

ing data:250

Definition 1 (Monofact rate (Kalai et al., 2025)).251

A query x ∈ X is a monofact if it appears252

exactly once in the N training data S =253

{(x1, y1), . . . , (xN , yN )} without abstention. For-254

mally, denote the training count by cN (x) :=255 ∑N
i=1 1{xi = x}, and define the monofact set256

S := {(x ∈ X : cN (x) = 1}. Then, the monofact257

rate is denoted as the fraction of training mono-258

facts:259

MFR :=
|S|
N

.260

The monofact rate gauges the remaining prob-261

ability mass on unseen outcomes, exploiting the262

symmetry between zero and one occurrences. Fol-263

lowing Turing’s estimate, the probability of unseen264

events is approximated by the fraction of mono-265

facts, which thus serves as a proxy for the missing266

portion of the distribution. Now we establish the267

lower bound of calibration error.268

Theorem 1 (Non-vanishing Lower Bound for Cali-269

bration Error). With probability at least 1− δ over270

the training samples,271

Cal(πθ,p) ≥ MFR−Ale− 3e−m

δ
−
√

6 ln(6/δ)

N
,272

where m is a sparsity parameter. For realistic data273

size, the final two terms are negligible, leaving cali-274

bration error and uncertainty essentially governed275

by the monofact rate.276

The complete proof of Theorem 1 is provided in277

Appendix C. The core idea is that generating out-278

puts with low aleatoric uncertainty—i.e., produc- 279

ing responses consistent with p—is strictly harder 280

than merely classifying whether an output belongs 281

to p. Consider questions of the form “Is this a 282

valid language model output?” Generation implic- 283

itly requires answering this Yes/No query for every 284

candidate response, so any failure to distinguish 285

good from bad inevitably propagates to the gen- 286

erative setting. Consequently, if a model cannot 287

reliably perform the classification task, it cannot be 288

expected to generate only valid outputs. This reduc- 289

tion aligns our setting with computational learning 290

theory (Kearns and Vazirani, 1994), providing a 291

principled lens for analyzing error mechanisms in 292

generative models. 293

Remark. Theorem 1 highlights a structural limi- 294

tation of density estimation in LLMs: calibration 295

error with respect to the target distribution p cannot 296

vanish when portions of the distribution are absent 297

from training data. Even with zero aleatoric uncer- 298

tainty, the model inevitably hallucinates on facts 299

outside the training support, since it approximates 300

a distribution rather than memorizing ground 301

truth. In pretraining, an LLM must approximate 302

the entire language distribution, which inevitably 303

includes arbitrary and patternless components that 304

are hard to learn. Because the model cannot per- 305

fectly classify the validity of such facts, the inequal- 306

ity implies that generation necessarily incurs both 307

uncertainty and calibration error. This further sug- 308

gests that interactive mechanisms which reduce the 309

monofact rate provide a principled means to lower 310

uncertainty and calibration error in practice. 311

3.2 n-gram Study of MFR, Cal, Ale, and Epi 312

To validate the quantitative relationship among 313

monofact rate, calibration error, aleatoric uncer- 314

tainty, and epistemic uncertainty, we begin with 315

classical n-gram models, which provide a con- 316

trolled setting with full authority over data gen- 317

eration, model architecture, training, and eval- 318

uation. This allows us to test Theorem 1 be- 319

fore moving to large-scale LLMs. Let T de- 320

note the base fact set, consisting of unique, struc- 321

tured, comma-separated six-tuples—⟨Actor, Co- 322

star, Movie, Director, Genre, Year⟩—derived from 323

the non-commercial IMDb corpus (IMDb, 2024). 324

Data Generating. Let p denote the distribution 325

over six-tuples x = (x1, . . . , x6). For any pair 326

of tokens (xi, xi+1), the bigram model learns 327

p(x1, x2) = p(x1)p(x2 | x1), where p(x1) is the 328
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Figure 2: n-gram analysis of MFR, Cal, Ale, and Epi. Each dot corresponds to a sample of 5,000 facts, showing
that Cal, Ale, and Epi all increase with the monofact rate.

marginal over first tokens and p(x2 | x1) the con-329

ditional over second tokens. Generating a new330

six-tuple proceeds sequentially:331

p(x) = p(x1)
5∏

i=1

p(xi+1 | xi).332

Concretely, we first draw x1 ∼ p(·) and then sam-333

ple xi+1 ∼ p(· | xi) for each position i = 1 : 5.334

We use a schema-agnostic bigram generator that ap-335

plies the same transition mechanism to all adjacent336

positions, without conditioning on slot identity in337

the six-tuple. Let S denote the training sample set,338

obtained by sampling with replacement from T ac-339

cording to p. Each model is trained on |S| = 5, 000340

facts. Thus, S is a multiset that may contain dupli-341

cates, and empirical statistics such as the monofact342

rate are always computed with respect to S. Here,343

Cal(πθ,p) is computed using the total variation344

distance.345

MFR Controlling. To construct the target dis-346

tribution and vary the monofact rate, we replicate347

each fact in the base set T a random number of348

times, drawing counts from candidate distributions.349

Gaussian and Poisson choices concentrate mass350

near the mean and fail to produce diverse ranges351

of monofact rates. Instead, for each fact x ∈ T we352

sample a replication count:353

r ∼ f(r; γ, rm) =
γrγm
rγ

, r ≥ rm,354

according to a heavy-tailed Pareto distribution with355

shape γ and scale rm, where rm = 1 ensures every356

fact appears at least once. The replication count is357

rounded to an integer, giving multiplicities {ci}|T |
i=1.358

These multiplicities define a weighted multiset,359

which induces the normalized target distribution:360

p(xi) =
ci∑|T |
j=1 cj

, i = 1, . . . , |T |.361

We then sample with replacement from this ex- 362

panded pool to form S, ensuring i.i.d. sampling. 363

Adjusting γ thus directly tunes the empirical mono- 364

fact rate MFR. 365

Preliminary Insight. Our controlled simulations 366

validate the relationships among MFR, Cal, Ale, 367

and Epi predicted by Theorem 1. As shown in Fig- 368

ure 2, all three quantities increase with the mono- 369

fact rate, suggesting that calibration error reflects 370

misalignment in uncertainty decomposition and 371

serves as a proxy for density-estimation mismatch 372

in LLMs. Together, these results underscore the 373

need for mechanisms that reduce the monofact rate. 374

375

Insight 1: Reducing the monofact rate provides
an effective way to mitigate calibration error.

376

4 Active Calibration with Human 377

Given that calibration error admits a non-vanishing 378

lower bound with respect to the monofact rate in 379

the non-interactive setting, a natural question is 380

whether interaction can eliminate this gap. 381

Benchmarks. To investigate, we employ AR- 382

Bench (Zhou et al., 2025a), which simulates real- 383

world information-seeking scenarios. We evaluate 384

on Detective Cases (DC), simulating criminal in- 385

vestigations that require commonsense reasoning, 386

and Situation Puzzles (SP), or “lateral thinking puz- 387

zles,” which probe logical and divergent reasoning 388

through Yes/No questions. Both tasks exhibit high 389

aleatoric uncertainty, as the initial query lacks suf- 390

ficient information and demands active interaction 391

with an oracle. Following prompts (Appendix G.1), 392

a Policy model generates short, verifiable questions 393

(≤20 words), while a Response model (oracle) re- 394

turns concise answers—preferring Yes/No, other- 395

wise brief facts—and outputs “It doesn’t matter” 396

to filter irrelevant queries. This design assesses 397
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Figure 3: Cal(πθ,p) consistently decreases with interaction turns across LLMs in both DC (above) and SP (bottom).

not only final correctness but also the quality and398

informativeness of the model’s queries.399

Evaluation Metrics. Given a query x, at each400

interaction round we sample K = 8 and estimate401

Calx(πθ,p) via Jensen–Shannon divergence. We402

fix K = 8 for efficiency; in a sensitivity check,403

varying K from 5 to 20 does not affect model com-404

parisons. Note that JS divergence ranges from405

[0, 1], and the maximum number of interaction406

turns is capped at 20. To obtain the overall cal-407

ibration error, we evaluate Calx on a set of 100408

queries and report the mean across all queries, i.e.409

Cal. For aleatoric uncertainty and epistemic un-410

certainty, we use error rate and entropy, as illus-411

trated in Section 2. Following prior work (Kirch-412

hof et al., 2025a), we use Qwen2.5–7B as the uni-413

fied Response LLM, while the Policy LLM spans414

LLaMA3–8B, DeepSeek–R1, Qwen2.5, and GPT–4o.415

Empirically, calibration error starts above 0.5,416

decreases steadily with interaction, and converges417

to around 0.2 after roughly forty turns, supporting418

the conclusion that interaction is able to reduce419

calibration error. As shown in Figure 3, calibration420

error converges before the 20-turn cap.421

Observation 1: As the interaction progresses,
the calibration error and uncertainty of all LLMs
decrease and eventually converge.

422

Remark. Recent works (Kirchhof et al., 2025b)423

have highlighted that the two forms of uncertainty424

(aleatoric and epistemic) can be ambiguous in 425

multi-turn interaction settings: the aleatoric un- 426

certainty from prior turns can also be treated as 427

epistemic uncertainty when furnished with infor- 428

mation from subsequent turns. Our observations 429

corroborate this finding: as the number of interac- 430

tion turns increases, these two forms of uncertainty 431

become mutually coupled, and the calibration error 432

precisely captures this uncertainty-induced discrep- 433

ancy. Beyond this, different models vary in both 434

convergence speed and asymptotic error. For exam- 435

ple, Qwen2.5-7B converges near zero calibration 436

error by turn 15, whereas another model of the 437

same family only begins to converge around turn 438

35 and stabilizes near 0.23. These differences mo- 439

tivate us to reconsider the mechanism underlying 440

interactive learning: what makes multi-turn inter- 441

action informative and efficient? 442

Observation 2: LLMs that converge faster also
achieve lower asymptotic calibration error.

443

5 LLM Learning to Query Human 444

Building on our theoretical and empirical results 445

that validate the metric and establish the necessity 446

of interaction, we now ask how to make interac- 447

tion more informative and efficient—teaching the 448

model how to query humans rather than teaching 449

humans how to query the model. 450
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5.1 What Makes Interactions Informative and451

Efficient452

Informative Interactions. According to Obser-453

vation 1, on the one hand, calibration error faith-454

fully characterizes the uncertainty bias of a query455

by quantifying the mismatch between the model’s456

predictive distribution and the ground truth. On457

the other hand, this very characterization provides458

actionable guidance during interaction: the query459

with the largest calibration error is the most infor-460

mative to ask, as it promises the greatest reduction461

in uncertainty once resolved. That is, Calx serves462

both as a diagnostic metric and as an optimiza-463

tion target for identifying and mitigating inputs464

that are likely to induce hallucinated generations.465

Insight 2: Calibration error pinpoints the most
informative query to ask during interaction.

466

Efficient Interactions. Extending Insight 1, we467

observe that the monofact rate is minimized by468

the imbalanced natural distribution µ(x), while for469

large N , it is minimized under a balanced µ(x).470

The detailed proof is provided in Appendix D.471

Theorem 2. Let µ be a distribution on X with472

|X | = K, then the expected monofact rate is473

ES∼µN [MFR] ≈ 1

N

K∑
i=1

ϕ(λi),474

where λi := Nµi and ϕ(t) = te−t. If475

N maxi µi ≤ 2, then ϕ is concave on [0, 2], and476

E[MFR] is Schur-concave in µ, minimized by im-477

balanced µ. If N mini µi ≥ 2, then ϕ is convex on478

[2,∞), and E[MFR] is Schur-convex in µ, mini-479

mized by balanced µ.480

Remark. Prior work (Zucchet et al., 2025) has481

observed that LLMs often exhibit a performance482

plateau before acquiring precise factual knowledge,483

and that training data distribution strongly shapes484

this dynamic: imbalanced distributions shorten the485

plateau but increase overfitting risk and slow long-486

term knowledge acquisition, while balanced distri-487

butions prolong the plateau yet yield faster accumu-488

lation and better generalization. Theorem 1 and 2489

provide a unified explanation: throughout training,490

lower monofact rates induce smaller calibration491

error and better learning dynamics. Hence, imbal-492

anced distributions in early stages help the model493

escape the plateau quickly, whereas uniform distri-494

butions in later stages promote efficient knowledge495

gain. Dynamically adjusting the data distribution 496

to maintain a low monofact rate thus both shortens 497

the plateau and maximizes learning speed. 498

Insight 3: Efficient interactions arise from sam-
pling imbalanced queries early and shifting to
uniform ones later.

499

5.2 Interactive Learning Strategy 500

Combining Insight 3 with Insight 2, we propose 501

an Interactive Learning Strategy (ILS), formulated 502

in Algorithm 1 (Appendix E). Given a query x, 503

the LLM first samples a pool of candidate ques- 504

tions. From this pool, it selects the question with 505

the largest calibration error—our first experiment 506

confirms that this metric faithfully captures the in- 507

formation value of a question. The answer from 508

the human is then incorporated via implicit param- 509

eter updates (i.e., contextual updates), and after T 510

rounds the model produces its final response to x. 511

To make interaction efficient, we build on In- 512

sight 3 and curriculum learning (Bengio et al., 513

2009). The candidate pool is first sampled from 514

the natural distribution µ, reflecting the long-tailed 515

nature of real-world questions, but gradually shifts 516

toward balanced exploration as interaction pro- 517

gresses. To this end, we introduce a unified schedul- 518

ing function β(t) that gradually shifts the sampling 519

distribution, consistent with our Insight 1 that effec- 520

tive calibration requires prioritizing common cases 521

first while progressively covering rare events. A 522

case study of ILS is shown in Figure 1. 523

Baselines. To compare our calibration-based 524

selection with alternative prompt-only selection 525

schemes, we adopt two query-selection heuristics 526

as baselines. Random first uses a PolicyLLM to 527

generate M diverse clarification questions and then 528

uniformly samples one query from the candidate 529

set. SelfSelect uses the same candidate set but asks 530

the LLM to select the best follow-up question. In 531

contrast, our ILS selects queries by estimating cali- 532

bration error. All prompts used in our experiments 533

are provided in Appendix G.2. 534

Benchmarks. To evaluate ILS in realistic free- 535

form generation, we use the ambiguous queries 536

from AmbigQA (Min et al., 2020) and construct 537

an ambiguous variant of HotpotQA (Yang et al., 538

2018) by injecting ambiguity following (Liu et al., 539

2025). Specifically, we convert each query into 540

an AMR graph (Shi et al., 2023), prompt GPT-4o 541

to remove key modifiers/constraints and perturb 542

salient relations (Appendix G.1), and then linearize 543
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Figure 4: Convergence of calibration error, epistemic uncertainty, and aleatoric uncertainty under different interaction
strategies. Across benchmarks, our calibration-based Interactive Learning Strategy (ILS) yields faster convergence
than prompt-only baselines (Random, SelfSelect) for Qwen2.5-7B (top) and LLaMA3—8B (bottom).

the edited AMR back into an ambiguous query with544

corresponding clarification questions.545

Evaluation metrics. Entropy in free-form gener-546

ation is notoriously difficult to estimate because547

answers can be semantically equivalent while re-548

maining lexically or syntactically distinct. Conse-549

quently, naively aggregating token-level probabili-550

ties as in the multiple-choice tasks in Section 4 can551

overestimate uncertainty (Xiao et al., 2020). To552

address this, we adopt semantic entropy (Farquhar553

et al., 2024) to measure epistemic uncertainty for554

long-form QA here. Detailed estimation proce-555

dures and prompts are provided in Appendix G.3.556

Main Results. The results are summarized in Fig-557

ure 4. The experiments in this section are con-558

ducted using Qwen–2.5–7B and LLaMA3–8B to en-559

able efficient computation of the proposed metrics.560

Across benchmarks, our calibration-based ILS ex-561

hibits faster convergence than prompt-only base-562

lines (Random and SelfSelect), suggesting that in-563

formatively guiding queries with calibration signals564

provides a robust advantage over naïve prompting.565

Moreover, the concurrent reduction of epistemic566

uncertainty, aleatoric uncertainty, and calibration567

error indicates substantial overlap among these met-568

rics, and supports the view that calibration-driven569

interaction can also mitigate uncertainty. Finally,570

we observe that SelfSelect occasionally underper-571

forms Random, consistent with overconfidence aris-572

ing from an LLM’s tendency to trust its own out-573

puts; ILS alleviates this issue by selecting queries574

using an explicit calibration signal.575

In Appendix F, we additionally report the valid 576

solutions rate in Figure 5 and conduct a sensitivity 577

analysis on the candidate set size M . In Figure 4 578

we report the main results using the respective op- 579

timal M for each LLM backbone. 580

Remark. ILS provides a systematic proce- 581

dure for adaptive query selection that couples 582

calibration-driven informativeness with curriculum 583

scheduling. By dynamically reweighting the query 584

distribution, ILS connects the theoretical insights 585

of Section 5.1 with practical interaction design. 586

6 Conclusion 587

In this paper, we develop a calibration-centric view 588

of uncertainty in LLM–human interaction. We es- 589

tablish that calibration error in LLMs admits a non- 590

vanishing lower bound in the non-interactive set- 591

ting, governed by the monofact rate. Controlled n- 592

gram simulations and modern LLMs experiments 593

confirm this theoretical link, showing that hallu- 594

cinations persist without interaction. We further 595

demonstrate that multi-turn interaction reduces cali- 596

bration error. Therefore, we characterize how query 597

distributions affect the monofact rate and propose 598

Interactive Learning Strategy (ILS) that selects clar- 599

ification questions by maximizing calibration error 600

and schedules candidate sampling. We hope our 601

theoretical insights and proposed interactive cali- 602

bration strategy represent a step towards modeling 603

uncertainty in LLM–human interaction and making 604

hallucinations more precise. 605
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Limitations606

While this work establishes the theoretical foun-607

dations of interactive calibration, our experiments608

rely on large language models to simulate human609

interaction. Although such models can approxi-610

mate ground-truth responses, they may still fail on611

intermediate or underspecified queries posed by an-612

other LLM, reflecting inherent capacity limitations.613

Addressing this limitation may require augmenting614

LLMs with external tools or interactive capabilities.615

In this work, we restrict our focus to standalone616

LLMs; extending the framework to multi-agent617

systems that incorporate fact-checking components618

and modeling uncertainty at the system level are619

left for future research.620

This paper provides preliminary analyses of the621

proposed ILS algorithm, but the current evaluation622

remains limited in scope. We plan to conduct more623

comprehensive experiments to empirically validate624

the effectiveness and convergence behavior of ILS625

across diverse datasets, interaction settings, and626

model scales. Future work will also explore inte-627

grating quantitative convergence diagnostics and628

ablation studies to better understand how different629

scheduling strategies and uncertainty estimators630

influence stability and calibration performance.631
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A Related Work941

A.1 Output Uncertianty942

Early work on output uncertainty in machine learn-943

ing focused on numerical representations such as944

predicted probabilities, calibrated scores, or binary945

uncertainty flags (Lin et al., 2022; Band et al., 2024;946

Yona et al., 2024). While effective for classifica-947

tion and calibration tasks (Huang et al., 2024; Band948

et al., 2024), these methods confine uncertainty949

communication to a narrow scalar space.950

Recent studies argue that LLMs should express951

uncertainty in text rather than numbers, leveraging952

the expressiveness of natural language (Angelopou-953

los and Bates, 2023; Kirchhof et al., 2023; Xu et al.,954

2024; Kirchhof et al., 2025b). This line of work955

highlights that models should not only report un-956

certainty levels but also explain which alternatives957

exist, why ambiguity arises, and what could resolve958

it (e.g., “I’m not sure, but I think...”). Approaches959

such as SelfReflect (Kirchhof et al., 2025a) and960

summarization-based methods (Zhang and Zhang,961

2025; Yang et al., 2025; Yoon et al., 2025) gener-962

ate textual uncertainty explanations aligned with963

internal belief states, while others explore verbal964

cues like “most likely” or “perhaps” (Chaudhry965

et al., 2024; Wang et al., 2024), raising challenges966

in aligning linguistic hedges with human interpreta-967

tion (Van der Bles et al., 2019; Belém et al., 2024).968

Despite this progress, output-level uncertainty969

research remains limited, especially beyond scalar970

confidence indicators. Our work advances this di-971

rection by introducing a metric that captures the972

bias between internal and expressed uncertainty973

in LLMs, providing a foundation for systematic,974

quantitative modeling of uncertainty expression.975

A.2 Interactive Learning976

A defining feature that distinguishes LLM agents977

from traditional machine learning models is their978

ability to interact with users to acquire informa-979

tion that reduces uncertainty. Such interaction980

manifests in two complementary ways (Kirchhof981

et al., 2025b; Kobalczyk et al., 2025): (1) users982

may provide information outside the model’s train-983

ing distribution (e.g., post-cutoff events or private984

data), thereby expanding the concept space with985

previously unseen possibilities; and (2) users may986

clarify underspecified aspects within the known987

space (e.g., disambiguating intentions or adding988

context), thus contracting uncertainty by resolving989

internal ambiguity without altering the outcome990

space. Recent work on task disambiguation opera- 991

tionalizes this paradigm by having an LLM proac- 992

tively ask clarification questions to resolve under- 993

specified tasks and improve downstream perfor- 994

mance (Kobalczyk et al., 2025) 995

Compared with active learning (Settles, 2009), 996

interactive learning differs in both goal and target. 997

Active learning seeks to improve the global model 998

θ through informative samples for generalization, 999

whereas interactive learning is local, aiming to re- 1000

duce uncertainty for the current instance x. More- 1001

over, active learning queries an oracle for labels, 1002

while interactive learning queries the user during 1003

problem solving, introducing unique challenges in 1004

human–computer interaction (Kasneci et al., 2023; 1005

Chai and Li, 2020). It also differs from in-context 1006

learning (ICL) (Brown et al., 2020; Xie et al., 2021; 1007

Min et al., 2022; Wei et al., 2023; Dong et al., 1008

2023), which passively incorporates external con- 1009

text via prompts but lacks the ability to actively 1010

seek missing information. 1011

In this work, we take a first step toward a formal 1012

theory of interactive learning, defining interaction 1013

in terms of uncertainty and showing how it reduces 1014

uncertainty through both concept-space expansion 1015

and contraction. This formulation extends beyond 1016

static prompt-based conditioning and captures the 1017

dynamic, epistemic role of LLM–user interaction. 1018

B Auxiliary Lemmas 1019

In this section, we justify several of our definitions. 1020

B.1 Calibration Error 1021

We begin with the definition of calibration error 1022

Cal in Section 2, where the distance d may be 1023

instantiated either as total variation distance or as 1024

Jensen–Shannon divergence. We show that the 1025

relation implied by Theorem 1 holds under both 1026

choices of d. 1027

Lemma 1 (TV vs. JS under the IIV gate). Let Ĝ := 1028

{(x, y) : ĥ(x, y) = +1} be the high-probability 1029

region induced by the IIV classifier, and define 1030

Cal(πθ,p) := | πθ(Ĝ)− p(Ĝ)|. 1031

Let CalTV(πθ,p) := Ex∼µ[|πθ(· | x)−p(· | x)|] = 1032

TV(πθ∥p) denote the total variation distance and 1033

CalJS(πθ,p) := Ex∼µ[JS(πθ(· | x)∥p(· | x))] = 1034

JS(πθ∥p) denote the Jensen–Shannon divergence. 1035

Then 1036

Cal(πθ,p) ≤ CalTV(πθ,p) ≤
√

2CalJS(πθ,p). 1037
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Proof. The first inequality is immediate from the1038

variational form of total variation: Cal(P,Q) =1039

supA |P (A) − Q(A)|, hence taking A = Ĝ gives1040

Cal(πθ,p) ≤ CalTV(πθ,p).1041

For the second inequality, by Cauchy–1042

Schwarz,we have:1043

CalTV(πθ,p)
2 =

(
Ex dTV(πθ(· | x),p(· | x))

)2

≤ Ex dTV(πθ(· | x),p(· | x))2.
1044

For each fixed x, Pinsker’s inequality (Csiszár and1045

Körner, 2011) yields: TV(πθ(· | x),p(· | x))2 ≤1046

2 JS(πθ(· | x)∥p(· | x)). Taking expectation over x1047

concludes1048

CalTV(πθ,p)
2 ≤ 2Ex

[
JS(πθ(· | x)∥p(· | x))

]
= 2CalJS(πθ,p).

1049

1050

B.2 Epistemic Uncertainty1051

Then we introduce other methods to represent the1052

epistemic uncertainty of LLMs.1053

The first choice is based on aggregated prob-1054

abilities, which typically aggregate output token1055

probabilities of the generated text tokens y =1056

[y1, . . . , yL] to measure the LLMs’ confidence for1057

each response (Kadavath et al., 2022; Huang et al.,1058

2023; Varshney et al., 2023). Formally, given an1059

aggregation function Aggr(·) and query x, the epis-1060

temic uncertainty based on confidence can be rep-1061

resented as:1062

Epix = 1− EyAggr
L
l=1 (Pr(yi | x, y<l)) .1063

Common uses of Aggr(·) include the mean and1064

minimum (Orgad et al., 2024).1065

The other choice is the Perplexity (PPL) (Zhou1066

et al., 2025b), which is defined as:1067

PPLx = Ey exp

{
− 1

|L|

L∑
l=0

log πθ(yl | x, y<l)

}
1068

Besides, we can also use Margin Score (MS) to1069

represent epistemic uncertainty, which is detailed1070

by Wang and Shang (2014).1071

In both short- and long-form QA, prior work1072

(Farquhar et al., 2024) has shown that token-1073

/sequence-probability–based confidence estimators1074

can be sub-optimal, since a single underlying mean-1075

ing may admit many surface realizations. Conse-1076

quently, uncertainty is more faithfully quantified1077

over semantic equivalence classes rather than over 1078

specific word sequences. Accordingly, for long- 1079

form generations we use semantic entropy as a 1080

meaning-level proxy for epistemic uncertainty. 1081

B.3 Interactive Learning Strategy (ILS) 1082

Finally, we specify the Interactive Learning Strat- 1083

egy (ILS) mentioned in Section 5.2. At each 1084

interaction round t, we draw a set of candidate 1085

queries Ct i.i.d. from the scheduled distribution 1086

qt(x) ∝ µ(x)β(t), where the schedule function β(t) 1087

controls the transition from the natural long-tailed 1088

distribution µ(x) to a balanced one. Below we 1089

provide several illustrative examples: 1090

• Linear schedule. A simple choice is β(t) = 1091

1 +
t

T
(βmax − 1), which linearly increases 1092

from β(0) = 1 (fully natural sampling) to 1093

β(T ) = βmax (nearly uniform). This sched- 1094

ule offers a smooth and interpretable transition 1095

and is effective when the total number of turns 1096

T is fixed in advance. 1097

• Logistic schedule. To emphasize early ex- 1098

ploration and later stabilization, one can use 1099

β(t) = 1 + (βmax − 1)
1

1 + exp[−k(t− t0)]
, 1100

where k controls steepness and t0 the midpoint. 1101

This form allows a gradual warm-up phase fol- 1102

lowed by rapid balancing, consistent with the 1103

idea of curriculum learning. 1104

• Exponential schedule. For more aggressive 1105

late-stage balancing, β(t) = 1 + (βmax − 1106

1)
(
1− e−λt

)
with λ > 0 ensures a fast sat- 1107

uration to βmax and is suitable when early inter- 1108

actions quickly correct coarse biases. 1109

In practice, βmax is typically set between 2 and 1110

5, and the precise schedule shape is not critical 1111

as long as β(t) is monotone nondecreasing and 1112

sufficiently smooth. Both the linear and logistic 1113

variants yield stable performance across datasets. 1114

The model then selects the most informative 1115

query at round t: 1116

xt = argmax
x∈Ct

Dt(x), 1117

where Dt(x) = Calx(πθt , p) denotes the local cali- 1118

bration error measuring the misalignment between 1119

the model’s belief and the target distribution. The 1120

selected query xt is presented to the human anno- 1121

tator, who provides a response yt ∼ p(·|xt). The 1122

LLM then performs an implicit in-context update 1123
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θt+1 = I(θt; xt, yt), thereby refining its internal1124

belief representation without explicit parameter op-1125

timization.1126

C Proof of Theorem 11127

Background. Inspired by (Kalai et al., 2025),1128

we partition answer space Y into valid answers1129

Ax = suppx(p) = {y ∈ Y | p(y | x) > 0} and1130

errors Ex = Y \ Ax that are inconsistent with p,1131

for nonempty disjoint sets Ex,Ax. The aleatoric1132

uncertainty of the LLM πθ w.r.t. query x is denoted1133

by:1134

Alex := πθ(Ex | x) = Pr
y∼πθ(·|x)

[y ∈ E ].1135

Moreover, the aleatoric uncertainty of πθ w.r.t.1136

query distribution µ is given by Ale := Ex∼µAlex.1137

Is-It-Valid (IIV) reduction. We now formalize1138

the Is-It-Valid (IIV) binary classification problem.1139

IIV is specified by the target function h : X ×1140

Y → {−1,+1} to be learned and the synthetic1141

distributionD over X ×Y (a 50/50 mix of samples1142

from p and uniformly random errors):1143

D(x, y) =


1
2 µ(x)p(y | x), (x, y) ∈ A,
1
2 µ(x)

1
|Ex| , (x, y) ∈ E .

1144

Thus D selects, with equal probability, either a1145

pair from the preference distribution p or a pair1146

where x ∼ µ and y is drawn uniformly from Ex.1147

The classifier ĥ(x, y) predicts +1 whenever πθ(y |1148

x) > 1/minx |Ex|, and −1 otherwise.1149

We lower bound calibration error Cal in terms1150

of IIV’s aforementioned misclassification rate err:1151

err := Pr
(x,y)∼D

[ĥ(x, y) ̸= h(x, y)].1152

Lemma 2. For any LLM πθ and target distribution1153

p,1154

Cal(πθ,p) ≥ 2 · err− maxx |Ax|
minx |Ex|

−Ale.1155

Here, Cal(πθ,p) = |πθ(Ĝ) − p(Ĝ)| for G :=1156

{(x, y) | ĥ(x, y) = +1} measures the deviation1157

between the model distribution and target distribu-1158

tion on the high-probability region.1159

Proof. Let m := minx |Ex| and M := maxx |Ax|.1160

Define the high- and low-probability regions with1161

respect to the threshold 1/m:1162

G := {(x, y) : πθ(y | x) > 1/m},
K := {(x, y) : πθ(y | x) ≤ 1/m}.

1163

We partition the aleatoric uncertainty and mis- 1164

classification rates into contributions above and 1165

below the threshold: 1166

Ale = πθ(G \ A) + πθ(K \ A),
err = D(G \ A) +D(K ∩A).

1167

For (x, y) ∈ G \ A, each term contributes 1168

D(x, y) = µ(x)

2|Ex|
≤ µ(x)

2m
, 1169

while simultaneously contributing at least µ(x)/m 1170

to πθ(G \ A). Hence, 1171

πθ(G \ A) ≥ 2 · D(G \ A). 1172

We aim to show 1173

πθ(K \ A) ≥ 2 · D(K ∩A)− M

m
− δ. 1174

By construction, 1175

2 · D(K ∩A) = p(K ∩A). 1176

Since |Ax| ≤ M and πθ(y | x) ≤ 1/m for all 1177

(x, y) ∈ K ∩A, we have 1178

πθ(K ∩A) ≤
∑
x

µ(x) · M
m

=
M

m
. 1179

Therefore, 1180

2 · D(K ∩A)− πθ(K \ A)
= p(K)− πθ(K \ A)
= p(K)−

(
πθ(K)− πθ(K ∩A)

)
≤ Cal(πθ,p) + πθ(K ∩A)

≤ Cal(πθ,p) +
M

m
.

1181

Combining the above- and below-threshold contri- 1182

butions yields the claimed bound. 1183

We then review the Good–Turing (GT) estima- 1184

tor of missing mass (Good, 1953) and its finite- 1185

sample guarantees (McAllester and Ortiz, 2003). 1186

In our setting, prompts are drawn i.i.d. from a 1187

distribution µ over X . Let the training multiset 1188

be S = {(xi, yi)}Ni=1 and denote by cN (x) := 1189∑N
i=1 1{xi = x} the prompt count in S. Define 1190

the (population) missing mass of prompts as 1191

R := Pr
x∼µ

[ x /∈ {x1, . . . , xN} ]. 1192

The Good–Turing estimator of R equals the frac- 1193

tion of monofacts in S, which in our notation is 1194

precisely the empirical monofact rate: 1195

R̂ = |{x∈X : cN (x)=1}|
N = MFR. 1196
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Corollary 1 (McAllester and Ortiz (2003)). Let1197

x1, . . . , xN
i.i.d.∼ µ and let R and MFR be defined1198

as above. For any γ ∈ (0, 1],1199

Pr
[ ∣∣R−MFR

∣∣ ≤ 1
N + 2.42

√
ln(4/γ)

N

]
≥ 1− γ.1200

Proof. Let R := E[R] and MFR := E[MFR],1201

where the expectation is taken over the training1202

sample S ∼ µN . By the classical Good–Turing1203

analysis (Good, 1953), the bias between MFR and1204

R is bounded:1205

0 ≤ MFR−R ≤ 1

N
. (1)1206

Next, McDiarmid’s inequality (McDiarmid, 1989)1207

implies concentration of R:1208

Pr
[
|R−R| ≥ ε1

]
≤ 2 exp(−2Nε21). (2)1209

Similarly, Theorems 10 and 16 of McAllester and1210

Ortiz (2003) yield concentration of MFR:1211

Pr
[
|MFR−MFR| ≥ ε2

]
≤ 2 exp

(
−Nε22

2

)
.

(3)1212

Set ε1 =

√
ln(4/γ)

N and ε2 = 2

√
ln(4/γ)

N . By a1213

union bound, with probability at least 1−γ both (2)1214

and (3) hold. Combining with (1) and the triangle1215

inequality gives1216

|R−MFR| ≤ 1
N + (1 +

√
2)

√
ln(4/γ)

N .1217

Finally, note that 1 +
√
2 ≤ 2.42, yielding the1218

stated bound.1219

We next extend the Good–Turing analysis to the1220

case where the model may abstain, producing an1221

IDK response that is not counted in calibration.1222

Specifically, for a prompt x, we say it is answered1223

in the training data if there exists a training example1224

(x, y) with y ̸= IDK, and unanswered otherwise.1225

Let1226

U := {x ∈ X : ∄ y ∈ S with y ̸= IDK}1227

denote the set of unanswered prompts. The missing1228

mass with abstentions is then defined as1229

R∗ := Pr
x∼µ

[ x ∈ U ].1230

The empirical estimator in this setting is simply1231

the monofact rate restricted to answered samples,1232

denoted R̂∗. Intuitively, memorizing all answered1233

queries suffices for perfect classification, so the1234

only uncertainty comes from U . We now show that1235

R̂∗ remains a good estimator of R∗.1236

Lemma 3. For all N and γ ∈ (0, 1], 1237

Pr
[
|R∗ − R̂∗| ≤ 1

N+ ln(5/γ)
N + 2.42

√
ln(5/γ)

N

]
≥ 1− γ.

1238

Proof. The only difference from the standard 1239

Good–Turing estimator is that we collapse all IDK 1240

responses into identical samples. Consequently, 1241

the classical GT estimator may count at most one 1242

additional monofact compared to R̂∗, yielding 1243

GT− R̂∗ ∈
{
0, 1

N

}
. 1244

This substitution induces a modified distribution 1245

ϕ in which ϕ(IDK) =
∑

x µ(x)p(IDK | x) denotes 1246

the total abstention probability. Then R − R∗ ∈ 1247

{0, ϕ(IDK)} with probability 1 − (1 − ϕ(IDK))N . 1248

In particular, if ϕ(IDK) ≥ 1
N ln(5/γ), then (1 − 1249

ϕ(IDK))N ≤ γ
5 , and hence 1250

Pr
[
R−R∗ ∈

[
0, 1

N ln 5
γ

]]
≥ 1− γ

5 . 1251

Combining this with the concentration bound of 1252

Corollary 1 applied at confidence 4γ/5, and ap- 1253

plying a union bound together with the triangle 1254

inequality, we obtain 1255

Pr
[
|R∗ − R̂∗| ≤ 1

N+ 1
N ln 5

γ + 2.42

√
ln(5/γ)

N

]
≥ 1− γ.

1256

Finally, the slack in the logarithmic term ensures 1257

that the bound remains valid whenever
√
z ≤ z for 1258

z ≥ 2, completing the proof. 1259

Lemma 4. For any N ≥ 1, γ ∈ (0, 1], and any 1260

algorithm outputting a model πθ, with probability 1261

at least 1− γ over S ∼ µN , 1262

2 err ≥ R̂∗ − 6 ln(3N/γ)√
N

. 1263

Proof. By Lemma 3 (GT with abstentions) we 1264

have, with probability at least 1− γ
2 , 1265

Pr

[ ∣∣R∗ − R̂∗∣∣ ≤ 4.42

√
ln(10/γ)

N

]
≥ 1− γ

2
. 1266

Since
√
ln(10/γ) ≤ ln(3N/γ) for N ≥ 2 (and 1267

the lemma is trivial for N = 1), it suffices to prove 1268

that, with probability at least 1− γ
2 , 1269

2 err ≥ R∗ −

√
2

N
ln

3N

γ
. (4) 1270
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Let ζ := 1
N ln(3N/γ) and let αx :=1271

Pr[answer ̸= IDK | x] be the non-abstention1272

probability. Define the answered-probability mass1273

µ′(x) := µ(x)αx, so that1274

R∗ =
∑
x∈U

µ′(x),1275

where U is the set of unanswered prompts (no non-1276

IDK example in S). The lemma follows from the1277

next two inequalities:1278

Pr
[
∀x ∈ U µ′(x) ≤ ζ

]
≥ 1− γ

3
, (5)1279

1280

Pr
[
2 err ≥ R∗ −

√
2
N ln 3N

γ | ∀x ∈ U µ′(x) ≤ ζ
]

≥ 1− γ

6
.

(6)1281

Proof of (5). Note that there are at most 1/ζ1282

prompts whose µ′(x) can exceed ζ. Each such1283

prompt x remains unanswered with probability at1284

most (1 − ζ)N ≤ e−ζN = γ/(3N). By a union1285

bound,1286

Pr
[
∃ x ∈ U : µ′(x) > ζ

]
≤ 1

ζ
· γ

3N
=

γ

3
,1287

which yields (5).1288

Proof of (6). For x ∈ U , define1289

γx :=
1

2

(
1{f(x, ax) = −}+∑

y∈Rx\{ax}

1{f(x, y) = +}
|Rx| − 1

)
∈ [0, 1],

1290

where ax is the gold answer (if any), Rx is the1291

response set (including IDK), and f is the classi-1292

fier induced by πθ in the IIV task (predict + iff1293

πθ(y | x) exceeds the threshold). As in the pre-1294

vious analysis (Kalai et al., 2025), the IIV error1295

decomposes as1296

err ≥ 1

2

∑
x∈U

µ′(x) γx.1297

Conditioning on ∀x ∈ U µ′(x) ≤ ζ makes the1298

random variables {µ′(x)γx}x∈U independent and1299

bounded in [0, µ′(x)]. Moreover,1300 ∑
x∈U

(
µ′(x)

)2 ≤ max
x∈U

µ′(x)
∑
x∈U

µ′(x) ≤ ζ R∗.1301

Hoeffding’s inequality thus yields1302

Pr

[∑
x∈U

µ′(x)γx ≤
R∗

2
−
√

ζ ln(6/γ)

2

∣∣∣∣∣
∀x ∈ U µ′(x) ≤ ζ

]
≤ γ

6
.

1303

Since
√
2 ζ ln(6/γ) =

√
2
N ln(3N/γ) (using ζ = 1304

ln(3N/γ)/N ), this implies (6). 1305

Finally, combining (5) and (6) by a union bound 1306

gives (4) with probability at least 1−γ/2. Together 1307

with the GT–abstention concentration (Lemma 3) 1308

and another union bound, we conclude that with 1309

probability at least 1− γ, 1310

2 err ≥ R̂∗ − 6 ln(3N/γ)√
N

, 1311

as claimed. 1312

Theorem 1(Non-vanishing Lower Bound for 1313

Calibration Error) With probability at least 1 − δ 1314

over the training samples, 1315

Cal(πθ,p) ≥ MFR−Ale− 3e−m

δ
−
√

6 ln(6/δ)

N
, 1316

where m is a sparsity parameter. For realistic data 1317

size, the final two terms are negligible, leaving cal- 1318

ibration error and uncertainty essentially governed 1319

by the monofact rate. 1320

Proof. By Lemma 2, there exists a spillover bound 1321

such that with probability at least 1− δ/3, 1322

Cal(πθ,p) ≥ err − Ale − 3e−m

δ
, (7) 1323

with maxx |Ax| = 2. Independently, by the mono- 1324

fact lower bound for IIV in Lemma 4, with proba- 1325

bility at least 1− 2δ/3, 1326

err ≥ MFR −
√

6 ln(6/δ)

N
. (8) 1327

Applying a union bound to (7) and (8) shows that 1328

both events hold simultaneously with probability 1329

at least 1− δ, and substituting (8) into (7) yields 1330

Cal(πθ,p) ≥ MFR−Ale− 3e−m

δ
−
√

6 ln(6/δ)

N
. 1331

This proves the claim. 1332

D Proof of Theorem 2 1333

In this section, we provide detailed proof for Theo- 1334

rem 2 1335

Theorem 2. Let µ be a distribution on the 1336

prompt space X with |X | = K, then the expected 1337

monofact rate is 1338

ES∼µN [MFR] =
1

N

K∑
i=1

Nµi (1− µi)
N−1. 1339
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Let λi := Nµi and define ϕ(t) = te−t. Then1340

ES∼µN [MFR] ≈ 1

N

K∑
i=1

ϕ(λi).1341

• If N maxi µi ≤ 2, then each λi ≤ 2 and ϕ is1342

concave on [0, 2]. Hence E[MFR] is Schur-1343

concave in µ, minimized by imbalanced µ.1344

• If N mini µi ≥ 2, then each λi ≥ 2 and ϕ is1345

convex on [2,∞). Hence E[MFR] is Schur-1346

convex in µ, minimized by balanced µ.1347

Moreover, by Good–Turing concentration in Corol-1348

lary 1, for any δ ∈ (0, 1],1349

Pr
[ ∣∣MFR− E[MFR]

∣∣ ≤ 1
N + 2.42

√
ln(4/δ)

N

]
≥ 1− δ,1350

so the same ordering holds for the empirical MFR1351

with high probability up to O
(√

ln(1/δ)/N
)

devi-1352

ations.1353

Proof. For ∀ i, Pr[cN (xi) = 1] =
(
N
1

)
µi(1 −1354

µi)
N−1 = Nµi(1− µi)

N−1, hence1355

E[MFR] =
1

N

K∑
i=1

Pr[cN (xi) = 1]

=
1

N

K∑
i=1

Nµi(1− µi)
N−1.

1356

Substituting λi = Nµi yields:1357

E[MFR] =
1

N

K∑
i=1

Nµi(1− µi)
N−1

=
1

N

K∑
i=1

λi

(
1− λi

N

)N−1
.

(9)1358

Under the Poissonized experiment where the total1359

count Ñ ∼ Poisson(N) and C̃i ∼ Poisson(λi)1360

are independent, Pr[C̃i = 1] = λie
−λi . Thus1361

EPois[MFR] = 1
N

∑
i Pr[C̃i = 1] = 1

N

∑
i ϕ(λi),1362

giving:1363

EPois[MFR] =
1

N

K∑
i=1

ϕ(λi). (10)1364

A standard de-Poissonization argument (e.g., an-1365

alytic combinatorics) shows that for occupancy1366

statistics with bounded toll functions,1367 ∣∣∣ Pr[Ci = 1]−Pr[C̃i = 1]
∣∣∣ ≤ c1

N
min{1, λ2

i e
−λi},1368

for an absolute constant c1. Summing over i and 1369

dividing by N gives (11) with C0 = c1: 1370∣∣∣E[MFR]− EPois[MFR]
∣∣∣ ≤ C0

N
. (11) 1371

Define ϕ(t) = te−t. Then ϕ′′(t) = e−t(t− 2), so 1372

ϕ is concave on [0, 2] and convex on [2,∞). 1373

By Karamata’s inequality (Hardy et al., 1952), 1374

a symmetric convex function is Schur-convex and 1375

a symmetric concave function is Schur-concave. 1376

Specifically, fixing
∑

i λi = N , Karamata’s in- 1377

equality implies: if every λi lies in a concave in- 1378

terval, then
∑

i ϕ(λi) is Schur-concave; if every λi 1379

lies in a convex interval, then it is Schur-convex. 1380

Thus, in the small-N regime (λi ≤ 2 for all i), the 1381

minimum is achieved at the most imbalanced µ and 1382

the maximum at the balanced µ; conversely, in the 1383

large-N regime (λi ≥ 2 for all i), the minimum 1384

is at the balanced µ and the maximum at the most 1385

imbalanced µ. By (11), these statements transfer 1386

from EPois[MFR] to E[MFR] with O(1/N) slack. 1387

Finally, the Good–Turing concentration bound in 1388

Corollary 1 ensures that MFR concentrates around 1389

E[MFR] at the stated rate, so the ordering by ma- 1390

jorization holds for the empirical MFR with prob- 1391

ability 1− δ. 1392

Mixed regime. The clean dichotomy above re- 1393

quires all λi = Nµi to lie in either the concave 1394

regime [0, 2] or the convex regime [2,∞). When 1395

the coordinates of µ straddle both regions (i.e., 1396

some λi < 2 while others λj > 2), the behavior of 1397

E[MFR] = 1
N

∑
i ϕ(λi) becomes more intricate: 1398

the function ϕ is neither globally concave nor glob- 1399

ally convex, so E[MFR] is neither Schur-concave 1400

nor Schur-convex. In this mixed regime, the min- 1401

imizer of E[MFR] typically lies on the boundary 1402

of the simplex where probability mass is pushed as 1403

much as possible toward the “convex” side (large 1404

λi) while respecting normalization. Intuitively, al- 1405

locating extra mass to already large-λi coordinates 1406

reduces their monofact contribution sharply (since 1407

ϕ(t) decays exponentially after t > 2), whereas 1408

spreading mass to small-λi coordinates increases 1409

monofact probability. Thus, even in the mixed 1410

regime, the extremizers remain highly imbalanced 1411

distributions, though the precise structure depends 1412

on how many coordinates fall above or below the 1413

t = 2 threshold. 1414

E Algorithm 1415

In this section, we present the proposed Interactive 1416

Learning Strategy (ILS) in detail (Algorithm 1), 1417
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Algorithm 1: Interactive Learning Strategy
(ILS)

Input: Input space X , natural distribution
µ(x), human query x, total rounds T ,
candidate size M , schedule β(t),
initial parameters θ0, target
distribution p(y | x)

Output: LLM πθT and response y ∼ πθT
Initialize θ ← θ0;
for t = 0 to T − 1 do

Define scheduled sampling distribution
qt(x)← µ(x)β(t)/

∑
x′ µ(x

′)β(t);
Sample candidate set Ct ⊂ X ,
|Ct| = M , from qt;

foreach x ∈ Ct do
Dt(x)← Calx(πθ,p);

xt ← argmaxx∈Ct Dt(x);
Query human for yt ∼ p(y | xt);
θt+1 ← I

(
θt; xt, yt

)
;

return y ∼ πθT (· | x)

while deferring the corresponding prompt strategy1418

to Appendix G.2.1419

F Additional Experiments1420

Additional Metrics. To demonstrate that ILS1421

also improves performance under more general1422

metrics, we report the valid solution rate across1423

interaction turns in Figure 5. At each turn, we1424

sample responses and perform semantic cluster-1425

ing; a response is counted as valid if its cluster1426

is semantically consistent with the ground-truth1427

answer. As the interaction turn t increases, va-1428

lidity improves consistently across benchmarks,1429

and ILS achieves the highest valid solution rate1430

on both backbones (Qwen–2.5–7B and LLaMA3–8B)1431

compared with Random and SelfSelect.1432

Hyper-parameter Analysis. In figure 6, we ana-1433

lyze the effect of the candidate set size M on the1434

evaluation metrics. Empirically, the optimal M1435

is around 10 for Qwen2.5-7B and around 15 for1436

LLaMA3—8B. Accordingly, in Figure 4 we report the1437

main results using the respective optimal M for1438

each model.1439

G Prompt Strategy1440

G.1 Benchmarks1441

In this section, we present the prompt in the inter-1442

action generation of DC, SP, and HotpotQA:1443
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Figure 5: Valid solution rate over interaction turns for
Qwen2.5-7B (left) and LLaMA3-8B (right)

• Detective Cases: 1444

– Prompt of Policy LLM (Lists 1,2). 1445

– Prompt of Response LLM (List 3). 1446

• Situation Puzzles: 1447

– Prompt of Policy LLM (Lists 4,5). 1448

– Prompt of Response LLM (List 6). 1449

• HotpotQA: Prompt to Ambiguate the AMR 1450

(List 7). 1451

G.2 Baselines and ILS 1452

Random. Candidate questions are generated us- 1453

ing List 8, and no selection prompt is involved 1454

since a query is sampled uniformly at random. 1455

SelfSelect. We use List 9 to prompt the LLM to 1456

choose the single best follow-up question from the 1457

candidate set. 1458

ILS. We use two prompts to estimate calibration 1459

error: List 10 prompts the PolicyLLM to simulate 1460

user responses without access to the true intent, 1461

while List 11 prompts the ResponseLLM to sim- 1462

ulate ground-truth user responses with access to 1463

the true intent and answer. We then merge the two 1464

response sets and apply semantic clustering using 1465

the ResponseLLM with List 12 to obtain semantic 1466

clusters. Finally, we compute Calx for each candi- 1467

date question x and select the query with the largest 1468

Calx, as formulated in Algorithm 1. 1469

G.3 Evaluation Metrics. 1470

Epistemic Uncertainty. We first use List 13 to 1471

prompt the PolicyLLM to generate K = 5 candi- 1472

date answers, and then apply List 12 to perform 1473

semantic clustering over these answers. We finally 1474
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Figure 6: Sensitivity of aleatoric uncertainty, epistemic uncertainty, and calibration error to the candidate set size M
across AmbigQA and HotpotQA for Qwen2.5-7B and LLaMA3—8B.

compute semantic entropy based on the resulting1475

cluster distribution. Let m denote the number of1476

non-empty semantic clusters. We define1477

Epix = −
1

logm

m∑
j=1

πθ(cj | x) log πθ(cj | x),1478

where πθ(cj | x) is the empirical probability mass1479

of cluster cj , and logm is used for normalization.1480

Aleatoric Uncertainty. Building on the semantic1481

clustering, we use List 14 to prompt the Respon-1482

seLLM to score the representative answer of each1483

cluster against the gold label. The score takes one1484

of five discrete levels {0, 1, 2, 3, 4}, which we nor-1485

malize into a correctness value1486

sj =
level

(0 + 1 + 2 + 3 + 4)
.1487

We then estimate aleatoric uncertainty as the1488

frequency-weighted error mass over clusters,1489

Alex =

m∑
j=1

πθ(cj | x)(1− sj),1490

where πθ(cj | x) is the empirical frequency of clus-1491

ter cj . Intuitively, Alex is low when the model’s1492

sampled answers concentrate on high-scoring clus-1493

ters, and high when they concentrate on low-1494

scoring clusters.1495

Calibration Error. Cal is computed in our ex-1496

periments in two ways. First, as a diagnostic met-1497

ric, we compute Cal on the PolicyLLM’s answers.1498

Second, as an optimization objective, we compute1499

Calx for each candidate clarification question x and1500

select the one with the largest value.1501

• Diagnostic Metrics: Since Cal is defined as1502

the Jensen–Shannon (JS) divergence between1503

a model distribution and a reference (ground- 1504

truth) distribution in Section 2, we construct 1505

the reference distribution by assigning higher 1506

probability mass to answers with higher cor- 1507

rectness. Concretely, for open-form answers 1508

scored on five discrete levels {0, 1, 2, 3, 4}, 1509

we set the reference probability of each level 1510

to level
(0+1+2+3+4) . The model distribution is ob- 1511

tained by semantic clustering and scoring of 1512

the PolicyLLM’s sampled answers, yielding 1513

an empirical probability mass over the same 1514

five levels. We then compute the JS diver- 1515

gence between the two distributions as Cal. 1516

• Optimization Objective: For each candi- 1517

date clarification question q, following Ap- 1518

pendix G.2, we construct two response sets 1519

to q. We first prompt the PolicyLLM, which 1520

observes the ambiguous question and the di- 1521

alogue history, to simulate how a user would 1522

answer q, and draw K = 5 samples. We then 1523

prompt the ResponseLLM, which observes 1524

the disambiguated original question, the dia- 1525

logue history, and the gold answer, to answer 1526

q and sample responses. After merging the 1527

two sets, we use the ResponseLLM to perform 1528

semantic clustering, producing a set of seman- 1529

tic clusters. The model distribution is given 1530

by the PolicyLLM’s empirical frequency over 1531

clusters, whereas the reference user distribu- 1532

tion is given by the ResponseLLM’s empirical 1533

frequency over clusters. We compute Calx as 1534

the JS divergence between these two cluster 1535

distributions, select the question x with the 1536

largest Calx, obtain the ResponseLLM’s an- 1537

swer under access to the clarification and the 1538

gold answer, append the selected q and its an- 1539

swer to the dialogue history, and proceed to 1540

the next interaction round. 1541
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H Dataset Examples1542

In this section, we show dataset examples of the1543

AR-Bench.1544

For Detective Cases (DC), we show the initial in-1545

formation of the case for the player model (List 15)1546

and the truth for each suspect (List 16,17,18,19,20).1547

The murderer in this case is Professor Evelyn Hart-1548

man, driven by academic plagiarism and profes-1549

sional betrayal.1550

In terms of Situation Puzzles (SP), we show the1551

initial puzzle for the player model (List 21) and1552

the truth for the judge (List 22). This example1553

involves identity confusion, resembling everyday1554

life puzzles, and centers on the paradox: despite1555

never leaving his hometown, John was observed in1556

two different countries at the same time.1557
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Table 1: Prompt for Policy LLM in DC

Prompt for Policy LLM in DC

System: You are a concise detective. Choose the murderer strictly by the case background and any
follow-up facts.
CRITICAL: Output ONLY ONE capital letter from {A,B,C,D,E}. Do not include any words, punctuation,
or explanation.
User:
CASE BACKGROUND: <background>
SUSPECT CHOICES: <choices> Optional: augmented history>Optional: augmented history

Answer with ONLY one letter: A, B, C, D, or E.

Table 2: Prompt for Uncertain Question Messages in DC

Prompt for Uncertain Question Messages in DC

System: You are generating a single disambiguating question that would maximally reduce uncertainty
about the murderer.
The question must be directly verifiable given the ground-truth murderer.
CRITICAL: Output only one short question. No explanations.
User:
CASE BACKGROUND: <background>
SUSPECT CHOICES: <choices> Optional: augmented history>Optional: augmented history

Output one short, verifiable YES/NO or factual question (<= 20 words) that best distinguishes the true
murderer.

Table 3: Prompt for Response LLM in DC

Prompt for Response LLM in DC

System: You are an oracle with FULL ACCESS to the complete case file (verbatim text below).
Answer ONLY using facts contained in the file. If the question is irrelevant to determining the murderer,
or it cannot be verified from the file, output exactly: It doesn’t matter.
Do not add any extra words or punctuation.
User:
FULL CASE FILE (verbatim): <full_case_text>
QUESTION: <sub_question>
Answer policy:
- If relevant and verifiable: output YES or NO; if not strictly yes/no, output a short factual span.
- If irrelevant or unverifiable: output exactly It doesn’t matter.
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Table 4: Prompt for Policy LLM in SP

Prompt for Policy LLM in SP

System: You are a precise investigator. Produce the most plausible full explanation of the case.
OUTPUT STYLE:
- Self-contained; integrate any known facts from QA history.
- No bullet points, no lists, no numbering, no headings, no meta commentary.
User:
SURFACE QUESTION: <surface>
CORE SENTENCE: <core_sentence>
Output your best explanation of what actually happened (3–5 sentences).

Table 5: Prompt for Uncertain Question Messages in SP

Prompt for Uncertain Question Messages in SP

System: Ask ONE disambiguating question that would maximally reduce uncertainty about the true
explanation.
The question must be specific and verifiable from a complete case file (if provided to an oracle).
CRITICAL OUTPUT RULES:
- Output exactly ONE question.
- Single sentence. No preamble, no explanations, no bullets.
- Prefer YES/NO or a short factual query.
- Do NOT repeat a question already answered by the known facts.
User:
SURFACE QUESTION: <surface>
CORE SENTENCE: <core_sentence>
Output exactly ONE most-informative question.

Table 6: Prompt for Response LLM in SP

Prompt for Response LLM in SP

System: You are an objective grader. Read the full case file and grade the candidate explanation.
RUBRIC: 0=contradicted/irrelevant; 1=mostly irrelevant; 2=partially plausible; 3=largely correct;
4=highly consistent / essentially correct.
OUTPUT RULES (CRITICAL):
- Respond with EXACTLY ONE token from {0,1,2,3,4}.
- That digit MUST be the FIRST character and the ONLY output.
- NO spaces, NO punctuation, NO words, NO quotes, NO newline.
User:
FULL CASE FILE: <full_case_text[:200] + "...">
CANDIDATE EXPLANATION: <candidate_answer>
Return exactly one digit in {0,1,2,3,4}.
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Table 7: Prompt for Ambiguating the AMR

Prompt for Ambiguating the AMR

Gievn a query and the corresponding Abstract Meaning Representation ( AMR ) , you should manipulate
the AMR to obscure it , making it impossible to answer without further clarification . Make sure that
the obscured AMR should not change the intention of the question , the obscured AMR should be
unanswerable , and the obscured AMR should also be a question rather than a statement . Here are some
possible actions to manipulate the AMR.
1. Remove certain modifiers and descriptive words to make some nouns in the query ambiguous
2. Delete some key information , making the query impossible to answer
3. Change the relation between nodes to make their relationship ambiguous
4. Reorganize the structure of the AMR , make it less clear
The following are some requirements for the obscured query.
1. The obscured query should still be a question rather than a statement
2. the obscured query should be similar to a question that a man would actually ask rather than some
vague question like "what is the man’s name"
3. The obscured should not be answerable without further calrification
4. The intention of obscured query should be the same with the original query
The most importantly, make sure that the obscured query is a natural query that a user would acutally ask,
and the semantic ambiguity is caused by mistakes or carelessness, rather than being a deliberate attempt
to make things difficult for LLMs.
Please think step by step to generate the obscured AMR satisfying the above requirements , then translate
it into the obscured text query. Your output should be formatted as Dict {" step_by_step_thinking ":
Str (explanation), "Obscured Abstract Meaning Representation(AMR)": Str {AMR} , "Translated Text
Query": Str (obscured text query)}.
Query: {}
Abstract Meaning Representation (AMR): {}
Please think step-by-step and generate your output in json:{}

Table 8: Prompt for Candidate Question

Prompt for Candidate Question

You are a clarification-question generator.
Given an ambiguous user question and the clarification history, output EXACTLY {K} clarification
questions that are:
- mutually diverse,
- each targets a DIFFERENT ambiguity axis (e.g., event/time, person/entity, location, domain/sense,
definition of term, intended reference, etc.),
- short and specific,
- answerable by the user,
- maximally informative to disambiguate the original question.
Hard constraints:
1. Output JSON ONLY.
2. MUST output exactly {K} questions.
3. Questions must be unique and not rephrasings.
4. Do NOT answer the question. Only ask clarification questions.
Schema:{{ "questions": [ "Question 1", "Question 2", ... ] }}
Ambiguous question:{question}
Clarification history:{history_text}
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Table 9: Prompt for SelectSelect

Prompt for SelfSelect

You are a reasoning assistant that must choose the single most informative clarification question.
The user asked the following ambiguous question:
{question}
Here is the previous clarification history:
{historytext}
You are given several candidate clarification questions that could be asked to the user:
{candidatelist}
Your task:
- Carefully read the original question and the history.
- Decide which ONE candidate question, if answered by the user, would most reduce your uncertainty
about what the user really wants to know.
Output format:
- First, output the index of the chosen question in the form: "Chosen question: <index>".
For example: "Chosen question: 2".
Do NOT rewrite or modify the candidate questions themselves.Just choose one of them.

Table 10: Prompt for Policy LLM

Prompt for Policy LLM

You are simulating the real user behind an ambiguous question.
Ambiguous question:
{question}
Previous clarification history:
{history_text}
Now the assistant asks the following clarification question: {selected_question}
Your task:
- Answer the clarification question as the user would, based only on the ambiguous question and the
history.
- Do NOT mention that you are an AI or that you are simulating anything.
- Keep the answer concise and natural.
Return only the answer text.
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Table 11: Prompt for Response LLM

Prompt for Response LLM

You are simulating the true user behind an ambiguous question.
The user’s true intent is exactly:
{original_query}
The correct final answer to that true intent is:
{answer}
Now the assistant asks the following clarification question:
{selected_question}
You must reply as the real user would in a clarification dialogue, using ONLY the true intent above.
Definition of relevance:
A clarification question is RELEVANT if it helps identify, confirm, or narrow down the user’s intent (for
example: asks which event/person/meaning/sense/time/scope is intended), even if the final answer would
not change.
Hard constraints on your reply:
You are the USER. Do not act like the assistant.
Do NOT ask any questions back. Do NOT include a question mark.
Do NOT repeat or paraphrase the assistant’s clarification question.
Output exactly ONE short message.
What to output:
If the clarification question is RELEVANT: answer it directly and concisely by stating the missing
disambiguating detail implied by {original_query}. You may restate that detail in your own words.
If the clarification question is NOT relevant to identifying the intent: reply with exactly one short sentence
saying it is not relevant to clarifying the intent and give some explain.

Table 12: Prompt for Semantic Clustering

Prompt for Semantic Clustering

You are a semantic clustering engine.
Task:
Cluster the answers ONLY by their meaning / intent / final claim.
Rules:
- DO NOT judge correctness.
- DO NOT use any external knowledge.
- DO NOT compare against any gold label.
- Be lenient about wording, length, hedging, and extra explanation.
- Two answers belong in the same cluster if they assert the same core claim.
Output format:
Return JSON ONLY.
Every index 0..{len(answers)-1} must appear in exactly one cluster.
Schema:
{{ "clusters": [ {{ "cluster_id": 0, "member_indices": [0, 2] }}, {{ "cluster_id": 1, "member_indices": [1]
}} ] }}
Question:
{question}
Answers:
{numbered}
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Table 13: Prompt for Answering

Prompt for Answering

You are a knowledgeable question answering system.
The user asked the following question:
{question}
Here is the previous clarification history between you and the user:
{history_text} Instructions:
Use the clarification history as the primary signal for the user’s intent.
If the history specifies a context/event/definition/choice, answer within that scope.
Do NOT replace or override the clarification history by stating that another interpretation is more common,
famous, or likely.
Base your answer only on the question and the clarification history. Avoid introducing new assumptions
beyond them.

Table 14: Prompt for Answer Scoring

Prompt for Answer Scoring

You are a strict grading engine.
You must output JSON only.
ABSOLUTE RULE:
- Treat GOLD_LABEL as the dataset gold label, even if it conflicts with your world knowledge.
- Grade ONLY by comparing the answer’s FINAL claim to GOLD_LABEL.
Rubric:
4 = semantically equivalent to GOLD_LABEL (or equivalent unit conversion).
3 = essentially correct but minor omission (not affecting correctness).
2 = partially correct / unclear match.
1 = weakly related but not answering the question.
0 = incorrect / contradicts GOLD_LABEL.
Return JSON ONLY with this schema:{{ "correctness_level": <int 0..4> }}
Question:
{question}
Answer:
{answer}
GOLD_LABEL:
{gt_str}
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Table 15: Puzzle for the player

Puzzle for the player

Time: Evening
Location: Riverside Mansion Library
Victim:
- Name: Dr. Jonathan Reed
- Introduction: Dr. Jonathan Whitmore was a renowned historian and author, known for his extensive
research on ancient civilizations. He was respected in academic circles and had a reputation for being
meticulous and detail-oriented. Dr. Whitmore was attending a weekend retreat at the Riverside Mansion,
a historic estate known for its enigmatic past.
- Cause of Death: Blunt force trauma to the head
- Murder Weapon: Antique marble bust
The investigation focuses on five suspects, one of whom is the true murderer:
- Suspect 1:
- Name: Evelyn Carter
- Introduction: Professor Evelyn Hartman is a respected archaeologist and a former colleague of Dr.
Jonathan Whitmore. Known for her sharp intellect and competitive nature, she has been a prominent
figure in the academic community.
- Suspect 2:
- Name: Robert Langley
- Introduction: Mr. Robert Langley is a wealthy art collector and philanthropist with a keen interest in
historical artifacts. He is known for his charm and extensive network within the art world.
- Suspect 3:
- Name: Lydia Bennett
- Introduction: Ms. Lydia Bennett is a renowned antique dealer with a deep knowledge of historical
artifacts. She is known for her keen eye for detail and her extensive collection of rare and valuable items.
- Suspect 4:
- Name: Amelia Foster
- Introduction: Dr. Amelia Foster is a distinguished curator at a renowned museum, specializing in ancient
artifacts and their preservation. She is known for her passion for history and her dedication to educating
the public about cultural heritage.
- Suspect 5:
- Name: Samuel Green
- Introduction: Mr. Samuel Green is a freelance journalist known for his investigative articles on historical
mysteries and ancient civilizations. He was at the Riverside Mansion Library to interview Dr. Jonathan
Whitmore for an upcoming feature. Although he claims to have no connection to the murder, his presence
at the scene and his extensive knowledge of the victim’s work make him a person of interest. Additionally,
he has previously interviewed Professor Evelyn Hartman, Mr. Robert Langley, and Ms. Lydia Bennett for
other articles, potentially giving him insights into their motives and relationships with Dr. Whitmore.
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Table 16: Story for suspect 1 (Professor Evelyn Hartman)

Story for suspect 1 (Professor Evelyn Hartman)

The day began like any other at the Riverside Mansion, a place steeped in history and secrets. I woke
up at 7:00 AM, the sun casting a golden hue over the sprawling gardens visible from my room. The
anticipation of the day’s events filled me with a mix of excitement and apprehension. At 7:30 AM, I
took a leisurely walk around the gardens, trying to calm my nerves. The retreat was an opportunity to
assert my expertise and perhaps confront Dr. Jonathan Whitmore about the unsettling similarities between
his latest book and my unpublished research. Breakfast at 8:00 AM was a lively affair, with scholars
and enthusiasts discussing the day’s schedule. I exchanged pleasantries, but my mind was elsewhere,
focused on the upcoming panel discussion. At 9:00 AM, I attended the panel on ancient civilizations,
where Dr. Whitmore and I engaged in a heated debate at 11:00 AM. His dismissive attitude only fueled
my determination to address the plagiarism issue. By 12:30 PM, I was having lunch with colleagues,
dissecting the morning’s events. The tension from the panel lingered, but I maintained a composed exterior.
At 2:00 PM, I retreated to my room to review notes and prepare for my lecture, seeking solace in the
familiar comfort of academia. My lecture at 3:30 PM on recent archaeological findings was well-received,
but the underlying tension with Dr. Whitmore simmered beneath the surface. At 5:00 PM, I sought
him out in the library for a private conversation. What began as a discussion quickly escalated into an
argument, our voices echoing off the ancient walls. The wine tasting event at 6:00 PM was a brief respite,
a chance to mingle and momentarily forget the confrontation. But by 7:00 PM, I found myself back in the
library, needing to gather my thoughts and review my notes. Then, at 7:30 PM, the power outage plunged
the mansion into darkness. It was during this brief window of time that I confronted Dr. Whitmore
about the plagiarism. The darkness provided a cloak for my emotions, and in a fit of rage, I grabbed the
antique marble bust, its weight familiar in my hands from previous visits. The act was swift, driven by
a culmination of betrayal and desperation. At 7:45 PM, I attempted to wipe my fingerprints from the
bust, but the haste left traces behind. I left the library at 7:50 PM, striving for calm as I returned to my
room. By 8:00 PM, the power was restored, and I rejoined the common area, feigning shock when Dr.
Whitmore’s body was discovered at 8:10 PM. At 8:15 PM, I joined the others in the library, masking my
involvement with a façade of disbelief. The day had been a whirlwind of emotions and actions, a tragic
culmination of a fractured relationship and professional betrayal.
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Table 17: Story for suspect 2 (Mr. Robert Langley)

Story for suspect 2 (Mr. Robert Langley)

The morning of the retreat at Riverside Mansion began with a sense of anticipation. At 7:00 AM, I
woke up in my luxurious suite, the sunlight streaming through the ornate curtains. The mansion was an
impressive sight, and I felt a thrill of excitement about the day’s events. By 7:30 AM, I was enjoying
a leisurely breakfast with other art enthusiasts, discussing the various artifacts we hoped to see and the
lectures we were looking forward to. The atmosphere was vibrant, filled with the chatter of like-minded
individuals. At 9:00 AM, I attended a lecture on the preservation of historical artifacts. The speaker was
engaging, and I found myself engrossed in the intricate details of artifact restoration techniques. This
knowledge was invaluable for my collection and future acquisitions. By 11:00 AM, I had a private meeting
with Dr. Whitmore to discuss the funding of his research projects. Our conversation became heated when
he refused to share exclusive findings from his latest research. I left the meeting frustrated, feeling that
my investments were not being valued. Lunch at 12:30 PM was a networking opportunity with fellow
collectors and scholars. We discussed potential collaborations and the morning’s lectures. I tried to push
the earlier disagreement with Dr. Whitmore out of my mind, focusing instead on the possibilities that
lay ahead. At 2:00 PM, I toured the mansion’s art collection, taking particular interest in the artifacts on
display. The mansion’s collection was impressive, and I made mental notes of pieces I might want to
acquire in the future. By 3:30 PM, I attended a presentation on ancient artifact restoration techniques. The
speaker’s passion for preserving history was contagious, and I left the lecture feeling inspired. However,
the tension from my earlier conversation with Dr. Whitmore lingered. At 5:00 PM, I found myself in
another heated discussion with him about the research findings. His continued refusal to share information
was infuriating, and I made a remark about needing to ’reconsider my investments’ if he continued to
withhold findings. The wine tasting event at 6:00 PM was a welcome distraction. I mingled with other
guests, attempting to lighten the mood and forget the day’s frustrations. By 7:00 PM, I returned to the
library to admire the artifacts on display. The library was a treasure trove of history, and I felt a sense
of peace surrounded by such remarkable pieces. At 7:30 PM, the power outage occurred, plunging the
mansion into darkness. I was lingering near the artifact displays when the lights went out. The sudden
darkness was disorienting, and I moved away from the displays, trying to navigate the room. By 7:50
PM, the power was restored, and I left the library, feeling slightly flustered by the interruption. At 8:00
PM, I was seen in the common area, discussing the power outage with other guests. The incident was
the main topic of conversation, and we speculated about its cause. At 8:10 PM, Dr. Whitmore’s body
was discovered in the library. The news was shocking, and I joined the group in the library at 8:15 PM,
expressing my disbelief at the tragic event. The day had taken a dark turn, and the sense of excitement
that had filled the morning was replaced with a somber realization of the gravity of the situation.
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Table 18: Story for suspect 3 (Ms. Lydia Bennett)

Story for suspect 3 (Ms. Lydia Bennett)

The day began like any other at the Riverside Mansion, with the promise of exciting discussions and
opportunities to showcase my latest acquisitions. At 7:00 AM, I woke up in my room, the gentle morning
light filtering through the curtains. I took a moment to savor the tranquility before the day’s events
unfolded. By 7:30 AM, I was enjoying a morning tea, reviewing my notes for the day’s showcase. The
anticipation of sharing my collection with esteemed scholars and enthusiasts filled me with excitement. At
8:00 AM, I joined other guests for breakfast, engaging in lively conversations about my latest acquisitions.
The air was buzzing with curiosity, and I was eager to present my artifacts later in the library. By 9:00
AM, I was busy preparing my display of artifacts in the library. Each piece had its own story, and I was
determined to highlight their historical significance. The lecture on ancient artifact restoration techniques
at 11:00 AM was insightful, offering new perspectives on preserving history. At 12:30 PM, I had lunch
with Dr. Amelia Foster, a fellow enthusiast, and we discussed the morning’s events. Our conversation
was animated, focusing on the challenges and joys of our work. At 2:00 PM, I led a private tour of my
artifact display for interested guests. Their admiration for the pieces was gratifying, and I relished the
opportunity to share my knowledge. By 3:30 PM, I participated in a panel discussion on the significance
of preserving historical artifacts. The dialogue was enriching, reinforcing the importance of our work. At
5:00 PM, I engaged in a lively discussion with Dr. Whitmore about potential future collaborations. His
enthusiasm for history matched my own, and I appreciated his insights. The wine tasting event at 6:00 PM
was a pleasant interlude, allowing me to unwind and connect with other guests. As the clock struck 7:00
PM, I returned to the library to check on my artifacts and make final notes. The room was a sanctuary of
history, and I felt a deep connection to the past. Then, at 7:30 PM, the power outage occurred, plunging
the mansion into darkness. I was near the artifact displays, ensuring their safety amidst the chaos. I moved
carefully through the library, my familiarity with the layout guiding me. At 7:50 PM, the power was
restored, and I left the library, appearing thoughtful. The brief interruption had given me time to reflect on
the day’s events and the conversations I’d had. By 8:00 PM, I was in the common area, discussing the
power outage with other guests. The incident was the main topic of conversation, and we speculated about
its cause. At 8:10 PM, the shocking news of Dr. Whitmore’s death reached us. I joined the group in the
library at 8:15 PM, expressing my disbelief and concern over the tragic event. The day, which had begun
with such promise, ended on a somber note, leaving us all grappling with the gravity of the situation.
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Table 19: Story for suspect 4 (Dr. Amelia Foster)

Story for suspect 4 (Dr. Amelia Foster)

The morning at Riverside Mansion began with a serene ambiance that belied the events to come. I woke up
at 7:00 AM, feeling refreshed and eager to engage with fellow scholars. The mansion’s historical charm
was palpable, and as I took a morning walk around the grounds at 7:30 AM, I felt a deep connection to the
past, a feeling that always invigorated me. By 8:00 AM, I joined other attendees for breakfast, where we
discussed the day’s schedule and shared our excitement for the lectures ahead. The conversations were
stimulating, setting a positive tone for the day. At 9:00 AM, I attended a lecture on the preservation of
ancient artifacts, which reinforced the importance of our work in safeguarding cultural heritage. At 11:00
AM, I had a private conversation with Dr. Jonathan Whitmore in the library. We discussed his recent
publications, and I expressed my concerns about some misrepresentations of artifacts that could potentially
damage their historical significance. The conversation was intense, and I left feeling a mix of frustration
and determination to address these issues professionally. Lunch at 12:30 PM was a chance to decompress
with colleagues, sharing insights from the morning’s discussions. We exchanged ideas and strategies
for future collaborations, which was both encouraging and enlightening. By 2:00 PM, I was back in my
room, preparing for my lecture on preservation techniques. The preparation process was a moment of
focus, allowing me to organize my thoughts and ensure my presentation would effectively convey the
importance of accurate historical representation. At 3:30 PM, I delivered my lecture, emphasizing the
critical role of museums and curators in preserving the integrity of artifacts. The audience was receptive,
and the discussion that followed was invigorating. By 5:00 PM, I participated in a panel discussion on
museum collaborations, further exploring ways to enhance our collective efforts in the field. The dinner
event at 6:00 PM in the dining hall was a wonderful opportunity to network with other curators and
discuss potential future projects. The atmosphere was lively, filled with engaging conversations and shared
passions for history. As the clock struck 7:00 PM, I continued networking, unaware of the dark turn the
evening would soon take. At 7:30 PM, a power outage occurred, but I remained in the dining hall with
other guests. The sudden darkness was unexpected, but the company of colleagues provided a sense of
calm amidst the confusion. By 8:00 PM, the power was restored, and I was seen discussing the outage
with colleagues, speculating on its cause. The shocking discovery of Dr. Whitmore’s body at 8:10 PM
cast a shadow over the evening. I joined the group in the library at 8:15 PM, expressing my concern and
disbelief over the incident. The day, which had begun with such promise and intellectual engagement,
ended on a somber note, leaving us all to grapple with the tragedy that had unfolded.

Table 20: Story for suspect 5 (Mr. Samuel Green)

Story for suspect 5 (Mr. Samuel Green)

You have no prior knowledge about the crime. As you converse with the detective, try to gather information
about the case and then cleverly use what you learn to sow confusion. Your goal is to make the detective
suspicious of you and believe you might be the murderer.

Table 21: Puzzle for the player in SP

Puzzle for the player in SP

John has never left his hometown, yet he has been seen in two different countries at the same time. How
could this be possible?
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Table 22: Truth for the judge in SP

Truth for the judge in SP

John has an identical twin brother who lives in another country. They frequently have video calls, which
create the illusion that John is physically present in both locations. Additionally, John’s twin brother is
often mistaken for him due to their striking resemblance and similar mannerisms. This combination of
video calls and mistaken identity leads people to believe that John is seen in two different countries at the
same time, despite never leaving his hometown.
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