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Deep neural networks trained using gradient descent with a fixed learning rate η1

often operate in the regime of “edge of stability” (EOS), where the largest eigen-2

value of the Hessian equilibrates about the stability threshold 2/η. In this work,3

we present a fine-grained analysis of the learning dynamics of (deep) linear net-4

works (DLN) within the deep matrix factorization loss beyond EOS. For DLNs,5

loss oscillations within EOS follow a period-doubling route to chaos. We theo-6

retically analyze the regime of the 2-period orbit and show that the loss oscilla-7

tions occur within a small subspace, with the dimension of the subspace precisely8

characterized by the learning rate. Our analysis contributes to explaining two key9

phenomena in deep networks: (i) shallow models and simple tasks do not always10

exhibit EOS [1]; and (ii) oscillations occur within low-dimensional subspaces [2].11

Wepresent experiments to support our theory, alongwith examples demonstrating12

how these phenomena occur in nonlinear networks and how they differ from those13

in DLNs.14

1. Introduction15

Understanding generalization in deep neural networks requires an understanding of the optimiza-16

tion process in gradient descent (GD). In the literature, it has been empirically observed that the17

learning rate η plays a key role in driving generalization [3, 4]. The “descent lemma” from classical18

optimization theory says that for a β-smooth loss L(Θ) parameterized by Θ, GD iterates satisfy19

L(Θ(t+ 1)) ≤ L(Θ(t))− η(2− ηβ)

2
∥∇L(Θ(t))∥22,

and so the learning rate should be chosen as η < 2/β to monotonically decrease the loss. How-20

ever, many recent works have shown that the training loss decreases even for η > 2/β, albeit non-21

monotonically. Surprisingly, it has been observed that choosing such a learning rate often provides22

better generalization over smaller ones that lie within the stability threshold. This observation has23

led to a series of works analyzing the behavior of GDwithin a regime dubbed “the edge of stability”24

(EOS). By letting Θ parameterize a deep network, we formally define EOS as follows:25

Definition 1 (Edge of Stability [1]). During training, the sharpness of the loss, defined as S(Θ) :=26

∥∇2L(Θ)∥2, continues to grow until it reaches 2/η (progressive sharpening), after which it stabilizes around27

2/η. During this process, the training loss behaves non-monotonically over short timescales but consistently28

decreases over long timescales.29

Using a large learning rate to operate within the EOS regime is hypothesized to give better gen-30

eralization performance by inducing “catapults” in the training loss [2]. Intuitively, whenever the31

sharpness S(Θ) exceeds the local stability limit 2/η, the GD iterates momentarily diverge (or cata-32

pults) out of a sharp region and self-stabilizes [5] to settle for a flatter region where the sharpness is33

below 2/η, which has shown to correlate with better generalization [6–10]. Of course, the dynamics34

within EOS differ based on the loss landscape. When the loss landscape is highly non-convex with35

many local valleys, catapults may occur, whereas sustained oscillations may exist for other land-36

scapes. It is of great interest to understand these behaviors within different network architectures37

to further our understanding of EOS.38
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Figure 1: Bifurcation plot of the oscillations in the singular values (left) and the eigenvalues of
the Hessian (right) of a 3-layer end-to-end DLN. The bifurcation plots indicate the existence of a
period-doubling route to chaos in DLNs, which we analyze by examining the two-period orbit.
Here, η > 2/β corresponds to the EOS regime, where β = Lσ

2−2/L
⋆,1 is the sharpness at the minima,

L is the depth of the network and σ⋆,1 is the first singular value of the target matrix M⋆.

From a theoretical perspective, there have been many recent efforts to understand EOS. These39

works generally focus on analyzing “simple” functions, examples including scalar losses [11–13],40

quadratic regression models [14], diagonal linear networks [15] and two-layer matrix factorization41

[16]. However, the simplicity of these functions cannot fully capture the behaviors of deep neural42

networks within the EOS regime. Specifically, the following observations remain unexplained by43

existing analyses: (i) mild (or no) sharpening occurs when either networks are shallow or “sim-44

ple” datasets are used for training (Caveat 2 from [1]); and (ii) the oscillations and catapults in the45

training loss occur in the span of the top eigenvectors of the NTK [2].46

In this work, we present a fine-grained analysis of the learning dynamics of deep linear networks47

(DLNs) within the EOS regime, demonstrating that these phenomena can be replicated and effec-48

tively explained using DLNs. Generally, there are two lines of work for DLNs: (i) those that analyze49

the effects of depth and initialization scale, and how they implicitly bias the trajectory of gradient50

flow towards low-rank solutions when the learning rate is chosen to be stable [17–24], and (ii) those51

that analyze the similarities in behavior between linear and nonlinear networks [25–27]. Our anal-52

ysis builds upon these works to show that DLNs exhibit intricate and interesting behaviors outside53

the stability regime and to demonstrate how factors such as depth and initialization scale contribute54

to the EOS regime. Our main results can be summarized as follows:55

• Oscillations in Low-Dimensional Subspaces. We show that there exist periodic oscillations56

within r-dimensional subspaces in DLNs, where r is precisely characterized by the learning57

rate. For DLNs, a period-doubling route to chaos [28] exists in both the singular values of the58

DLN and the eigenvalues of the Hessian, as shown in Figure 1. We rigorously characterize the59

case of the two-period orbit, aiming to contribute to explaining the empirical observations by [2]60

and [1]. We also prove that the learning rate needed to enter EOS is a function of the network61

depth, further revealing its role in deep networks.62

• EOS Dynamics for DLNs and Diagonal Linear Networks. We prove that while DLNs and di-63

agonal linear networks have different curvatures about the globalminimum, they exhibit similar64

behaviors within the EOS regime. We show that the additional eigendirections present in DLNs65

are not explored during training, making the behavior of the two networks synonymous.66
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Figure 2: Depiction of the two phases of learning in the deep matrix factorization problem for a
network of depth 3. It appears that upon escaping the first saddle point, the GD iterates enter the
EOS regime, where the sharpness hovers just above 2/η. Figure (left) shows the training loss under-
goes saddle to saddle jump followed by periodic oscillation. Figure (right) plots the corresponding
sharpness.

2. Notation and Problem Setup67

Notation. We denote vectors with bold lower-case letters (e.g., x) and matrices with bold upper-68

case letters (e.g.,X). We use In to denote an identity matrix of size n ∈ N. We use [L] to denote the69

set {1, 2, . . . , L}. We use the notation σi(A) to denote the i-th singular value of the matrix A. We70

also use the notation σℓ,i to denote the i-th singular value of the matrix Wℓ.71

Deep Matrix Factorization Loss. The objective in deep matrix factorization is to model a low-rank72

matrix M⋆ ∈ Rd×d with rank(M⋆) = r via a DLN parameterized by a set of parameters Θ =73

(W1,W2, . . . ,WL), which can be estimated by solving74

argmin
Θ

f(Θ) :=
1

2
∥WL · . . . ·W1︸ ︷︷ ︸

=:WL:1

−M⋆∥2F, (1)

where we adopt the abbreviationWj:i = Wj · . . . ·Wi to denote the end-to-end DLN and is identity75

when j < i. We assume that each weight matrix has dimensions Wℓ ∈ Rd×d to observe the effects76

of overparameterization. We also assume that the singular values of M⋆ are distinct.77

Optimization. We update each weight matrix Wℓ ∈ Rd×d using GD with iterations given by78

Wℓ(t) = Wℓ(t− 1)− η · ∇Wℓ
f(Θ(t− 1)), ∀ℓ ∈ [L], (2)

where η > 0 is the learning rate and ∇Wℓ
f(Θ(t)) is the gradient of f(Θ) with respect to the ℓ-th79

weight matrix at the t-th GD iterate.80

Initialization. In thiswork, we consider both balanced and unbalanced initializations, respectively:81

Wℓ(0) = αId, ∀ℓ ∈ [L], (Balanced Initialization)
WL(0) = 0, Wℓ(0) = αId, ∀ℓ ∈ [L− 1], (Unbalanced Initialization)

where α > 0 is a small constant. We assume α is chosen small enough such that α ∈ (0, σ⋆,r),82

where σ⋆,r is the r-th singular value of M⋆. Generally, many existing works on both shallow and83

deep linear networks assume a zero-balanced initialization (i.e., W⊤
i (0)Wi(0) = Wj(0)W

⊤
j (0) for84

i ̸= j). This introduces the invariant W⊤
i (t)Wi(t) = Wj(t)W

⊤
j (t) for all t > 0, ensuring two85

(degenerate) conditions throughout the training trajectory: (i) the singular vectors of each of the86

layers remain aligned and (ii) the singular values stay balanced. For the unbalanced initialization,87

the zero weight layer can be viewed as the limiting case of initializing the weights with a (very)88

small constant α′ ≪ α, and has been similarly explored by [29, 30], albeit for two-layer networks.89

The zero weight layer relieves the balancing condition of the singular values. Rather than staying90

balanced, we show that the singular values become increasingly balanced (see Lemma 2). This91

allows us to jointly analyze the singular values of the weights for either case.92
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Figure 3: Illustrations of the singular vector and value evolution of the end-to-end DLN. The sin-
gular vectors of the network remain static across all iterations, as suggested by the singular vector
stationary set, regardless of the learning rate. The angle between the true singular vectors and
those of the network remains aligned throughout. The first singular values undergo oscillations in
the large η regime, whereas they remain constant in the small η regime.

Nevertheless, we also show that our analysis is not limited to either initialization but applies to any93

initialization that converges to a set we call the singular vector stationary set (see Proposition 1).94

To the best of our knowledge, it is common to assume that the singular vectors remain aligned, as95

many existing works make the same assumption [17, 19, 29, 31–33].96

3. Deep Matrix Factorization Beyond the Edge of Stability97

When using a large learning rate, the learning dynamics can typically be separated into two distinct98

stages: (i) progressive sharpening and (ii) the edge of stability. Within the progressive sharpening99

stage, the sharpness lies below 2/η and tends to continually rise. Our goal is to analyze the EOS stage100

under the deep matrix factorization formulation. Here, we observe that the training loss fluctuates101

due to layerwise singular value oscillations, as illustrated in Figure 2.102

3.1. Main Results103

Before we present our main results, we provide a definition of what we refer to as a strict balanced104

state of the singular values of the weight matrices. The parameters are said to be in a strict balanced105

state if the singular values of each weight matrix take the same values across all layers.106

Definition 2 (Strict Balanced State). The parameters Θ of the DLN from Equation (1) are said to be in a107

strict balanced state if for some t ≥ 0108

σi(Wℓ(t)) = σi(Wk(t)), ∀i ∈ [r], ∀ℓ, k ∈ [L],

where σi(Wℓ) denotes the i-th singular value of the ℓ-th layer and r is the rank of the matrix M⋆.109

It is straightforward to show that the parameters are in a strictly balanced state for all t ≥ 0 if we ini-110

tialize the singular values to be the same across all weightmatricesWℓ. Hence, it immediately holds111

that the balanced initialization is in a strictly balanced state. However, the one-zero initialization112

(i.e., the unbalanced initialization) sets the singular values ofWL to zero, meaning the parameters113

are not initially in a strictly balanced state. However, in Lemma 2 of Section 3.2, we prove that the114

balancing increasingly occurs throughout GD iterations within the EOS regime. Consequently, we115

assume a strictly balanced state for the remainder of this paper and analyze the EOS regime in rela-116

tion to the balanced minimum. Next, we derive the eigenvalues of the Hessian at convergence, such117

that we can identify the learning rate needed to enter the EOS regime for DLNs.118

Lemma 1 (Eigenvalues of Hessian at the Balanced Minimum). Consider running GD on the deep119

matrix factorization loss f(Θ) defined in Equation (1). The set of all non-zero eigenvalues of the training120
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loss Hessian at the balanced minimum is given by121

λΘ =
{
Lσ

2− 2
L

⋆,i , σ
2− 2

L
⋆,i

}r
i=1︸ ︷︷ ︸

self-interaction

⋃ {
L−1∑
ℓ=0

(
σ
1− 1

L− 1
L ℓ

⋆,i · σ
1
L ℓ
⋆,j

)2}r
i̸=j︸ ︷︷ ︸

interaction with other singular values

⋃ {
L−1∑
ℓ=0

(
σ
1− 1

L− 1
L ℓ

⋆,k · αℓ
)2}r

k=1︸ ︷︷ ︸
interaction with initialization

where σ⋆,i is the i-th singular value of the target matrix M⋆ ∈ Rd×d, α ∈ R is the initialization scale, L is122

the depth of the network, and the second element of the set under “self-interaction” has a multiplicity of d− r.123

We defer all of the proofs to Appendix C. Let λi denote the i-th largest eigenvalue of the Hessian.124

By Lemma 1, we observe that the sharpness is equal to λ1 = ∥∇2f(Θ)∥2 = Lσ
2− 2

L
⋆,1 at the balanced125

minimum. In Lemma 8, we show that the sharpness at the balanced minimum is the flattest, and126

hence Lσ2− 2
L

⋆,1 represents the smallest sharpness value among all global minima. Thus, if η is set127

such that η > 2/λ1, oscillations in the loss will occur, as the step size is large enough to induce oscil-128

lations even in the flattest region. Interestingly, notice that all non-zero eigenvalues are a function of129

network depth. For a deeper network, the sharpness will be larger, implying that a smaller learning130

rate can be used to drive the DLN into EOS. This provides a unique perspective on how the learning131

rate should be chosen as networks become deeper and explains the observation made by [1], who132

observed that sharpness scales with the depth of the network. Equipped with the eigenvalues, we133

show in the following result that oscillations occur in a two-period orbit along the i-th eigenvector134

direction of the balanced minimum, given that the learning rate is set to be greater than 2/λi.135

Theorem 1 (Stable SubspaceOscillations). Letα′ :=

(
ln
(

2
√
2

ηλ1

)
· σ

4/L
⋆,1

L2·2
2L−3

L

)1/4

. Consider runningGD136

on the loss in (1) with initialization scale 0 < α < α′. If η = 2
K with λi ≤ K < λi+1, then 2-period orbit137

oscillation occurs in the direction of∆i, where λi and∆i denote the i-th largest eigenvalue and eigenvector of138

the Hessian at the balanced minimum, respectively.139

The complete proof is provided in Appendix C.1, where we derive all eigenvectors at the balanced140

minimum and demonstrate that the necessary conditions from Lemma 12 (restated from [16]) are141

satisfied for a two-period orbit. The condition on the initialization scale is chosen to ensure balanced142

behavior, as demonstrated in Lemma 2. To understand Theorem 1 more clearly, consider the first143

eigenvector of the Hessian, which we derived to be144

∆1 =
1√
L

· vec
(
u⋆,1v

⊤
⋆,1,v⋆,1v

⊤
⋆,1, . . . ,v⋆,1v

⊤
⋆,1

)
,

where u⋆,1,v⋆,1 ∈ Rd are the first left and right singular vectors of M⋆, respectively. By Propo-145

sition 2, we know that the each weight layer takes the form Wℓ = V⋆ΣℓV
⊤
⋆ for all ℓ ∈ [L − 1]146

and WL = U⋆ΣLV
⊤
⋆ at convergence, starting from the unbalanced initialization. By stacking and147

flattening these weights, consider the direction148

∆̃ :=

d∑
i=1

vec
(
σL,i · u⋆,iv⊤

⋆,i, σL−1,i · v⋆,iv⊤
⋆,i, . . . , σ1,i · v⋆,iv⊤

⋆,i

)
.

Since ∆̃⊤∆1 is only non-zero in the rank-1 components of ∆̃, this implies that if λ1 ≤ K < λ2149

from Theorem 1, the oscillations only occur in the rank-1 components of the weights. The following150

result substantiates this claim by demonstrating that, with an appropriately chosen learning rate,151

oscillations occur in the singular values in the top-p directions given that p ≤ r.152

Theorem 2 (Rank-p Periodic Subspace Oscillations). LetM⋆ = U⋆Σ⋆V
⊤
⋆ denote the SVD of the target153

matrix and define Sp := Lσ
2− 2

L
⋆,p and K ′

p := max
{
Sp+1,

Sp

2
√
2

}
. If we run GD on the deep matrix factoriza-154

tion loss with initialization scale α < α′ from Theorem 1 and learning rate η = 2
K , where K ′

p < K < Sp,155

then under strict balancing, the top-p singular values of the end-to-end DLN oscillates in a 2-period orbit156
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Figure 4: Illustration of the GD trajectories for two different learning rates for minimizing the func-
tion f(σ1, σ2) = 1

2 (σ2 · σ1 − 5)2, starting from an unbalanced initial point. The sharpness at the
balanced minimum is 10, and so the learning rate needed to enter EOS is η = 0.2. These plots show
that while GD initially arrives at an unbalanced solution in both cases, the iterates oscillate about
the other minima to arrive at the balanced solution within the EOS regime.

(j ∈ {1, 2}) around the balanced minimum and admits the following decomposition:157

WL:1 =

p∑
i=1

ρLi,j · u⋆,iv⊤
⋆,i︸ ︷︷ ︸

oscillation subspace

+

d∑
k=p+1

σ⋆,k · u⋆,kv⊤
⋆,k︸ ︷︷ ︸

stationary subspace

, j ∈ {1, 2}, ∀ℓ ∈ [L− 1], (3)

where ρi,1 ∈
(
0, σ

1/L
⋆,i

)
and ρi,2 ∈

(
σ
1/L
⋆,i , (2σ⋆,i)

1/L
)
are the two real roots of the polynomial g(ρi) = 0 and158

g(ρi) = ρLi ·
1 +

(
1 + ηL(σ⋆,i − ρLi ) · ρ

L−2
i

)2L−1

1 +
(
1 + ηL(σ⋆,i − ρLi ) · ρ

L−2
i

)L−1
− σ⋆,i.

In contrast to Theorem1, Theorem2 explicitly identifies the subspaces that exhibit a two-period orbit159

based on the range of the learning rate. It also provides a rough characterization of the oscillation160

amplitude, which is determined by ρi,1 and ρi,2—values below and above the balanced minimum,161

respectively. Since there is no closed-form solution for an arbitrary higher-order polynomial, ρi,1162

and ρi,2 are defined as solutions to the polynomial g(ρi). Overall, this aims to theoretically explain163

why (i) oscillations occur primarily within the top subspaces of the network, as observed by [2],164

and (ii) oscillations are more pronounced in the directions of stronger features, as measured by the165

magnitudes of their singular values.166

Notice that Theorem 2 demonstrates the existence of a two-period orbit only around the balanced167

minimum. While this assumption was initially made for ease of analysis, we empirically observe168

that the two-period orbit actually only occurs around the balanced solution. To illustrate this claim,169

in Figure 4, we provide a plot of the GD trajectory for minimizing a two-layer scalar loss f(σ1, σ2) =170
1
2 (σ2 · σ1 − 5)2, starting from an unbalanced initial point (σ1, σ2) = (1.5, 2.25). Notice that, by171

Lemma 1, the sharpness around the balanced minimum is Lσ2−2/L
⋆,1 = 10, and thus the necessary172

learning rate to enter the EOS regime is η = 0.2. We plot the GD trajectory under two cases for the173

learning rate: (i) slightly below the EOS learning rate, η = 0.1999, and (ii) slightly above it, η =174

0.2010. When η = 0.2010, GD first arrives at an unbalanced solution, then oscillates until it reaches175

the balanced minimum, where it sustains a two-period orbit around the balanced solution. The176

other minima are too narrow to sustain the oscillations induced by the large learning rate, causing177

the GD iterates to bounce out of those minima and settle at the flattest, balanced solution. When178

the learning rate is slightly below η = 0.2, it remains large enough to induce oscillations around179

6



other unbalanced minima, but ultimately GD converges to the balanced solution, where it exhibits180

no oscillations, as predicted by Theorem 2. This empirical observation suggests that two-period181

oscillations and balancing occur simultaneously, which we leave for future investigation.182

Finally, we conclude by remarking that our result also aims to generalize the recent theoretical find-183

ings of [16], where they proved the existence of a certain class of scalar functions f(x) for which184

GD does not diverge even when operating beyond the stability threshold. They demonstrated that185

there exists a range in which the loss oscillates around the local minima with a certain periodic-186

ity. These oscillations gradually progress into higher periodic orbits (e.g., 2, 4, 8 periods), transition187

into chaotic behavior, and ultimately result in divergence. In ourwork, we prove that this oscillatory188

behavior beyond the stability threshold also occurs in DLNs.189

3.2. Assumptions and Analytical Tools190

This section presents the twomain tools used in our analyses: the singular vector stationary set and191

singular value balancedness. First, we present the singular vector stationary set, which allows us192

to encompass a wider range of initialization schemes. This set defines a broad class of initialization193

for which singular vector alignment occurs, simplifying the dynamics to only singular values.194

Proposition 1 (Singular Vector Stationary Set). Consider the deep matrix factorization loss in Equa-195

tion (1). Let M⋆ = U⋆Σ⋆V
⊤
⋆ and Wℓ(t) = Uℓ(t)Σℓ(t)V

⊤
ℓ (t) denote the compact SVD for the target196

matrix and the ℓ-th layer weight matrix at time t, respectively. For any time t ≥ 0, if U̇ℓ(t) = V̇ℓ(t) = 0 for197

all ℓ ∈ [L], then the singular vector stationary points for each weight matrix are given by198

SVS(f(Θ)) =


(UL,VL) = (U⋆,QL),

(Uℓ,Vℓ) = (Qℓ+1,Qℓ), ∀ℓ ∈ [2, L− 1],

(U1,V1) = (Q2,V⋆),

where {Qℓ}Lℓ=2 are any set of orthogonal matrices.199

The singular vector stationary set states that for any set of weights where the gradients with respect200

to the singular vectors become zero, the singular vectors become fixed points for subsequent iter-201

ations. Once the singular vectors become stationary, running GD further isolates the dynamics on202

the singular values. Hence, throughout our analysis, we re-write and consider the loss203

1

2
∥WL:1(t)−M⋆∥2F =

1

2
∥ΣL:1 −Σ⋆∥2F =

1

2

r∑
i=1

(σi(ΣL:1(t))− σ⋆,i)
2
, (4)

whereΣL:1 are the singular values ofWL:1. This allows us to decouple the dynamics of the singular204

vectors and singular values, focusing on the periodicity that occurs in the singular values within the205

EOS regime. In Propositions 2 and 3, we prove that both the unbalanced and balanced initializations206

belong to this set respectively, with an illustration in Figure 3. Specifically, we show that the singular207

vectors belongs to the singular vector stationary set after GD iteration t = 1 (far before entering the208

EOS regime) with Qℓ = V⋆, allowing us to consider the loss in Equation (4). Next, we present a209

result to validate our use of the strictly balanced assumption on the unbalanced initialization case210

by showing that the singular values become increasingly balanced throughout the GD iterations.211

Lemma 2 (Balancing). Let σ⋆,i and σℓ,i(t) denote the i-th singular value of M⋆ ∈ Rd×d and Wℓ(t),212

respectively and define Si := Lσ
2− 2

L
⋆,i . Consider GD on the i-th index of the simplified loss in (4) with the213

unbalanced initialization and learning rate 2
Si

< η < 2
√
2

Si
. If the initialization scale α satisfies 0 < α <214 (

ln
(

2
√
2

ηSi

)
· σ

4/L
⋆,i

L2·2
2L−3

L

)1/4

, then there exists a constant c ∈ (0, 1] such that for all ℓ ∈ [L − 1], we have215 ∣∣∣σ2
L,i(t+ 1)− σ2

ℓ,i(t+ 1)
∣∣∣ < c

∣∣∣σ2
L,i(t)− σ2

ℓ,i(t)
∣∣∣.216

This result has been shown to hold similarly for two-layer matrix factorization [16, 34, 35], and our217

analysis extends it to the deep case. Lemma 2 considers the scalar loss for a single singular value218

7



index and states that, as long as α is chosen below a threshold dependent on σ⋆,i, the i-th singular219

value will become increasingly balanced. To ensure that balancing occurs for all singular values of220

the loss in (4), we can select the learning rate to induce oscillations in all singular values (assuming221

they remain below the divergence limit) and choose α with σ⋆,1 such that it is the smallest α that222

satisfies the condition for all singular values σ⋆,i.223
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Figure 5: Plot of |σ2
L,i(t)−σ2

ℓ,i(t)| show-
ing strict balancing.

If the constant were c < 1, note that the balancing gap224

would approach zero infinitesimally. However, our analy-225

sis currently only shows that c < 1when the product of sin-226

gular values across all layers σi(ΣL:1) < σ⋆,i and but c = 1227

when σi(ΣL:1) > σ⋆,i. Sincewe start from a small initializa-228

tion scale, we generally mostly operate within the regime229

σi(ΣL:1) < σ⋆,i, and only transition to the latter regime230

when oscillations occur. Note that σi(ΣL:1) = σ⋆,i cannot231

occur since the learning rate is chosen to be within the EOS232

regime – equality can only arise in the stable regime, where233

balancing does not occur. In Figure 5, we plot the balanc-234

ing gap between the top-3 singular values of a weight ma-235

trix initialized to zero and those initialized to α for a rank-3236

matrix. This plot shows that the gap decreases and goes to237

zero empirically, and this is consistently the case across all238

of our experiments, with additional results provided in Appendix B. This provides empirical evi-239

dence that our analysis can be further improved such that c < 1 for both cases. To this end, we use240

this insights to assume that strict balancing holds for both the considered initialization schemes.241

This allows us to write the loss of the singular values into the form σi(ΣL:1(t)) = σLi (t), which242

allows us to focus on the dynamics in the singular values.243

3.3. Relation to Diagonal Linear Networks244

In this section, we derive the necessary conditions and characteristics of two-period oscillations in245

diagonal linear networks to establish their similarities with DLNs.246

Theorem 3 (Subspace Oscillation for Diagonal Linear Networks). Consider an L-layer diagonal linear247

network on the loss248

L
(
{sℓ}Lℓ=1

)
:=

1

2
∥s1 ⊙ . . .⊙ sL − s⋆∥22, (5)

where s⋆ ∈ Rd be an r-sparse vector with ordered coordinates such that s⋆,1 > . . . > s⋆,d and define Sp :=249

Ls
2− 2

L
⋆,p and α′ :=

(
ln

(
2
√
2

ηLs
2− 2

L
⋆,1

)
· s

4
L
⋆,1

L2·2
2L−3

L

) 1
4

. For any p < r − 1 and α < α′, suppose we run GD250

on Equation (5) with learning rate η = 2
K , where Sp ≥ K > Sp+1 with initialization sℓ = α1d for all251

ℓ ∈ [L− 1] and sL = 0d. Then, under strict balancing, the top-p coordinates of sℓ oscillate within a 2-period252

fixed orbit around the minima in the form253

sℓ,i(t) = ρi,j(t), ∀i < p, ∀ℓ ∈ [L],

where ρi,j(t) ∈ {ρi,1, ρi,2}, ρi,1 ∈
(
0, s

1/L
⋆,i

)
and ρi,2 ∈

(
s
1/L
⋆,i , (2s⋆,i)

1/L
)
are two real roots of the polyno-254

mial h(ρ) = 0:255

h(ρ) = ρL ·
1 +

(
1 + ηL(s⋆,i − ρL) · ρL−2

)2L−1

1 + (1 + ηL(s⋆,i − ρL) · ρL−2)
L−1

− s⋆,i.

FromLemma 1, we observe that DLNs exhibit additional dominant curvature directions that are not256

present in diagonal linear networks—specifically, the eigenvalues corresponding to the “interaction257

with other singular values” are absent in diagonal linear networks. These eigenvalues arise due to258
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Figure 6: Evolution of the singular values of the end-to-end 3-layer network for fitting a rank-3 target
matrix with singular values 10, 9.5, and 9. We use a learning rate of η = 2/Si with Si := Lσ

2−2/L
⋆,i .

The oscillations occur exactly with learning rate ranges specified in Theorem 2.

the zero off-diagonal elements of the singular value diagonal matrix in (4). However, despite these259

extra directions, Theorem 3 demonstrates that the behavior of diagonal linear networks andDLNs is260

essentially the same. This can be understood using the argument from Theorem 1: the eigenvectors261

corresponding to these directions are always orthogonal to the flattenedweights ∆̃, therebymaking262

the behaviors of the two network types synonymous, even in the EOS regime.263

4. Experimental Results264

4.1. Subspace Oscillations in Deep Networks265

Firstly, we provide experimental results corroborating Theorem 2. We let the target matrix be266

M⋆ ∈ R50×50 with rank 3, with dominant singular values σ⋆ = 10, 9.5, 9. For the DLN, we con-267

sider a 3-layer network, with each layer as Wℓ ∈ R50×50 and use an initialization scale of α = 0.01.268

0.031 0.032 0.033 0.034 0.035 0.036
Learning Rate

0

1

2

3

4

5

6

Os
cil

la
tio

n 
Ra

ng
e

2/S1 2/S2 2/S3

1
2
3

Figure 7: Oscillation range as a
function of the learning rate.

In Figure 6, we present the behaviors of the singular values of269

the end-to-end network under different learning rate regimes.270

Recall that by Theorem 2, the i-th singular value undergoes271

periodic oscillations when K is set to be Si < K < Si+1,272

where Si = Lσ
2−2/L
⋆,i . Figure 6 illustrates this clearly – we only273

observe oscillations in the i-th coordinate depending on the274

learning rate. Interestingly, notice that σ2 also begins to os-275

cillate in the rank-1 oscillation region before settling at a min-276

imum. This occurs because, while the learning rate is large277

enough to catapult out of aminimum, it is not sufficiently large278

to induce periodic oscillations.279

In Figure 7, we present an experiment demonstrating the rela-280

tionship between the oscillation range and the learning rate by281

plotting the amplitude of the singular value oscillations in the282

end-to-end network. The oscillations begin to occur starting283

from each region η = 2/Si, and the oscillation range (or amplitude) increases as the learning rate284

increases. This can also be observed in Figure 6; the amplitude of σ1 increases as we move from the285

rank-1 to the rank-3 oscillation region.286

4.2. Similarities and Differences Between Linear and Nonlinear Nets at EOS287

Mild Sharpening. “Mild” sharpening refers to the sharpness not rising to 2/η throughout learn-288

ing, and generally occurs in tasks with low complexity as discussed in Caveat 2 of [1]. We il-289

9



lustrate mild sharpening in Figure 10, where we plot sharpness in two settings: (i) regression290

with simple images and (ii) classification with an MLP using a subset of the CIFAR-10 dataset.291
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Figure 8: DLNs do not enter EOS
regime if Lσ2− 2

L
1 < 2/η.

For the regression task, we minimize the loss L(Θ) = ∥G(Θ)−292

yimage∥22, where G(Θ) is a UNet parameterized by Θ, and293

yimage denotes one of the images in Figure 10b. We observe294

that when yimage is a smooth, low-frequency image, the sharp-295

ness of the loss generally remains low. However, when yimage296

has higher frequency content, the sharpness increases and en-297

ters the EOS regime (Figure 10a). Similarly, for the classifi-298

cation task, we train a 2-layer fully connected neural network299

onN labeled training images from the CIFAR-10 dataset using300

MSE loss and plot the sharpness in Figure 10c. The sharpness301

links to N , the number of data points used for training. For302

small N values, such as 100 or 200, the network learns only a303

limited set of latent features, resulting inmild sharpening, and304

it does not reach the EOS threshold. However, whenN exceeds305

1000, the sharpness increases and reaches the EOS threshold.306

The intrinsic dimension update in neural networks for such low complexity tasks is usually smaller307

[36] which could cause the sharpness to be small. Similar observations can also be seen in DLNs. In308

Figure 8, we show that the sharpness reaches Lσ2− 2
L

⋆,1 , where σ⋆,1 is the singular value of the target309

matrix. Whenever Lσ2− 2
L

⋆,1 < 2/η, the network will not enter the EOS regime. This can be viewed310

as low-complexity learning, as σ⋆,1 corresponds to the magnitude of the strongest feature of the311

target matrix. Hence, when σ⋆,1 is not large enough, the sharpness will not rise to 2/η. While these312

observations do not fully explain mild sharpening, our experiments demonstrate that interpreting313

sharpness as a measure of complexity, combinedwith our findings fromDLNs, marks an important314

first step toward fully understanding this phenomenon.315

Difference in Oscillation Behaviors. Here, we discuss the differences in oscillations that arise in316

DLNs compared to catapults that occur in practical deep nonlinear networks. The main differ-317

ence lies in the loss landscape—at convergence, the Hessian for DLNs is positive semi-definite,318

as shown in Lemma 1, meaning there are only directions of positive curvature and flat direc-319

tions (in the null space of the Hessian). In this landscape, oscillations occur because the basin320

walls bounce off, without the direction of escape. However, in deep nonlinear networks, it321

has been frequently observed that the Hessian at the minima has negative eigenvalues [37, 38].322

This enables an escape direction along the negative curvature, preventing sustained oscillations.323

Figure 9: Loss landscape of the Holder table function
and DLNs, respectively (left–right). The Holder table
function is non-convex which allows catapulting to other
minima, whereas DLNs do not have spurious local min-
ima.

In Figure 9, we demonstrate these two324

differences by visualizing the loss land-325

scapes and the iterates throughout GD326

marked in red. The Holder table func-327

tion Figure 9 (left) exhibits numerous lo-328

cal minima, causing the loss to exhibit329

a sharp “catapult” when a large learn-330

ing rate is used. In contrast, for DLNs331

(shown in the right) the loss oscillates in332

a periodic orbit around theminima since333

there are no spurious local minima [39–334

43].335

Lastly, [5] studies self-stabilization,336

where sharpness decreases below 2/η337

after initially exceeding 2/η. Their338

analysis requires assumptions such as339

∇L(θ) · u(θ) = 0 and ∇S(θ) lies in the340

null space of the Hessian, where S(θ) and u(θ) denotes the sharpness and its corresponding341
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(a) Sharpness plots for training im-
age generator networks using SGD
with learning rate η = 2× 10−4.

(b) Target images (denoted as
yimage) with different frequencies
used for training.

(c) 2-layer FC network trained
with small number N of CIFAR-10
dataset with η = 10−2

Figure 10: Illustration of Caveat 2 by [1] on how mild sharpening occurs on simple datasets and
network. (a) Regression task showing the evolution of the sharpness when an UNet (with fixed
initialization) is trained to fit a single image shown in (b). (c) Evolution of the minimal progressive
sharpening on a classification task of a 2-layer MLP trained on a subset of CIFAR-10.

eigenvector respectively. These assumptions do not hold exactly in DLNs. Rather, the sharpness342

oscillates about 2/η as shown in Figure 2 as the condition for stable oscillation holds along each343

eigenvector of the Hessian.344

5. Conclusion, Limitations and Future Work345

In this paper, we presented a fine-grained analysis of the learning dynamics of deep matrix factor-346

ization with the aim of understanding unexplained phenomena in deep nonlinear networks within347

the EOS regime. Our analysis revealed that within EOS, DLNs exhibit periodic oscillations in small348

subspaces, where the subspace dimension is exactly characterized by the learning rate. There are349

two limitations to our work: we require (i) the dynamics converge to the singular vector station-350

ary set, and (ii) strict balancing of the singular values. However, we provide thorough empirical351

evidence validating the use of these assumptions, along with more results in Appendix B. For the352

balancing assumption, we leave for future work on alleviating the assumption of strict balancing,353

and rigorously show that this holds before entering the EOS regime.354
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A. Discussion on Related Work558

Implicit Bias of Edge of Stability. Edge of stability was first coined by [1], where they showed559

that the Hessian of the training loss plateaus around 2/η when deep models were trained using560

GD. However, [44, 45] previously demonstrated that the step size influences the sharpness along561

the optimization trajectory. Due to the important practical implications of the edge of stability, there562

has been an explosion of research dedicated to understanding this phenomenon and its implicit reg-563

ularization properties. Here, we survey a few of theseworks. [5] explained edge of stability through564
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a mechanism called “self-stabilization”, where they showed that during the momentary divergence565

of the iterates along the sharpest eigenvector direction of the Hessian, the iterates also move along566

the negative direction of the gradient of the curvature, which leads to stabilizing the sharpness to567

2/η. [14] proved that second-order regression models (the simplest class of models after the lin-568

earized NTKmodel) demonstrate progressive sharpening of the NTK eigenvalue towards a slightly569

different value than 2/η. [46]mathematically analyzed the edge of stability, where they showed that570

the GD updates evolve along some deterministic flow on the manifold of the minima. [47] showed571

that the normalization layers had an important role in the edge of stability – they showed that these572

layers encouraged GD to reduce the sharpness of the loss surface and enter the EOS regime. [48] es-573

tablished the phenomenon in two-layer networks and find phase transitions for step-sizes in which574

networks fail to learn “threshold” neurons. [49] also analyze a two-layer network, but provide a575

theoretical proof for the change in sharpness across four different phases. [15] analyzed the edge576

of stability in diagonal linear networks and found that oscillations occur on the sparse support of577

the vectors. Lastly, [50] analyzed the convergence at the edge of stability for constant step size GD578

for logistic regression on linearly separable data.579

Edge of Stability in Toy Functions. To analyze the edge of stability in slightly simpler settings,580

many works have constructed scalar functions to analyze the prevalence of this phenomenon. For581

example, [16] studied a certain class of scalar functions and identified conditions in which the func-582

tion enters the edge of stability through a two-step convergence analysis. [12] showed that the edge583

of stability occurs in specific scalar functions, which satisfies certain regularity conditions and de-584

veloped a global convergence theory for a family of non-convex functionswithout globally Lipschitz585

continuous gradients. [11] analyzed local oscillatory behaviors for 4-layer scalar networks with bal-586

anced initialization. [51, 52] provide analyses of learning dynamics at the EOS in simplified settings587

such as two-layer networks. [53, 54] study GD dynamics for quadratic models in large learning rate588

regimes. Overall, all of these works showed that the necessary condition for the edge of stability589

to occur is that the second derivative of the loss function is non-zero, even though they assumed590

simple scalar functions. Ourwork takes one step further to analyze the prevalence of the edge of sta-591

bility in DLNs. Although our loss simplifies to a loss in terms of the singular values, they precisely592

characterize the dynamics of the DLNs for the deep matrix factorization problem.593

Deep Linear Networks. Over the past decade, many existing works have analyzed the learning594

dynamics of DLNs as a surrogate for deep nonlinear networks to study the effects of depth and im-595

plicit regularization [17–19, 22]. Generally, these works focus on unveiling the dynamics of a phe-596

nomenon called “incremental learning”, where small initialization scales induce a greedy singular597

value learning approach [17, 33, 55], analyzing the learning dynamics via gradient flow [17, 19, 56],598

or showing that the DLN is biased towards low-rank solution [19, 33, 57], amongst others. How-599

ever, these works do not consider the occurence of the edge of stability in such networks. On the600

other hand, while works such as those by [57] and [33] have similar observations in that the weight601

updates occur within an invariant subspace as shown by Proposition 2, they do not analyze the edge602

of stability regime.603

B. Additional Results604

B.1. Experimental Details605

In this section, we provide additional details regarding the experiments used to generate the figures606

in the main text. For Figure 1, we consider a rank-3 target matrixM⋆ ∈ R5×5 with ordered singular607

values 10, 6, 3. We use a 3-layer DLN to fit the target matrix. Since σ⋆,1 = 10, the network enters the608

EOS regime at609

η =
2

Lσ
2−2/L
⋆,1

= 0.0309.

We show that there exists a two-period orbit after 0.0309/2 = 0.0154, as we do not have a scaling of610

1/2 in the objective function for the code used to generate the figures.611
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Oscillation along Y-axis: 2/λ2 > η > 2/λ1

Oscillation along both X and Y-axis: η > 2/λ2

Loss Landscape Sharpness Oscillatory Components
Figure 11: Demonstration of the EOS dynamics of a 2-dimensional depth-4 scalar network as shown
in Equation (6). X,Y axes are the eigenvectors of the Hessian with eigenvalues λ1 and λ2 respec-
tively. Top: when η > 2/λ1, theX component remains fixed, while the Y component oscillates with
a periodicity of 2. Bottom: for η > 2/λ2, the iterates oscillation in both directions.

In Figure 9 and 11, we compared the landscape of DLNswith that of amore complicated non-convex612

function such as the Holder table function. To mimic the DLN, we considered the loss function613

z = L(x, y) = (x4 − 0.8)2 + (y4 − 1)2, (6)
which corresponds to a 4-layer network. Here the eigenvector of the Hessian at the global minima614

coincides with the x, y-axis. We calculate the eigenvalues λ1 and λ2 at the minimum (0.80.25, 1) and615

plot the dynamics of the iterates for step size range 2
λ2
> η > 2

λ1
and η > 2

λ2
. When 2

λ2
> η > 2

λ1
the616

x-coordinate stays fixed at theminima 0.80.25 and the y-coordinate oscillates around its minimum at617

y = 1. This is evident in the landscape figure. Similarly, when η > 2
λ2
, oscillations occur in both the618

x and y direction. The loss landscape z = L(x, y) does not have spurious local minima, so sustained619

oscillations take place in the loss basin.620

For the non-convex landscape as shown in Figure 9 and 12, we consider the Holder table function:621

f(x, y) = −

∣∣∣∣∣sin(x) cos(y) exp
(
1−

√
x2 + y2

π

)∣∣∣∣∣ .
By observation, we initialize near a sharp minima and run GDwith an increasing learning rate step622

size as shown in the lefthand side of Figure 12. When the learning rate is fixed, we observe that623

oscillations take place inside the local valley, but when learning rate is increased, it jumps out of the624

local valley to find a flatter basin. Similar to the observations by [1], the sharpness of the GD iterates625

are “regulated” by the threshold 2/η, as it seems to closely follow this value as shown in Figure 12.626

Overall, these examples aim to highlight the difference in linear and complex loss landscapes. The627

former consists of only saddles and global minima, and hence (stably) oscillate about the global628
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Figure 12: EOS dynamics at various step learning rates from the Holder table function. Left: plot
of the learning rate steps and sharpness, showing that sharpness follows the EOS limit 2/η. Right:
Plot showing that the iterates catapult out of a local basin when the learning rate is increased and
jumps out to a surface where the sharpness is about 2/η.

minimum. However, in more complicated non-convex landscapes, sharpness regularization due to629

large learning rates enable catapulting to flatter loss basins, where sharpness is smaller than 2/η.630

B.2. Initialization Outside Singular Vector Invariant Set631

In this section, we present an initialization example that is outside the singular vector stationary set.632

We consider the following initialization:633

WL(0) = 0, Wℓ(0) = αPℓ, ∀ℓ ∈ [L− 1], (7)
wherePℓ ∈ Rd×d is an orthogonal matrix. Note that here for ℓ > 1, the singular vectors do not align634

and lies outside the SVS set we defined in Proposition 2. We consider the deep matrix factorization635

problem with a target matrix M⋆ ∈ Rd×d, where d = 100, r = 5, and α = 0.01. We empirically636

obtain that the decomposition after convergence admits the form:637

WL(t) = U⋆

[
ΣL(t) 0
0 0

] [( 1∏
i=L−1

Pi

)
V⋆

]⊤
, (8)

Wℓ(t) =

[(
1∏
i=ℓ

Pi

)
V⋆

] [
Σℓ(t) 0
0 αId−r

] [( 1∏
i=ℓ−1

Pi

)
V⋆

]⊤
, ∀ℓ ∈ [2, L− 1], (9)

W1(t) = P1V
⋆

[
Σ1(t) 0
0 αId−r

]
V⋆⊤, (10)

where WL(0) = 0 and Wℓ(0) = αPl, ∀ℓ ∈ [L − 1]. The decomposition after convergence lies in638

the SVS set as the singular vectors now align with each other. This demonstrates an example where639

even when the initialization is made outside the SVS set, GD aligns the singular vectors such that640

after certain iterations it lies in the SVS set.641

B.3. Balancing of Singular Values642

In this section, we present additional experimental results on Lemma 2 and how close the iterates643

become for different initialization scales. To this end, we consider the same setup from the previous644

section, where we have a target matrixM⋆ ∈ Rd×d, where d = 100, r = 5, and varying initialization645

α. In Figure 14, we observe that for larger values of α, the balancing quickly occurs, whereas for646

smaller values of α, the balancing is almost immediate. This is to also highlight that our bound on647

α in Lemma 2 may be an artifact of our analysis, and can choose larger values of α in practice.648
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Left Singular Vectors Right Singular Vectors
Figure 13: Empirical verification of the decomposition for initialization with orthogonal matrices
(lying outside SVS set) in that after some GD iterations, the singular vectors of the intermediate
matrices align to lie within SVS set, displaying singular vector invariance.

α = 0.01 α = 0.10 α = 0.30

Figure 14: Observing the balancedness between the singular value initialized to 0 and a singular
value initialized to α. The scattered points are successive GD iterations (going left to right). The
initial gap between the two values is larger for a larger α, but quickly gets closer over more GD
iterations.

Balancing in the Stable Regime. Here, we discuss the difference in the balancing of singular values649

within the stable regime versus the EOS regime. In Figure 4, we noted that strict balancing and the650

two-period orbit occur simultaneously, which we used as a basis for considering strict balancing in651

our analyses. However, we observe that strict balancing does not actually occur within the stable652

regime. To illustrate this, we present additional contour plots in Figure 15, following the setup in653

Figure 4. When starting from an unbalanced initialization, GD tends to converge to any solution654

that minimizes the objective function to zero (i.e., σ1σ2 = 5), which is not necessarily the balanced655

solution.656

In Figure 16, we plot the balancing gap between the singular value initialized to zero and the one657

initialized to α for fitting a rank-3 matrix with singular values 10, 9.5, and 9 using a 3-layer DLN.658

In the stable regime, where oscillations do not occur, the balancing gap plateaus. However, when659

the learning rate is large enough to induce oscillations in the first singular value of the DLN, the660

balancing gap for the first singular value strictly goes to zero. Similarly, when oscillations occur in661

the second singular value, the balancing gap at the second index also goes to zero. This suggests662

that the balancing gap strictly goes to zero only in the presence of oscillations (i.e., within the EOS663

regime).664

We provide intuition for why balancing does not occur in the stable regime as it does in the EOS665

regime. In the proof for Lemma 2, we define the balancing dynamics between singular value σi and666
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Figure 15: Illustration of the GD trajectories for two different learning rates for minimizing the func-
tion f(σ1, σ2) = 1

2 (σ2 · σ1 − 5)2, starting from an unbalanced initial point. The sharpness at the
balanced minimum is 10, and so the learning rate needed to enter EOS is η = 0.2.

σj at iteration t as667

b
(t+1)
i,j :=

(
σ
(t+1)
i

)2
−
(
σ
(t+1)
j

)2
= b

(t)
i,j

1− η2(π(t) − σ⋆)
2

(
π(t)

)2(
σ
(t)
i

)2 (
σ
(t)
j

)2
 ,

where π(t) denotes the product of the singular values across all layers at time t. Then, notice that in668

the stable regime, as soon as we reach a solution such that π(t) = σ⋆, we obtain b(t+1)
i,j = b

(t)
i,j , and so669

the balancing gap must plateau. However, in the EOS regime, we can never achieve π(t) = σ⋆ due670

to oscillations, which allows the balancing gap to further decrease.671

B.4. Additional Experiments for Balancing, Singular Vector Invariance, and672

Theory673

Our theory relied on two tools and assumptions: balancing of singular values and stationarity of674

the singular vectors. In this section, we investigate how the dynamics at EOS are affected if these675

two assumptions do not hold.676

Balancing. By Lemma 2, recall that balancing only holds as long asα chosen below a certain thresh-677

old. To this end, we consider the dynamics of a 3-layer DLN to fit a target matrix M⋆ ∈ R10×10 of678

rank-3 with ordered singular values 10, 8, 6. We use a learning rate of η = 0.0166, which corre-679

sponds to oscillations in the top-2 singular values. In Figure 17, we show the dynamics of when the680

initialization scale is α = 0.01 and α = 0.5, where balancing holds theoretically for the former but681

not for the latter. Clearly, we observe that balancing does not hold for α = 0.5. However, examining682

the middle plots reveals that the oscillations in the singular values still have the same amplitude in683

both cases and for both singular values. This suggests that balancing is merely a tool for analysis,684

as the oscillations of interest remain prevalent in both scenarios.685

Singular Vector Stationarity. Throughout this paper, we considered two initializations in Equa-686

tion (??), where balancing holds immediately and onewhere balancing holds for a sufficiently small687

initialization scale. In this section, we investigate different initializations with aim to observe (i) if688

they do not converge to the SVS set and (ii) how they affect the oscillations if they do not belong to689
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Figure 16: Plots of the training loss, singular valuemagnitude, and the balancing gap over iterations
for different learning rates: η = 0.030, 0.032, 0.034 (top to bottom). When the learning rate is stable
(η < 0.031 since the top singular value is σ⋆,1 = 10), the balancing gap plateaus, whereas the
balancing gap goes strictly to zero when the oscillations occur.

the SVS set. To this end, we consider the following:690

WL(0) = 0, Wℓ(0) = αId, ∀ℓ ∈ [L− 1], (Original)
WL(0) = 0, Wℓ(0) = αPℓ, ∀ℓ ∈ [L− 1], (Orthogonal)
WL(0) = 0, Wℓ(0) = αHℓ, ∀ℓ ∈ [L− 1], (Random)

wherePℓ is an orthogonal matrix andHℓ is a randommatrix with Gaussian entries. For all of these691

initialization schemes, we consider the same setup as in the balancing case, with an initialization692

scale of α = 0.01. To observe if singular vector stationarity holds, we consider the subspace distance693

as follows:694

Subspace Distance = ∥U⊤
ℓ−1,rVℓ,r − Ir∥F, (11)

where Uℓ,r and Vℓ,r are the top-r left and right singular vectors of layer Wℓ, respectively. Since695

Proposition 1 implies that the intermediate singular vectors cancel, the initialization converges to696

the SVS set if the subspace distance goes to zero. In Figure 18, we plot the dynamics for all of the697

initializations. Generally, we observe that the subspace distance for all cases go to zero, validating698

the use of the SVS set for analysis purposes.699
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Figure 17: Top: EOS dynamics of a 3-layer DLN with initialization scale α = 0.01, where balancing
theoretically holds. Bottom: EOS dynamics of the DLN with initialization scale α = 0.5. While the
balancing does not hold for α = 0.5, the oscillations in the singular values are still prevalent, with
the same amplitude.

Additional Results. In this section, we provide more experimental results to corroborate our the-700

ory. Recall that in Lemma 1, we proved that the learning rate needed to enter the EOS is a function701

of the depth, and that deeper networks can enter EOS using a smaller learning rate. To verify this702

claim, we provide an additional experiment where the target matrix is M⋆ ∈ R5×5 with the top703

singular value set to σ⋆,1 = 0.5. We use an initialization scale of α = 0.01. In Figure 19, we can704

clearly see that shallower networks need a larger learning rate, and vice versa to enter EOS. Here,705

black refers to stable learning and white refers to regions in which oscillations occur (EOS regime).706

B.5. Periodic and Free Oscillations707

In this section, we present additional experiments on oscillation and catapults in both deep linear708

and nonlinear networks to supplement the results in the main paper. First, we consider a 3-layer709

MLP without bias terms for the weights, with each hidden layer consisting of 1000 units. The net-710

work is trained using MSE loss with a learning rate of η = 4, along with random weights scaled711

by α = 0.01 and full-batch gradient descent on a 5K subset of the MNIST dataset, following [1].712

The motivation for omitting bias terms comes from the findings of [26], where they provably show713

that a ReLU network without bias terms behaves similarly to a linear network. With this in mind,714

we aimed to investigate how oscillations manifest in comparison to deep linear networks (DLNs).715

In Figure 20, we plot the training loss, top-5 singular values, and sharpness throughout training.716

Interestingly, despite the non-convexity of the loss landscape, the oscillations appear to be almost717

periodic across all three plots. It would be of great interest to theoretically study the behavior of718

EOS for this network architecture and determine whether our analyses extend to this case as well.719

Next, we consider the DLN setting to corroborate our result fromTheorem 2. We considermodeling720

rank-3 targetmatrixwith singular values σ⋆,i = {10, 9, 8}with a 3-layerDLNwith initialization scale721

α = 0.1. By computing the sharpness under these settings, notice that 2/λ1 = Lσ
2− 2

L
⋆,1 ≈ 0.01547722
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Figure 18: EOS dynamics of a 3-layer DLN for different initializations where it all converges to the
SVS set. The subspace distance is defined in Equation (11). Top: Dynamicswith the original identity
initialization. Middle: Dynamics with orthogonal initialization. Bottom: Dynamics with random
initialization.

and 2/λ2 ≈ 0.01657. In Figure 21, we use learning rates near these values, and plot the oscillations723

in the singular values. Here, we can see that the oscillations follow exactly our theory.724

Lastly, we provide additional experiments demonstrating stronger oscillation in feature directions725

as measured by the singular values. To this end, we consider a 4-layer MLP with ReLU activations726

with hidden layer size in each unit of 200 for classification on a subsampled 20K set on MNIST and727

CIFAR-10. In Figure 22, we show that the oscillations in the training loss are artifacts of jumps only728

in the top singular values, which is also what we observe in the DLN setting.729
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Figure 19: Demonstrating that deeper networks requires a smaller learning rate to enter the EOS
regime for DLNs, as implied by Lemma 2, for a target matrix with top singular value σ⋆,1 = 0.5
and initialization α = 0.01. Black refers to stable learning and white refers to regions in which
oscillations in the loss and singular values occur. The EOS limit exactly matches η = 2

Lσ
2− 2

L
⋆,i

.

Figure 20: Plot of the training loss, singular values, and sharpness for anMLP network with no bias.
Similar to the DLN case, there are oscillations in each of the plots throughout iterations.

B.6. Investigation of Oscillations in Low-Rank Adaptors730

Previously, we investigated the differences in oscillations (i.e., oscillations versus catapults) in deep731

linear and nonlinear networks, and how changes in the landscape present one behavior or the other.732

Low-rank adaptation (LoRA) [58] has arguably become one of the most popular methods for fine-733

tuning deep neural networks. By viewing the adaptations as individual low-rank matrix factor-734

ization problems, then this formulation closely aligns with our theoretical setup with a depth of735

2. Here we pose the question (i) does oscillations may appear in such a setup and (ii) what these736

oscillations may imply in terms of generalization.737

Briefly, the main idea behind LoRA is that rather than training from scratch, we can update two738

low-rank factor matrices to “append” onto an existing weight matrix. That is, give a pre-trained739

weight matrix W0 ∈ Rd1×d2 , LoRA involves updating two low-rank factors commonly referred to740

as “adaptors”:741

W⋆︸︷︷︸
new weight

= W0︸︷︷︸
pre-trained weight

+ AB⊤︸ ︷︷ ︸
adaptors

.

For a sufficiently small rank r, upon training only A ∈ Rd1×r and B ∈ Rd2×r, W⋆ ∈ Rd1×d2 is used742

for inference.743

For the experimental settings, we follow the setup used by [57] and consider a pre-trained744

BERT [59] base model and apply adaptation on all attention and feedforward weights in the745

transformer, resulting in 72 adapted layers in total. For initialization, we use random weights746

and scale them using an initialization scale of α = 10−3 for the adaptors and randomly747

sample 512 examples from the STS-B [59] dataset for fine-tuning. We choose a batch size748

of 64 with a maximum sequence length of 128 tokens. First, we experiment how large the749

rank of the adaptors must be to drive the entire network to EOS. Using a learning rate of750

η = 10−4, Figure 23 shows oscillatory behavior across all ranks. However, this behavior751

may also be an artifact of the stochasticity induced by updating with only a batch of samples.752
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Figure 23: Catapults in the training
loss for different ranks for LoRA.

753

In Figure 24, we present the training loss and Pearson cor-754

relation for different learning rates using rank r = 8. When755

η = 10−4, the training loss catapults from a magnitude of756

7 to 4 whereas other learning rates cannot decrease the loss757

with such a magnitude. Consequently, η = 10−4 achieves758

the best Pearson correlation coefficient. This suggests that759

learning rate plays an important role when the optimization760

is restricted to a small subspace as used in LoRA. We leave761

this for future work a careful study of this observation, aim-762

ing to accurately select the learning rate to maximize the ef-763

ficiency of LoRA.764
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Figure 21: Depiction of the training loss and the singular values of each weight matrix for fitting
a rank-3 matrix with singular values 10, 9.5, 9. The weights enter the EOS regime based on the
learning rate η > 2/K, where K = Lσ

2−2/L
⋆,i and L = 3. For a sufficiently large learning rate (e.g.,

η = 0.04), the singular values start to enter a period-4 orbit.
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MNIST Dataset with 4-Layer MLP CIFAR-10 Dataset with 4-Layer MLP
Figure 22: Prevalence of oscillatory behaviors in top subspaces in 4-layer networks with ReLU acti-
vations on two different datasets.
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Figure 24: Illustration of different behaviors in the training loss for various learning rates with a
fixed rank of r = 8 for fine-tuning BERT using LoRA. These plots indicate that larger learning rates
lead to higher Pearson correlations. When η = 10−4, the training loss catapults from a magnitude
of 7 to 4 whereas other learning rates do not decrease the loss with such large magnitude.
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C. Deferred Proofs765

C.1. Deferred Proofs for Oscillations766

Proposition 1 (Singular Vector Stationary Set). Consider the deep matrix factorization loss in Equa-767

tion (1). Let M⋆ = U⋆Σ⋆V
⊤
⋆ and Wℓ(t) = Uℓ(t)Σℓ(t)V

⊤
ℓ (t) denote the compact SVD for the target768

matrix and the ℓ-th layer weight matrix at time t, respectively. For any time t ≥ 0, if U̇ℓ(t) = V̇ℓ(t) = 0 for769

all ℓ ∈ [L], then the singular vector stationary points for each weight matrix are given by770

SVS(f(Θ)) =


(UL,VL) = (U⋆,QL),

(Uℓ,Vℓ) = (Qℓ+1,Qℓ), ∀ℓ ∈ [2, L− 1],

(U1,V1) = (Q2,V⋆),

where {Qℓ}Lℓ=2 can be any orthogonal matrices.771

Proof. Let us consider the dynamics of Wℓ(t) in terms of its SVD with respect to time:772

Ẇℓ(t) = U̇ℓ(t)Σℓ(t)V
⊤
ℓ (t) +Uℓ(t)Σ̇ℓ(t)V

⊤
ℓ (t) +Uℓ(t)Σℓ(t)V̇

⊤
ℓ (t). (12)

By left multiplying by U⊤
ℓ (t) and right multiplying by Vℓ(t), we have773

U⊤
ℓ (t)Ẇℓ(t)Vℓ(t) = U⊤

ℓ (t)U̇ℓ(t)Σℓ(t) + Σ̇ℓ(t) +Σℓ(t)V̇
⊤
ℓ (t)Vℓ(t), (13)

where we used the fact that Uℓ(t) and Vℓ(t) have orthonormal columns. Now, note that we also774

have775

U⊤
ℓ (t)Uℓ(t) = Ir =⇒ U̇⊤

ℓ (t)Uℓ(t) +U⊤
ℓ (t)U̇ℓ(t) = 0,

which also holds for Vℓ(t). This implies that U̇⊤
ℓ (t)Uℓ(t) is a skew-symmetric matrix, and hence776

have zero diagonals. Since Σℓ(t) is diagonal, U⊤
ℓ (t)U̇ℓ(t)Σℓ(t) and Σℓ(t)V̇

⊤
ℓ (t)Vℓ(t) have zero di-777

agonals as well. On the other hand, since Σ̇ℓ(t) is a diagonal matrix, we can write778

Îr ⊙
(
U⊤
ℓ (t)Ẇℓ(t)Vℓ(t)

)
= U⊤

ℓ (t)U̇ℓ(t)Σℓ(t) +Σℓ(t)V̇
⊤
ℓ (t)Vℓ(t), (14)

where ⊙ stands for the Hadamard product and Îr is a square matrix holding zeros on its diago-779

nal and ones elsewhere. Taking transpose of Equation (14), while recalling that U⊤
ℓ (t)U̇ℓ(t) and780

V⊤
ℓ (t)V̇ℓ(t) are skew-symmetric, we have781

Îr ⊙
(
V⊤
ℓ (t)Ẇ

⊤
ℓ (t)Uℓ(t)

)
= −Σℓ(t)U

⊤
ℓ (t)U̇ℓ(t)− V̇⊤

ℓ (t)Vℓ(t)Σℓ(t). (15)

Then, by right multiplying Equation (14) by Σℓ(t), left-multiply Equation (15) by Σℓ(t), and by782

adding the two terms, we get783

Îr ⊙
(
U⊤
ℓ (t)Ẇℓ(t)Vℓ(t)Σℓ(t) +Σℓ(t)V

⊤
ℓ (t)Ẇ

⊤
ℓ (t)Uℓ(t)

)
= U⊤

ℓ (t)U̇ℓ(t)Σ
2
ℓ(t)−Σ2

ℓ(t)V̇
⊤
ℓ (t)Vℓ(t).

Since we assume that the singular values of M⋆ are distinct, the top-r diagonal elements of Σ2
ℓ(t)784

are also distinct (i.e., Σ2
r(t) ̸= Σ2

r′(t) for r ̸= r′). This implies that785

U⊤
ℓ (t)U̇ℓ(t) = H(t)⊙

[
U⊤
ℓ (t)Ẇℓ(t)Vℓ(t)Σℓ(t) +Σℓ(t)V

⊤
ℓ (t)Ẇ

⊤
ℓ (t)Uℓ(t)

]
,

where the matrix H(t) ∈ Rd×d is defined by:786

Hr,r′(t) :=

{(
Σ2
r′(t)− Σ2

r(t)
)−1

, r ̸= r′,

0, r = r′.
(16)
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Then, multiplying from the left by Uℓ(t) yields787

PUℓ(t)U̇ℓ(t) = Uℓ(t)
(
H(t)⊙

[
U⊤
ℓ (t)Ẇℓ(t)Vℓ(t)Σℓ(t) +Σℓ(t)V

⊤
ℓ (t)Ẇ

⊤
ℓ (t)Uℓ(t)

])
, (17)

with PUℓ(t) := Uℓ(t)U
⊤
ℓ (t) being the projection onto the subspace spanned by the (orthonor-788

mal) columns of Uℓ(t). Denote by PUℓ⊥(t) the projection onto the orthogonal complement ( i.e.,789

PUℓ⊥(t) := Ir −Uℓ(t)U
⊤
ℓ (t)). Apply PUℓ⊥(t) to both sides of Equation (12):790

PUℓ⊥(t)U̇ℓ(t) = PUℓ⊥(t)U̇ℓ(t)Σℓ(t)V
⊤
ℓ (t) +PUℓ⊥(t)Uℓ(t)Σ̇ℓ(t)V

⊤
ℓ (t) (18)

+PUℓ⊥(t)Uℓ(t)Σℓ(t)V̇
⊤
ℓ (t). (19)

Note that PUℓ⊥(t)Uℓ(t) = 0, and multiply from the right by Vℓ(t)Σ
−1
ℓ (t) (the latter is well-defined791

since we have the compact SVD and the top-r elements are non-zero):792

PUℓ⊥(t)U̇ℓ(t) = PUℓ⊥(t)Ẇℓ(t)Vℓ(t)Σ
−1
ℓ (t) = (Ir −Uℓ(t)U

⊤(t))Ẇ(t)Vℓ(t)Σ
−1
ℓ (t). (20)

Then by adding the two equations above, we obtain an expression for U̇(t):793

U̇ℓ(t) = PUℓ(t)U̇ℓ(t) +PUℓ⊥(t)U̇ℓ(t)

= Uℓ(t)
(
H(t)⊙

[
U⊤
ℓ (t)Ẇℓ(t)Vℓ(t)Σℓ(t) +Σℓ(t)V

⊤
ℓ (t)Ẇ

⊤
ℓ (t)Uℓ(t)

])
+ (Ir −Uℓ(t)U

⊤
ℓ (t))Ẇ(t)Vℓ(t)Σ

−1
ℓ (t). (21)

We can similarly derive the dynamics for V̇ℓ(t) and Σ̇ℓ(t):794

V̇ℓ(t) = Vℓ(t)
(
H(t)⊙

[
Σℓ(t)U

⊤
ℓ (t)Ẇℓ(t)Vℓ(t) +V⊤

ℓ (t)Ẇℓ
⊤
(t)Uℓ(t)Σℓ(t)

])
(22)

+
(
Ir −Vℓ(t)V

⊤
ℓ (t)

)
Ẇℓ

⊤
(t)Uℓ(t)Σ

−1
ℓ (t), (23)

795

Σ̇ℓ(t) = Ir ⊙
[
U⊤
ℓ (t)Ẇℓ(t)Vℓ(t)

]
.

Now, we will left multiply U̇ℓ(t) and V̇ℓ(t)withU⊤
ℓ (t) andV⊤

ℓ (t), respectively, to obtain796

U⊤
ℓ (t)U̇ℓ(t) = −H(t)⊙

[
U⊤
ℓ (t)∇Wℓ

f(Θ)Vℓ(t)Σℓ(t) +Σℓ(t)V
⊤
ℓ (t)∇Wℓ

f(Θ)Uℓ(t)
]
,

V⊤
ℓ (t)V̇ℓ(t) = −H(t)⊙

[
Σℓ(t)U

⊤
ℓ (t)∇Wℓ

f(Θ)Vℓ(t) +V⊤
ℓ (t)∇Wℓ

f(Θ)Uℓ(t)Σℓ(t)
]
,

where we replaced Ẇℓ(t) := −∇Wℓ
f(Θ), as Ẇℓ(t) is the gradient of f(Θ) with respect to Wℓ by797

definition. By rearranging and multiplying by Σℓ(t), we have798

U⊤
ℓ (t)U̇ℓ(t)Σℓ(t)−Σℓ(t)V

T (t)V̇ℓ(t) = −Îr ⊙ [U⊤
ℓ (t)∇Wℓ

f(Θ)Vℓ(t)]. (24)
Hence, when U̇ℓ(t) = 0 and V̇ℓ(t) = 0, it must be that the left-hand side is zero and so799

U⊤
ℓ (t)∇Wℓ

f(Θ)Vℓ(t) is a diagonal matrix.800

Now, notice that for the given loss function f(Θ), we have801

−Ẇℓ(t) = ∇Wℓ
f(Θ(t)) = W⊤

L:ℓ+1(t) · (WL:1(t)−M⋆) ·W⊤
ℓ−1:1(t).

Then, from Equation (24), when the singular vectors are stationary, we have802

U⊤
ℓ (t)W

⊤
L:ℓ+1(t) · (WL:1(t)−M⋆) ·W⊤

ℓ−1:1(t)Vℓ(t)

must be a diagonal matrix for all ℓ ∈ [L]. The only solution to the above should be (since the803

intermediate singular vectors need to cancel to satisfy the diagonal condition), is the set804

SVS(f(Θ)) =


(UL,VL) = (U⋆,QL),

(Uℓ,Vℓ) = (Qℓ+1,Qℓ), ∀ℓ ∈ [2, L− 1],

(U1,V1) = (Q2,V⋆),
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where {Qℓ}Lℓ=2 are any set of orthogonal matrices. Then, notice that when the singular vectors are805

stationary, the dynamics become isolated on the singular values:806

Σ̇ℓ(t) = Ir ⊙
[
U⊤
ℓ (t)Ẇℓ(t)Vℓ(t)

]
,

since
[
U⊤
ℓ (t)Ẇℓ(t)Vℓ(t)

]
is diagonal. This completes the proof.807

808

Theorem 1 (Stable Subspace Oscillations). Let α′ :=

(
ln
(

2
√
2

ηλ1

)
· σ

4/L
⋆,1

L2·2
2L−3

L

)1/4

. Consider running809

GD on the loss in (1) with initialization scale 0 < α < α′. If η = 2
K with λi ≤ K < λi+1, then under strict810

balancing, 2-period orbit oscillation occurs in the direction of ∆i, where λi and ∆i denote the i-th largest811

eigenvalue and eigenvector of the Hessian at the balanced minimum, respectively.812

Proof. Define f∆i
as the 1-D function at the cross section of the loss landscape and the line following813

the direction of ∆i passing the (balanced) minima. To prove the result, we will invoke Lemma 12,814

which states that two-period orbit oscillation occurs in the direction of ∆i if the minima of f∆i
815

satisfies f (3)∆i
> 0 and 3[f

(3)
∆i

]2 − f
(2)
∆i
f
(4)
∆i

> 0, for η > 2
λi
. Recall that the initialization condition is an816

artifact of Lemma 2, which allows us to consider the balanced minimum.817

First, we will derive the eigenvectors of the Hessian of the training loss at convergence (i.e., M⋆ =818

WL:1). To obtain the eigenvectors of theHessian of parameters (WL, . . . ,W2,W1), consider a small819

perturbation of the parameters:820

Θ := (∆Wℓ +Wℓ)
L
ℓ=1 = (WL +∆WL, . . . ,W2 +∆W2,W1 +∆W1).

Given thatWL:1 = M⋆, consider and evaluate the loss function at this minima:821

L(Θ) =
1

2

∥∥∥∥∑
ℓ

WL:ℓ+1∆WℓWℓ−1:1 (25)

+
∑
ℓ<m

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:1 + . . .+∆WL:1

∥∥∥∥2
F

. (26)

By expanding each of the terms and splitting by the orders of∆Wℓ (perturbation), we get that the822

second-order term is equivalent to823

Θ

(
L∑
ℓ=1

∥∆Wℓ∥2
)

:
1

2

∥∥∥∥∑
ℓ

WL:ℓ+1∆WℓWℓ−1:1

∥∥∥∥2
F

Θ

(
L∑
ℓ=1

∥∆Wℓ∥3
)

: tr

(∑
ℓ

WL:ℓ+1∆WℓWℓ−1:1

)⊤(∑
ℓ<m

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:1

)
Θ

(
L∑
ℓ=1

∥∆Wℓ∥4
)

:
1

2
∥
∑
ℓ<m

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:1∥2F

+ tr

∑
l

(WL:ℓ+1∆WℓWℓ−1:1)
⊤

 ∑
l<m<p

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:p+1∆WpWp−1:1


The direction of the steepest change in the loss at the minima correspond to the largest eigenvec-824

tor direction of the Hessian. Since higher order terms such as Θ
(∑L

ℓ=1 ∥∆Wℓ∥3
)
are insignifcant825

compared to the second order terms Θ
(∑L

ℓ=1 ∥∆Wℓ∥2
)
, finding the direction that maximizes the826
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second order term leads to finding the eigenvector of the Hessian. Then, the eigenvector corre-827

sponding to the maximum eigenvalue of ∇2L is the solution of828

∆1 := vec(∆WL, . . .∆W1) = argmax
∥∆WL∥2

F+...+∥∆W1∥2
F=1

f (∆WL, . . . ,∆W1) , (27)

where829

f(∆WL, . . . ,∆W1) :=
1

2
∥∆WLWL−1:1 + . . .+WL:3∆W2W1 +WL:2∆W1∥2F. (28)

While the solution of Equation (27) gives the maximum eigenvector direction of the Hessian, ∆1,830

the other eigenvectors can be found by solving831

∆r := argmax
∥∆WL∥2

F+...+∥∆W1∥2
F=1,

∆r⊥∆r−1,..,∆r⊥∆1

f (∆WL, . . . ,∆W1) . (29)

By expanding f(·), we have that832

f(∆WL, . . . ,∆W1) = ∥∆WLWL−1:1∥2F + . . .+ ∥WL:3∆W2W1∥2F + ∥WL:2∆W1∥2F
+ tr

[
(∆WLWL−1:1)

⊤
(WL:3∆W2W1 + . . .+WL:2∆W1)

]
+ . . .+

tr
[
(WL:2∆W1)

⊤
(WL:3∆W2W1 + . . .+WL:3∆W2W1)

]
. (30)

We can solve Equation (27) by maximizing each of the terms, which can be done in two steps:833

(i) Each Frobenius term in the expansion is maximized when the left singular vector of∆Wℓ aligns834

withWL:ℓ+1 and the right singular vector aligns withWℓ−1:1. This is a result of VonNeumann’s835

trace inequality [60]. Similarly, each term in the trace is maximized when the singular vector of836

the perturbations align with the products.837

(ii) Due to the alignment, Equation (27) can be written in just the singular values. Let∆sℓ,i denote838

the i-th singular value of the perturbation matrix ∆Wℓ. Recall that all of the singular values of839

M⋆ are distinct (i.e., σ⋆,1 > . . . > σ⋆,r). Hence, it is easy to see that Equation (27) is maximized840

when∆sℓ,i = 0 (i.e, all theweight goes to∆sℓ,1). Thus, each perturbationmatrixmust be rank-1.841

Now since each perturbation is rank-1, we can write each perturbation as842

∆Wℓ = ∆sℓ∆uℓ∆v⊤
ℓ , ∀ℓ ∈ [L], (31)

for∆sℓ > 0 and orthonormal vectors∆uℓ ∈ Rd and∆vℓ ∈ Rd with∑L
ℓ=1 ∆s

2
ℓ = 1. Plugging this in843

each term, we obtain:844

∥WL:ℓ+1∆1WℓWℓ−1:1∥22 = ∆1s
2
ℓ ·
∥∥∥∥V⋆σ

L−ℓ
L

⋆ V⊤
⋆ ∆uℓ︸ ︷︷ ︸

=:a

∆v⊤
ℓ V⋆σ

ℓ−1
L
⋆ V⊤

⋆︸ ︷︷ ︸
=:b⊤

∥∥∥∥2
2

.

Since alignment maximizes this expression as discussed in first point, we have:845

uℓ = vℓ = v⋆,1 for all ℓ ∈ [2, L− 1], then846

a = σ
L−ℓ
L

⋆,1 v⋆,1 and b⊤ = σ
ℓ−1
L
⋆,1 v⊤

⋆,1 =⇒ ab⊤ = σ
1− 1

L
⋆,1 · v⋆,1v⊤

⋆,1.

The very same argument can be made for the trace terms. Hence, in order to maximize f(·), we847

must have848

vL = v⋆,1, and u1 = v⋆,1,

uℓ = vℓ = v⋆,1, ∀ℓ ∈ [2, L− 1].
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To determine uL and v1, we can look at one of the trace terms:849

tr
[
(∆1WLWL−1:1)

⊤
(WL:3∆1W2W1 + . . .+WL:2∆1W1)

]
≤
(
L− 1

L

)
· σ2− 2

L
⋆,1 .

To reach the upper bound, we require uL = u⋆,1 and v1 = v⋆,1. Finally, as the for each index, the850

singular values are balanced, we will have∆1sℓ =
1√
L
for all ℓ ∈ [L] to satisfy the constraint. Finally,851

we get that the leading eigenvector is852

∆1 := vec

(
1√
L
u1v

⊤
1 ,

1√
L
v1v

⊤
1 , . . . ,

1√
L
v1v

⊤
1

)
.

Notice that we can also verify that f(∆1) = Lσ
2− 2

L
⋆,1 , which is the leading eigenvalue (or sharpness)853

derived in Lemma 1.854

To derive the remaining eigenvectors, we need to find all of the vectors in which∆⊤
i ∆j = 0 for i ̸= j,855

where856

∆i = vec(∆iWL, . . .∆iW1),

and f(∆i) = λi, where λi is the i-th largest eigenvalue. By repeating the same process as above, we857

find that the eigenvector-eigenvalue pair as follows:858

∆1 = vec

(
1√
L
u1v

⊤
1 ,

1√
L
v1v

⊤
1 , . . . ,

1√
L
v1v

⊤
1

)
, λ1 = Lσ

2− 2
L

⋆,1

∆2 = vec

(
1√
L
u1v

⊤
2 ,

1√
L
v1v

⊤
2 , . . . ,

1√
L
v1v

⊤
2

)
, λ2 =

(
L−1∑
i=0

σ
1− 1

L− 1
L i

⋆,1 · σ
1
L i
⋆,2

)

∆3 = vec

(
1√
L
u2v

⊤
1 ,

1√
L
v2v

⊤
1 , . . . ,

1√
L
v2v

⊤
1

)
, λ3 =

(
L−1∑
i=0

σ
1− 1

L− 1
L i

⋆,1 · σ
1
L i
⋆,2

)
...

∆d = vec

(
1√
L
u2v

⊤
2 ,

1√
L
v2v

⊤
2 , . . . ,

1√
L
v2v

⊤
2

)
, λd = Lσ

2− 2
L

⋆,2

...

∆dr+r = vec

(
1√
L
udv

⊤
r ,

1√
L
vdv

⊤
r , . . . ,

1√
L
vdv

⊤
r

)
,

which gives a total of dr + r eigenvectors.859

Second, equippedwith the eigenvectors, let us consider the 1-D function f∆i generated by the cross-860

section of the loss landscape and each eigenvector ∆i passing the minima:861

f∆i
(µ) = L(WL + µ∆WL, . . . ,W2 + µ∆W2,W1 + µ∆W1),

= µ2 · 1
2
∥∆WLWL−1:1 + . . .+WL:3∆W2W1 +WL:2∆W1∥2F

+ µ3 ·
L∑

ℓ=1,ℓ<m

tr
[
(WL:ℓ+1∆WℓWℓ−1:1)

⊤
(WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:1)

]

+ µ4 · 1
2

∥∥∥∥∥
(∑
ℓ<m

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:1

)∥∥∥∥∥
2

F

+ µ4 ·
L∑

ℓ<m<p

tr
[
(WL:ℓ+1∆WℓWℓ−1:1)

⊤
(WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:p+1∆WpWp−1:1)

]
.
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Then, the several order derivatives of f∆i(µ) at µ = 0 can be obtained from Taylor expansion as862

f
(2)
∆i

(0) = ∥∆iWLWL−1:1 + . . .+WL:3∆iW2W1 +WL:2∆iW1∥2F = λ2i

f
(3)
∆i

(0) = 6

L∑
ℓ=1

tr
[
(WL:ℓ+1∆iWℓWℓ−1:1)

⊤
(WL:ℓ+2∆iWℓ+1Wℓ∆iWℓ−1Wℓ−2:1)

]
= 6

∥∥∥∥∑
ℓ

WL:ℓ+1∆iWℓWℓ−1:1

∥∥∥∥
F

·
∥∥∥∥
(∑
ℓ<m

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:1

)∥∥∥∥
F

:= 6λi · βi
f
(4)
∆i

(0) = 12∥∆iWL∆iWL−1WL−2:1 + . . .+WL:4∆iW3W2∆iW1 +WL:3∆iW2∆iW1∥2F

+ 24

L∑
ℓ=1

tr

(WL:ℓ+1∆iWℓWℓ−1:1)
⊤

 ∑
l<m<p

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:p+1∆WpWp−1:1


:= 12β2

i + 24λi · δi,

where we defined863

λi =

∥∥∥∥∑
ℓ

WL:ℓ+1∆iWℓWℓ−1:1

∥∥∥∥
F

(Total (L1) terms)

βi =

∥∥∥∥
(∑
ℓ<m

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:1

)∥∥∥∥
F

(Total (L2) terms)

δi =

∥∥∥∥
 ∑
l<m<p

WL:ℓ+1∆WℓWℓ−1:m+1∆WmWm−1:p+1∆WpWp−1:1

∥∥∥∥
F

, (Total (L3) terms)

and used the fact that tr(A⊤B) = ∥A∥F · ∥B∥F under singular vector alignment.864

Then, since βi has
(
L
2

) terms inside the sum, when the Frobenium term is expanded, it will have865

(L2)((
L
2)+1)
2 number of terms. Under alignment and balancedness, β2

i = ∆s2ℓσ
2− 4

L
i × (L2)((

L
2)+1)
2 and866

λiδi = ∆s2ℓσ
2− 4

L
i ×

(
L
3

)
L. Thus, we have the expression867

2β2
i − λiδi = ∆s2ℓσ

2− 4
L

i

2

(
L
2

) ((
L
2

)
+ 1
)

2
−
(
L

3

)
L


= ∆s2ℓσ

2− 4
L

i

(
L

3

)
L×

3
(
L(L−1)

2 + 1
)

L(L− 2)
− 1


= ∆s2ℓσ

2− 4
L

i

2
(
L
3

)
L

L(L− 2)
×
(
(L− 1)2 + 5

)
> 0,

for any depth L > 2. Finally, the condition of stable oscillation of 1-D function is868

3[f
(3)
∆i

]2 − f
(2)
∆i
f
(4)
∆i

= 108λ2iβ
2
i − (λ2i )(12β

2
i + 24(2λi)(δi)) = 48λ2i (2β

2
i − λiδi) > 0,

which we have proven to be positive for any depth L > 2, for all the eigenvector directions corre-869

sponding to the non-zero eigenvalues. This completes the proof.870

871

Theorem 2 (Rank-p Periodic Subspace Oscillations). LetM⋆ = U⋆Σ⋆V
⊤
⋆ denote the SVD of the target872

matrix and define Sp := Lσ
2− 2

L
⋆,p and K ′

p := max
{
Sp+1,

Sp

2
√
2

}
. If we run GD on the deep matrix factoriza-873

tion loss with initialization scale α < α′ from Theorem 1 and learning rate η = 2
K , where K ′

p < K < Sp,874
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then under strict balancing, the top-p singular values of the end-to-end DLN oscillates in a 2-period orbit875

(j ∈ {1, 2}) around the balanced minimum and admits the following decomposition:876

WL:1 =

p∑
i=1

ρLi,j · u⋆,iv⊤
⋆,i︸ ︷︷ ︸

oscillation subspace

+

d∑
k=p+1

σ⋆,k · u⋆,kv⊤
⋆,k︸ ︷︷ ︸

stationary subspace

, j ∈ {1, 2}, ∀ℓ ∈ [L− 1], (32)

where ρi,1 ∈
(
0, σ

1/L
⋆,i

)
and ρi,2 ∈

(
σ
1/L
⋆,i , (2σ⋆,i)

1/L
)
are the two real roots of the polynomial g(ρi) = 0 and877

g(ρi) = ρLi ·
1 +

(
1 + ηL(σ⋆,i − ρLi ) · ρ

L−2
i

)2L−1

1 +
(
1 + ηL(σ⋆,i − ρLi ) · ρ

L−2
i

)L−1
− σ⋆,i.

878

Proof. To prove the result, we will consider the GD step on the i-th singular value and show that the879

2-period orbit condition holds given the learning rate η = 2
K . For ease of exposition, let us denote880

the i-th singular value of eachWℓ as σi := σℓ,i. Under balancing, consider the two-step GD update881

on the first singular value:882

σi(t+ 1) = σi(t) + ηL ·
(
σ⋆,i − σLi (t)

)
· σL−1

i (t)

σi(t) = σi(t+ 2) = σi(t+ 1) + ηL ·
(
σ⋆,i − σLi (t+ 1)

)
· σL−1

i (t+ 1). (By 2-period orbit)
Define z := (1 + ηL ·

(
σ⋆,i − σLi (t)

)
· σL−2

i (t)
) and by plugging in σi(t+ 1) for σi(t), we have883

σi(t) = σi(t)z + ηL ·
(
σ⋆,i − σLi (t)z

L
)
· σL−1

i (t)zL−1

=⇒ 1 = z + ηL ·
(
σ⋆,i − σLi (t)z

L
)
· σL−2

i (t)zL−1

=⇒ 1 =
(
1 + ηL ·

(
σ⋆,i − σLi (t)

)
· σL−2

i (t)
)
+ ηL ·

(
σ⋆,i − σLi (t)z

L
)
· σL−2

i (t)zL−1

=⇒ 0 =
(
σ⋆,i − σLi (t)

)
+
(
σ⋆,i − σLi (t)z

L
)
· zL−1

Simplifying this expression further, we have884

0 = σ⋆,i − σLi (t) + σ⋆,iz
L−1 − σLi (t)z

2L−1

=⇒ σLi (t) + σLi (t)z
2L−1 = σ⋆,i + σ⋆,iz

L−1

=⇒ σLi (t) ·
(
1 + z2L−1

)
= σ⋆,i ·

(
1 + zL−1

)
=⇒ σLi (t)

(
1 + z2L−1

)
(1 + zL−1)

= σ⋆,i,

and by defining ρi := σi(t), we obtain the polynomial885

σ⋆,i = ρLi
1 + z2L−1

1 + zL−1
, where z := (1 + ηL(σ⋆,i − ρLi ) · ρL−2

i

)
.

Next, we show the existence of (real) roots within the ranges for ρi,1 and ρi,2. We note that these886

roots only exist within the EOS regime. First, consider ρi,1 ∈
(
0, σ

1/L
⋆,i

)
. We will show that for two887

values within this range, there is a sign change for all L ≥ 2. More specifically, we show that there888

exists ρi ∈
(
0, σ

1/L
⋆,i

)
such that889

ρLi
1 + z2L−1

1 + zL−1
− σ⋆,i > 0 and ρLi

1 + z2L−1

1 + zL−1
− σ⋆,i < 0.

For the positive case, consider ρi = ( 12σ⋆,i)
1/L. We need to show that890

1 + z2L−1

1 + zL−1
=

1 +

(
1 + ηL ·

(σ⋆,i

2

) σ1− 2
L

⋆,i

21−
2
L

)2L−1

1 +

(
1 + ηL ·

(σ⋆,i

2

) σ1− 2
L

⋆,i

21−
2
L

)L−1
> 2.
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To do this, we will plug in the smallest possible value of η = 2

Lσ
2− 2

L
⋆,i

to show that the fraction is still891

greater than 2, which gives us892

u(L) :=
1 +

(
1 + 1

21−
2
L

)2L−1

1 +
(
1 + 1

21−
2
L

)L−1
, (33)

which is an increasing function of L for all L ≥ 2. Since u(2) > 2, Equation (33) must always be893

greater than 2. For the negative case, we can simply consider ρi = 0. Hence, since the polynomial894

is continuous, by the Intermediate Value Theorem (IVT), there must exist a root within the range895

ρi ∈
(
0, σ

1/L
⋆,i

)
.896

Next, consider the range ρi,2 ∈
(
σ
1/L
⋆,i , (2σ⋆,i)

1/L
)
. Similarly, we will show sign changes for two897

values in ρi,2. For the positive case, consider ρi =
(
3
2σ⋆,i

)1/L. For η, we can plug in the smallest898

possible valuewithin the range to show that this value of ρi provides a positive quantity. Specifically,899

we need to show that900

1 + z2L−1

1 + zL−1
>

2

3
=⇒

1 +

(
1 + 2

σ
2− 2

L
⋆,i

· (σ⋆,i − 3
2σ⋆,i) ·

(
3
2σ⋆,i

)1− 2
L

)2L−1

1 +

(
1 + 2

σ
2− 2

L
⋆,i

· (σ⋆,i − 3
2σ⋆,i) ·

(
3
2σ⋆,i

)1− 2
L

)L−1
>

2

3
.

We can simplify the fraction as follows:901

1 +

(
1 + 2

σ
2− 2

L
⋆,1

· (σ⋆,1 − 3
2σ⋆,1) ·

(
3
2σ⋆,1

)1− 2
L

)2L−1

1 +

(
1 + 2

σ
2− 2

L
⋆,1

· (σ⋆,1 − 3
2σ⋆,1) ·

(
3
2σ⋆,1

)1− 2
L

)L−1
=

1 +
(
1− ( 32 )

1− 2
L

)2L−1

1 +
(
1− ( 32 )

1− 2
L

)L−1
.

Then, since we are subtracting by ( 32 )
1− 2

L , we can plug in its largest value for L ≥ 2, which is 3/2.902

This gives us903

1 + (−0.5)
2L−1

1 + (−0.5)
L−1

>
2

3
,

as for odd values of L, the function increases to 1 starting from L = 2, and decreases to 1 for even904

L. To check negativity, let us define905

h(ρ) :=
f(ρ)

g(ρ)
:=

ρL
(
1 + z2L−1

)
1 + zL−1

.

We will show that h′
(
σ
1/L
⋆,i

)
< 0:906

h′
(
σ
1/L
⋆,i

)
=
f ′
(
σ
1/L
⋆,i

)
g
(
σ
1/L
⋆,i

)
− f

(
σ
1/L
⋆,i

)
g′
(
σ
1/L
⋆,i

)
g2
(
σ
1/L
⋆,i

)
=
f ′
(
σ
1/L
⋆,i

)
− σ⋆,i · g′

(
σ
1/L
⋆,i

)
2

=
Lσ

1− 1
L

⋆,i − σ⋆,i(2L− 1)
(
ηL2σ

2− 3
L

⋆,i

)
− σ⋆,i(L− 1)

(
ηL2σ

2− 3
L

⋆,i

)
2

=
Lσ

1− 1
L

⋆,i − (3L− 2)
(
ηL2σ

3− 3
L

⋆,i

)
2

< 0,

36



as otherwise we need η ≤ σ
2/L−2
⋆,i

3L2−2L , which is out of the range of interest. Since h′(ρ) < 0, it follows907

that there exists a δ > 0 such that h(ρ) > h(x) for all x such that ρ < x < ρ + δ. Lastly, since908

h(ρ) − σ⋆,i = 0 for ρ = σ
1/L
⋆,i , it follows that h(ρ) − σ⋆,i must be negative at ρ + δ. Similarly, by IVT,909

there must exist a root within the range ρi,2 ∈
(
σ
1/L
⋆,i , (2σ⋆,i)

1/L
)
. This proves that the i-th singular910

value undergoes a two-period orbit with the roots ρi,1 and ρi,2. Then, notice that if the learning rate911

is large enough to induce oscillations in the i-th singular value, then it is also large enough to have912

oscillations in all singular values from 1 to the (i−1)-th singular value (assuming that it is not large913

enough for divergence). Finally, at the (balanced) minimum, we can express the dynamics as914

WL:1 =

p∑
i=1

ρLi,j · u⋆,iv⊤
⋆,i︸ ︷︷ ︸

oscillation subspace

+

d∑
k=p+1

σ⋆,k · u⋆,kv⊤
⋆,k︸ ︷︷ ︸

stationary subspace

, j ∈ {1, 2}, ∀ℓ ∈ [L− 1]. (34)

This completes the proof.915

916

Lemma 1 (Hessian Eigenvalues at Convergence). Consider running GD on the deep matrix factorization917

loss f(Θ) defined in Equation (1). The set of all non-zero eigenvalues of the training loss Hessian at the918

balanced minimum is given by919

λΘ =
{
Lσ

2− 2
L

⋆,i , σ
2− 2

L
⋆,i

}r
i=1︸ ︷︷ ︸

self-interaction

⋃ {
L−1∑
ℓ=0

(
σ
1− 1

L− 1
L ℓ

⋆,i · σ
1
L ℓ
⋆,j

)2}r
i̸=j︸ ︷︷ ︸

interaction with other singular values

⋃ {
L−1∑
ℓ=0

(
σ
1− 1

L− 1
L ℓ

⋆,k · αℓ
)2}r

k=1︸ ︷︷ ︸
interaction with initialization

where σ⋆,i is the i-th singular value of the target matrix M⋆ ∈ Rd×d, α ∈ R is the initialization scale, L is920

the depth of the network, and the second element of the set under “self-interaction” has a multiplicity of d− r.921

Proof. By Proposition 2, notice that we can re-write the loss in Equation (1) as922

1

2
∥WL:1 −M⋆∥2F =

1

2
∥ΣL:1 −Σ⋆∥2F,

where ΣL:1 are the singular values of WL:1. We will first show that the eigenvalues of the Hessian923

with respect to the weight matricesWℓ are equivalent to those of the Hessian taken with respect to924

its singular values Σℓ. To this end, consider the vectorized form of the loss:925

f(Θ) :=
1

2
∥WL:1 −M⋆∥2F =

1

2
∥vec(WL:1)− vec(M⋆)∥22.

Then, each block of the Hessian ∇2
Θf(Θ) ∈ Rd2L×d2L with respect to the vectorized parameters is926

given as927 [
∇2

Θf(Θ)
]
m,ℓ

= ∇vec(Wm)∇⊤
vec(Wℓ)

f(Θ) ∈ Rd
2×d2 .

By the vectorization trick, each vectorized layer matrix has an SVD of the form vec(Wℓ) =928

vec(UℓΣℓV
⊤
ℓ ) = (Vℓ ⊗Uℓ) · vec(Σℓ). Then, notice that we have929

∇vec(Wℓ)f(Θ(t)) = (Vℓ ⊗Uℓ) · ∇vec(Σℓ)f(Θ(t)),

which gives us that each block of the Hessian is given by930 [
∇2

Θf(Θ)
]
m,ℓ

= ∇vec(Wm)∇⊤
vec(Wℓ)

f(Θ)

= (Vm ⊗Um) · ∇vec(Σm)∇⊤
vec(Σℓ)

f(Θ)︸ ︷︷ ︸
=:Hm,ℓ

·(Vℓ ⊗Uℓ)
⊤.
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Then, since the Kronecker product of two orthogonal matrices is also an orthogonal matrix by931

Lemma 10, we can write the overall Hessian matrix as932

H̃ =


R1H1,1R1 R1H1,2R2 . . . R1H1,LRL

R2H2,1R1 R2H2,2R2 . . . R2H2,LRL

... ... . . . ...
RLHL,1R1 RLHL,2R2 . . . RLHL,LRL

 ,
for orthogonal matrices {Rℓ}Lℓ=1. Then, by Lemma 9, the eigenvalues of H̃ are the same as those of933

H, where H ∈ Rd2L×d2L is the Hessian matrix with respect to the vectorized Σℓ:934

H =


H1,1 H1,2 . . . HL,1

H2,1 H2,2 . . . HL,2

... ... . . . ...
H1,L H2,L . . . HL,L

 .
Now, we can consider the following vectorized loss:935

f(Θ) =
1

2
∥ΣL:1 −Σ⋆∥2F =

1

2
∥vec (ΣL:1 −Σ⋆)∥22

=
1

2
∥
(
Σ⊤
ℓ−1:1 ⊗ΣL:ℓ+1

)︸ ︷︷ ︸
=:Aℓ

·vec(Σℓ)− vec(Σ⋆)∥22.

Then, the gradient with respect to vec(Σℓ) is given by936

∇vec(Σℓ)f(Θ) = A⊤
ℓ (Aℓ · vec(Σℓ)− vec(Σ⋆)) .

Then, form = ℓ, we have937

Hℓ,ℓ = ∇2
vec(Σℓ)

f(Θ) = A⊤
ℓ Aℓ.

Form ̸= ℓ, we have938

Hm,ℓ = ∇vec(Σm)∇vec(Σℓ)f(Θ) = ∇vec(Σm)

[
A⊤
ℓ (Aℓvec(Σℓ)− vec(M⋆))

]
= ∇vec(Σm)A

⊤
ℓ · (Aℓvec(Σℓ)− vec(M⋆))︸ ︷︷ ︸

=0 at convergence

+A⊤
ℓ · ∇vec(Σm)(Aℓvec(Σℓ)− vec(M⋆))

= A⊤
ℓ Am,

where we have used the product rule along with the fact that Aℓvec(Σℓ) = Amvec(Σm).939

Overall, the Hessian at convergence for GD is given by940

H =


A⊤

1 A1 A⊤
1 A2 . . . A⊤

1 AL

A⊤
2 A1 A⊤

2 A2 . . . A⊤
2 AL

... ... . . . ...
A⊤
LA1 A⊤

LA2 . . . A⊤
LAL


Now, we can derive an explicit expression for eachAm,ℓ by considering the implicit balancing effect941

of GD in Lemma 2. Under balancing and Proposition 2, we have that at convergence,942

ΣL:1 = Σ⋆ =⇒ Σℓ =

[
Σ

1/L
⋆,r 0
0 α · Id−r

]
, ∀ℓ ∈ [L− 1], and ΣL = Σ

1/L
⋆ .

Thus, we have943

Hm,ℓ =

{
Σ

2(ℓ−1)
ℓ ⊗Σ

2(L−ℓ)
L

⋆ for m = ℓ,

Σm+ℓ−2
ℓ ⊗Σ2L−m−ℓ

⋆ for m ̸= ℓ.
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Now, we are left with computing the eigenvalues of H ∈ Rd2L×d2L. To do this, let us block diago-944

nalize H into H = PCP⊤, where P is a permutation matrix and945

C =

C1

. . .
Cd2

 ∈ Rd
2L×d2L,

where each (i, j)-th entry of Ck ∈ RL×L is the k-th diagonal element of Hi,j . Since C and H are946

similar matrices, they have the same eigenvalues. Then, since C is a block diagonal matrix, its947

eigenvalues (and hence the eigenvalues ofH) are the union of each of the eigenvalues of its blocks.948

By observing the structure ofHm,ℓ, notice that eachCk is a rank-1matrix. Hence, when considering949

the top-r diagonal elements ofHm,ℓ corresponding to each Kronecker product to constructCk, each950

Ck can be written as an outer product uu⊤, where u ∈ RL is951

u⊤ =
[
σ
1− 1

L
⋆,i σ0

⋆,j σ
1− 2

L
⋆,i σ

1
L
⋆,j σ

1− 3
L

⋆,i σ
2
L
⋆,j . . . σ0

⋆,iσ
1− 1

L
⋆,j

]⊤
. (35)

Then, the non-zero eigenvalue of this rank-1 matrix is simply ∥u∥22, which simplifies to952

∥u∥22 =

L−1∑
ℓ=0

(
σ
1− 1

L− 1
L ℓ

⋆,i · σ
1
L ℓ
⋆,j

)2
.

Next, we can consider the remaining d− r components of each Kronecker product of Hm,ℓ. Notice953

that form = ℓ = L, we have954

HL,L =


σ

2(L−1)
L

⋆,1 · Id
. . .

σ
2(L−1)

L
⋆,r · Id

α2(L−1)Id−r ⊗ Id

 .

This amounts to amatrixCk with a single element σ
2(L−1)

L
⋆,i and 0 elsewhere. This gives an eigenvalue955

σ
2(L−1)

L
⋆,i for all i ∈ [r], with multiplicity d− r.956

Lastly, we can consider the diagonal components ofHm,ℓ that is a function of the initialization scale957

α. For this case, each Ck can be written as an outer product vv⊤, where958

v⊤ =
[
σ
1− 1

L
⋆,i α0 σ

1− 2
L

⋆,i α σ
1− 3

L
⋆,i α2 . . . σ0

⋆,iα
L−1

]⊤
. (36)

Similarly, the non-zero eigenvalue is simply ∥v∥22, which corresponds to959

∥v∥22 =

L−1∑
ℓ=0

(
σ
1− 1

L− 1
L ℓ

⋆,k · αℓ
)2
.

This completes the proof.960

Lemma 2 (Balancing). Let σ⋆,i and σℓ,i(t) denote the i-th singular value of M⋆ ∈ Rd×d and Wℓ(t),961

respectively and define Si := Lσ
2− 2

L
⋆,i . Consider GD on the i-th index of the simplified loss in (4) with the962

unbalanced initialization and learning rate 2
Si

< η < 2
√
2

Si
. If the initialization scale α satisfies 0 < α <963 (

ln
(

2
√
2

ηSi

)
· σ

4/L
⋆,i

L2·2
2L−3

L

)1/4

, then there exists a constant c ∈ (0, 1] such that for all ℓ ∈ [L − 1], we have964 ∣∣∣σ2
L,i(t+ 1)− σ2

ℓ,i(t+ 1)
∣∣∣ < c

∣∣∣σ2
L,i(t)− σ2

ℓ,i(t)
∣∣∣.965

Proof. To prove the result, we will use a quantity defined as the gradient flow solution (GFS) sharp-966

ness following Kreisler et al. [13]:967
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Definition 3 (GFS Sharpness). The GFS sharpness denoted by ψ(x) is the sharpness achieved by the global968

minima which lies in the same GF trajectory of x (i.e., ∥∇2L(z)∥ such that L(z) = 0 and z = GF (x), where969

GF (·) denotes the gradient flow solution).970

Then, let us consider the i-th index of the simplified loss in (4):971

1

2

(
L∏
ℓ=1

σℓ,i − σ⋆,i

)2

=:
1

2

(
L∏
ℓ=1

σℓ − σ⋆

)2

,

and omit the dependency on i for ease of exposition. Our goal is to show that the L-th singular972

value σL initialized to zero become increasingly balanced to σℓ which are initialized to α. To that973

end, let us define the balancing dynamics between σi and σj as b(t+1)
i,j :=

(
σ
(t+1)
i

)2
−
(
σ
(t+1)
j

)2
and974

π(t) :=
∏L
ℓ=1 σℓ(t) for the product of singular values at iteration t. We can simplify the balancing975

dynamics as follows:976

b
(t+1)
i,j =

(
σ
(t+1)
i

)2
−
(
σ
(t+1)
j

)2
=

(
σ
(t)
i − η

(
π(t) − σ⋆

) π(t)

σ
(t)
i

)2

−

(
σ
(t)
j − η

(
π(t) − σ⋆

) π(t)

σ
(t)
j

)2

=
(
σ
(t)
i

)2
−
(
σ
(t)
j

)2
+ η2

(
π(t) − σ⋆

)2 (π(t)
)2(

σ
(t)
i

)2 −
(
π(t)

)2(
σ
(t)
j

)2


=

((
σ
(t)
i

)2
−
(
σ
(t)
j

)2)1− η2(π(t) − σ⋆)
2

(
π(t)

)2(
σ
(t)
i

)2 (
σ
(t)
j

)2


= b
(t)
i,j

1− η2(π(t) − σ⋆)
2

(
π(t)

)2(
σ
(t)
i

)2 (
σ
(t)
j

)2
 .

Then, in order to show that
∣∣∣b(t+1)
i,j

∣∣∣ < c
∣∣∣b(t)i,j ∣∣∣ for some 0 < c ≤ 1, we need to prove that977 ∣∣∣∣∣∣∣1− η2(π(t) − σ⋆)

2

(
π(t)

)2(
σ
(t)
i

)2 (
σ
(t)
j

)2
∣∣∣∣∣∣∣ < c,

for all iterations t. We complete this using the following two steps:978

(i) We show that for all scalars σ in the trajectory, if ψ(σ) < 2
√
1+c
η and σ > 0, then it holds that979 ∑min{2,L−1}

i=1
η2(π(σ)−σ⋆)

2π2(σ)
σ2
L−iσ

2
L

≤ 1+ c, where π(σ) denotes the product given the trajectory of all980

σi. This case is analyzed when π(σ) ∈ [0, σ⋆)where 0 < c < 1 and when π(σ) > σ⋆ where c = 1.981

(ii) If∑min{2,L−1}
i=1

η2(π(σ)−σ⋆)
2π2(σ)

σ2
L−iσ

2
L

≤ 1+c, then iterates becomemore balanced, i.e, |b(t+1)
i,j | < c|b(t)i,j |.982

We prove (i) in Lemma 3 and (ii) in Lemma 4. Both of the proofs are originally from [13], which983

we adapted using our notation for ease of the reader. Then, in Lemma 5, we show that for each σ⋆,984

as long as the initialization scale satisfies985

α <

(
ln

(
2
√
2

ηLσ
2− 2

L
⋆

)
· σ

4
L
⋆

L2 · 2 2L−3
L

) 1
4

,
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then it holds that the GFS sharpness satisfies ψ(σ) < 2
√
2

η , which is the necessary condition for986

balancing. Then, to satisfy this condition for all singular values σ⋆,i for all i ∈ [r], we need987

α <

ln

 2
√
2

ηLσ
2− 2

L
⋆,1

 ·
σ

4
L
⋆,1

L2 · 2 2L−3
L

 1
4

=⇒ η <
2
√
2

Lσ
2− 2

L
⋆,1

, (37)

for the validity of the initialization scale. Thus, as long as the conditions in Equation (37) hold, we988

will have balancing. This completes the proof.989

Lemma 3. If the GFS sharpness ψ(σ) ≤ 2
√
1+c
η and σ > 0, then

∑min{2,L−1}
i=1

η2(π(σ)−σ⋆)
2π2(σ)

σ2
[L−i]

σ2
[D]

≤ (1+ c)990

for some 0 < c ≤ 1.991

Proof. We will consider two cases: (i) π(σ) ∈ [0, σ⋆) and (ii) π(σ) > σ⋆
1 .992

993

Case 1: Let σ ∈ RD and consider the case where π(σ) ∈ [0, σ⋆). Then, we have994

min{2,L−1}∑
i=1

η2(π(σ)− σ⋆)
2π2(σ)

σ2
L−iσ

2
L

≤ η2π2(σ)

σ2
L−iσ

2
L

.

Our goal is to show that if ψ(σ) ≤ 2
√
1+c
η for some 0 < c < 1 then,995

min{2,L−1}∑
i=1

η2(π(σ)− 1)2π2(σ)

σ2
L−iσ

2
L

≤ η2π2(σ)

σ2
L−iσ

2
L

≤ 1 + c.

Since the GFS sharpness is constant for all the weights on the gradient flow (GF) trajectory by996

definition, we can focus on the singular values (or weights) at the global minima. Consider997

z = GF(σ), the GF solution of σ. In Lemma 6, we proved that GF preserves unbalancedness, such998

that σ2
l −σ2

m = z2l −z2m for all layers. Hence, it is sufficient to show that∑min{2,L−1}
i=1

η2π(z)2

z2L−iz
2
L
≤ 1+c in999

order to ensure∑min{2,L−1}
i=1

η2π2(σ)
σ2
L−iσ

2
L
≤ 1+ c. Note that π(z) = σ⋆, since it lies on the global minima.1000

Then,1001

min{2,L−1}∑
i=1

η2π2(z)

z2L−iz
2
L

=

min{2,L−1}∑
i=1

η2σ2
⋆

z2L−iz
2
L

. (38)

From Lemma 7, we know that the sharpness at the global minima is given as1002

ψ(σ) =
∥∥∇2L(z)

∥∥ =
L∑
i=1

σ2
⋆

z2i
. (39)

This immediately implies that σ2
⋆

z2L
≤ ψ(σ) and equivalently, ∃α ∈ [0, 1] such that σ2

⋆

z2L
= αψ(σ).1003

Therefore, we have1004

min{2,L−1}∑
i=1

σ2
⋆

z2L−i
≤ (1− α)ψ(σ). (40)

Substituting Equations (39) and (40) into the expression we aim to bound, we obtain1005

min{2,L−1}∑
i=1

η2(π(σ)− σ2
⋆)

2π2(σ)

σ2
L−iσ

2
L

=

min{2,L−1}∑
i=1

η2σ2
⋆

z2L−iz
2
L

≤ η2α(1− α)ψ2(σ) ≤ η2

4
ψ2(σ) ≤ 1 + c,

1We ignore the case π(t) = σ⋆ when we get b(t+1)
i,j = b

(t)
i,j . Since the occurence π(t) = σ⋆ holds with a

probability of zero where EOS ceases to exist.
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where we used the fact that the maximum of α(1− α) is 1
4 when α = 1

2 and ψ(σ) ≤ 2
√
1+c
η . Thus, if1006

ψ(σ) ≤ 2
√
1+c
η , then for every weight σ lying on its GF trajectory, we have1007

min{2,L−1}∑
i=1

η2(π(σ)− σ⋆)
2π2(σ)

σ2
L−iσ

2
L

≤ 1 + c.

Case 2: Consider the case in which π(σ) > σ⋆. We already have that σ > 0 throughout the trajectory1008

(refer to Lemma 3.11 in [13]) and so π(σ) > 0. So, the GD update from σi will also stay positive1009

σi − η(π(σ)− σ⋆)π(σ)
1

σi
> 0.

From this, we get1010

2 >
η(π(σ)− σ⋆)π(σ)

σ2
i

> 0,

This implies∑min{2,L−1}
i=1

η2(π(σ)−σ⋆)
2π2(σ)

σ2
L−iσ

2
L

≤ (1 + c)with c = 1. This completes the proof.1011

Lemma 4. If
∑min{2,L−1}
i=1

η2(π(σ)−σ⋆)
2π2(σ)

σ2
L−iσ

2
L

≤ 1 + c for i, j ∈ [L] for some 0 < c ≤ 1, then
∣∣∣b(t+1)
i,j

∣∣∣ <1012

c
∣∣∣b(t)i,j ∣∣∣.1013

Proof. Recall that the condition for balancing was given by1014

b
(t+1)
i,j = b

(t)
i,j

1− η2(π(t) − σ⋆)
2 π(t)2(
σ
(t)
i

)2 (
σ
(t)
j

)2
 . (41)

WLOG, suppose that the σ are sorted such that σ1 ≥ σ2 ≥ . . . ≥ σL. We know that
min{2,L−1}∑

i=1

η2(π(σ)− σ⋆)
2π2(σ)

σ2
L−iσ

2
L

≤ 1 + c,

which implies1015

η2(π(σ)− σ⋆)
2π2(σ)

σ2
L−1σ

2
L

< 1 + c and η2(π(σ)− σ⋆)
2π2(σ)

σ2
i σ

2
j

<
1 + c

2
, (42)

for all i ∈ [L], j ∈ [L− 2] and i < j. Notice that the latter inequality comes from the fact that1016

η2(π(σ)− σ⋆)
2π2(σ)

σ2
L−2σ

2
L

+
η2(π(σ)− σ⋆)

2π2(σ)

σ2
L−2σ

2
L

<
η2(π(σ)− σ⋆)

2π2(σ)

σ2
L−1σ

2
L

+
η2(π(σ)− σ⋆)

2π2(σ)

σ2
L−2σ

2
L

< 1 + c,

which implies that1017

2
η2(π(σ)− σ⋆)

2π2(σ)

σ2
L−2σ

2
L

< 1 + c =⇒ η2(π(σ)− σ⋆)
2π2(σ)

σ2
L−2σ

2
L

<
1 + c

2
,

and since σ are sorted, it holds for all other σ. Therefore from Equation (41), we have for all i ∈1018

[L− 2],1019

b
(t+1)
i,i+1 < cb

(t)
i,i+1 and b

(t+1)
L−2,L < cb

(t)
L−2,L and − cb

(t)
L−1,L < b

(t+1)
L−1,L < cb

(t)
L−1,L. (43)

Then, notice that since we initialized all of the singular values σℓ for ℓ ∈ [L− 1] to be the same, they1020

follow the same dynamics. Since we already showed that |b(t+1)
L−1,L| < c|b(t)L−1,L|, it must follow that1021 ∣∣∣b(t+1)

i,j

∣∣∣ < c
∣∣∣b(t)i,j ∣∣∣ for i, j ∈ [L].

This completes the proof.1022

1023
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Lemma 5. Consider running GD with learning rate η in Equation (2) on the scalar loss1024

L({σi}di=1) =
1

2

(
L∏
i=1

σi − σ⋆

)2

,

with initialization σL(0) = 0 and σℓ(0) = α for all ℓ ∈ [L− 1]. If α <
(
ln

(
2
√
2

ηLσ
2− 2

L
⋆

)
· σ

4
L
⋆

L2·2
2L−3

L

) 1
4

, then1025

the GFS sharpness ψ(σ) ≤ 2
√
1+c
η for some 0 < c < 1.1026

Proof. Since the singular values σℓ for all ℓ ∈ [L− 1] are initialized to α, note that they all follow the1027

same dynamics. Then, let us define1028

y := σ1 = . . . = σL−1 and x := σL.

The gradient flow (GF) solution is the intersection between1029

xyL−1 = σ⋆ and x2 − y2 = −α2,

where the first condition comes from convergence and the second comes from the conservation flow1030

law of GF which we prove in Lemma 6. Then, if we can find a solution at the intersection such that1031

(x̂(α), ŷ(α)) =

{
xyL−1 = σ⋆
x2 − y2 = −α2,

(44)

solely in terms of α, then we can plug in (x̂(α), ŷ(α)) into the GFS2 from Lemma 71032

ψ(x̂(α), ŷ(α)) = ψ(σ) =

L∑
i=1

σ2
⋆

σ2
i

= σ2
⋆

(
1

x̂(α)2
+
L− 1

ŷ(α)2

)
<

2
√
2

η

and solve to find an upper bound on α. The strict inequality ensures that we can find a c in c ∈ [0, 1)1033

such that ψ(α) < 2
√
1+c
η . However, the intersection (x̂(α), ŷ(α)) is a 2L-th order polynomial in ŷ(α)1034

which does not have a straightforward closed-form solution solely in terms of α. Hence, we aim to1035

find the upper bound on α by using a calculus of variations. By plugging in x, the solution ŷ(α)1036

satisfies1037

y2L − α2y2L−2 = σ2
⋆.

Then, by differentiating the relation with respect to α, we obtain the following variational relation:1038

2Ly2L−1dy − α22(L− 1)y2L−3dy − 2αy2L−2dα = 0

=⇒ y2L−3(y2L− α2(L− 1))dy = αy2(L−1)dα

=⇒ dy =
yα

(y2L− α2(L− 1))
dα, (45)

where we used the fact that y2L−2 > 0 from Lemma 3 in the last line. Then, in order to have dy
dα > 0,1039

we need y >
√

L−1
L α, which is always true since y > α from initialization. Then, since α → 0,1040

limα→0 ŷ(α) = σ
1
L
⋆ and limα→0 x̂(α) = σ

1
L
⋆ , as it corresponds to exact balancing. Hence, dydα > 01041

implies as α increases from 0, ŷ(α)would increase from σ
1
L
⋆ and ŷ(α) is an increasing function of α.1042

Similarly, the intersection at the global minima would satisfy the following relation for x̂(α):1043

x(2+
2

L−1 ) + x
2

(L−1)α2 = σ
2

L−1
⋆

=⇒
(
2 +

2

L− 1

)
x1+

2
L−1 dx+

(
2

L− 1

)
α2x

2
L−1−1dx+ x

2
L−1 (2αdα) = 0

=⇒ dx =
−α(

L
L−1x+ α2

L−1
1
x

)dα. (46)

2Note that throughout the proof (x̂(α), ŷ(α)) denotes the gradient flow solution as function of α. It does
not refer to the GF trajectory.
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Note that since x > 0, we will always have dx
dα < 0. Then, since limα→0 x̂(α) = σ

1
L
⋆ , dxdα < 0 implies1044

that as α increases, x̂(α)would decrease from σ
1
L
⋆ . Now, with the variational relations dx̂

dα and dŷ
dα in1045

place, we aim to find dψ
dα :1046

Ψ(α) := ψ(x̂(α), ŷ(α)) = σ2
⋆

(
1

x̂(α)2
+
L− 1

ŷ(α)2

)
=⇒ dΨ = σ2

⋆

(
− 2

x̂3
dx̂− 2(L− 1)

ŷ3
dŷ

)

=⇒ dΨ =
1

x̂3

 2ασ2
⋆(

L
L−1

)
x̂+

(
α2

L−1

)
1
x̂

 dα−
[
(L− 1)

ŷ3
2αŷσ2

⋆

(ŷ2L− α2(L− 1))

]
dα

=⇒ dΨ =

[
1

x̂4 + α2

L x̂
2
− 1

(ŷ4 − α2ŷ2 (L−1)
L )

]
2
(L− 1)σ2

⋆

L
αdα

=⇒ dΨ = G(α)dα,

where we defined G(α) :=

[
1

x̂4+α2

L x̂2
− 1

(ŷ4−α2ŷ2
(L−1)

L )

]
2
(L−1)σ2

⋆

L α and used the notation x̂ = x̂(α)1047

and ŷ = ŷ(α) for simplicity.1048

1049

Next, we will show the three following steps:1050

(i) Prove thatG(α) > 0 for all α > 0 to show that the sharpnessΨ(α) is an increasing function of α.1051

(ii) Solve the differential dΨ to find the relationship between dΨ and Ψ(α).1052

(iii) Find an upper bound on a part of dΨ
Ψ(α) found in Step 2.1053

These series of steps comes from the fact that the intersection does not have a closed-form solution.1054

The goal is to find a function in which we can upper bound dΨ
Ψ(α) with a function with a closed-form1055

solution to find a bound on α such that the sharpness ψ(α) < 2
√
2

η .1056

1057

Step 1: Prove G(α) > 0 to show sharpness Ψ(α) is an increasing function of α.1058

1059

There have been several lines of work such as those by [13] and [61] which showed that GD would1060

decrease the sharpness of the solution. The more balanced the solution (which corresponds to1061

smaller α), the smaller the sharpness. We prove this again here:1062

G(α) > 0 =⇒ ŷ4 − α2ŷ2
(L− 1)

L
> x̂4 +

α2

L
x̂2

=⇒ (ŷ4 − x̂4) > α2

(
1

L
x̂2 + ŷ2

(L− 1)

L

)
=⇒ (ŷ2 − x̂2)︸ ︷︷ ︸

=α2

(ŷ2 + x̂2) > α2

(
1

L
x̂2 + ŷ2

(L− 1)

L

)

=⇒ x̂2(1− 1

L
) + ŷ2

1

L
> 0,

where the last inequality always holds since we have L > 2. This proves that Ψ is an increasing1063

function of α since for dΨ = G(α)dα, as it always holds that G(α) > 0 for any L > 2 and α > 0.1064

1065

Step 2: Solve the differential to establish the relation between Ψ(α) and α.1066

1067
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Figure 25: Sharpness Ψ(α) as a function of initialization α. The theoretical approximation bound
Ψ = Ψ0 exp

(
L2·2

2(L−1)
L

2σ
4
L
⋆

α4

)
serves as proxy upper bound to this increasing function.

Rewriting the expression for sharpness and establishing an equation we have1068

Ψ(α) = σ2
⋆

(
1

x̂(α)2
+
L− 1

ŷ(α)2

)
=⇒ Ψ(α) = σ2

⋆

(
ŷ2 + (L− 1)x̂2

x̂2ŷ2

)
(47)

=⇒ ŷ2

L
+

(
1− 1

L

)
x̂2 =

Ψ(α)x̂2ŷ2

Lσ2
⋆

. (48)

Now, we revisit the original differential between Ψ(α) and α:1069

dΨ =

[
1

(x̂4 + α2

L x̂
2)

− 1

(ŷ4 − α2ŷ2 (L−1)
L )

]
2
(L− 1)σ2

⋆

L
αdα

=⇒ dΨ =
ŷ4 − x̂4 − α2( x̂

2

L + (1− 1
L ŷ

2))

(x̂4 + α2

L x̂
2)(ŷ4 − α2ŷ2 (L−1)

L )
2

(
1− 1

L

)
σ2
⋆αdα

=⇒ dΨ =
α2
(
ŷ2

L + (1− 1
L )x̂

2
)

(x̂4 + α2

L x̂
2)(ŷ4 − α2ŷ2 (L−1)

L )
2

(
1− 1

L

)
σ2
⋆αdα (49)

Using the expression for ŷ2L +(1− 1
L )x̂

2 derived in Equation (48) and plugging it into Equation (49),1070

we obtain1071

dΨ =
α2
(

Ψ(α)x̂2ŷ2

Lσ2
⋆

)
(x̂4 + α2

L x̂
2)(ŷ4 − α2ŷ2 (L−1)

L )
2

(
1− 1

L

)
σ2
⋆αdα

=⇒ dΨ

Ψ(α)
=

2

(x̂2 + α2

L )(ŷ2 − α2 (L−1)
L )

(
1

L
− 1

L2

)
α3dα

=⇒ dΨ

Ψ(α)
=

2

(x̂2 + α2

L )2

(
1

L
− 1

L2

)
α3dα (50)

=⇒ dΨ

Ψ(α)
= P (α)α3dα, (51)

(52)
where we have defined P (α) := 2

(x̂2+α2

L )2

(
1
L − 1

L2

).1072

Solving the differential dΨ
Ψ(α) = P (α)α3dα in exact closed-form is difficult since x̂ is also an function1073

of α. However, in Step 1, we proved that Ψ(α) is an increasing function of α, and so instead of1074
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Figure 26: P (α) for GF has a unique maxima at α = σ
1
L
∗(

1√
L(L−2)

(1+ 1
L(L−2) )

L−1
2

) 1
L

for L > 2.

solving exactly, we can find a differential equation dΨ
Ψ(α) = F (α)α3dα with F (α) > P (α) such that1075

F (α) is more increasing, and use it to solve the PDE instead. Though, note that the initialization1076

limit on α that would be found after solving the surrogate PDE dΨ
Ψ(α) = F (α)α3dαwould be smaller1077

than the α if it was found using the original PDE dΨ
Ψ(α) = P (α)α3dα.1078

1079

Step 3: Finding an upper bound function and solving for initialization.1080

Note that the original coefficient in dΨ
Ψ(α) = P (α)α3dα is of the form1081

P (α) =
2

(x̂2 + α2

L )2

(
1

L
− 1

L2

)
(53)

Let us consider the two corner cases for α. We showed before that limα→0 x̂(α) = σ
1
L
⋆ , so1082

lim
α→0

P (α) =
2
(
1
L − 1

L2

)
σ

4
L
⋆

As α→ ∞, we have limα→∞ P (α) → 0 since limα→∞ x̂ = 0. Furthermore, we have1083

P ′(α) =
−4

(x̂2 + α2

L )3

(
1

L
− 1

L2

)
(2x̂

dx̂

dα
+

2α

L
)

=
−4
(
1
L − 1

L2

)
(x̂2 + α2

L )3

2x̂(
−α(

L
L−1 x̂+ α2

L−1
1
x̂

) ) + 2α

L


=

8α
(
1
L − 1

L2

)
(x̂2 + α2

L )3

(
L− 1

L+ α2

x̂2

− 1

L

)

For L = 2, we always have P ′(α) < 0. Hence, choosing F (α) = limα→0 P (α) =
2( 1

L− 1
L2 )

σ
4
L
⋆

, will serve1084

as the correct upper bound.1085

Then, let us consider L > 2. We can see that α at which x̂(α) = α√
L(L−2)

is the critical point of P (α).1086

Further, we note that when x̂(α) < α√
L(L−2)

, P ′(α) < 0 meaning P (α) is decreasing. Since x̂(α) is1087

itself decreasing in α, this states there for any α > αcrit, P (α) is decreasing. αcrit is the solution of1088

x̂(α) = α√
L(L−2)

.1089

For any α < αcrit, P ′(α) > 0, so P (α) is increasing. So, P (αcrit) corresponds to the maximum of1090

P in α. Choosing F (α) = P (αcrit), a constant allows us to find an upper bound function for the1091
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function in Equation (53). Furthermore, note that since dx̂
dα < 0 and x̂ > 0, α > 0, there must be1092

only one critical point of P (α)which is at αcrit.1093

Hence, we have x̂(αcrit) = αcrit√
L(L−2)

. From Equation (44), we also get ŷ = αcrit
√
1 + 1

L(L−2) and1094

(
αcrit√
L(L− 2)

)(
αcrit

√
1 +

1

L(L− 2)

)L−1

= σ∗

=⇒ αcrit =
σ

1
L
∗(

1√
L(L−2)

(
1 + 1

L(L−2)

)L−1
2

) 1
L

Using αcrit, we obtain the maximum of P (α) to be1095

P (αcrit) =
2

(x̂(αcrit)2 +
α2

crit

L )2

(
1

L
− 1

L2

)
=

2(
α2
crit(

1
L(L−2) +

1
L )
)2 ( 1

L
− 1

L2

)

=
2

σ
4
L
∗

g(L)

where g(L) =
( 1
L− 1

L2 )[ 1√
L(L−2)

(1+ 1
L(L−2) )

L−1
2 ]

4
L

( 1
L(L−2)

+ 1
L )2

.1096

Now, chosing F (α) = P (αcrit), we integrate the upper bound function as1097

∫
dΨ

Ψ
=

2g(L)

σ
4
L
⋆

∫
α3 dα

=⇒ ln(
Ψ

Ψ0
) =

g(L)

2σ
4
L
⋆

(α4)

=⇒ Ψ = Ψ0 exp

(
g(L)

2σ
4
L
⋆

α4

)

whereΨ0 = limα→0 Ψ = Lσ
2− 2

L
⋆ . We verify this upper bound empirically from Figure 25, where we1098

see a near exponential growth in sharpness as function of α.1099

Now, note that the function Ψ = Ψ0 exp

(
g(L)

2σ
4
L
⋆

α4

)
acts an upper bound to the original sharpness1100

function of α and both are increasing in α (Step 1). So, solving for an initialization α-upper limit1101

with Ψ = 2
√
2

η would mean that the original sharpness with this initialization would be less than1102

2
√
1+c
η for some 0 < c < 1. Hence, α is restricted to1103

α <

(
ln

(
2
√
2

η

Lσ
2− 2

L
⋆

)
· 2σ

4
L
⋆

g(L)

) 1
4

.
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We can simplify the bound further by finding an upper bound on g(L) 3:1104

g(L) ≤

((
1 + 1

L(L−2)

)L−1
2

) 4
L

(
1

L(L−2) +
1
L

)2 ≤ L2 ·

((
1 +

1

L(L− 2)

)L−1
2

) 4
L

≤ L2 · 2
2(L−1)

L .

Then, we get obtain a lower bound on α:1105

α <

(
ln

(
2
√
2

ηLσ
2− 2

L
⋆

)
· 2σ

4
L
⋆

L2 · 2
2(L−1)

L

) 1
4

=

(
ln

(
2
√
2

ηLσ
2− 2

L
⋆

)
· σ

4
L
⋆

L2 · 2 2L−3
L

) 1
4

Hence, as long as α satisfies this upper bound, we will have balancing. This completes the proof.1106

1107

Lemma 6. Consider the minimizing the loss1108

L
(
{σℓ}Lℓ=1

)
=

1

2

(
L∏
ℓ=1

σℓ − σ⋆

)2

,

using gradient flow. Then, the balancedness between two singular values defined by σ2
ℓ (t) − σ2

m(t) for all1109

m, ℓ ∈ [L] is constant for all t.1110

Proof. Notice that the result holds specifically for gradient flow and not descent. The dynamics of1111

each scalar factor for gradient flow can be written as1112

σ̇ℓ(t) = −

(
L∏
ℓ=1

σℓ(t)− σ⋆

)
·
L∏
i ̸=ℓ

σi(t)

Then, the time derivative of balancing is given as1113

∂

∂t
(σ2
ℓ (t)− σ2

m(t)) = σℓ(t)σ̇ℓ(t)− σm(t)σ̇m(t)

= −σℓ(t)

(
L∏
ℓ=1

σℓ(t)− σ⋆

)
·
L∏
i ̸=ℓ

σi(t) + σm(t)

(
L∏

m=1

σℓ(t)− σ⋆

)
·

L∏
j ̸=m

σj(t).

= 0.

Hence, the quantity σ2
ℓ (t)−σ2

m(t) remains constant for all time t, hence preserving unbalancedness.1114

1115

Lemma 7. Consider the scalar loss1116

L({σi}di=1) =
1

2

(
L∏
i=1

σi − σ⋆

)2

,

The sharpness at the global minima is given as ∥∇2L∥2 =
∑L
i=1

σ2
⋆

σ2
i
.1117

Proof. The gradient is given by1118

∇σiL =

(
L∏
ℓ=1

σℓ(t)− σ⋆

)
L∏
j ̸=i

σj(t).

3This includes the case for L = 2 since ( 1
L
− 1

L2 ) < L2 · 2
2(L−1)

L for L = 2.
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Then,1119

∇σj∇σiL =

L∏
ℓ̸=i

σℓ(t)

L∏
ℓ ̸=j

σℓ(t) +

(
L∏
ℓ=1

σℓ(t)− σ⋆

)
L∏

ℓ ̸=j,ℓ ̸=i

σℓ(t)

Let π(t) =∏L
i=1 σi(t). Then, at the global minima, we have1120

∇σj∇σiL =
π2

σiσj
=

σ2
⋆

σiσj

Thus, the sharpness of the largest eigenvalue is given as ∥∇2L∥2 =
∑L
i=1

σ2
⋆

σ2
i
.1121

Lemma 8. Consider the loss1122

L
(
{σi}Li=1

)
=

1

2

(
L∏
i=1

σi − σ⋆

)2

.

The balanced minimum σi = σ
1/L
⋆ has the smallest sharpness amongst all global minima with a value of1123

∥∇2L∥2 = Lσ
2−2/L
⋆ .1124

Proof. By Lemma 7, recall that the sharpness at the global minima is given in the form1125

∥∇2L∥2 =

L∑
i=1

σ2
⋆

σ2
i

.

To show that the balanced minimum is the flattest (i.e., it has the smallest sharpness amongst all1126

global minima), we will show that KKT stationarity condition of the constrained objective1127

min
{σi}L

i=1

L∑
i=1

σ2
⋆

σ2
i

s.t.

L∏
i=1

σi = σ⋆,

are only met at the balanced minimum, which gives us the sharpness value ∥∇2L∥2 = Lσ
2−2/L
⋆ .1128

The Lagrangian is given by1129

L(σ1, . . . , σL, µ) =

L∑
i=1

σ2
⋆

σ2
i

+ µ

(
L∏
i=1

σi − σ⋆

)
.

Then, the stationary point conditions of the Langrangian is given by1130

∂L

∂σi
= −2σ2

⋆

σ3
i

+ µ
∏
j ̸=i

σj = 0, (54)

∂L

∂µ
=

L∏
i=1

σi − σ⋆ = 0. (55)

From Equation (54), the solution of the stationary point gives1131

2σ2
⋆

σ3
i

= µ
∏
j ̸=i

σj =⇒ µ =
2σ2

⋆

σ3
i

∏
j ̸=i σj

=
2σ2

⋆

σ2
i σ⋆

=
2σ⋆
σ2
i

.

This also indicates that at the stationary point, σi =
√

2σ⋆

µ for all i ∈ [L], which means that the1132

condition is only satisfied at the balanced minimum, i.e, σi = σ
1/L
⋆ . Furthermore, notice that1133

∇2f(σi) = 6σ2
⋆ ·Diag

(
1

σ4
i

)
≻ 0,

where f(σi) =
∑L
i=1

σ2
⋆

σ2
i
, indicating that f only has a minimum. Notice that Equation (55) holds1134

immediately. Thus, the balanced minimum has the smallest shaprness (flattest), which plugging1135

into f gives a sharpness of ∥∇2L∥2 = Lσ
2−2/L
⋆ .1136

1137
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Theorem 3 (Subspace Oscillation for Diagonal Linear Networks). Consider an L-layer diagonal linear1138

network on the loss1139

L
(
{sℓ}Lℓ=1

)
:=

1

2
∥s1 ⊙ . . .⊙ sL − s⋆∥22, (56)

where s⋆ ∈ Rd be an r-sparse vector with ordered coordinates such that s⋆,1 > . . . > s⋆,d and define Sp :=1140

Ls
2− 2

L
⋆,p and α′ :=

(
ln

(
2
√
2

ηLs
2− 2

L
⋆,1

)
· s

4
L
⋆,1

L2·2
2L−3

L

) 1
4

. For any p < r − 1 and α < α′, suppose we run GD1141

on Equation (5) with learning rate η = 2
K , where Sp ≥ K > Sp+1 with initialization sℓ = α1d for all1142

ℓ ∈ [L− 1] and sL = 0d. Then, under strict balancing, the top-p coordinates of sℓ oscillate within a 2-period1143

fixed orbit around the minima in the form1144

sℓ,i(t) = ρi,j(t), ∀i < p, ∀ℓ ∈ [L],

where ρi,j(t) ∈ {ρi,1, ρi,2}, ρi,1 ∈
(
0, s

1/L
⋆,i

)
and ρi,2 ∈

(
s
1/L
⋆,i , (2s⋆,i)

1/L
)
are two real roots of the polyno-1145

mial h(ρ) = 0:1146

h(ρ) = ρL ·
1 +

(
1 + ηL(s⋆,i − ρL) · ρL−2

)2L−1

1 + (1 + ηL(s⋆,i − ρL) · ρL−2)
L−1

− s⋆,i.

1147

Proof. This proof essentially mimics that of the DLN proof from Theorem 2, in that we will1148

(i) Compute the eigenvalues and eigenvectors of the flattened training loss Hessian of the diagonal1149

linear network at convergence under the balancing assumption.1150

(ii) Show that in 1D cross-section of the eigenvector, the stable condition oscillation 3[f
(3)
∆i

]2 −1151

f
(2)
∆i
f
(4)
∆i

> 0 is satisfied, where f∆i
denotes the 1D cross-section function at the i-th eigenvector1152

direction.1153

With a slight abuse in notation, let s := {sℓ}Lℓ=1. Let us first derive the Hessian at convergence by1154

considering each block of the flattened Hessian matrix denoted by Hm,ℓ:1155

Hℓ,ℓ =


∏
k ̸=ℓ sk,1

. . . ∏
k ̸=ℓ sk,d

 ifm = ℓ (57)

Hm,ℓ =

γ1 . . .
γd

 ifm ̸= ℓ, (58)

where1156

γi :=

∏
k ̸=l

sk,i

∏
k ̸=m

sk,i

+

(∏
k

sk,i − s⋆,i

) ∏
k ̸=l,k ̸=m

sk,i

 .

Then, under Lemma 2, at convergence (i.e. the gradient is zero), we have1157 (∏
k

sk,i − s⋆,i

)
= 0 =⇒ sk,i = s

1
L
⋆,i,

which means that at convergence, the Hessian is given by1158

H =


A . . . A A
... . . . ... ...
A . . . A A
A . . . A B

 ∈ RdL×dL,
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where1159

A :=


s
2− 2

L
⋆,1

. . .
s
2− 2

L
⋆,r

0d−r

 ∈ Rd×d, B :=


s
2− 2

L
⋆,1

. . .
s
2− 2

L
⋆,r

α2(L−1) · Id−r

 ∈ Rd×d.

To compute the eigenvalues of H, we can block diagonalize H into the form C = PHP⊤, where P1160

is a permutation matrix and1161

C =

C1

. . .
Cd

 ∈ RdL×dL,

where each (i, j)-th entry of Ck ∈ RL×L is the k-th diagonal element of Hi,j . Then, since C is a1162

block diagonal matrix, its eigenvalues are the union of each of the eigenvalues of its blocks. Then,1163

notice that1164

Cj = s
2− 2

L

⋆,k · 1L1⊤
L , ∀j ∈ [r] Ck =


0 . . . 0 α2(L−1)

... . . . ... ...
0 . . . 0 α2(L−1)

α2(L−1) . . . α2(L−1) α2(L−1)

 , ∀k ∈ [r + 1, d].

Hence, the eigenvalues of C (and the eigenvalues of H) are given by1165

λH =

{
Ls

2− 2
L

⋆,i , 0︸︷︷︸
multiplicity L−1

}r
i=1

⋃ {
−α2(L−1) ±

√
(4L− 3) · α4(L−1)2

−2︸ ︷︷ ︸
multiplicity d−r

, 0︸︷︷︸
multiplicity (d−r)(L−2)

}
,

which can be computed using co-factor expansion. For the eigenvectors, notice that we can write1166

Cv = PHP⊤v = λv =⇒ HP⊤v = λP⊤v.

Hence, we can find the eigenvectors of the block diagonal matrix C, and left multiply them by P⊤1167

to obtain the eigenvectors of the Hessian H. This yields the eigenvector and eigenvalue pairs1168

∆1 = P⊤vec

(
1√
L
1L,0, . . . ,0

)
, λ1 = Ls

2− 2
L

⋆,1 (59)

∆2 = P⊤vec

(
0,

1√
L
1L, . . . ,0

)
, λ2 = Ls

2− 2
L

⋆,2 (60)

... ... (61)

∆r = P⊤vec

(
0, . . . ,

1√
L
1L, . . . ,0

)
, λr = Ls

2− 2
L

⋆,r (62)

... ... (63)

∆r+j = P⊤vec (0, . . . , er+j , . . . ,0) , λr+j =
−α2(L−1) ±

√
(4L− 3) · α4(L−1)2

−2
, (64)

where ei is an i-th elementary basis vector.1169

Then, in each 1-D eigenvector direction, we can analyze the loss and verify if it satisfies the stability1170

condition. Notice that we can consider the scalar loss1171

Li(s) =
1

2
(s1,i ⊙ . . .⊙ sL,i − s⋆,i)

2 =
1

2
(sLi − s⋆,i)

2. (By Lemma 2)

Using Corollary 5 by [16] or restated Lemma 12 on the 1D scalar function, this 1D loss is amenable1172

to stable oscillation when learning rate η > 2
λi
. Finally, to prove the uniqueness and existence of1173
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two period orbit fixed point for η > 2
λi
, we show that the polynomial obtained by solving two step1174

fixed point has a real root. This is the same loss we analyzed in Theorem 1, where we showed that1175

the oscillations are real roots of the polynomial1176

σ⋆,1 = ρL
1 + z2L−1

1 + zL−1
, where z := (1 + ηL(σ⋆,1 − ρL) · ρL−2

)
.

and ρ1 ∈
(
0, σ

1/L
⋆,1

)
and ρ2 ∈

(
σ
1/L
⋆,1 , (2σ⋆,1)

1/L
)
are the two real roots of the polynomial which1177

exists and are unique. Hence, whenever the learning rate η lies between [2/λp, 2/λp+1], we will1178

have oscillations in all of the p eigenvector directions. This completes the proof.1179

1180
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C.2. Deferred Proofs for Singular Vector Invariance1181

Proposition 2. Let M⋆ = U⋆Σ⋆V
⊤
⋆ denote the SVD of the target matrix. The initialization in Equa-1182

tion (??) is a member of the singular vector stationary set in Proposition 1, where QL = . . . = Q2 = V⋆.1183

Proof. Recall that the initialization is given by1184

WL(0) = 0 and Wℓ(0) = αId ∀ℓ ∈ [L− 1].

Wewill show that under this initialization, each weight matrix admits the following decomposition1185

for all t ≥ 1:1186

WL(t) = U⋆

[
Σ̃L(t) 0
0 0

]
V⊤
⋆ , Wℓ(t) = V⋆

[
Σ̃(t) 0
0 αId−r

]
V⊤
⋆ , ∀ℓ ∈ [L− 1], (65)

where1187

Σ̃L(t) = Σ̃L(t− 1)− η ·
(
Σ̃L(t− 1) · Σ̃L−1(t− 1)−Σ⋆,r

)
· Σ̃L−1(t− 1)

Σ̃(t) = Σ̃(t− 1) ·
(
Ir − η · Σ̃L(t− 1) ·

(
Σ̃L(t− 1) · Σ̃L−1(t− 1)−Σ⋆,r

)
· Σ̃L−3(t− 1)

)
,

where Σ̃L(t), Σ̃(t) ∈ Rr×r is a diagonal matrix with Σ̃L(1) = ηαL−1 ·Σr,⋆ and Σ̃(1) = αIr.1188

This will prove that the singular vectors are stationary withΣL = . . . = Σ2 = V⋆. We proceed with1189

mathematical induction.1190

Base Case. For the base case, we will show that the decomposition holds for each weight matrix at1191

t = 1. The gradient of f(Θ)with respect to Wℓ is1192

∇Wℓ
f(Θ) = W⊤

L:ℓ+1 · (WL:1 −M⋆) ·W⊤
ℓ−1:1.

For WL(1), we have1193

WL(1) = WL(0)− η · ∇WL
f(Θ(0))

= WL(0)− η · (WL:1(0)−M⋆) ·W⊤
L−1:1(0)

= ηαL−1Σ⋆

= U⋆ ·
(
ηαL−1 ·Σ⋆

)
·V⊤

⋆

= U⋆

[
Σ̃L(1) 0

0 0

]
V⊤
⋆ .

Then, for eachWℓ(1) in ℓ ∈ [L− 1], we have1194

Wℓ(1) = Wℓ(0)− η · ∇Wℓ
f(Θ(0))

= αId,

where the last equality follows from the fact that WL(0) = 0. Finally, we have1195

Wℓ(1) = αV⋆V
⊤
⋆ = V⋆

[
Σ̃(1) 0
0 αId−r

]
V⊤
⋆ , ∀ℓ ∈ [L− 1].

Inductive Step. By the inductive hypothesis, suppose that the decomposition holds. Then, notice1196

that we can simplify the end-to-end weight matrix to1197

WL:1(t) = U⋆

[
Σ̃L(t) · Σ̃L−1(t) 0

0 0

]
V⊤
⋆ ,

for which we can simplify the gradients to1198

∇WL
f(Θ(t)) =

(
U⋆

[
Σ̃L(t) · Σ̃L−1(t)−Σ⋆,r 0

0 0

]
V⊤
⋆

)
·V⋆

[
Σ̃L−1(t) 0

0 0

]
V⊤
⋆

= U⋆

[(
Σ̃L(t) · Σ̃L−1(t)−Σ⋆,r

)
· Σ̃L−1(t) 0

0 0

]
V⊤
⋆ ,
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for the last layer matrix, and similarly,1199

∇Wℓ
f(Θ(t)) = V⋆

[
Σ̃L(t) ·

(
Σ̃L(t) · Σ̃L−1(t)−Σ⋆,r

)
· Σ̃L−2(t) 0

0 0

]
V⊤
⋆ , ℓ ∈ [L− 1],

for all other layer matrices. Thus, for the next GD iteration, we have1200

WL(t+ 1) = WL(t)− η · ∇WL
(Θ(t))

= U⋆

[
Σ̃L(t)− η ·

(
Σ̃L(t) · Σ̃L−1(t)−Σ⋆,r

)
· Σ̃L−1(t) 0

0 0

]
V⊤
⋆

= U⋆

[
Σ̃L(t+ 1) 0

0 0

]
V⊤
⋆ .

Similarly, we have1201

Wℓ(t+ 1) = Wℓ(t)− η · ∇Wℓ
(Θ(t))

= V⋆

[
Σ̃(t)− η · Σ̃L(t) ·

(
Σ̃L(t) · Σ̃L−1(t)−Σ⋆,r

)
· Σ̃L−2(t) 0

0 αId−r

]
V⊤
⋆

= V⋆

[
Σ̃(t) ·

(
Ir − η · Σ̃L(t) ·

(
Σ̃L(t) · Σ̃L−1(t)−Σ⋆,r

)
· Σ̃L−3(t)

)
0

0 αId−r

]
V⊤
⋆

= V⋆

[
Σ̃(t+ 1) 0

0 αId−r

]
V⊤
⋆ ,

for all ℓ ∈ [L− 1]. This completes the proof.1202

Proposition 3. Let M⋆ = V⋆Σ⋆V
⊤
⋆ ∈ Rd×d denote the SVD of the target matrix. The balanced1203

initialization in Equation (??) is a member of the singular vector stationary set in Proposition 1, where1204

UL = QL = . . . = Q2 = V1 = V⋆.1205

Proof. Using mathematical induction, we will show that with the balanced initialization in Equa-1206

tion (??), each weight matrix admits a decomposition of the form1207

Wℓ(t) = V⋆Σℓ(t)V
⊤
⋆ , (66)

which implies that the singular vectors are stationary for all t such that UL = QL = . . . = Q2 =1208

V1 = V⋆.1209

Base Case. Consider the weights at iteration t = 0. By the initialization scheme, we can write each1210

weight matrix as1211

Wℓ(0) = αId =⇒ Wℓ(0) = αV⋆V
⊤
⋆ ,

which implies that Wℓ(0) = V⋆Σℓ(0)V
⊤
⋆ with Σℓ(0) = αId.1212

Inductive Step. By the inductive hypothesis, assume that the decomposition holds for all t ≥ 0.1213

We will show that it holds for all iterations t + 1. Recall that the gradient of f(Θ) with respect to1214

Wℓ is1215

∇Wℓ
f(Θ) = W⊤

L:ℓ+1 · (WL:1 −M⋆) ·W⊤
ℓ−1:1.

Then, for Wℓ(t+ 1), we have1216

Wℓ(t+ 1) = Wℓ(t)− η · ∇WL
f(Θ(t))

= V⋆Σℓ(t)V
⊤
⋆ − ηW⊤

L:ℓ+1(t) · (WL:1(t)−M⋆) ·W⊤
ℓ−1:1(t)

= V⋆Σℓ(t)V
⊤
⋆ − ηV⋆ ·

(
ΣL−ℓ
ℓ (t) ·

(
ΣL
ℓ (t)−Σ⋆

)
·Σℓ−1

ℓ (t)
)
·V⊤

⋆

= V⋆ ·
(
Σℓ(t)− η ·ΣL−ℓ

ℓ (t) ·
(
ΣL
ℓ (t)−Σ⋆

)
·Σℓ−1

ℓ (t)
)
·V⊤

⋆

= V⋆Σ(t)V⊤
⋆ ,

where Σ(t) = Σℓ(t)− η ·ΣL−ℓ
ℓ (t) ·

(
ΣL
ℓ (t)−Σ⋆

)
·Σℓ−1

ℓ (t). This completes the proof.1217
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C.3. Auxiliary Results1218

Lemma 9. Let {Rℓ}Lℓ=1 ∈ Rn×n be orthogonal matrices andHi,j ∈ Rn2×n2 be diagonal matrices. Consider1219

the two following block matrices:1220

H =


H1,1 H1,2 . . . HL,1

H2,1 H2,2 . . . HL,2

...
...

. . .
...

H1,L H2,L . . . HL,L



H̃ =


RLH1,1R

⊤
L RLH1,2R

⊤
L−1 . . . RLH1,LR

⊤
1

RL−1H2,1R
⊤
L RL−1H2,2R

⊤
L−1 . . . RL−1H2,LR

⊤
1

...
...

. . .
...

R1HL,1R
⊤
L R1HL,2R

⊤
L−1 . . . R1HL,LR

⊤
1

 .
Then, the two matrices H and H̃ are similar, in the sense that they have the same eigenvalues.1221

Proof. It suffices to show thatH and H̃ have the same characteristic polynomials. Let us define1222

H̃ :=

[
A B
C D

]
,

where1223

A := RLH1,1R
⊤
L B :=

[
RLH1,2R

⊤
L−1 . . . RLH1,LR

⊤
1

] (67)

C :=

RL−1H2,1R
⊤
L...

R1HL,1R
⊤
L

 D :=


RL−1H2,2R

⊤
L−1 . . . RL−1H2,LR

⊤
1

... . . . ...
R1HL,2R

⊤
L−1 . . . R1HL,LR

⊤
1

 . (68)

Then, we have1224

det(H̃− λI) = det

([
A− λI B

C D− λI

])
= det(A− λI) · det((D− λI)−C(A− λI)−1B),

where the second equality is by the Schur complement. Notice that1225

(A− λI)−1 = (RLH1,1R
⊤
L − λI)−1 = (RLH1,1R

⊤
L − λRLRL

⊤)−1

= RL · (H1,1 − λI)−1 ·R⊤
L .

Then, we also see that,1226

C(A− λI)−1B =

RL−1

. . .
R1


︸ ︷︷ ︸

=:V̂

·E ·

R
⊤
L−1

. . .
R⊤

1


︸ ︷︷ ︸

=:V̂⊤

.

where1227

E :=

H2,1 · (H1,1 − λI)−1 ·H1,2 . . . H2,1 · (H1,1 − λI)−1 ·H1,L

... . . . ...
HL,1 · (H1,1 − λI)−1 ·H1,2 . . . HL,1 · (H1,1 − λI)−1 ·H1,L

 .
Similarly, we can write D as1228

D = V̂

H2,2 . . . H2,L

... . . . ...
HL,2 . . . HL,L


︸ ︷︷ ︸

=:F

V̂⊤.
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Then, we have1229

det(H̃− λI) = det(RL · (H1,1 − λI) ·R⊤
L ) · det

(
V̂ · (E− F) · V̂⊤

)
= det(H1,1 − λI) · det(E− F),

which is not a function of U,V, {Rℓ}Lℓ=1. By doing the same for H, we can show that both H̃ and1230

H have the same characteristic polynomials, and hence the same eigenvalues. This completes the1231

proof.1232

1233

Lemma 10. Let A,B ∈ Rd×d be two orthogonal matrices. Then, the Kronecker product of A and B is also1234

an orthogonal matrix:1235

(A⊗B)⊤(A⊗B) = (A⊗B)(A⊗B)⊤ = Id2 .

Proof. We prove this directly by using properties of Kronecker products:1236

(A⊗B)⊤(A⊗B) = A⊤A⊗B⊤B

= Id ⊗ Id = Id2 .

Similarly, we have1237

(A⊗B)(A⊗B)⊤ = AA⊤ ⊗BB⊤

= Id ⊗ Id = Id2 .

This completes the proof.1238

Lemma 11. Let {a(t)}Nt=1 be a sequence such that a(t) ≥ 0 for all t. If there exists a constant c ∈ (0, 1) such1239

that a(t+ 1) < c · a(t) for all t, then limt→∞ a(t) = 0.1240

Proof. We prove this by direct reasoning. From the assumption a(t+1) < c ·a(t) for some c ∈ (0, 1),1241

we can iteratively expand this inequality:1242

a(t+ 1) < c · a(t), a(t+ 2) < c · a(t+ 1) < c2 · a(t),

and, more generally, by induction:1243

a(t+ k) < ck · a(t), for all k ≥ 0.

Since c ∈ (0, 1), the sequence {ck}∞k=0 converges to 0 as k → ∞. Hence:1244

0 ≤ lim
k→∞

a(t+ k) ≤ lim
k→∞

ck · a(t) = 0.

Therefore, by the squeeze theorem, the sequence {a(t)} converges to 0 as t→ ∞.1245

Lemma 12 ([16]). Consider any 1-D differentiable function f(x) around a local minima x̄, satisfying (i)1246

f (3)(x̄) ̸= 0, and (ii) 3[f (3)]2−f ′′f (4) > 0 at x̄. Then, there exists ϵwith sufficiently small |ϵ| and ϵ·f (3) > 01247

such that: for any point x0 between x̄ and x̄− ϵ, there exists a learning rate η such that F 2
η (x0) = x0, and1248

2

f ′′(x̄)
< η <

2

f ′′(x̄)− ϵ · f (3)(x̄)
.
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