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Deep neural networks trained using gradient descent with a fixed learning rate η1

often operate in the regime of “edge of stability” (EOS), where the largest eigen-2

value of the Hessian equilibrates about the stability threshold 2/η. In this work,3

we present a fine-grained analysis of the learning dynamics of (deep) linear net-4

works (DLN) within the deep matrix factorization loss beyond EOS. For DLNs,5

loss oscillations within EOS follow a period-doubling route to chaos. We theo-6

retically analyze the regime of the 2-period orbit and show that the loss oscilla-7

tions occur within a small subspace, with the dimension of the subspace precisely8

characterized by the learning rate. Our analysis contributes to explaining two key9

phenomena in deep networks: (i) shallow models and simple tasks do not always10

exhibit EOS [1]; and (ii) oscillations occur within low-dimensional subspaces [2].11

Wepresent experiments to support our theory, alongwith examples demonstrating12

how these phenomena occur in nonlinear networks and how they differ from those13

in DLNs.14

1. Introduction15

Understanding generalization in deep neural networks requires an understanding of the optimiza-16

tion process in gradient descent (GD). In the literature, it has been empirically observed that the17

learning rate η plays a key role in driving generalization [3, 4]. The “descent lemma” from classical18

optimization theory says that for a β-smooth loss L(Θ) parameterized by Θ, GD iterates satisfy19

L(Θ(t+ 1)) ≤ L(Θ(t))− η(2− ηβ)

2
∥∇L(Θ(t))∥22,

and so the learning rate should be chosen as η < 2/β to monotonically decrease the loss. How-20

ever, many recent works have shown that the training loss decreases even for η > 2/β, albeit non-21

monotonically. Surprisingly, it has been observed that choosing such a learning rate often provides22

better generalization over smaller ones that lie within the stability threshold. This observation has23

led to a series of works analyzing the behavior of GDwithin a regime dubbed “the edge of stability”24

(EOS). By letting Θ parameterize a deep network, we formally define EOS as follows:25

Definition 1 (Edge of Stability [1]). During training, the sharpness of the loss, defined as S(Θ) :=26

∥∇2L(Θ)∥2, continues to grow until it reaches 2/η (progressive sharpening), after which it stabilizes around27

2/η. During this process, the training loss behaves non-monotonically over short timescales but consistently28

decreases over long timescales.29

Using a large learning rate to operate within the EOS regime is hypothesized to give better gen-30

eralization performance by inducing “catapults” in the training loss [2]. Intuitively, whenever the31

sharpness S(Θ) exceeds the local stability limit 2/η, the GD iterates momentarily diverge (or cata-32

pults) out of a sharp region and self-stabilizes [5] to settle for a flatter region where the sharpness is33

below 2/η, which has shown to correlate with better generalization [6–10]. Of course, the dynamics34

within EOS differ based on the loss landscape. When the loss landscape is highly non-convex with35

many local valleys, catapults may occur, whereas sustained oscillations may exist for other land-36

scapes. It is of great interest to understand these behaviors within different network architectures37

to further our understanding of EOS.38
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Figure 1: Bifurcation plot of the oscillations in the singular values (left) and the eigenvalues of
the Hessian (right) of a 3-layer end-to-end DLN. The bifurcation plots indicate the existence of a
period-doubling route to chaos in DLNs, which we analyze by examining the two-period orbit.
Here, η > 2/β corresponds to the EOS regime, where β = Lσ

2�2=L
?;1 is the sharpness at the minima,

L is the depth of the network and σ?;1 is the first singular value of the target matrix M?.

From a theoretical perspective, there have been many recent efforts to understand EOS. These39

works generally focus on analyzing “simple” functions, examples including scalar losses [11–13],40

quadratic regression models [14], diagonal linear networks [15] and two-layer matrix factorization41

[16]. However, the simplicity of these functions cannot fully capture the behaviors of deep neural42

networks within the EOS regime. Specifically, the following observations remain unexplained by43

existing analyses: (i) mild (or no) sharpening occurs when either networks are shallow or “sim-44

ple” datasets are used for training (Caveat 2 from [1]); and (ii) the oscillations and catapults in the45

training loss occur in the span of the top eigenvectors of the NTK [2].46

In this work, we present a fine-grained analysis of the learning dynamics of deep linear networks47

(DLNs) within the EOS regime, demonstrating that these phenomena can be replicated and effec-48

tively explained using DLNs. Generally, there are two lines of work for DLNs: (i) those that analyze49

the effects of depth and initialization scale, and how they implicitly bias the trajectory of gradient50

flow towards low-rank solutions when the learning rate is chosen to be stable [17–24], and (ii) those51

that analyze the similarities in behavior between linear and nonlinear networks [25–27]. Our anal-52

ysis builds upon these works to show that DLNs exhibit intricate and interesting behaviors outside53

the stability regime and to demonstrate how factors such as depth and initialization scale contribute54

to the EOS regime. Our main results can be summarized as follows:55

• Oscillations in Low-Dimensional Subspaces. We show that there exist periodic oscillations56

within r-dimensional subspaces in DLNs, where r is precisely characterized by the learning57

rate. For DLNs, a period-doubling route to chaos [28] exists in both the singular values of the58

DLN and the eigenvalues of the Hessian, as shown in Figure 1. We rigorously characterize the59

case of the two-period orbit, aiming to contribute to explaining the empirical observations by [2]60

and [1]. We also prove that the learning rate needed to enter EOS is a function of the network61

depth, further revealing its role in deep networks.62

• EOS Dynamics for DLNs and Diagonal Linear Networks. We prove that while DLNs and di-63

agonal linear networks have different curvatures about the globalminimum, they exhibit similar64

behaviors within the EOS regime. We show that the additional eigendirections present in DLNs65

are not explored during training, making the behavior of the two networks synonymous.66
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Figure 2: Depiction of the two phases of learning in the deep matrix factorization problem for a
network of depth 3. It appears that upon escaping the �rst saddle point, the GD iterates enter the
EOS regime, where the sharpness hovers just above2=� . Figure (left) shows the training loss under-
goes saddle to saddle jump followed by periodic oscillation. Figure (right) plots the corresponding
sharpness.

2. Notation and Problem Setup67

Notation. We denote vectors with bold lower-case letters (e.g., x) and matrices with bold upper-68

case letters (e.g.,X ). We use I n to denote an identity matrix of size n 2 N. We use[L ] to denote the69

set f 1; 2; : : : ; Lg. We use the notation � i (A ) to denote the i -th singular value of the matrix A . We70

also use the notation � `;i to denote the i -th singular value of the matrix W ` .71

Deep Matrix Factorization Loss. The objective in deep matrix factorization is to model a low-rank72

matrix M ? 2 Rd� d with rank(M ?) = r via a DLN parameterized by a set of parameters � =73

(W 1; W 2; : : : ; W L ), which can be estimated by solving74

argmin
�

f (� ) :=
1
2

k W L � : : : � W 1| {z }
= :W L :1

� M ?k2
F; (1)

where we adopt the abbreviation W j :i = W j � : : : � W i to denote the end-to-end DLN and is identity75

when j < i . We assume that each weight matrix has dimensions W ` 2 Rd� d to observe the e�ects76

of overparameterization. We also assume that the singular values of M ? are distinct.77

Optimization. We update each weight matrix W ` 2 Rd� d using GD with iterations given by78

W ` (t) = W ` (t � 1) � � � r W ` f (� (t � 1)); 8` 2 [L ]; (2)

where � > 0 is the learning rate and r W ` f (� (t)) is the gradient of f (� ) with respect to the `-th79

weight matrix at the t-th GD iterate.80

Initialization. In this work, we consider both balanced and unbalanced initializations, respectively:81

W ` (0) = � I d; 8` 2 [L ]; (Balanced Initialization)

W L (0) = 0; W ` (0) = � I d; 8` 2 [L � 1]; (Unbalanced Initialization)

where � > 0 is a small constant. We assume� is chosen small enough such that � 2 (0; � ?;r ),82

where � ?;r is the r -th singular value of M ?. Generally, many existing works on both shallow and83

deep linear networks assume a zero-balanced initialization (i.e., W >
i (0)W i (0) = W j (0)W >

j (0) for84

i 6= j ). This introduces the invariant W >
i (t)W i (t) = W j (t)W >

j (t) for all t > 0, ensuring two85

(degenerate) conditions throughout the training trajectory: (i) the singular vectors of each of the86

layers remain aligned and (ii) the singular values stay balanced. For the unbalanced initialization,87

the zero weight layer can be viewed as the limiting case of initializing the weights with a (very)88

small constant � 0 � � , and has been similarly explored by [29, 30], albeit for two-layer networks.89

The zero weight layer relieves the balancing condition of the singular values. Rather than staying90

balanced, we show that the singular values become increasingly balanced (see Lemma 2). This91

allows us to jointly analyze the singular values of the weights for either case.92
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Figure 3: Illustrations of the singular vector and value evolution of the end-to-end DLN. The sin-
gular vectors of the network remain static across all iterations, as suggested by the singular vector
stationary set, regardless of the learning rate. The angle between the true singular vectors and
those of the network remains aligned throughout. The �rst singular values undergo oscillations in
the large � regime, whereas they remain constant in the small � regime.

Nevertheless, we also show that our analysis is not limited to either initialization but applies to any93

initialization that converges to a set we call the singular vector stationary set (see Proposition 1).94

To the best of our knowledge, it is common to assume that the singular vectors remain aligned, as95

many existing works make the same assumption [17, 19, 29, 31�33].96

3. Deep Matrix Factorization Beyond the Edge of Stability97

When using a large learning rate, the learning dynamics can typically be separated into two distinct98

stages: (i) progressive sharpening and (ii) the edge of stability. Within the progressive sharpening99

stage, the sharpness lies below2=� and tends to continually rise. Our goal is to analyze the EOS stage100

under the deep matrix factorization formulation. Here, we observe that the training loss �uctuates101

due to layerwise singular value oscillations, as illustrated in Figure 2.102

3.1. Main Results103

Before we present our main results, we provide a de�nition of what we refer to as a strict balanced104

state of the singular values of the weight matrices. The parameters are said to be in a strict balanced105

state if the singular values of each weight matrix take the same values across all layers.106

De�nition 2 (Strict Balanced State). The parameters� of the DLN from Equation (1) are said to be in a107

strict balanced state if for somet � 0108

� i (W ` (t)) = � i (W k (t)) ; 8i 2 [r ]; 8`; k 2 [L ];

where� i (W ` ) denotes thei -th singular value of thè-th layer andr is the rank of the matrixM ?.109

It is straightforward to show that the parameters are in a strictly balanced state for all t � 0 if we ini-110

tialize the singular values to be the same across all weight matrices W ` . Hence, it immediately holds111

that the balanced initialization is in a strictly balanced state. However, the one-zero initialization112

(i.e., the unbalanced initialization) sets the singular values of W L to zero, meaning the parameters113

are not initially in a strictly balanced state. However, in Lemma 2 of Section 3.2, we prove that the114

balancing increasingly occurs throughout GD iterations within the EOS regime. Consequently, we115

assume a strictly balanced state for the remainder of this paper and analyze the EOS regime in rela-116

tion to the balanced minimum. Next, we derive the eigenvalues of the Hessian at convergence, such117

that we can identify the learning rate needed to enter the EOS regime for DLNs.118

Lemma 1 (Eigenvalues of Hessian at the Balanced Minimum) . Consider running GD on the deep119

matrix factorization lossf (� ) de�ned in Equation (1). The set of all non-zero eigenvalues of the training120
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loss Hessian at the balanced minimum is given by121

� � =
n

L�
2� 2

L
?;i ; �

2� 2
L

?;i

o r

i =1| {z }
self-interaction

[
(

L � 1X

` =0

�
�

1� 1
L � 1

L `
?;i � �

1
L `
?;j

� 2
) r

i 6= j| {z }
interaction with other singular values

[
(

L � 1X

` =0

�
�

1� 1
L � 1

L `
?;k � � `

� 2
) r

k=1| {z }
interaction with initialization

where� ?;i is thei -th singular value of the target matrixM ? 2 Rd� d, � 2 R is the initialization scale,L is122

the depth of the network, and the second element of the set under �self-interaction� has a multiplicity ofd � r .123

We defer all of the proofs to Appendix C. Let � i denote the i -th largest eigenvalue of the Hessian.124

By Lemma 1, we observe that the sharpness is equal to� 1 = kr 2f (� )k2 = L�
2� 2

L
?;1 at the balanced125

minimum. In Lemma 8, we show that the sharpness at the balanced minimum is the �attest, and126

hence L�
2� 2

L
?;1 represents the smallest sharpness value among all global minima. Thus, if � is set127

such that � > 2=� 1, oscillations in the loss will occur, as the step size is large enough to induce oscil-128

lations even in the �attest region. Interestingly, notice that all non-zero eigenvalues are a function of129

network depth. For a deeper network, the sharpness will be larger, implying that a smaller learning130

rate can be used to drive the DLN into EOS. This provides a unique perspective on how the learning131

rate should be chosen as networks become deeper and explains the observation made by [1], who132

observed that sharpness scales with the depth of the network. Equipped with the eigenvalues, we133

show in the following result that oscillations occur in a two-period orbit along the i -th eigenvector134

direction of the balanced minimum, given that the learning rate is set to be greater than 2=� i .135

Theorem 1 (Stable Subspace Oscillations). Let� 0 :=
�

ln
�

2
p

2
�� 1

�
�

� 4=L
?; 1

L 2 �2
2L � 3

L

� 1=4

. Consider running GD136

on the loss in (1) with initialization scale0 < � < � 0. If � = 2
K with � i � K < � i +1 , then2-period orbit137

oscillation occurs in the direction of� i , where� i and� i denote thei -th largest eigenvalue and eigenvector of138

the Hessian at the balanced minimum, respectively.139

The complete proof is provided in Appendix C.1, where we derive all eigenvectors at the balanced140

minimum and demonstrate that the necessary conditions from Lemma 12 (restated from [16]) are141

satis�ed for a two-period orbit. The condition on the initialization scale is chosen to ensure balanced142

behavior, as demonstrated in Lemma 2. To understand Theorem 1 more clearly, consider the �rst143

eigenvector of the Hessian, which we derived to be144

� 1 =
1

p
L

� vec
�
u?;1v >

?;1; v?;1v >
?;1; : : : ; v?;1v >

?;1

�
;

where u?;1; v?;1 2 Rd are the �rst left and right singular vectors of M ?, respectively. By Propo-145

sition 2, we know that the each weight layer takes the form W ` = V ?� ` V >
? for all ` 2 [L � 1]146

and W L = U ?� L V >
? at convergence, starting from the unbalanced initialization. By stacking and147

�attening these weights, consider the direction148

e� :=
dX

i =1

vec
�
� L;i � u?;i v >

?;i ; � L � 1;i � v?;i v >
?;i ; : : : ; � 1;i � v?;i v >

?;i

�
:

Since e� > � 1 is only non-zero in the rank- 1 components of e� , this implies that if � 1 � K < � 2149

from Theorem 1, the oscillations only occur in the rank- 1 components of the weights. The following150

result substantiates this claim by demonstrating that, with an appropriately chosen learning rate,151

oscillations occur in the singular values in the top- p directions given that p � r .152

Theorem 2 (Rank-p Periodic Subspace Oscillations). LetM ? = U ?� ?V >
? denote the SVD of the target153

matrix and de�neSp := L�
2� 2

L
?;p andK 0

p := max
n

Sp+1 ; Sp

2
p

2

o
. If we run GD on the deep matrix factoriza-154

tion loss with initialization scale� < � 0 from Theorem 1 and learning rate� = 2
K , whereK 0

p < K < S p,155

then under strict balancing, the top-p singular values of the end-to-end DLN oscillates in a2-period orbit156
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� < 0:2 � > 0:2

Figure 4: Illustration of the GD trajectories for two di�erent learning rates for minimizing the func-
tion f (� 1; � 2) = 1

2 (� 2 � � 1 � 5)2, starting from an unbalanced initial point. The sharpness at the
balanced minimum is 10, and so the learning rate needed to enter EOS is� = 0 :2. These plots show
that while GD initially arrives at an unbalanced solution in both cases, the iterates oscillate about
the other minima to arrive at the balanced solution within the EOS regime.

( j 2 f 1; 2g) around the balanced minimum and admits the following decomposition:157

W L :1 =
pX

i =1

� L
i;j � u?;i v >

?;i

| {z }
oscillation subspace

+
dX

k= p+1

� ?;k � u?;k v >
?;k

| {z }
stationary subspace

; j 2 f 1; 2g; 8` 2 [L � 1]; (3)

where� i; 1 2
�

0; � 1=L
?;i

�
and� i; 2 2

�
� 1=L

?;i ; (2� ?;i )1=L
�

are the two real roots of the polynomialg(� i ) = 0 and158

g(� i ) = � L
i �

1 +
�
1 + �L (� ?;i � � L

i ) � � L � 2
i

� 2L � 1

1 +
�
1 + �L (� ?;i � � L

i ) � � L � 2
i

� L � 1 � � ?;i :

In contrast to Theorem 1, Theorem 2 explicitly identi�es the subspaces that exhibit a two-period orbit159

based on the range of the learning rate. It also provides a rough characterization of the oscillation160

amplitude, which is determined by � i; 1 and � i; 2�values below and above the balanced minimum,161

respectively. Since there is no closed-form solution for an arbitrary higher-order polynomial, � i; 1162

and � i; 2 are de�ned as solutions to the polynomial g(� i ). Overall, this aims to theoretically explain163

why (i) oscillations occur primarily within the top subspaces of the network, as observed by [2],164

and (ii) oscillations are more pronounced in the directions of stronger features, as measured by the165

magnitudes of their singular values.166

Notice that Theorem 2 demonstrates the existence of a two-period orbit only around the balanced167

minimum. While this assumption was initially made for ease of analysis, we empirically observe168

that the two-period orbit actually only occurs around the balanced solution. To illustrate this claim,169

in Figure 4, we provide a plot of the GD trajectory for minimizing a two-layer scalar loss f (� 1; � 2) =170
1
2 (� 2 � � 1 � 5)2, starting from an unbalanced initial point (� 1; � 2) = (1 :5; 2:25). Notice that, by171

Lemma 1, the sharpness around the balanced minimum is L� 2� 2=L
?;1 = 10, and thus the necessary172

learning rate to enter the EOS regime is � = 0 :2. We plot the GD trajectory under two cases for the173

learning rate: (i) slightly below the EOS learning rate, � = 0 :1999, and (ii) slightly above it, � =174

0:2010. When � = 0 :2010, GD �rst arrives at an unbalanced solution, then oscillates until it reaches175

the balanced minimum, where it sustains a two-period orbit around the balanced solution. The176

other minima are too narrow to sustain the oscillations induced by the large learning rate, causing177

the GD iterates to bounce out of those minima and settle at the �attest, balanced solution. When178

the learning rate is slightly below � = 0 :2, it remains large enough to induce oscillations around179
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other unbalanced minima, but ultimately GD converges to the balanced solution, where it exhibits180

no oscillations, as predicted by Theorem 2. This empirical observation suggests that two-period181

oscillations and balancing occur simultaneously, which we leave for future investigation.182

Finally, we conclude by remarking that our result also aims to generalize the recent theoretical �nd-183

ings of [16], where they proved the existence of a certain class of scalar functions f (x) for which184

GD does not diverge even when operating beyond the stability threshold. They demonstrated that185

there exists a range in which the loss oscillates around the local minima with a certain periodic-186

ity. These oscillations gradually progress into higher periodic orbits (e.g., 2, 4, 8 periods), transition187

into chaotic behavior, and ultimately result in divergence. In our work, we prove that this oscillatory188

behavior beyond the stability threshold also occurs in DLNs.189

3.2. Assumptions and Analytical Tools190

This section presents the two main tools used in our analyses: the singular vector stationary set and191

singular value balancedness. First, we present the singular vector stationary set, which allows us192

to encompass a wider range of initialization schemes. This set de�nes a broad class of initialization193

for which singular vector alignment occurs, simplifying the dynamics to only singular values.194

Proposition 1 (Singular Vector Stationary Set) . Consider the deep matrix factorization loss in Equa-195

tion (1). Let M ? = U ?� ?V >
? and W ` (t) = U ` (t)� ` (t)V >

` (t) denote the compact SVD for the target196

matrix and thè -th layer weight matrix at timet, respectively. For any timet � 0, if _U ` (t) = _V ` (t) = 0 for197

all ` 2 [L ], then the singular vector stationary points for each weight matrix are given by198

SVS(f (� )) =

8
<

:

(U L ; V L ) = ( U ?; QL );
(U ` ; V ` ) = ( Q ` +1 ; Q ` ); 8` 2 [2; L � 1];
(U 1; V 1) = ( Q2; V ?);

wheref Q ` gL
` =2 are any set of orthogonal matrices.199

The singular vector stationary set states that for any set of weights where the gradients with respect200

to the singular vectors become zero, the singular vectors become �xed points for subsequent iter-201

ations. Once the singular vectors become stationary, running GD further isolates the dynamics on202

the singular values. Hence, throughout our analysis, we re-write and consider the loss203

1
2

kW L :1(t) � M ?k2
F =

1
2

k� L :1 � � ?k2
F =

1
2

rX

i =1

(� i (� L :1(t)) � � ?;i )2 ; (4)

where � L :1 are the singular values of W L :1 . This allows us to decouple the dynamics of the singular204

vectors and singular values, focusing on the periodicity that occurs in the singular values within the205

EOS regime. In Propositions 2 and 3, we prove that both the unbalanced and balanced initializations206

belong to this set respectively, with an illustration in Figure 3. Speci�cally, we show that the singular207

vectors belongs to the singular vector stationary set after GD iteration t = 1 (far before entering the208

EOS regime) with Q ` = V ?, allowing us to consider the loss in Equation (4). Next, we present a209

result to validate our use of the strictly balanced assumption on the unbalanced initialization case210

by showing that the singular values become increasingly balanced throughout the GD iterations.211

Lemma 2 (Balancing) . Let � ?;i and � `;i (t) denote thei -th singular value ofM ? 2 Rd� d and W ` (t),212

respectively and de�neSi := L�
2� 2

L
?;i . Consider GD on thei -th index of the simpli�ed loss in (4) with the213

unbalanced initialization and learning rate2Si
< � < 2

p
2

Si
. If the initialization scale� satis�es0 < � <214

�
ln

�
2

p
2

�S i

�
�

� 4=L
?;i

L 2 �2
2L � 3

L

� 1=4

, then there exists a constantc 2 (0; 1] such that for all̀ 2 [L � 1], we have215

�
�
� � 2

L;i (t + 1) � � 2
`;i (t + 1)

�
�
� < c

�
�
� � 2

L;i (t) � � 2
`;i (t)

�
�
� .216

This result has been shown to hold similarly for two-layer matrix factorization [16, 34, 35], and our217

analysis extends it to the deep case. Lemma 2 considers the scalar loss for a single singular value218
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index and states that, as long as� is chosen below a threshold dependent on � ?;i , the i -th singular219

value will become increasingly balanced. To ensure that balancing occurs for all singular values of220

the loss in (4), we can select the learning rate to induce oscillations in all singular values (assuming221

they remain below the divergence limit) and choose � with � ?;1 such that it is the smallest � that222

satis�es the condition for all singular values � ?;i .223

Figure 5: Plot of j� 2
L;i (t)� � 2

`;i (t)j show-
ing strict balancing.

If the constant were c < 1, note that the balancing gap224

would approach zero in�nitesimally. However, our analy-225

sis currently only shows that c < 1when the product of sin-226

gular values across all layers � i (� L :1) < � ?;i and but c = 1227

when � i (� L :1) > � ?;i . Since we start from a small initializa-228

tion scale, we generally mostly operate within the regime229

� i (� L :1) < � ?;i , and only transition to the latter regime230

when oscillations occur. Note that � i (� L :1) = � ?;i cannot231

occur since the learning rate is chosen to be within the EOS232

regime � equality can only arise in the stable regime, where233

balancing does not occur. In Figure 5, we plot the balanc-234

ing gap between the top-3 singular values of a weight ma-235

trix initialized to zero and those initialized to � for a rank-3236

matrix. This plot shows that the gap decreases and goes to237

zero empirically, and this is consistently the case across all238

of our experiments, with additional results provided in Appendix B. This provides empirical evi-239

dence that our analysis can be further improved such that c < 1 for both cases. To this end, we use240

this insights to assume that strict balancing holds for both the considered initialization schemes.241

This allows us to write the loss of the singular values into the form � i (� L :1(t)) = � L
i (t), which242

allows us to focus on the dynamics in the singular values.243

3.3. Relation to Diagonal Linear Networks244

In this section, we derive the necessary conditions and characteristics of two-period oscillations in245

diagonal linear networks to establish their similarities with DLNs.246

Theorem 3 (Subspace Oscillation for Diagonal Linear Networks) . Consider anL-layer diagonal linear247

network on the loss248

L
�
f s` gL

` =1

�
:=

1
2

ks1 � : : : � sL � s?k2
2; (5)

wheres? 2 Rd be anr -sparse vector with ordered coordinates such thats?;1 > : : : > s ?;d and de�neSp :=249

Ls
2� 2

L
?;p and � 0 :=

 

ln

 
2

p
2

�Ls
2 � 2

L
?; 1

!

�
s

4
L
?; 1

L 2 �2
2L � 3

L

! 1
4

. For anyp < r � 1 and � < � 0, suppose we run GD250

on Equation (5) with learning rate� = 2
K , whereSp � K > S p+1 with initialization s` = � 1d for all251

` 2 [L � 1] andsL = 0d. Then, under strict balancing, the top-p coordinates ofs` oscillate within a2-period252

�xed orbit around the minima in the form253

s`;i (t) = � i;j (t); 8i < p; 8` 2 [L ];

where� i;j (t) 2 f � i; 1; � i; 2g, � i; 1 2
�

0; s1=L
?;i

�
and� i; 2 2

�
s1=L

?;i ; (2s?;i )1=L
�

are two real roots of the polyno-254

mial h(� ) = 0 :255

h(� ) = � L �
1 +

�
1 + �L (s?;i � � L ) � � L � 2

� 2L � 1

1 + (1 + �L (s?;i � � L ) � � L � 2)L � 1 � s?;i :

From Lemma 1, we observe that DLNs exhibit additional dominant curvature directions that are not256

present in diagonal linear networks�speci�cally, the eigenvalues corresponding to the �interaction257

with other singular values� are absent in diagonal linear networks. These eigenvalues arise due to258
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Rank-1 Oscillation

S1 > K > S 2

Rank-2 Oscillation

S2 > K > S 3

Rank-3 Oscillation

S3 > K > S 4

Figure 6: Evolution of the singular values of the end-to-end 3-layer network for �tting a rank-3 target
matrix with singular values 10, 9:5, and 9. We use a learning rate of � = 2=Si with Si := L� 2� 2=L

?;i .
The oscillations occur exactly with learning rate ranges speci�ed in Theorem 2.

the zero o�-diagonal elements of the singular value diagonal matrix in (4). However, despite these259

extra directions, Theorem 3 demonstrates that the behavior of diagonal linear networks and DLNs is260

essentially the same. This can be understood using the argument from Theorem 1: the eigenvectors261

corresponding to these directions are always orthogonal to the �attened weights e� , thereby making262

the behaviors of the two network types synonymous, even in the EOS regime.263

4. Experimental Results264

4.1. Subspace Oscillations in Deep Networks265

Firstly, we provide experimental results corroborating Theorem 2. We let the target matrix be266

M ? 2 R50� 50 with rank 3, with dominant singular values � ? = 10; 9:5; 9. For the DLN, we con-267

sider a 3-layer network, with each layer as W ` 2 R50� 50 and use an initialization scale of � = 0 :01.268

Figure 7: Oscillation range as a
function of the learning rate.

In Figure 6, we present the behaviors of the singular values of269

the end-to-end network under di�erent learning rate regimes.270

Recall that by Theorem 2, the i -th singular value undergoes271

periodic oscillations when K is set to be Si < K < S i +1 ,272

where Si = L� 2� 2=L
?;i . Figure 6 illustrates this clearly � we only273

observe oscillations in the i -th coordinate depending on the274

learning rate. Interestingly, notice that � 2 also begins to os-275

cillate in the rank- 1 oscillation region before settling at a min-276

imum. This occurs because, while the learning rate is large277

enough to catapult out of a minimum, it is not su�ciently large278

to induce periodic oscillations.279

In Figure 7, we present an experiment demonstrating the rela-280

tionship between the oscillation range and the learning rate by281

plotting the amplitude of the singular value oscillations in the282

end-to-end network. The oscillations begin to occur starting283

from each region � = 2=Si , and the oscillation range (or amplitude) increases as the learning rate284

increases. This can also be observed in Figure 6; the amplitude of� 1 increases as we move from the285

rank-1 to the rank-3 oscillation region.286

4.2. Similarities and Di�erences Between Linear and Nonlinear Nets at EOS287

Mild Sharpening. �Mild� sharpening refers to the sharpness not rising to 2=� throughout learn-288

ing, and generally occurs in tasks with low complexity as discussed in Caveat 2 of [1]. We il-289

9



lustrate mild sharpening in Figure 10, where we plot sharpness in two settings: (i) regression290

with simple images and (ii) classi�cation with an MLP using a subset of the CIFAR-10 dataset.291

Figure 8: DLNs do not enter EOS

regime if L�
2� 2

L
1 < 2=� .

For the regression task, we minimize the loss L (�) = kG(�) �292

y image k2
2, where G(�) is a UNet parameterized by � , and293

y image denotes one of the images in Figure 10b. We observe294

that when y image is a smooth, low-frequency image, the sharp-295

ness of the loss generally remains low. However, when y image296

has higher frequency content, the sharpness increases and en-297

ters the EOS regime (Figure 10a). Similarly, for the classi�-298

cation task, we train a 2-layer fully connected neural network299

on N labeled training images from the CIFAR-10 dataset using300

MSE loss and plot the sharpness in Figure 10c. The sharpness301

links to N , the number of data points used for training. For302

small N values, such as 100 or 200, the network learns only a303

limited set of latent features, resulting in mild sharpening, and304

it does not reach the EOS threshold. However, when N exceeds305

1000, the sharpness increases and reaches the EOS threshold.306

The intrinsic dimension update in neural networks for such low complexity tasks is usually smaller307

[36] which could cause the sharpness to be small. Similar observations can also be seen in DLNs. In308

Figure 8, we show that the sharpness reachesL�
2� 2

L
?;1 , where � ?;1 is the singular value of the target309

matrix. Whenever L�
2� 2

L
?;1 < 2=� , the network will not enter the EOS regime. This can be viewed310

as low-complexity learning, as � ?;1 corresponds to the magnitude of the strongest feature of the311

target matrix. Hence, when � ?;1 is not large enough, the sharpness will not rise to 2=� . While these312

observations do not fully explain mild sharpening, our experiments demonstrate that interpreting313

sharpness as a measure of complexity, combined with our �ndings from DLNs, marks an important314

�rst step toward fully understanding this phenomenon.315

Di�erence in Oscillation Behaviors. Here, we discuss the di�erences in oscillations that arise in316

DLNs compared to catapults that occur in practical deep nonlinear networks. The main di�er-317

ence lies in the loss landscape�at convergence, the Hessian for DLNs is positive semi-de�nite,318

as shown in Lemma 1, meaning there are only directions of positive curvature and �at direc-319

tions (in the null space of the Hessian). In this landscape, oscillations occur because the basin320

walls bounce o�, without the direction of escape. However, in deep nonlinear networks, it321

has been frequently observed that the Hessian at the minima has negative eigenvalues [37, 38].322

This enables an escape direction along the negative curvature, preventing sustained oscillations.323

Figure 9: Loss landscape of the Holder table function
and DLNs, respectively (left�right). The Holder table
function is non-convex which allows catapulting to other
minima, whereas DLNs do not have spurious local min-
ima.

In Figure 9, we demonstrate these two324

di�erences by visualizing the loss land-325

scapes and the iterates throughout GD326

marked in red. The Holder table func-327

tion Figure 9 (left) exhibits numerous lo-328

cal minima, causing the loss to exhibit329

a sharp �catapult� when a large learn-330

ing rate is used. In contrast, for DLNs331

(shown in the right) the loss oscillates in332

a periodic orbit around the minima since333

there are no spurious local minima [39�334

43].335

Lastly, [5] studies self-stabilization,336

where sharpness decreases below2=�337

after initially exceeding 2=� . Their338

analysis requires assumptions such as339

r L (� ) � u(� ) = 0 and r S(� ) lies in the340

null space of the Hessian, where S(� ) and u(� ) denotes the sharpness and its corresponding341
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(a) Sharpness plots for training im-
age generator networks using SGD
with learning rate � = 2 � 10� 4 .

(b) Target images (denoted as
y image ) with di�erent frequencies
used for training.

(c) 2-layer FC network trained
with small number N of CIFAR-10
dataset with � = 10 � 2

Figure 10: Illustration of Caveat 2 by [1] on how mild sharpening occurs on simple datasets and
network. (a) Regression task showing the evolution of the sharpness when an UNet (with �xed
initialization) is trained to �t a single image shown in (b). (c) Evolution of the minimal progressive
sharpening on a classi�cation task of a 2-layer MLP trained on a subset of CIFAR-10.

eigenvector respectively. These assumptions do not hold exactly in DLNs. Rather, the sharpness342

oscillates about 2=� as shown in Figure 2 as the condition for stable oscillation holds along each343

eigenvector of the Hessian.344

5. Conclusion, Limitations and Future Work345

In this paper, we presented a �ne-grained analysis of the learning dynamics of deep matrix factor-346

ization with the aim of understanding unexplained phenomena in deep nonlinear networks within347

the EOS regime. Our analysis revealed that within EOS, DLNs exhibit periodic oscillations in small348

subspaces, where the subspace dimension is exactly characterized by the learning rate. There are349

two limitations to our work: we require (i) the dynamics converge to the singular vector station-350

ary set, and (ii) strict balancing of the singular values. However, we provide thorough empirical351

evidence validating the use of these assumptions, along with more results in Appendix B. For the352

balancing assumption, we leave for future work on alleviating the assumption of strict balancing,353

and rigorously show that this holds before entering the EOS regime.354
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A. Discussion on Related Work558

Implicit Bias of Edge of Stability. Edge of stability was �rst coined by [1], where they showed559

that the Hessian of the training loss plateaus around 2=� when deep models were trained using560

GD. However, [44, 45] previously demonstrated that the step size in�uences the sharpness along561

the optimization trajectory. Due to the important practical implications of the edge of stability, there562

has been an explosion of research dedicated to understanding this phenomenon and its implicit reg-563

ularization properties. Here, we survey a few of these works. [5] explained edge of stability through564
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a mechanism called �self-stabilization�, where they showed that during the momentary divergence565

of the iterates along the sharpest eigenvector direction of the Hessian, the iterates also move along566

the negative direction of the gradient of the curvature, which leads to stabilizing the sharpness to567

2=� . [14] proved that second-order regression models (the simplest class of models after the lin-568

earized NTK model) demonstrate progressive sharpening of the NTK eigenvalue towards a slightly569

di�erent value than 2=� . [46] mathematically analyzed the edge of stability, where they showed that570

the GD updates evolve along some deterministic �ow on the manifold of the minima. [47] showed571

that the normalization layers had an important role in the edge of stability � they showed that these572

layers encouraged GD to reduce the sharpness of the loss surface and enter the EOS regime. [48] es-573

tablished the phenomenon in two-layer networks and �nd phase transitions for step-sizes in which574

networks fail to learn �threshold� neurons. [49] also analyze a two-layer network, but provide a575

theoretical proof for the change in sharpness across four di�erent phases. [15] analyzed the edge576

of stability in diagonal linear networks and found that oscillations occur on the sparse support of577

the vectors. Lastly, [50] analyzed the convergence at the edge of stability for constant step size GD578

for logistic regression on linearly separable data.579

Edge of Stability in Toy Functions. To analyze the edge of stability in slightly simpler settings,580

many works have constructed scalar functions to analyze the prevalence of this phenomenon. For581

example, [16] studied a certain class of scalar functions and identi�ed conditions in which the func-582

tion enters the edge of stability through a two-step convergence analysis. [12] showed that the edge583

of stability occurs in speci�c scalar functions, which satis�es certain regularity conditions and de-584

veloped a global convergence theory for a family of non-convex functions without globally Lipschitz585

continuous gradients. [11] analyzed local oscillatory behaviors for 4-layer scalar networks with bal-586

anced initialization. [51, 52] provide analyses of learning dynamics at the EOS in simpli�ed settings587

such as two-layer networks. [53, 54] study GD dynamics for quadratic models in large learning rate588

regimes. Overall, all of these works showed that the necessary condition for the edge of stability589

to occur is that the second derivative of the loss function is non-zero, even though they assumed590

simple scalar functions. Our work takes one step further to analyze the prevalence of the edge of sta-591

bility in DLNs. Although our loss simpli�es to a loss in terms of the singular values, they precisely592

characterize the dynamics of the DLNs for the deep matrix factorization problem.593

Deep Linear Networks. Over the past decade, many existing works have analyzed the learning594

dynamics of DLNs as a surrogate for deep nonlinear networks to study the e�ects of depth and im-595

plicit regularization [17�19, 22]. Generally, these works focus on unveiling the dynamics of a phe-596

nomenon called �incremental learning�, where small initialization scales induce a greedy singular597

value learning approach [17, 33, 55], analyzing the learning dynamics via gradient �ow [17, 19, 56],598

or showing that the DLN is biased towards low-rank solution [19, 33, 57], amongst others. How-599

ever, these works do not consider the occurence of the edge of stability in such networks. On the600

other hand, while works such as those by [57] and [33] have similar observations in that the weight601

updates occur within an invariant subspace as shown by Proposition 2, they do not analyze the edge602

of stability regime.603

B. Additional Results604

B.1. Experimental Details605

In this section, we provide additional details regarding the experiments used to generate the �gures606

in the main text. For Figure 1, we consider a rank-3 target matrix M ? 2 R5� 5 with ordered singular607

values 10; 6; 3. We use a3-layer DLN to �t the target matrix. Since � ?;1 = 10, the network enters the608

EOS regime at609

� =
2

L� 2� 2=L
?;1

= 0 :0309:

We show that there exists a two-period orbit after 0:0309=2 = 0:0154, as we do not have a scaling of610

1=2 in the objective function for the code used to generate the �gures.611
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Oscillation along Y-axis: 2=� 2 > � > 2=� 1

Oscillation along both X and Y-axis: � > 2=� 2

Loss Landscape Sharpness Oscillatory Components

Figure 11: Demonstration of the EOS dynamics of a 2-dimensional depth-4 scalar network as shown
in Equation (6). X; Y axes are the eigenvectors of the Hessian with eigenvalues� 1 and � 2 respec-
tively. Top: when � > 2=� 1, the X component remains �xed, while the Y component oscillates with
a periodicity of 2. Bottom: for � > 2=� 2, the iterates oscillation in both directions.

In Figure 9 and 11, we compared the landscape of DLNs with that of a more complicated non-convex612

function such as the Holder table function. To mimic the DLN, we considered the loss function613

z = L(x; y) = ( x4 � 0:8)2 + ( y4 � 1)2; (6)

which corresponds to a 4-layer network. Here the eigenvector of the Hessian at the global minima614

coincides with the x; y-axis. We calculate the eigenvalues� 1 and � 2 at the minimum (0:80:25; 1) and615

plot the dynamics of the iterates for step size range 2
� 2

> � > 2
� 1

and � > 2
� 2

. When 2
� 2

> � > 2
� 1

the616

x-coordinate stays �xed at the minima 0:80:25 and the y-coordinate oscillates around its minimum at617

y = 1 . This is evident in the landscape �gure. Similarly, when � > 2
� 2

, oscillations occur in both the618

x and y direction. The loss landscapez = L(x; y) does not have spurious local minima, so sustained619

oscillations take place in the loss basin.620

For the non-convex landscape as shown in Figure 9 and 12, we consider the Holder table function:621

f (x; y) = �

�
�
�
�
�
sin(x) cos(y) exp

 

1 �

p
x2 + y2

�

! �
�
�
�
�
:

By observation, we initialize near a sharp minima and run GD with an increasing learning rate step622

size as shown in the lefthand side of Figure 12. When the learning rate is �xed, we observe that623

oscillations take place inside the local valley, but when learning rate is increased, it jumps out of the624

local valley to �nd a �atter basin. Similar to the observations by [1], the sharpness of the GD iterates625

are �regulated� by the threshold 2=� , as it seems to closely follow this value as shown in Figure 12.626

Overall, these examples aim to highlight the di�erence in linear and complex loss landscapes. The627

former consists of only saddles and global minima, and hence (stably) oscillate about the global628
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Figure 12: EOS dynamics at various step learning rates from the Holder table function. Left: plot
of the learning rate steps and sharpness, showing that sharpness follows the EOS limit 2=� . Right:
Plot showing that the iterates catapult out of a local basin when the learning rate is increased and
jumps out to a surface where the sharpness is about 2=� .

minimum. However, in more complicated non-convex landscapes, sharpness regularization due to629

large learning rates enable catapulting to �atter loss basins, where sharpness is smaller than 2=� .630

B.2. Initialization Outside Singular Vector Invariant Set631

In this section, we present an initialization example that is outside the singular vector stationary set.632

We consider the following initialization:633

W L (0) = 0; W ` (0) = � P ` ; 8` 2 [L � 1]; (7)

where P ` 2 Rd� d is an orthogonal matrix. Note that here for ` > 1, the singular vectors do not align634

and lies outside the SVS set we de�ned in Proposition 2. We consider the deep matrix factorization635

problem with a target matrix M ? 2 Rd� d, where d = 100, r = 5 , and � = 0 :01. We empirically636

obtain that the decomposition after convergence admits the form:637

W L (t) = U ?
�
� L (t) 0

0 0

� " 
1Y

i = L � 1

P i

!

V ?

#>

; (8)

W ` (t) =

" 
1Y

i = `

P i

!

V ?

# �
� ` (t) 0

0 � I d� r

� " 
1Y

i = ` � 1

P i

!

V ?

#>

; 8` 2 [2; L � 1]; (9)

W 1(t) = P 1V ?
�
� 1(t) 0

0 � I d� r

�
V ?> ; (10)

where W L (0) = 0 and W ` (0) = � P l , 8` 2 [L � 1]. The decomposition after convergence lies in638

the SVS set as the singular vectors now align with each other. This demonstrates an example where639

even when the initialization is made outside the SVS set, GD aligns the singular vectors such that640

after certain iterations it lies in the SVS set.641

B.3. Balancing of Singular Values642

In this section, we present additional experimental results on Lemma 2 and how close the iterates643

become for di�erent initialization scales. To this end, we consider the same setup from the previous644

section, where we have a target matrix M ? 2 Rd� d, where d = 100, r = 5 , and varying initialization645

� . In Figure 14, we observe that for larger values of � , the balancing quickly occurs, whereas for646

smaller values of � , the balancing is almost immediate. This is to also highlight that our bound on647

� in Lemma 2 may be an artifact of our analysis, and can choose larger values of � in practice.648
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Left Singular Vectors Right Singular Vectors

Figure 13: Empirical veri�cation of the decomposition for initialization with orthogonal matrices
(lying outside SVS set) in that after some GD iterations, the singular vectors of the intermediate
matrices align to lie within SVS set, displaying singular vector invariance.

� = 0 :01 � = 0 :10 � = 0 :30

Figure 14: Observing the balancedness between the singular value initialized to 0 and a singular
value initialized to � . The scattered points are successive GD iterations (going left to right). The
initial gap between the two values is larger for a larger � , but quickly gets closer over more GD
iterations.

Balancing in the Stable Regime. Here, we discuss the di�erence in the balancing of singular values649

within the stable regime versus the EOS regime. In Figure 4, we noted that strict balancing and the650

two-period orbit occur simultaneously, which we used as a basis for considering strict balancing in651

our analyses. However, we observe that strict balancing does not actually occur within the stable652

regime. To illustrate this, we present additional contour plots in Figure 15, following the setup in653

Figure 4. When starting from an unbalanced initialization, GD tends to converge to any solution654

that minimizes the objective function to zero (i.e., � 1� 2 = 5 ), which is not necessarily the balanced655

solution.656

In Figure 16, we plot the balancing gap between the singular value initialized to zero and the one657

initialized to � for �tting a rank- 3 matrix with singular values 10, 9:5, and 9 using a 3-layer DLN.658

In the stable regime, where oscillations do not occur, the balancing gap plateaus. However, when659

the learning rate is large enough to induce oscillations in the �rst singular value of the DLN, the660

balancing gap for the �rst singular value strictly goes to zero. Similarly, when oscillations occur in661

the second singular value, the balancing gap at the second index also goes to zero. This suggests662

that the balancing gap strictly goes to zero only in the presence of oscillations (i.e., within the EOS663

regime).664

We provide intuition for why balancing does not occur in the stable regime as it does in the EOS665

regime. In the proof for Lemma 2, we de�ne the balancing dynamics between singular value � i and666
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