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Abstract

We provide the first generalization error analysis for black-box learning through
derivative-free optimization. Under the assumption of a Lipschitz and smooth
unknown loss, we consider the Zeroth-order Stochastic Search (ZoSS) algorithm,
that updates a d-dimensional model by replacing stochastic gradient directions with
stochastic differences of K + 1 perturbed loss evaluations per dataset (example)
query. For both unbounded and bounded possibly nonconvex losses, we present
the first generalization bounds for the ZoSS algorithm. These bounds coincide
with those for SGD, and they are independent of d, K and the batch size m, under
appropriate choices of a slightly decreased learning rate. For bounded nonconvex
losses and a batch size m = 1, we additionally show that both generalization
error and learning rate are independent of d and K, and remain essentially the
same as for the SGD, even for two function evaluations. Our results extensively
extend and consistently recover established results for SGD in prior work, on both
generalization bounds and corresponding learning rates. If additionally m = n,
where n is the dataset size, we recover generalization guarantees for full-batch GD
as well.

1 Introduction

Learning methods often rely on empirical risk minimization objectives that highly depend on a
limited training data-set. Known gradient-based approaches such as SGD train and generalize
effectively in reasonable time [1]. In contrast, emerging applications such as convex bandits [2—
4], black-box learning [5], federated learning [6], reinforcement learning [7, 8], learning linear
quadratic regulators [9, 10], and hyper-parameter tuning [11] stand in need of gradient-free learning
algorithms [11-14] due to an unknown loss/model or impossible gradient evaluation.

Given two or more function evaluations, zeroth-order algorithms (see, e.g., [14, 15]) aim to estimate
the true gradient for evaluating and updating model parameters (say, of dimension d). In particular,
Zeroth-order Stochastic Search (ZoSS) [13, Corollary 2], [16, Algorithm 1] uses K + 1 function
evaluations (K > 1), while deterministic zeroth-order approaches [5, Section 3.3] require at least
K > d + 1 queries. The optimization error of the ZoSS algorithm is optimal as shown in prior
work for convex problems [13], and suffers at most a factor of y/d/K in the convergence rate as
compared with SGD. In addition to the optimization error, the importance of generalization error
raises the question of how well zeroth-order algorithms generalize to unseen examples. In this paper,
we show that the generalization error of ZoSS essentially coincides with that of SGD, under the
choice of a slightly decreased learning rate. Assuming a Lipschitz and smooth loss function, we
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establish generalization guarantees for ZoSS, by extending stability-based analysis for SGD [1], to
the gradient-free setting. In particular, we rely on the celebrated result that uniform algorithmic
stability implies generalization [1,17, 18].

Early works [17,19-22] first introduced the notion of stability, and the connection between (uniform)
stability and generalization. Recently, alternative notions of stability and generalization gain attention
such as locally elastic stability [23], VC-dimension/flatness measures [24], distributional stability [25—
27], information theoretic bounds [16,28-33] mainly based on assuming a sub-Gaussian loss, as
well as connections between differential privacy and generalization [34-37].

In close relation to our paper, Hardt et al. [1] first showed uniform stability final-iterate bounds
for vanilla SGD. More recent works develop alternative generalization error bounds based on high
probability guarantees [38—41] and data-dependent variants [42], or under different assumptions than
those of prior works such as as strongly quasi-convex [43], non-smooth convex [44—47], and pairwise
losses [48,49]. In the nonconvex case, [50] provide bounds that involve on-average variance of the
stochastic gradients. Generalization performance of other algorithmic variants lately gain further
attention, including SGD with early momentum [51], randomized coordinate descent [52], look-ahead
approaches [53], noise injection methods [54], and stochastic gradient Langevin dynamics [55-62].

Recently, stability and generalization of full-bath GD has also been studied; see, e.g., [63—67]. In
particular, Charles and Papailiopoulos. [64] showed instability of GD for nonconvex losses. Still, such
instability does not imply a lower bound on the generalization error of GD (in expectation). In fact,
Hoffer et al. [63] showed empirically that the generalization of GD is not affected by the batch-size,
and for large enough number of iterations GD generalizes comparably to SGD. Our analysis agree
with the empirical results of Hoffer et al. [63], as we show that (for smooth losses) the generalization
of ZoSS (and thus of SGD) is independent of the batch size.

Notation. We denote the training data-set S of size n as {z; }]_,, where z; are 1.i.d. observations
of a random variable Z with unknown distribution D. The parameters of the model are vectors of
dimension d, denoted by W € R9, and W is the output at time ¢ of a (randomized) algorithm Ag.
The (combined) loss function f(-, z) : R? — R* is uniformly Lipschitz and smooth for all z € Z.
We denote the Lipschitz constant as L and the smoothness parameter by 5. The number of function
(i.e., loss) evaluations (required at each iteration of the ZoSS algorithm) is represented by K 4+ 1 € N.
We denote by A f the smoothed approximation of the loss gradient, associated with parameter . The
parameter 'Y, = /(3d — 1)/K + 1 prominently appears in our results. We denote the gradient of
the loss function with respect to model parameters W, by V f(W, 2) = V., f(w, 2)|w=w. We denote
the mini batch at ¢ by J;, and m = |J;|.

1.1 Contributions

Under the assumption of Lipschitz and smooth loss functions, we provide generalization guarantees
for black-box learning, extending the analysis of prior work by Hardt et al. [1] to the gradient free
setting. In particular, we establish uniform stability and generalization error bounds for the final iterate
of the ZoSS algorithm; see Table 1 for a summary of the results. In more detail, the contributions of
this work are as follows:

* For unbounded and bounded losses, we show generalization error bounds identical to SGD, with
a slightly decreased learning rate. Specifically, the generalization error bounds are independent
of the dimension d, the number of evaluations K and the batch-size m. Further, a large enough
number of evaluations (K) provide fast generalization even in the high dimensional regime.

* For bounded nonconvex losses and single (example) query updates (m = 1), we show that both
the ZoSS generalization error and learning rate are independent of d and K, similar to that of
SGD [1, Theorem 3.8]. This property guarantees efficient generalization even with two function
evaluations.

¢ In the full information regime (i.e., when the number of function evaluations K grow to 00), the
Zo0SS generalization bounds also provide guarantees for SGD by recovering the results in prior
work [1]. Further, we derive novel SGD bounds for unbounded nonconvex losses, as well as
mini-batch SGD for any batch size. Our results subsume generalization guarantees for full-batch
ZoSS and GD algorithms.



Generalization Error Bounds: ZoSS vs SGD

Algorithm Bound NC | UB | MB
Z0SS (this work) 1+ (Cp)~t 1 os
ar < C/(tT%) 7(n L (@+ocrymmendin | /| X | X
SGD, oy < O/t 14+ (CB)~1 A cp
Hardt et al. [1] (n : (20L?) 7777 (eT) oot A A
3e(1+(Cp)~t ?
Z0SS (this work) ( ;nﬂ )7 (1+@2+oCL)T v lox | ox
ar < Cft (independent of both d and K)
Z0oSS (this work) 2+ )CL2
c
log <1+%(r§<71)> Al X v v
o S K n
T8+/(3d—1)/K
SGD, oy < C/T 20L? X | v | v
Hardt et al. [1] 0
ZoSS (this work) (24 c)L2(e“P - 1) s vl
a < C/(TTY) nf
2
Z0SS (this work) M
< log(14+Cp) ) n ) v v v
At = Trprd (proper choice of C' in previous bound)
ZoSS (this work) 24 c)L2(eT)“? . _
a, < C/(t0%) % min{C + =1, Clog(T)} | v | V/ | V

Table 1: A list of the generalization error bounds developed herein for ZoSS (Eq. 6) in comparison

with SGD, with y < ¢LT'%/nB(3 + d)3/2, for ¢ > 0. In the table, “NC” and “UB” stand for
“nonconvex” and “unbounded”, respectively. “MB” corresponds to the mini-batch algorithm and for
any batch size. Also, oy denotes the stepsize of ZoSS/SGD, and T’ the total number of iterations.

2 Problem Statement
Given a data S £ {z;}"_, of i.i.d samples z; from an unknown distribution D, our goal is to find the

parameters w* of a learning model such that w* € arg min,, R(w), where R(w) £ Ez.p[f(w, Z)].
Since the distribution D is not known, we consider the empirical risk

Rg(w) =

S|

> fw, %), (1)
=1

and the corresponding empirical risk minimization (ERM) problem to find w? € arg min,, Rg(w).
For a (randomized) algorithm Ag with input .S and output W = A(S), the excess risk €excess 1S
bounded by the sum of the generalization error €,c,, and the optimization error €qpt,

€oxcess = B A[R(W)] — R(w*) = Eg A[R(W) — Rs(W)] +(Es a[Rs(W)] — R(w*)).  (2)

€gen €opt

To analyze and control €ge,, We prove uniform stability bounds which imply generalization [1,
Theorem 2.2]. Specifically, if for all i.i.d. sequences S, S’ € Z" that differ in one entry, we have
sup, EA[f(A(S), z) — f(A(S), 2)] < €sap, for some egap > 0, then egen < €gap. Because the loss
is L-Lipschitz, e, may then be chosen as Lsupg g Ea (| A(S) — A(S')].

Our primary goal in this work is to develop uniform stability bounds for a gradient-free algorithm Ag
of the form w41 = wy — A fyy,, -, where A fy,, . only depends on loss function evaluations. To
achieve this without introducing unnecessary assumptions, we consider a novel algorithmic stability
error decomposition approach. In fact, the stability error introduced at time ¢ by Ag breaks down into
the stability error of SGD and an approximation error due to missing gradient information. Let G(-)



and G} (-) be the following SGD update rules
Golw) 2w - Vf(w,z,), Ciw)2 w—aVi(w2,), 3)

under inputs S, S’ respectively, and let i; € {1,2,...,n} be a random index chosen uniformly and
independently by the random selection rule of the algorithm, for all ¢ < T'. Similarly we use the

notation G(-) and G’(-) to denote the iteration mappings of Ag, i.e.,
Gi(w) 2w — a;Af Gi(w) 2w —ayAf,, . . 4)

w,Zi, 0

Then, as we also discuss later on (Lemma 1), the iterate stability error G;(w) — G}(w’) of Ag, for
any w,w’ € R? and for all at t < T', may be decomposed as

Gi(w) — GL(w') x Gi(w) — Gy(w') + [V f(w, 2;,) — Afuz ]+ [V, 2,) = Af o ] (9)
—/_/ g t

€GBstab

€est

where egpsap denotes the gradient-based stability error (associated with SGD), and €.y denotes the
gradient approximation error. We now proceed by formally introducing ZoSS.

3 Zeroth-Order Stochastic Search (ZoSS)

As a gradient-free alternative of the classical SGD algorithm, we consider the ZoSS scheme, with
iterates generated according to the following (single-example update) rule

K
1 Wi+ pUL, 2:,) — f(We, 24,
Wt+1=Wt—Oét*§ SOV + pUy, z2) = J (W )U}é, Ui ~N(0,1;), peRT (6)
K= H

where a; > 0 is the corresponding learning rate (for the mini-batch update rule we refer the
reader to Section 5). At every iteration ¢, ZoSS generates K i.i.d. standard normal random vectors
U ]i, k = 1,...,K, and obtains K + 1 loss evaluations on perturbed model inputs. Then ZoSS
evaluates a smoothed approximation of the gradient for some p > 0. In light of the discussion in
Section 2, we define the ZoSS smoothed gradient step at time ¢ as

K
¢ 1 Z Ui, zi,) — ) Zi
Af'KnU' EAJCK’#’U é? f(w—’-,U/ k’Zt) f(w Zt)UII; (7)
k=1

W,Ziy W,Ziy 1

3.1 ZoSS Stability Error Decomposition

To show stability bounds for ZoSS, we decompose its error into two parts through the stability error

decomposition discussed in Section 2. Under the ZoSS update rule, Eq. (5) holds by considering

the directions Af, . and Af,, ., according to ZoSS smoothed approximations (7). Then for any
120t 1%y

w,w' € RY, the iterate stability error G (w) — G (w’) of ZoSS at t, breaks down into the gradient
based error €gpsap and approximation error €.

The error term egpgap €Xpresses the stability error of the gradient based mappings [1, Lemma 2.4]
and inherits properties related to the SGD update rule. The error €. captures the approximation error
of the ZoSS smoothed approximation and depends on K and p. The consistency of the smoothed
approximation with respect to SGD follows from lim gje0, 0 Af 55 = Vf(w,z)forallw € R and
z € Z. Further, the stability error is also consistent since lim g 1oc, 10 leest| = 0. Later on, we use
the ZoSS error decomposition in Eq. (5) together with a variance reduction lemma (Lemma 10), to
derive exact expressions on the iterate stability error G (w) — G'(w') for fixed K and 1 > 0 (see
Lemma 1). Although in this paper we derive stability bounds and bounds on the €gep,, the excess risk
€excess depends on both errors €geq and €qp. In the following section, we briefly discuss known results
on the €y of zeroth-order methods, including convex and nonconvex losses.

3.2 Optimization Error in Zeroth-Order Stochastic Approximation

Convergence rates of the ZoSS optimization error and related zeroth-order variants have been
extensively studied in prior works; see e.g., [14, 15, 68]. For the convex loss setting, when K + 1



function evaluations are available and no other information regarding the loss is given, the ZoSS
algorithm achieves optimal rates with respect to the optimization error €. Specifically, under the
assumption of a closed and convex loss, Duchi et al. [13] provided a lower bound for the minimax

convergence rate and showed that e, = Q(+/d/K), for any algorithm that approximates the gradient
given K + 1 evaluations. In the nonconvex setting Ghadimi et al. [69, 70] established sample
complexity guarantees for the zeroth-order approach to reach an approximate stationary point.

4 Main Results

For our analysis, we introduce the same assumptions on the loss function (Lipschitz and smooth)
as appears in prior work [1]. Additionally, we exploit the n-expansive and o-bounded properties of
the SGD mappings G,(-) and G,(-) in Eq. (3).! The mappings G;(-) and G/(-) are introduced for
analysis purposes due to the stability error decomposition given in Eq. (5) and no further assumptions

or properties are required for the zeroth-order update rules G4 (-) and G/,(-) given in Eq. (4). The
n-expansivity of Gy (+) holds for n = 1 4 Ba if the loss is nonconvex, and ) = 1 if the loss is convex
and oy < 2/ [1, Lemma 3.6]. Note that G¢(-) is always o-bounded (¢ = Lay) [1, Lemma 3.3.].

4.1 Stability Analysis

We derive generalization error bounds through uniform stability. To study the stability of ZoSS, we
apply a variance reduction lemma that we provide in Appendix A. Exploiting the variance reduction
lemma, we show a growth recursion lemma for the iterates of the ZoSS.

Lemma 1 (ZoSS Growth Recursion) Consider the sequences of updates {Gy}i—, and {G'}]_,.
Let wy = w}, be the starting point, w11 = Gy(w;) and w, | = Gi(w}) forany t € {1,...,T}.
Then for any wy, w, € R? and t > 0 the following recursion holds

E[|Gi () - G < { (1 /42 8) o —wil] + (s +d)°"%, i Gul) = Gl
— Ujwe — wh|| 4+ 20 LT + pBa (3 + d)3/2, ifGi(+) £ Gi().

The growth recursion of ZoSS characterizes the stability error that it is introduced by the ZoSS update
and according to the outcome of the randomized selection rule at each iteration. Lemma 1 extends
growth recursion results for SGD in prior work [1, Lemma 2.5] to the setting of the ZoSS algorithm.
If K — oo and p — 0 (while the rest of the parameters are fixed), then Ff( — 1, and the statement
recovers that of the SGD [1, Lemma 2.5].

Proof of Lemma 1. Let S and S’ be two samples of size n differing in only a single example, and let
G+(-), G4(-) be the update rules of the ZoSS for each of the sequences S, S’ respectively. First under
the event & 2 {G,(-) = G} ()} (see Eq. (4)), by applying the Taylor expansion there exist vectors
Wit , and W, , with j® coordinates in the intervals (w4 uU, ]g;t)) U (w4 uU, ,Ejt) ,w?) and
(w;(j w9+ o)) U (w,/f(j) +pU ,gjt) L w )), respectively, such we find that for any wy, w, € R?
it is true that

ét(wt) — é;(wg) = ét(wt) - Gt(wé)

=

(67
=wi—wi = 52 > (Vfwe2,) = VF(wl,2,), UDU ®)
k=1

X
K

k=1

=w; — V f(wg, zi,) — (W — a;V f(wy, 2,))

G(wy) G’ (w})=G(wy)

K
o Qi H
(BUI fw, 5 wmwz, UL) UL+ > (SURVE f(w, 20y UE) UL

' [1, Definition 2.3]: An update rule G(-) is n-expansive if ||G(w) — G(w')|| < 7n]w — w’| for all
w,w € RE I |jw — G(w)]| < o then it is o-bounded.



M=

oy oy W
*}Z( V2 Fw. 2 wmwy U ) UL+ 527 (SUEVEf(w,20) oy UL ) U

E
H
>
Il

1
e g LAV twn) = VF s DU~ (V) - V() ©)
k=1

We find (9) by adding and subtracting a;V f (wy, 2;,) and oV f(wy, 2;,) in Eq. (8). Recall that U}
are independent for all £ < K, ¢t < T and that the mappings G(-) and G'(+) defined in Eq. (9), are
n-expansive. The last display and the triangle inequality give

E[[|Gy(w:) — Gi(w))|]
< (|G (wy) — ||+2°”Z“5 E [|UL] \/—E[nwmt,m Vf(w),zi,)ll] (10)

2c ,uB 3d—1
< 1wy — wf +—tZ E [|UEIP] + ) = Bllwe — w}]| (11)

3d -1
- (Hat Kﬂ> e = will + pBow (3 + d)*/?, (12)

where (10) follows from (9) and Lemma 10, and for (11) we applied the n-expansive property of G(-)
(see [1, Lemma 2.4 and Lemma 3.6]) and the 3-smoothness of the loss function.? Finally (12) holds
since the random vectors U} ~ N(0, I,) are identically distributed for all £ € {1,2,..., K} and

E||UL|1P < (3 + d)®/2. Eq. (12) gives the first part of the recursion.
Similar to (9), under the event £f £ {Gt() # C;';()} we find
ét(wt) - éé(wé)
=wy — ¢V f(wy, Zit) - (wé - atvf(w7/t7 Z;))

G(wy) G’ (wy)
oy & oy & U
. - t t . St [l 2 / Tt t
K a ( wvzlt)|w:Wgthk> UkJFK;(QU x Vi f(w, z,)|w:W,l7tUk> Uy
( Vf (w5 = V0l ) OO0 = (V) = THi ). (3)

By using the last dlsplay, triangle inequality, Lemma 10 and /3-smoothness, we find

E[||G:(we) — Ge(wp)]

20ét
< 1Gwe) - G (w))| + Z“ﬂ EIULIP) + e/ S BV S e, 200~V f(wf, )]

2
< min{n, 1}6, + 201 + —ot Z MO UL 17] + 2L (14)

a

< 8 + 20, LT +uﬁat(3+d>3/2, (15)
where (14) follows from the triangle inequality and L—Lipschitz condition, while the upper bound

on |G(wt) — G'(w})|| comes from [1, Lemma 2.4]. Finally, (15) holds since n > 1 for both convex

and nonconvex losses, o, = Loy and E||UE||® < (3 + d)*/? forall k € {1,..., K}. This shows the
second part of recursion. |

For sake of brevity, let Z be an adapted stopping time that corresponds to the first iteration index that
the single distinct instance of the two data-sets S, S’ is sampled by ZoSS. For any ¢ € {0,1,...,n}

we define the event s, 2 {T > ty} = {dy, = 0}. The next result provides the stability bound.

*Forall z € Z and W € R? it s true that | V2, f(w, 2)|w=w|| < B.



Lemma 2 (ZoSS Stability | Nonconvex Loss) Assume that the loss function f (-, z) is L-Lipschitz
and B-smooth for all z € Z. Consider the ZoSS algorithm (6) with final-iterate estimates W and
W, corresponding to the data-sets S, S’, respectively (that differ in exactly one entry). Then the

discrepancy 61 £ | W — WE,

,» satisfies the inequality

E[6T|55t0}§( Lr§<+ B3+d3/2> Z o H <1+6ajrf;< (1—i)) (16)

t=to+1  j=t+1

The corresponding bound of Lemma 2 for convex losses is slightly tighter than the bound in (16).
Since the two bounds differ only by a constant, the consequent results of Lemma 2 are essentially
identical for convex losses as well. We provide the equivalent version of Lemma 2 for convex losses
in Appendix B.

Proof of Lemma 2. Consider the events & 2 {G,(-) = G4(-)} and £F £ {G(-) # G4(-)} (see
Eq. (4)). Recall that P(&;) =1 — 1/n and P(&F) = 1/n for all t < T For any to > O a direct
application of Lemma 1 gives

E[6141/Es,,] = P(EDE[0¢11[Er, Es, ] + P(EF)E[0e41|EF, Es, ]

1 1
= <1 — ) ]E[5t+1|gt78510} + E]E[6t+1|gtc755to}

<77 +aff <1 —n—ap ?le—1>> E[0:[Es,,]

20 L
T 4 By (3 4 d)*2. (17)

+

With R; £ (n 4+ aB(T% — 1) 4+ (1 —n — auB(I'% — 1)) /n) solving the recursion in (17) gives

E[67|Es,,] < <2L + [33+d3/2> Z o H R;. (18)

t=to+1  j=t+1

We consider the last inequality for nonconvex loss functions with = 1 + Say and convex loss
functions with = 1 to derive Lemma 2 and Lemma 11 respectively (Appendix B). (]

4.2 Generalization Error Bounds

For the first generalization error bound, we evaluate the right part of the inequality (16) for decreasing
step size and bounded nonconvex loss. Then the Lipschitz condition provides a uniform stability
condition for the loss and yields the next theorem.

Theorem 3 (Nonconvex Bounded Loss | Decreasing Stepsize) Assume that the loss f(-,z) €
[0,1] is L-Lipschitz and -smooth for all z € Z. Consider the ZoSS update rule (6) with T
the total number of iterates, a; < C’/tF‘;( for some (fixed) C' > 0 and for all t < T, and fixed
< cLF}l(/nﬂ(?) + d)3/? for some ¢ > 0. Then the generalization error of ZoSS is bounded by

- B
o] < (@+aCL) T (nyer 81 0 (24 L2\ T (19)
gen| > n ) 50% eT

1+ (@7 (@+9CL?) (1) 20)

n

Inequality (19), as a tighter version of (20), provides a meaningful bound in marginal cases, i.e.,
2+ ¢)CL? eT
limE — . < @+CL” 1 — ], 1. 21
i E1Wr, )~ £V 2] < S0 o (552 ) 1) @

By neglecting the negative term in (19) we find (20), that is the ZoSS equivalent of SGD [1, Theorem
3.8]. When K — oo and ¢ — 0, then F‘Ii( — 1, and the inequalities (19), (20) reduce to a



generalization bound for SGD. Inequality (20) matches that of [1, Theorem 3.8], and (19) provides a
tighter generalization bound for SGD as well. We show Theorem 3 in Appendix A.

Next, we provide a bound on the generalization error for nonconvex losses that comes directly from
Theorem 3. In contrast to Theorem 3, the next result provides learning rate and a generalization error
bounds, both of which are independent of the dimension and the number of function evaluations.

Corollary 4 Assume that the loss function f(-, z) € [0, 1] is L-Lipschitz and 3-smooth for all z € Z.
Consider the ZoSS update rule (6) with i < cLT% /(nB(3 4+ d)>/2), T the total number of iterates,
and oy < C/t for some (fixed) C > 0 and for all t < T. Then the generalization error of ZoSS is
bounded by

legen| < (14 (60)‘1)2 (14 (24 ¢)CL?) 32—1: (22)

As a consequence, even in the high dimensional regime d — oo, two function evaluations (i.e.,
K = 1) are sufficient for the ZoSS to achieve €z, = O(T'/n), with the learning rate being no smaller
than that of SGD. We continue by providing the proof of Theorem 3. For the proof of Corollary 4,
see Appendix A.3.

In light of Theorem 3 and Corollary 4, we observe that the over-fitting phenomenon occurs in the
gradient-free approach similarly to gradient-based algorithms. For general nonconvex (and convex)
losses under standard step-size choices, the generalization error increases with respect to T'. Further,
the effect of /3 affects both the stability (similarly to SGD in prior work) of the algorithm and the
error approximation of the ZoSS. If 3 is large, then the expected approximation error (due to limited
function evaluations) is also large [15] and the dependence on smoothness is unavoidable in black-
box learning. In our results, this is expressed through the Growth Recursion of ZoSS (Lemma 2),
that involves both the stability and approximation error per iteration. However, a smaller step-size
(i = 1/2tBT'% ) mitigates the effect of 3 on the bound. We refer the reader to Appendix E for a
unified analysis of the excess risk, that captures the over-fitting and under-fitting trade-off.

Additionally, the number of iterations 7" is considered to be fixed and known (as in prior works
including on average and high probability results on generalization). This is reasonable and quite
standard because given the theoretical results, we know beforehand the appropriate choices of 1" that
provide a good trade-off between generalization and optimization. A classical setting is that of a fixed
step-size ay = 1/T with T = \/n, which provides the well known generalization error bound for
SGD with order O(1/+/n), as appears in very recent and timely prior works [32, Section 3.1], [45].

In the unbounded loss case, we apply Lemma 2 by setting ¢ty = 0 (recall that £, is a free parameter,
while the algorithm depends on the random variable 7). The next result provides a generalization
error bound for the ZoSS algorithm with constant step size. In the first case of the theorem, we
also consider the convex loss as a representative result, as we show the same bound holds for an
appropriate choice of greater learning rate than the learning rate of the nonconvex case. The convex
case for the rest of the results of this work can be similarly derived.

Theorem 5 (Unbounded Loss | Constant Step Size) Assume that the loss f(-, z) is L-Lipschitz, 3-
smooth for all z € Z. Consider the ZoSS update rule (6) with i < cLT'% /(nB(3 + d)3/?) for some
¢ > 0. Let T be the total number of iterates and for any t < T,
o if f(-,2) is convex for all z € Z and oy < min{log (1+CB(1—1/T'%))/TB(I% —1),2/8}, or
if f(-,z) is nonconvex and oy, < log (1+ CB)/TBT%, for C > 0 then
(24 ¢)CL?

[egen| < =, (23)

* if f(-, 2) is nonconvex and ay < C/TFd , for some C' > 0, then
L2 (24¢) (%% — 1)
np
For the proof of Theorem 5 see Appendix A.4. In the following, we present the generalization error
of ZoSS for an unbounded loss with a decreasing step size. Recall that the results for unbounded

nonconvex loss also hold for the case of a convex loss with similar bounds on the generalization error
and learning rate (see the first case of Theorem 5).

. (24)

|€gen| <



Theorem 6 (Unbounded Loss | Decreasing Step Size) Assume that the loss [ (-, z) is L-Lipschitz,
B-smooth for all z € Z. Consider ZoSS with update rule (6), T the total number of iterates,
oy < C/tTY for allt < T and for some C > 0, and i < cLT'% /(nB(3 + d)*/?) for some ¢ > 0.
Then the generalization error of ZoSS is bounded by

(2 + ¢)L2(eT)CP

min {C + 6871, C’log(eT)} . (25)

|€gen| <
For the proof of Theorem 6 see Appendix A.5. Note that the constant C' is free and controls
the learning rate. Furthermore, it quantifies the trade-off between the speed of training and the
generalization of the algorithm. In the next section, we consider the ZoSS algorithm with a mini-

batch of size m for which we provide generalization error bounds. These results hold under the
assumption of unbounded loss and for any batch size m including the case m = 1.

5 Generalization of Mini-Batch ZoSS

For the mini-batch version of ZoSS, at each iteration ¢, the randomized selection rule (uniformly)
samples a batch J; of size m and evaluates the new direction of the update by averaging the smoothed

approximation A f gf over the samples z € J; as

i f(w + /’LUlz,zW ZJt,i) - f(w7 ZJt,i)
m

Ky _ A pKupU' a1
Afw,Jt = Afw,,]t - mK

7

Ui i, (26)

m
=1 k=1

where U,i’i ~ N(0,1,) are i.i.d. (standard normal), and y € R*. The update rule of the mini-
batch ZoSS is Wiy = Wy — ay Afy"; forall t < T, and we define Gy, (w) £ w — oy Af Y

w,Jy?
é}t,(w) L w— oA ff,f_"’;t, for J; C S and J] C S’ respectively. Due to space limitation, we refer the
reader to Appendix C for the detailed stability analysis of ZoSS with mini-batch. Specifically, we
prove a growth recursion lemma for the mini-batch ZoSS updates (see Appendix C.1 for proof).

Lemma 7 (Mini-Batch ZoSS Growth Recursion) Consider the sequences of updates {Gy,}1_,
and {G} }1_y and pu < cLT'% /(nB(3 + d)*/?). Let wo = w}, be the starting point, wi1 = Gy, (wy)
and wy | = G’}f (wy) for any t € {1,...,T}. Then for any w;,w, € R% and t > 0 the following
recursion holds

B[ Gi, (wr) — G, (w)) ] < {(1 + Baale) 8 + 2T if G, () = G, ()

(1+ 2 Boul) 6 + 2T + SEBTS if Gy, (1) # 63, ()

Although the iterate stability error (at time t) in the growth recursion depends on the batch size m
under the event {Gy, (-) # G, ()}, the stability bound on the final iterates is independent of m, and
coincides with the single example updates (m = 1, Lemma 2). Herein, we provide an informal
statement of the result.

Lemma 8 (Mini-Batch ZoSS Stability | Nonconvex Loss) Consider the mini-batch ZoSS with any

batch size m < n, and iterates Wy 1 = W; — atAfg’t“Jt, Wi =W/ - atAfg’,“J,,for allt <T,
’ trvt

with respect to the sequences S, S’. Then the stability error 0T satisfies the inequality of Lemma 2.

We refer the reader to Appendix Section C.1, Theorem 14 for the formal statement of the result.?
Through the Lipschitz condition of the loss and Lemma 8, we show that the mini-batch ZoSS enjoys
the same generalization error bounds as in the case of single-query ZoSS (m = 1). As a consequence,
the batch size does not affect the generalization error.

Theorem 9 (Mini-batch ZoSS | Generalization Error) Let the loss function f(-, z) be L-Lipschitz
and [B-smooth (possibly nonconvex, possibly unbounded) for all z € Z. Then the bounds of Theorem

5 and Theorem 6 hold for the mini-batch ZoSS with iterate Wy, = W, — atAf‘If[;t’th,for allt <T
and any batch size m < n.

3As in the single-query (mm = 1) ZoSS, under the assumption of convex loss, the stability error of mini-batch
ZoSS satisfies the inequality (46), Appendix B, Lemma 11.



By letting K — oo and ¢ — 0, the generalization error bounds of mini-batch ZoSS reduce to those of
mini-batch SGD, extending results of the single-query (m = 1) SGD that appeared in prior work [1].
Additionally, once K — oo, ¢ — 0 and m = n we obtain generalization guarantees for full-batch GD.
For the sake of clarity and completeness we provide dedicated stability and generalization analysis of
full-batch GD in Appendix D, Corollary 15.

6 Discussion: Black-box Adversarial Attack Design and Future Work

A standard, well-cited example of ZoSS application is adversarial learning as considered in [5],
when the gradient is not known for the adversary (for additional applications for instance feder-
ated/reinforcement learning, linear quadratic regulators; see also Section 1 for additional references).
Notice that the algorithm in [5] is restrictive in the high dimensional regime since it requires 2d
function evaluations per iteration. In contrast, ZoSS can be considered with any K > 2 functions
evaluations (the trade-off is between accuracy and resource allocation, which is also controlled
through K). If K = d + 1 evaluations are available we recover guarantees for the deterministic
zeroth-order approaches (similar to [5]).

Retrieving a large number of function evaluations often is not possible in practice. When a limited
amount of function evaluations is available, the adversary obtains the solution (optimal attack) with
an optimization error that scales by a factor of y/d/ K, and the generalization error of the attack is
of the order v/T'/n under appropriate choices of the step-size, the smoothing parameter 1 and K.
Fine tuning of the these parameters might be useful in practice, but in general /& should be chosen as
large as possible. In contrast, ;2 should be small and satisfy the inequality p < cLT'% /n3(3 + d)?’/ 2
(Theorem 6). For instance, in practice  is often chosen between 10~ '° and 10_8K (or even lower)
and the ZoSS algorithm remains (numerically) stable.

For neural networks with smooth activation functions [71-73], the ZoSS algorithm does not require
the smoothness parameter /3 to be necessarily known, however if 3 is large then the guarantees of
the estimated model would be pessimistic. To ensure that the learning procedure is successful, the
adversary can approximate (3 (since the loss is not known) by estimating the (largest eigenvalue of
the) Hessian through the available function evaluations [74, Section 4.1].

Although the non-smooth (convex) loss setting lies out of the scope of this work, it is expected to
inherit properties and rates of the SGD for non-smooth losses (at least for sufficiently small smoothing
parameter p). In fact, [45, page 3, Table 1] developed upper and lower bounds for the SGD in the
non-smooth case, and they showed that standard step-size choices provide vacuous stability bound.
Due to these inherent issues of non-smooth (and often convex only cases), the generalization error
analysis of ZoSS for non-smooth losses remains open. Finally, information-theoretic generalization
error bounds of ZoSS can potentially provide further insight into the problem, due to the noisy
updates of the algorithm, and consist part of future work.

7 Conclusion

In this paper, we characterized the generalization ability of black-box learning models. Specifically,
we considered the Zeroth-order Stochastic Search (ZoSS) algorithm, which evaluates smoothed
approximations of the unknown gradient of the loss by only relying on K + 1 loss evaluations. Under
the assumptions of a Lipschitz and smooth (unknown) loss, we showed that the ZoSS algorithm
achieves the same generalization error bounds as that of SGD, while the learning rate is slightly
decreased compared to that of SGD. The efficient generalization ability of ZoSS, together with strong
optimality results related to the optimization error by Duchi et al. [13], makes it a robust and powerful
algorithm for a variety of black-box learning applications and problems.
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