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The Muon optimizer has rapidly emerged as a powerful, geometry-aware alterna-
tive to AdamW, demonstrating strong performance in large-scale training of neural
networks. However, a critical theory-practice disconnect exists: Muon’s efficiency
relies on fast, approximate orthogonalization, yet all prior theoretical work ana-
lyzes an idealized, computationally intractable version assuming exact SVD-based
updates. This work moves beyond the ideal by providing the first analysis of the
inexact orthogonalized update at Muon’s core. We develop our analysis within the
general framework of Linear Minimization Oracle (LMO)-based optimization, in-
troducing a realistic additive error model to capture the inexactness of practical
approximation schemes. Our analysis yields explicit bounds that quantify per-
formance degradation as a function of the LMO inexactness/error, δ. We reveal a
fundamental coupling between this inexactness and the optimal step size and mo-
mentum: lower oracle precision requires a smaller step size but larger momentum
parameter. These findings elevate the approximation procedure (e.g., the num-
ber of Newton-Schulz steps) from an implementation detail to a critical parameter
that must be co-tuned with the learning schedule. NanoGPT experiments directly
confirm the predicted coupling, with optimal learning rates clearly shifting as ap-
proximation precision changes.

1. Introduction
For over a decade, the landscape of deep learning optimization has been dominated by adaptive
first-order methods, with AdamW [Kingma and Ba, 2015, Loshchilov and Hutter, 2019] serving as
the de facto standard for training large and complex neural networks. Its robustness and general
effectiveness have powered progress across numerous domains. Yet a new class of geometry-aware
optimizers has recently emerged, challenging this paradigm. Among them, Muon [Jordan et al.,
2024b] has quickly gained prominence as a successor to AdamW. By leveraging matrix structure
in neural network parameters, Muon has demonstrated superior performance and scalability, set-
ting new training speed records for models like nanoGPT [Jordan et al., 2024a] and enabling the
efficient training of state-of-the-art Large Language Models (LLMs), such as Kimi from Moonshot
AI [Bai et al., 2025]. Benchmarking studies consistently show that Muon can be significantly more
computationally efficient than AdamW [Liu et al., 2025, Shah et al., 2025, Wen et al., 2025].
However, a critical disconnect lies at the heart of Muon’s success. The practical efficiency of the opti-
mizer is entirely predicated on its use of fast, approximate orthogonalizationmethods, most notably
the Newton-Schulz iteration [Jordan et al., 2024b]. This iterativematrix-multiplication-based proce-
dure provides a computationally cheapway to approximate the orthogonal factor of amatrix’s polar
decomposition, avoiding a full Singular Value Decomposition (SVD) which would be prohibitively
expensive [Grishina et al., 2025]. Yet, a significant gap exists between this practical implementation
and its theoretical understanding. All prior theoretical analyses of Muon [e.g., Li and Hong, 2025,
Shen et al., 2025, Chen et al., 2025] have studied an idealized, computationally intractable version of
the algorithm. In fact, these studies assume access to an exact orthogonalization oracle that com-
putes the perfect SVD-based update. Hence, the existing theory describes an algorithm that is never
actually used in practice, leaving the real-world performance of Muon potentially unexplained.
Thisworkmoves beyond the ideal to provide the first theoretical analysis of the inexactMuonupdate.
We situate our analysis within the general framework of Linear Minimization Oracle (LMO)-based
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optimization [Pethick et al., 2025b], also known as the Frank-Wolfe framework [Frank and Wolfe,
1956, Hazan, 2008, Clarkson, 2010, Jaggi, 2013]. This perspective frames the core Muon operation as
an LMO call over the unit ball with respect to the spectral norm. To account for the realities of prac-
tical computation, we introduce a realistic additive error model. This model is directly motivated
by the behavior of practical approximation schemes like Newton-Schulz, allowing us to capture the
inexactness inherent in any efficient implementation. By analyzing the algorithm under this inexact
LMO, we bridge the critical gap between theory and practice.

1.1. Contributions
Our main contributions to the theory and practice of LMO-based optimizers are:
•The first analysis of the practical (inexact)Muon update. Wepresent the first formal convergence
analysis for LMO-based methods with an inexact oracle under a realistic additive error model (As-
sumption 1). Our general framework provides the first theoretical guarantees for the implemented
Muon update, moving beyond prior works that exclusively analyzed an idealized, intractable ver-
sion of the algorithm.
• Uncovering a fundamental hyperparameter coupling. Our analysis reveals that the LMO inex-
actness, δ, is a critical parameter that alters the optimization dynamics. We derive explicit formulas
for the step size (γ∗ ∝ (1 + δ)−1/4) and momentum (α∗ ∝

√
1 + δ) in the stochastic setting (Corol-

lary 3), uncovering a crucial coupling: a less precise LMO (larger δ) requires a smaller learning rate
but a largermomentumparameter. This elevates the approximation quality from an implementation
detail to a core hyperparameter.
• Comprehensive theoretical framework. We establish convergence rates for both deterministic
and stochastic settings, with extensions to the (L0, L1)-smoothness model [Zhang et al., 2020] and
a layer-wise setting [Riabinin et al., 2025]. These results tightly generalize prior work, exactly re-
covering the rates for exact LMOs when the inexactness is set to zero.
• Empirical validation. We validate our key theoretical predictions with experiments on CIFAR-10
and NanoGPT. We confirm that performance degrades as LMO precision decreases and, crucially,
our experiments with NanoGPT (Figure 1b) provide clear empirical evidence for the predicted hy-
perparameter coupling, showing that the optimal learning rate shifts to a lower value when a less
precise LMO is used.

1.2. Related work
We survey the key developments toward a theoretical understanding of Muon.
The conceptual basis for Muon’s orthogonalized update was introduced by Jordan et al. [2024b] and
theoretically motivated by Bernstein and Newhouse [2024], who showed that the preconditioned
update of a simplifiedShampoo optimizer is equivalent to steepest descent under the spectral norm.
The first formal convergence analyses for Muon sought to connect it to existing theoretical frame-
works. Notably, Li andHong [2025] provided an initial convergence guarantee by viewing theMuon
update as a matrix-based generalization of normalized SGD with momentum, building upon the
analysis of Cutkosky and Mehta [2020].
Following these initial results, two powerful and unifying frameworks emerged concurrently, pro-
viding a more general perspective. Pethick et al. [2025b] introduced the Scion framework, which
situatesMuonwithin the broader class ofmethods based on the LinearMinimizationOracle (LMO),
a core component of the Frank-Wolfe algorithm [Frank and Wolfe, 1956]. Independently, Kovalev
[2025] developed a non-Euclidean trust-region interpretation, also for arbitrary norms. Both frame-
works successfully recover the idealized Muon update as a special case when the spectral norm is
chosen, and provided the first general convergence guarantees for this class of optimizers.
An idealized trust-region method, called the ball-proximal (“broximal”) point method (BPM) was
concurrently developed by Gruntkowska et al. [2025b]. BPM has remarkable theoretical guarantees
for convex optimization—it converges in finitely many steps, and has linear rate independent of
the condition number, with the geometric factor improving in each iteration—without requiring
differentiability, finite-valuedness, or strong convexity. Moreover, the method provably converges
to the global minimizer for a certain class of non-convex problems. A non-Euclidean variant was
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recently proposed and analyzed by Gruntkowska and Richtárik [2025], with the non-Euclidean
norm playing the role of a hyper-parameter performing a form of geometric preconditioning. Muon
can be seen as an approximate version of non-Euclidean BPM for a specific norm choice, where the
broximal operator is applied to a stochastic linear approximation of the loss instead of the original
loss, with momentum added to the mix as a means of handling stochastic noise.
Subsequent work has focused onmaking these general frameworksmore reflective of practical deep
learning scenarios. The Gluon framework of Riabinin et al. [2025] extended the analysis to a more
realistic layer-wise setting and introduced a generalized non-Euclidean smoothness model to better
capture the heterogeneous structure of neural networks. Concurrently, Pethick et al. [2025c] in-
troduced a clipped Scion variant that provides guarantees under a similar generalized smoothness
condition. Further, Gruntkowska et al. [2025c] have shown that itmay be theoretically suboptimal to
update all the layers of a neural network in each iteration, and as a remedy, proposed and analyzed
(also under generalized smoothness) the Drop-Muon method, showing wall-clock improvements
on toy networks.
An extension of Muon to the distributed setting, with support for communication compression,
error-feedback and generalized smoothness, was developed by Gruntkowska et al. [2025a], who
proposed the EF21-Muon method. The MuonBP method of Khaled et al. [2025] proposes to apply
orthogonalization independently to matrix shards on each device, while periodically performing
full orthogonalization to maintain training stability at scale.
Despite all this theoretical understanding, all prior works share a critical limitation: they analyze an
idealized algorithm that assumes access to an exact, error-free LMO. This is a significant gap, as the
practical efficiency and success of Muon are entirely predicated on the use of fast but approximate
solvers for the orthogonalized update. The concept of spectral descent and orthogonalized updates
has historical roots in deep learning [Carlson et al., 2015a, 2016, 2015b, Tuddenham et al., 2022], but
the consequences of its inexact computation in modern optimizers have, to our knowledge, never
been analyzed. Our work is the first to address this fundamental disconnect between theory and
practice.

2. From Idealized Theory to Practical Implementation
We begin by formalizing the class of algorithms our analysis covers, starting from the Muon opti-
mizer.
The idealized update Muon [Jordan et al., 2024b] is matrix-aware, leveraging the geometric struc-
ture of two-dimensional weight parameters (W ∈ Rn×m). Instead of element-wise scaling as in
AdamW, Muon applies momentum and then performs an orthogonalization step on the resulting
update matrix. The idealized update has the form

Mk = αMk−1 + (1− α)Gk, Dk = T (Mk),

Xk+1 = Xk − γkDk,

where Gk is a stochastic gradient, γk > 0 is the step size,Mk is the momentum matrix, α > 0 is the
momentum parameter, and T (·) represents the projection onto the set of orthogonal matrices.
As shown by Bernstein and Newhouse [2024], this update is equivalent to performing steepest
descent with respect to the spectral norm geometry, ∥ · ∥ := ∥ · ∥sp. Given a gradient matrix G, the
steepest descent direction under this norm is equal to

argmin
{
⟨G,D⟩ : ∥D∥sp ≤ 1

}
. (1)

The solution to (1) is the orthogonal polar factor of the negative gradient,D = polar(−G). If the SVD
of the gradient isG = USV ⊤, then the solution isD = −UV ⊤. This idealizedupdate direction forms
the theoretical basis of the Muon optimizer. In its practical implementation, the computationally
expensive polar decomposition is approximated by the efficient, SVD-free Newton-Schulz iteration.
This practical algorithm demonstrated remarkable empirical success, but was introduced without
a formal convergence analysis.
Subsequently, Pethick et al. [2025b] (using the Linear Minimization Oracle (LMO) framework) and
Kovalev [2025] (via a non-Euclidean trust-region framework) provided the first meaningful con-
vergence guarantees for this type of update. These frameworks consider a general update of the
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form2 xk+1 = xk + γkdk, where the direction dk is the solution to the LMO
dk := argmin

{〈
mk, d

〉
: ∥d∥ ≤ 1

}
, (2)

where mk is the momentum term, ⟨·, ·⟩ refers to an inner product (trace inner product in matrix
spaces), and ∥ · ∥ refers to an arbitrary, possibly non-Euclidean norm. These analyses recover the
idealized Muon update when ∥ · ∥ is chosen as the spectral norm.
The practical imperative of approximation While these frameworks provide invaluable insight,
they analyze an idealized algorithm that is never run in practice. For many norms, such as the ℓ∞
norm in SignSGD, the LMO in (2) can be computed exactly and with minimal overhead. For the
spectral norm, however, the exact LMO solution requires a full, prohibitively expensive, SVD.
This computational bottleneck makes the practical implementations of Muon entirely dependent
on approximate updates. The original optimizer employs 5 steps of the Newton-Schulz iteration
[Higham, 2008], a matrix polynomial-based method that efficiently approximates the polar fac-
tor using only fast matrix-matrix multiplications [Jordan et al., 2024b]. The importance of this ap-
proximation is underscored by an active line of research into developing superior iterative schemes
[Cesista et al., 2025], such as PolarExpress [Amsel et al., 2025] and CANS [Grishina et al., 2025],
which offer better error guarantees or faster convergence. This highlights a crucial fact: the algo-
rithm achieving state-of-the-art results is not the idealized one, but one of its many possible inexact
instantiations. Yet, all prior theoretical work has analyzed the idealized case, assuming access to an
error-free LMO.
Modeling inexactness To bridge this theory-practice divide, we must first establish a realistic
model for the error produced by the LMO approximation. We replace the exact direction dk in
the update rule with an inexact direction d̂k, which is assumed to satisfy the following assumption.

Assumption 1 (Inexact LMO). Let dk be the exact solution to (2). The inexact solution d̂k is assumed to
satisfy an additive error bound for some δk ≥ 0:

∥d̂k − dk∥ ≤ δk. (3)

This assumption is not arbitrary; it is directly motivated by the convergence guarantees of the it-
erative methods used in practice. Algorithms like Newton-Schulz and PolarExpress produce an
approximation whose error decreases with the number of iterations performed. Specifically, Amsel
et al. [2025] prove that PolarExpress satisfies an error bound of the form ∥d̂k−dk∥ ≤ C|1−l|p, where
l < 1 and p is determined by the number of iterations (see Appendix A for details). Since these
methods are always run for a small, fixed number of steps in practice (e.g., five steps in the stan-
dard Muon implementation [Jordan et al., 2024b]), their final error is bounded by a constant. Our
parameter δk models this error, allowing our analysis to capture the behavior of the implemented
algorithm. A key feature of our analysis is that we do not assume the output d̂k to be feasible, i.e.,
we do not assume ∥d̂k∥ ≤ 1, which is a realistic property of these approximation schemes.

3. Main Theoretical Results
Having established the practical importance of the inexact LMO, we now develop a theoretical
framework for analyzing its impact on convergence. Our analysis is general and holds for any norm
∥ · ∥. We consider the unconstrained optimization problem

min {f(x) : x ∈ X} , (4)
where (X , ∥ · ∥) is a normed space. We will use the following standard assumption on the objective
function.
Assumption 2. The objective function f : X → R is continuously differentiable and its gradient ∇f is
Lipschitz continuous with constant L ≥ 0 with respect to the norm ∥ · ∥. This means for any x, y ∈ X we
have

∥∇f(x)−∇f(y)∥⋆ ≤ L∥x− y∥,
where ∥ · ∥⋆ is the dual norm of ∥ · ∥. Furthermore, we assume that f is bounded below by f∗ > −∞.

2From now on, we drop the upper-casematrix notation in favor of simpler, lower-case vector-space notation.
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We begin with the deterministic setting to build intuition, before moving to the full stochastic anal-
ysis with momentum.

3.1. Deterministic case
In the deterministic setting, we analyze the update

xk+1 = xk + γkd̂k, (5)

where γk > 0 is the step size and d̂k is the output of an inexact LMO for the gradient gk := ∇f(xk),
i.e.,

d̂k ≈ argmin
{〈

gk, d
〉

: ∥d∥ ≤ 1
}
.

The inexact direction d̂k is assumed to satisfy Assumption 1 with some inexactness level δk ≥ 0. We
now state our first convergence result for this method.
Theorem 1 (General Result). Let Assumption 2 hold. Let the sequence {xk}K−1

k=0 be generated by the update
rule (5) with step sizes γk > 0. Assume the inexact LMO satisfies Assumption 1 with δk < 1 for all k and
let∆0 := f(x0)− f∗. Then, afterK iterations,

min
0≤k<K

∥∥∇f(xk)
∥∥
⋆
≤

∆0 + L
2

∑K−1
k=0 (γk)2(1 + δk)

2∑K−1
k=0 γk(1− δk)

.

Theorem 1 provides a general convergence guarantee that explicitly characterizes how the interplay
of step sizes {γk} and inexactness levels {δk} affects convergence. The bound reveals that inexact-
ness degrades performance in two ways: the numerator is amplified by a (1+ δk)

2 factor due to the
potential infeasibility of the update, while the denominator, representing total progress, is dimin-
ished by a (1− δk) factor. Condition δk < 1 is mathematically necessary to ensure that the denomi-
nator is positive, which guarantees that the algorithm makes progress on average. As shown in the
proof (see Appendix B), this condition is required for the per-iteration descent property and is sat-
isfied by practical approximation schemes like PolarExpress [Amsel et al., 2025]. To gain clearer,
quantitative insights into these trade-offs, we next analyze the important special case of constant
parameters.
Corollary 1 (Constant Parameters). Under the conditions of Theorem 1, if the step size is constant, γk =
γ > 0, and the LMO error is constant, δk = δ < 1, for all k, then after K iterations we have

1

K

K−1∑
k=0

∥∥∇f(xk)
∥∥
⋆
≤ ∆0

Kγ(1− δ)
+

Lγ(1 + δ)2

2(1− δ)
.

Corollary 1 simplifies the general bound, making the trade-offs more apparent. The bound consists
of two terms that exhibit the classical trade-off in the choice of step size γ: a larger γ reduces the first
term but increases the second. This structure implies that an optimal convergence rate is achieved
when the step size is of the order O(1/

√
K), which balances these two terms.

The inexactness level δ degrades both terms in the bound. They are each amplified by a factor of
1/(1−δ), which arises from the reduced quality of the descent direction. The second term is further
penalized by a (1 + δ)2 factor, which quantifies the cost of potential infeasibility of the update step.
Our analysis is general, holding for any norm in a framework akin to that of Pethick et al. [2025b]
and Kovalev [2025]. For the specific choice of the spectral norm, ∥ · ∥ = ∥ · ∥⋆, this result provides
the first convergence guarantee for the practical, inexact Muon update. Notably, if we set the inex-
actness to zero (δ = 0), our bound recovers the standardO(1/

√
K) rate for the exact LMOmethod.

Our framework also accommodates more complex step-size rules; in Appendix B.2, we analyze an
adaptive step-size policy and show that it achieves the same optimal rate. To make the trade-off in
the constant step size explicit, we now derive the optimal choice of γ that minimizes this bound.
By minimizing the right-hand side of the bound in Corollary 1 with respect to γ, we obtain the
optimal constant step size and the corresponding best rate.
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Algorithm 1 Inexact Generalized Muon with Momentum
1: Input: Initial point x0, momentumm0

2: for k = 0, 1, . . . ,K − 1 do
3: Compute stochastic gradient gk
4: Update momentum: mk+1 = (1− αk)m

k + αkg
k

5: Compute inexact LMO with mk+1: d̂k ≈ argmin
∥d∥≤1

〈
mk+1, d

〉
6: Update parameters: xk+1 = xk + γkd̂k

7: end for

Corollary 2 (Optimal Parameters). Under the conditions of Corollary 1, by choosing the optimal constant
step size γ∗ = 1

1+δ

√
2∆0

KL , the average gradient norm is bounded as

1

K

K−1∑
k=0

∥∥∇f(xk)
∥∥
⋆
≤ 1 + δ

1− δ

√
2∆0L

K
.

Corollary 2 makes the theoretical trade-offs concrete, revealing a direct coupling between the LMO
precision and the optimal strategy. The optimal step size, γ∗ ∝ 1/(1 + δ), must decrease as the oracle
becomes less precise. This has a direct practical implication for optimizers likeMuon: using a less accu-
rate approximation of the orthogonalized update (e.g., by reducing the number of Newton-Schulz
iterations)might require a corresponding decrease in the step size tomaintain optimal performance.
This adaptation, however, does not fully mitigate the error, as the best achievable rate is degraded
by a factor of 1+δ

1−δ . This factor quantifies the dual cost of the potential update infeasibility (from
the 1 + δ term) and reduced descent quality (from the 1− δ term). The explicit dependence of the
rate on this degradation factor also provides a theoretical justification for the empirical benefits of
more advanced approximation schemes. In fact, methods such as PolarExpress [Amsel et al., 2025]
and CANS [Grishina et al., 2025] are designed to achieve a smaller approximation error δ more effi-
ciently, which our analysis shows directly translates to an improved convergence rate for the overall
optimization.
Our analysis is a tight generalization of prior work; setting δ = 0 recovers the exact rate for the
idealized LMO method [Kovalev, 2025]. Importantly, while the constant is degraded by the inex-
actness, the O(1/

√
K) rate implies an iteration complexity of O(1/ε2) to find an ε-stationary point.

This matches the optimal complexity for first-order methods on smooth non-convex problems [Car-
mon et al., 2020]. Our result thus establishes that the inexact LMO method remains optimal, while
characterizing the degradation as a function of the oracle’s error.

3.2. Stochastic case
We now extend our analysis to the more practical setting where the optimizer has access only to a
stochastic oracle for the gradient and incorporates momentum.
For this setting, we require two additional standard assumptions. First, we assume access to an
unbiased stochastic first-order oracle with bounded variance.
Assumption 3. The oracle returns a stochastic gradient gk = ∇f(xk) + ξk for a random variable ξk, such
that it is an unbiased estimator of the true gradient, E

[
gk | xk

]
= ∇f(xk), and has a uniformly bounded

variance, E
[
∥gk −∇f(xk)∥22 | xk

]
≤ σ2, for σ2 ≥ 0.

Second, since our analysis is for a general norm ∥ · ∥ but the variance is typically assumed to be
bounded in the Euclidean norm ∥ ·∥2, we assume a norm compatibility condition that is always true
in finite-dimensional spaces. So, we denote by ρ > 0 the constant such that for all v ∈ X , we have
∥v∥⋆ ≤ ρ∥v∥2.
The method we analyze is a general momentum-based algorithm with an inexact LMO, see Algo-
rithm 1.
To analyze this algorithm, our proof proceeds by establishing a per-iteration descent guarantee and
then bounding the error of themomentum term. While the full proofs are deferred to Appendix B.3,
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we present the key lemma for themomentum error here, as it reveals the direct impact of the inexact
LMO.
Lemma 1. Let Assumptions 1, 2, 3 hold. For Algorithm 1, the expected momentum error is bounded by

E∥mk+1 −∇f(xk)∥⋆ ≤ (1− αk)E[∥mk −∇f(xk−1)∥⋆] +
ρσ

√
αk√

2− αk
+ Lγk(1 + δk).

Commentary on the Proof. This lemma bounds the expected deviation of the momentum from
the true gradient. The critical difference in our analysis, compared to prior work on exact LMOs,
arises when bounding the “gradient drift” term, which depends on the step length ∥∇f(xk−1) −
∇f(xk)∥⋆ ≤ L∥xk−1−xk∥. An exact LMOguarantees a feasible direction ∥dk−1∥ ≤ 1, yielding a step
length of exactly γk−1. In our analysis, the potential infeasibility of the inexact direction, ∥d̂k−1∥ ≤
1 + δk−1, leads to a looser step length bound of γk−1(1 + δk−1). This modification introduces the
crucial (1+ δk) factor into the final term of the lemma, quantifying the cost of potential infeasibility
inherent to any practical LMO approximation. The full proof is provided in Appendix B.3.
Building on this lemma, we now present the main convergence guarantee for Algorithm 1.
Theorem 2. Let Assumptions 1,2,3 hold, along with the norm compatibility condition. For Algorithm 1 with
parameters γ > 0, α ∈ (0, 1), and δ < 1, after K iterations, the average expected gradient norm is upper
bounded by

1

K

K∑
k=1

E∥∇f(xk)∥⋆ ≤ 1

1− δ

[
∆0

Kγ
+ 2ρσ

(
1

αK
+

√
α

)
+ Lγ

(
7 + 3δ

2
+

2(1 + δ)

α

)]
,

where∆0 := f(x0)− f∗.

Theorem 2 provides the first convergence guarantee for the practical, inexact LMO-based method
with momentum. Compared to the deterministic analysis in Corollary 1, the bound contains addi-
tional terms dependent on the noise variance σ2. With a constant step size, these terms establish
convergence that the algorithm will minimize the expected gradient up to a floor governed by the
choice of parameters.
Crucially, every term in the bound is amplified by factors involving the inexactness level δ, which
confirms the intuition that a more precise LMO (smaller δ) leads to faster convergence. As a sanity
check, setting the inexactness to zero (δ = 0) allows to recover the corresponding convergence
guarantee for the idealized, exact LMOmethod [Kovalev, 2025], demonstrating that our analysis is
a strict generalization.
For clarity, we present this result for the practical case of constant parameters, the case of time-
varying parameters is deferred to Appendix B.4. To better understand the complex interplay of
the constant parameters, we now derive the optimal choices of γ and α that minimize this bound
(details in Appendix B.3).

Corollary 3. Let the conditions of Theorem 2 hold. By choosing γ∗ =
(

∆0

K

)3/4
1

(σ2L(1+δ))1/4
and α∗ =√

∆0L(1+δ)
Kσ2 , the average expected gradient norm is bounded as

1

K

K∑
k=1

E
∥∥∇f(xk)

∥∥
⋆
= O

(
(L∆0)1/4σ1/2(1 + δ)1/4

K1/4(1− δ)

)
.

Corollary 3 provides the main insights of our stochastic analysis, revealing a fundamental coupling
between the LMO precision and the hyperparameter strategy. The best achievable rate is degraded
by a factor ofO

(
(1+δ)1/4

1−δ

)
. This explicit dependence on δ provides a theoretical justification for the

empirical benefits of more advanced approximation schemes like PolarExpress [Amsel et al., 2025]
and CANS [Grishina et al., 2025], as any reduction in approximation error directly improves the con-
vergence rate. Interestingly, the degradation from inexactness is less severe than in the deterministic
setting (Corollary 2), where the rate is penalized by O

(
1+δ
1−δ

)
. This suggests that the presence of
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stochastic noise, which already necessitates a degree of caution, makes the optimization dynamics
less sensitive to the additional instability from the inexact LMO.
This rate is achieved when the hyperparameters are adapted to the LMO’s precision. The step size,
γ∗ ∝ 1/(1 + δ)1/4, must decrease as the oracle becomes less precise. In contrast, the momentum
parameter, α∗ ∝

√
1 + δ, must increase. This prescribes a clear strategy: a less accurate LMO (larger

δ) requires more caution (smaller step size) but also greater agility (shorter momentum memory)
to adapt to less reliable update directions.
Finally, the O(1/K1/4) rate implies an iteration complexity of O(1/ε4) to find an ε-stationary point.
This matches the established lower bounds for first-order stochastic methods on non-convex prob-
lems under our assumptions [Ghadimi and Lan, 2013], and this complexity is known to be unim-
provable in general [Arjevani et al., 2023]. Our analysis thus establishes that the inexact LMO
method remains efficient in a formal sense, while precisely characterizing the degradation as a func-
tion of the oracle’s error.

3.3. Extensions and generalizations
Beyond standard smoothness. Our analysis can be extended beyond the standard L-smoothness
assumption, which can be restrictive for neural networks. In Appendix C.1, we provide a full anal-
ysis for the more general non-Euclidean (L0, L1)-smoothness model [Zhang et al., 2020, Yu et al.,
2025, Riabinin et al., 2025]. For this class of functions, we establish an iteration complexity of

O
(
∆0(1 + δ)2

(1− δ)2

(
L0

ε2
+

L1

ε

))
.

This result recovers the standard O(1/ε2) rate when L1 = 0. More importantly, it allows for an
improved rate over gradient descent in regimes where L0 is small, a phenomenon that has been
empirically observed for the training trajectories of nanoGPT on FineWeb [Riabinin et al., 2025].
Our analysis shows that the dependence on the inexactness level δ remains consistent, and by setting
δ = 0, our results tightly recover the prior guarantees for the exact LMOmethod on (L0, L1)-smooth
functions [Vankov et al., 2025].
Layer-wise analysis. In practice, optimizers like Muon and Scion are applied in a layer-wise man-
ner, often with different norms and update rules for different parameter blocks (e.g., spectral norm
for weight matrices, ℓ∞ norm for biases) [Pethick et al., 2025b]. This heterogeneity, along with em-
pirical observations of varying smoothness across layers [Riabinin et al., 2025], motivates a more
fine-grained analysis. InAppendix C.2, we extend our framework by considering a block-wise struc-
ture of the parameter space x = (x1, . . . , xp), where each block xi is associated with its own norm
∥ · ∥(i), smoothness constant Li, and inexactness δi.
Our analysis in this setting reveals that the impact of LMO inexactness is not uniform across the
network. This suggests that a uniform precision level for all layersmay be suboptimal and opens the
door to a principled strategy for computational savings, where one could allocate fewer resources
(e.g., fewer Newton-Schulz iterations) to approximate the LMO for layers that are more robust to
inexactness.

4. Experiments
We now present empirical results to validate the key predictions of our theoretical analysis. Our
experiments are designed to answer two main questions:

1. How does optimizer performance degrade as the LMO becomes less precise?
2. Do the hyperparameters for the best performance (step size and momentum) shift in re-

sponse to the LMO inexactness, as predicted by our analysis?
We use the number of iterations in the approximation algorithm (either Newton-Schulz or
PolarExpress) as a practical proxy for the inexactness level δ, where fewer iterations correspond to
a higher δ. We conduct experiments on two standard benchmarks: training a nanoGPT model on
the FineWeb dataset [Penedo et al., 2024] and a CNN on CIFAR-10 [Krizhevsky, 2009]. Full details
are provided in Appendix D.1.
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4.1. nanoGPT on FineWeb

We train a 124M parameter nanoGPT model with Muon with a batch size of 512,000 using the
codebase by Jordan et al. [2024a]. For the LMO approximation, we use the PolarExpress algo-
rithm [Amsel et al., 2025].
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Figure 1: NanoGPT on FineWeb: convergence (left) and hyperparameter sensitivity (right) as
PolarExpress (PolarExp) iterations vary.

Validating performance degradation. Our theory predicts that a less precise LMO (higher δ)
should lead to degraded convergence performance. Figure 1a confirms this trend. We trained
the model for 12,000 steps and observe that increasing the precision of the LMO by using more
PolarExpress iterations consistently leads to a lower final validation loss. While the most signifi-
cant gains are seenwhenmoving fromone to three iterations, further increases in precision continue
to improve performance, though with diminishing returns (see Appendix D.2 for results with up to
8 iterations). This observation directly supports the degradation factor in our convergence bounds.
Validating hyperparameter coupling. A key prediction of our stochastic analysis (Corollary 3) is
the coupling between the LMO inexactness δ, the step size γ∗, and the momentum α∗. Figure 1b
provides empirical evidence for this theoretical insight. The figure shows the final validation loss
after 6,000 training steps across a grid of step sizes and momentum values for two different levels
of LMO precision: a highly inexact oracle (2 PolarExp iterations, left) and a more precise one (5
PolarExp iterations, right).
For the highly inexact case (left panel), the region of best performance (lowest loss) is concen-
trated at a low step size (around 0.03). When the LMO is made more precise (right panel), the
optimal region not only shifts to a higher step size (around 0.05) but also becomes broader, indi-
cating greater stability across different hyperparameter choices. This empirical result aligns with
our theory: Corollary 3 predicts that as inexactness δ increases (fewer iterations), the step size γ∗

should decrease.

4.2. CNN on CIFAR-10

To test our findings in a different domain, we train a simple CNN on the CIFAR-10 dataset with
a batch size of 100. Our implementation is based on the unconstrained Scion method [Pethick
et al., 2025a], which we run with a constant step size to isolate the effect of inexactness. For these
experiments, we use the standard Newton-Schulz iteration [Jordan et al., 2024b] to approximate the
LMO.
Convergence dynamics. Our theory predicts that a less precise LMO should lead to degraded
convergence. Figure 2a confirms this behavior. We plot the training loss over 32 epochs for different
numbers of Newton-Schulz iterations, using a fixed step size and tuned momentum for each run.
The results clearly show that a more precise approximation (e.g., 8 iterations) converges faster and
to a lower final training loss compared to less precise approximations (e.g., 1 or 4 iterations). This
aligns with the degradation factor present in our theoretical bounds.
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Figure 2: CIFAR-10 training loss and test accuracy across different Newton-Schulz (NS) precision
levels.

Performance and stability versus inexactness. Beyond the training loss, we investigate how LMO
inexactness affects the final test accuracy and the optimizer’s stability with respect to its hyperpa-
rameters. Figure 2b shows the test accuracy achieved after a sweep over a range of step sizes for
different levels of LMO precision. The solid lines represent the best accuracy achieved for a given
step size (by tuning momentum), while the dashed lines show the worst.
Two key observations can be made. First, the peak of the solid lines (the best possible performance)
consistently increases with the number of Newton-Schulz iterations, again confirming that higher
precision leads to better final performance. Second, the gap between the best (solid) and worst
(dashed) performance is large for a highly inexact LMO (1 iteration) and becomes progressively
smaller as precision increases. This suggests that a more precise LMO makes the optimizer more
robust to the choice of other hyperparameters like momentum, a valuable practical property not
explicitly captured by the convergence rate alone.

5. Conclusion
This work provides the first formal convergence analysis of LMO-based optimizers with an inexact
oracle, addressing the critical gap between the theory and practice of prominent algorithms like
Muon. By introducing a realistic additive error model, our analysis moves beyond the idealized
assumption of a perfect oracle to study the algorithm as it is truly implemented. Our analysis,
for both deterministic and stochastic settings, reveals that there is a coupling between the LMO
inexactness, δ, and the hyperparameter strategy. Our theory prescribes that a less precise LMO
requires a more cautious (smaller) step size, a prediction that our experiments confirm.
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A. Justification of the Inexact LMO Error Model
In this section, we provide additional details on how practical approximation schemes for the or-
thogonalized update satisfy Assumption 1.
The PolarExpress algorithm [Amsel et al., 2025] is designed to approximate the polar factor U =
polar(M) of a matrixM through iterative refinement. Theorem 4.3 in Amsel et al. [2025] establishes
that for a matrixM with singular values normalized to lie in [ℓ, 1], the PolarExpress approximation
after r = 2q + 1 (odd) iterations satisfies:

∥ polar(M)−Xp∥2 ≤ |1− ℓ2|(q+1)p ,

where ∥ · ∥2 denotes the spectral norm (largest singular value). For r = 3 this yields quadratic
convergence, and for r = 5 cubic convergence. We refer to Amsel et al. [2025] for a comprehensive
analysis including extensions to rectangular matrices and detailed convergence properties.
The classical Newton-Schulz iteration [Higham, 2008] exhibits similar convergence properties, with
the approximation error decreasing rapidly with the number of iterations.
Since these methods are always run for a small, fixed number of steps in practice (e.g., p = 5 in
Muon), their error is bounded by a constant δ. Different iteration counts correspond to different
values of δ, with more iterations producing smaller error. This directly justifies the additive error
model in Assumption 1.

B. Proofs

B.1. Deterministic case
B.1.1. Proof of Theorem 1 (general result)

The proof establishes a general convergence guarantee for the deterministic inexact LMO method.
It proceeds by deriving a per-iteration descent inequality and then summing it over all iterations to
obtain a global bound.

Proof. Per-Iteration Descent Inequality. We begin with the standard L-smoothness inequality for
f , as stated in Assumption 2:

f(xk+1) ≤ f(xk) +
〈
∇f(xk), xk+1 − xk

〉
+

L

2
∥xk+1 − xk∥2.

Let gk := ∇f(xk). We substitute the update rule from Equation (5), xk+1 − xk = γkd̂k, into the
inequality:

f(xk+1) ≤ f(xk) + γk
〈
gk, d̂k

〉
+

L

2
∥γkd̂k∥2. (6)

We now bound the two rightmost terms involving the inexact direction d̂k.
Bounding the Squared Norm Term. Let dk be the exact LMO solution for the gradient gk. We use
the triangle inequality to bound the norm of the inexact direction ∥d̂k∥:

∥d̂k∥ = ∥d̂k − dk + dk∥ ≤ ∥d̂k − dk∥+ ∥dk∥.

Using the inexactness from Assumption 1 (∥d̂k − dk∥ ≤ δk) and the property of the exact LMO
solution (∥dk∥ ≤ 1), we obtain ∥d̂k∥ ≤ δk + 1. Therefore, the squared norm term is bounded as:

∥γkd̂k∥2 = (γk)2∥d̂k∥2 ≤ (γk)2(1 + δk)
2.

Bounding the Inner Product Term. We decompose the inner product using the exact direction dk:〈
gk, d̂k

〉
=
〈
gk, dk + (d̂k − dk)

〉
=
〈
gk, dk

〉
+
〈
gk, d̂k − dk

〉
.
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By the definition of the LMO and the dual norm, the first term is exactly −∥gk∥⋆. The second term
is bounded using the definition of dual norm:〈

gk, d̂k − dk
〉
≤
∣∣∣〈gk, d̂k − dk

〉∣∣∣ ≤ ∥gk∥⋆∥d̂k − dk∥ ≤ ∥gk∥⋆δk.

Combining these results gives an upper bound on the inner product:〈
gk, d̂k

〉
≤ −∥gk∥⋆ + ∥gk∥⋆δk = −∥gk∥⋆(1− δk).

Combining the Bounds. Substituting these two bounds back into the smoothness inequality (6),
we obtain the per-iteration descent guarantee:

f(xk+1) ≤ f(xk)− γk∥gk∥⋆(1− δk) +
L

2
(γk)2(1 + δk)

2.

Global Convergence Bound. For the descent property to hold, we require 1− δk > 0. Rearranging
the per-iteration inequality to isolate the stationarity measure yields:

γk∥∇f(xk)∥⋆(1− δk) ≤ f(xk)− f(xk+1) +
L

2
(γk)2(1 + δk)

2.

Summing this inequality from k = 0 to K − 1:
K−1∑
k=0

γk∥∇f(xk)∥⋆(1− δk) ≤
K−1∑
k=0

(
f(xk)− f(xk+1)

)
+

L

2

K−1∑
k=0

(γk)2(1 + δk)
2

= f(x0)− f(xK) +
L

2

K−1∑
k=0

(γk)2(1 + δk)
2.

Using the fact that f(xK) ≥ f∗ and letting ∆0 = f(x0) − f∗, we have f(x0) − f(xK) ≤ ∆0. This
gives the general bound

K−1∑
k=0

γk∥∇f(xk)∥⋆(1− δk) ≤ ∆0 +
L

2

K−1∑
k=0

(γk)2(1 + δk)
2.

To bound the minimum gradient norm, we note that for any non-negative sequence {ak} and posi-
tive sequence {wk}, we have

min
0≤j<K

aj ·
K−1∑
k=0

wk ≤
K−1∑
k=0

wkak.

Applying this with ak = ∥∇f(xk)∥⋆ and wk = γk(1− δk), we get:(
min

0≤j<K
∥∇f(xj)∥⋆

)K−1∑
k=0

γk(1− δk) ≤
K−1∑
k=0

γk∥∇f(xk)∥⋆(1− δk).

Combining the inequalities and dividing by the sum∑
γk(1 − δk) yields the final result stated in

Theorem 1.

B.1.2. Proof of Corollary 1 (constant parameters)

Proof. The proof follows by simplifying the general bound from Theorem 1 under the specific as-
sumptions of the corollary. We are given that the step size is constant, γk = γ > 0, and the LMO
error is constant, δk = δ < 1, for all k = 0, . . . ,K − 1.
We start with the summed inequality from the proof of Theorem 1:

K−1∑
k=0

γ(1− δ)∥∇f(xk)∥⋆ ≤ ∆0 +
L

2

K−1∑
k=0

γ2(1 + δ)2.
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The constants can be factored out of the summations:

γ(1− δ)

K−1∑
k=0

∥∇f(xk)∥⋆ ≤ ∆0 +
LKγ2(1 + δ)2

2
.

To obtain a bound on the average gradient norm, we divide the entire inequality by Kγ(1− δ):

1

K

K−1∑
k=0

∥∇f(xk)∥⋆ ≤ ∆0

Kγ(1− δ)
+

Lγ(1 + δ)2

2(1− δ)
,

which gives the final result stated in Corollary 1.

B.1.3. Proof of Corollary 2 (optimal parameters)

Proof. The goal is to find the constant step size γ that minimizes the upper bound on the average
gradient norm derived in Corollary 1. Let the upper bound be denoted by the function E(γ):

E(γ) = ∆0

Kγ(1− δ)
+

Lγ(1 + δ)2

2(1− δ)
.

This expression is of the formA/γ+Bγ, whereA = ∆0

K(1−δ) andB = L(1+δ)2

2(1−δ) are positive constants.
This function is convex for γ > 0. To find the minimizer γ∗, we take the derivative with respect to γ
and set it to zero:

∂E
∂γ

= − A

γ2
+B = 0 =⇒ (γ∗)2 =

A

B
.

Substituting the expressions for A and B, we obtain

(γ∗)2 =

∆0

K(1−δ)

L(1+δ)2

2(1−δ)

=
∆0

K(1− δ)
· 2(1− δ)

L(1 + δ)2
=

2∆0

KL(1 + δ)2
.

Taking the square root gives the optimal constant step size:

γ∗ =

√
2∆0

KL(1 + δ)2
=

1

1 + δ

√
2∆0

KL
.

To find the best achievable convergence rate, we substitute this optimal step size γ∗ back into the
bound E(γ). At the minimum, the two terms A/γ∗ and Bγ∗ are equal, so the total error is 2

√
AB:

E(γ∗) = 2
√
AB = 2

√
∆0

K(1− δ)
· L(1 + δ)2

2(1− δ)

= 2

√
∆0L(1 + δ)√
2K(1− δ)

=

√
2∆0L√
K

1 + δ

1− δ
.

This confirms the final optimized convergence rate stated in Corollary 2.
Corollary 4 (Iteration Complexity with Constant Step Size). Under the conditions of Corollary 1, to
guarantee that the average stationarity measure satisfies 1

K

∑K−1
k=0 ∥∇f(xk)∥⋆ ≤ ε for a target precision

ε > 0, it is sufficient to run the algorithm for a number of iterations K of the order of

O
(
L∆0

ε2
· (1 + δ)2

(1− δ)2

)
.

Proof. The result is obtained by setting the optimized bound fromCorollary 2, 1+δ
1−δ

√
2∆0L
K , to be less

than or equal to ε and solving for K.
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B.2. Analysis with an adaptive step size
In themain text, we focus on the analysis with constant or pre-defined diminishing step sizes. Here,
we present a complementary result for the deterministic case that considers an adaptive step size,
chosen at each iteration to maximize the guaranteed descent. This analysis further highlights the
impact of the inexactness level δk.
Theorem 3. Let Assumption 2 hold and let the LMO errors be a sequence {δk} with δk ∈ [0, 1). If the
algorithm is run with the time-varying adaptive step size

γk =

∥∥∇f(xk)
∥∥
⋆
(1− δk)

L(1 + δk)2
,

then the minimum gradient norm after K iterations is bounded by:

min
0≤j<K

∥∥∇f(xj)
∥∥2
⋆
≤ 2L∆0∑K−1

k=0
(1−δk)2

(1+δk)2

. (7)

Proof. The proof starts from the per-iteration descent inequality derived in the proof of Theorem 1:

f(xk+1) ≤ f(xk)− γk
∥∥∇f(xk)

∥∥
⋆
(1− δk) +

L(γk)2(1 + δk)
2

2
.

The adaptive step size γk is chosen to minimize the right-hand side of this inequality, which is a
quadratic in γk. Its minimizer is precisely the step size given in the theorem statement. Substituting
this optimal choice of γk back into the inequality yields

f(xk+1) ≤ f(xk)−
∥∥∇f(xk)

∥∥2
⋆
(1− δk)

2

L(1 + δk)2
+

L

2

(∥∥∇f(xk)
∥∥
⋆
(1− δk)

L(1 + δk)2

)2

(1 + δk)
2

= f(xk)−
∥∥∇f(xk)

∥∥2
⋆
(1− δk)

2

2L(1 + δk)2
.

Rearranging gives a lower bound on the progress at step k:
(1− δk)

2

(1 + δk)2
∥∥∇f(xk)

∥∥2
⋆
≤ 2L

(
f(xk)− f(xk+1)

)
.

Summing from k = 0 toK − 1, we get
K−1∑
k=0

(1− δk)
2

(1 + δk)2
∥∥∇f(xk)

∥∥2
⋆
≤ 2L

K−1∑
k=0

(
f(xk)− f(xk+1)

)
≤ 2L∆0.

Let wk = (1−δk)
2

(1+δk)2
. We have∑K−1

k=0 wk

∥∥∇f(xk)
∥∥2
⋆
≤ 2L∆0. Since

∥∥∇f(xj)
∥∥2
⋆
≥ min0≤i<K

∥∥∇f(xi)
∥∥2
⋆

for any j, we have (
min

0≤i<K

∥∥∇f(xi)
∥∥2
⋆

)K−1∑
k=0

wk ≤
K−1∑
k=0

wk

∥∥∇f(xk)
∥∥2
⋆
≤ 2L∆0.

Solving for the minimum squared gradient norm gives the desired inequality:

min
0≤j<K

∥∥∇f(xj)
∥∥2
⋆
≤ 2L∆0∑K−1

k=0
(1−δk)2

(1+δk)2

.

Theorem 3 provides a general expression for the convergence rate, which is governed by the growth
of the sum∑K−1

k=0
(1−δk)

2

(1+δk)2
in the denominator of the bound. This allows us to analyze the impact of

specific schedules for the inexactness level {δk}. The following corollary establishes a simple and
practical sufficient condition for achieving the optimal rate.
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Corollary 5. Under the assumptions of Theorem 3, the optimal convergence rate of O(1/
√
K) for the mini-

mum gradient norm is achieved if the error sequence {δk} is uniformly bounded away from 1. Specifically, if
there exists a δmax = δ ∈ [0, 1) such that δk ≤ δmax for all k, then

min
0≤j<K

∥∥∇f(xj)
∥∥
⋆
≤ 1 + δ

1− δ

√
2L∆0

K
. (8)

Proof. If δk ≤ δ, then the term wk := (1−δk)
2

(1+δk)2
is bounded below by a positive constant:

wk ≥ (1− δ)2

(1 + δ)2
> 0.

Therefore, the sum in the denominator of (7) grows at least linearly with K:
K−1∑
k=0

wk ≥
K−1∑
k=0

(1− δ)2

(1 + δ)2
= K

(1− δ)2

(1 + δ)2
.

Substituting this lower bound into the inequality (7) and taking the square root of both sides yields
the desired result.
Corollary 6 (Iteration Complexity with Adaptive Step Size). Under the conditions of Corollary 5, to
guarantee that the minimum gradient norm satisfiesmin0≤j<K ∥∇f(xj)∥⋆ ≤ ε for a target precision ε > 0,
it is sufficient to run the algorithm for a number of iterations K of the order of

O
(
L∆0

ε2
· (1 + δ)2

(1− δ)2

)
.

Proof. The result is obtained by setting the bound from Corollary 5 to be less than or equal to ε and
solving for K.

B.3. Stochastic case
This section provides the full proofs for the main theoretical results in the stochastic setting. The
analysis proceeds in threemain stages. First, in Lemma 2, we establish a crucial per-iteration descent
guarantee that holds deterministically for any single step of the algorithm. Second, in Lemma 1, we
derive a bound on the expected error of the momentum term. Finally, in the proof of Theorem 2,
we combine these results to derive the global convergence guarantee.
Lemma 2 (Inexact Descent Lemma). Let Assumption 2 hold. For any iteration k of Algorithm 1, the
following inequality holds:

f(xk+1) ≤ f(xk)− γk∥mk+1∥⋆(1− δk) + γk(1 + δk)∥∇f(xk+1)−mk+1∥⋆ +
3L

2
(γk)2(1 + δk)

2.

Proof. The proof establishes a bound on the progress made in a single step. We start with the L-
smoothness inequality of f from Assumption 2:

f(xk+1) ≤ f(xk) +
〈
∇f(xk), xk+1 − xk

〉
+

L

2
∥xk+1 − xk∥2.

Substituting the update rule xk+1 − xk = γkd̂k gives

f(xk+1) ≤ f(xk) + γk
〈
∇f(xk), d̂k

〉
+

L

2
∥γkd̂k∥2. (9)

We decompose the inner product term by introducing the momentum vector mk+1:

γk
〈
∇f(xk), d̂k

〉
= γk

〈
mk+1, d̂k

〉
+ γk

〈
∇f(xk)−mk+1, d̂k

〉
.

The proof proceeds by bounding the key terms involving the inexact direction d̂k.
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1. Bounding the norm of the inexact direction. Let dk := argmin∥d∥≤1

〈
mk+1, d

〉 be the exact LMO
solution. We use the triangle inequality to bound ∥d̂k∥:

∥d̂k∥ = ∥d̂k − dk + dk∥ ≤ ∥d̂k − dk∥+ ∥dk∥.

Using Assumption 1 (∥d̂k − dk∥ ≤ δk) and ∥dk∥ ≤ 1, we have ∥d̂k∥ ≤ δk + 1. This provides a bound
for the quadratic term from smoothness:

∥γkd̂k∥2 = (γk)2∥d̂k∥2 ≤ (γk)2(1 + δk)
2.

2. Bounding the LMO inner product term. We explicitly account for the LMO error δk:〈
mk+1, d̂k

〉
=
〈
mk+1, dk

〉
+
〈
mk+1, d̂k − dk

〉
≤ −∥mk+1∥⋆ + |

〈
mk+1, d̂k − dk

〉
|

≤ −∥mk+1∥⋆ + ∥mk+1∥⋆∥d̂k − dk∥ (by definition of dual norm)
≤ −∥mk+1∥⋆(1− δk).

3. Bounding the momentum error term. We introduce ∇f(xk+1) to align the error term with the
structure needed for subsequent analysis:〈

∇f(xk)−mk+1, d̂k
〉
=
〈
∇f(xk)−∇f(xk+1), d̂k

〉
+
〈
∇f(xk+1)−mk+1, d̂k

〉
≤ ∥∇f(xk)−∇f(xk+1)∥⋆∥d̂k∥+ ∥∇f(xk+1)−mk+1∥⋆∥d̂k∥.

By Assumption 2, we have ∥∇f(xk)−∇f(xk+1)∥⋆ ≤ L∥xk − xk+1∥ = Lγk∥d̂k∥. Substituting this in
yields 〈

∇f(xk)−mk+1, d̂k
〉
≤ (Lγk∥d̂k∥)∥d̂k∥+ ∥d̂k∥ · ∥∇f(xk+1)−mk+1∥⋆

= Lγk∥d̂k∥2 + ∥d̂k∥ · ∥∇f(xk+1)−mk+1∥⋆.

Using our bound ∥d̂k∥ ≤ 1 + δk, this becomes〈
∇f(xk)−mk+1, d̂k

〉
≤ Lγk(1 + δk)

2 + (1 + δk)∥∇f(xk+1)−mk+1∥⋆.

4. Assembling the Final Inequality. We now substitute all the bounded components back into
inequality (9):

f(xk+1) ≤ f(xk) + γk
(
−∥mk+1∥⋆(1− δk)

)
+ γk

(
Lγk(1 + δk)

2 + (1 + δk)∥∇f(xk+1)−mk+1∥⋆
)

+
L

2
(γk)2(1 + δk)

2.

Finally, collecting the terms proportional to L(γk)2(1+δk)
2 gives the result stated in the lemma.

B.3.1. Proof of Lemma 1

Proof. The proof bounds the expected deviation of the momentum vectormk+1 from the true gradi-
ent∇f(xk). We remind the reader that the update rule for the momentum ismk+1 = (1−αk)m

k +
αkg

k. We start by expanding the error term recursively, obtaining

mk+1 −∇f(xk) = (1− αk)m
k + αkg

k −∇f(xk)

= (1− αk)(m
k −∇f(xk−1)) + αk(g

k −∇f(xk)) + (1− αk)(∇f(xk−1)−∇f(xk)).
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This decomposition separates the error into three distinct components: (1) the decayed error from
the previous step, (2) the new stochastic noise, and (3) the gradient drift. By unrolling this recursion
from k down to 0, we can express the total error as a sum of its historical components:

mk+1 −∇f(xk) =

(
k∏

i=0

(1− αi)

)
(m0 −∇f(x0)) +

k∑
i=0

 k∏
j=i+1

(1− αj)

αi(g
i −∇f(xi))

+

k∑
i=1

 k∏
j=i

(1− αj)

 (∇f(xi−1)−∇f(xi)).

We now take the expectation of the norm and apply the triangle inequality, to get

E[∥mk+1 −∇f(xk)∥⋆] ≤

(
k∏

i=0

(1− αi)

)
E[∥m0 −∇f(x0)∥⋆]

+ E

∥∥∥∥∥∥
k∑

i=0

 k∏
j=i+1

(1− αj)

αi(g
i −∇f(xi))

∥∥∥∥∥∥
⋆


+

k∑
i=1

 k∏
j=i

(1− αj)

E[∥∇f(xi−1)−∇f(xi)∥⋆].

To obtain the result in the statement of the lemma, we analyze the bound for constant parameters
α, γ, δ.
1. Bounding the Initial Error. With the standard initialization m0 = g0, and using the tower prop-
erty of expectation along with Assumption 3 and the norm compatibility condition, we have

E[∥m0 −∇f(x0)∥⋆] = E[∥g0 −∇f(x0)∥⋆] ≤ ρE[∥g0 −∇f(x0)∥2].

By Jensen’s inequality, E[X] ≤
√
E[X2], this is further bounded by

ρ
√
E[∥g0 −∇f(x0)∥22] ≤ ρσ.

2. Bounding the Accumulated Drift. This is the term modified by our inexact LMO. Using As-
sumption 2 (L-smoothness) and the fact that ∥xi−1 − xi∥ = γ∥d̂i−1∥ ≤ γ(1 + δ), we can bound the
sum as

k∑
i=1

(1− α)k−i+1E[∥∇f(xi−1)−∇f(xi)∥⋆] ≤
k∑

i=1

(1− α)k−i+1Lγ(1 + δ)

= Lγ(1 + δ)

k−1∑
j=0

(1− α)j+1,

where we changed the summation index to j = i−1. This is a geometric series which we can bound
by its infinite sum:

Lγ(1 + δ)

∞∑
j=0

(1− α)j+1 = Lγ(1 + δ)
1− α

1− (1− α)
≤ Lγ(1 + δ)

α
.

3. Bounding the Accumulated Noise. Let Vk =
∑k

i=0 α(1 − α)k−i(gi − ∇f(xi)). The random
vectors (gi − ∇f(xi)) are zero-mean and independent conditioned on the past. Using the norm
compatibility followed by Jensen’s inequality, we have

E[∥Vk∥⋆] ≤ ρE[∥Vk∥2] ≤ ρ
√
E[∥Vk∥22].
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Since the random vectors are independent and zero-mean, the cross-terms vanish in expectation.
So, the expected squared norm of the sum is the sum of the expected squared norms:

E[∥Vk∥22] =
k∑

i=0

α2(1− α)2(k−i)E[∥gi −∇f(xi)∥22]

≤
k∑

i=0

α2(1− α)2(k−i)σ2 = α2σ2
k∑

j=0

((1− α)2)j .

We bound this geometric series by its infinite sum:
k∑

j=0

((1− α)2)j ≤
∞∑
j=0

((1− α)2)j =
1

1− (1− α)2
=

1

2α− α2
=

1

α(2− α)
.

Substituting this back, we get the bound for the accumulated noise:

E[∥Vk∥⋆] ≤ ρ

√
α2σ2

1

α(2− α)
= ρ

√
ασ2

2− α
=

ρσ
√
α√

2− α
.

4. Combining the Bounds. Combining the bounds for the three components gives the final expres-
sion. For the simplified steady-state bound (which holds for any k), we combine the infinite-sum
bounds for the drift and noise terms with the initial error term, which decays exponentially over
time due to the (1− α)k+1 factor:

E[∥mk+1 −∇f(xk)∥⋆] ≤ (1− α)k+1ρσ +
ρσ

√
α√

2− α
+

Lγ(1 + δ)

α
.

This is the result stated for constant parameters in Lemma 1.

B.3.2. Proof of Theorem 2

Proof. The proof derives the final convergence guarantee by combining the per-iteration progress
from the “Inexact Descent Lemma” (Lemma 2) with the bound on the momentum error from
Lemma 1.
Webeginwith the per-iteration guarantee fromLemma2, specialized for constant parameters γ, α, δ:

f(xk+1) ≤ f(xk)− γ∥mk+1∥⋆(1− δ) + γ(1 + δ)∥∇f(xk+1)−mk+1∥⋆ +
3L

2
γ2(1 + δ)2.

To obtain a guarantee on the true gradient norm, ∥∇f(xk+1)∥⋆, we apply the reverse triangle in-
equality to the main descent term:

∥mk+1∥⋆ = ∥∇f(xk+1)− (∇f(xk+1)−mk+1)∥⋆ ≥ ∥∇f(xk+1)∥⋆ − ∥∇f(xk+1)−mk+1∥⋆.

Substituting this back into the descent inequality (noting that the leading minus sign flips the in-
equality for the error term) gives

−γ∥mk+1∥⋆(1− δ) ≤ −γ
(
∥∇f(xk+1)∥⋆ − ∥∇f(xk+1)−mk+1∥⋆

)
(1− δ).

This yields a new per-iteration guarantee directly in terms of the gradient norm:
f(xk+1) ≤ f(xk)− γ∥∇f(xk+1)∥⋆(1− δ) + γ(1− δ)∥∇f(xk+1)−mk+1∥⋆

+ γ(1 + δ)∥∇f(xk+1)−mk+1∥⋆ +
3L

2
γ2(1 + δ)2.

The coefficients for the two momentum error terms sum to (1− δ) + (1 + δ) = 2. Combining them
yields a cleaner expression:

f(xk+1) ≤ f(xk)− γ∥∇f(xk+1)∥⋆(1− δ) + 2γ∥∇f(xk+1)−mk+1∥⋆ +
3L

2
γ2(1 + δ)2.
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Rearranging to isolate the gradient norm, we get

γ(1− δ)∥∇f(xk+1)∥⋆ ≤ f(xk)− f(xk+1) + 2γ∥∇f(xk+1)−mk+1∥⋆ +
3L

2
γ2(1 + δ)2.

We now sum this inequality from k = 0 to K − 1, take the total expectation, and perform an index
shift on the summation of the gradient norm (j = k + 1), obtaining

γ(1− δ)

K∑
j=1

E[∥∇f(xj)∥⋆] ≤ E

[
K−1∑
k=0

(f(xk)− f(xk+1))

]
+ 2γ

K−1∑
k=0

E[∥∇f(xk+1)−mk+1∥⋆]

+K
3L

2
γ2(1 + δ)2.

The first term on the right-hand side is a telescoping sum bounded by ∆0 = f(x0)− f∗.
Bounding the Sum ofMomentum Errors. The core of the proof is to bound the sum of momentum
errors. We use the triangle inequality to bridge the index gap:

E[∥∇f(xk+1)−mk+1∥⋆] ≤ E[∥∇f(xk+1)−∇f(xk)∥⋆] + E[∥∇f(xk)−mk+1∥⋆].

The first term (gradient drift) is bounded by Lγ(1 + δ). The second term is bounded by Lemma 1.
We use the slightly looser but simpler bound ρσ

√
α√

2−α
≤ ρσ

√
α for α ∈ (0, 1). The full error is thus

bounded by

E[∥∇f(xk+1)−mk+1∥⋆] ≤ Lγ(1 + δ) + (1− α)k+1ρσ + ρσ
√
α+

Lγ(1 + δ)

α
.

We now substitute this bound back into the main summation:

γ(1− δ)

K∑
j=1

E[∥∇f(xj)∥⋆] ≤ ∆0 +K
3Lγ2(1 + δ)2

2

+ 2γ

K−1∑
k=0

(
Lγ(1 + δ) + (1− α)k+1ρσ + ρσ

√
α+

Lγ(1 + δ)

α

)
.

Evaluating the summation over k for each component gives

γ(1− δ)

K∑
j=1

E[∥∇f(xj)∥⋆] ≤ ∆0 +K
3Lγ2(1 + δ)2

2
+ 2KLγ2(1 + δ) + 2γ

(
K−1∑
k=0

(1− α)k+1ρσ

)

+ 2Kγρσ
√
α+

2KLγ2(1 + δ)

α
.

For the geometric series, we have∑K−1
k=0 (1 − α)k+1 ≤

∑∞
j=1(1 − α)j = 1−α

α ≤ 1
α . Plugging this in

gives

γ(1− δ)

K∑
j=1

E[∥∇f(xj)∥⋆] ≤ ∆0 +K
3Lγ2(1 + δ)2

2
+ 2KLγ2(1 + δ)

+
2γρσ

α
+ 2Kγρσ

√
α+

2KLγ2(1 + δ)

α
.

Finally, dividing byKγ(1− δ) yields the average bound for the gradient norm. Grouping the terms
by their dependency gives the final stated result in Theorem 2.

B.3.3. Proof of Corollary 3

The proof consists of two parts. First, we derive the asymptotically optimal choices for the step
size γ and momentum parameter α by minimizing the convergence upper bound from Theorem 2.
Second, we substitute these optimal parameters back into the bound to obtain the final convergence
rate.
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1. Optimal Parameter Derivation. Our goal is to find γ > 0 and α ∈ (0, 1) that minimize the
expression E(γ, α):

E(γ, α) = ∆0

Kγ(1− δ)
+

2ρσ

αK(1− δ)
+

2ρσ
√
α

1− δ
+

Lγ(1 + δ)

1− δ

(
3(1 + δ)

2
+ 2

)
+

2Lγ(1 + δ)

α(1− δ)
.

To simplify the algebraic manipulation, we define the following constants:

• C1 = ∆0

K(1−δ) ,

• C2 = 2ρσ
K(1−δ) ,

• C3 = 2ρσ
1−δ ,

• C4 = L(1+δ)
1−δ

(
3(1+δ)

2 + 2
)
,

• C5 = 2L(1+δ)
1−δ .

Hence, the expression to minimize is E(γ, α) = C1

γ + C2

α +C3
√
α+C4γ + C5γ

α . We find the optimal
parameters by setting the partial derivatives with respect to γ and α to zero, yielding the system of
equations

∂E
∂γ

= −C1

γ2
+ C4 +

C5

α
= 0, (10)

∂E
∂α

= −C2

α2
+

C3

2
√
α
− C5γ

α2
= 0. (11)

An exact closed-form solution is intractable. However, we are interested in the asymptotic behavior
as K → ∞, where we expect γ∗, α∗ → 0. The constants scale as: C1 ∝ 1/K, C2 ∝ 1/K, while
C3, C4, C5 are constants with respect to K.
We now solve the system in this asymptotic regime. From (10), as α → 0, the term C5/α dominates
the constant C4. Thus, the equation asymptotically behaves as

γ2 ≈ C1α

C5
. (12)

From (11), sinceC2 ∝ 1/K andwe expect γ to decay slower than 1/K, the termC2 is asymptotically
negligible compared to C5γ. This gives:

C3

2
α3/2 ≈ C5γ. (13)

From (13), we express γ in terms of α: γ ≈ C3

2C5
α3/2. Substituting this into (12):(

C3

2C5
α3/2

)2

≈ C1α

C5
=⇒ C2

3

4C2
5

α3 ≈ C1α

C5
.

Solving for α2 (assuming α ̸= 0) gives α2 ≈ 4C1C5

C2
3

. Now, we substitute back the full definitions of
the constants:

(α∗)2 =
4 · ∆0

K(1−δ) ·
2L(1+δ)

1−δ(
2ρσ
1−δ

)2 =

8∆0L(1+δ)
K(1−δ)2

4(ρσ)2

(1−δ)2

=
2∆0L(1 + δ)

K(ρσ)2
.

This yields the optimal momentum parameter:

α∗ =

√
2∆0L(1 + δ)√

Kρσ
.
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To find the optimal step size γ∗, we use the relation γ2 ≈ (C1α)/C5:

(γ∗)2 =
∆0

K(1− δ)
·

(√
2∆0L(1 + δ)√

Kρσ

)
· 1− δ

2L(1 + δ)
=

∆0
√
2∆0L(1 + δ)

K3/2ρσ · 2L(1 + δ)

=
(∆0)3/2

√
2L

√
1 + δ

K3/2ρσ · 2L(1 + δ)
=

(∆0)3/2

K3/2
√
2Lρσ

√
1 + δ

.

Taking the square root gives the optimal step size

γ∗ =
(∆0)3/4

21/4K3/4L1/4(ρσ)1/2(1 + δ)1/4
.

2. Derivation of the Final Convergence Rate. We now substitute the asymptotically optimal pa-
rameters, γ∗ and α∗, back into the full five-term convergence bound E(γ, α) to determine the best
achievable convergence rate. The bound is the sum of five distinct terms:

E(γ∗, α∗) =
C1

γ∗︸︷︷︸
Term 1

+
C2

α∗︸︷︷︸
Term 2

+C3

√
α∗︸ ︷︷ ︸

Term 3

+C4γ
∗︸ ︷︷ ︸

Term 4

+
C5γ

∗

α∗︸ ︷︷ ︸
Term 5

.

We compute the explicit value of each term to verify the dominant rate and analyze the contribution
of the non-dominant, higher-order terms.
Dominant Terms (O(1/K1/4)). These are the terms that dictate the asymptotic convergence rate.
Term 1: The Initial Gap Component.

Term 1 =
C1

γ∗ =
∆0

K(1− δ)
· (γ∗)

−1
=

∆0

K(1− δ)
·
(
21/4K3/4L1/4(ρσ)1/2(1 + δ)1/4

(∆0)3/4

)
=

21/4(∆0)1/4L1/4(ρσ)1/2(1 + δ)1/4

K1/4(1− δ)
.

Term 3: The Steady-State Variance Component.

Term 3 = C3

√
α∗ =

2ρσ

1− δ
·

(√
2∆0L(1 + δ)√

Kρσ

)1/2

=
2ρσ

1− δ
· (2∆

0L(1 + δ))1/4

K1/4(ρσ)1/2

=
2 · 21/4(ρσ)1/2(L∆0(1 + δ))1/4

K1/4(1− δ)
= 2 · (Term 1).

Term 5: The Drift/Interaction Component.

Term 5 =
C5γ

∗

α∗ =
2L(1 + δ)

1− δ
· γ

∗

α∗ =
2L(1 + δ)

1− δ
· C3

2C5

√
α∗ =

C3

√
α∗

1− δ
· L(1 + δ)

C5

=
1

2
C3

√
α∗ = Term 1.

The asymptotic balancing ensures Term 1, Term 3, and Term 5 are all of the same order,O(1/K1/4).
Higher-Order Terms. The remaining terms decay faster and are asymptotically negligible.
Term 2: The Decaying Variance Component (O(1/K1/2)).

Term 2 =
C2

α∗ =
2ρσ

K(1− δ)
·

( √
Kρσ√

2∆0L(1 + δ)

)
=

√
2(ρσ)2√

K(1− δ)
√
∆0L(1 + δ)

.

Term 4: The Step Size Bias Component (O(1/K3/4)).

Term 4 = C4γ
∗ =

L(1 + δ)

1− δ

(
3(1 + δ)

2
+ 2

)
· (∆0)3/4

21/4K3/4L1/4(ρσ)1/2(1 + δ)1/4
=

(7 + 3δ)L3/4(∆0)3/4(1 + δ)3/4

25/4K3/4(1− δ)(ρσ)1/2
.
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The Full Bound. Combining all terms, the full optimized convergence bound is

E(γ∗, α∗) =
29/4(∆0)1/4(ρσ)1/2(L(1 + δ))1/4

K1/4(1− δ)︸ ︷︷ ︸
Dominant Part: O(K−1/4)

+

√
2(ρσ)2

K1/2(1− δ)
√
∆0L(1 + δ)︸ ︷︷ ︸

Higher-Order: O(K−1/2)

+
(7 + 3δ)L3/4(∆0)3/4(1 + δ)3/4

25/4K3/4(1− δ)(ρσ)1/2︸ ︷︷ ︸
Higher-Order: O(K−3/4)

.

This confirms that the convergence rate isO(1/K1/4)with the precise dependence of the dominant
part on all problem parameters, matching the result stated in Corollary 3.

B.4. Convergence with time-varying parameters
The analysis with constant parameters provides crucial insights into the fundamental trade-offs of
the algorithm. However, the optimal choices for these constant parameters, γ∗ and α∗, depend on
problem-specific constants such as the smoothnessL and the initial sub-optimality∆0, as well as the
total iteration budgetK. In practice, these quantities are typically unknown, making this “optimal"
tuning infeasible.
To develop amore practical and robust guarantee, we nowanalyze the algorithmwith a pre-defined,
time-varying schedule for the step size and momentum parameters. This approach is “parameter-
agnostic," meaning the schedules are chosen based only on the iteration counter and do not require
prior knowledge of the problem’s characteristics. The primary goal of this analysis is to prove that
the algorithm minimizes the expected gradient (i.e., E[∥∇f(xk)∥⋆] → 0) for any problem satisfying
our general assumptions, without any manual tuning of the learning rates with respect to L orK.
The cornerstone of this analysis is a general bound on the expected momentum error that holds for
any valid time-varying schedule.
Lemma 3 (MomentumError Bound for Time-Varying Parameters). Let Assumptions 2,3, and the norm
compatibility condition hold. Let the sequence {xk} be generated by Algorithm 1 with LMO errors satisfying
Assumption 1. The expected momentum error at iteration T is bounded by

ET−1 = E[∥mT −∇f(xT−1)∥⋆] ≤

(
T−1∏
t=0

(1− αt)

)
ρσ +

(
T−1∑
t=0

α2
t

T−1∏
τ=t+1

(1− ατ )

)1/2

ρσ

+ L

T−1∑
t=0

γt(1 + δt)

T−1∏
τ=t+1

(1− ατ ).

Proof. The proof proceeds by unrolling the one-step recursion for the momentum error. Let ek :=
mk+1 −∇f(xk), vk := gk −∇f(xk) be the stochastic noise, and sk−1 := ∇f(xk−1)−∇f(xk) be the
gradient drift. The error recursion is

ek = (1− αk)ek−1 + αkvk + (1− αk)sk−1.

Unrolling this relationship from k = T − 1 down to 0 gives the expression for the total error:

eT−1 =

(
T−1∏
t=0

(1− αt)

)
e−1 +

T−1∑
t=0

(
T−1∏

τ=t+1

(1− ατ )

)
(αtvt + (1− αt)st−1) ,

where we define s−1 = 0 and e−1 = m0 − ∇f(x0). For the initialization m0 = g0, we can bound
E[∥e−1∥⋆] ≤ ρσ. Taking the expectation of the norm and applying the triangle inequality yields

E[∥eT−1∥⋆] ≤

(
T−1∏
t=0

(1− αt)

)
ρσ + E

[∥∥∥∥∥
T−1∑
t=0

αtvt

T−1∏
τ=t+1

(1− ατ )

∥∥∥∥∥
⋆

]

+ E

[∥∥∥∥∥
T−1∑
t=0

(1− αt)st−1

T−1∏
τ=t+1

(1− ατ )

∥∥∥∥∥
⋆

]
.

We now bound the two summation terms separately.
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1. Bounding the Accumulated Noise Term. We apply the norm compatibility condition and then
Jensen’s inequality, to have

E

[∥∥∥∥∥
T−1∑
t=0

αtvt . . .

∥∥∥∥∥
⋆

]
≤ ρ

E

∥∥∥∥∥
T−1∑
t=0

αtvt

T−1∏
τ=t+1

(1− ατ )

∥∥∥∥∥
2

2

1/2

.

The stochastic noise vectors vt are zero-mean and independent conditioned on the past. Therefore,
the cross-terms in the squared sum vanish in expectation, yielding

E
[∥∥∥∑ . . .

∥∥∥2
2

]
=

T−1∑
t=0

α2
t

(
T−1∏

τ=t+1

(1− ατ )

)2

E[∥vt∥22] ≤ σ2
T−1∑
t=0

α2
t

(
T−1∏

τ=t+1

(1− ατ )

)2

.

Using the upper bound (1− x)2 ≤ (1− x) for any x ∈ [0, 1], we have

E
[∥∥∥∑ . . .

∥∥∥2
2

]
≤ σ2

T−1∑
t=0

α2
t

T−1∏
τ=t+1

(1− ατ ).

Substituting this back yields the final bound for the noise term:

Noise Term ≤ ρσ

(
T−1∑
t=0

α2
t

T−1∏
τ=t+1

(1− ατ )

)1/2

.

2. Bounding the Accumulated Drift Term. We apply the triangle inequality for sums, Assump-
tion 2, and the step-size bound ∥xt − xt−1∥ ≤ γt−1(1 + δt−1), to obtain

E
[∥∥∥∑(1− αt)st−1 . . .

∥∥∥
⋆

]
≤

T−1∑
t=0

(1− αt)E[∥st−1∥⋆]
T−1∏

τ=t+1

(1− ατ )

≤ L

T−1∑
t=0

(1− αt)γ
t−1(1 + δt−1)

T−1∏
τ=t+1

(1− ατ ).

Using the bound (1− αt) ≤ 1 and re-indexing the summation gives the simplified form

Drift Term ≤ L

T−1∑
t=0

γt(1 + δt)

T−1∏
τ=t+1

(1− ατ ).

3. Combining the Bounds. Assembling the bounds for the three components gives the inequality
stated in the lemma.

Before analyzing the convergence for a specific time-varying schedule, we first establish a general
convergence bound that holds for any choice of sequences {γk} and {αk}. This theorem is the
stochastic analogue of the deterministic result in Theorem 1 and serves as the starting point for all
subsequent rate analysis.
Lemma 4 (General Convergence Bound). Let Assumptions 1, 2, 3, and the norm compatibility condition
hold. The sequence of iterates {xk} generated by Algorithm 1 with time-varying parameters satisfies the
following inequality for any K ≥ 1:

K−1∑
k=0

γk(1− δk)E[∥∇f(xk+1)∥⋆] ≤ ∆0 +
3L

2

K−1∑
k=0

(γk)2(1 + δk)
2

+ 2L

K−1∑
k=0

(γk)2(1 + δk) + 2

K−1∑
k=0

γkE[∥∇f(xk)−mk+1∥⋆],

where∆0 = f(x0)− f∗.
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Proof. The proof begins with the per-iteration guarantee from the Inexact Descent Lemma
(Lemma 2). To obtain a guarantee on the true gradient norm, we apply the reverse triangle in-
equality to the main descent term, ∥mk+1∥⋆ ≥ ∥∇f(xk+1)∥⋆ − ∥∇f(xk+1) − mk+1∥⋆. Substituting
this into the descent lemma’s bound gives

f(xk+1) ≤ f(xk)− γk∥∇f(xk+1)∥⋆(1− δk) + γk(1− δk)∥∇f(xk+1)−mk+1∥⋆

+ γk(1 + δk)∥∇f(xk+1)−mk+1∥⋆ +
3L

2
(γk)2(1 + δk)

2.

Combining the two momentum error terms (whose coefficients sum to 2) and rearranging yields

γk(1− δk)∥∇f(xk+1)∥⋆ ≤ f(xk)− f(xk+1) + 2γk∥∇f(xk+1)−mk+1∥⋆ +
3L

2
(γk)2(1 + δk)

2.

We now sum this inequality from k = 0 to K − 1 and take the total expectation:
K−1∑
k=0

γk(1− δk)E[∥∇f(xk+1)∥⋆] ≤
K−1∑
k=0

E[f(xk)− f(xk+1)]

+ 2

K−1∑
k=0

γkE[∥∇f(xk+1)−mk+1∥⋆] +
K−1∑
k=0

3L

2
(γk)2(1 + δk)

2.

The first term on the right-hand side is a telescoping sum bounded by ∆0. The core of the proof
is to decompose the sum of the momentum errors using the triangle inequality to bridge the index
gap

2

K−1∑
k=0

γkE[∥∇f(xk+1)−mk+1∥⋆] ≤ 2

K−1∑
k=0

γk
(
E[∥∇f(xk+1)−∇f(xk)∥⋆] + E[∥∇f(xk)−mk+1∥⋆]

)
.

This decomposition separates the error into two distinct components.
1. Bounding the Gradient Drift Component. The first part of this sum is bounded using Assump-
tion 2 (L-smoothness) and the property of the update step, ∥xk+1 − xk∥ = γk∥d̂k∥ ≤ γk(1 + δk),
as

2

K−1∑
k=0

γkE[∥∇f(xk+1)−∇f(xk)∥⋆] ≤ 2

K−1∑
k=0

γk
(
Lγk(1 + δk)

)
= 2L

K−1∑
k=0

(γk)2(1 + δk).

This term represents the accumulated error caused by the gradient changing between steps.
2. The Momentum Lag Component. The second part of the sum is the total accumulated momen-
tum error, which is the final term in the theorem statement:

2

K−1∑
k=0

γkE[∥∇f(xk)−mk+1∥⋆].

Assembling the Final Bound. Combining all parts, we arrive at the final inequality stated in the
theorem. This result cleanly separates the total progress (LHS) from the initial sub-optimality gap
(∆0), the cost from the step size’s magnitude (the two∑(γk)2 terms), and the accumulated mo-
mentum lag error arising from momentum and stochastic noise.

We now use the “General Convergence Bound” to derive an explicit convergence rate for a specific,
parameter-agnostic schedule. The choice of the time-varying step size andmomentum parameter is
critical for ensuring that the accumulated error terms are properly controlled, leading to a guarantee
of convergence. We adopt a schedule inspired by the analysis in Yang et al. [2023], which has been
proven effective for this type of recursive error structure.
Theorem 4 (Convergence with Time-Varying Parameters). Let Assumptions 1, 2, 3, and the norm
compatibility condition hold, with a uniform inexactness bound δk ≤ δ < 1. If we choose the time-varying
step size and momentum parameters for k ≥ 0 as

γk =
γ

(k + 1)3/4
and αk =

α

(k + 1)1/2
,
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for some user-chosen constants γ > 0 and α ∈ (0, 1], then afterK iterations, the minimum expected gradient
norm is bounded as

min
0≤j<K

E[∥∇f(xj+1)∥⋆] = O
(
∆0 + Lγ2((1 + δ)2 + (1 + δ))

(1− δ)γK1/4

)
+O

((
ρσ

√
α+ Lγ(1 + δ)α−1

)
logK

(1− δ)K1/4

)
.

Proof. The proof starts from the General Convergence Bound (Theorem 4). After rearranging, it
provides a bound on the minimum expected gradient norm:(

min
0≤j<K

E[∥∇f(xj+1)∥⋆]
)K−1∑

k=0

γk(1− δk) ≤ ∆0 +
3L

2

K−1∑
k=0

(γk)2(1 + δk)
2

+ 2L

K−1∑
k=0

(γk)2(1 + δk) + 2

K−1∑
k=0

γkE[∥∇f(xk)−mk+1∥⋆].

We analyze each term in this expression under the chosen parameter schedule and the uniform
bound δk ≤ δ.
1. Bounding the Sums of Step Sizes. With the schedule γk = γ/(k + 1)3/4, the sums have the
following behavior. The progress-weighting sum on the LHS is bounded below by an integral for
K ≥ 1:

K−1∑
k=0

γk(1− δk) ≥ γ(1− δ)

K−1∑
k=0

1

(k + 1)3/4
≥ 4γ(1− δ)((K + 1)1/4 − 1).

The squared step size sums on the RHS correspond to a convergent p-series (since the exponent p =

3/2 > 1) and are bounded by the constant ζ(3/2) =∑∞
k=1 k

−3/2 for anyK, where ζ is the Riemann
zeta function. Therefore, the two terms are bounded by 3L

2 γ2ζ(3/2)(1 + δ)2 and 2Lγ2ζ(3/2)(1 + δ)
respectively.
2. Bounding the Accumulated Momentum Error. The momentum lag component,
2
∑K−1

k=0 γkE[∥∇f(xk) − mk+1∥⋆], is bounded by applying the results of Lemma 3. The structure
of the bound in that lemma is of the form addressed by Lemma 3 in Yang et al. [2023]. Applying
their result to the two sum-of-products terms in our bound, with our chosen schedules, yields

K−1∑
k=0

γkE[∥∇f(xk)−mk+1∥⋆] ≤
(
C1ρσγ

√
α+ C2L(1 + δ)

γ2

α

)
log(K + 1),

where C1, C2 are universal numerical constants. This shows that the total accumulated error from
momentum and noise grows only logarithmically with the number of iterations.
3. Assembling the Final Bound. Substituting these explicit bounds back into the main inequality:(

min
j<K

E[∥∇f(xj+1)∥⋆]
)
· 4γ(1− δ)(K1/4 − 1) ≤ ∆0 + Lγ2ζ(3/2)

(
3

2
(1 + δ)2 + 2(1 + δ)

)
+ 2

(
C1ρσγ

√
α+ C2L(1 + δ)

γ2

α

)
log(K + 1).

Dividing by 4γ(1 − δ)(K1/4 − 1) gives the final expression for the convergence rate. For large K,
the term (K + 1)1/4 − 1 ≈ K1/4. This leads to the final bound stated in the theorem, where the
dependence on all parameters, including the user-chosen schedule constants γ and α, is made ex-
plicit.

C. Extensions
C.1. (L0, L1)-smoothness
We now extend our analysis from the standard L-smooth setting to the more general and realistic
(L0, L1)-smoothness model, as defined in Riabinin et al. [2025].
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Assumption 4 (Local (L0, L1)-Smoothness). The function f is continuously differentiable and is bounded
below by f∗ > −∞. We assume that f is locally (L0, L1)-smooth along the optimization trajectory. Specif-
ically, for any pair of consecutive iterates xk and xk+1 generated by the algorithm, the following inequality
holds:

f(xk+1) ≤ f(xk) +
〈
∇f(xk), xk+1 − xk

〉
+

L0 + L1∥∇f(xk)∥⋆
2

∥xk+1 − xk∥2.

This local version is sufficient for the analysis of descent methods where the step sizes are bounded,
as is the case here. For clarity, we do not explicitly track the radius of the local region, as it is
implicitly defined by the maximum possible step size.
Theorem 5 (Iteration Complexity for (L0, L1)-Smoothness). Let the function f satisfy the local
(L0, L1)-smoothness property (Assumption 4). Consider the deterministic method with an inexact LMO
satisfying a uniform error bound δk ≤ δ < 1 (Assumption 1), and using the adaptive step size

γk
⋆ =

∥∇f(xk)∥⋆(1− δk)

(L0 + L1∥∇f(xk)∥⋆)(1 + δk)2
.

To guarantee finding an iterate xk such that ∥∇f(xk)∥⋆ ≤ ε after at mostK iterations, it is sufficient to run
the algorithm for a number of iterations K satisfying

K ≥ 2∆0(1 + δ)2

(1− δ)2

(
L0

ε2
+

L1

ε

)
,

where∆0 = f(x0)− f∗.

Proof. The proof derives the iteration complexity for the deterministic method under (L0, L1)-
smoothness by using a step size that is chosen optimally at each iteration.
1. Per-Iteration Descent Inequality. Our analysis begins with the generalized smoothness inequal-
ity for (L0, L1)-smooth functions, which holds for any step xk+1 = xk + γkd̂k:

f(xk+1) ≤ f(xk) +
〈
∇f(xk), xk+1 − xk

〉
+

L0 + L1∥∇f(xk)∥⋆
2

∥xk+1 − xk∥2.

As established in the proof of Theorem 1, we can bound the terms involving the inexact direction
d̂k as

• ∥γkd̂k∥2 ≤ (γk)2(1 + δk)
2.

•
〈
∇f(xk), d̂k

〉
≤ −∥∇f(xk)∥⋆(1− δk).

Substituting these into the smoothness inequality gives the per-iteration guarantee

f(xk+1) ≤ f(xk)− γk∥∇f(xk)∥⋆(1− δk) +
L0 + L1∥∇f(xk)∥⋆

2
(γk)2(1 + δk)

2. (14)

2. Optimal Step Size and Resulting Descent. The right-hand side of inequality (14) is a quadratic
function of the step size γk. To maximize the guaranteed descent at each step, we choose the γk that
minimizes this expression. The optimal choice is given by

γk
⋆ =

∥∇f(xk)∥⋆(1− δk)

(L0 + L1∥∇f(xk)∥⋆)(1 + δk)2
.

We now substitute this optimal step size back into the descent inequality (14):

f(xk+1) ≤ f(xk)− (∥∇f(xk)∥⋆(1− δk))
2

2(L0 + L1∥∇f(xk)∥⋆)(1 + δk)2
.
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3. Global Bound and Iteration Complexity. Summing the final descent inequality from k = 0 to
K − 1 gives the global progress:

K−1∑
k=0

(∥∇f(xk)∥⋆(1− δk))
2

2(L0 + L1∥∇f(xk)∥⋆)(1 + δk)2
≤

K−1∑
k=0

(f(xk)− f(xk+1)) ≤ ∆0.

To derive a meaningful convergence bound from this sum, we define a progress function ϕ(t) that
captures the contribution for a gradient norm of magnitude t = ∥∇f(xk)∥⋆:

ϕ(t) :=
t2

L0 + L1t
.

This function is monotonically increasing for t ≥ 0. Assuming a uniform inexactness bound δk ≤
δ < 1, the summed inequality can be rewritten as:

(1− δ)2

2(1 + δ)2

K−1∑
k=0

ϕ(∥∇f(xk)∥⋆) ≤ ∆0.

Let gmin = min0≤j<K ∥∇f(xj)∥⋆. Since ϕ(t) is increasing, we can lower-bound the sumbyKϕ(gmin):
K(1− δ)2

2(1 + δ)2
ϕ(gmin) ≤ ∆0 =⇒ ϕ(gmin) ≤

2∆0(1 + δ)2

K(1− δ)2
.

To derive the iteration complexity, we require that the algorithm finds an iterate with gradient norm
at most ε, i.e., gmin ≤ ε. This is guaranteed if ϕ(ε) satisfies the above bound:

ϕ(ε) ≤ 2∆0(1 + δ)2

K(1− δ)2
.

Solving for K gives the required number of iterations:

K ≥ 2∆0(1 + δ)2

ϕ(ε)(1− δ)2
.

Substituting the definition of ϕ(ε) = ε2

L0+L1ε yields the final complexity stated in the theorem.

C.2. Layer-wise analysis
We now extend the analysis to the practical, multi-layered setting considered in Riabinin et al.
[2025]. This framework is essential for modern deep learning, where models are composed of dis-
tinct blocks or layers with heterogeneous geometries. We assume that the parameter vector X is a
concatenation of p blocks,X = [X1, . . . , Xp], where each layerXi belongs to its own vector space Xi

equipped with an inner product ⟨·, ·⟩(i) and norm ∥ · ∥(i). Each layer is updated independently via
its own LMO.
This framework allows us to model a realistic scenario where not only the smoothness but also the
LMO inexactness varies across layers. For example, the LMO for a simple bias vector might be
solved almost exactly (δi is small), while the LMO for a large transformer attention block might
have a larger error (δi is large).
Assumption 5 (Layer-Wise Smoothness). The function f is smooth with respect to each layer i with a
constant Li. Specifically, for any iterates Xk and Xk+1, the following holds:

f(Xk+1) ≤ f(Xk) +

p∑
i=1

[〈
∇if(X

k), Xk+1
i −Xk

i

〉
(i)

+
Li

2
∥Xk+1

i −Xk
i ∥2(i)

]
.

We first derive a general bound that holds for any choice of layer-specific, time-varying step sizes
γk,i and inexactness levels δk,i.
Theorem 6 (General Convergence Bound for Layer-Wise Method). Let Assumption 5 hold. Let the
layer-wise inexact LMO for each layer i satisfy Assumption 1 with error δk,i < 1. Then, for any sequence of
layer-specific step sizes γk,i > 0, the following bound holds after K iterations:

K−1∑
k=0

p∑
i=1

γk,i∥∇if(X
k)∥(i)⋆(1− δk,i) ≤ ∆0 +

1

2

K−1∑
k=0

p∑
i=1

Li(γk,i)
2(1 + δk,i)

2.
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Proof. The proof extends the single-layer analysis to the multi-layer setting. We start with the layer-
wise smoothness inequality from Assumption 5. The update for each layer is Xk+1

i −Xk
i = γk,id̂

k
i .

For each layer i inside the summation, we can bound the terms involving its update direction d̂ki
exactly as in the single-layer case:

• ∥γk,id̂ki ∥2(i) ≤ (γk,i)
2(1 + δk,i)

2.

•
〈
∇if(X

k), d̂ki

〉
(i)

≤ −∥∇if(X
k)∥(i)⋆(1− δk,i).

Substituting these bounds into the main inequality gives the per-iteration descent guarantee for the
layer-wise setting:

f(Xk+1) ≤ f(Xk) +

p∑
i=1

[
−γk,i∥∇if(X

k)∥(i)⋆(1− δk,i) +
Li

2
(γk,i)

2(1 + δk,i)
2

]
.

Rearranging to isolate the measure of progress (the sum of gradient norms) yields
p∑

i=1

γk,i∥∇if(X
k)∥(i)⋆(1− δk,i) ≤ f(Xk)− f(Xk+1) +

p∑
i=1

Li

2
(γk,i)

2(1 + δk,i)
2.

Summing this from k = 0 toK − 1 and using the telescoping property of the function values on the
right-hand side,∑K−1

k=0 (f(Xk)− f(Xk+1)) = f(X0)− f(XK) ≤ ∆0, gives the final result stated in
the theorem.

We now analyze the convergence of the layer-wise method when using an adaptive step size for
each layer, chosen at each iteration to maximize the guaranteed descent. This approach provides a
theoretically-grounded, adaptive learning rate policy for each layer.
Theorem 7 (Iteration Complexitywith Layer-Wise Adaptive Step Sizes). Let Assumption 5 hold. Con-
sider the deterministic layer-wise method where the inexact LMO for each layer i satisfies a uniform error
bound δk,i ≤ δi < 1. If at each iteration k, the step size for each layer i is chosen adaptively as

γ∗
k,i =

∥∇if(X
k)∥(i)⋆(1− δk,i)

Li(1 + δk,i)2
,

then to guarantee finding an iterateXk such that the weighted squared gradient norm
∑p

i=1

∥∇if(X
k)∥2

(i)⋆

Li
≤

ε2 after at most K iterations, it is sufficient to run the algorithm for a number of iterations K satisfying

K ≥ 2∆0

ε2
max
1≤j≤p

{
(1 + δj)

2

(1− δj)2

}
.

Proof. The proof begins with the per-iteration descent inequality derived in the proof of the General
Convergence Bound theorem:

f(Xk+1) ≤ f(Xk) +

p∑
i=1

[
−γk,i∥∇if(X

k)∥(i)⋆(1− δk,i) +
Li

2
(γk,i)

2(1 + δk,i)
2

]
.

The adaptive step size γ∗
k,i is the value that minimizes the term in the square brackets for each layer

i. Substituting this optimal choice into the inequality yields the maximum guaranteed descent at
each step

f(Xk+1) ≤ f(Xk)−
p∑

i=1

(∥∇if(X
k)∥(i)⋆(1− δk,i))

2

2Li(1 + δk,i)2
.

Summing this from k = 0 toK − 1 gives the global progress bound
K−1∑
k=0

p∑
i=1

∥∇if(X
k)∥2(i)⋆(1− δk,i)

2

2Li(1 + δk,i)2
≤ ∆0.
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We assume a uniform (but potentially layer-specific) inexactness bound δk,i ≤ δi < 1. The inequal-
ity becomes

1

2

K−1∑
k=0

p∑
i=1

(1− δi)
2

(1 + δi)2

∥∇if(X
k)∥2(i)⋆

Li
≤ ∆0.

Let wi :=
(1−δi)

2

(1+δi)2
be the layer-specific error weight and letG2

k :=
∑p

i=1

∥∇if(X
k)∥2

(i)⋆

Li
be the weighted

squared gradient norm. The bound can be written as 1
2

∑K−1
k=0

∑p
i=1 wi

∥∇if(X
k)∥2

(i)⋆

Li
. To derive a

clear complexity, we can lower-bound the weights by their minimum value, wmin = min1≤j≤p wj :
p∑

i=1

wi

∥∇if(X
k)∥2(i)⋆

Li
≥ wmin

p∑
i=1

∥∇if(X
k)∥2(i)⋆

Li
= wminG

2
k.

Substituting this into the main inequality gives wmin

2

∑K−1
k=0 G2

k ≤ ∆0. Let G2
min = min0≤j<K G2

j .
Since∑K−1

k=0 G2
k ≥ K ·G2

min, we have
Kwmin

2
G2

min ≤ ∆0 =⇒ G2
min ≤ 2∆0

Kwmin
.

To guarantee that the weighted squared gradient norm G2
min ≤ ε2, we require

2∆0

Kwmin
≤ ε2 =⇒ K ≥ 2∆0

ε2wmin
.

Substituting back the definition of wmin = minj
(1−δj)

2

(1+δj)2
gives the final complexity

K ≥ 2∆0

ε2
1

minj
(1−δj)2

(1+δj)2

=
2∆0

ε2
max

j

(1 + δj)
2

(1− δj)2
.

Discussion This result for the layer-wise adaptive method is powerful as it provides a concrete,
theoretically-grounded learning rate policy for each layer that leads to an optimal convergence rate.

• Optimal Rate: The resulting complexity is O(1/ε2), which is the optimal rate for deter-
ministic non-convex optimization. This confirms that the layer-wise adaptive strategy is
efficient.

• Layer-Wise Adaptivity: The step size γ∗
k,i for each layer adapts to its own local properties:

its current gradient norm ∥∇if(X
k)∥(i)⋆, its smoothnessLi, and its LMOprecision δk,i. This

is a practical and intuitive update rule that naturally assigns smaller steps to sharper or less
precisely updated layers.

• BottleneckEffect of Inexactness: The final complexity is degraded by a “worst-layer" factor,
maxj

(1+δj)
2

(1−δj)2
. This shows that the global convergence speed is bottlenecked by the single

layerwith theworst combination of update quality and infeasibility cost. A single layerwith
very high inexactness (δj → 1) will cause this factor to explode, dominating the iteration
complexity regardless of how precisely the other layers are handled.
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D. Additional Experiments and Details
This section provides supplementary details and results to support the empirical findings presented
in Section 4 of the main paper.

D.1. Experimental setup: details
We provide additional details regarding the experimental setups for both the nanoGPT and CIFAR-
10 benchmarks. Further details on model architectures and data processing can be found in the
respective code repositories cited in the main text. All experiments were conducted on a system
equipped with 4 × NVIDIA A100 GPUs.
nanoGPT on FineWeb. The hyperparameter grids used for the sweeps shown in Figure 1b are
visible on the axes of the plots themselves. The LMO inexactness δ is controlled by the number of
iterations of the PolarExpress algorithm; fewer iterations correspond to a higher error δ.
CNN on CIFAR-10. For the results presented in Figure 2b, we performed a comprehensive grid
search over the following hyperparameters for each level of LMO precision (i.e., for each number
of Newton-Schulz iterations):

• Step Size (γ): A logarithmically spaced grid from 2−12 to 2−5.
• Momentum (α): A linearly spaced grid from 0.05 to 0.90 in increments of 0.05.

The “Best Accuracy" (solid lines) in Figure 2b corresponds to the maximum test accuracy achieved
at a given step size by tuning over the momentum values. The “Worst Accuracy" (dashed lines)
corresponds to the minimum test accuracy from the same sweep.

D.2. Additional results for nanoGPT
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(a) Improvements saturate after ∼5 PolarExp itera-
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Figure 3: Supplementary results for nanoGPT on FineWeb: convergence behavior (left) and runtime
scaling (right) as the number of PolarExpress (PolarExp) iterations varies.

Performance Degradation with Increasing Precision. As mentioned in the main text, increasing
the LMO precision yields diminishing returns. Figure 3a provides the full validation loss curves
for up to 8 iterations of the PolarExpress algorithm. The plot clearly shows that while the most
significant performance gains are achieved when moving from 1 to 3 iterations, further increases in
precision (from 3 to 5, and 5 to 8) continue to improve the convergence speed and final validation
loss, albeit with smaller margins. This observation confirms the trend of diminishing returns and
empirically validates the degradation factor present in our theoretical bounds.
Table 1 complements these curves by reporting the final validation loss for each setting, highlighting
the diminishing returns observed beyond five PolarExpress iterations.
LMO Error Analysis. Figure 4 shows the LMO error (summed over layers) after p steps of
PolarExpress iterations throughout training, calculated with respect to the “true" (exact up to ma-
chine precision) LMO obtained by running PolarExpress for 100 iterations. The plot demonstrates
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Table 1: Final validation loss and total training time for NanoGPT on FineWeb across different num-
bers of PolarExpress iterations used for the LMO approximation.
PolarExpress iterations 1 2 3 4 5 6 7 8
Validation loss 3.0675 3.0316 3.0109 3.0058 3.0036 3.0037 3.0029 3.0023
Training time (minutes) 652.2 668.8 660.4 665.8 655.7 663.1 668.8 675.0

that higher iteration counts consistently achieve lower LMO error levels, with p = 8 maintaining
final error of ∼1.7 compared to p = 1 reaching ∼23.6. The error remains mostly close to constant
(except rare spikes) across training for every p, albeit with an initial increase at the beginning (to
∼26.9 for p = 1, and to ∼3.5 for p = 8). These results provide an explanation for the saturation of
performance beyond certain LMO quality, as the theoretical benefits of higher precision diminish
once the LMO error reaches sufficiently low levels.
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Figure 4: LMO error evolution across training steps for different numbers of PolarExpress (Polar-
Exp) iterations. Higher iteration counts maintain lower orthogonalization error throughout train-
ing.

D.3. Additional results for CIFAR-10
Full Hyperparameter Grids. To complement the summary plots in themain text, Figure 5 presents
the full heatmap of final test accuracies across the entire hyperparameter grid for different levels of
LMO precision. These plots provide a more detailed view of the optimizer’s stability. For a highly
precise LMO (e.g., 8 Newton-Schulz iterations), a large contiguous region of high performance is
visible, indicating robustness to hyperparameter choices. In contrast, for a highly inexact LMO
(e.g., 1 Newton-Schulz iteration), the high-performance region is smaller and more fragmented,
highlighting the optimizer’s sensitivity to tuning when the LMO is imprecise.
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Figure 5: Full final test accuracy heatmaps on CIFAR-10 across a grid of step sizes and momen-
tum values for different numbers of Newton-Schulz (“Newton”) iterations. Brighter colors indicate
higher final test accuracy. The region of high performance is visibly larger andmore stable for higher
numbers of Newton-Schulz iterations.
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