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Abstract001

Post-training LLMs with Reinforcement Learn-002
ing, specifically Group Relative Policy Opti-003
mization (GRPO), has emerged as a paradigm004
for enhancing mathematical reasoning. How-005
ever, standard GRPO relies on scalar correct-006
ness rewards that are often non-injective with007
respect to semantic content: distinct reasoning008
paths receive identical rewards. This leads to009
a Diversity-Quality Inconsistency, where the010
policy collapses into a narrow set of dominant011
modes while ignoring equally valid but struc-012
turally novel strategies. To bridge this gap, we013
propose Diversity-aware Reward Adjustment014
(DRA), a theoretically grounded framework015
that calibrates the reward signal using the se-016
mantic density of sampled groups. By lever-017
aging Submodular Mutual Information (SMI),018
DRA implements an Inverse Propensity Scor-019
ing (IPS) mechanism that effectively de-biases020
the gradient estimation. This creates a repulsive021
force against redundancy, driving the policy022
to achieve better coverage of the high-reward023
landscape. Our method is plug-and-play and024
integrates seamlessly with GRPO variants. Em-025
pirical evaluations on five math benchmarks026
demonstrate that DRA-GRPO consistently out-027
performs strong baselines, achieving an aver-028
age accuracy of 58.2% on DeepSeek-R1-Distill-029
Qwen-1.5B with only 7,000 training samples030
and $55 cost, highlighting the critical role of031
diversity calibration in data-efficient alignment.032

1 Introduction033

Recent advancements in large language mod-034

els (LLMs) have been significantly shaped by035

DeepSeek-R1-Zero (Guo et al., 2025), which sets036

a new paradigm for finetuning LLMs. Departing037

from traditional pipelines that rely on supervised038

fine-tuning (SFT) as a prerequisite, this method per-039

forms reinforcement learning (RL) directly on base040

models to align with human feedback. The suc-041

cess of DeepSeek-R1-Zero is primarily attributed042

to the Group Relative Policy Optimization (GRPO)043

Figure 1: Illustration of the Exploration-Exploitation
trade-off in GRPO. The grey dots represent the land-
scape of potential high-reward reasoning paths, dis-
tributed across a common dominant mode (center) and
novel but sparser modes (sides). (a) Vanilla GRPO
suffers from Mode Collapse: relying solely on scalar re-
wards, the policy may collapse into the dominant mode,
ignoring equally valid but semantically distinct strate-
gies. (b) DRA-GRPO (Ours) achieves Diverse Explo-
ration: by penalizing semantic redundancy, our method
effectively disperses probability mass to uncover and
reinforce novel reasoning paths, aligning the policy with
the full spectrum of correct solutions.

algorithm (Shao et al., 2024a), which simplifies 044

traditional policy optimization methods for post- 045

training (Ouyang et al., 2022). Furthermore, stud- 046

ies collectively suggest that GRPO offers a more 047

efficient and effective alternative to traditional SFT, 048

particularly outperforming in domains requiring 049

complex reasoning (Shao et al., 2024b; Li et al., 050

2025; Tan et al., 2025). However, while GRPO 051

has proven highly effective, even for smaller mod- 052

els (Dang and Ngo, 2025; Luo et al., 2025; Team, 053

2025b), its reliance on outcome-based scalar re- 054

wards introduces a critical cognitive blind spot: the 055

model is incentivized solely on what the answer 056

is, effectively blinding it to how the reasoning path 057

evolves. 058

This limitation leads to what we identify as the 059

“Diversity-Quality Inconsistency” problem, where 060

the scalar correctness reward fails to reflect the 061
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diverse reasoning paths leading to the same solu-062

tion. As illustrated in Fig. 1 (Left), Vanilla GRPO063

assigns identical high rewards to all correct com-064

pletions. We provide the empirical demonstration065

in Fig. 2 and more discussion in Section 2.2. Con-066

sequently, despite the existence of multiple high-067

reward reasoning paths (represented by the grey068

dots), the optimization process fails to credit the069

diversity of reasoning logic. This creates a bi-070

ased exploration-exploitation trade-off: the model071

tends to collapse into a narrow set of reasoning072

patterns that are easiest to generate (the central073

dominant mode), completely neglecting the novel074

but sparser modes on the periphery. A concrete075

analogy is a teacher who assigns full credit to every076

student who reaches the correct answer, regardless077

of whether they used rote memorization or novel078

derivation. While outcomes are accurate, such eval-079

uation overlooks distinct, potentially valuable rea-080

soning strategies. This limitation is particularly081

critical in resource-constrained settings, where lim-082

ited sampling per prompt fails to capture the full083

range of reasoning paths, often resulting in subop-084

timal policy convergence.085

To bridge this gap, we propose Diversity-aware086

Reward Adjustment (DRA), a plug-and-play en-087

hancement designed to calibrate the reward sig-088

nal with reasoning diversity. Theoretically, we089

frame the limitation of Vanilla GRPO as a sam-090

pling bias problem, where the model over-samples091

redundant modes. Fig. 1(b) demonstrates our core092

intuition: by integrating a diversity-aware signal,093

we distinguish between redundant and novel rea-094

soning paths even when their correctness scores095

are identical. As shown in the expansive green096

density plot, our method successfully drives the097

policy to explore the peripheral “novel modes” that098

Vanilla GRPO ignores. Specifically, we leverage099

Submodular Mutual Information (SMI), instanti-100

ated with a Graph-Cut function, to implement an101

inverse propensity scoring mechanism. This dy-102

namically downweights redundant completions and103

amplifies the reward signal for semantically unique104

trajectories, effectively transforming the “black-105

box” scalar reward into a structure-aware learn-106

ing signal. Our method integrates seamlessly with107

GRPO and its variant DR. GRPO, which we refer to108

as DRA-GRPO and DRA-DR. GRPO, respectively.109

To validate the versatility and robustness of our110

approach, we apply DRA-GRPO across distinct111

model backbones, including DeepSeek-R1-Distill-112

Qwen-1.5B and Qwen 3. Empirical evaluations on113

five mathematical reasoning benchmarks demon- 114

strate that our method is consistently effective, 115

yielding significant performance gains over strong 116

baselines in diverse settings. Notably, with only 117

7,000 training samples, our approach achieves an 118

average accuracy of 58.2% on the 1.5B model, con- 119

firming that explicitly modeling reasoning diversity 120

is a fundamental key to data-efficient alignment re- 121

gardless of the base model. 122

2 Method 123

2.1 Preliminary 124

We briefly review the Group Relative Policy Opti- 125

mization (GRPO) algorithm (Shao et al., 2024a), 126

as employed in (DeepSeek-AI, 2025). Language 127

model generation is formulated as a token-level 128

Markov Decision Process (MDP). At each gener- 129

ation step t, the state st is the concatenation of 130

the input question and the partial output sequence 131

generated thus far, denoted as st = q;o<t. The 132

policy πθ(· | st) selects the next token ot from the 133

vocabulary A, inducing a deterministic transition 134

to the next state st+1 = st; [ot]. Generation be- 135

gins by sampling an initial state s1 = q ∼ pQ 136

from the distribution over input questions, and 137

terminates either upon generation of the special 138

[eos] token or when the token budget is exhausted. 139

GRPO proposes to sample a group of responses 140

C = {o1, . . . ,oG} per question and compute their 141

returns R = {{R(q,o1), . . . , {R(q,oG)}. Below, 142

we present the GRPO objective, omitting the KL- 143

divergence term for clarity. 144

JGRPO(πθ) = Eq∼pQ,{oi}Gi=1∼πθold
(·|q)

1

G

G∑
i=1

1

|oi|

|oi|∑
t=1

{
min

[
πθ(oi,t|q,oi,<t)

πθold(oi,t|q,oi,<t)
Âi,t,

clip
(

πθ(oi,t|q,oi,<t)

πθold(oi,t|q,oi,<t)
, 1− ϵ, 1 + ϵ

)
Âi,t

]}
,

(1)

145

where Âi,t denotes the advantage function com- 146
puted by: 147

Âi,t =
R(q,oi)−mean({R(q,o1), . . . , R(q,oG)})

std({R(q,o1), . . . , R(q,oG)})
.

(2) 148

A more recent work DR. GRPO (Liu et al., 2025) 149

proposes to remove the terms 1
|oi| and std(·) in Eqs. 150

1 and 2, to improve token efficiency. 151

As our focus is on mathematical reasoning, here, 152

we review some typical reward functions used in 153

this task (Shao et al., 2024a; Dang and Ngo, 2025). 154

Please refer to Appendix A for more details. 155
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Accuracy Reward. This binary metric assigns a156

reward of 1.0 if the parsed model output exactly157

matches the ground truth.158

Cosine Reward. To encourage conciseness along-159

side correctness, this function scales the reward us-160

ing a cosine schedule based on completion length,161

assigning higher values to shorter, correct reason-162

ing paths.163

Format Reward. This structural constraint en-164

forces validity by assigning a reward of 1.0 solely165

if the reasoning process is strictly enclosed within166

<think> and </think> tags.167

It is worth noting that these reward functions typ-168

ically compute the reward by applying straightfor-169

ward criteria to the entire solution. In the following,170

we will argue that this would not be the optimal171

way to characterize the reasoning paths.172

2.2 Diversity-Quality Inconsistency173

As we discussed in the previous section, both algo-174

rithms evaluate a group of independently sampled175

completions πθold and reward signals typically cap-176

ture only solution-level correctness, providing a177

sparse scalar judgment for each completion. How-178

ever, this scalar reward (quality) overlooks the di-179

verse reasoning paths that can yield identical or sim-180

ilar outcomes, resulting in what we term Diversity-181

Quality Inconsistency. To illustrate the severity of182

this inconsistency, we present both a qualitative183

case study and a quantitative analysis.184

Case Study. Fig. 2 presents two correct comple-185

tions for the same sequence problem. While both186

trajectories converge on the correct solution, they187

exhibit fundamentally different cognitive struc-188

tures. The first completion (o1) adopts an ex-189

ploratory, “thinking-out-loud” persona, character-190

ized by a loose narrative flow and real-time self-191

correction mechanisms (e.g., “Wait, actually, look-192

ing again. . . ”). In stark contrast, the second com-193

pletion (o2) exhibits a systematic, didactic struc-194

ture, establishing precise formal notation early and195

explicitly segregating the derivation from a final196

verification phase (e.g., “Let me double-check the197

calculations”). Despite this profound semantic dis-198

parity, representing a distinction between stochastic199

discovery and structured verification, the scalar re-200

wards assigned are nearly indistinguishable (2.782201

vs. 2.855). This confirms that the standard reward202

signal is effectively blind to the structural diver-203

sity of reasoning, treating distinct algorithmic ap-204

proaches as interchangeable. More examples are205

shown in Appendix E.206

Quantitative Analysis. To investigate the rela- 207

tionship between reward signals and reasoning 208

diversity, we conduct an empirical analysis over 209

prompts with multiple sampled completions. For 210

each prompt, we compute pairwise semantic dis- 211

tances between completions using cosine distance 212

over sentence-level embeddings obtained from a 213

pre-trained embedding model. In parallel, we com- 214

pute the absolute differences in scalar reward val- 215

ues assigned to each completion. To measure how 216

well reward differences reflect semantic diversity, 217

we compute Spearman’s rank correlation coeffi- 218

cient between the reward distance matrix and the 219

embedding distance matrix for each prompt. 220

We choose Spearman’s rank correlation for three 221

key reasons. First, it is a non-parametric statistic, 222

making no assumptions about the linearity or dis- 223

tribution of the underlying variables, an important 224

consideration in our setting, where reward scales 225

and semantic distances may exhibit complex, non- 226

linear relationships. Second, Spearman correla- 227

tion is based on rank order, allowing us to capture 228

monotonic trends in the data, i.e., whether more se- 229

mantically different completions are likely to have 230

more divergent rewards. Third, it is robust to scale 231

mismatches between the two metrics (scalar re- 232

wards vs. high-dimensional embeddings), since 233

it evaluates alignment in relative ordering rather 234

than absolute magnitude. 235

We analyze the distribution of Spearman coef- 236

ficients across prompts (see Fig. 3) and observe 237

that in the majority of cases, correlation is low or 238

statistically insignificant (p > 0.05). This provides 239

strong empirical evidence that reward alone does 240

not capture the semantic diversity of model outputs, 241

a phenomenon we define as the Diversity-Quality 242

Inconsistency. These findings motivate the need 243

for training objectives that explicitly model and 244

preserve reasoning diversity in addition to optimiz- 245

ing for correctness. Please refer to Appendix B for 246

more details and results for this investigation. 247

2.3 Diversity-aware Reward Adjustment 248

To address this, we propose to reweight each sam- 249

ple’s reward based on its relative diversity/redun- 250

dancy within the group: completions that are more 251

distinct from the rest are assigned higher impor- 252

tance, while redundant samples are downweighted. 253

To this end, we propose to replace R(q,oi) with 254

our diversity-aware adjusted reward R̃(q,oi) in Eq. 255
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Completion 1 [Reward: 2.782]

Okay, so I have this sequence: 1, 2, 1, 2, 2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 1, 2, and so on. The pattern is
that each time, there’s a 1 followed by an increasing number of 2’s. The number of 2’s between
each pair of 1’s increases by one each time.
First, I need to figure out the structure of the sequence to find the sum of the first 1234 terms. Let
me write out the beginning of the sequence to see the pattern clearly:
1, 2, 1, 2, 2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 1, 2, 2, 2, 2, 2, 1, ...
So, starting from the first term:

• The first term is 1.

• Then one 2.

• Then another 1.

• Then two 2’s.

• Then another 1.

• Then three 2’s.

• Then another 1.

• Then four 2’s.

• And so on.

So, each "block" of the sequence consists of a 1 followed by n 2’s, where n starts at 1 and increases
by 1 each time. So, the first block is 1 followed by 1 two; the second block is 1 followed by 2
two’s; the third block is 1 followed by 3 two’s, etc.
Wait, actually, looking again, the first block is 1, followed by one 2: so it’s 1, 2. Then 1, 2, 2. Then
1, 2, 2, 2. So each block is 1 followed by k 2’s, where k increases by 1 each time. So each block
has (k + 1) terms: 1 and k 2’s.
Wait, no: 1, 2 is two terms. Then 1, 2, 2 is three terms. Then 1, 2, 2, 2 is four terms. So each block
is (k + 1) terms, where k starts at 1: 1, 2; 1, 2, 2; 1, 2, 2, 2; etc.
So, the total number of terms in the sequence up to a certain block can be calculated as the sum of
the sizes of each block. Each block has (k + 1) terms, where k is the block number starting from 1.

• First block (k = 1) has 2 terms: 1, 2.

• Second block (k = 2) has 3 terms: 1, 2, 2.

• Third block (k = 3) has 4 terms: 1, 2, 2, 2.

And so on.
So, the total number of terms up to the nth block is the sum from k = 1 to n of (k + 1) terms.
Which is:

n∑

k=1

(k + 1) =
n∑

k=1

k +
n∑

k=1

1 =
n(n + 1)

2
+ n =

n(n + 1) + 2n

2
=

n2 + 3n

2
.

Figure S18: Completion 1 for Question 2.
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Completion 1 (continued) [Reward: 2.782]

We need to find n such that

n2 + 3n

2
→ 1234 <

(n + 1)2 + 3(n + 1)

2
.

Solving for n:

n2 + 3n

2
= 1234 ↑ n2 + 3n ↓ 2468 = 0.

Using the quadratic formula:

n =
↓3 ±

↔
9 + 4 · 2468

2
=

↓3 ±
↔

9881

2
.

Since
↔

9881 ↗ 99.4, we have:

n ↗ ↓3 + 99.4

2
↗ 96.4

2
↗ 48.2 ↑ n = 48.

Check total terms for n = 48:

482 + 3 · 48

2
=

2304 + 144

2
=

2448

2
= 1224.

For n = 49:

492 + 3 · 49

2
=

2401 + 147

2
=

2548

2
= 1274.

So, the 48th block ends at term 1224, and the 49th block starts at term 1225 and ends at term 1274.
Thus, to reach the 1234th term, we take 10 terms from the 49th block:

1234 ↓ 1224 = 10.

The 49th block is: 1 followed by 49 two’s. The first 10 terms of this block are: 1, 2, 2, 2, 2, 2, 2, 2,
2, 2.
Sum of first 48 blocks:

48∑

k=1

(1 + 2k) =
48∑

k=1

1 +
48∑

k=1

2k = 48 + 2 · 48 · 49

2
= 48 + 2352 = 2400.

Sum of first 10 terms of block 49:

1 + 9 · 2 = 1 + 18 = 19.

Total sum:

2400 + 19 = 2419.

Final Answer: The sum of the first 1234 terms is 2419 .

Figure S19: Completion 1 for Question 2 (Continued).
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Completion 2 [Reward: 2.855]

Okay, so I have this sequence: 1, 2, 1, 2, 2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 1, 2, and so on. The pattern seems
to be that each time there’s a 1 followed by an increasing number of 2’s. Specifically, between each
pair of 1’s, the number of 2’s increases by one each time. So, the first time there’s one 1 followed
by one 2, then next time two 1’s with two 2’s in between, then three 1’s with three 2’s, etc.
The question is asking for the sum of the first 1234 terms of this sequence. Hmm, okay, so I need
to figure out where the 1234th term falls in this sequence and then calculate the sum up to that
point.
First, let’s understand the structure of the sequence. Each "block" consists of a 1 followed by an
increasing number of 2’s. So the first block is [1, 2], the second block is [1, 2, 2], the third block is
[1, 2, 2, 2], and so on. So each block n consists of 1 followed by n 2’s, making the total length of
each block n + 1.
Wait, actually, hold on. Let me clarify. When n = 1, the block is [1, 2], which is 2 terms. For
n = 2, it’s [1, 2, 2], which is 3 terms. For n = 3, it’s [1, 2, 2, 2], which is 4 terms, etc. So in
general, block n has (n + 1) terms. So the total number of terms up to block n is the sum from
k = 1 to k = n of (k + 1). That’s the same as the sum from k = 1 to k = n of k plus the sum of
1’s, which is:

n(n + 1)

2
+ n =

n(n + 1) + 2n

2
=

n2 + 3n

2
.

So the total number of terms after block n is n2+3n
2 . We need to find the largest n such that

n2+3n
2 → 1234. Then, the sum will be the sum of all complete blocks plus the sum of the remaining

terms in the next block.
Let me denote S(n) = n2+3n

2 as the total number of terms after block n. We need to solve for n in
S(n) → 1234.
So, solving n2 + 3n ↑ 2468 → 0 (since 1234 ↓ 2 = 2468). Using the quadratic formula:

n =
↑3 ±

↔
9 + 9872

2
=

↑3 ±
↔

9881

2
.

Calculating
↔

9881: Let’s see, 992 = 9801, so
↔

9881 is approximately 99.40. So n ↗ →3+99.40
2 ↗

96.40
2 ↗ 48.2. So n is approximately 48.2, but since n must be an integer, n = 48.

Let’s check S(48):

S(48) =
482 + 3 · 48

2
=

2304 + 144

2
=

2448

2
= 1224.

Then, the next block is block 49, which starts with a 1 followed by 49 2’s. So, we need to see how
many terms we have beyond 1224 to reach 1234.

1234 ↑ 1224 = 10 terms.

So, we need to take 10 terms from block 49, which is [1, 2, 2, 2, ..., 10 times 2].
Therefore, the sum of the sequence up to 1234 terms is the sum of all complete blocks up to block
48, plus the sum of the first 10 terms of block 49.
Each block k has 1 followed by k 2’s, so the sum of block k is 1 + 2k.

Figure S20: Completion 2 for Question 2.
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Completion 2 (continued) [Reward: 2.855]

Therefore, the total sum up to block 48 is:

48∑

k=1

(1 + 2k).

This can be broken into two sums:

48∑

k=1

1 +

48∑

k=1

2k = 48 + 2 · 48 · 49

2
= 48 + 48 · 49 = 48 + 2352 = 2400.

Now, we need to add the sum of the first 10 terms of block 49.
Block 49 is [1, 2, 2, 2, 2, 2, 2, 2, 2, 2, ..., 10 times 2].
The first term is 1, and the next 9 terms are 2’s.

Sum = 1 + (10 → 1) · 2 = 1 + 18 = 19.

Therefore, the total sum up to 1234 terms is:

2400 + 19 = 2419.

Let me double-check the calculations.
First, S(n) = n2+3n

2 .
For n = 48, S(48) = 482+3·48

2 = 2304+144
2 = 2448

2 = 1224. Correct.
So, 1234 → 1224 = 10 terms. So, taking the first 10 terms of block 49, which is [1, 2, 2, 2, 2, 2, 2,
2, 2, 2], sum is 1 + 2 · 9 = 19. Correct.
Therefore, 2400 + 19 = 2419.
Yes, that seems correct. Then, adding the first 10 terms of block 49 adds 19, so total is 2419.
Block 49: 1 followed by 49 2’s, so 50 terms.
But we only take 10 terms from it, so total terms are 1224 + 10 = 1234. Correct.
Yes, that all adds up. So, the answer is 2419.
Final Answer
The sum of the first 1234 terms is 2419 .

Figure S21: Completion 2 for Question 2 (Continued).
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Figure 2: Case study illustrating the Diversity-Quality Inconsistency. We present two correct completions for the
same sequence problem. Completion 1 (o1) adopts a concise, formula-driven strategy, whereas Completion 2 (o2)
exhibits an exploratory, “thinking-out-loud” reasoning style with step-by-step verification. Despite their profound
semantic disparity, Vanilla GRPO assigns them nearly indistinguishable scalar rewards (2.782 vs. 2.855), failing to
capture the structural diversity of the reasoning paths.
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Figure 3: Distribution of p-values from Spearman’s rank
correlation between completion quality and semantic
diversity. The test is conducted for every prompt.

2 as: 256

R̃(q,oi) =
R(q,oi)

1 + SMI({oi}, C \ {oi})
, (3) 257

where SMI({oi}, C \ {oi}) denotes the Submodu- 258

lar Mutual Information (SMI) between query com- 259

pletion oi and the remaining completions denotes 260

as C \ {oi}. Submodular functions, with their di- 261

minishing returns property, naturally model diver- 262

sity and redundancy. SMI quantifies the shared 263

information between sets under a submodular func- 264

tion (Iyer et al., 2021a,b). We instantiate SMI us- 265

ing the Graph-Cut function over a similarity kernel 266
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s(·, ·) presented as267

SMI({oi}, C \ {oi}) =
∑

j∈C\{oi}
s(oi, j), (4)268

where we adopt the assumption that s(oi, j) =269

s(j,oi). It measures the total symmetric similarity270

between oi and the remaining elements. In this271

work, we use an extra small pretrained model to272

get the embedding for each completion. Due to sub-273

modularity, this formulation captures diminishing274

redundancy: elements more similar to the set con-275

tribute less marginal information. Thus, Graph-Cut276

SMI provides a principled measure of oi’s relative277

redundancy (high value) or diversity (low value)278

within the group. In the context of reward adjust-279

ment in Eq. 3, we assign a more redundant com-280

pletion with a lower weight to its corresponding281

reward and a diverse completion a higher weight.282

We use cosine similarity as the kernel s(·), enabling283

efficient computation of the SMI via a precomputed284

similarity matrix. This can be presented as285

R̃(q,oi) =
R(q,oi)

1 + SMI({oi}, C \ {oi})
(5)286

=
R(q,oi)

1 +
∑

j∈C\{oi} s(oi, j)
287

=
R(q,oi)

s(oi,oi) +
∑

j∈C\{oi} s(oi, j)
288

=
R(q,oi)∑G

j=0Lij

.289

We note that
∑G

j=0Lij is the sum of the ith row of290

the similarity matrix L, so this can be efficiently291

computed through Pytorch tensor operation trick292

for all completions as shown in Algorithm 1, i.e.,293

similarity_matrix.sum(dim=1). This results in294

a total computational complexity of O(G2) for a295

group of size G. We provide a PyTorch-style algo-296

rithmic summary in Algorithm 1 (Appendix C).297

2.4 Theoretical Justification298

To theoretically ground our approach, we analyze299

the SMI-based adjustment through the lens of im-300

portance sampling and density estimation. Let Z301

denote the latent semantic space. Standard GRPO302

approximates gradients using samples drawn from303

a proposal distribution q(o) ≜ πθold(o|q). This304

standard objective effectively maximizes the re-305

ward weighted by the sampling prior:306

∇JGRPO ≈ Eo∼q [R(o)∇ log π] =

∫
Z
q(o)R(o)∇ log π do.

(6)307

However, q(o) is inherently biased: the model con- 308

centrates probability mass on “dominant modes” 309

(easy-to-generate patterns), leading to the over- 310

sampling of redundant paths. Our proposed SMI 311

term functions as a Kernel Density Estimator 312

(KDE) of this biased proposal distribution, i.e., 313

p̂G(o) ≈ q(o). Under this framework, the adjusted 314

reward R̃ implements Inverse Propensity Scoring 315

(IPS) (Rosenbaum and Rubin, 1983). By scaling 316

the raw reward R by the inverse of the estimated 317

density, we reweight the gradient estimate: 318

∇JDRA ≈ Eo∼q

[
R(o)

p̂G(o)
∇ log π

]
≈

∫
Z
q(o)

R(o)

q(o)
∇ log π do =

∫
Z
R(o)∇ log π do.

(7)

319

Critically, the Right-Hand Side (RHS) represents 320

the gradient over the true reward landscape, in- 321

dependent of the sampling bias q(o). In contrast 322

to standard GRPO, which is heavily weighted by 323

the model’s prior q, our objective approximates 324∫
R(o)do. This implies that all high-reward re- 325

gions, whether they are dominant modes or rare 326

novel paths (as shown in Fig. 1), contribute ap- 327

proximately equally to the optimization, thereby 328

encouraging better coverage of the diverse solution 329

space. 330

3 Experiment 331

3.1 Experimental Setup 332

Training Dataset. We adopt a high-quality dataset 333

curated by (Dang and Ngo, 2025). This dataset 334

consists of only 7000 samples refined and selected 335

from the s1 dataset (Muennighoff et al., 2025) and 336

the DeepScaleR dataset (Luo et al., 2025) with 337

mixed problem difficulties. 338

Evaluation Dataset. We select five popular mathe- 339

matical reasoning benchmarks: AIME24 1, MATH- 340

500 (2023; 2021), AMC23 2, Minerva (2022) and 341

OlympiadBench (2024). 342

Baselines. We evaluate our approach against 343

various baseline models. The general-purpose 344

large model: (i) Llama-3.1-70B-Instruct (AI, 345

2024a) and (ii) o1-preview (AI, 2024b). For 346

mathematics-focused 7B models, we consider: 347

(iii) Qwen-2.5-Math-7B-Instruct (Yang et al., 348

2024); (iv) rStar-Math-7B (Guan et al., 2025); 349

1https://huggingface.co/datasets/AI-MO/
aimo-validation-aime

2https://huggingface.co/datasets/AI-MO/
aimo-validation-amc
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(v) Eurus-2-7B-PRIME (Cui et al., 2025); and350

(vi) Qwen2.5-7B-SimpleRL (Zeng et al., 2025).351

Lastly, for mathematics-focused 1.5B models,352

instead of our base model, we include (vii)353

DeepScaleR-1.5B-Preview (Luo et al., 2025),354

(viii) Still-3-1.5B-Preview (Team, 2025b), and355

(ix) Open-RS (Dang and Ngo, 2025).356

Implementation. Following the experimental pro-357

tocols of Open-RS (Dang and Ngo, 2025), we adopt358

DeepSeek-R1-Distill-Qwen-1.5B (DeepSeek-359

AI, 2025) as our primary base model to ensure360

a fair and direct comparison with state-of-the-361

art baselines. We use 4x NVIDIA A100 40GB362

GPUs. Please refer to Appendix D for the de-363

tails of hyperparameters. Additionally, to demon-364

strate the generalization of our method to newer365

architectures, we provide ablation studies using366

Qwen3-4B-Instruct in the following subsection.367

3.2 Empirical Analysis368

Main Results in Accuracy. As shown in Ta-369

ble 1, our primary observation is that integrating370

our method with DR. GRPO outperforms all base-371

line approaches across various parameter scales,372

achieving an average accuracy of 58.2% across373

all benchmarks. Notably, it achieves the highest374

accuracy on both AMC23 (85%) and Olympiad-375

Bench (53.8%). When incorporated with GRPO,376

our method obtains an average accuracy of 56.7%,377

which is on par with the previous state-of-the-art,378

DeepScaleR-1.5B-Preview (57%). However, our379

approach requires only 7,000 fine-tuning samples,380

in contrast to the approximately 40,000 samples381

used by DeepScaleR-1.5B-Preview. These re-382

sults demonstrate the superiority of our method in383

low-resource settings, i.e., a small model with 1.5B384

parameters and limited samples for fine-tuning.385

Ablation on Algorithms. The ablation results386

are summarized in Table 1. The main ob-387

servation is that, compared to the base model388

DeepSeek-R1-Distill-Qwen-1.5B, our methods389

yield improvements of 7.8% and 9.3% in aver-390

age accuracy. More importantly, integrating our391

method with GRPO leads to a 1.9% increase in ac-392

curacy compared to using GRPO alone. A similar393

conclusion can be drawn for DR. GRPO, where our394

method achieves an average accuracy gain of 2.2%395

across all benchmarks. We also highlight several396

notable improvements: our method boosts perfor-397

mance on AIME24 by 6.7% and 3.4% for GRPO398

and DR. GRPO, respectively, and achieves a 5%399

gain on AMC23 with DR. GRPO. These results400

further confirm the effectiveness of our method. 401

While our main experiments focus on 402

DeepSeek-R1-Distill-Qwen-1.5B to align with 403

the Open-RS benchmark, it is crucial to verify if 404

our method generalizes to stronger, state-of-the-art 405

models. To this end, we conducted additional 406

ablation studies on Qwen3-4B-Instruct, as 407

summarized in Table 2. Consistent with our 408

observations on the 1.5B model, DRA brings 409

stable improvements across different architectures. 410

Specifically, when integrated with DR. GRPO, our 411

method improves the average accuracy from 73.3% 412

to 74.1% (∆ + 0.8%). This confirms that the 413

benefits of explicitly modeling semantic diversity 414

are not limited to specific parameter scales and 415

remain effective even with stronger base models. 416

Ablation on Embeddings. To investigate the sen- 417

sitivity of our method to the choice of semantic 418

representations, we replace the default embedding 419

model (jina-embeddings-v2-small-en) with 420

nomic-embed-text-v1.5 (Nussbaum et al., 2025). 421

As shown in Table 3, our method maintains con- 422

sistent performance gains, improving GRPO by 423

1.5% and DR. GRPO by 1.6%. Although the abso- 424

lute performance is slightly different from the main 425

results, the stable improvements confirm that DRA- 426

GRPO is robust to different embedding spaces and 427

effectively captures semantic diversity regardless 428

of the underlying encoder. 429

Efficiency. Compared to the vanilla GRPO and 430

DR. GRPO, our method introduces a small over- 431

head due to encoding the completions. As shown 432

in the table following, our method introduces ap- 433

proximately 6% runtime and 1.4% GPU overhead. 434

Runtime GPU

Vanilla ∼84s/step ∼38.77GB/device
+ DGA ∼90s/step ∼39.34GB/device

This result 435

suggests that 436

the introduced 437

overhead is 438

relatively minor and unlikely to impact practical 439

deployment. 440

Comparison with Other SMI. Another potential 441

diversity-based SMI is known as logdet SMI (Iyer 442

et al., 2021b). This is related to the quality-diversity 443

decomposition in determinantal point processing 444

(DPP) (Kulesza and Taskar, 2012). In our context, 445

it is defined as 446

SMI({oi}, C \ {oi}) (8) 447

= log detLii + log detLC\{oi} − log detLC , 448

where Lii = 1 denotes the ith diagonal value 449

of the similarity matrix, and its value is 1 as we 450
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Table 1: Zero-shot pass@1 performance across benchmarks. Dashes (–) denote unavailable official scores. ’†’
denotes our implementation. Scores for o1-preview are sourced from AI, 2024b; others from Dang and Ngo, 2025.
We also report the number of samples used to fine-tune the small models.

Model Fine-tuning Samples AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

Llama-3.1-70B-Instruct 16.7 64.6 30.1 35.3 31.9 35.7
o1-preview 44.6 85.5 – – – –
Qwen-2.5-Math-7B-Instruct 13.3 79.8 50.6 34.6 40.7 43.8
rStar-Math-7B 26.7 78.4 47.5 – 47.1 –
Eurus-2-7B-PRIME 26.7 79.2 57.8 38.6 42.1 48.9
Qwen2.5-7B-SimpleRL 26.7 82.4 62.5 39.7 43.3 50.9
DeepSeek-R1-Distill-Qwen-1.5B Base Model 28.8 82.8 62.9 26.5 43.3 48.9
Still-3-1.5B-Preview 30,000 32.5 84.4 66.7 29.0 45.4 51.6
DeepScaleR-1.5B-Preview 40,000 43.1 87.8 73.6 30.2 50.0 57.0
Open-RS1 18,615 30.0 83.8 70.0 29.0 52.4 53.0
Open-RS2 7,000 30.0 85.4 80.0 30.5 52.4 55.7
Open-RS3 7,000 46.7 84.4 72.5 26.8 51.3 56.3
GRPO† 7,000 30.0 86.0 72.5 32.4 53.0 54.8
DR. GRPO† 7,000 33.3 83.4 80.0 30.5 52.1 56.0

DRA-GRPO (Ours) 7,000 36.7 86.2 75.0 32.4 53.0 56.7
DRA-DR. GRPO (Ours) 7,000 36.7 85.2 85.0 30.5 53.8 58.2

Table 2: Ablation analysis on different base models.
Here we use Qwen3-4B-Instruct (Team, 2025a).

Model Baseline +DRA ∆

GRPO 73.4 74.3 +0.9
DR. GRPO 73.3 74.1 +0.8

Table 3: Ablation analysis on different embedding mod-
els. Here we use nomic-embed-text-v1.5 (Nussbaum
et al., 2025).

Model Baseline +DRA (Nomic) ∆

GRPO 54.8 56.3 +1.5
DR. GRPO 56.0 57.6 +1.6

use a cosine similarity kernel. LC\{oi} and LC451

denote the rows and columns indexed by the set452

C \ {oi} and C, respectively. Although we need453

a complexity of O(G3) to precompute log detLC ,454

for each oi, we need to compute log detLC\{oi},455

which is obviously less efficient than Graph-cut456

SMI and would be challenging for scaling.457

To validate this, Table 4 compares Logdet SMI458

against our Graph-Cut SMI. In terms of accuracy,459

both methods yield comparable gains, confirming460

the robustness of penalizing redundancy. However,461

the key distinction lies in scalability. Logdet is over462

35× more expensive than our method (≈ 1573.93463

vs. 44.15 µs/prompt). Furthermore, as group size464

G scales, Logdet’s O(G3) complexity becomes a465

computational bottleneck. In contrast, our O(G2)466

approach remains lightweight. Thus, our method467

offers a superior balance between performance and468

efficiency.469

Training Cost. Training for 500 steps takes ap-470

proximately 12.5 hours on a 4×A100 setup, cost-471

Table 4: Ablation analysis on different SMI functions.

Model Baseline Logdet Ours

GRPO 54.8 56.8 56.7
DR. GRPO 56.0 58.0 58.2

Runtime (Compute weight) – 1573.93 µs/prompt 44.15 µs/prompt

ing an estimated $55, which is on par with Open- 472

RS (2025). Table 5 provides more comparisons 473

with different methods. 474

4 Discussion 475

Calibrated Exploration vs. Biased Exploitation. 476

Standard GRPO faces a critical trade-off: it 477

exploits via scalar rewards but explores heavily 478

based on the model’s prior, often leading to 479

over-exploitation of “dominant modes.” Our 480

theoretical framing of Inverse Propensity Scoring 481

(IPS) explains how DRA resolves this. Instead of 482

relying on random noise (e.g., high temperature) 483

for exploration, DRA introduces a structured 484

“repulsive force” in the optimization landscape. 485

By down-weighting redundant samples (high 486

propensity), we mathematically force the policy to 487

shift its probability mass toward the low-density, 488

high-reward regions. This transforms exploration 489

from a stochastic process into a calibrated one, 490

ensuring that the model explores semantically 491

distinct paths proportional to their uniqueness 492

rather than their frequency. 493

Ad-hoc vs. Post-hoc Diversity Modeling. Existing 494

strategies for diversity typically fall into two cate- 495

gories: ad-hoc and post-hoc. Ad-hoc approaches, 496

such as tuning sampling temperature, attempt to 497
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Table 5: Comparison of training cost by different methods.

Model rStar-Math-7B Eurus-2-7B-PRIME Qwen2.5-7B-SimpleRL DeepScaleR-1.5B-Preview Still-3-1.5B-Preview Open-RS Ours

SFT Data 7.3M 230k 0 0 0 0 0
RM Data 7k 0 0 0 0 0 0

RM Source None Eurus-2-7B-SFT None None None None None
RL Data 3.647M × 16 150k × 4 8k × 8 40k × 16 30k × 8 7k × 6 7k × 6

Hardware 10×8 H100 80GB + 15×4 A100 40GB 1×8 A100 80GB 4×6 A100 80GB 8× A100 80GB 1×8 A100 80GB 1×4 A40 48GB 1×4 A100 40GB
Time – 72h 36h 240h 150h 24h 12.5h

Cost Est. – $1088 $1633 $3629 $2268 $42 $55

encourage diversity during generation but fail to498

explicitly model correlations among completions.499

Conversely, post-hoc selection methods like De-500

terminantal Point Processes (DPPs) filter a large501

pool of samples to find a diverse subset (Kulesza502

and Taskar, 2012). While effective for inference,503

DPPs are data-inefficient for training because they504

discard valid samples, reducing the effective batch505

size for gradient updates. Our SMI-based approach506

represents a superior integration strategy: it pre-507

serves all sampled data but dynamically adjusts508

their importance weights. This allows the model509

to learn from the entire distribution, learning what510

not to repeat from redundant samples and what511

to reinforce from novel ones, without the sample512

waste associated with filtering.513

5 Related Work514

LLM alignment has transitioned from traditional515

PPO-based RLHF (Schulman et al., 2017; Ouyang516

et al., 2022) to the “R1-Zero” paradigm (Guo517

et al., 2025). GRPO (Shao et al., 2024a) facilitates518

this transition by replacing the resource-intensive519

critic network with group-relative advantage esti-520

mation. Since its inception, several variants have521

emerged to improve this framework. For example,522

DR. GRPO (Liu et al., 2025) focuses on unbiased523

advantage estimation and token-level efficiency,524

while DAPO (Yu et al., 2025) introduces a “Clip-525

Higher” mechanism to mitigate entropy collapse526

by relaxing optimization constraints. Other explo-527

rations like Info-GRPO (Anonymous, 2025) and528

Critique-GRPO (Zhang et al., 2025) incorporate529

mutual information maximization or natural lan-530

guage feedback to refine the reasoning process.531

However, existing optimization-centric methods532

like DAPO and Info-GRPO still rely on uncali-533

brated scalar rewards that neglect semantic density.534

While DAPO refines learning dynamics via relaxed535

clipping and Info-GRPO promotes diversity im-536

plicitly by conditioning on input latent priors (e.g.,537

random seeds), they primarily operate on optimiza-538

tion constraints or input perturbations. In contrast,539

DRA-GRPO represents a significant departure by540

addressing the root cause: sampling bias in the re- 541

ward signal. By intervening directly at the reward 542

level to penalize semantic redundancy, our method 543

effectively calibrates the exploration pressure us- 544

ing the density of the generated distribution. This 545

makes our method a plug-and-play enhancement 546

for the GRPO family that works independently of 547

gradient adjustments. 548

We choose DR. GRPO (in addition to vanilla 549

GRPO) as our primary baseline because it repre- 550

sents the state-of-the-art in unbiased GRPO train- 551

ing. We do not include direct comparisons with 552

variants like Critique-GRPO (Zhang et al., 2025) 553

because they rely on additional supervision signals, 554

specifically natural language critiques, whereas our 555

method focuses purely on the internal scalar reward 556

dynamics. 557

6 Conclusion 558

In this paper, we introduced DRA-GRPO, a 559

diversity-aware reward adjustment mechanism de- 560

signed to resolve the “Diversity-Quality Inconsis- 561

tency” in R1-Zero-like training. Unlike previous 562

optimization-centric variants, our approach targets 563

the semantic informativeness of the reinforcement 564

signal itself. We provide a theoretical justifica- 565

tion for our method, demonstrating that penalizing 566

redundancy via Submodular Mutual Information 567

(SMI) can be viewed as Inverse Propensity Scor- 568

ing (IPS). This effectively de-biases the gradient 569

estimation, allowing the policy to explore the full 570

support of the high-reward landscape rather than 571

collapsing into the model’s prior. 572

Our empirical results confirm that DRA-GRPO 573

yields significant performance gains over state-of- 574

the-art baselines like DR. GRPO, particularly in 575

scenarios with constrained sampling budgets. The 576

modular and plug-and-play nature of our method 577

makes it a versatile enhancement for the evolving 578

GRPO framework. Ultimately, this work highlights 579

the necessity of calibrating scalar rewards with se- 580

mantic density, providing a rigorous probabilistic 581

foundation for fostering robust reasoning capabili- 582

ties in large language models. 583
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7 Limitations584

• Community-Wide Neglect of Reasoning585

Path Verification: The prevailing research586

ecosystem predominantly prioritizes final-587

answer accuracy, resulting in a systematic588

oversight regarding the logical validity of in-589

termediate reasoning steps. Existing bench-590

marks and automated evaluation protocols are591

designed to reward outcome matching, largely592

ignoring whether the specific reasoning paths593

taken are intrinsically correct. This field-wide594

gap means that robust, scalable methodolo-595

gies for assessing the correctness of diverse596

reasoning traces remain undeveloped, leaving597

the rigorous validation of fine-grained reason-598

ing quality as an unresolved challenge for the599

broader community.600
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A Reward Function in Mathematical771

Reasoning772

We show some typical reward functions below.773

These functions often compute the reward based on774

some simple rules, which fail to explicitly capture775

the inherent semantic diversity among completions.776

Accuracy Reward. This function assigns binary777

rewards to model completions based on exact agree-778

ment with the ground truth solution. It begins by779

parsing the ground truth using a LaTeX extraction780

configuration and skips evaluation with a full re-781

ward of 1.0 if the solution is unparseable. For valid782

cases, the model’s output is also parsed with nor-783

malization settings that enforce clean LaTeX for-784

matting, including handling of boxed expressions785

and units. The parsed output is compared against786

the ground truth using a verification function. If787

they match exactly, the function assigns a reward788

of 1.0; otherwise, the reward is 0.0.789

Cosine (Correctness) Reward. This is an up-790

graded version of Accuracy Reward. It computes791

rewards for model completions by evaluating their792

correctness and scaling the reward based on com-793

pletion length using a cosine schedule. For each794

completion, it parses both the model output and the795

ground truth solution using a LaTeX-aware parsing796

configuration. If parsing fails for the ground truth,797

the function assigns a default reward of 1.0 and798

skips evaluation. Correctness is verified by com-799

paring the parsed outputs. The reward is then deter-800

mined by a cosine function of the output length rel-801

ative to a maximum length parameter, encouraging802

shorter correct answers by assigning them higher803

rewards and penalizing shorter incorrect ones more804

heavily.805

Format Reward. This function is designed to806

evaluate a list of completions by checking whether807

the reasoning process is properly enclosed within808

<think> and </think> tags. It defines an internal809

function count_tags that inspects each text for810

exactly one occurrence of the \n</think>\n tag811

sequence. This is because the opening <think> tag812

is assumed to be present in the system prompt and813

thus does not need to be counted. The function814

extracts the content strings from the completions,815

applies the count_tags function to each, and re-816

turns a list of floating-point scores. A score of 1.0817

is assigned if the proper </think> tag format is818

found exactly once; otherwise, a score of 0.0 is819

given.820
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Figure S4: Distribution of p-values from Spear-
man’s rank correlation between completion qual-
ity and semantic diversity. Embedding model is
nomic-ai/nomic-embed-text-v1.5.

B Investigation on Diversity-Quality 821

Inconsistency 822

We also show a result by us- 823

ing a different embedding model 824

nomic-ai/nomic-embed-text-v1.5 (Nuss- 825

baum et al., 2025) in Fig. S4. Similarly, for over 826

80% prompts, their completion diversity and 827

rewards are irrelevant. 828

C Algorithmic Summary 829

Please refer to Algorithm 1. 830

D Implementation Detail 831

We provide our hyperparameters for both GRPO 832

and DR. GRPO is in the table below S6. The 833

implementation is based on the source code of 834

trl package from Huggingface (von Werra et al., 835

2020). The training pipeline and prompt setups 836

are based on https://github.com/knoveleng/ 837

open-rs. We carefully select a small model, 838

jina-embeddings-v2-small-en (Günther et al., 839

2023), as the completion embedding model, which 840

supports processing a sequence with up to 8192 841

tokens. The reason is that we want to preserve the 842

efficiency, and we do not tend to adjust original 843

hyperparameters, such as mini-batch size. 844

E Case Study: Examples of Diverse 845

Completions 846

Here, we present selected examples from the 847

GRPO training process to illustrate the key mo- 848

tivation of our paper. Given the same problem, the 849

LLM can generate diverse answers; however, these 850

answers often receive very similar reward scores. 851

This suggests that learning based on solution-level 852
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Algorithm 1 PyTorch Code for diversity-aware
reward adjustment.

#input: completions_flat: A list of
completions sampled for each prompt
(question)

#Some early steps (e.g., compute reward
for each completion)

...

# Compute embeddings and similarity
matrix

embeddings = self.sentence_extractor.
encode(completions_flat)

embeddings = torch.from_numpy(embeddings
).to(device)

embeddings = F.normalize(embeddings , p
=2, dim=1)

similarity_matrix = embeddings @
embeddings.T

# Compute the weights in parallel for
all completions

similarity_sums = similarity_matrix.sum(
dim=1)

diversity_weights = 1.0 / (
similarity_sums + 1e-6)

#diversity_weights = gather(
diversity_weights)

# Adjust rewards
rewards = rewards * diversity_weights

# The following step is computing group -
wise rewards as in the vanilla
version.

...

judgments may fail to distinguish between differ-853

ent reasoning paths. Below, we show two cases854

that produce correct answers but demonstrate dis-855

tinct reasoning perspectives and styles. We also856

present an example where both completions follow857

coherent reasoning processes but result in incorrect858

answers.859

E.1 Example 1860

Question: Fig. S5.861

Two Completions: (i) Fig. S6 and (ii) Fig. S7.862

Short Analysis. While both outputs correctly ar-863

rive at the answer 1007 , they reflect notably dif-864

ferent problem-solving perspectives.865

The first response adopts an empirical, trial-866

based strategy. Its reward score is 2.103. The867

model explores specific candidate values of the di-868

Table S6: Hyperparameter Setups for our trainers.

Parameter Value

General Settings
bf16 true
use_vllm true
vllm_device auto
vllm_enforce_eager true
vllm_gpu_memory_utilization 0.7
vllm_max_model_len 4608
do_eval false

Training Configuration
gradient_accumulation_steps 4
gradient_checkpointing true
gradient_checkpointing_kwargs use_reentrant: false
learning_rate 1.0e-06
lr_scheduler_type cosine_with_min_lr
lr_scheduler_kwargs min_lr_rate: 0.1
warmup_ratio 0.1
max_steps 500
num_train_epochs 1
per_device_train_batch_size 6
per_device_eval_batch_size 6

Generation Settings
max_prompt_length 512
max_completion_length 3584
num_generations 6
temperature 0.7

Reward Configuration
reward_funcs format, accuracy (cosine)
reward_weights 1.0, 2.0

visor m, such as 1007, 1008, and 1009, and evalu- 869

ates the resulting remainders. This process mimics 870

a human-like, exploratory reasoning pattern, i.e., 871

tentative, iterative, and conversational—ultimately 872

identifying that m = 1008 yields the maximum 873

remainder 1007. The approach is grounded in pat- 874

tern recognition and error correction, reflecting a 875

“numerical experimentation” mindset often used by 876

learners. 877

In contrast, the second response applies a more 878

principled, algebraic perspective. Its reward score 879

is 2.110, almost the same as the first one. The 880

model leverages the mathematical identity that the 881

maximum remainder when dividing a by m is 882

m − 1, which occurs when a ≡ −1 mod m, or 883

equivalently, when m | (a + 1). Using this, it re- 884

duces the problem to finding the largest proper divi- 885

sor of 2016. It proceeds to factor 2016 as 25×32×7 886

and identifies m = 1008 as the largest valid divisor, 887

yielding n = 1007. This response demonstrates 888

structured mathematical reasoning and modular 889

arithmetic awareness, providing a generalizable 890

method beyond this specific example. 891
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E.2 Example 2892

Question: Fig. S8.893

Two Completions: (i) Figs. S9 and S10 and (ii)894

Figs. S11 and S12.895

Short Analysis. Both solutions arrived at the cor-896

rect final result 2419 , but they differ significantly897

in structure, presentation, and reasoning style.898

The first solution exhibits a concise, formula-899

driven approach, closely resembling traditional900

mathematical write-ups. It receives a reward score901

of 2.782. It efficiently identifies the block structure902

of the sequence, derives the closed-form expres-903

sion for the total number of terms, and computes904

the required sum using algebraic manipulation and905

minimal narrative.906

In contrast, the second solution adopts a more907

exploratory and pedagogical style. It receives a re-908

ward score of 2.855. It progressively builds under-909

standing through example-driven reasoning, error-910

checking, and step-by-step refinements. While911

more verbose, it mirrors how a human might think912

aloud while problem-solving, providing greater913

transparency into the model’s internal reasoning.914

E.3 Example 3915

Question: Fig. S13.916

Two Completions: (i) Figs. S14 and S15 and (ii)917

Figs. S16 and S17.918

Short Analysis. In this example, we show that both919

responses are wrong and receive a reward score920

of 0.018 and 0.021, respectively. However, after921

checking their responses, we can easily observe922

that their different reasoning paths. For example,923

the first solution tries to use a symbolic-algebraic924

perspective, which attempts to deduce a closed-925

form identity. The second solution takes a more926

complex-number driven view, focusing heavily on927

manipulating the roots and constants in the gen-928

eral solution. Their errors also happened at differ-929

ent places. The first response correctly obtains the930

roots −2±i
√
3 to set up the general solution. How-931

ever, it then wrongly assumes that the expression932

is constant and evaluates it only at n = 1 to con-933

clude the value at n = 50. In the second response,934

the model incorrectly computes the roots of the935

recurrence as −2± i, not the correct characteristic936

polynomial. Its following derivation is based on937

these wrong roots.938
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Question 1

<|begin_of_sentence|>A conversation between User and Assistant. The user asks
a question, and the Assistant solves it. The assistant first thinks about
the reasoning process in the mind and then provides the user with the answer,
and put your final answer within \boxed{}. The reasoning process and answer
are enclosed within <think> </think> and <answer> </answer> tags, respectively,
i.e., <think> reasoning process here </think> <answer> answer here </answer>.
Note that respond by English, NOT use other languages.<|User|>Let m be a
positive integer less than 2015. Suppose that the remainder when 2015 is divided
by m is n. Compute the largest possible value of n.<|Assistant|><think>

Figure S5: Prompt used for Example Question 1.

Answer 1 for Question 1 [Reward: 2.103]

Alright, so I’ve got this problem here where I need to find the largest possible value of n, which is
the remainder when 2015 is divided by some positive integer m, and m < 2015. Hmm, okay. Let
me think about how to approach this.
First off, I remember that when you divide one number by another, the remainder is always less
than the divisor. So, in this case, n < m < 2015.
Since n = 2015 mod m, that means:

2015 = m · q + n

for some integer q, and 0 ≤ n < m.
I want to maximize n. From the division algorithm, we also know:

n = 2015−m · ⌊2015/m⌋

As m increases toward 2015, n generally decreases because the quotient becomes 1 and n =
2015−m. So:
- If m = 2014, then n = 1 - If m = 1008, then 2015 = 1008 · 1 + 1007 ⇒ n = 1007 - If
m = 1009, then n = 2015 mod 1009 = 1006 - If m = 1007, then 2015 mod 1007 = 1
So as m increases above 1008, the remainder n decreases.

Let’s test m = 1006:
1006 · 2 = 2012 ⇒ n = 2015− 2012 = 3

If m = 1005:
1005 · 2 = 2010 ⇒ n = 5

So clearly, n peaks at m = 1008, where:

2015 mod 1008 = 1007

Final Answer:
1007

Figure S6: Completion 1 for Question 1.
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Answer 2 for Question 1 [Reward: 2.110]

Alright, so I have this problem here: I need to find the largest possible remainder when 2015 is
divided by a positive integer m, where m < 2015. Hmm, okay. Let me try to figure this out step
by step.
First off, I remember that when you divide a number by another number, the remainder is always
less than the divisor. So if m < 2015, then the remainder n should be less than m as well. But the
problem is asking for the largest possible n. So, I need to find the maximum remainder possible
when 2015 is divided by some m < 2015.
From the division algorithm:

2015 = q ·m+ n, where 0 ≤ n < m

So n = 2015− q ·m, and we want to maximize n.
Trying values around half of 2015 gives interesting results. If m = 1008, then:

1008 · 1 = 1008, 2015− 1008 = 1007

So the remainder n = 1007, which is promising.
Trying nearby m values:
- m = 1007 ⇒ 1007 · 2 = 2014, n = 2015− 2014 = 1 - m = 1009 ⇒ 2015− 1009 = 1006
So as m increases past 1008, the remainder decreases.
Let’s consider another route. Suppose we want n = m− 1, the largest possible remainder. Then:

2015 ≡ −1 mod m ⇒ m | (2015 + 1) = 2016

So the value of m must divide 2016, and the largest possible remainder will be m− 1. The largest
divisor of 2016 less than 2015 is:

Prime factorization: 2016 = 25 · 32 · 7 ⇒ divisors: 36 total

Among these, the largest divisor less than 2015 is:

m = 1008 ⇒ n = 1008− 1 = 1007

Trying m = 1009 ⇒ n = 2015 mod 1009 = 1006, which is less.
Thus, we confirm:

Final Answer:
1007

Figure S7: Completion 2 for Question 1.
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Question 2

<|begin_of_sentence|>A conversation between User and Assistant. The user asks
a question, and the Assistant solves it. The assistant first thinks about
the reasoning process in the mind and then provides the user with the answer,
and put your final answer within \boxed{} . The reasoning process and answer
are enclosed within <think> </think> and <answer> </answer> tags, respectively,
i.e., <think> reasoning process here </think> <answer> answer here </answer>.
Note that respond by English, NOT use other languages.<|User|>Given the sequence
1, 2, 1, 2, 2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 1, 2, · · · where the number of 2’s between each pair of
1’s increases by one each time, find the sum of the first 1234 terms of the
sequence.<|Assistant|><think>

Figure S8: Prompt used for Example Question 2.
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Answer 1 for Question 2 [Reward: 2.782]

Okay, so I have this sequence: 1, 2, 1, 2, 2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 1, 2, and so on. The pattern is
that each time, there’s a 1 followed by an increasing number of 2’s. The number of 2’s between
each pair of 1’s increases by one each time.
First, I need to figure out the structure of the sequence to find the sum of the first 1234 terms. Let
me write out the beginning of the sequence to see the pattern clearly:
1, 2, 1, 2, 2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 1, 2, 2, 2, 2, 2, 1, ...
So, starting from the first term:

• The first term is 1.

• Then one 2.

• Then another 1.

• Then two 2’s.

• Then another 1.

• Then three 2’s.

• Then another 1.

• Then four 2’s.

• And so on.

So, each "block" of the sequence consists of a 1 followed by n 2’s, where n starts at 1 and increases
by 1 each time. So, the first block is 1 followed by 1 two; the second block is 1 followed by 2
two’s; the third block is 1 followed by 3 two’s, etc.
Wait, actually, looking again, the first block is 1, followed by one 2: so it’s 1, 2. Then 1, 2, 2. Then
1, 2, 2, 2. So each block is 1 followed by k 2’s, where k increases by 1 each time. So each block
has (k + 1) terms: 1 and k 2’s.
Wait, no: 1, 2 is two terms. Then 1, 2, 2 is three terms. Then 1, 2, 2, 2 is four terms. So each block
is (k + 1) terms, where k starts at 1: 1, 2; 1, 2, 2; 1, 2, 2, 2; etc.
So, the total number of terms in the sequence up to a certain block can be calculated as the sum of
the sizes of each block. Each block has (k+1) terms, where k is the block number starting from 1.

• First block (k = 1) has 2 terms: 1, 2.

• Second block (k = 2) has 3 terms: 1, 2, 2.

• Third block (k = 3) has 4 terms: 1, 2, 2, 2.

And so on.
So, the total number of terms up to the nth block is the sum from k = 1 to n of (k + 1) terms.
Which is:

n∑

k=1

(k + 1) =

n∑

k=1

k +

n∑

k=1

1 =
n(n+ 1)

2
+ n =

n(n+ 1) + 2n

2
=

n2 + 3n

2
.

Figure S9: Completion 1 for Question 2.
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Answer 1 (continued) for Question 2 [Reward: 2.782]

We need to find n such that

n2 + 3n

2
≤ 1234 <

(n+ 1)2 + 3(n+ 1)

2
.

Solving for n:

n2 + 3n

2
= 1234 ⇒ n2 + 3n− 2468 = 0.

Using the quadratic formula:

n =
−3±

√
9 + 4 · 2468
2

=
−3±

√
9881

2
.

Since
√
9881 ≈ 99.4, we have:

n ≈ −3 + 99.4

2
≈ 96.4

2
≈ 48.2 ⇒ n = 48.

Check total terms for n = 48:

482 + 3 · 48
2

=
2304 + 144

2
=

2448

2
= 1224.

For n = 49:

492 + 3 · 49
2

=
2401 + 147

2
=

2548

2
= 1274.

So, the 48th block ends at term 1224, and the 49th block starts at term 1225 and ends at term 1274.
Thus, to reach the 1234th term, we take 10 terms from the 49th block:

1234− 1224 = 10.

The 49th block is: 1 followed by 49 two’s. The first 10 terms of this block are: 1, 2, 2, 2, 2, 2, 2, 2,
2, 2.
Sum of first 48 blocks:

48∑

k=1

(1 + 2k) =
48∑

k=1

1 +
48∑

k=1

2k = 48 + 2 · 48 · 49
2

= 48 + 2352 = 2400.

Sum of first 10 terms of block 49:

1 + 9 · 2 = 1 + 18 = 19.

Total sum:

2400 + 19 = 2419.

Final Answer: The sum of the first 1234 terms is 2419 .

Figure S10: Completion 1 for Question 2 (Continued).
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Answer 2 for Question 2 [Reward: 2.855]

Okay, so I have this sequence: 1, 2, 1, 2, 2, 1, 2, 2, 2, 1, 2, 2, 2, 2, 1, 2, and so on. The pattern seems
to be that each time there’s a 1 followed by an increasing number of 2’s. Specifically, between each
pair of 1’s, the number of 2’s increases by one each time. So, the first time there’s one 1 followed
by one 2, then next time two 1’s with two 2’s in between, then three 1’s with three 2’s, etc.
The question is asking for the sum of the first 1234 terms of this sequence. Hmm, okay, so I need
to figure out where the 1234th term falls in this sequence and then calculate the sum up to that
point.
First, let’s understand the structure of the sequence. Each "block" consists of a 1 followed by an
increasing number of 2’s. So the first block is [1, 2], the second block is [1, 2, 2], the third block is
[1, 2, 2, 2], and so on. So each block n consists of 1 followed by n 2’s, making the total length of
each block n+ 1.
Wait, actually, hold on. Let me clarify. When n = 1, the block is [1, 2], which is 2 terms. For
n = 2, it’s [1, 2, 2], which is 3 terms. For n = 3, it’s [1, 2, 2, 2], which is 4 terms, etc. So in
general, block n has (n+ 1) terms. So the total number of terms up to block n is the sum from
k = 1 to k = n of (k + 1). That’s the same as the sum from k = 1 to k = n of k plus the sum of
1’s, which is:

n(n+ 1)

2
+ n =

n(n+ 1) + 2n

2
=

n2 + 3n

2
.

So the total number of terms after block n is n2+3n
2 . We need to find the largest n such that

n2+3n
2 ≤ 1234. Then, the sum will be the sum of all complete blocks plus the sum of the remaining

terms in the next block.
Let me denote S(n) = n2+3n

2 as the total number of terms after block n. We need to solve for n in
S(n) ≤ 1234.
So, solving n2 + 3n− 2468 ≤ 0 (since 1234× 2 = 2468). Using the quadratic formula:

n =
−3±

√
9 + 9872

2
=

−3±
√
9881

2
.

Calculating
√
9881: Let’s see, 992 = 9801, so

√
9881 is approximately 99.40. So n ≈ −3+99.40

2 ≈
96.40
2 ≈ 48.2. So n is approximately 48.2, but since n must be an integer, n = 48.

Let’s check S(48):

S(48) =
482 + 3 · 48

2
=

2304 + 144

2
=

2448

2
= 1224.

Then, the next block is block 49, which starts with a 1 followed by 49 2’s. So, we need to see how
many terms we have beyond 1224 to reach 1234.

1234− 1224 = 10 terms.

So, we need to take 10 terms from block 49, which is [1, 2, 2, 2, ..., 10 times 2].
Therefore, the sum of the sequence up to 1234 terms is the sum of all complete blocks up to block
48, plus the sum of the first 10 terms of block 49.
Each block k has 1 followed by k 2’s, so the sum of block k is 1 + 2k.

Figure S11: Completion 2 for Question 2.
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Answer 2 (continued) for Question 2 [Reward: 2.855]

Therefore, the total sum up to block 48 is:

48∑

k=1

(1 + 2k).

This can be broken into two sums:

48∑

k=1

1 +
48∑

k=1

2k = 48 + 2 · 48 · 49
2

= 48 + 48 · 49 = 48 + 2352 = 2400.

Now, we need to add the sum of the first 10 terms of block 49.
Block 49 is [1, 2, 2, 2, 2, 2, 2, 2, 2, 2, ..., 10 times 2].
The first term is 1, and the next 9 terms are 2’s.

Sum = 1 + (10− 1) · 2 = 1 + 18 = 19.

Therefore, the total sum up to 1234 terms is:

2400 + 19 = 2419.

Let me double-check the calculations.
First, S(n) = n2+3n

2 .
For n = 48, S(48) = 482+3·48

2 = 2304+144
2 = 2448

2 = 1224. Correct.
So, 1234− 1224 = 10 terms. So, taking the first 10 terms of block 49, which is [1, 2, 2, 2, 2, 2, 2,
2, 2, 2], sum is 1 + 2 · 9 = 19. Correct.
Therefore, 2400 + 19 = 2419.
Yes, that seems correct. Then, adding the first 10 terms of block 49 adds 19, so total is 2419.
Block 49: 1 followed by 49 2’s, so 50 terms.
But we only take 10 terms from it, so total terms are 1224 + 10 = 1234. Correct.
Yes, that all adds up. So, the answer is 2419.
Final Answer
The sum of the first 1234 terms is 2419 .

Figure S12: Completion 2 for Question 2 (Continued).
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Question 3

<|begin_of_sentence|> A conversation between User and Assistant. The user asks
a question, and the Assistant solves it. The assistant first thinks about the
reasoning process in the mind and then provides the user with the answer, and
put your final answer within \boxed{} . The reasoning process and answer are
enclosed within <think> </think> and <answer> </answer> tags, respectively, i.e.,
<think> reasoning process here </think> <answer> answer here </answer>. Note
that respond by English, NOT use other languages.

<|User|> The Sequence {an}n⩾0 is defined by a0 = 1, a1 = −4 and

an+2 = −4an+1 − 7an

for n ⩾ 0 . Find the number of positive integer divisors of a250 − a49a51 .
<|Assistant|><think>

Figure S13: Prompt used for Example Question 3.
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Answer 1 for Question 3 [Reward: 0.018]

To determine the number of positive integer divisors of a250 − a49a51 for the given sequence, I’ll
follow these steps:
1. Understand the Sequence Definition: - The sequence is defined by a0 = 1, a1 = −4, and the
recurrence relation an+2 = −4an+1 − 7an for n ≥ 0.
2. Identify the Type of Recurrence Relation: - This is a linear homogeneous recurrence relation
with constant coefficients. It can be solved using characteristic equations.
3. Formulate the Characteristic Equation: - Assume a solution of the form an = rn. Substitut-
ing into the recurrence relation gives:

rn+2 = −4rn+1 − 7rn

- Dividing both sides by rn (assuming r ̸= 0) results in the characteristic equation:

r2 + 4r + 7 = 0

4. Solve the Characteristic Equation: - The roots of the equation r2 + 4r + 7 = 0 are found
using the quadratic formula:

r =
−4±

√
(4)2 − 4 · 1 · 7
2 · 1 =

−4±
√
16− 28

2
=

−4±
√
−12

2
= −2± i

√
3

- Thus, the roots are complex: r = −2 + i
√
3 and r = −2− i

√
3.

5. Express the General Solution: - For complex roots α± iβ, the general solution is:

an = λ(α+ iβ)n + µ(α− iβ)n

- Here, α = −2 and β =
√
3, so:

an = λ(−2 + i
√
3)n + µ(−2− i

√
3)n

6. Determine the Constants λ and µ: - Using the initial conditions a0 = 1 and a1 = −4: - For
n = 0:

a0 = λ(−2 + i
√
3)0 + µ(−2− i

√
3)0 = λ+ µ = 1

- For n = 1:
a1 = λ(−2 + i

√
3) + µ(−2− i

√
3) = −4

- Solving these equations, we find λ = 1
2 and µ = 1

2 .
7. Express an Explicitly: - Substituting λ and µ into the general solution:

an =
1

2
(−2 + i

√
3)n +

1

2
(−2− i

√
3)n

- Alternatively, using Euler’s formula for complex roots, this can also be written in terms of
trigonometric functions, but for our purposes, the exponential form is sufficient.

Figure S14: Completion 1 for Question 3.
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Answer 1 (continued) for Question 3 [Reward: 0.018]

8. Simplify the Expression a250 − a49a51: - Recognize that the given expression resembles the
determinant of a 2x2 matrix: ∣∣∣∣

a50 a49
a51 a50

∣∣∣∣

- This determinant simplifies to:
a250 − a49a51

- To find this determinant, we can use properties of the sequence. Notice that for a linear recurrence
relation of this form, the determinant a2n+1 − anan+2 is constant for all n.
9. Find the Constant Determinant: - Calculate the determinant for the initial terms n = 0:

a21 − a0a2

- First, compute a2 using the recurrence relation:

a2 = −4a1 − 7a0 = −4(−4)− 7(1) = 16− 7 = 9

- Now, compute the determinant:

a21 − a0a2 = (−4)2 − (1)(9) = 16− 9 = 7

- Therefore, the determinant a250 − a49a51 = 7.
10. Determine the Number of Positive Integer Divisors: - The number 7 is a prime number. -
The only positive integer divisors of 7 are 1 and 7. - Hence, there are 2 positive integer divisors.
Final Answer The number of positive integer divisors of a250 − a49a51 is 2 .

Figure S15: Completion 1 for Question 3 (Continued).
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Answer 2 for Question 3 [Reward: 0.021]

To determine the number of positive integer divisors of a250 − a49a51 for the given sequence, I start
by analyzing the recurrence relation:

an+2 = −4an+1 − 7an

with initial conditions a0 = 1 and a1 = −4.
Next, I recognize that the characteristic equation for this recurrence is:

r2 + 4r + 7 = 0

Solving this quadratic equation using the quadratic formula gives complex roots:

r = −2± i

These roots indicate that the general solution to the recurrence is:

an = α(−2 + i)n + β(−2− i)n

Using the initial conditions, I determine the constants α and β:

1 = α+ β and − 4 = α(−2 + i) + β(−2− i)

Solving these equations yields:

α =
1 + i

2
and β =

1− i

2

Substituting these back into the general solution, I get:

an =
1

2
[(1 + i)(−2 + i)n + (1− i)(−2− i)n]

To find a250−a49a51, I simplify the expression using properties of complex numbers and exponents.
After simplification, I find that:

a250 − a49a51 = 1

Finally, since 1 only has one positive divisor, the number of positive integer divisors is 1.
To determine the number of positive integer divisors of a250 − a49a51 for the given sequence, we
can follow these steps:
1. Understand the Recurrence Relation:
The sequence is defined by the recurrence relation:

an+2 = −4an+1 − 7an

with initial conditions a0 = 1 and a1 = −4.
2. Find the Characteristic Equation:
The characteristic equation for the recurrence relation is:

r2 + 4r + 7 = 0

Figure S16: Completion 2 for Question 3.
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Answer 2 (continued) for Question 3 [Reward: 0.021]

3. Solve the Characteristic Equation:
Solving the quadratic equation using the quadratic formula:

r =
−4±

√
16− 28

2
=

−4±
√
−12

2
= −2± i

The roots are complex: r = −2 + i and r = −2− i.
4. General Solution of the Recurrence:
The general solution for the sequence is:

an = α(−2 + i)n + β(−2− i)n

where α and β are constants determined by the initial conditions.
5. Apply Initial Conditions to Find α and β:
Using a0 = 1:

1 = α+ β

Using a1 = −4:
−4 = α(−2 + i) + β(−2− i)

Solving these equations, we find:

α =
1 + i

2
, β =

1− i

2

Thus, the explicit formula for an is:

an =
1

2
[(1 + i)(−2 + i)n + (1− i)(−2− i)n]

6. Compute a250 − a49a51:
After simplifying the expression using properties of complex numbers and exponents, it can be
shown that:

a250 − a49a51 = 1

7. Determine the Number of Positive Integer Divisors:
Since a250 − a49a51 = 1, the only positive integer divisor of 1 is 1 itself.

1

Figure S17: Completion 2 for Question 3 (Continued).
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