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Abstract

In federated learning, a large number of users collaborate to learn a global model. They alter-
nate local computations and communication with a distant server. Communication, which
can be slow and costly, is the main bottleneck in this setting. In addition to communication-
efficiency, a robust algorithm should allow for partial participation, the desirable feature that
not all clients need to participate to every round of the training process. To reduce the com-
munication load and therefore accelerate distributed gradient descent, two strategies are
popular: 1) communicate less frequently; that is, perform several iterations of local compu-
tations between the communication rounds; and 2) communicate compressed information
instead of full-dimensional vectors. We propose TAMUNA, the first algorithm for distributed
optimization and federated learning, which harnesses these two strategies jointly and allows
for partial participation. TAMUNA converges linearly to an exact solution in the strongly
convex setting, with a doubly accelerated rate: it provably benefits from the two accelera-
tion mechanisms provided by local training and compression, namely a better dependency
on the condition number of the functions and on the model dimension, respectively.

1 Introduction

Federated Learning (FL) is a novel paradigm for training supervised machine learning models. Initiated
a few years ago (Konecny et all [2016aib; [McMahan et al.| |2017; [Bonawitz et al.l [2017)), it has become a
rapidly growing interdisciplinary field. The key idea is to exploit the wealth of information stored on edge
devices, such as mobile phones, sensors and hospital workstations, to train global models, in a collaborative
way, while handling a multitude of challenges, like data privacy (Kairouz et al.l [2021} |[Li et al., [2020a}; Wang
et al., [2021)). In contrast to centralized learning in a datacenter, in FL, the parallel computing units have
private data stored on each of them and communicate with a distant orchestrating server, which aggregates
the information and synchronizes the computations, so that the process reaches a consensus and converges
to a globally optimal model. In this framework, communication between the parallel workers and the server,
which can take place over the internet or cell phone network, can be slow, costly, and unreliable. Thus,
communication dominates the overall duration and cost of the process and is the main bottleneck to be
addressed by the community, before FL can be widely adopted and applied in our daily lives.

The baseline algorithm of distributed Gradient Descent (GD) alternates between two steps: one round
of parallel computation of the local function gradients at the current model estimate, and one round of
communication of these gradient vectors to the server, which averages them to form the new estimate for
the next iteration. To decrease the communication load, two strategies can be used: 1) communicate less
frequently, or equivalently do more local computations between successive communication rounds; or 2)
compress the communicated vectors. We detail these two strategies in Section Moreover, in practical
applications where FL is deployed, it is unrealistic to assume that all clients are available 100% of the time to
perform the required computation and communication operations. Thus, partial participation is an essential
feature in practice, whereby only part of the clients need to participate in any given round of the process,
while maintaining the overall convergence guarantees.
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In this paper, we propose a new randomized algorithm named TAMUNA, which combines local training and
compression for communication-efficient FL. It is variance-reduced (Hanzely & Richtérik, 2019; |Gorbunov!
et al.|,2020at |Gower et al.; [2020)), so that it converges to an exact solution (with exact gradients), and provably
benefits from the two mechanisms: the convergence rate is doubly accelerated, with a better dependency
on the condition number of the functions and on the dimension of the model, in comparison with GD. In
addition, TAMUNA handles partial participation of the clients. In the remainder of this section, we formulate
the setup, we propose a new model to characterize the communication complexity, we present the state of
the art, and we summarize our contributions.

1.1 Formalism

We consider a distributed client-server setting, in which n > 2 clients perform computations in parallel and
communicate back and forth with a server. We study the convex optimization problem:

1 n
e _ 1 (), 1
minimize f(z) =~ ;Zlf (x) (1)
where each function f; : R? — R models the individual cost of client i € [n] := {1,...,n}, based on its

underlying private data. The number n of clients, as well as the dimension d > 1 of the model, are typically
large. This problem is of key importance as it is an abstraction of empirical risk minimization, the dominant
framework in supervised machine learning.

For every i € [n], the function f; is supposed L-smooth and p-strongly convexﬂ for some L > p > 0 (a
sublinear convergence result is derived in the Appendix for the merely convex case, i.e. 4 = 0). Thus,
the sought solution z* of exists and is unique. We define x := £. We focus on the strongly convex
case, because the analysis of linear convergence rates in this setting gives clear insights and allows us to
deepen our theoretical understanding of the algorithmic mechanisms under study; in our case, local training,
communication compression, and partial participation. The analysis of algorithms converging to a point with
zero gradient in with nonconvex functions relies on significantly different proof techniques (Karimireddy
et al.l |2021; Das et al.l 2022)), so the nonconvex setting is out of the scope of this paper.

To solve the problem , the baseline algorithm of Gradient Descent (GD) consists in the simple iteration,
fort=0,1,...,

gttt =gt — % Z V/fi(zh),
i=1

for some stepsize v € (0, %) That is, at iteration ¢, x! is first broadcast by the server to all clients, which

compute the gradients V f;(z!) in parallel. These vectors are then sent to the server, which averages them
and performs the gradient descent step. It is well known that for v = G)(%)7 GD converges linearly, with
iteration complexity O(xlog e~1) to reach e-accuracy. Since d-dimensional vectors are communicated at every
iteration, the communication complexity of GD in number of reals is O(drloge!). Our goal is a twofold
acceleration of GD, with a better dependency to both k and d in this complexity. We want to achieve this
goal by leveraging the best of the two popular mechanisms of local training and communication compression.

1.2 Asymmetric communication regime

Uplink and downlink communication. We call uplink communication (UpCom) the parallel transmis-
sion of data from the clients to the server and downlink communication (DownCom) the broadcast of the
same message from the server to all clients. UpCom is usually significantly slower than DownCom, just like
uploading is slower than downloading on the internet or cell phone network. This can be due to the asymme-
try of the service provider’s systems or protocols used on the communication network, or cache memory and

LA function f : R% — R is said to be L-smooth if it is differentiable and its gradient is Lipschitz continuous with constant
L; that is, for every z € R and y € RY, |V f(z) — V£(y)|| < L||z — yl|, where, here and throughout the paper, the norm is the
Euclidean norm. f is said to be p-strongly convex if f — & - |I? is convex. We refer to Bauschke & Combettes| (2017) for such
standard notions of convex analysis.
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aggregation speed constraints of the server, which has to decode and average the large number n of vectors
received at the same time during UpCom.

Communication complexity. We measure the UpCom or DownCom complexity as the expected num-
ber of communication rounds needed to estimate a solution with e-accuracy, multiplied by the number of
real values sent during a communication round between the server and any client. Thus, the UpCom or
DownCom complexity of GD is O(dxloge™1)). We leave it for future work to refine this model of counting
real numbers, to take into account how sequences of real numbers are quantized into bitstreams, achieving
further compression (Horvath et al., [2022; |Albasyoni et al., |2020)).

A model for the overall communication complexity. Since UpCom is usually slower than DownCom,
we propose to measure the total communication (TotalCom) complexity as a weighted sum of the two UpCom
and DownCom complexities: we assume that the UpCom cost is 1 (unit of time per transmitted real number),
whereas the downCom cost is « € [0, 1]. Therefore,

TotalCom = UpCom + a.DownCom. (2)

A symmetric but unrealistic communication regime corresponds to o = 1, whereas ignoring downCom and
focusing on UpCom, which is usually the limiting factor, corresponds to a = 0. We will provide explicit
expressions of the parameters of our algorithm to minimize the TotalCom complexity for any given « € [0, 1],
keeping in mind that realistic settings correspond to small values of a. Thus, our model of communication
complexity is richer than only considering o = 0, as is usually the case.

1.3 Communication efficiency in FL: state of the art

Two approaches come naturally to mind to decrease the communication load: Local Training (LT), which
consists in communicating less frequently than at every iteration, and Communication Compression (CC),
which consists in sending less than d floats during every communication round. In this section, we review
existing work related to these two strategies and to Partial Participation (PP).

1.3.1 Local Training (LT)

LT is a conceptually simple and surprisingly powerful communication-acceleration technique. It consists
in the clients performing multiple local GD steps instead of only one, between successive communication
rounds. This intuitively results in “better” information being communicated, so that less communication
rounds are needed to reach a given accuracy. As shown by ample empirical evidence, LT is very efficient
in practice. It was popularized by the FedAvg algorithm of McMahan et al. (2017, in which LT is a core
component. However, LT was heuristic and no theory was provided in their paper. LT was analyzed in several
works, in the homogeneous, or i.i.d. data, regime (Haddadpour & Mahdavi, 2019)), and in the heterogeneous
regime, which is more representative in FL (Khaled et all 2019} [Stichl 2019; Khaled et al., [2020; [Li et al.,
2020b; (Woodworth et al.| 2020; |Gorbunov et al.| 2021} |Glasgow et al.; |2022). It stands out that LT suffers
from so-called client drift, which is the fact that the local model obtained by client i after several local GD
steps approaches the minimizer of its local cost function f;. The discrepancy between the exact solution
z* of and the approximate solution obtained at convergence of LT was characterized in Malinovsky
et al.| (2020). This deficiency of LT was corrected in the Scaffold algorithm of [Karimireddy et al.| (2020]) by
introducing control variates, which correct for the client drift, so that the algorithm converges linearly to
the exact solution. S-Local-GD (Gorbunov et al., [2021]) and FedLin (Mitra et al [2021)) were later proposed,
with similar convergence properties. Yet, despite the empirical superiority of these recent algorithms relying
on LT, their communication complexity remains the same as vanilla GD, i.e. O(drloge™1).

Most recently, a breakthrough was made with the appearance of accelerated LT methods. Scaffnew, proposed
by Mishchenko et al.| (2022), is the first LT-based algorithm achieving O(d+/kloge™!) accelerated commu-
nication complexity. In Scaffnew, communication is triggered randomly with a small probability p at every
iteration. Thus, the expected number of local GD steps between two communication rounds is 1/p. By
choosing p = 1/+/k, the optimal dependency on +/k instead of k (Scaman et al., |2019) is obtained. In this
paper, we propose to go even further and tackle the multiplicative factor d in the complexity of Scaffnew.
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Scaffnew has been extended in Malinovsky et al.| (2022), using calls to variance-reduced (Gorbunov et al.
[2020a}; |Gower et al. 2020]) stochastic gradient estimates instead of exact gradients. It has also been analyzed

in |Condat & Richtarikl (2023)) as a particular case of RandProx, a primal-dual algorithm with a general ran-
domized and variance-reduced dual update. Conceptually, TAMUNA is inspired by RandProx, with the dual
update corresponding to the intermittent update of the control variates of the participating clients. TAMUNA
is not a particular case of RandProx, though, because the primal update of the model and the dual update of
the control variates are decoupled. Without compression and in case of full participation, TAMUNA reverts
to Scaffnew.

A different approach was developed by [Sadiev et al| (2022a)) with the APDA-Inexact algorithm, and then by
|Grudzien et al.| (2023) with the 5GCS algorithm: in both algorithms, the local steps correspond to an inner
loop to compute a proximity operator inexactly.

1.3.2 Partial Participation (PP)

PP, a.k.a. client sampling, is the property that not all clients need to participate in a given round, consisting
of a series of local steps followed by communication with the server. This is an important feature for a
FL method, since in practice, there are many reasons for which a client might be idle and unable to do
any computation and communication for a certain period of time. PP in SGD-type methods is now well
understood (Gower et al) [2019; |Condat & Richtarik, 2022), but its combination with LT has remained
unconvincing so far. Scaffold allows for LT and PP, but its communication complexity does not benefit
from LT. The variance-reduced FedVARP algorithm with LT and PP has been proposed [Jhunjhunwala et al.|
, for nonconvex problems and with a bounded global variance assumption that does not hold in our
setting. Scaffnew does not allow for PP. This was the motivation for |Grudzien et al.|(2023)) to develop 5GCS,
which is, to the best of our knowledge, the first and only algorithm enabling LT and PP, and enjoying
accelerated communication. We refer to |Grudzien et al.| (2023)) for a detailed discussion of the literature of
LT and PP. 5GCS is completely different from Scaffnew and based on Point-SAGA instead of
GD. Thus, it is an indirect, or two-level, combination of LT and PP: PP comes from the random selection
of the activated proximity operators, whereas LT corresponds to an inner loop to compute these proximity
operators inexactly. TAMUNA is a direct combination of LT and PP as two intertwined stochastic processes.
TAMUNA reverts to Scaffnew in case of full participation (and no compression); in other words, TAMUNA
is the first generalization of Scaffnew to PP, and it fully retains its LT-based communication acceleration
benefits.

Throughout the paper, we denote by ¢ € {2,...,n} the cohort size, or number of active clients participating in
every round. We report in Table [I] the communication complexity of the two known algorithms converging
linearly to the exact solution, while allowing for LT and PP, namely Scaffold and 5GCS. Scaffold is not
accelerated, with a complexity depending on k, and 5GCS is accelerated with respect to k but not d. Also,
in 5GCS the number of local steps in each communication round is fixed of order at least (\/% + 1) log K,

whereas in TAMUNA it is random and typically much smaller, of order /2 + 1, where s can be as small as

2, see .

1.3.3 Communication Compression (CC)

To decrease the communication complexity, a widely used strategy is to make use of (lossy) compression; that
is, a possibly randomized mapping C : R? — R? is applied to the vector x that needs to be communicated,
with the property that it is much faster to transfer C(x) than the full d-dimensional vector z. A popular
sparsifying compressor is rand-k, for some k € [d] := {1,...,d}, which multiplies k elements of x, chosen
uniformly at random, by d/k, and sets the other ones to zero. If the receiver knows which coordinates have
been selected, e.g. by running the same pseudo-random generator, only these k elements of = are actually
communicated, so that the communication complexity is divided by the compression factor d/k. Another
sparsifying compressor is top-k, which keeps the k elements of  with largest absolute values unchanged
and sets the other ones to zero. Some compressors, like rand-k, are unbiased; that is, E[C(z)] = = for
every € RY where E[-] denotes the expectation. On the other hand, compressors like top-k are biased
(Beznosikov et al., [2020)).
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Table 1: UpCom complexity ( = 0) of linearly converging algorithms with LT or CC and allowing for
PP (with exact gradients). The O notation hides the loge™! factor (and other log factors for Scaffold).
¢ €{2,...,n} is the number of participating clients and the other notations are recalled in Table

Algorithm LT CC UpCom
DIANA-PP (@ x v/ O((1+ %)k +d2)
Scaffold X O(dk +d™)

5GCS R O(dy/r\/T +d™)

TAMUNA v/ (’5(%8\/E\/§+ dy/RL + d%)

(a) using independent rand-1 compressors, for instance. Note that O(\/E\/E\/%Jr d?) is better than O(k+d%)
and O(d\/ﬁ@ + d2) is better than O(2k + d2), so that TAMUNA has a better complexity than DIANA-PP.

Table 2: TotalCom complexity of linearly converging algorithms using Local Training (LT), Communication

Compression (CC), or both, in case of full participation and exact gradients. The O notation hides the
log e~ ! factor. The notations are recalled in Table

Algorithm LT CC TotalCom TotalCom=UpCom when oo = 0
DIANA () X v 6((1+ad+ M)nﬂuad?) O((1+ L)k +d)
EF21 ® X O(drk) O(dk)
Scaffold v X O(dr) O(dr)
FedLin X O(dr) O(dk)
S-locakGD v X O(dr) O(dk)
Scaffnew X O(dy/r) O(dv/)
5GCS X O(dy/x) O(dy/r)
FedCOMGATE v/ O(dk) O(dk)
TAMUNA VR (5(\/8\/E+d\/£g+d+\/ad\/£) 5(\/&\/E+ d§g+d)

(@) using independent rand-1 compressors, for instance. Note that O(v/dy/k + d) is better than O(k + d) and
(’)(d‘r + d) is better than O(£4x + d), so that TAMUNA has a better complexity than DIANA.
(b) using top-k compressors with any k, for instance.

The variance-reduced algorithm DIANA (Mishchenko et al., [2019)) is a major contribution to the field, as it
converges linearly with a large class of unbiased compressors. For instance, when the clients use independent
rand-1 compressors for UpCom, the UpCom complexity of DIANA is O((FL(I + %) +d)log e_l). If n is large,
this is much better than with GD. DIANA was later extended in several ways (Horvath et al.| {2022} |Gorbunov|
2020a)); in particular, DIANA-PP is a generalized version allowing for PP (Condat & Richtérik, 2022).
Algorithms converging linearly with biased compressors have been proposed recently, like EF21 (Richtarik
let al., 2021; [Fatkhullin et al., 2021; Condat et al., [2022b)), but the theory is less mature and the acceleration
potential not as clear as with unbiased compressors. We summarize existing results in Table[2] Our algorithm
TAMUNA benefits from CC with specific unbiased compressors, with even more acceleration than DIANA.
Also, the focus in DIANA is on UpCom and its DownCom step is the same as in GD, with the full model
broadcast at every iteration, so that its TotalCom complexity can be worse than the one of GD. Extensions
of DIANA with bidirectional CC, i.e. compression in both UpCom and DownCom, have been proposed
(Gorbunov et al., 2020b; Philippenko & Dieuleveut, 2020; Liu et al., 2020; Condat & Richtérik, 2022), but
this does not improve its TotalCom complexity; see also [Philippenko & Dieuleveut| (2021)) and references
therein on bidirectional CC. We note that if LT is disabled (£(") = 1), TAMUNA is still new and does not
revert to a known algorithm with CC.
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Algorithm 1 TAMUNA
1: input: stepsizes v > 0, n > 0; number of participating clients ¢ € {2,...,n}; sparsity index for
compression s € {2,...,c}; initial model estimate z(°) € R? at the server and initial control variates
hgo)’ .., h!? € R? at the clients, such that Sy hgo) = 0.
2: for r=0,1,... (rounds) do
choose a subset Q") C [n] of size ¢ uniformly at random
choose the number of local steps £(") > 1
for clients i € Q") in parallel, do
:cl(»r’o) := z(") (initialization received from the server)
for £ =0,...,£" —1 (local steps) do
xET’EH) = scl(-r’z) — ’yggr’l) + 'yhl(-T)7 where g
2

i

® N> T w

Z(T’e) is an unbiased stochastic estimate of V f; (xgr’é)) of
variance o

9: end for

10:  end for

11:  UpCom: the server and active clients agree on a random binary mask q(") = (qzm)iesz(r) € Rixe

&)
generated as explained in F igure and every client i € Q(") sends the compressed vector CZ-(T) (chr’ﬁ ))

(r)

P

to the server, where CZ-(T) (v) denotes v multiplied elementwise by ¢
122 D =1%o CZ»(T) (xz(-r’ﬂ(r))) (aggregation by the server)
13:  for clients i € Q)| in parallel, do
14: Pt = ) %(Ci(r) (zr+0) — ¢ (J:ET’L(T))) ) (Y is received from the server)
15:  end for
16:  for clients i ¢ Q)| in parallel, do

17: hETH) = hgr) (the client is idle)
18: end for
19: end for

1.4 Challenges and contributions

Our new algorithm TAMUNA builds upon the LT mechanism of Scaffnew and enables PP and CC, which are
essential features for applicability to real-world FL setups. In short,

TAMUNA = (S)GD + LT + PP 4 CC.
—_——

Scaffnew

We focus on the strongly convex setting but we also prove sublinear convergence of TAMUNA in the merely
convex case in the Appendix. We emphasize that the problem can be arbitrarily heterogeneous: we do
not make any assumption on the functions f; beyond smoothness and strong convexity, and there is no
notion of data similarity whatsoever. We also stress that our goal is to deepen our theoretical understanding
of LT, CC and PP, and to make these 3 intuitive and effective mechanisms, which are widely used in
practice, work in the best possible way when harnessed to (stochastic) GD. Thus, we establish convergence of
TAMUNA in Theorem [I] with stochastic GD steps of bounded variance, which is more general than exact GD
steps, but only to illustrate the robustness of our framework. A thorough analysis would need to consider
the general setting of possibly variance-reduced (Gorbunov et al.l 2020a; |Gower et al., [2020)) SGD local
steps, as was done for Scaffnew in [Malinovsky et al| (2022). We leave it for future work, since we focus
on the communication complexity, and stochastic gradients can only worsen it. Reducing the computation
complexity using accelerated (Nesterov, 2004)) or stochastic GD steps is somewhat orthogonal to our present
study.

Let us elaborate on the double challenge of combining LT with PP and CC. Our notations are summarized
in Table [3 for convenience.
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Table 3: Summary of the main notations used in the paper.

LT local training
CcC communication compression
PP partial participation (a.k.a. client sampling)
L smoothness constant
o strong convexity constant
k=L/u condition number of the functions
d dimension of the model
n, 4 number and index of clients
[n] ={1,...,n}
! weight on downlink communication (DownCom), see (2)
0?,0%:=3,0? variance of the stochastic gradients, see
c€{2,...,n}  number of active clients (a.k.a. cohort size). Full participation if ¢ = n
Q C [n] index set of active clients
s€f{2,...,c} sparsity index for compression. No compression if s = ¢
a=(q)5, random binary mask for compression, as detailed in Figure
r index of rounds
Ll number and index of local steps in a round
P inverse of the expected number of local steps per round
t, T indexes of iterations
Y, M, X stepsizes
T; local model estimate at client 7
h; local control variate tracking V f;
z") model estimate at the server at round r
T convergence rate

1.4.1 Combining LT and PP

With the recent breakthrough of Scaffnew (Mishchenko et al., |2022)), we now understand that LT is not
only efficient in practice, but also grounded in theory, and yields communication acceleration if the number
of local steps is chosen appropriately. However, Scaffnew does not allow for PP. It has been an open and
challenging question to know whether its powerful randomized mechanism would be compatible with PP. In
fact, according to|Grudzien et al.| (2023)), the authors of Scaffnew “have tried—very hard in their own words—
but their efforts did not bear any fruit.” In this paper, we break this lock: TAMUNA handles LT and PP,
and fully benefits from the acceleration of LT, whatever the participation level; that is, its communication
complexity depends on y/k, not k.

Combining LT and PP is difficult: we want PP not only during communication whenever it occurs, but
also with respect to all computations before. The simple idea of allowing at every round some clients to be
active and to proceed normally, and other clients to be idle with unchanged local variables, does not work.
A key property of TAMUNA is that only the clients which participated in a given round make use of the
updated model broadcast by the server to update their control variates (step 14). From a mathematical
point of view, our approach relies on combining the two stochastic processes of probabilistic communication
and random client selection in two different ways, for updating after communication the model estimates x;
on one hand, and the control variates h; on the other hand. Indeed, a crucial property is that the sum of
the control variates over all clients always remains zero. This separate treatment was the key to the success
of our design.

1.4.2 Combining LT and CC

It is very challenging to combine LT and CC. In the strongly convex and heterogeneous case considered
here, the methods Qsparse-local-SGD (Basu et al., 2020]) and FedPAQ (Reisizadeh et al.l [2020) do not converge
linearly. The only linearly converging LT + CC algorithm we are aware of is FedCOMGATE (Haddadpour,
et al., 2021). But its rate is O(dkloge~!), which does not show any acceleration. We note that random
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(a) (b) (c) (d)

Figure 1: The random sampling pattern q(") = (qzm)f:l € R¥*¢ used for communication is generated by a
random permutation of the columns of a fixed binary template pattern, which has the prescribed number
s > 2 of ones in every row. In (a) with (d, ¢, s) = (5,6,2) and (b) with (d, ¢, s) = (5,7,2), with ones in blue
and zeros in white, examples of the template pattern used when d > <: for every row k € [d], there are s
ones at columns ¢ = mod(s(k —1),¢) +1,...,mod(sk — 1,¢) + 1. Thus, there are L%J or [%4] ones in every
column vector ¢;. In (c), an example of sampling pattern obtained after a permutation of the columns of
the template pattern in (a). In (d) with (d, ¢, s) = (3,10,2), an example of the template pattern used when
< > d: for every column i = 1,...,ds, there is 1 one at row k = mod(i — 1,d) + 1. Thus, there is 0 or 1 one
in every column vector g;. We can note that when d = £, the two different rules for d > < and £ > d for
constructing the template pattern are equivalent, since they give exactly the same set of sampling patterns
when permuting their columns. These two rules make it possible to generate easily the columns ngr) of g™
on the fly, without having to generate the whole mask q(") explicitly.

reshuffling, which can be seen as a kind of LT, has been combined with CC in |Sadiev et al.| (2022b);
Malinovsky & Richtarik| (2022)).

Like for PP, the program of combining LT and CC looks simple, as it seems we just have to “plug” com-
pressors into Scaffnew. Again, this simple approach does not work and the key is to have separate stochastic
mechanisms to update the local model estimates and the control variates. In |Condat et al| (2022a)), a
specific compression mechanism compatible with LT was designed and CompressedScaffnew, which combines
the LT mechanism of Scaffnew and this new CC mechanism, was proposed. CompressedScaffnew is the first
algorithm, to the best of our knowledge, to exhibit a doubly-accelerated linear rate, by leveraging LT and
CC. However, like Scaffnew, CompressedScaffnew only works in case of full participation. We stress that this
successful combination of LT and CC does not help in combining LT and PP: a non-participating client
does not participate to communication whenever it occurs, but it also does not perform any computation
before. Therefore, there is no way to enable PP in loopless algorithms like Scaffnew and CompressedScaffnew,
where communication can be triggered at any time. Whether a client participates or not must be decided
in advance, at the beginning of a round consisting of a sequence of local steps followed by communication.
Our new algorithm TAMUNA is the first to solve this challenge. It works with any level of PP, with as few
as two clients participating in every round. TAMUNA relies on the same dedicated design of the compressors
as CompressedScaffnew, explained in Figure [I] and such that the messages sent by the different clients com-
plement each other, to keep a tight control of the variance after aggregation. We currently do not know how
to use any other type of compressors in TAMUNA.

Thus, by combining LT and CC, TAMUNA establishes the new state of the art in communication efficiency.
For instance, with exact gradients, if o is small and n is large, its TotalCom complexity in case of full
participation is

O((\/g\/g—&- d) log 6_1);

our general result is in Theorem Thus, TAMUNA enjoys twofold acceleration, with /k instead of x thanks
to LT and v/d instead of d thanks to CC.
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2 Proposed algorithm TAMUNA

The proposed algorithm TAMUNA is shown as Algorithm [1} Its main loop is over the rounds, indexed by
r. A round consists of a sequence, written as an inner loop, of local steps indexed by ¢ and performed in
parallel by the active clients, followed by compressed communication with the server and update of the local
control variates h;. The ¢ active, or participating, clients are selected randomly at the beginning of the
round. During UpCom, every client sends a compressed version of its local model z;: it sends only a few of
its elements, selected randomly according to the rule explained in Figure [I] and known by both the clients
and the server (for decoding).

At the end of the round, the aggregated model estimate Z("*1) formed by the server is sent only to the
active clients, which use it to update their control variates h;. This update consists in overwriting only the
coordinates of h; which have been involved in the communication process; that is, for which the mask qlm
has a one. Indeed, the received vector Z("1) does not contain relevant information to update h; at the other

coordinates.

The update of the local model estimates x; at the clients takes place at the beginning of the round, when
the active clients download the current model estimate Z(") to initialize their local steps. So, it seems that
there are two DownCom steps from the server to the clients per round (steps 6 and 14), but the algorithm
can be written with only one: Z("*1) can be broadcast by the server at the end of round r not only to the
active clients of round r, but also to the active clients of the next round r + 1, at the same time. We keep
the algorithm written in this way for simplicity.

Thus, the clients of index i ¢ Q) which do not participate in round r, are completely idle: they do not
compute and do not communicate at all. Their local control variates h; remain unchanged, and they do not
even need to store a local model estimate: they only need to receive the latest model estimate z(") from the
server when they participate in the process.

2

In TAMUNA, unbiased stochastic gradient estimates of bounded variance ¢; can be used: for every i € [n],

E[g" | 2" = Vfi(«"?), Eﬂg VA a0 xi"ﬂs(r?, 3)

for some o; > 0. We have g(r g V' (:nl(.T’l)) if 0; = 0. We define the total variance 0% := Y"1, 0. Our

main result, stating linear convergence of TAMUNA to the exact solution z* of , or to a nelghborhood if
o > 0, is the following:

Theorem 1 (fast linear convergence to a o-neighborhood). Let p € (0,1]. In TAMUNA, suppose that at
every round v > 0, L") is chosen randomly and independently according to a geometric law of mean p~';

that is, for every £ > 1, Prob(L") = L) = (1 — p)*~1p. Also, suppose that

2
0 - 4
<v<7 (4)
and 1 = px, where
n(s—1) 1 ]
0 < — 2 =, 1]. 5
<x_5(n1)e(2,_ (5)

For every total number t > 0 of local steps made so far, define the Lyapunov function

; (6)

e Z\hﬁ’th:Q

where x* is the unique solution to , hr =V fi(xz*), r>0 and £ €{0,..., L") — 1} are such that

r—1
t=> LD 4, (7)
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and

Zt = é Z Ci(r) (xgr’é)> . (8)

i€Q(r)
Then, for every t > 0,
2
—t —0 o
Eﬁ}< gt 17
<7V + T (9)
where
—1
T:nmx01—wn{mL—U{1—ﬁX2_l><1. (10)

Also, if o = 0, (2("),cn converges to x* and (h(-r)

. )ren converges to hY, almost surely.

The complete proof is in the Appendix. We give a brief sketch here. The analysis is made for a single-loop
version of the algorithm, shown as Algorithm [2] with a loop over the iterations, indexed by ¢, and one local
step per iteration. Thus, communication does not happen at every iteration but is only triggered randomly
with probability p. Its convergence is proved in Theorem[3] Indeed, the contraction of the Lyapunov function
happens at every iteration and not at every round, whose size is random. That is why we have to reindex
the local steps to obtain a rate depending on the number of iterations ¢ so far. We detail in the Appendix
how Theorem [ on Algorithm [2] yields Theorem [I] on TAMUNA.

We note that in , z! is actually computed only if £ = 0, in which case z* = Z("). We also note that the
theorem depends on s but not on ¢. The dependence on c is hidden in the fact that s is upper bounded by c.

Remark 1 (setting 7). In the conditions of Theorem |1, one can simply set 1 = § in TAMUNA, which is
independent of n and s. However, the larger n, the better, so it is recommended to set

n=p§i_3- (11)

Also, as a rule of thumb, if the average number of local steps per round is £, one can replace p by L7V,

We can comment on the difference between TAMUNA and Scaffold, when CC is disabled (s = ¢). In TAMUNA,

r L) . . _
h; is updated by adding z("+1) — :cg L ), the difference between the latest global estimate ("1 and the

") (r)
latest local estimate xgr’ﬁ ). By contrast, in Scaffold, z(") —xz(-r’ﬁ ) is used instead, which involves the “old”

global estimate Z("). Moreover, this difference is scaled by the number of local steps, which makes it small.
That is why no acceleration from LT can be obtained in Scaffold, whatever the number of local steps. This
is not a weakness of the analysis in [Karimireddy et al. (2020) but an intrinsic limitation of Scaffold.

We can also note that the neighborhood size in @ does not show so-called linear speedup; that is, it does
not decrease when n increases. The properties of performing LT with SGD steps remain little understood
(Woodworth et al., |2020), and we believe this should be studied within the general framework of variance
reduction (Malinovsky et al., [2022). Again, this goes far beyond the scope of this paper, which focuses on
communication.

3 lteration and communication complexities

We consider in this section that exact gradients are used (o = O)E| since our aim is to establish a new state of
the art for the communication complexity, regardless of the type of local computations. We place ourselves
in the conditions of Theorem [l

We first remark that TAMUNA has the same iteration complexity as GD, with rate 7% := max(1—yu, yL—1)2,
as long as p and s are large enough to have 1 — xp? Z:ﬁ < 7t This is remarkable: LT, CC and PP do not
harm convergence at all, until some threshold.

2If o > 0, it is possible to derive sublinear rates to reach e-accuracy for the communication complexity, by setting -y
proportional to €, as was done for Scaffnew in Mishchenko et al.| (2022 Corollary 5.6).

10
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Let us consider the number of iterations (= total number of local steps) to reach e-accuracy, i.e. E[@t} <e.

For any s > 2, p € (0,1], v = ©(+), and x = O(1), the iteration complexity of TAMUNA is

0 <<n + SZZ) 1ogel> :
=mn (0 (/T ). "

which means that the average number of local steps per round is

EP%”}:nmx(@(Vﬁ:>,1>, (13)
O ((r+7%)1oge).

We now consider the communication complexity. Communication occurs at every iteration with probability
p, and during every communication round, DownCom consists in broadcasting the full d-dimensional vector
(") whereas in UpCom, compression is effective and the number of real values sent in parallel by the
clients is equal to the number of ones per column in the sampling pattern q, which is [%W > 1. Hence, the
communication complexities are:

DownCom: O (pd (/1 + 72) log 6_1),
sp

UpCom: O <p (Sd + 1) </1 + 112) log e_1>.
c sp

d
TotalCom: O (p (s + 1+ ad) (/i + 712> log e_1>.
c Sp

For a given s, the best choice for p, for both DownCom and UpCom, is given in (12)), for which

ofler )02
sp s s
and the TotalCom complexity is

TotalCom: O (( nr + n> (Sd +1+ ad) log el>.
s s c

We see the first acceleration effect due to LT: with a suitable p < 1, the communication complexity only
depends on \/k, not x, whatever the participation level ¢ and compression level s.

Thus, by choosing

the iteration complexity becomes

Without compression, i.e. s = ¢, whatever «, the TotalCom complexity becomes

O(d( m+n) loge_l).
V ¢ c
We can now set s to further accelerate the algorithm, by minimizing the TotalCom complexity:

Theorem 2 (doubly accelerated communication). In the conditions of Theorem suppose that o = 0,
7=06(1), x=0(1), and

(0 () ). =5 o) g

Then the TotalCom complezity of TAMUNA is

0(<\/E\/E\/f+ dﬁ@ + d% n \/&d\/ﬁ\/f> log el> . (15)

11
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As reported in Tables[l]and [2, TAMUNA improves upon all known algorithms using either LT or CC on top
of GD, even those working only with full participation.

Corollary 1 (dependence on ). As long as o < max(%, é, 1), there is no difference with the case a =0,

in which we only focus on UpCom, and the TotalCom complexity is
O<(\/&\/E\/H+d\/g\/ﬁ +d"> logel). (16)
c c c

On the other hand, if a > max (2,1 ), the complexity increases and becomes

¢’ d’ ke
o<\/ad\/E\/flog el), (17)

but compression remains operational and effective with the \/a factor. It is only when o = 1 that s = ¢, i.e.
there is no compression, and that the Upcom, DownCom and TotalCom complezities all become

o (d\/E\/Zlog e—1>. (18)

Thus, in case of full participation (c =mn), TAMUNA is faster than Scaffnew for every « € [0, 1].
Corollary 2 (full participation). In case of full participation (c = n), the TotalCom complexity of TAMUNA
18

O((x/E\/Eer:/ngrdJr \/&d\/E) 10g6_1>. (19)

4 Experiments

Our work is theoretical and studies the foundational properties of a class of algorithms. Nonetheless, we
carry experiments to illustrate our results using a practical logistic regression problem.

The global loss function is defined as

M

fx) = % Z (log(l + eXp(—bma;x)) + %Hm”z) , (20)

m=1

where the variables a,, € R? and b,, € {—1,1} represent the data samples, and M denotes the total number
of samples. The function f in is divided into n separate functions f;, with any remainder from dividing
M by n discarded.

We select the strong convexity constant p so that x = 10%.

For our analysis, we choose n = 1000 and examine two scenarios: in the first one, we have d > n using
the ‘real-sim’ dataset with d = 20958, and in the second one, we have n > d using the ‘w8a’ dataset with
d = 300, from the widely-used LIBSVM library (Chang & Lin, [2011)). Additionally, we consider two cases
for each scenario: @ = 0 and « = 0.1, where « is the weight on DownCom defined in .

We measure the convergence error f(x) — f(z*) with respect to TotalCom, i.e. the total number of com-
municated reals, as defined in Section (1.2). Here,  denotes the model known by the server; for TAMUNA,
this is Z("). This error serves as a natural basis for comparing algorithms, and since f is L-smooth, we have
fl@)— f(@*) < |z — 2*||? for any z. Consequently, the error converges linearly at the same rate as ¥ in
Theorem [I.

We compare the performance of three algorithms allowing for PP, namely Scaffold, 5GCS, and TAMUNA, for
two participation scenarios: ¢ = n and ¢ = 0.1n (10% participation). In the full participation case, we add
Scaffnew to the comparison.

In order to ensure theoretical conditions that guarantee linear convergence, we set v and n for TAMUNA as

2 n(s—1)

12
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Dataset w8a, 1000 workers, 100% participation, alpha = 0 Dataset w8a, 1000 workers, 100% participation, alpha = 0.1
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Figure 2: Logistic regression experiment in the case n > d. The dataset w8a has d = 300 features and
n = 1000, so n &~ 3d. The first row shows a comparison in the full participation regime, while the second
row shows a comparison in the partial participation regime with 10% of clients. On the left, o = 0, while on
the right, a = 0.1.

where the remaining parameters s and p are fine-tuned to achieve the best communication complexity. In
our experimental setup, we found that using s = 40 and p = 0.01 resulted in excellent performance. The
conditions of Theorem [I] are met with these values, so linear convergence of TAMUNA is guaranteed. We
adopt the same values of v and p for Scaffnew. For Scaffold, we use p~—! local steps, which is the same, on
average, as for TAMUNA and Scaffnew; the behavior of Scaffold changed marginally with other values. We
also set 7y to its highest value that ensures convergence. In the case of 5GCS, we tune ~y, 7, and the number
of local steps to achieve the best communication complexity.

The models in all algorithms, as well as the control variates in TAMUNA, Scaffnew and Scaffold, are initialized
with zero vectors.

The results are shown in Figures 2[and [3] Each algorithm is run multiple times with different random seeds,
depending on its variance (7 times for TAMUNA, 5 times for Scaffnew, and 3 times for Scaffold and 5GCS).
The shaded area in the plots shows the difference between the maximum and minimum convergence error
achieved over these runs. Additionally, the progress of the first run for each algorithm is depicted with a
thicker line and markers.

As can be seen, our proposed algorithm TAMUNA outperforms all other methods. In case of full partici-
pation, Scaffnew outperforms Scaffold and 5GCS, which shows the efficiency of its LT mechanism. TAMUNA
embeds the same mechanism and also benefits from it, but it outperforms Scaffnew thanks to CC, its second

13
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Dataset real-sim, 1000 workers, 100% participation, alpha = 0 Dataset real-sim, 1000 workers, 100% participation, alpha = 0.1
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Figure 3: Logistic regression experiment in the case d > n. The dataset real-sim has d = 20, 958 features
and n = 1000, so n = d/20. The first row shows a comparison in the full participation regime, while the
second row shows a comparison in the partial participation regime with 10% of clients. On the left, o = 0,
while on the right, a = 0.1.

communication-acceleration mechanism. The difference between TAMUNA and Scaffnew is larger for o = 0
than for @ = 0.1, as explained by our theory; the difference would vanish if « tends to 1. TAMUNA is ap-
plicable and proved to converge with any level of PP, whereas Scaffnew only applies to the full participation
case.

5 Conclusion

We have proposed TAMUNA, the first communication-efficient algorithm that allows for partial participation
(PP) and provably benefits from the two combined acceleration mechanisms of Local Training (LT) and
Communication Compression (CC), in the convex setting. Moreover, this is achieved not only for uplink
communication, but for our more comprehensive model of total communication. These theoretical guaran-
tees are confirmed in practice and TAMUNA communicates less than existing algorithms to reach the same
accuracy. An important venue for future work will be to generalize our specific compression mechanism to
a broad class of compressors including quantization (Horvath et al., [2022)). Another venue consists in imple-
menting internal variance reduction for the stochastic gradients, as was done for Scaffnew in Malinovsky et al.
(2022). Analyzing the properties of TAMUNA on nonconvex problems should also be studied (Karimireddy
let al.| 2021} [Das et all, [2022).
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Algorithm 2
1: input: stepsizes v > 0, x > 0; probability p € (0, 1]; number of participating clients ¢ € {2,...,n};

compression index s € {2,...,c}; initial estimates 29,...,20 € R? and AY,...,hY € R? such that
> h? = 0, sequence of independent coin flips 6°,6',... with Prob(¢’ = 1) = p, and for every ¢
with 08 = 1, a subset Q' C [n] of size ¢ chosen uniformly at random and a random binary mask

q! = (¢})icq: € RY*¢ generated as explained in Figure |1l The compressed vector Cf(v) is v multiplied
elementwise by ¢!.
2: fort=20,1,... do

3: fori=1,...,n, at clients in parallel, do

4: 2t = al — vg! + yh!, where g! is an unbiased stochastic estimate of V f;(z!) of variance o2
5: if 0* =1 then

6: if i € Q! then

7: send 2! to the server, which aggregates z' :== 13- jeqr C5(#5) and broadcasts it to all clients
5 R B 42X (L) — )

9: else

10: hitt = ht

11: end if

12: aith =gt

13: else

14: ot =gt

15: Rit = ht

16: end if

17:  end for

18: end for

Appendix

A Proof of Theorem [1]

We first prove convergence of Algorithm [2] which is a single-loop version of TAMUNA; that is, there is a
unique loop over the iterations and there is one local step per iteration. In Section we show that this
yields a proof of Theorem [1| for TAMUNA. We can note that in case of full participation (¢ = n, Q' = [n]),
Algorithm [2| reverts to CompressedScaffnew (Condat et al., [2022a)).

To simplify the analysis of Algorithm |2| we introduce vector notations: the problem can be written as

find x* = argmin f(x) st. Wx=0, (21)
xXEX
where X := R4*", an element x = (z;)7_; € X is a collection of vectors z; € RY, f :x € X — Y1 | fi(w;) is
L-smooth and p-strongly convex, the linear operator W : X — X maps x = (z;)7, to (z; — %Z?:l i),
The constraint Wx = 0 means that x minus its average is zero; that is, x has identical components x; =
-+« = x,. Thus, is indeed equivalent to . We have W = W* = W?2.

We also rewrite Algorithm [2] using vector notations as Algorithm [3] It converges linearly:

Theorem 3 (fast linear convergence). In Algorithm@ suppose that 0 < v < %, 0<x< :(%:37 w =

p?s_—ll) — 1. For every t > 0, define the Lyapunov function

W P TR e (22)

where xX* is the unique solution to and h* = V{(x*). Then Algorithm@ converges linearly: for every

t>0,
2
E[w] < r'e’+ 2, (23)
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Algorithm 3
input: stepsizes v > 0, x > 0; probability p € (0, 1], parameter w > 0; number of participating clients ¢ €
{2,...,n}; compression index s € {2,...,c}; initial estimates x” € X and h® € X such that >, h? = 0;
sequence of independent coin flips °,6, ... with Prob(f* = 1) = p, and for every t with §* = 1, a subset
Q! C [n] of size ¢ chosen uniformly at random and a random binary mask q* = (¢});cq: € R?*¢ generated
as explained in Figure 1] The compressed vector C!(v) is v multiplied elementwise by q!.
fort=0,1,... do

%"= x' —yg' + yh', where g = (g})i=; ~ Vf(x')

if 6 = 1 then
%"= ("), where 7' == 1 37 . Cl(2!)
xiH! = gt

dt = (dy, with d! = {

(1+w) (CL(&1) - CH(@) if i € O,
0 otherwise
else
x Tl =%t
di =0
end if

t+1 . ]t DPX t
h =h ’y(l+w)d

end for

where

1
7 = max ((1 — )%, (vL — 1)2,1 — pQXZ_l) <1 (24)

Also, if 0 =0, (x")ien and (X)ien both converge to x* and (h');en converges to h*, almost surely.

Proof. We consider the variables of Algorithm [3| For every ¢ > 0, we denote by JF{ the o-algebra generated
by the collection of X-valued random variables x°, h°, ..., x* h?, and by F* the o-algebra generated by these
variables, as well as the stochastic gradients g’. d? is a random variable; as proved in Section it satisfies
the 3 following properties, on which the convergence analysis of Algorithm [3| relies: for every ¢ > 0,

1. E[d* | FY] = W&,
2. E[Hdt — Wt | ]—‘t} <wl|wst|.

3. d! belongs to the range of W; that is, Y., di = 0.

=1

We suppose that >, hY = 0. Then, it follows from the third property of d’ that, for every ¢t > 0,
Yo, ht =0; that is, Wh' = h'.

For every t > 0, we define hi*! := ht — %W&t, wi = x! — ygl and w* := x* — yVFf(x*). We also define
%' = (z'%)n_,, with ' := L 37" | #%; that is, 2' is the exact average of the &!, of which Z' is an unbiased
random estimate.

Let t > 0. We have
B[ | | 7] = pE[Jf - x| |70 = 1]+ - p) & -
Since E[x! | F*, 0! = 1] = %%,
B[ - |* | 70" = 1] = || - x*|" + B[ & - =] | 7,0 = 1],

with ) ) )
%% = x| = [|& = x|~ w7
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To analyze E [H)’(t —x*|? | Ft, 6t = 1] , where the expectation is with respect to the active subset Q' and the

mask qf, we can remark that the expectation and the squared Euclidean norm are separable with respect to
the coordinates of the d-dimensional vectors. So, we can reason on the coordinates independently on each
other, even if the the coordinates, or rows, of q* are mutually dependent. Also, for a given coordinate k € [d],
choosing s elements at random among the ¢ elements §c§ x With i € Q' with Q' chosen uniformly at random
too, is equivalent to selecting s elements ﬁf  among all ¢ € [n] uniformly at random in the first place. Thus,
for every coordinate k € [d], it is like a subset % C [n] of size s, which corresponds to the location of the
ones in the k-th row of q’, is chosen uniformly at random and

zk— E ‘Tzk

ZGQt

Then, as proved in |Condat & Richtarik| (2022, Proposition 1),

n
SEEEIE N [ S | D P S o 9% INES] R oY
j=1

k=1 ieQt
where
n—=s 1
Moreover,
I%" =" = [[w' = w*[[* + 97|’ = b*[|" + 2y(w* —w*, b — ")
= [|w* — w*||* = 7% ||n’ — b*||* + 29(& — x*,h’ — h*)
_ Hwt N W*||2 B 72 Hht _ h*Hz + 27<7A<t N X*’ht-&-l h*} <xt ~x*, Rt — ht>
= |w' = w*||* = 4% |n’ = 0*|]” + 29" — xR - h) 4 2px (R — x*, WRY)
= |w' = w*||* = 4% |nf = 0*|® + 29(R" — x*, B~ he) 4 2[R
Hence,

E{th“ —x|” | ft] =p|[%" = x| = p [WR||* + pr | WK + (1 - p) |8 — x*|”
= & = x*|* = p(1 - v) W&
= [lwt = w* || =42 [ — [+ 29(& - x" B b
+ (2px — p(1 —v)) W[
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On the other hand, using the 3 properties of d? stated above, we have

2 2,2
*||2 pX s wpTXx ~t]12
E[[n+! = b*|” | 7] < | - R el +W|\Wxt||
2
b e
2
_ w t px ft+l 1ok w NAS ¢|?
14w (b h)+1+w(h b) TR b
w? 2 1 A 2
ht h* ’ht+1 _h*
= I
2 N R 2
o R R 4 R e
¢ |2 2w t xRl 1k
+(1+w)2H H 1+ )2<h h’h h>
_ 1—~l_w ‘ A+l _ b Jr Hht h*||2.
Moreover,
~ 2 N 2
Hht+1 " = H(ht ~h*) + (At _ht)H
_ Hht_h*H2+ ‘ INGR RN 2_|_2<ht_h*,flt+1 )
_ ||ht —h*||2 +2<ﬁt+1 —b* Bt — ht) — ‘ A+l _ pt 2
_ ||ht *h*HZ | R 2 72%<1’,‘1t+1 B h*,W()A{t 7X*)>
2.2
— |[nt —n*|? - X W&tHsz%(W(ﬁt“fh*),ictfx*>
2.2
e e L e
Hence,

*E[HXHJ _X*||2 |‘Ft:| + ME[Hthl —h*H2 |‘Ft}
bXx
< Do =y we (22 2 )
v Y v

+ 2<5&f _ X*’flt—‘rl _ h*> + l Hht _ h*H2
pXx

B L e e L
pXx
1 14 )
=5 I || +<”( “)7) [
i pX

+ ( P fwseP 26)

Since we have supposed

1 1
0<X§1—V:n(s)€( 1],
n
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we have
e - 1 7] L n e w7
< lHWt_W*H?_’_'Y(l‘f‘W) (1_ ) Hht h*||2.
Y PX 14+w
Finally,

E[[[w' = w*||* | 7] <[|(1d = 7¥E)x" — (1d = 7 9)x"|* 44202,
and according to [Condat & Richtarik| (2023, Lemma 1),
[(1d = AVE)x* — (1d — 4 VE)x*||* < max(1 — yu, 7L — 1)? ||x* — x*||*.
Therefore,

E[W | FL] < max ((1 ) (L~ 121 - fj‘u)) 0

= max ((1 — ), (YL =1)*1—p x1> U+ 507 (27)
Using the tower rule, we can unroll the recursion in to obtain the unconditional expectation of Wi*1!,

If o =0, using classical results on supermartingale convergence (Bertsekas, |2015, Proposition A.4.5), it
follows from ) that W* — 0 almost surely. Almost sure convergence of x* and h? follows. Finally, by

Lipschitz cont1nu1ty of V£, we can upper bound [|&! — x*||? by a linear combination of [|x! — x*||? and
[|[h? —h*||2. It follows that E [|| —x*| ] — 0 linearly with the same rate 7 and that ' — x* almost surely,
as well. O

A.1 The random variable d!

We study the random variable d* used in Algorithm [3] If 6 = 0, d* = 0. If, on the other hand, §* = 1, for
every coordinate k € [d], a subset Qt C [n] of size s is chosen uniformly at random. These sets (Qt )d_, are
mutually dependent, but this does not matter for the derivations, since we can reason on the coordinates
separately. Then, for every k € [d] and i € [n],

st 1 ot ep - ot
dig = { ol 2y #e) i€, (28)

0 otherwise,

for some value a > 0 to determine. We can check that Yoi, db = 0. We can also note that d* depends only on
W' and not on ®'; in particular, if 2§ = L, di = 0. We have to set a so that E[d]] = &} — 2 7, &,

where the expectation is with respect to #* and the QZ (all expectations in this section are condltlonal to
%%). So, let us calculate this expectation.

Let k € [d]. For every i € [n],
s . a .
E[df,k] = pg al‘;k — gEQ;ieQ ;xik )
J

where Eq.;cq denotes the expectation with respect to a subset Q C [n] of size s containing 7 and chosen
uniformly at random. We have

s—1 n—s s—1
Equea |3 a4, | = & Yoot = ity + Y " dlh.
e J.k ; n—1 Jsk n—1 i,k n—1 Jsk

Jes jem\{d} J=1
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Hence, for every i € [n],

Therefore, by setting

n—1
_ 7 29
p(s—1) #)
we have, for every i € [n],
s{ln—-1 1 n—s 1 &
Eld,] =p= | - - ik — — 5
[Z’k} Py (ps—l ps(s—l))m’k nj;%’k
p— A‘ 1 - Fo .
=Tk — E ij,ka
j=1
as desired.
Now, we want to find the value of w such that
B[l — wx'|] <w|ws| (30)

or, equivalently,

E

2
n n ) 1 n .
;de”zl < (1+w); - HZCE;

We can reason on the coordinates separately, or all at once to ease the notations. We have

n n 2
2] =5 Z . gt @ Z ot
E Lz; ezl ] P 2 Eq.eq ||aZ; S 24|

JEQ

For every i € [n],

2 2
At At a At
Eq.icq aml—foj =Eq.ica (a—f)xl—g Z &
JEQ JEQ\ {4}
2
_ ay .||? a At
= H(Cl-g) Z; +EQ16Q g Z Ij
JEQ\ {3}
ay . a At
-9 <<a — g) Z;, E]EQ;Z'GQ Z :L'j> .
JeQ\{}

We have

s—1 s—1
) N At Al at
Eq.ico E R Ae— E : i a1 E:mj i

jea(i} T el i=1
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and
2
Eq.ico Z 75| = Eauca Z Zj (25, 25:)
jeQV{i} jeQV{i} JEQV{i} '€\ {i.j}
s—1 2 At A
=D 2D D SRR
jeln\{i} jeln\i} €\ {ij}
2
s—l( s—2> a2 S 5—2 -
= 1- > lIEIF+ > &
n-1 =2/ et " =2 et
. . s—1s—2 <., .
S (S owr) 2tz
=1
Hence,

a?2 s—1n—s

+ps@n—1n—2

= 2 5 a 2
£ S | =2 32 (o ) &

At

$a2 Sn
Pt —s el

s a? s—1s—2
n n—ln—QZ:

n
> @
j=1

-1 n
st (o z>z<w zm>

(n—=1)° g~ a2, (0 R
e ] &
i=1
1s—2n—1 iw L 1 s—2n—1 » ’
;?ss—ln—2 izlxi ]Es—ln—Q Zzlxi
I s—2n—1 412 n—1 = .42 n—1
—i_yﬁsflanZ:Z1 i +2psn ; i psn
(D) e, (1) e
N psn ;H il +p5(3—1)nn—2;|$i’|
2
n—1 s =, 1 s—=2n—1x= .42
B psn s—1 ;xZ +E571n—2; i

M2 -D(s—Dn-2)+Mn—-1>2n-s)+(s

2

n
At
%

i=1

ps(s — )n(n —2)

n—1 ot
Ly
p(s = n ||
n—1 <& 2 n—1 " ?
- At - At
— gt — €T
oo 2 e | 2%
n—1 « 1 « i
— At At
= Do ||E - =D
pls—1) = "=

25
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Therefore, holds with
n—1
S op(s—1)

and we have a = 1 + w.

A.2 From Algorithm [2] to TAMUNA

TAMUNA is a two-loop version of Algorithm [2] where every sequence of local steps followed by a commu-
nication step is grouped into a round. One crucial observation about Algorithm [2] is the following: for a
client 7 ¢ Qf, which does not participate in communication at iteration ¢ with ' = 1, its variable x; gets
overwritten by ' anyway (step 12 of Algorithm . Therefore, all local steps it performed since its last
participation are useless and can be omitted. But at iteration ¢ with #* = 0, it is still undecided whether or
not a given client will participate in the next communication step at iteration ¢’ > t, since 0! has not yet
been generated. That is why TAMUNA is written with two loops, so that it is decided at the beginning of
the round which clients will communicate at the end of the round. Accordingly, at the beginning of round
r, a client downloads the current model estimate (step 6 of TAMUNA) only if it participates (i € Q(T)), to
initialize its sequence of local steps. Otherwise (i ¢ Q). the client is completely idle: neither computation
nor downlink or uplink communication is performed in round r. Finally, a round consists of a sequence of
successive iterations with 8 = 0 and a last iteration with ' = 1 followed by communication. Thus, the
number of iterations, or local steps, in a round can be determined directly at the beginning of the round,
according to a geometric law. Given these considerations, Algorithm [2[ and TAMUNA are equivalent. In
TAMUNA, the round and local step indexing is denoted by parentheses, e.g. (r,£), to differentiate it clearly
from the iteration indexing.

To obtain Theorem [I] from Theorem 3] we first have to reindex the local steps to make the equivalent iteration
index t in Algorithm [2] appear, since the rate is with respect to the number of iterations, not rounds, whose
size is random. The almost sure convergence statement follows directly from the one in Theorem

Importantly, we want a result related to the variables which are actually computed in TAMUNA, without
including virtual variables by the idle clients, which are computed in Algorithm [2] but not in TAMUNA. That
is why we express the convergence result with respect to Z!, which relates only to the variables of active
clients; also, #* is the model estimate known by the server whenever communication occurs, which matters
at the end. Note the bar in ¥ in @ to differentiate it from ¥ in . Thus, we continue the analysis of
Algorithms [2| and [3| in Section with same definitions and notations. Let t > 0. If ' = 0, we choose
Q! C [n] of size ¢ uniformly at random and a random binary mask q' = (¢!);cqr € R¥*¢, and we define
zti=1 > jeqr CH(E%) (in Theorem for simplicity, Q' and q" are the ones that will be used at the end of the
round; this choice is valid as it does not depend on the past). Q¢, q* and Z! are already defined if #* = 1. We
want to study E |:Hi‘t - Jc*||2 | .Ft}, where the expectation is with respect to Q! and qf, whatever 6¢. Using

the derivations already obtained,
nE ||z = |* | 7] = & - x| = w4 v
=t w2 w2 B )
+(2px+v—1) W]
< flwt w2 B )
+ (2px — p(1 =) |[W]|*.
Hence,

et * 1—"_ * L
Ze - | 7] N(px“’)xa[uhtﬂ | | 7]

ot = w4 2D (1 2 e

1
<=
Y px
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and

n a2 ] Y1t w) t+1 *||2 | 7t
SE[l7 -t LA+ TR - we | A
s—1
p—

< max ((1 — )% (YL = 1)%,1 - p*x .

) Ut 4 o2,

Using the tower rule,

2
"ot — ot 7] + 2 gt -] < w0+ 25
v pX 1

Since in TAMUNA, 2§ = --- = 29 = 30 = 2(0) T’ = U0, This concludes the proof of Theorem

n

B Proof of Theorem

We suppose that the assumptions in Theorem [2] hold. s is set as the maximum of three values. Let us
consider these three cases.

v

1) Suppose that s = 2. Since 2 = s > [ac] and 2 =s > | 5], we have & < 2 and 1 < 2¢. Hence,

o (aE ) o

2) Suppose that s = |5]. Then ¢ < 1. Since s > |ac) and [£] = s > 2, we have ac < s+ 1 < £+ 1 and

S
gg%,sothat adgl—l—%gz Hence,
d
s s c

Since 2s > %, we have % < % and

(9( "“+n>(8d+1+ad)
S S C

:(9<\/Zz ”“+d">. (33)
c c

3) Suppose that s = |ac|. This implies &« > 0. Then s < ac. Also, 2s > ac and % < i Since

s = |ac] > |§], we have ac +1 > § and 1 < ad + %. Since s = |ac| > 2, we have % < § and 1 < 2ad.

Hence,

0( %+n>(8d+1+ad>
S S C

:(’)( ’m+n>(ad+ad+ad)
ac ac

-0 (\/Edﬁ + d:) . (34)

By adding up the three upper bounds (32), (33), (34), we obtain the upper bound in (15).
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C Sublinear convergence in the convex case

In this section only, we remove the hypothesis of strong convexity: the functions f; are only assumed to be
convex and L-smooth, and we suppose that a solution z* € R? to (1)) exists. Also, for simplicity, we only
consider the case of exact gradients (o = 0). Then we have sublinear ergodic convergence:

Theorem 4 (sublinear convergence). In Algorithm suppose that o = 0 and that

2 n(s—1) 1
d e (2],
0<7<L and O<X<s(n—1)€(2’] (35)

For everyi=1,...,n and T >0, let
1

T .
v T TH+1

Q
[~
3,
—
w
D
=

t

Il
o

Then
EMVf@;mﬂ::o<;). (37)

Proof. A solution z* € R? to (), which is supposed to exist, satisfies Vf(z*) = L 3" | Vfi(z*) = 0. 2* is
not necessarily unique but hr := Vf;(2*) is unique.

We define the Bregman divergence of a L-smooth convex function g at points x,2’ € R% as D,(z,2') =
g(z) — g(a’) — (Vg(a'),z — 2’) > 0. We have Dy(z,2') > 5[ Vg(z) — Vg(z')||>. We note that for every
zeRYandi=1,...,n, Dy, (x,x*) is the same whatever the solution z*.

For every t > 0, we define the Lyapunov function

1 Y n-1
Vs I3 et Py ()
i=1 i=1

Starting from , we have, for every t > 0,

1S -1y
E[\I/tJrl | Ft] = ;Z]E[foﬂ _x*H? |]_—t] i p?lxz— . Z]E[th-&-l _ hIHQ |]:t}
i=1 =1

IN

=3l = aVaED) - (@ =2 hE)

n

+(7n_l—W>Z\|h§—h;!|2+$<x_””)z -2
=1

2 _
px s —1 i=1 j=1

with
(2! = AV filah) = (2% = AV @) |* = [Jot = 2*||” = 29(V filal) = VSila"), ! - 2*)
+ 72 ||V Filat) - Vi)
< ot = a*|” = 2y = 2LV fila!) - Vi(a*), 2t — ),
where the second inequality follows from cocoercivity of the gradient. Moreover, for every x, 2/, Dy, (z,2) <

(Vfi(x) = Vfi(z"),x — a’). Therefore,

E[WiH! | F1] < 9! — (2 —L) ZDfi(xfaﬂﬂ*)

i=1

- NEE R

2
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Telescoping the sum and using the tower rule of expectations, we get summability over ¢ of the three negative
terms above: for every T' > 0, we have

n T
(2=9L) Y Y E[Dy,(zl,2%)] < ¥ —E[W"] <0, (39)
i=1 t=0

WZZE[W B|P] < 90— B[wTH] < 0, (40)

i=1 t=0
n T n 2
%1—u— VY-S E||fz %Zgﬁg. <90 - E[WTH] < 0. (41)
i=1 t=0 =1

Taking ergodic averages and using convexity of the squared norm and of the Bregman divergence, we can
now get (’)(1 /T) rates. We use a tilde to denote averages over the iterations so far. That is, for every
i=1,....,nand T > 0, we define

and

The Bregman divergence is convex in its first argument, so that, for every T > 0,

n T

STETD SHLIS
i=1

i=1 t=0
Combining this inequality with yields, for every T > 0,

n 0
(2-10) Y B[ 6T < 7

i=1

Similarly, for every i =1,...,n and T > 0, we define

and we have, for every T > 0,

n _ n 1 T
Z thwfthQ < Z T4+1 Z th 7h:||2'
1=1 =1 t=0

Combining this inequality with yields, for every T > 0,

n N 0
TS E[E - k] < T“I’H. (43)
=1

Finally, for every i = 1,...,n and T > 0, we define

1 I
+1Z£:

t=0
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and

and we have, for every T' > 0,

n
i:l

Combining this inequality with (| . yields, for every T >

2
1fyf ZE[HI TH}ST—i-l' (44)
Next, we have, for every ¢ =1,...,nand T > 0,
IVr@ED)|* < 2||vr@ETh) - viED)| + 2| v
<2r & — & | + 2|| V)| (45)

Moreover, for every T' > 0 and solution z* to ,
HVJ“UCT)H2 = HVf (@) = V(= *)H2
Z [95:G7) =V fi)]f

SgZHVfi(f -vHED| T+ = ZHVﬁ — Vi)
=1
202 & 4L
STZH@T_JETH +72Dﬁ(9~3?,/x*)- (46)
=1 =1

There remains to control the terms ||#7 — gETHQ: we have, for every T > 0,

ZHx A <QZ||I -z =il +2ZH£T aly

< QZH@T—%? (47)
i=1
For everyi=1,...,nand t > 0,
& = x; =y (Vfilai) — hi)
so that, for every i =1,...,nand T > 0,
1 X
gL 3T — = (xt) — ART
Z; €; ’YT—‘rl ;vfl(xz) /th
and
2
ot~ = | Yot
2
<2y mZHVﬁ = V)| + 2 BT - k|
2 1 tox 27T _ 1|2
< 4Ly Tiﬂ;pﬁ(%m )+ 292 ||R] — Ry (48)
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COmbining 7 7 , , we get7 for every T Z O7
S IVAGDI 5228 3[4 — a7 20 [
i=1 -1

<212y |laf =" 202 30| — T + 4Ly Dyl )
i=1 i=1

i=1
=412 3" ||z7 —&"|* + 4L Dy, (#F,2%)
i=1

i=1

<812 ||&F 37| + 8123 &7 - &7|" + 4L Dy, 6T a%)
i=1 =1 1=1

T
< I ZZ; 9416022 Y [T - |

1=1

n

+8L2 ) ||& - &7 + 4LZ Dy, (37, 2%).
i=1 =1

Taking the expectation and using , , and , we get, for every T' > 0,

SSE[IVAGHI] < 320 3 S Dy (et

i=1 zltO

+16122 > B|[|AF - 0[]
i=1

82 S [T - 6] + 4L Y B[y (T 0).
=1

i=1

32L34% W Uy 8L2 v 4L LG
< v 0 11612 + v o 0
2—~vLT+1 T p(l—v—x)T+1 2—-~yLT+1
32L3~% + 4L 8L? v
= [P ey + ! o
2 —~L pl—v—x)]| T+1

O

Hence, with v = © (3\/%), x satisfying § < x < 1— v — § for some § > 0, and hY = Vf;(zY), for every

L
S E|[vsED|] <e (19)
1=1

i € [n], then for every ¢ > 0, we have
L2 0 _ o * 2
o (22T .
p Ve €

O <L2\/ZHXO_EX*H> (51)

We note that LT does not yield any acceleration: the communication complexity is the same whatever p.
CC is effective, however, since we communicate much less than d floats during every communication round.

after

iterations and

communication rounds.

This convergence result applies to Algorithm T in is an average of all z!, including the ones for
clients not participating in the next communication round. The result still applies to TAMUNA, with, for
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(r:€)

every i € [n], I defined as the average of the z;”" which are actually computed, since this is a random

subsequence of all zt.
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