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Abstract

This work advances the understandings of the
remarkable in-context learning (ICL) abilities of
transformers—the ability of performing new tasks
when prompted with training and test examples,
without any parameter update to the model. We
begin by showing that transformers can imple-
ment a broad class of standard machine learning
algorithms in context, such as least squares, ridge
regression, Lasso, convex risk minimization for
generalized linear models, and gradient descent
on two-layer neural networks, with near-optimal
predictive power on various in-context data dis-
tributions. Our transformer constructions admit
mild sizes and norms, and can be learned with
polynomially many pretraining sequences.

Building on these “base” ICL algorithms, in-
triguingly, we show that transformers can imple-
ment more complex ICL procedures involving in-
context algorithm selection, akin to what a statisti-
cian can do in real life—A single transformer can
adaptively select different base ICL algorithms—
or even perform qualitatively different tasks—on
different input sequences, without any explicit
prompting of the right algorithm or task. In theory,
we construct two general mechanisms for algo-
rithm selection with concrete examples: (1) Pre-
ICL testing, where the transformer determines the
right task for the given sequenceby examining
certain summary statistics of the input sequence;
(2) Post-ICL validation, where the transformer
selects—among multiple base ICL algorithms—a
near-optimal one for the given sequence using a
train-validation split. Experimentally, we demon-
strate the strong in-context algorithm selection
capabilities of standard transformer architectures.

1. Introduction

Large neural sequence models have demonstrated remark-
able in-context learning (ICL) capabilities (Brown et al.,
2020), where models can make accurate predictions on new
tasks when prompted with training examples from the same
task, in a zero-shot fashion without any parameter update
to the model. A prevalent example is large language mod-
els based on the transformer architecture (Vaswani et al.,
2017), which can perform a diverse range of tasks in con-
text when trained on enormous text (Brown et al., 2020;
Wei et al., 2022). Recent models in this paradigm such as
GPT-4 achieve surprisingly impressive ICL performance
that makes them akin to a general-purpose agent in many
aspects (OpenAl, 2023; Bubeck et al., 2023). Such strong
capabilities call for better understandings, which a recent
line of work tackles from various aspects (Liu et al., 2021;
Xie et al., 2021; Elhage et al., 2021; Razeghi et al., 2022;
Chan et al., 2022; Min et al., 2022; Olsson et al., 2022).

Recent pioneering work of Garg et al. (2022) proposes an
interpretable and theoretically amenable setting for under-
standing ICL in transformers. They perform ICL experi-
ments where input tokens are real-valued (input, label) pairs
generated from standard statistical models such as linear
models (and the sparse version), neural networks, and deci-
sion trees. Garg et al. (2022) find that transformers can learn
to perform ICL with prediction power (and fitted functions)
matching standard machine learning algorithms for these
settings, such as least squares for linear models, and Lasso
for sparse linear models. Subsequent work further studies
the internal mechanisms (Akyiirek et al., 2022; von Oswald
et al., 2022; Dai et al., 2022), expressive power (Akyiirek
et al., 2022; Giannou et al., 2023), and generalization (Li
et al., 2023) of transformers in this setting. However, these
works only showcase simple mechanisms such as regular-
ized regression (Garg et al., 2022; Akytirek et al., 2022; Li
et al., 2023) or gradient descent (Akyiirek et al., 2022; von
Oswald et al., 2022; Dai et al., 2022), which are arguably
only a small subset of what transformers are capable of in
practice; or expressing universal function classes not spe-
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cific to ICL (Wei et al., 2021; Giannou et al., 2023). This
motivates the following question:

Work presented at the ES-FoMo Workshop at ICML 2023. How do transformers learn in context beyond
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Figure 1: Illustration of in-context algorithm selection, and two mechanisms constructed in our theory. Left, middle-left: A single
transformer can perform ridge regression with different \’s on input sequences with different observation noise; we prove this by the
post-ICL validation mechanism (Appendix D.1). Middle-right, right: A single transformer can perform linear regression on regression
data and logistic regression on classification data; we prove this via the pre-ICL testing mechanism (Appendix D.2).

implementing simple algorithms?

This paper makes steps on this question by making two main
contributions: (1) We unveil a general mechanism—in-
context algorithm selection—by which a single transformer
can adaptively select different “base” ICL algorithms to use
on different ICL instances, without any explicit prompting
of the right algorithm to use in the input sequence. For exam-
ple, a transformer may choose to perform ridge regression
with regularization A; on ICL instance 1, and Ay on ICL
instance 2 (Figure 2); or perform regression on ICL instance
1 and classification on ICL instance 2 (Figure 5). This adap-
tivity allows transformers to achieve much stronger ICL
performance than the base ICL algorithms. We both prove
this in theory, and demonstrate this phenomenon empirically
on standard transformer architectures. (2) Along the way,
equally importantly, we present a comprehensive theory for
ICL in transformers by establishing end-to-end quantitative
guarantees for the expressive power, in-context predic-
tion performance, and sample complexity of pretraining.
These results add upon the recent line of work on the statis-
tical learning theory of transformers (Yun et al., 2019; Wei
et al., 2021; Edelman et al., 2022; Jelassi et al., 2022), and
lay out a foundation for the intriguing special case where
the learning targets are themselves ICL algorithms.

A detailed summary of our contributions is as follows.

* We prove that transformers can implement a broad
class of standard machine learning algorithms in con-
text, such as least squares, ridge regression, Lasso, con-
vex risk minimization for learning generalized linear
models (such as logistic regression), and gradient de-
scent for two-layer neural networks (Appendix C). Our
constructions admit mild bounds on the number of lay-
ers, heads, and weight norms, and achieve near-optimal
prediction power on many in-context data distributions.

* We prove that transformers can perform in-context al-
gorithm selection (Appendix D). We construct two
algorithm selection mechanisms: Post-ICL validation

(Appendix D.1), and Pre-ICL testing (Appendix D.2).
For both mechanisms, we provide general construc-
tions as well as concrete examples. Figure 1 provides a
pictorial illustration of the two mechanisms.

* As a concrete application, using the post-ICL valida-
tion mechanism, we construct a transformer that can
perform nearly Bayes-optimal ICL on noisy linear mod-
els with mixed noise levels (Appendix D.1.1), a more
complex task than those considered in existing work.

* We provide the first line of results for pretraining trans-
formers to perform the various ICL tasks above, from
polynomially many training sequences (Appendix E).

» Experimentally, we find that learned transformers in-
deed exhibit strong in-context algorithm selection ca-
pabilities in the settings considered in our theory (Sec-
tion 3). For example, Figure 2 shows that a single
transformer can approach the individual Bayes risks
(the optimal risk among all possible algorithms) simul-
taneously on two noisy linear models with different
noise levels.

Transformers as statisticians We humbly remark that the
typical toolkit of a statistician contains much more beyond
those covered in this work, including and not limited to
inference, uncertainty quantification, and theoretical analy-
sis. This work merely aims to show the algorithm selection
capability of transformers, akin to what statisticians can do.

Related work Our work is intimately related to the lines
of work on in-context learning, theoretical understandings
of transformers, as well as other formulations for learning-
to-learn such as meta-learning. Due to limited space, we
discuss these related work in Appendix A.

2. Theory

As a main contribution of this work, we present a com-
prehensive theory for the ICL and in-context algorithm se-
lection capabilities of transformers, providing quantitative
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Figure 2: In-context algorithm selection on two separate noisy linear regression tasks with noise (o1, o2) = (0.1,0.5). (a,b) A single
transformer TF_alg_select simultaneously approaches the performance of the two individual Bayes predictors ridge_lam_1
ontask 1 and ridge_lam_2 on task 2. (c) At token 20 (using example {0, ..., 19} for training), TF_alg_select approaches the
Bayes error on two tasks simultaneously, and outperforms ridge regression with any fixed \. (a,b,c) Note that transformers pretrained

on a single task (TF_noise_1, TF_noise_2) perform near-optimally on that task but suboptimally on the other task. More details

about the setup and training method can be found in Section 3.2.

end-to-end guarantees for the expressive power, in-context
prediction performance, and sample complexity of pretrain-
ing. Due to limited space, we defer the details to the follow-
ing appendices:

» Transformer constructions for basic ICL algorithms
(Appendix C), with concrete and mild bounds on the
size of the transformers (number of layers, heads, and
weight norms) and guarantees on their in-context pre-
diction power.

* In-context algorithm selection capabilities of trans-
formers (Appendix D), with two general mechanisms
and concrete examples: Post-ICL validation (Ap-
pendix D.1), and pre-ICL testing (Appendix D.2).

* Analyses of pretraining (Appendix E).

3. Experiments
3.1. In-context learning and algorithm selection

We test our theory by studying the ICL and in-context al-
gorithm selection capabilities of transformers, using the
encoder-based architecture in our theoretical constructions
(Definition B.3). Additional experimental details can be
found in Appendix P.1.

Training data distributions and evaluation We train a
12-layer transformer, with two modes for the training se-
quence (instance) distribution 7. In the “base” mode, similar
to (Garg et al., 2022; Akyiirek et al., 2022; von Oswald et al.,
2022; Li et al., 2023), we sample the training instances from
one of the following base distributions (tasks), where we first
sample P = Py,, ~ 7 by sampling w, ~ N(0,1;/d), and
then sample {(x;,%i)}c v 1) id Pw, as x; id N(0,1I4),
and y; from one of the following models studied in Ap-
pendix C:

1. Linear model: y; = (w,,x;);

2. Noisy linear model: y; = (w,,x;)+0z;, where o > 0
is a fixed noise level, and z; ~ N(0,1).

3. Sparse linear model: y; = (W, x;) with ||w,|[|, < s,
where s < d is a fixed sparsity level, and in this case we
sample w, from a special prior supported on s-sparse
vectors;

4. Linear classification model: y; = sign({w,, x;)).

These base tasks have been empirically investigated by Garg
et al. (2022), though we remark that our architecture (used
in our theory) differs from theirs in several aspects, such as
encoder-based architecture instead of decoder-based, and
ReLU activation instead of softmax. All experiments use
d = 20. We choose o € {01,092} = {0.1,0.5} and N = 20
for noisy linear regression, s = 3 and N = 10 for sparse
linear regression, and N = 40 for linear regression and
linear classification.

In the “mixture” mode, 7 is the uniform mixture of two or
more base distributions. We consider two representative
mixture modes studied in Appendix D:

¢ Linear model + linear classification model;

* Noisy linear model with four noise levels o €
{0.1,0.25,0.5,1}.

Transformers trained with the mixture mode will be evalu-
ated on multiple base distributions simultaneously. When
the base distributions are sufficiently diverse, a transformer
performing well on all of them will likely be performing
some level of in-context algorithm selection. We evaluate
transformers against standard machine learning algorithms
in context (for each task respectively) as baselines.

Results Figure 3a shows the ICL performance of trans-
formers on five base tasks, within each the transformer is
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Figure 3: ICL capabilities of the transformer architecture used in our theoretical constructions. (a) On five representative base tasks,
transformers approximately match the best baseline algorithm for each task, when pretrained on the corresponding task. (b,c) A single
transformer TF_alg_select simultaneously approaches the performance of the strongest baseline algorithm on two separate
tasks: (b) noisy linear regression with two different noise levels o € {0.1,0.5}, and (c¢) adaptively selecting between regression and

classification.

trained on the same task. Transformers match the best base-
line algorithm in four out of the five cases, except for the
sparse regression task where the Transformer still outper-
forms least squares and matches Lasso with some choices of
A (thus utilizing sparsity to some extent). This demonstrates
the strong ICL capability of the transformer architecture
considered in our theory.

Figure 3b & 3c examine the in-context algorithm selec-
tion capability of transformers, on noisy linear regression
with two different noise levels (Figure 3b), and regres-
sion + classification (Figure 3c). In both figures, the trans-
former trained in the mixture mode (TF_alg_select)
approaches the best baseline algorithm on both tasks simul-
taneously. By contrast, transformers trained in the base
mode for one of the tasks perform well on that task but
behave suboptimally on the other task as expected. The exis-
tence of TF_alg_select showcases a single transformer
that performs well on multiple tasks simultaneously (and
thus has to perform in-context algorithm selection to some
extent), supporting our theoretical results in Appendix D.

3.2. Decoder-based architecture & details for Figure 2

ICL capabilities have also been demonstrated in the liter-
ature for decoder-based architectures (Garg et al., 2022;
Akyiirek et al., 2022; Li et al., 2023). There, the transformer
can do in-context predictions at every token x; using past to-
kens {(x;,y;)};., , as training examples. Here we show
that such architectures is also able to perform in-context
algorithm selection at every token; For results for this ar-
chitecture on “base” ICL tasks (such as those considered
in Figure 3a), we refer the readers to Garg et al. (2022).

Setup Our setup is the same as the two “mixture” modes
(linear model + linear classification model, and noisy linear
models with two different noise levels) as in Section 3.1,
except that the architecture is GPT-2 following Garg et al.
(2022), and the input format is changed to (11) (so that
the input sequence has 2N + 1 tokens) without positional

encodings. For every i € [NV + 1], we extract the prediction
¥; using a linear read-out function applied on output token
2¢ — 1, and the (learnable) linear read-out function is the
same across all tokens, similar as in Section 3.1. The rest
of the setup (optimization, training, and evaluation) is the
same as in Section 3.1 & P.1. Note that we also train on the
objective (40) for all tokens averaged, instead of for the last
test token as in Section 3.1.

Result Figure 2 shows the results for noisy linear mod-
els with two different noise levels, and Figure 5 shows the
results for linear model + linear classification model. We ob-
serve that at every token, In both cases, TF_alg_select
nearly matches the strongest baseline for both tasks simul-
taneously, whereas transformers trained on a single task
perform suboptimally on the other task. Further, this phe-
nomenon consistently shows up at every token. For exam-
ple, in Figure 2a & 2b, TF_alg_select matches ridge
regression with the optimal A on all tokens ¢ € {1,..., N}
(N = 40). In Figure 5a & 5b, TF_alg_select matches
least squares on the regression task and logistic regression
on the classification task on all tokens 7 € [IV]. This demon-
strates the in-context algorithm selection capabilities of stan-
dard decoder-based transformer architectures.

4. Conclusion

This work shows that transformers can perform complex
in-context learning procedures with strong in-context al-
gorithm selection capabilties, by both explicit theoretical
constructions and experiments. We believe our work opens
up many exciting directions, such as (1) more mechanisms
for in-context algorithm selection; (2) Bayes-optimal ICL
on other problems by either the post-ICL validation mech-
anism or new approaches; (3) understanding the internal
workings of transformers performing in-context algorithm
selection; (4) other mechanisms for implementing complex
ICL procedures beyond in-context algorithm selection; (5)
further statistical analyses, e.g. of pretraining.
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A. Related work

In-context learning The in-context learning (ICL) capability of large language models (LLMs) has gained significant
attention since demonstrated on GPT-3 Brown et al. (2020). A number of subsequent empirical studies have contributed to a
better understanding of the capabilities and limitations of ICL in LLM systems, which include but are not limited to (Liu
etal., 2021; Min et al., 2021a;b; Lu et al., 2021; Zhao et al., 2021; Rubin et al., 2021; Razeghi et al., 2022; Elhage et al.,
2021; Kirsch et al., 2022; Wei et al., 2023). For a comprehensive overview of ICL, see the survey by Dong et al. (2022)
which highlights some key findings and advancements in this direction.

A line of recent work investigates why and how LLMs perform ICL (Xie et al., 2021; Garg et al., 2022; von Oswald et al.,
2022; Akyiirek et al., 2022; Dai et al., 2022; Giannou et al., 2023; Li et al., 2023). In particular, Xie et al. (2021) propose a
Bayesian inference framework explaining how ICL works despite formatting differences between training and inference
distributions. Garg et al. (2022) show empirically that transformers could be trained from scratch to perform ICL of linear
models, sparse linear models, two-layer neural networks, and decision trees. Li et al. (2023) analyze the generalization error
of trained ICL transformers from a stability viewpoint. They also experimentally show that transformers could perform
“in-context model selection” (conceptually similar to in-context algorithm selection considered in this work) in specific
tasks and presented related theoretical hypotheses. However, they do not provide concrete mechanisms or constructions for
in-context model selection. A recent work (Zhang et al., 2022b) shows that pretrained transformers can perform Bayesian
inference in latent variable models, which may also be interpreted as a mechanism for ICL. Our experimental findings
extend these results by unveiling and demonstrating the in-context algorithm selection capabilities of transformers.

Closely related to our theoretical results are (von Oswald et al., 2022; Akyiirek et al., 2022; Dai et al., 2022; Giannou et al.,
2023), which show (among many things) that transformers can perform ICL by simulating gradient descent. However, these
results do not provide quantitative error bounds for simulating multi-step gradient descent, and only handle linear regression
models or their simple variants. Among these works, Akyiirek et al. (2022) showed that transformers can implement learning
algorithms for linear models based on gradient descent and closed-form ridge regression; it also presented preliminary
evidence that learned transformers perform ICL similar to Bayes-optimal ridge regression. Our work builds upon and
substantially extends this line of work by (1) providing a more general and quantitative construction for in-context gradient
descent; (2) providing an end-to-end theory with additional results for pretraining and statistical power; (3) analyzing
a broader spectrum of ICL algorithms, including least squares, ridge regression, Lasso, convex risk minimization for
generalized linear models, and gradient descent on two-layer neural networks; and (4) constructing more complex ICL
procedures using in-context algorithm selection.

When in-context data are generated from a prior, the Bayes risk is a theoretical lower bound for the risk of any possible ICL
algorithm, including transformers. Xie et al. (2021); Akyiirek et al. (2022) observe that learned transformers behave closely
to the Bayes predictor on a variety of tasks such as hidden Markov models (Xie et al., 2021) and noisy linear regression
with a fixed noise level (Akyiirek et al., 2022; Li et al., 2023). Using the in-context algorithm selection mechanism (more
precisely the post-ICL validation mechanism), we show that transformers can perform nearly-Bayes optimal ICL in noisy
linear models with mixed noise levels (a strictly more challenging task than considered in (Akyiirek et al., 2022; Li et al.,
2023)), with both concrete theoretical guarantees (Appendix D.1.1) and empirical evidence (Figure 2 & 3b).

Transformers and its theory The transformer architecture, introduced by (Vaswani et al., 2017), has revolutionized
natural language processing and been adopted in most of the recently developed large language models such as BERT
and GPT (Radford et al., 2018; Devlin et al., 2018; Brown et al., 2020). Broaderly, transformers have demonstrated
remarkable performance in many other fields of artificial intelligence such as computer vision, speech, graph processing,
and reinforcement learning (Dong et al., 2018; Dosovitskiy et al., 2020; Radford et al., 2021; Ying et al., 2021; Chen et al.,
2021; Reed et al., 2022; OpenAl, 2023; Bubeck et al., 2023). Towards a better theoretical understanding, recent work has
studied the capabilities (Yun et al., 2019; Pérez et al., 2019; Yao et al., 2021; Bhattamishra et al., 2020b; Zhang et al., 2022a;
Liu et al., 2022), limitations (Hahn, 2020; Bhattamishra et al., 2020a), and internal workings (Elhage et al., 2021; Snell
et al., 2021; Weiss et al., 2021; Edelman et al., 2022; Olsson et al., 2022) of transformers.

We remark that the transformer architecture used in our theoretical constructions differs from the standard one by replacing
the softmax activation (in the attention layers) with a (normalized) ReLU function. Transformers with ReLU activations is
experimentally studied in the recent work of Shen et al. (2023), who find that they perform as well as the standard softmax
activation in many NLP tasks.
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Meta-learning Training models (such as transformers) to perform ICL can be viewed as an approach for the broader
problem of learning-to-learn or meta-learning (Schmidhuber, 1987; Naik & Mammone, 1992; Thrun & Pratt, 2012).
A number of other approaches has been studied extensively for this problem, including (and not limited to) training a
meta-learner on how to update the parameters of a downstream learner (Bengio et al., 2013; Li & Malik, 2016), learning
parameter initializations that quickly adapt to downstream tasks (Finn et al., 2017; Ravi & Larochelle, 2017), learning latent
embeddings that allow for effective similarity search (Snell et al., 2017). Most relevant to the ICL setting are approaches that
directly take as input examples from a downstream task and a query input and produce the corresponding output (Hochreiter
et al., 2001; Mishra et al., 2017; Santoro et al., 2016; Kirsch & Schmidhuber, 2021). For a comprehensive overview, see the
survey (Hospedales et al., 2021).

Theoretical aspects of meta-learning have received significant recent interest (Baxter, 2000; Maurer et al., 2016; Du et al.,
2020; Tripuraneni et al., 2020; Denevi et al., 2018a; Finn et al., 2019; Khodak et al., 2019; Ji et al., 2020; Wang et al., 2021;
Denevi et al., 2018b; Bai et al., 2021; Saunshi et al., 2021; Chua et al., 2021; Zuo et al., 2023). In particular, (Maurer et al.,
2016; Du et al., 2020; Tripuraneni et al., 2020) analyzed the benefit of multi-task learning through a representation learning
perspective, and (Wang et al., 2021; Denevi et al., 2018b; Bai et al., 2021; Saunshi et al., 2021; Zuo et al., 2023) studied the
statistical properties of learning the parameter initialization for downstream tasks.

Techniques We build on various existing techniques from the statistics and learning theory literature to establish our
approximation and generalization guarantees for transformers. For the approximation component, we rely on a technical
result of Bach (2017) on the approximation power of ReLLU networks. We use this result to show that transformers can
approximate gradient descent (GD) on a broad range of loss functions, substantially extending the results of (von Oswald
et al., 2022; Akyiirek et al., 2022; Dai et al., 2022) who primarily consider the square loss. The recent work of Giannou et al.
(2023) also approximates GD with general loss functions by transformers, though using a different technique of forcing the
softmax activations to act as sigmoids. Our analyses of Lasso and generalized linear models build on (Wainwright, 2019;
Negahban et al., 2012; Agarwal et al., 2010; Mei et al., 2018). Our generalization bound for transformers (used in our
pretraining results) build on a standard chaining argument (Wainwright, 2019).

B. Preliminaries

We consider a sequence of N input vectors {hi}il C RP, written compactly as an input matrix H = [hy,...,hy] €
RP*N “where each h; is a column of H (also a token). Throughout this paper, we let o(t) := ReLU(t) = max {t,0}
denote the standard relu activation.

B.1. Transformers

We consider transformer architectures that process any input sequence H € RP*¥ by applying (encoder-mode') attention
layers and MLP layers formally defined as follows.

Definition B.1 (Attention layer). A (self-)attention layer with M heads is denoted as Attng(-) with parameters 0 =
{(Vin, Qs Km)}me[M] C RP*P_On any input sequence H € RP*N,

H = Attng(H) .= H+ L+ >V (V,,H) x 0 ((Q,,H) T (K, H)) € RP*N, (1)
where o : R — R is the ReLU function. In vector form,

h; = [Attng(H)], =h; + S0 & 3 0((Quby, Kinhy)) - Viohy.

Above, (1) uses a normalized ReLU activation ¢ — o(t)/N in place of the standard softmax activation, which is for technical
convenience and does not affect the essence of our study?.

Definition B.2 (MLP layer). A (token-wise) MLP layer with hidden dimension D' is denoted as MLPg(-) with parameters
0 = (W1, Wy) € RP XD x RPXD"0On any input sequence H € RP*N,

H = MLPg(H) := H + Wy0 (W H),
"Many of our results can be generalized to decoder-based architectures; see Appendix G for a discussion.

?For each query index i, the attention weights {o((Q.,h;, K, h;))/N} e n is also a set of non-negative weights that sum to O(1)
(similar as a softmax probability distribution) in typical scenarios.
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where o : R — R is the ReLU function. In vector form, we have fll =h; + Wyo(W1h,).

We consider a transformer architecture with L > 1 transformer layers, each consisting of a self-attention layer followed by
an MLP layer.

Definition B.3 (Transformer). An L-layer transformer, denoted as TFq(-), is a composition of L self-attention layers each
followed by an MLP layer: H(') = TFy (H(O)), where H®) € RPN s the input sequence, and

H® = MLP,(, (Attnem (H“—l))), te{l,...,L}.

mlp attn

Above, the parameter 0 = 0(1:Ln),0(1:L) is the parameter consisting of the attention layers 0(5)11 =
p att mlp p 8 Y att
{(V%), %),K%))}me[ﬂ/f@)] C RP*P and the MLP layers 015123 = (Wgé),Wy)) € RPVXD x RDXDY e il

requently consider “attention—only ” transformers with W (Z), W (&) = 0, which we denote as TFO -) jor shorthand, with
1 2 ]
0 =0L) .= gl:k),

We additionally define the following norm of a transformer TFg:

M

£ £

101 = max { i {1QE o K o+ D 1VE lop + W g + W5 op . @
m=1

In (2), the choices of the operator norm and max/sums are for convenience only and not essential, as our results (e.g. for
pretraining) depend only logarithmically on ||6]].

B.2. In-context learning

In an in-context learning (ICL) instance, the model is given a dataset D = {(x;, yi)}ie[ N] % P and a new test input
X N1 ~ Px for some data distribution P, where {x; };c(n; C R are the input vectors, {y; };c(n) C R are the corresponding
labels (e.g. real-valued for regression, or {0, 1}-valued for binary classification), and x 41 is the test input on which the
model is required to make a prediction. Different from standard supervised learning, in ICL, each instance (D, xx41) is in
general drawn from a different distribution P, such as a linear model with a new ground truth coefficient w, ; € R?. Our
goal is to construct fixed transformer to perform ICL on a large set of P;’s.

We consider using transformers to perform ICL, in which we encode (D, X 1) into an input sequence H € RP*(N+1)
our theory, we use the following format, where the first two rows contain (D, xx41) (zero at the location for yn 1), and the
third row contains fixed vectors {p; } 1 with ones, zeros, and indicator for being the train token (similar to a positional
encoding vector):

1E[N+1

X1 X2 ... XN XN41 O0p_(a+3)
H=|y. v2 ... yn 0 |eRP*W+D 4 .— 1 e RP~(d+1), 3)
P1 P2 ... PN Pn+1 {i< N+1}

We will choose D = O(d), so that the hidden dimension of H is at most a constant multiple of d. We then feed H into a
transformer to obtain the output H = TFe(H) € RP*(V+1) with the same shape, and read out the prediction 71 from
the (d + 1, N + 1)-th entry of H = [Hi]ie[NH] (the entry corresponding to the missing test label): gy 1 = ready(ﬁ) =
(l~1 N+1)d+1- The goal is to predict v 41 that is close to yn 11 ~ Py|x,,, measured by proper losses. We emphasize that
we consider predicting only at the last token X 1, which is without much loss of generality.’

Miscellaneous setups We assume bounded features and labels throughout the paper (unless otherwise specified, e.g. when
x; is Gaussian): ||x;||2 < B, and |y;| < B, with probability one. We use the standard notation X = [x{;...;x ] € RV*4
andy = [y1;...;yn] € RY to denote the matrix of inputs and vector of labels, respectively. To prevent the transformer
from blowing up on taAil/ events, in all our results concerning (statistical) in-context prediction powers, we consider a clipped
prediction yn 41 = ready(ﬁ) = clipp((y41)as1), where clipg(t) := Proj;_g, g (t) is the standard clipping operator
with (a suitably large) radius R > 0 that varies in different problems.

3Our constructions may be generalized to predicting at every token, by using a decoder architecture and potentially different input

formats correspondingly (cf. Appendix G). Our theory focuses on predicting at the last token only, which simplifies the setting. Our
experiments test both settings.
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C. Basic in-context learning algorithms

We begin by constructing transformers that approximately implement a variety of standard machine learning algorithms in
context, with mild bounds on the number of layers, heads, and weight norms.

C.1. In-context ridge regression and least squares

Consider the standard ridge regression estimator over the in-context training examples D with regularization A > 0 (reducing
to least squares at A = 0 and N > d):

. N 2 2 .
Widge 7= A8 Mily cpa 5 Yoy (W, x1) — )" + 3 w5 (ICRidge)

We show that transformers can approximately implement (ICRidge) (proof in Appendix J.1).

Theorem C.1 (Implementing in-context ridge regression). For any A > 0, 0 < o < B with k = % By, > 0, and

€ < By By /2, there exists an L-layer attention-only transformer TFg with
L = [2rlog(ByBy/(2¢))] +1, maxpery M® <3, [|0] <4R+8(8+ )~ 4)

(with R := max {B,B,,, By, 1}) such that the following holds. On any input data (D,x 1) such that the prob-
lem (ICRidge) is well-conditioned and has a bounded solution:

o < Amin(XTX/N) € Amax(XTX/N) < B, [[Widgell, < Buw/2, (5)

ridge
TF§ approximately implements (ICRidge): The prediction §x +1 = read,(TFg(H)) satisfies

TNt — <W§\idge7XN+1>| <e. (6)

Theorem C.1 presents the first quantitative construction for end-to-end in-context ridge regression up to arbitrary precision,
and improves upon Akyiirek et al. (2022) whose construction does not give (or directly imply) an explicit error bound
like (6). Further, the bounds on the number of layers and heads in (4) are mild (constant heads and logarithmically many
layers).

Near-optimal in-context prediction power for linear problems Combining Theorem C.1 with standard analyses of
linear regression yields the following corollaries (proofs in Appendix J.3 & J.4).

Corollary C.1 (Near-optimal linear regression with transformers by approximating least squares). For any N > 6(6[)

there exists an O(klog(N/o))-layer transformer 0, such that on any P satisfying standard statistical assumptions for least
squares (Assumption A), its ICL prediction Yy 11 achieves

E(’DVXN+17yN+1)NP[(@\N+1 - yN+1)2] <infy IE(x,y)NP [(y - <W, X>)2] + (5(d02/N)

Assumption A requires only generic tail properties such as sub-Gaussianity, and not realizability (i.e., P follows a true linear
model); r, o above denote the covariance condition number and the noise level therein. The O(do?/N) excess risk is known
to be rate-optimal for linear regression (Hsu et al., 2012), and Corollary C.1 achieves this in context with a transformer with
only logarithmically many layers.

Next, consider Bayesian linear models where each in-context data distribution P = P";‘* is drawn from a Gaussian prior

7wy ~ N(0,I5/d), and (x,y) ~ P is sampled as x ~ N(0,1I4), y = (w,,x) + N(0,0?). It is a standard result
that the Bayes estimator of yy 1 given (D, x 1) is given by ridge regression (ICRidge): ﬁ,aff = (Why gor XN+1) With

A = do?/N. We show that transformers achieve nearly-Bayes risk for this problem, and we use

H o ) 1 (~Bayes 2
BayeSRISkﬂ' T EW*NTF,(D,XN+1,yN+1)NPI“IE* |:§(yN+1 - yN+1) ]

to denote the Bayes risk of this problem under prior 7.

Corollary C.2 (Nearly-Bayes linear regression with transformers by approximating ridge regression). Under the Bayesian
linear model above with N > max {d/10,O (log(1/¢))}, there exists a L = O (log(1/¢))-layer transformer such that

EW*,(D7XN+11'!JN+1) [%(/y\NJrl — yN+1)2} < BayesRiskw + e
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Generalized linear models In Appendix K, we extend the above results to generalized linear models (McCullagh, 2019)
and show that transformers can approximate the corresponding convex risk minimization algorithm in context (which
includes logistic regression for linear classification as an important special case), and achieve near-optimal excess risk under
standard statistical assumptions.

C.2. In-context Lasso

Consider the standard Lasso estimator which minimizes an ¢, -regularized linear regression loss Lj,ss, Over the in-context
training examples D:

Wiasso ‘= argming cpa zlasso(w) = ﬁ Zfil ((w,x;) — yi)2 + A Wl - (ICLasso)

We show that transformers can also approximate in-context Lasso with a mild number of layers, and can perform sparse
linear regression in standard sparse linear models (proofs in Appendix L).

Theorem C.2 (Implementing in-context Lasso). For any Ay > 0, 8 > 0, By, > 0, and € > 0, there exists a L-layer
transformer TFg with

L=[BB%/c] +1, maxpey M <2, maxpe D® <2d, |0 <4R+8(1+ Ay)B~"

such that the following holds. On any input data (D, xn+1) such that Amax(XTX/N) < B8 and |Wiassolls < Buw/2

~

TFo(H)) approximately implements (ICLasso), in that it outputs Jn 1 = (X1, W) with Zlasso (W) — Liasso(Wlasso) < €.

Theorem C.3 (Near-optimal sparse linear regression with transformers by approximating Lasso). Forany d, N > 1,0 >
0, BY, 0 > 0, there exists a O((B})?/0? x (1 + (d/N)))-layer transformer 6 such that the following holds: For any s
and N > O (slog(d/d)), suppose that P is a s-sparse linear model: x; ~ N(0,13), y; = (w,,%;) + N(0,0?) for any
lw.lly < B} and ||w.|, < s, then with probability at least 1 — 6 (over the randomness of D), the transformer output
YN+1 achieves

E(XN+17yN+1)NP [(@\NJrl - yN+1)2] < 02[1 + O(S IOg(d/(S)/N)]

The 6(3 log d/N) excess risk obtained in Theorem C.3 is optimal up to log factors (Negahban et al., 2012; Wainwright,
2019). We remark that Theorem C.3 is not a direct corollary of Theorem C.2, but rather requires a sharper convergence
analysis of the (ICLasso) problem under sparse linear models (Appendix L.2), similar to (Agarwal et al., 2010).

C.3. Proof technique: In-context gradient descent

The constructions in Appendix C.1 and C.2 is built on the following result for approximating in-context (proximal) gradient
descent on (regularized) convex losses.

Theorem C.4 (ICGD; Informal version of Theorem H.1 & H.2). For a broad class of convex losses of form w
+ Zfil 0(w " x;,y;) + R(w), there exists an L-layer transformer that takes in any (D, w°) and outputs W* such that
|wt — W{LGD,PGD} ll2 < O(Le), by composing L identical layers each O(g)-approximating a single step of GD (so that
O(Le) is a linear error accumulation).

Our construction substantially generalizes that of von Oswald et al. (2022) (which only does GD on square losses with a
linear self-attention), and is simpler than the ones in Akyiirek et al. (2022) and Giannou et al. (2023); see Figure 4 for a
pictorial illustration. Technically, we utilize the stability of convex gradient descent (Lemma H.1) to obtain the mild error
accumulation in Theorem C.4. In Appendix H.3, we also give results for non-convex GD on two-layer neural nets, though
the guarantees are expectedly weaker than the convex case and no longer admit the linear error accumulation.

D. In-context algorithm selection

We now show that transformers can perform various kinds of in-context algorithm selection, which allows them to implement
more complex ICL procedures by adaptively selecting different “base” algorithms on different input sequences. We construct
two general mechanisms: Post-ICL validation, and Pre-ICL testing; See Figure 1 for a pictorial illustration.
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D.1. Post-ICL validation mechanism

In our first mechanism, post-ICL validation, the transformer begins by implementing a train-validation split D =
(Drrain, Dyval), and running K base ICL algorithms on Dyain. Let {fi} ke(r] C (R? — R) denote the K learned pre-
dictors, and

Loal(f) = o1 2 (i) €D LU (X0), 92) ©)
denote the validation loss of any predictor f.

We show that (proof in Appendix M.1) a 3-layer transformer can output a predictor fthat achieves nearly the smallest
validation loss, and thus nearly optimal expected loss if L, concentrates around the expected loss L. Below, the input
sequence H uses a generalized positional encoding p; := [0 D—(d+3); L; t;] in (3), where ¢; := 1 for i € Dyyain, t; := —1 for
i € Dyal, and tn+1 = 0.

Proposition D.1 (In-context algorithm selection via train-validation split). Suppose that {(-,-) in (7) is approximable by

sum of relus (Definition H.1, which includes all C*-smooth bivariate functions). Then there exists a 3-layer transformer
TFg with |0] < O(K~~1!) that maps

h;, = [x;;yi% fi(xi); -5 fr(%6); 0k g1 1;6;]) —  hi= [XiZyﬁ*%f(Xi)?l?ti]a i€ [N +1],

where the predictor f R? — R is a convex combination of { fy. : Va,(fk) < ming, e[K val (fie,) + v} As a corollary,
for any convex risk L : (R — R) — R, f satisfies

~

L(f) < miny, ¢(x] L(fx,) + maxye[x) Luai(fr) = L(fi)| +

Ridge regression with in-context regularization selection As an example, we use Proposition D.1 to construct a
transformer to perforrn in-context ridge regress1on with regularization selection according to the unregularized validation loss
Lva|( })1 = 2|Dva|| > (1,51)€Dva ((w,x;) — ) (proof in Appendix M.2). Let A1, ..., Ax > 0 be K fixed regularization
strengths.

Theorem D.1 (Ridge regression with in-context regularization selection). There exists a transformer with O(log(1/¢))
layers, O(K) heads, and ||0|| < O(K~~1) such that the following holds: On any (D, x 1) well-conditioned (cf. (5)) for
all {)‘k}ke[K]’ it outputs Yy 11 = (W, Xn41), where

T ~ A . = ~ A,
dist (W Conv{wrldgc train * LVal(Wridgc,train) < mlnk*G[K] Lval(wridgc,train) + 7} <e

A
Above’ Wridgc,train

denotes the solution to (ICRidge) on the training split Diyain.

D.1.1. NEARLY BAYES-OPTIMAL ICL ON NOISY LINEAR MODELS WITH MIXED NOISE LEVELS

We build on Theorem D.1 to show that transformers can perform nearly Bayes-optimal ICL when data come from noisy
linear models with a mixture of K different noise levels o1, ...,0r > 0.

Concretely, consider the following data generating model, where we first sample P = Py, ,, ~ 7 from k ~ A € A([K]),

w, ~ N(0,1I;/d), and then sample data {(x;, yi)}ie[N+1] w Pi,w, as

Pw,.op : X ~ N(0, L), vi=(x;,w.)+ei, & ~N(0,0%).
For any fixed (N, d), consider the Bayes risk for predicting y+1 under this model:
BayesRisk,, := inf 4 Ex [$(A(D)(xn+1) — yn+1)?]-

By standard Bayesian calculations, the above Bayes risk is attained when A is a certain mixture of K ridge regressions with
regularization A\, = do /N; however, the mixing weights depend on D in a highly non-trivial fashion (see Appendix N.2
for a derivation). By using the post-ICL validation mechanism in Theorem D.1, we construct a transformer that achieves
nearly the Bayes risk.
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Theorem D.2 (Nearly Bayes-optimal ICL; Informal version of Theorem N.1). For sufficiently large N,d, there exists a
transformer with O(log N) layers and O(K) heads such that on the above model, it outputs a prediction Yy 11 that is
nearly Bayes-optimal.:

Ex[5(yn+1 = 17N+1)2] < BayesRisk, + O ((log K/N)*/?) . ®

In particular, Theorem D.2 applies in the proportional setting where N, d are large and N/d = ©(1) (Dobriban & Wager,
2018), in which case BayesRisk = O(1), and thus the transformer achieves vanishing excess risk relative to the Bayes risk
at large N.

This substantially strengthens the results of Akyiirek et al. (2022), who empirically find that transformers can achieve nearly
Bayes risk under any fixed noise level. By contrast, Theorem D.2 shows that a single transformer can achieve nearly Bayes
risk even under a mixture of K noise levels, with quantitative guarantees. Also, our proof in fact gives a stronger guarantee:
The transformer approaches the individual Bayes risks on all K noise levels simultaneously (in addition to the overall Bayes
risk for k£ ~ A as in Theorem D.2). We demonstrate this empirically in Section 3 (cf. Figure 3b & 2).

Exact Bayes predictor vs. Post-ICL validation mechanism As BayesRisk . is the theoretical lower bound for the
risk of any possible ICL algorithm, Theorem D.2 implies that our transformer performs similarly as the exact Bayes
estimator*. Notice that our construction builds on the (generic) post-ICL validation mechanism, rather than a direct attempt
of approximating the exact Bayes predictor, whose structure may vary significantly case-by-case. This highlights post-ICL
validation as a promising mechanism for approximating the Bayes predictor on broader classes of problems beyond noisy
linear models, which we leave as future work.

D.2. Pre-ICL testing mechanism

In our second mechanism, pre-ICL testing, the transformer runs a distribution testing procedure on the input sequence to
determine the right ICL algorithm to use. While the test (and thus the mechanism itself) could in principle be general, we
focus on cases where the test amounts to computing some simple summary statistics of the input sequence.

To showcase pre-ICL testing, we consider the toy problem of selecting between in-context regression and in-context
classification, by running the following binary type check on the input labels {y;}, cIN]-

1 N 15 /S {07 1}7
\Ilbmal’y(D) = N Zw(yz)a T/J(y) = 07 Y g [_575] U [1 -5 1+ 6]3
=1 linear interpolation, otherwise

Lemma D.1. There exists a single attention layer with 6 heads that implements W™ exactly.

Using this test, we construct a transformer that performs logistic regression when labels are binary, and linear regression
with high probability if the label admits a continuous distribution.

Proposition D.2 (Adaptive regression or classification; Informal version of Proposition M.4). There exists a transformer
with O(log(1/¢)) layers such that the following holds: On any D such that y; € {0, 1}, it outputs Y11 that e-approximates
the prediction of in-context logistic regression.

By contrast, for any distribution P whose marginal distribution of y is not concentrated around {0, 1}, with high probability

(over D), yn 11 €-approximates the prediction of in-context least squares.

The proofs can be found in Appendix M.3. We additionally show that transformers can implement more complex tests such
as a linear correlation test, which can be useful in certain scenarios such as “confident linear regression” (predict only when
the signal-to-noise ratio is high); see Appendix M.4.

E. Analysis of pretraining

Thus far, we have established the existence of transformers for performing various ICL tasks with good in-context statistical
performance. We now analyze the sample complexity of pretraining these transformers from a finite number of training ICL

“By the Bayes risk decomposition for square loss, (8) implies that E[(Jx41 — @B\fﬁ)Q] < O((log K/N)/3).
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instances.

E.1. Generalization guarantee for pretraining

Setup At pretraining time, each training ICL instance has form Z := (H, yn 1), where H := H(D, xy 1) € RP*(N+1)
denote the input sequence formatted as in (3). We consider the square loss between the in-context prediction and the ground
truth label:

2
lia(0;Z) = ;(yNH — clipg, (ready(TFg(H)))) :
N————’

read,

Above, clipg (t) := max {min {t, By}, —B,} is the standard clipping operator onto [—B,, By, and TFJ the transformer
architecture as in Definition B.3 with clipping operators after each layer: let H(®) = clipg(H),

(B¢D))) forall £ € L], clipg(H) = [Projjp, < (hi)}:

attn

HO = dlipg (MLP " (Attngm
mlp

The clipping operator is used to control the Lipschitz constant of TFg with respect to 8, and we typically choose a sufficiently
large clipping radius R so that it does not modify the behavior of the transformer on any input sequence of our concern.

We draw ICL instances Z := (H,yn+1) = (D, (Xn+1,Yn+1)) from a (meta-)distribution denoted as 7, which first sample

. C . iid
an in-context data distribution P ~ 7, then sample iid examples (x;, ;) Y11 ~ PON+D and form D = {(x;,v:)}, cIN]-
Our pretraining loss is the average ICL loss on n pretraining instances Z (") i m, and the corresponding test ICL loss on a
new test instance:

~ 1< .
Lia(0) := - Zficl(e; Z7), Lia(0) :=Ep_,z1iv+1povin [bia(0;Z))].
j=1

Our pretraining algorithm is to solve a standard constrained empirical risk minimization (ERM) problem over transformers
with L layers, M heads, and norm bound B (recall the definition of the ||-|| norm in (2)):
0= arg min E;d(H),
0€O L v p/ B
(TF-ERM)

O i=10=0%85 01Dy max M® < M, maxD® < D', ||| < B }.
s P ee[L) e[l

Generalization guarantee By standard uniform concentration analysis via chaining arguments (Proposition F.4; see
also (Wainwright, 2019, Chapter 5) for similar arguments), we have the following excess loss guarantee for (TF-ERM). The
proof can be found in Appendix O.2.

Theorem E.1 (Generalization for pretraining). With probability at least 1 — & (over the pretraining instances {Z’}

the solution 0 to (TF-ERM) satisfies

jem)

- BEGL,IW,D’,B n

Lid(é\) < inf Lid(g) 4 O(Bi\/LQ(MDQ + DD’)L + 10g(1/§)>7

where . = 1og(2 + max {B, R, By }) is a log factor.

E.2. Examples of pretraining for in-context regression problems

In Theorem E.1, the comparator infeco, ,, ./ , Li(0) is simply the smallest expected ICL loss for ICL instances drawn
from 7, among all transformers within the norm ball © 1, ys ps, . Using our constructions in Appendix C & D, we show that
this comparator loss is small on various (meta-)distribution 7’s, by which we obtain end-to-end guarantees for pretraining
transformers with small ICL loss at test time. Here we showcase this argument on several representative regression problems.
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Linear regression For any in-context data distribution P, let w}j := Ep[xx ' | ' Ep[xy] denote the best linear predictor
for P. We show that with mild choices of L, M, B, the learned transformer can perform in-context linear regression with

near-optimal statistical power, in that on the sampled P ~ 7 and ICL instance {(xi,¥:)};c(n 1) Lp,it competes with the

best linear predictor wp for this particular P. The proof follows directly by on combining Corollary C.1 with Theorem E.1,
and can be found in Appendix O.3.

Theorem E.2 (Pretraining transformers for in-context linear regression). Suppose P ~ m is almost surely well-posed for
in-context linear regression (Assumption A) with the canonical parameters. Then, for N > O(d), with probability at least
1 — & (over the training instances Z:™)), the solution 8 of (TF-ERM) with L = O(rklog(kN /o)) layers, M = 3 heads,
D' = 0 (attention-only), and B = O(v/kd) achieves small excess ICL risk over w:

) 1 N ~ k2d? + log(1 do?
Licl(e) - EPNﬂ'E(x7y)NP |:2(y — <WP,X>)2:| < O( # + N>’

where (5() only hides polylogarithmic factors in k, N,1/o.

To our best knowledge, Theorem E.2 offers the first end-to-end result for pretraining a transformer to perform in-context
linear regression with explicit excess loss bounds. The O(+/x2d?/n) term originates from the generalization of pretraining
(Theorem E.1), where as the O (do?/N) term agrees with the standard fast rate for the excess loss of linear regression (Hsu
et al., 2012). Further, as long as n > O(k2N/c?), the excess risk achieves the optimal rate O(do2/N) (up to log factors).

Additional examples By similar arguments as in the proof of Theorem E.2, we can directly turn most of our other
expressivity results into results on the pretrained transformers. Here we present two such additional examples. The first
example is for the sparse linear regression problem considered in Theorem C.3.

Theorem E.3 (Pretraining transformers for in-context sparse linear regression). Suppose P ~ 7 is almost surely an instance
of the sparse linear model specified in Theorem C.3 with canonical parameters: B}, = O(1), op € [0min, Omax]| With
Omax < O(1). Let N > O(slog(d/omin))-

Then with probability at least 1 — & (over the training instances Z("™), the solution 0 of (TF-ERM) with L = 6((1 +
d/N)o 2 layers, M = 2 heads, D' = 2d, and B = O(\/d + d/N) achieves small excess ICL risk:

min

N - 2 2,4 .
Lid( )_EPNﬂ—[Ug] SO \/d (1+d/N) ‘;mm-i-log(l/f) +EPNW[UE]%]\M ,

where 6() only hides polylogarithmic factors in d, N, 1/omin.

Our next example is for the problem of noisy linear regression with mixed noise levels considered in Theorem D.2
and Theorem N.1. There, the constructed transformer uses the post-ICL validation mechanism to perform ridge regression
with an adaptive regulariation strength depending on the particular input sequence.

Theorem E.4 (Pretraining transformers for in-context noisy linear regression with algorithm selection). Suppose 7 is the
data generating model (noisy linear model with mixed noise levels) considered in Theorem N.1, with oyax < O(1). Let

N > d/10.

Then, with probability at least 1 — & (over the training instances Z(™)), the solution 0 of (TF-ERM) with L =
O(0.2 10g(N/owmin)) layers, M = O(K) heads, D' = O(K?), and B = O(poly(K,o_L  d, N)) achieves small

min » Y'min?

excess ICL risk:

) ~ K2d+ Kd?)o =2 +log(1 loo K\ /3
Lid( >_ BayesRiskﬂ <0 \/( d+ Kd )(Zmn—i_ Og( /E) + ( Oir ) 7

where (5() only hides polylogarithmic factors in d, N, K, 1/0min.
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Remark on generality of transformer All results above are established by the expressivity results in Appendix C & D
for transformers to implement various ICL procedures (such as least squares, Lasso, and ridge regression with in-context
algorithm selection), combined with the generalization bound (Theorem E.1). However, the transformer itself was not
specified to encode any actual structure about the problem at hand in any result above, other than having sufficiently large
number of layers, number of heads, and weight norms, which illustrates the flexibility of the transformer architecture.

F. Technical tools

Additional notation for proofs We say a random variable X is o2-sub-Gaussian (or SG(o) interchangeably) if
E[exp(X?2/0?)] < 2. A random vector x € R? is o-sub-Gaussian if (v,x) is o2-sub-Gaussian for all ||v|s = 1.
A random variable X is K-sub-Exponential (or SE(K) interchangeably) if E[exp(|X| /K)] < 2.

F.1. Concentration inequalities
Lemma F.1. Let 3 ~ N(0,1;/d). Then we have
P(IBI3 = (1+8)?) < e /2.

Lemma F.2 (Theorem 6.1 of (Wainwright, 2019)). Let X = [X,;] € R™*? be a Gaussian random matrix with Xij ~
N(0,1). Let omin(X) and omin(X) be the minimum and maximum singular value of X, respectively. Then we have

P(0max(X)/V0 > 1+ Vfn +5) <072,
P (o (X)/V3 < 1= /dfn — ) < e,

The following lemma is a standard result of covariance concentration, see e.g. (Vershynin, 2018, Theorem 4.6.1).

Lemma F.3. Suppose that X1, --- , Xy are independent d-dimensional K -sub-Gaussian random vectors. Then as long as
N > Cyd, with probability at least 1 — exp(—N/Cy) we have

1N
N ZXz'X;r < 8K2,
i=1

op
where Cy is a universal constant.

Lemma F4. For random matrix X = [x;;] € RN* with x;; s N(0,1) and € = [¢;] € RN with e, b N(0, 0?), it holds

that
11J>(||XTE||Oo > \/8No? log(2d/5)) < 6+ exp(—N/2).
Proof. We consider u; := [z;;]; € RY, then ||XTe|| = maxierq |(u;,€)|. Notice that the random variables
(uy,€),---,(uy,¢€) are independent N(0, ||€||3), and hence
t2
P (| max|(u;,e)| > tle | <2dexp | — |-
(sl = | ) ST
Further, by Lemma F.1, P(||e||, > 20v/N) < exp(—N/2). Taking t = /8N o2 log(2d/§) completes the proof. O

F.2. Approximation theory

For any signed measure p over a space W, let TV (u) := [,,, [du(w)| € [0, 00] denote its total measure. Recall o(-) =
ReLU(-) is the standard relu activation, and B%_ (R) = [~ R, R]* denotes the standard /., ball in R* with radius R > 0.

Definition F.1 (Sufficiently smooth k-variable function). We say a function g : R* — R is (R, Cy)-smooth, if for
s=[(k—1)/2] +2, gisaC? function on BE_(R), and

sup ||[Vig(z = sup max |0y .. g(x)| < L;
ZEBZ;(R)H 91 )HOO zeBgo(R)jl,...,jie[k]| T %9( )| i

foralli € {0,1,...,s}, withmaxo<;<s L; R* < C,.
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The following result for expressing smooth functions as a random feature model with relu activation is adapted from Bach
(2017, Proposition 5).

Lemma F.5 (Expressing sufficiently smooth functions by relu random features). Suppose function g : R* — R is (R, Cy)
smooth. Then there exists a signed measure j1 over W = {w € R¥*1 . ||w||, = 1} such that

/ T[x; R])du(w), Vx e X

and TV () < C(k)Cy, where C(k) < oo is a constant that only depends on k.

Lemma F.6 (Uniform finite-neuron approximation). Let X be a space equipped with a distance function dx (-,-) : X X X —
R>o. Suppose function g : X — R is given by

- /W 6% w)dp(w),

where ¢(+;-) : X x W — [—B, B| is L-Lipschitz (in dx) in the first argument, and 1 is a signed measure over VW with
finite total measure A = TV (p) < oo. Then for any € > 0, there exists aq, -+ ,ax € {£1}, wi, - ,wx € W with
K = O(A?B?log N(X,dx, 557)/€?), such that

Zazcb X3 Wz

where N (X, dx, 557 ) denotes the (557 )-covering number of X in dx.

sup |g
xeX

Proof. Let a(w) := sign(du(w)) € {£1} denote the sign of the density du(w). We have

ldu(w)]
=A . 9
/ ) X i ©))
Note that |du(w)|/A is the density of a probability distribution over W. Thus for any x € X, as long as K >
O(A?B?10g(1/4)/e?), we can sample w1, ..., Wk Y |dpe(-)| /A, and obtain by Hoeffding’s inequality that with probability

atleast 1 — 6,

<e.

N

K

A

— E a(w;)o(x; w;)
=1

Let N'(557) := N(X,dx, 557 for shorthand. By union bound, as long as K > O(A?B?log(N (55
with probability at least 1 — § that for every X in the covering set corresponding to A/ (

Z d(X; w;)

+)/6)/?), we have

3AL)

<e/3.

Taking § = 1/2 (for which K = O(A?B?log N'(357)/¢%)), by the probabilistic method, there exists a deterministic set

{witieix) © Wand {; := a(w;)},c ) € {£1} such that the above holds.

Next, note that both g (by (9)) and the function x — % Zfil a(w;)p(x; w;) are (AL)-Lipschitz. Therefore, for any
x € X, taking X to be the point in the covereing set with dx (x,X) < we have

Z o(x;w;)

£ _
3AL”>

AE AE AE
< lo) o)+ o)~ ¢ D atw o) + |2 D)ol w) — 1 3 aw o)
€
< = L =e.
< AL- 3AL+ S 1AL SAL = ¢
This proves the lemma. O

19



Transformers as Statisticians: Provable In-Context Learning with In-Context Algorithm Selection

Proposition F.1 (Approximating smooth k-variable functions). For any €approx > 0, R > 1, C¢ > 0, we have the
following: Any (R, Cy)-smooth function (Definition F.1) g : R¥ — R is (€approx, R, M, C)-approximable by sum of relus
(Definition H.1) with M < C(k)C710g(1 + Ct/€approx)/Eapprox) and C < C(k)Cy, where C(k) > 0 is a constant that
depends only on k. In other words, there exists

M

Z emo(a,,[z;1])  with Z lem] [laml, < C

m=1
such that sup,e(_ g gyr | f(2) — 9(2)| < approx-

Proof. As function g : BX (R) — R is (R, Cy)-smooth, we can apply Lemma F.5 to obtain that there exists a signed
measure 1 over W := {w € R*! : ||w|, < 1} such that

/ T(z R))du(w),  Vz e [-R, R},

and A = TV (u) < C(k)C, where C(k) > 0 denotes a constant depending only on k.

We now apply Lemma F.6 to approximate the above random feature by finitely many neurons. Let x := [z; R] € X :=
[—R, R]* x {R}. Then, the function ¢(x; w) := 0 (w'x) = (4w [z; R]) is bounded by B = 1 and (1/R)-Lipschitz
in x (in the standard £, -distance). Further, we have log N (X, ||- — - _ , E;X’/rj’%") < O(klog(1+ A/eapprox)). We can thus
apply Lemma F.6 to obtain that, for

M = O(kA2 log(1 + A/EaPPTOX)/EipprOX) = C(k’)ct? log(1 + Cf/EapprOX)/Eipprow

there exists & = {@m},, ey C {1} and W = {wyn},, iy © W = {w € RFF! s lonew = 1} such that

sup  [9(2) — fa,w(2)| < €approx;
z€[—R,R]?

where (recalling z = [s; t])

A X 1 4 M Ao, 1 T
fa,W(Z) - M Z amU(anL[Z.R]) - Z 7 U< [Ewm,l:k;wm,k—kl] [Z; ]-])
~——

Cm al

Note that we have Zn]\le lem| = A < C(k)Cy, and ||ay,||; < ||Wpl||; = 1. This is the desired result. O

F.3. Optimization

The following convergence result for minimizing a smooth and strongly convex function is standard from the convex
optimization literature, see e.g. Bubeck (2015, Theorem 3.10).

Proposition F.2 (Gradient descent for smooth and strongly convex functions). Suppose L : R% — R is a-strongly convex

and B-smooth for some 0 < a < B. Then, the gradient descent iterates W&y = whp — nV L(wWkp) with learning rate

n = 1/B and initialization wlp, € R? satisfies for any t > 1,
2 2
Iwep = w|, < exp (=t/r) - [[wep = w[;,
L(whp) = L(w") <

where k := 3/ is the condition number of L, and w* := arg miny,cga L(W) is the minimizer of L.

NI
e}

xp (—t/k) - |[wep — w5,

The following convergence result of proximal gradient descent (PGD) on convex composite minimization problem is also
standard, see e.g. (Beck & Teboulle, 2009).

Proposition F.3 (Proximal gradient descent for convex function). Suppose L = f + h, f : R? — R is convex and
B-smooth for some B > 0, h : RY — R is a simple convex function. Then, the proximal gradient descent iterates
WffGlD = proxnh(prD NV f(whap)) with learning rate n = 1/ and initialization w2, € RY satisfies the following

foranyt > 1:
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1. {L(whgp)} is a decreasing sequence.

2. For any minimizer w* € argmin, cpa L(W),
L(wtt! Liw*) < é ¢ *|[2 t+1 *1|2
(wep) — L(w") < B [whap —w Hz — [lwpap —w Hz '
and hence {||W{5GD —w* ||g} is also a decreasing sequence.

3. Fork > 1,t > 0, it holds that

F.4. Uniform convergence

The following result is shown in Wainwright (2019, Section 5.6).

Theorem F.1. Suppose that v : [0,400) — [0,400) is a convex, non-decreasing function that satisfies
Y@ +y) > Y(@)Y(y). For any random variable X, we consider the Orlicz norm induced by : | X|, =
inf {K >0:Ey(X|/K)} <1

Suppose that { X¢}¢ is a zero-mean random process indexed by 0 € © such that | X9 — Xe'||,, < p(0,0") for some metric p
on the space ©. Then it holds that

1
Pl sup |Xg— Xo/| <8(J+1) | <— Vt>0,
(979@@' ¢ o] ( )> Y(t/D)

where D is the diameter of the metric space (O, p), and the generalized Dudley entropy integral J is given by
D
Ji= [T o e, p)as
0
where N (8; 0, p) is the 6-covering number of (O, p).

As a corollary of Theorem F.1, we have the following result.

Proposition F.4 (Uniform concentration bound by chaining). Suppose that { Xy }oco is a zero-mean random process given

by
| N
X = 55 D flzi30) —E:[f(2:0)],
i=1
where z1,- - - , zn are i.i.d samples from a distribution P, such that the following assumption holds:

(a) The index set © is equipped with a distance p and diameter D. Further, assume that for some constant A, for any ball
©’ of radius 7 in ©, the covering number admits upper bound log N (§;©’, p) < dlog(2Ar/d) for all 0 < § < 2r.

(b) For any fixed 0 € © and z sampled from P, the random variable f(z;0) is a SG(B°)-sub-Gaussian random variable.

(c) Forany 6,0" € © and z sampled from P, the random variable f(z;0) — f(z;0') is a SG(B'p(0,0’))-sub-Gaussian
random variable.

Then with probability at least 1 — 9, it holds that

dlog(2A4k) +log(1/4)
N )

sup | Xp| < CBO\/
e

where C'is a universal constant, and we denote k = 1 + B*D/B°.

Furthermore, if we replace the SG in assumption (b) and (c) by SE, then with probability at least 1 — ¢, it holds that

\/dlog(ZAm) +1log(1/6)  dlog(2Ak) + log(1/6)
N + N ‘

sup | Xy| < CB°
0€©
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Proof. Fix a Dy € (0, D] to be specified later. We pick a (Dg/2)-covering Og of O so that log |O¢| < dlog(2AD/Dy).
Then, by the standard uniform covering of independent sub-Gaussian random variables, we have with probability at least
1-14/2,

sup |Xo| < CB° \/dlog(2AD/D0)+log(2/6)'
[ASSH) N

Assume that ©9 = {61,---,6,}. Foreach j € [n], we consider ©; is the ball centered at §; of radius Dy in (O, p).
Then 0 € ©, has diameter D and admits covering number bound log N (0, 6) < dlog(ADy/é). Hence, we can apply
Theorem F.1 with the process { Xy }sce,, then

1

B
— by, Xo— Xo/ll,, < ——p(6,0),
1;0 77[}2 || [4 9||1/;—\/Np( )

and a simple calculation yields

IP’( sup | Xy — Xo| < C'B'Dy
0,9/69‘7‘

( C“%(QA) +t>> < 2exp(—Nt?) ¥t > 0.

Therefore, we can let t < /log(2n/d)/N in the above inequality and taking the union bound over j € [n], and hence with
probability at least 1 — ¢/2, it holds that for all j € [n],

2d10g(2AD/ Dy) + log(4
sup | Xy — Xor| < C’Blpo\/ dlog(2AD/Do) + log(4/9)
0,0'cO; N

Notice that for each § € ©, there exists j € [n] such that § € ©;, and hence
| Xol < | X, |+ Xo — X, |-

Thus, with probability at least 1 — ¢, it holds

dlog(2AD /D log(2/6
sup | Xo| < sup | Xo| + sup sup | Xo — Xo,| sc"<Bo+BlDo>\/ 08(24D/Do) + log(2/5)
0€6 0€6, i 0€o,

N

Taking Dy = D/« completes the proof of SG case.

We next consider the SE case. The idea is the same as the SG case, but in this case we need to consider the following

Orlicz-norm:
Nt?
YN (t) = exp (t—l- 1) -1

Then Bernstein’s inequality of SE random variables yields

1 Xo — Xorl,,, < CoB'p(6,0")

”wN

for some universal constant Cy. Therefore, we can repeat the argument above to deduce that with probability at least 1 — 4,
it holds

sup |Xp| < C"(By + B' Do)

0c®

\/ dlog(2AD/Dy) + log(2/8)  dlog(2AD/Dy) + log(2/6)
N + N '

Taking Dy = D/k completes the proof. O
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F.5. Useful properties of transformers

The following result can be obtained immediately by “joining” the attention heads and MLP layers of two single-layer
transformers.

Proposition F.5 (Joining parallel transformers). Suppose that P, : R(Po+DP)XN _y RD1xN p, . R(Do+D2)xN _, RD2xN
are two sequence-to-sequence functions that are implemented by single-layer transformers, i.e. there exists 01, 0y such that

h(o)] h(®
% (Do+D1)xN i
(1) eR — { ] ,
[hi 1<i<N Fi(H)
(
'I(i

0) 0
TF02 ‘Hy = [h ] c R(D0+D2)><N — |: hz( ) ):| .
1<i<N

TFe, :H;

h?

Then, there exists 0 such that for H' that takes form h}; = [hgo); hgl); h,EQ)], with hgo) € RPo, hgl) € RP1, h,EZ) € RP2, we
have

N h(®
TFo :H' = |p" € ROoHDHD)XN s | p (F))
h§2) 1<i<N Py(Ho)
Further, 0 has at most M’ < My + My heads, D' < D} + D), hidden dimension in its MLP layer, and norm bound
161l < 6+ 1 + 1621

G. Extension to decoder-based architecture

Here we briefly discuss how our theoretical results can be adapted to decoder-based architectures (henceforth decoder TFs).
Adopting the setting as in Section B, we consider a sequence of N input vectors {hi}i]il C RP, written compactly as an
input matrix H = [hy, ..., hy] € RP*YN Recall that o(¢) := ReLU(¢) = max {t, 0} denotes the standard relu activation.

G.1. Decoder-based transformers

Decoder TFs are the same as encoder TFs, except that the attention layers are replaced by masked attention layers with a
specific decoder-based (causal) attention mask.

Definition G.1 (Masked attention layer). A masked attention layer with M heads is denoted as M Attng(-) with parameters
0 ={(Vn, Qm,Km)}me[M] C RP*P_On any input sequence H € RP*N" with N’ < N,
H = MAttng(H) := H+ M (v, H) x ((MSKLN/,LN/) o o—((QmH)T(KmH))) eRPXN' . (10)

where o denotes the entry-wise (Hadamard) product of two matrices, and MSK € RN*¥ is the mask matrix given by

1 1/2 1/3 --- 1/N
0 1/2 1/3 --- 1/N
MSK=|0 0 1/3 --- 1/N
o 0 0 - 1/N

In vector form, we have

~ o ,
h; = [Attng(H)], = h; + -, § 25—, 0((Quhi, Kyuhy)) - Vi hy.
Notice that standard masked attention definitions use the pre-activation additive masks (with mask value —oo) (Vaswani
et al., 2017). The post-activation multiplicative masks we use is equivalent to the pre-activation additive masks, and the
modified presentation is for notational convenience. We also use a normalized ReLU activation ¢ — o (t)/7 in place of
the standard softmax activation to be consistent with Definition B.1. Note that the normalization 1/7 is to ensure that the
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attention weights {o((Qh;, K., h;))/i }je[i] is a set of non-negative weights that sum to O(1). The motivation of masked
attention layer is to ensure that, when processing a sequence of tokens, the computations at any token do not see any later
token.

We next define the decoder-based transformers with I > 1 transformer layers, each consisting of a masked attention
layer (c.f. Definition G.1) followed by an MLP layer (c.f. Definition B.2). This definition is similar to the definition of
encoder-based transformers (c.f., Definition B.3), except that we replace the attention layers by masked attention layers.

Definition G.2 (Decoder-based Transformer). An L-layer decoder-based transformer, denoted as DTFg(-), is a composition
of L self-attention layers each followed by an MLP layer: HY) = DTFg (H(O) ), where H(®) € RP*N s the input sequence,
and

H = MLP,, (MAttnem (H<Z—1))>7 re{l,...,L).

mlp mattn

Above, the parameter 6 = (0&;2,05;”) is the parameter consisting of the attention layers OIEQ“D =
{(V%), %),K%))}WE[MW] C RP*P and the MLP layers Oﬁl = (Wgé),Wg)) € RPVXD x RDXDY e il

frequently consider “attention-only” decoder-based transformers with Wgé), ng) = 0, which we denote as DTFy(-) for
shorthand, with @ = (L) .= @11

We also use (2) to define the norm of DTFg.

G.2. In-context learning with decoder-based transformers

We consider using decoder-based TFs to perform ICL. We encode (D, x v +1), which follows the generating rule as described
in Section B.2, into an input sequence H € RP*2N+1 1 our theory, we use the following format, where the first two
rows contain (D, X ) which alternating between [x;; 0] € R**! and [04x1;y;] € R4 (the same setup as adopted in
(Garg et al., 2022; Akyiirek et al., 2022)); The third row contains fixed vectors {pi}ie[ N41] with ones, zeros, the example
index, and indicator for being the covariate token (similar to a positional encoding vector):

X1 0 ce XN 0 XN+1 OD|—;/(;-|+4)
H=|0 v ... 0 YN 0 |, pi:= | e RP—(d+1), (11)
P1 P2 ... P2nv-1 P2N P2N+1 mod(i + 1,2)

(11) is different from out input format (3) for encoder-based TFs. The main difference is that (x;, ;) are in different tokens
in (11), whereas (x;, y;) are in the same token in (3). The reason for the former (i.e., different tokens in decoder) is that we
want to avoid every [x;; 0] token seeing the information of y;, since we will evaluate the loss at every token. The reason for
the latter (i.e., the same token in encoder) is for presentation convenience: since we only evaluate the loss at the last token, it
is not necessary to alternate between [x;; 0] and [0; ;] to avoid information leakage.

We then feed H into a decoder TF to obtain the output H = DTFg (H) € RP*(N+1) with the same shape, and read out
the prediction 31 from the (d 4- 1,2N + 1)-th entry of H = [h;];c[2n1] (the entry corresponding to the last missing

test label): yn41 = ready(ﬁ) = (}~12N+1)d+1. The goal is to predict §y 1 thatis close to yyy1 ~ P
proper losses.

ylxn 4, Measured by

The benefit of using the decoder architecture is that, during the pre-training phase, one can construct the training loss
function by using all the predictions {¥; } jc[n 1), Where y; gives the (d + 1,25 — 1)-th entry of H= [i’vli]ie[QN_;’_l] for each
j € [N + 1] (the entry corresponding to the missing test label of the 2j — 1’th token): y; = ready’j(IjI) = (flgj,l)d+1.
Given a loss function ¢ : R x R — R associated to a single response, the training loss associated to the whole input sequence

can be defined by ¢(H) = Z;v:ﬁl £(y;,7;). This potentially enables less training sequences in the pre-training stage, and
some generalization bound analysis justifying this benefit was provided in (Li et al., 2023).

G.3. Results

We discuss how our theoretical results upon encoder TFs can be converted to those of the decoder TFs. Taking the imple-
mentation of (ICGD) (a key mechanism that enables most basic ICL algorithms such as ridge regression; cf. Appendix H) as
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an example, this conversion is enabled by the following facts: (a) the input format (11) of decoders can be converted to the
input format (3) of encoders by a 2-layer decoder TF; (b) the encoder TF that implements (ICGD) with input format (3), by
a slight parameter modification, can be converted to a decoder TF that implements the (ICGD) algorithm with a converted
input format.

Input format conversion Despite the difference between the input format (11) and (3), we show that there exists a 2-layer
decoder TF that can convert the input format (11) to format (3). The proof can be found in Appendix G.4.

Proposition G.1 (Input format conversion). There exists a 2-layer decoder TF DTF with 3 heads per layer, hidden
dimension 2 and ||0|| < 12 such that upon taking input H of format (11), it outputs H = DTF(H) with

_ X1 X1 . XN XN XN+1
H=|(0 y ... 0 YN 0 . (12)
P1 P2 ... P2Nv-1 DP2N P2N+1
In particular, format (12) contains format (3) as a submatrix, by restricting to the {1,2,...,D —1,D — 2, D} rows and

{2,4,...,2N — 2,2N,2N + 1} columns.

Generalization TF constructions to decoder architecture The construction in Theorem H.1 can be generalized to using
the input format (12) along with a decoder TF, by using the scratch pad within the last token to record the gradient descent
iterates. Further, if we slightly change the normalization in MSK from 1/i to 1/((¢ — 1) V 1), then the same construction
performs (ICGD) (with training examples {1, ..., j}) at every token ¢ = 2j + 1 (corresponding to predicting at x;41).
Building on this extension, all our constructions in Appendix C and Appendix D.2 can be generalized to decoder TFs.

G .4. Proof of Proposition G.1

For the simplicity of presentation, we write ¢; = [i/2] ,¢; = mod(i + 1,2), u; = h;[1 : d] € R%*! be the vector of first d
entries of h; >, and let v; = h;[d + 1] be the (d + 1)-th entry of h;. With such notations, the input sequence H = [h;]; can
be compactly written as

h; = [u;;v5;0p_g_a;¢5 15 t4].

In the following, we construct the desired 8 = (01, 8(?)) as follows.

Step 1: construction of 91 = (Hiitm, 0,5&},) so that MLP 1) o MAttn,a) maps

mlp Onatin
MAttn (1)
2]
h; ——= h}=[u;v;;0p_q_6;ti(c; +0.5);tici; i3 15 t4]
MLP ()

mlP:/ hgl) [u“U“()D d— G,t(} tCz,Ct,l,t]

For m € {0, 1}, we define matrices Q%), Kﬁ,{), V) € RPXD guch that

. . 0D—4 OD—S
Qb = Q;h; = [g} . Kby =Ki'h; = {CO]] coVeh =3 | ViR = | 2 |,
03 02

for all ¢, j. By the structure of h;, these matrices indeed exist, and further it is straightforward to check that they have norm

bounds
> viy

IN

max Han

<1, maxHKﬁ,lL)

op

Now, for every i,

1 1
- QWh, KMh. Y ) VDp, = =
i g ; (< m” iy Bom h]>) m = 7 E ;- [0p— 4730 2¢;;0;0].

°In other words, when 2 { 4, W; = X(;_1)/2; When 2 | 4, u; = 0.
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: —1)(2k — 1 :
236523-w+3k2:2k3+k, > 2¢; =2 k(k— 1) + 2k = 2k°.

j=1
Therefore, the O,E,attn ={(Qm Kﬁ,{), V(l) € RPxD )}me{o,l } we construct above is indeed the desired attention layer The
existence of the desired Oélp is clear, and 9m1p (W%l), ng)) can further be chosen so that ||W(1 lop <1, HW ||0p
1.
Step 2: construction of 8(2). For every m € {—1,0, 1}, we define matrices s,%), KS,%), Vfﬁ) € RP*P such that
ticf
2).(1 2)1. (1 2)1.(1
QPhiY = Q"n” = Q¥nY = |t | ,
0
1 1 1
2);.(1 2),.(1 2),.(1
Ké)hg): —¢i Kg)hg): —(c;+ 1), Kg)hg): —(¢; = 1)1,
0 0 0
@pm _ |4y @0 _ y@p _ | 2u,
v = [, v v - 2]

for all ¢, j. By the structure of hgl), these matrices indeed exist, and further it is straightforward to check that they have

norm bounds
> v
m

maxH <1, maXH <8
m m

Now, for every ¢, 7, we have
21D K@M 2)1 (D
Z J(<Q£n)hi 7K7(n)hj >)V7(n)hj
me{—1,0,1}
= {—20’(&0? - tiCiCj) + U(t,-c? - tiCi(Cj + 1)) + a(t,'cf - tiCz’(Cj - 1))} . 2[Uj; OD—d]
={-20(ci —¢j) +o((ci —¢;) = 1) + o((ci — ¢;) + 1)} - 2citi[u;;0p 4]
= H(Cl = Cj) . 2Citi [Uj; OD,d],
where the last equality follows from the fact that
0, r>lorx < -1,
—20(zx)+o(x—1)+o(z+1)=qx+1, ze[-1,0],
1-2z, z€l0,1].

Therefore,

%i Z O—<<Q7(3b)h£1)7Kg)hgl)>)vg)h§1) == Z2H - cj Ci z[uj; ODfd]

j=1me{-1,0,1}

[Xky OD*dL i =2k
0p, otherwise -

Therefore, the 82, = {( @ KD vP e RP*PY}, cq_1,0,13 We construct above maps
b = B =[x 05 0p—g—6; tick; ticss ¢ 1it).

0(2)

Finally, we only need to take a MLP layer 6, = (W?), Wf)) with hidden dimension 2 that maps
h/i/ — h( ) = [X[Z/g" v;;0p_d—6;0; 0; ¢;; 15 4],
which clearly exists and can be chosen so that ||W§2 llop <1, HW§2) lop < 1.

Combining the two steps above, we complete the proof of Proposition G.1. O
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lN M
Attention =+NZZ 6<< O, |l ,| K, >>>< Vo
i=1 m=1
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N M [o]
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Figure 4: Tllustration of our main mechanism for implementing basic ICL algorithms: One attention layer implements a single (ICGD)
iterate (Proposition 1.1 & Theorem H.1). Top: the attention mechanism as in Definition B.1. Bottom: A single (ICGD) iterate. Middle:
Linear algebraic illustration of the attention layer for implementing a GD update.

H. Mechanism: In-context gradient descent

Recall the format (3) for the input sequence H € RP*(V+1) Throughout the rest of this section (and Appendix I), we
consider input sequence H of the form (3), and we denote y; = y; for i € [N] and y,,; = 0 to simplify our notation.
Therefore, the input sequence H € RP*(N+1) can be compactly written as h; = [x;;}; ps] = [Xi; 45 0p_a_3; 1;1;] for
i € [N + 1], where t; := 1{i < N + 1} is the indicator for the train points.

H.1. Gradient descent on convex losses

Let £(-,-) : R2 — R be a loss function. Let Ly (w) := + SN €(wTx;,y;) denote the empirical risk with loss function £
on dataset {(x;, ¥i) };¢ () and

ngD1 = Wap — nVEN(WED) (ICGD)

denote the gradient descent trajectory on L ~ with initialization wQp, € R? and learning rate > 0.

We require the partial derivative of the loss 9s¢ : (s,t) — Os£(s,t) (as a bivariate function) to be approximable by a sum of
relus, defined as follows.

Definition H.1 (Approximability by sum of relus). A function g : R¥ — R is (approx, R, M, C)-approximable by sum of
relus, if there exists a “(M, C)-sum of relus” function

farc(z) = S emo(alz:1]) with 307 [em| - amll, < C, an, € RFY ¢, €R,

such that sup,c(_ g gyr |9(2) — fr,c(2)] < approx.

Definition H.1 is known to contain broad class of functions. For example, any mildly smooth k-variate function is
approximable by a sum of relus for any (€approx, R), with mild bounds on (M, C') (Proposition F.1, building on results
of Bach (2017)). Also, any function that is a (M, C')-sum of relus itself (which includes all piecewise linear functions) is by
definition (0, co, M, C')-approximable by sum of relus.

We show that L steps of (ICGD) can be approximately implemented by an (L + 1)-layer transformer.
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Theorem H.1 (Convex ICGD). Fixany B,, >0, L > 1,17 > 0, and e < B,,/(2L). Suppose that
1. The loss £(-,-) is convex in the first argument;
2. 0slis (¢, R, M, C)-approximable by sum of relus with R = max { B, B, By, 1}.
Then, there exists an attention-only transformer TFy with (L + 1) layers, maxye(r) M) < M heads within the first L

layers, and M *+V) = 2 such that for any input data (D, X 1) such that

SUp  Amax(V2Ly(w)) < 2/n, Iw* € argmin Ly (w) such that |w* |2 < By /2,
lwl2<B., weRd

TFY(H©)) approximately implements (ICGD) with initialization wlp =0:
1. (Parameter space) For every { € [L], the {-th layer’s output HO = TF3(1:£) (H) approximates { steps of (ICGD):
We have hy) =[x,y W5 0p_2q_3; 15t;] for every i € [N + 1], where
HvAve — wéDH2 <e-(LnByg).

2. (Prediction space) The final output HF+1) = TFg(H(O)) approximates the prediction of L steps of (ICGD): We have

L+1 ~ . ~ .
h§V+1) = [XN41; N1 W 0p_0q_3; 15t;], where Jn 41 = <WL,XN+1> so that

|[n+1 = (WEp, xn41)| S €+ (LnB3).
Further, the transformer admits norm bound ||0| < 2+ R + 2nC.

The proof can be found in Appendix 1.2. The following lemma (proof in Appendix 1.3) is key to the mild dependence on L
in Theorem H.1.

Lemma H.1 (Composition of error for approximating convex GD). Suppose f : R® — R is a convex function. Let
wW* € argminyepa f(W), R > 2||wW*||2, and assume that ¥V f is L-smooth on BS(R). Let sequences {W*}¢>o C R? and
{w&pteso C R? be given by W0 = wlp =0,

W =W V@) +ef ef2 <k,
WG = Wap — 1V (Wop),

forall ¢ > 0. Then as long asn < 2/Ly, for any 0 < L < R/(2¢), it holds that HV’(IL - W(L;DHQ < Le and |wh5 <

B4 Le<kh

H.2. Proximal gradient descent for regularized convex losses

Let £(-,-) : R? — R be a loss function. Let Ly (W) == % Zf;l {(wTx;,9;) + R(w) denote the regularized empirical
risk with loss function ¢ on dataset {(x;, ;) }, e(n) and regularizer R. To minimize L. we consider the proximal gradient

descent trajectory on L ~ with initialization w&, = 0 € R? and learning rate 7 > 0:
WhGD = ProX,» (W%GD - WLS’V(W%GD)) (ICPGD)

where we denote f?\,(w) =% Zfil 0w %, ).

To approximate (ICPGD) by transformers, in addition to the requirement on the loss ¢ as in Theorem H.1, we additionally
require the the proximal operator proan(-) to be approximable by a MLP layer defined as follows.

Definition H.2 (Approximability by MLP). An operator P : R? — R% is (¢, R, D, C')-approximable by MLP, if there
exists a there exists a MLP Oy, = (W1, W) € RPXd 5 RIXD with hidden dimension D, Wi, + W2, <,
such that sup||y, <r | P(w) — MLPQ‘MP(W)H2 <e.

The definition above captures the proximal operator prox,  for a broad class of regularizers, such as the (commonly-used)
L, and L, regularizer listed in the following proposition, for all of which one can directly check that they can be exactly
implemented by an MLP as stated below.
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Proposition H.1 (Proximal operators for commonly-used regularizers). For regularizer R in {\ |||, , 3 || 2 s ()}
the operator prox,p : R? — RY is exactly approximable by MLP. More concretely, we have

1. ForR = \||-

1 Prox,r is (0, +00,4d, 4 + 2n\)-approximable by MLP.

2. ForR =3

3, prox,r is (0, +00, 2d, 2 + 2n\)-approximable by MLP.
3. For R =1Ig_ () (), Prox,z = Projg_(p) is (0, +00, 2d, 2 + 2B)-approximable by MLP.
Theorem H.2 (Convex ICPGD). Fixany B, >0, L > 1,7 > 0, ande + &' < B,,/(2L). Suppose that
1. The loss £(-,-) is convex in the first argument;
2. 0slis (e, R, M, C)-approximable by sum of relus with R = max { B, B,,, By, 1}.
3. R convex, and the proximal operator prox,x(w) is (ne',R',D',C")-approximable by MLP with R’ =
SUD|wil, <8, |[Wi [, +7e.

Then there exists a transformer TFg with (L + 1) layers, max,¢ [z, M) < M heads within the first L layers, M (F+1) = 2,
and hidden dimension D' such that, for any input data (D, x 1) such that

SUp  Amax(V2Ly (W) < 2/n, 3w* € argmin Ly (w) such that |w* |2 < By /2,
HWHQSBUJ weRd

TFo(H)) approximately implements (ICGD):
1. (Parameter space) For every { € [L], the {-th layer’s output H®) = TF g(1.¢) (H©) approximates { steps of (ICGD):
We have hy) =[x,y W 0p_2a_3; 15t;] for every i € [N + 1], where

[W* = weapll, < (e +€) - (LnB.).

2. (Prediction space) The final output HIAD = TFg(H(O)) approximates the prediction of L steps of (ICGD): We have

L+1 ~ . ~ .
thH) = [XNi1; N1 W 0p_0g_3; 15t;), where Yn 41 = <WL,XN+1> so that

TN — <W1§GD7XN+1>‘ < (e+¢€)-(2LnB3).
Further, the weight matrices have norm bounds ||0| < 3 + R + 2nC + C".

The proof of Theorem H.2 is essentially similar to the proof of Theorem H.1, using the following generalized version of
Lemma H.1.

Lemma H.2 (Composition of error for approximating convex PGD). Suppose f : R? — R is a convex function and R is
a convex regularizer. Let w* € arg ming,cga f(w) + R(W), R > 2||w*||2, and assume that V f is Lg-smooth on B(R).
Let sequences {W'} >0 C RY and {w,p }e>0 C RY be given by w° = wlp =0,

witl = proan(v’s}e — an(vAVZ)) + et ||EZH2 <e,
Wé%l = prox,r (WéD - va(WéD)),

for all € > 0. Then as long as n < 2/Ly, for any 0 < L < R/(2¢), it holds that |W" — wéDH2 < Le and |wh|5 <
EiLe<R
5 <R

The proof of the above lemma is done by utilizing the non-expansiveness of the PGD operator w > prox, r (w —nV f(w))
and otherwise following the same arguments as for Lemma H.1.

H.3. Gradient descent on two-layer neural networks

We now move beyond the convex setting by showing that transformers can implement gradient descent on two-layer neural
networks in context.
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Suppose that the prediction function pred(x; w) := Zszl ukr(vgx) is given by a two-layer neural network, parameterized
by W = (Vi, Uk )ke[k] € RX(4+1) Consider the empirical risk minimization problem:

R L | N E 2
vIvIgII}V Ly(w) = IN ; (pred(x;; w) —1:)* = N Z <k 1uk7‘(VkTXi) - yi) ) 13)

=1 =

where W is a bounded domain. For the sake of simplicity, in the following discussion we assume that Proj,,, can be exactly
implemented by a MLP layer (e.g. W = B (R,,) for some R,, > 0).

Theorem H.3 (Non-convex ICGD). Fix any B;,By; > 0, L > 1, n > 0, and 0 < & < R :=
max{B, B, (B%)?, B,B%, B,, 1}. Suppose that
1. The activation function r is C*-smooth;

2. Wis a closed convex domain such that W C {w = (vi,uz) : ||[villy < By, |ug| < By}, and Proj,, = MLPg,_, for
some MLP layer Oy, with hidden dimension D" and mamlpm < Cur

Then there exists a 1-layer transformer TF g with

max MY <4KM., maxD® <D,  ||0]| <R+ Cy+4C,,
Ce[L] LelL]

where C,. depends only on the smoothness of r and R, M. = K*C?¢~2log(1 + KC,c™1) such that for any input data
(D, xn 1) such that input sequence H®) € RP*(N+1) takes form (3), TFo(H®)) approximately implements (ICGD): For
every { € [L], the (-th layer’s output hge) = [25; W' 0p_o4_3;1;t;] for everyi € [N +1],

W' = Projy, (W' = p(VIn (W) + 7)),

where HEEAH2

< € is an error term.

As a direct corollary, TF can find stationary point of (possibly non-convex) ICL problem (13).

Corollary H.1 (Informal; TF finds stationary point of non-convex ICL problem). For any C*-smooth activation function r,
parametern > 0, A > 0 and ¢ € (0, R) (R is defined in Theorem H.3), there exists a transformer 0 with

_ —1_-2 0 _ A (22
L=0(An""e?), max M O (Cze?),
such that for any dataset (D, zn 1) such that
sup )\maX(VQEN(W)) < 2/nm, ZN(O) —infLy <A,
wew
(L

TFo(H)) approximately implements (ICGD), in the sense that it outputs th_l = [XN+1;UN+1; W; 0p_24—3; 1; 0], where
we have

i1 —pred(xny; W) < e, |[|[VIn(W)||, <e.

The corollary above is simple implication of Theorem H.3 and the following standard convergence result of approximate
gradient descent.

Lemma H.3. Suppose f : W — R, where W C R% is a convex closed domain and ¥V f is L s-smooth on B(R). Let

sequences {W'}y>o C R? and be given by w° = w',

Wit = Projyy, (W —n(VF(®) +e"), [l <e,

forall £ > 0. Then the following holds.

(a) Aslongasn < 1/Ly, forall L > 0,

L-1 .
min ||Vf(vAvl)H§ < % Z va(vAvl)H; < 4(f(W0) — infwew f(w)) + 4e2.
£=0

ee[L=1] nL

30



Transformers as Statisticians: Provable In-Context Learning with In-Context Algorithm Selection

(b) Let the sequences {wépYo>0 C R and be given by w® = w° and w&y = Projy,(Whp — 0V f(whp)). Then it

holds that

W' —wpll, < (L+nLy)e, V>0

L. Proofs for Section H
I.1. Approximating a single GD step

Proposition I.1 (Approximating a single GD step by a single attention layer). Let {(-,-) : R?> — R be a loss function such
that Ol is (e, R, M, C)-approximable by sum of relus with R = max{B, B.,, By, 1}. Let Ly (w) := % vazl O(w x4, )
denote the empirical risk with loss function € on dataset {(X;,yi)};cn)-

Then, for any € > 0, there exists an attention layer 0 = {(Q,, Kme)]’me[M] with M heads such that, for any
input sequence that takes form h; = [x;;y;; W;0p_oq—3; 1;t;] with ||w||, < B, it gives output h, = [Attng(H)], =
[xi;9l; W; Op_2d—3; 1; t;] for all i € [N + 1], where

|% = w—aVEinw))|| <e- mB.).
Further, ||0]| <2+ R+ 2nC.

Proof of Proposition I.1. As 04/ is (¢, R, M, C)-approximable by sum of relus, there exists a function f : [-R, R]?> — R
of form

M M
f(s,t) = Z emo(ams + byt + dp,) with Z lem] < Cy am| + [bm| + |dm| < 1, Ym € [M],
m=1 m=1

such that sup , yye(— g, rp2 | f(5,1) — Osl(s,t)| < e.

Next, for every m € [M], we define matrices Q,,,, K., V,, € RP*P such that

A W X] Od
b Y,
" N + Dnen
Qnbhi= | dn |, Kph;= 1 ; thj:_%- ;?
—2 R(1—t;) 0
0 0 D—2d—1

forall 4,j € [N + 1]. As the input has structure h; = [x;;y.; w; 0p_24—3; 1; ;], these matrices indeed exist, and further it
is straightforward to check that they have norm bounds

ma. m <3, max |K,, <2+ R, V.. < 2nC.
e [Qully 3. max (Kol < 3 Vol <2

Consequently, [|0] <2+ R+ 2nC.
Now, for every i, j € [N + 1], we have
O'(<thi, Kmhj>) = O'(CLmWTXj + bm(l — tj)yj +d,, — 2Rtj)
= U(amWTXj + bmyj + dm)l{tj = 1},
where the last equality follows from the bound ‘amwaj + b (1 —t)y; + dm’ < |am|BzBw + R < 2R, so that the
above relu equals 0 if ¢£; < 0. Therefore,

M
3" o({Qmhi, Kinhj))Vioh;

m=1

31



Transformers as Statisticians: Provable In-Context Learning with In-Context Algorithm Selection

M
(N +1
= (Z emo (amWw ' x;j + by, + dm)> : %1{% = 0}[04+1;%;; 02]

m=1

—(N+1
%1{% = 0}[0441:%j;0p_24—1]-

= f(WTXjayj) :
Thus letting the attention layer 8 = {(V,,,, Qn, Km)}me[ M) We have

B N+1 M

h; = [Attng(H)], = h; + —— N+1 > ) o((Qumhi, Kiphy))Vinh;

j=1 m=1

N
n
= Z_Nz W Xj7yj Od+17Xj702]

N
= [xi; 9 w3 13 14] %Z (W x5,9)[0a41;%j;0p_24—1] +[0411;€;0p_24_1]
j=1

[0441;—nVIn(W);0p_24-1]
= [xi1 Y5 W, +€;0p_24-3; 15 4],

where the error vector £ € R satisfies

N
Ui
||€H2 = N Z W X]vy] aGE(WTX]ayj))XJ
Jj=1
2
. N
< N Z W X5, Y5) a@g(w—rxjvyj)’ Il
<E-N~5-B$:5-(an).
- N
This is the desired result. O

1.2. Proof of Theorem H.1
We first prove part (a), which requires constructing the first L layers of 8. Note that by our precondition L < B,,/(2¢).

By our precondition, the partial derivative of the loss 9,¢ is (e, R, M, C')-approximable by sum of relus. Therefore we can
apply Proposition I.1 to obtain that, there exists a single attention layer 8(1) = {(Q,,, K, Vm)}me[ M) with M heads
(and norm bounds specified in Proposition I.1), such that for any w with ||w||, < B,,, the attention layer Attng) maps the
input h; = [x;;y/; w; 0p_24_3; 1; ¢;] to output h, = [x;; y}; W; 0p_o4—3;1;t;] forall i € [N + 1], where

HVAV — (w — UVEN(W)) H2 <e-(nBy) =:¢.

Consider the L-layer transformer 8% = (8(V), ... 8(M)) which stacks the same attention layer (1) for L times, and for

the given input hz( ) — = [x:;9}; W05 0p_24_3; 1;t;], its {-th layer’s output h() [xi; 9l W 0p_0q_3; 15 ;).

We now inductively show that HW[H2 < B,, and Hw — WGDH2 < fe for all £ € [L]. The base case of £ = 0 is trivial.
Suppose the claim holds for £. Then for £ +1 < L < B,,/(2¢), the sequence {W'},_, , and {w{p}, ., satisfies the
precondition of the error composition lemma (Lemma H.1) with error bound ¢, from which we obtain HVAVZ+1 ||2 < B, and

[w ! = weh |, < €+ 1)

This finishes the induction, and gives the following approximation guarantee for all £ € [L]:

9" = whpl, < te' <& (InBy),
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which proves part (a).

We now prove part (b), which requires constructing the last attention layer @(F+1). Recall th) =

(%59 W55 0p_2q- 3,1775} for all i € [N + 1]. We construct a 2-head attention layer @ +1) =
{(QE K v LH))} 1, such that for every 4, j € [N + 1],

Q(1L+1)hz('L) _ K§L+1)h§L) _ [V/‘\/L§OD—d] V(L+1)h(L) [Od; 1 OD . 1]

QY™ = [x;;0p-d), KSR = [~wF0p_4), VIR = (04 -1;0p g4

[xi;0p—dl,

Note that the weight matrices have norm bound

maXHQE <2

i=1,2

<1, max HKELJA)
op 3=1,2

2
> |vi
i=1

Then we have

=2

+1 2
h(L+1) _ h(L) Z U<<Q(L+1 h(L) 7K(L+1)h§L)>)V(L+1)h§L)

N+1 — N+1

M

J=1 m
= [x;;0; W 0p_og_3; 15 1] + (o ((WF ,XN41)) — o(— (wh, xN+1))) - [045150p—g—1]
@ [x:50; W55 0p_2q—3; 1; 1] + [04; (W", xn11) ;0p_q—1]
= [xi; (WE x a1 )s WH 0p_og_3; 13 1],
5/_/
YN+1

Above, (i) uses the identity ¢t = o(t) — o(—t). Further by part (a) we have

U1 — (Whp, xn41)| = [(WF = whp, xni1)| < e (LnB2).

This proves part (b), and also finishes the proof Theorem H.1 where the overall (L + 1)-layer attention-only transformer is
given by TFg with

0=, . . 00 gLt
N———’

L times

L.3. Proof of Lemma H.1
As f is a convex, Ly smooth function on B(R), the mapping 7, : w — w — 1V f(w) is non-expansive in ||-||2: Indeed,
for any w, w’ € B4(R) we have
2
1Ta(w) = Ty(W)ll, = lw = nVf(w) = (W =0V f(w))l]
2
= |[w —w'[[5 = 2 (w = W', Vf(w) = V(W) + 1 |V f(w) = VF(w)]3

(2) 2 2 (i1) 2
< w = w5 = (2n/Ls = 0*) IVf(w) = VFW)]; < [lw—wll;.

Above, (i) uses the property (w — w', Vf(w) — Vf(w')) > ﬁ |V f(w) — V. f(w')||2 for smooth convex functions (Nes-
terov, 2018, Theorem 2.1.5); (ii) uses the precondition that 7 < 2/Ly.

The lemma then follows directly by induction on L. The base case of L = 0 follows directly by assumption that
w0 = wlp € B¢(R/2). Suppose the claim holds for iterate L. For iterate L + 1 < R/(2¢), we have

W4 g, = [T + < T,

< [ Ta® ) = To(wen)[l, + [1"
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@), (i)
< |[wh = wépl, +¢ < (L+1)e.
Above, (i) uses the non-expansiveness, and (ii) uses the inductive hypothesis. Similarly, by our assumption w* = 7, (w*),
~ ~ ~ R
[W5 =Wl = |17 (®5) + " = Ty (W), < W5 = wi{l, + [l < 5 + B+ De < R
This finishes the induction. O

I.4. Convex ICGD with ¢, regularization

In the same setting as Theorem H.1, consider the ICGD dynamics over an ¢5-regularized empirical risk:
whD = whp — VLN (Whp) (ICGD-(5)

with initialization wl, € R? and learning rate > 0, where Ej\\,(w) =1 W)+ 3 Hng denotes the ¢s-regularized

empirical risk.

Corollary 1.1 (Convex ICGD with /5 regularization). Fix any B,, >0, L > 1, n > 0, and ¢ < B, B,,. Suppose the loss
{(-,-) is convex in the first argument, and dsl is (g, R, M, C')-approximable by sum of relus with R = max { B, B,,, By, 1}.

Then, there exists an attention-only transformer TFg with (L 4 1) layers, maxyer) M () < M + 1 heads within the first L
layers, and M X+Y) = 2 such that for any input data (D, X1 ) with

SUp  Amax(VZLN (W) < 271, Iw* € argmin L) (w) such that |w* |2 < By/2,
[wll2<Buw weRd

TFY (H©)) approximately implements (ICGD-(y):

1. (Parameter space) For every { € [L], the {-th layer’s output H®) = TF g1.0) (H®)) approximates ¢ steps of (ICGD-(5):
We have hl(-z) =[x,y W 0p_2q_3; 15t;] for every i € [N + 1], where

H\’i\vZ - WéDH2 <e-(2LnBy).

2. (Prediction space) The final output HE+1) = TF@(H(O)) approximates the prediction of L steps of (ICGD-{3): We
have hg\ﬁfll) = [XN41;Un+1; W 0p_0q_ 3515 0], where

N1 = (WEp, Xn+1)| < €+ (2LnB3).
Further, the transformer admits norm bound ||0| < 2 + R+ (2C + \)n.

Proof. This construction is the same as in the proof of Theorem H.1, except that within each layer ¢ € [L], we add one more
attention head (Q(©), K(©, V(©) ¢ RP*P which when acting on its input h{‘ ™) = [x; %; W¢=1; 1; «] gives

1 1 0d+1
Qn{"" = {0 } KO = [0 } VORETY = | et
D—1 D—1 02

for all i, j € [N + 1]. Note that HQ“)HOP = HK“)HOp =1,and ||[V(® Hop = n\. Further, it is straightforward to check

that the output of this attention head on every hy) is

1 K (1) (1) (1) Od-1
" Zo(<Q“)hi KO >)V<‘f)hj - _nAOv?zf—l
Jj=1 2

Adding this onto the original output of the /-th layer exactly implements the gradient of the regularizer w > %Hw”% The
rest of the proof follows by repeating the argument of Theorem H.1, and combining the norm bound for the additional
attention head here with the norm bound therein. O
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1.5. Proof of Theorem H.3

We only need to prove the following single-layer version of Theorem H.3.

Proposition 1.2. Under the assumptions of Theorem H.3, there exists a 1-layer transformer TF g with M. heads, hidden
dimension D' and ||0|| < 3R + C,, + 4K*nC,., such that for any input data (D, xx 1) such that TFg maps

hy =[xyl w;0;15t]  —  hi =[xy w, 50,15t
where

wy = Projyy (W= nVIv(w)+e(w)),  e(w)l, < e,

Before we present the formal (and technical) proof of Proposition 1.2, we first provide some intuitions. To begin with, we
first note that

N
Vo En(w) = 1= 3 (pred(is w) — 1) g -/ (v] o)
iNl (14)
117 Z [Z UULT vl X;)T (v,;rxl-) — ukyir’(vzxi)] X,
i=1 Li=
and
- 1 X
Vi, Ln(w) = N Z (pred(x;; w) — yi) 'T(VkTXi)
= (15)

K
Zr vl x;)r(vy, Xz) U — Ukyir(vl—crxi) L
1=1

Z\H
M= 1

@
Il
—

Thus, we consider the following functions:

fi(z1, 22, 23) = 21 - 7(22) - 7' (23), fa(z1,22) = 21 -7/ (22),
f3(z1,22) = r(21) - 7(22), fa(z1,22) = 21 - r(21).
By our assumption on r and Proposition F.1, the functions defined above are all (¢, R, M., C..) approximable for ¢ =

£/(4K?R), for some C,. > 0 that depends only on the C*-smoothness of r and R. Hence, there exists f1, fo, f3, f4 of the
form

Fu@ = Y cnol(an,[z1]), with Y |en| < Cp max [a) ], <1,

me[M] me[M] me[M]

such that for each w € [4], sup |, _<g |fu(z) — f,(2)] <&

Then, we can regard

U(<a,1m [ Vlij; V;Xj; 1]>) . c}nxj
le[K],me[M]

N 1 &
VvkLN(W) ~ NZ

j=1

+ o({a2,, lupy;; vixj; 1)) - (—c2x;) |-
me[M]

Similarly,
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+ Z 7m ukijvk XJ’1]>) ’ (_Cﬁn) :

Based on the observations above, we now present the proof of Proposition 1.2.

Proof of Proposition 1.2. For each tuple (m,k,l) with m € [M],k € [K|,l € [K]U {0}, we define matrices
Q. ks Ko ks Vo gy so that forall 4, j € [N + 1],

a}n[l] CUg uy
a}n 2] - vy X; 0
v al [3]- vy v X (N+1)
Qb = a[l ][4] CKbb= | 9| Vim, = = 1 )
-1 R(1 —t;) 0
0 0
agn[l] s U Yj
32 [2] * Vi X; 9 0
" v N + Dncz,
Qobi = | a3 |, Kby = 1 v Vighy = % SRR
—1 R(1—t;) 0
0 0

where V' . h; has x; on the place of vj. As the input has structure h; = [x;; y;; w; 0; 1;¢;], these matrices indeed exist,
and further it is straightforward to check that they have norm bounds

max [|Qp, ki, <1 max|[KD o, <2+ R, ZHV sotllop < 20Cr-

By definition, for every ¢, j € [N + 1] and k € [K], we have (focusing only on the non-zero component of Vh,)

n_lN v v v

N1 ;U« m7k,lhi>Km,k,lhj>)vm,k,lhj

= Z o((a),, [upur; v x5 v x5 1) = R(1—t))) - ch,x;
le[K],me[M]
+ Y o((an luny vixgs 1) = R(L= 1)) - (—¢x;)

me[M]

= Z o((ay,, [wew; v x5 v x551])) - 1{t; = 1} - ¢, x;
l€[K],me[M]
+ Z <am7 ukyj7vk X535 ]>) 1{t - 1} ( C XJ)
me[M]

FK -

= | > T, v x5, viix5) = Folurys, vi x))

Li=1

. 1{t_] = 1} -Xj

= D flunur, v' x5, v x;) = flury;, vix;) + 0ny| - 1{t; =1} - x;

Li=1

-t =1} %,

= |3 wew - (v X)) (V%) — gy (Vi) + eny

where the second equality follows from the bound ||a,,||; < 1, and in the last two equalities we denote

K

ek = 01 (urtr, v X5, Vi X;) — Sk, Vi X5),
=1
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with the abbreviation §,,(z) := f,,(z) — f,,(z) for w = 1,2, 3, 4. Therefore, combining the above equation with (14), we
have for each k € [K],

N+1
N+1 ZZ o Ko b))V hy = [0; ankLN( ); 0] + ey,

j=1 m,l
where €, := —% Zjvzl €k,;X; and hence
ekl < nmjaxlﬁk,jl Ixjll, < g (K +1)R.

Analogously, for each tuple (m, k,1) with m € [M], k € [K],l € [K]U {0}, we define matrices Q;,, ;. ;, K}, ; ;, V]! ;. ;50
that forall ¢, j € [N + 1],

al [1]-v, X;j
a’ [2] - vy X 0
u m u v N + 1 L
Qm,k,lhi = a?n[?)] ) Km,k,lhj = 1 ) Vm,k,lhj = —% Uy
-1 R(1—1t;) 0
0 0
azn[l] U Yj
as [2] - vg X; (N 4+ |O
., m + )nc
m,k,Ohi - aérln[g] ) Km k lhj = 1 ) Vm k lhj - T 1y,
-1 R(1—t;) 0
0 0

where V' . h; has 1 or u; on the entry of uy. By the structure of the input, these matrices also exist, and can be chosen so
that

Qe = 10 s G allyy <24 R D Vil < 20C

Similarly to the argument above, we can show that for each k € [K],

N+1
N+1 ZZ mklh“Kmk:th>) mk:lh —[0 nvukLN( ) }+€k7

=1 m,l
where e}, ||, <e- (K +1)R.

Thus letting the attention layer

eattn = {(szkvl’ szkal’ V"If’/lvkvl)}m,E[M],kE[K],ZE[K]U{O},U)E{U,,U}’

we have
N+1 R
NJr Z Z e D K ) ) VI 4 hy = (03 =0 VL (w); 0] + €,
j=1 m,l,k,w

such that |el|, < e-2K(K + 1)R < . Further consider 0y, so that MLPg_, = Projy,. Then @ = (0attn, Onip) is the
desired transformer. O
J. Proofs for Section C.1

J.1. Proof of Theorem C.1

Fix A > 0,0 < a < g with k := g ii, and B,, > 0, and consider any in-context data D such that the precondition
of Theorem C.1 holds. Let

= 24 A 2
Lrldge : Z WXZ §||W||2
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denote the ridge regression loss in (ICRidge), so that W?‘idge = argmincpe Lyidge(Ww). It is a standard result that
Veridgc(w) = XTX/N + My, so that Liigge 18 (av + A)-strongly convex and (8 + A)-smooth over R4,
Consider the gradient descent algorithm on the ridge loss

1t t
WD = Wap — 1V Liidge(WGD)

with initialization, learning rate, and number of steps

1 B, B,
wlp =04, 7= ESY T:= {2nlog< o )-‘ .

By standard convergence results for strongly convex and smooth functions (Proposition F.2), we have for all ¢ > 1 that

t t
1) oo = whawll; = ex0 (=2 ) e -

i = el < exp

Further, we have

T 2e By €
3B ~ el < o0 (<5 ) [Whawl < o 5 < 5 16

It remains to construct a transformer to approximate wgD. Notice that the problem (ICRidge) corresponds to an /o-
regularized ERM with the square loss £(s,t) := 1 (s — )%, whose partial derivative d,{(s,t) = s — t is exactly a sum of
two relus:

0sL(s,t) =20((s —1)/2) —20(—(s —t)/2).

In particular, this shows that 0,4(s, t) is (0, R, 2, 4)-approximable for any R > 0, in particular for R = max { B, B,,, By, 1}.

Therefore, we can apply Corollary 1.1 with the square loss ¢, learning rate 1), regularization strength A and accuracy parameter
¢ = 0 to obtain that there exists an attention-only transformer TF§ with (T + 1) := L layers such that the final output

hg\ﬂl = [XN41:Un+1; *] with
n+1 = (WEpy xv41)| = 0, (17)

and number of heads M (©) = 3 forall £ € [L—1] (can be taken as 2 in the unregularized case A = 0 directly by Theorem H.1),

and M) = 2. Further,  admits norm bound [|@]] < 2+ R + %—i\\ <3R+8(B+AN)"1+1<4R+8(B+ ML

Combining (16) and (17), we obtain that
@\N—H - <W§\idgeva+1>| = |<WgD - Wf\idgeva+1>| < (g/BT) By =e¢.

This finishes the proof. ]

J.2. Statistical analysis of in-context least squares
Consider the standard least-squares algorithm Arg and least-squares estimator wr,g € R¢ defined as
~ N -1
Ars(D)(xn+1) = (Wrs,xv41), Wis= (X'X) X'y eR% (ICLS)
For any distribution P over (x,y) € R? x R and any estimator w € R, let
Lo(w) = Eqer [3((w,x) =3/)’]

denote the expected risk of w over a new test example (x’,y') ~ P.

Assumption A (Well-posedness for learning linear predictors). We say a distribution P on R% x R is well-posed for learning
linear predictors, if (x,y) ~ P satisfies
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(1) ||x|l2 < By and |y| < By almost surely;

(2) The covariance Xp = Ep[xx ] satisfies Aminld = 2p = Amaxkd, With 0 < Amnin < Amax @d K = Amax/Amin-
(3) The whitened vector E;l/zx is K2-sub-Gaussian for some K > 1.

(4) The best linear predictor w}, := Ep[xx "] " Ep[xy] satisfies |wp|2 < B,

(5) We have E[(y — (x,wp))?|x] < o2 with probability one (over x).

Further, we say P is well-posed with canonical parameters if
By =0(Vd), By=6(1), B;=6(1), ¢<0(1), Amux=6(1), K=06(1), (18)
where ©(-) and O(-) only hides absolute constants.

The following result bounds the excess risk of least squares under Assumption A with a clipping operation on the predictor;
the clipping allows the result to only depend on the second moment of the noise (cf. Assumption A(5)) instead of e.g. its
sub-Gaussianity, and also makes the result convenient to be directly translated to a result for transformers.

Proposition J.1 (Guarantees for in-context least squares). Suppose distribution P satisfies Assumption A. Then as long as
N > O(dK*1og(1/5)), we have the following:

(a) The (clipped) least squares predictor achieves small expected excess risk (fast rate) over the best linear predictor: For

any clipping radius R > B,

1, ~ . do?
By isnesp | 5 (con(Frs.xwir)) — van)’| < inf Lew)+0 (R4 5). )

Lp(w})

(b) We have P(Ecoy N E,) > 1 —6/10, where

1 /28—
Eeov = ECOV(D) = {2111 = Epl/ZEEpl/2 = 2Id}a (20
. 80do?
Ey = Ey(D) =< |[Wisll, < B, + . 21

Proof. We first show P(Eqo,) > 1 — §/20. Let 3= % Z@A; x;x; , and let the whitened covariance and noise variables
be denoted as

N
= s1/2 S ST w1295 1/2
X, =% 'Tx;, XY= ~ E_l XX, =X TEE .
Also let z; := y; — (x;, w}) denote the “noise” variables. Note that

1 ~
Ecov = {QId <X = 2Id}

is exactly a covariance concentration of the whitened vectors {X;}, ;- Recall that E[x;X; ] = 14, and X; are K2-sub-
Gaussian by assumption. Therefore, we can apply (Vershynin, 2018, Theorem 4.6.1), we have with probability at least
1 —46/10 that

Hi—ld

5 d+1log(1/6) d+log(1/4)
0p§(’)<K max{ N , N })

Setting N > O(K*(d + log(1/6))) ensures that the right-hand side above is at most 1/2, on which event we have

S L9

Io 23 =251 221, (22)
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i.e. Ecoy holds. This shows that P(ES, ) < §/10.

cov

Next, we show (19). Using E..,, we decompose the risk as

E B(clipR(@AVLs, XN+1)) — yN+1)2}

— B |5 Clpn((F1s,xx1) ~ 1)1 Ea )| + B |5 (s xvs) = v 1S )

@ 11,
< E|:(<WLSaXN+1> - yN+1)21{EC0v}] +2R? - (6/20)
? 23)
ii 1, N 1 .
(:) ]ED,xN+1 |:2(<WLS — Wp, XN+1>)21{ECOV}:| + EXN+1,yN+1 [2(<WP,XN+1> — yN+1)21{Ecov}:| + O(R25)

1. w12 1
< B 5 195 ~ Wbl 1B} | + Brrn |

2(<W;,XN+1> - yN+1)2] +O(R?5).

Lp (w; )
Above, (i) follows by assumption that |yn11| < B, < R almost surely, so that removing the clipping can only potentially
increase the distance in the first term, and the square loss is upper bounded by % - (2R)? almost surely in the second term;

(i) follows by the fact that By, vy [(Wrs — Wh, Xn41) ((Wh,XN4+1) — Yn+1)] = 0 by the definition of wf, as well as
the fact that 1{ F.oy } is independent of (Xy 41, Yn+1)-

It thus remains to bound Ep % |[WLs — wp ||§:P 1{ECOV}} . Note that on the event E.,, we have
~ N -1
S es = (508 ) 2

Therefore,

1, . 1 _ T _

5 [Wis — Whll%, 1{Beov} = 5((XTX) X'y —wp) Zp((X'X)'X Ty — wp) L{Eeov }

1

= §ZTX(XTX)*EP(XTX)—1XTz 1 Feov}

1 _12(al/2a—1wl/2) 2a—1/2
= 7 X (BT ?) 2 P X T2 1 B )

2N
N N
Z }AEZ Zj Z )AiiZi
i=1 i=1

Note that E[X;z;] = 3p 1 E[x; (y; — (wp,x;))] = 0. Therefore, taking expectation on the above (over D), we get

N
E X%
i=1

2

IN

2 lat/2er |2 2
WHEP X z 21{ECOV}: ﬁ

2
2
I{ECOV} S m
2

2

2
1, . 2 2 2 - 2 2 _
Ep [2 [WLs — wplls, l{ECOV}] < W]E 2 = N]E[Hxlz1||2} = N]E[z%xrzplxl] (24)

@ 202 T B 2do?
—_ - N .

Above, (i) follows by conditioning on x; and using Assumption A(5). Combining with (23), we obtain

(25)

1, . . do?
E |:2(C|IpR(<WLS7XN+1>) - yNH)ﬂ < Lp(wp) + (’)<R2(5 + N).
This proves (19).
Finally, we show P(E.., N E,) > 1 — 6/10. Using (24) and 3p = A\pinI4 by assumption, we get

4do?

)\min

{115 — wll5 1{Eear}| <
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Therefore, using an argument similar to Chebyshev’s inequality,

20 4do?
P(Ecov NEL) =E [ 1{Ecoy 1{||w —- B}
(Boow 1 B5) = B W e} > WlIWslly > || 5 35— + Bl
~ 20  4do?
<E|H{FEcon 1 —wWp —
< B | 1{Eoor} x 1{1F1s = will, > /> NAW}]

~ 2
WLg — Wh
5 " Nmin

This implies that
P(Ecov N Ey) = P(Eeoy) — P(Beov NEL) >1-6/20—6/20 > 1 —4§/10.

This is the desired result. ]

J.3. Proof of Corollary C.1

The proof follows by first checking the well-conditionedness of the data D (cf. (5)) with high probability, then invoking The-
orem C.1 (for approximation least squares) and Proposition J.1 (for the statistical power of least squares).

First, as P satisfies Assumption A, by Proposition J.1, as long as N > O(K*(d + log(1/4))), we have with probability at
least 1 — §/10 that event E.., N E,, holds. On this event, we have

1 1 S

Shminls = 5Tp < 8= XTX/N £ 2p = 2macls
- N do?

1Wrslly < Buw/2:= O\ By +4 [ 5375 — |

and thus the dataset D is well-conditioned (in the sense of (5)) with parameters & = Amin/2, 8 = 2Amax, and B,, defined
as above. Note that the condition number of X is upper bounded by 8/« = 4\ max/Amin < 4k, where & is the upper bound
on the condition number of 3p as in Assumption A(c).

Define parameters

do? do?
e=4/—, 6=
N B2N

AL (26)

Note that B,, < O(B}, + /B2 /Amin) by the above choice of 4.

We can thus apply Theorem C.1 in the unregularized case (A = 0) to obtain that, there exists a transformer 8 with
maxery MY < 3, 0[] < 4R + 4/Amax (with R = max { B, B,,, By, 1}), and number of layers

B.B N B?
E 2\ P )) )

such that on E.o, N E,, (so that D is well-conditioned), we have (choosing the clipping radius in r;\ay(-) = clip, (ready("))
to be B,):

— 2
’ready(TFg(H)) - cIipBy(<vAvLS,xN+1>)‘ < |read, (TFY(H)) — (Vs xn11)| <& = ,/‘%. 27)

We now bound the excess risk of the above transformer. Combining Proposition J.1 and (27), we have
— 2
B (resd, (TFE0) — v ) |
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— B (read, (TFY(ED) — 1) 1w 0 Bu| + B[ (o2 (TFSED) — v ) LB 0 Bu))
< 25 (resd, (TF(ED) — i, (@15, xv-11)) 1{Beow 1 Eu]|
+2E {(C“PB@,(WAVLS, XN+1)) — yN+1)21{Ecov N Ew}] +2Bj-6/10

@ 5 * 2 do® 2
< 2%+ Le(wp) + O Byo + — | + O(B9)

do? do?

< Lp(wp)+ OB+ — | <O ——).

< o) 035 + 47 < ()
Above, (i) uses the approximation guarantee (27) as well as Proposition J.1(a) (with clipping radius B, ). This proves the
desired excess risk guarantee.

Finally, under the canonical choice of parameters (18), the bounds for L, M, ||@|| simplify to

L< O(m log NK") max M® <3, 6] < O(Vkd), (28)
g S

and the requirement for N simplifies to N > O(d + log(1/6)) = O(d) (as K = ©(1)). This proves the claim about the
required IV and L. O

J.4. Proof of Corollary C.2

Fix parameters J, ¢ > 0 to be specified later and a large universal constant Cy. Let us set

a=max<0,1/2 —+/d/N 2, 8 =25,
{o.1/2- v/}

By =140 oy 4o,

B, = Co\/dlog(N/3), B, = Co(B, + 0)+/log(N/6).

Consider the following good events

& = {Iwll: < By, lell2 < 2VNo |,

Ew = {0 < Anin(XTX/N) < Anax (X X/N) < B8},
& = {Vi € [N]’ Hxi||2 < By, |y2| < By}7
& N1 ={lxn+1lly < Bz, [ynv+1| < Byl

and we define £ := £, N &, N E, N Ep, v+1. Under the event £, the problem (ICRidge) is well-conditioned and Hw;\idge I <
B,,/2 (by Lemma J.1).

ot
Pl ESY
for its prediction J 41 := read,(TFy(H)), we have gn11 = clipg, ((xn41,W)) and [W — w
event £.

Therefore, Theorem C.1 implies that for k = there exists a L = [2k log(B,,/g)] + 1-layer transformer 6 such that

A

ridge” < g under the good

In the following, we show that @ is indeed the desired transformer (when ¢ and ¢ is suitably chosen). Notice that we have
E(Jn+1 — yn+1)” =E[H{E}Un+1 — yn+1)?] + E[H{EF TN+ — ynvs1)?],

and we analyze these two parts separately.
Prediction risk under good event £. We first note that
E[1{E}Gv+1 — yw+1)?] = E[H{ENClipg, ((xn+1, %)) = yx+1)?]
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<E[H{E}((xn+1, W) — yn11)?],

where the inequality is because yn1 € [— By, By under the good event £. Notice that by our construction, under the good
event £, w = w(D) depends only on the dataset D. Therefore, we have |w (D) — w;\idgC(D) || < g as long as the event
Eo = Ex N EL N & holds for (wy, D). Thus, under &,

E [1{5}(<XN+17‘/’\V> - yN+1)2‘ Wi, } E [1 EX({ XN+17 w(D)) — yN+1)2| W*7D]
<E [ ((xn41, W(D)) — yn41)*| W, D]
=E [({(xn11, W(D)) = (xn41,Wi))?| Wy, D] + 0

= [W(D) = w3 + %,

and we also have

IA

H‘/)\V(D) _W*Hg erldge H2+2er1dge W*HQ H‘/)\V(D) _WrAidgeH2+ HW(D) _W;\idgeH;

IN

HW W*H +2€HWr1dge W*||2+§2'

ridge —

Recall that 2BayesRisk, = Ey, p|w)
can conclude that

Adge — Wxll3 + 0%, Note that 2BayesRisk,. < 1+ o? by definition. Therefore, we

E[1{€}(Un+1 — yn+1)?] < 2BayesRisk, + 22 + >

Prediction risk under bad event £¢. Notice that

E[1{E}@n+1 — yn+1)?] < VPENE[(Gnt1 — yn+1) -

We can upper bound P(£¢) = P(E7 U EF U EF U ES v y) by Lemma F.1, Lemma F.2 and the sub-Gaussian tail bound:

0 0
P(E;) < 3 + exp(—N/8), P(ES) < 2exp(—N/8), P& U 5§7N+1) < T
Thus, as long as N > 8exp(12/9), we have P(£¢) < 4. Further, a simple calculation yields

E(fn+1 —yn+1)" < 8EYy 41 +8Byn41) < 8B + 8Eyy 1.

Notice that yn 41w, ~ N(0, [|w.[|3 + 0%), hence By}, = 3E(||w.[|3 + 0%)* < 3(3 4 20° + 0*) < Bj. Thus, we can
conclude that

E[1{E}(Tn+1 — yn+1)?] < 4V B,.
Choosing ¢ and §. Combining the inequalities above, we have
E(Gni1 — yni1)® < 2BayesRisk + [2@«/2BayesRiskTr +e2 4 4\/583,].

To ensure %E@NH —yn+1)? < BayesRisk, + ¢, we only need to take (g, d) so that the following constraints are satisfied:

e %min{s, VEh,  4VOB,<Z, N = 8log(12/9).

2
. _ Ci 62
Therefore, it suffices to take § = w (W) for some small constant cg, then as long as

241
NzClog(a; )+C.

our choice of € and § is feasible. Note that k < O (1 + 0’2), and hence under such choice of (g, d), we have L =
O(log(1/€)) and ||0]| = 6(\/&) This is the desired result. O
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Lemma J.1. Under the event £, N &E,,, we have ||W?\idgeH2 < OB + o).

Proof of Lemma J.1. We denote € = [eiliciy) = ¥ — Xw, € RY. Then by the definition of w},,, and recall that
A =do? /N, we have w},,. = (XTX + do®I;) ' X Ty,
Therefore, we only need to prove the following fact: for any v > 0 and w, = (XX + dyI4)~!X Ty, we have
1Bll2 < B, +1000(1 +~/2). (29)
We now prove (29). Note that we have
1Bll2 = (XX + dyLa) ' X T (Xwi + €)l2 < 1Bulloy, [Wllz + Bzl llelle

where By = XX (XX + dyls) ™", By = (XX + dyLz) ' X7 and we have || By |,, < 1.
‘We first consider the case that N > 36d. Then we have

Ball, < Y2 XX _ e X X/N)

= T Nm(XTX) | Amin(XTX/N)

We then consider the case that N < 36d. Consider the SVD decomposition of X = UXV, ¥ = diag(A1,- -+, \¢), and
U € RV*4 v ¢ R?*9 are orthonormal matrices. Then By = V' T (X2 + dyI;)"'XU T, and hence

SN2 gg“’ 45N ~1/2,

g
Bzl < [[(22 +dy1a) '], < VNo - max 1 5 < A2y T2 < 6(NA) TR

Summarizing both cases, we have
IBall,, <45N"12 (4712 4 1).

Combining all the inequalities above completes the proof of (29). O

K. Generalized linear models

As a generalization of Appendix C.1, we show that transformers can implement the standard convex risk minimization
algorithm for generalized linear models (McCullagh, 2019). Let g : R — R be a link function that is non-decreasing and
Lg-smooth (i.e. sup, |¢'(t)| < Lg).

We consider the following convex problem
N
.~ 1
wgrMm = argmin Ly (w) 1= — Z (X3, W) ,5), (ICGLM)
weRd N i—1

where .
Lt y) = —yt +/ g(s)ds.
0

A canonical example of (ICGLM) is logistic regression, in which g(t) = 0104 () := (1 + e~*) ! is the sigmoid function,
and the resulting £(t,y) = log(t,y) = —yt + log(1 + €') is the logistic loss.

Theorem K.1 (Generalized linear model). For any 0 < a < 3 with k := g By > 0,B; > 0, ky = Lng/oz and
€ < By/2, there exists an attention-only transformer TF with

L= [28log(LyBuB./o)] +1,  maxM© <O(C;1+r%)e?) 0] <O (R+57'C,)
€ k

(where C,; > 0 is a constant that depends only on the C*-smoothness of g), such that the following holds. On any input data
(D, xN+1) such that

@ < Amin(V2Ln (W) < Anax(VZLy (W) < B,Yw € Bo(By),  |[wermlly < Bu/2, (30)
TFg (H(O)) approximately implements (ICGLM): We have hngjf) = [XN41;YN+1; W3 1; 1), where
[Un+1 — 9((xn+1, Warm))| < e.
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For any law P of (x,y), we also denote

LP(W) = E(x,y)NP[€(<wv X> 7y)]

When P is realizable by a generalized linear model of link function g and parameter 3, it is a standard result that
B € argming, L,(w) is the true minimizer of the population risk (proof by differentiating and using realizability). In
the general case where IP is not necessarily realizable, L, (w) is also a sensible measure of the performance of the linear
predictor x — (w, X).

Theorem K.2. Suppose that P is any distribution so that Assumption B holds for (P, g), and there exists 3* € argmin L,
with ||3*||y < Buw/4. Then as long as N > O (d), L > O (log(N/d)), there exists a L-layer transformer 0 that outputs
[XN+1;UN+1; W; 0p_24—3; 1; 0], such that the following holds.

(1) For the linear read-out ',y = (X1, W), it holds that

in : d
E(D,yN+1)~1P V(glN+17yN+1)] - Hgan(ﬁ) <0 (N) .

(2) (Realizable setting) If there exists a (3 such that under P, E[y|x] = g({3,x)) (i.e. B* = B), then

E(fv1 — yv+1)® < E(g((B, xxv+1)) — ywvs)? + O (;3) ,

or equivalently, E(yn+1 — Elyni1]xn41])2 < O (%)

Here O (-) hides constants that depend on the parameters in Assumption B.

Assumption B. We assume that there is some B,, > 0 such that for any t € [—B,,, B,,], ¢'(t) > p14 > 0.

We also assume that for each i € [N + 1], (x;,y;) is independently sampled from P such that the following holds.
(a) Under the law P, We have x ~ SG(K,), y ~ SG(K,) and g({w,x)) ~ SG(K,)Vw € B3(B,).

(b) For some p, > 0, it holds that
E[1{|x"w| < B,/2}xx"] = u.I Vw € By(B,,).

Applying Theorem K.2 to logistic regression, we have the following result as a direct corollary.

Corollary K.1 (In-context logistic regression). For the link function g = 0105 and any context 3, we consider
Plgg : x ~ N(0,1,), y ~ Bernoulli(g({8, x))).
Then as long as ||B|, < By, = O (1), we can choose By, jig, Ly, jto, K, K, = © (1). Hence, when N > O (d), there

exists a transformer @ with L = O (log(N/d)) layers, such that for any context 3 such that || 3|, < By, the following
holds.

(a) For yn+1 = rfe\afdy(TFg(H)) the prediction of 0, we have

~ d
E(p oy 1)~rs (Gn+1 — 9((B,xn+1))) > < O (N) :

(b) For some alternative read-out function read,,, we have

d

By sat KLPEC ) | PGy ) O ()0 for = reads (TFo(HD))
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K.1. Proof of Theorem K.1
Let us write B = max{B, B,,, 1} and define

= g, (5 e, o)

By Proposition F.1, g is (g4, M (¢,4), B, C - C,) approximable for all € € (0, Cy] and

M(e,) <C- 036_2 log(1 + C’gag_l),

g
where C' is a universal constant. Therefore, we can invoke Theorem H.1 to obtain that, as long as 27Tc, < B,,, there exists a
T-layer attention-only transformer 8:7) with M (e4) heads per layer, such that for any input H of format (3) and satisfies
(30), its last layer outputs hET) = [xi;9; WT;0p_24_3; 1;t;], such that

%" = wipll, <&+ (LB Ba),

where {w5p } ¢e(z) is the sequence of gradient descent iterates with stepsize 3 ~1 and initialization wl, = 0. Notice that
Proposition F.2 implies

By,
[ wh ~ wanll, < exp(~T/(26) Iwarnly < exp(~T/(26)) - 2 =<,
Furthermore, we can show that (similar to the proof of Theorem H.1 (b)), there exists a single attention layer 0(T+1) with
M (g,) heads such that it outputs hgjll) = [XN11;UN+1; WT50p_94-3;1;0], where ’@NH — g(<xN+1,vAvT>)‘ < g,
In the following, we show that for suitably chosen (T, ¢,), 8 = (0(4:7) (TF1)) is the desired transformer. First notice that
(T+1)
+1

itsoutput hiy ;"\’ = [xn11;Un+1; W 0p_aq—3; 1; 0] satisfies

v1 — 9((xne1 werm)| < [Unver — 9((xnvg1, W) + Ly [(xvg1, W) = (X1, wernw)|
<eg+ LyB. ||[W" — wipl|, + Ly Ba |Wwép — werm],
<ey(1+ LyB, -TB 'By) + LyBue,.

Therefore, for any fixed € > 0, we can take

! :
21+ T.-(LyB2B~1)’

T=1[2k IOg(LngBw/g)] ) &g

so that the 8 we construct above ensures |y +1 — 9((Xn+1, WaLm))| < ¢ for all input H satisfies (30). The upper bound
on ||@]| follows immediately from Theorem H.1I. O

K.2. Proof of Theorem K.2

We summarize the statistical power of GLM in the following theorem.

Theorem K.3. Under Assumption B, the following statements hold with universal constant Cy and constant C1, Co that
depend only on the parameters (K, K, B,,, By, ltz, Lg, ttg)-
(a) As long as N > C, - d, the following event happens with probability at least 1 — 2e~N/C1:

1 - N
Ew: SHatt < Amin (VLN (W) < Amax(VZLn (W) < 8L,K2, Vw € Bo(By,).

(b) For any § > 0, we have with probability at least 1 — § that

o = sup HVWEN(W) - VWE[EN(W)]H2 < CoKLK, max{ e

wEB2(By

di + log(1/9) dL+1og(1/(5)}
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where we write . = log(2 + L,K2 B,/ Ky).

(c) Condition on (a) holds and N > Cj - d, the event &, := {||warm||y < Bw/2} happens with probability at least
1—eN/Cz,

(d) For any w € By(By,), it holds that

Ly(w) = Lpy(B) <

= 2
gl (B IVENO)IL).

(e) (Realizable setting) As long as warm € Ba(By,), it holds that

Ex(o(le woun)) ~ a((x. B)° < -2,

Therefore, we can set

a= % B =8L,K2,

B, = CoK,+/dlog(N/6), B, = CoKy+\/log(N/3).
Consider the following good events
gb = {V’L € [N]v ||Xz||2 S Bmv |yz‘ S By},

En+1 = {l[xnt1lly € Bay lynvs1l < Byl
E=ENELNE ﬂgb,N+1.

Under the event £ and our choice of «, 3, the problem (ICGLM) is well-conditioned (i.e. (30) holds).

Our proof of Theorem K.1 implies that there exists a L-layer transformer @ such that for any input H of the form (3), TFg
outputs h'y | = [Xn41;Yn+1; W; 0p_24-3; 1; 0], such that the following holds on the good event £:

@ |yn+1 — 9({xn+1, warLm))| < €, and the prediction is Y1 = r/e;iy(TFg(H)) = clipg, (Yn+1)-

) [|[VIn®)|, < 25

LoBuw
And we extra require that |w|| . < B,, always (which is possible because we can add a MLP layer that implements
projection into BZ_(B,,), following the transformer constructed in Theorem K.1).
In the following, we show that 6 constructed above fulfills both (a) & (b) of Theorem K.2.
Proof of Theorem K.2 (a). Notice that under the good event £, w = w(D) € By(B,,) is a function of D, and we have
Ly(W(D)) = Exp 1 yns) ((XN+1, W(D)) , yn+1). Therefore, we can consider & = £ N &, N &, and then
IE:(D,x1\1+1 JUN+1) [g(?]i\r’]+1’ yN+1)] - ED []I(EO)Lp(VAV)]
= E(D,xN+1 JYN41) V(@\IJI\?—}-D yN+1)] - E(D,XN+1 JUN+1) [H(EO)E«XN-FM V/O(D» ) yN+1)}

=E@snirynen) HENGN 11, UN+1)] — EDxnsrynen) L€ — EV((xn41, W(D)) , yn+1)]

< 2/P(E) o (AT, 1 v B G, (D)) o1} = 0 ().

where the first and second equality use w = w(D) on the good event &£, and the line follows from Cauchy inequality and
the fact P(£¢) < N~10, and By is defined in Lemma K.1.

Notice that by Theorem K.3 (d), we have

(Ble2ud] + E[1E0) [VIn@)]3]).
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and by Theorem K.3 (b) and taking integration over § > 0, we have

2 9 -2 dt di\?
Elefa] <O (1) - KZ K, N+ v '

Therefore, we can conclude that

K2K}u d K , B?
-~ T e+ =
Pgbe N pighe By N5

EDxni1ynit) (@GN yn41)] <inf L, + O (1) - (

KSL d

: 2
Taking £° < BuRZ N

completes the proof. O
Proof of Theorem K.2 (b). Similar to the proof of Corollary C.2, we have

E(Jn+1 — yn+1)° =E[H{E}@n+1 — yn+1)?] + E[{E} TN+ — ynv+1)?]
<E[H{E}Gn+1 — yn+1)?] + VPE)E@N+1 — yn+1)%,

where the inequality follows from yn1 € [-B,, B,] on event £. For the first part, we consider &' = &£, N & N &, N
{lIxn+1lly < By}, and then

E[1{E}HFvs1 — yva1)’] < E[HE G — ywer)’]
= E[H{&}Gv+1 — Elyw|D xv1))*] +E[H{E Hun+1 — ElynalD,xn])’]
= E[H{E} G+ — 9((en1.B))° | +E[HE My — g(xns1. 8],
where the second line uses . Thus,
E[1{E}HFv+1 —yn+1)’| — Elyner — g((xne1.8)))°
< B[} — g(xn+1,8)]
< 2E[U{E} 1 — 9((ev 41, warn))?] + 2B [L{EH g wara) — g((x, 8)))’]

2L LyK2K21 d
<24 IR, <224+ 0(1) LY .
Ha g Paptg N

For the second part, we know P(£¢) = O (N 1) and

E(Un11 —yn+1)* <8EGX 1 + 8Eyn .,y = O (By).

In conclusion, we have

E(fn+1 — yn+1)? < E(yns1 — 9((xn11,8)))° +28% + O (1) - LoHekye d + O By -

- talty N N>
. o  LgKZKZ. g4
Takmg& S Tgyﬁ

Lemma K.1. Suppose that x ~ SG(K,), y ~ SG(K,), and w is (possibly random) vector such that |w|| . < B,,. Then

completes the proof. O

1/4

E[¢((x,w),y)*] " <O (L,K2BLd* + K,K,B,d) =: By.

Proof. Notice that by our assumption, |g(0)| < 2K,. Therefore, by the definition of ¢,

< [t(g(0) —y)[ + / (9(s) — g(0))ds| < |t| (2K, + [yl) + 2Lyt

0

|an=}m+/2@w

0

The proof is then done by bounding the moment E |y|* and E |(x, w)|® < (VdB,,)*E Hng, which is standard (by utilizing
the tail bound of sub-Gaussian/sub-Exponential random variable). O
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K.3. Proof of Theorem K.3 (a)
We begin with the upper bound on )\max(VQE ~(w)). By Lemma E.3, as long as N > Cj - d, the following event

1 N
N > oxix]
i=1

happens with probability at least 1 — exp(—N/C)). By the assumption that sup |¢'| < Ly, it is clear that when &, ¢ holds,
we have Apax (VZLy (W) < 8L K2 Vw € R%.

< 8K?2.

op

5w0:

)

In the following, we analyze the quantity Amax (V2L (W)). We have to invoke the following covering argument (see e.g.
Vershynin (2018, Section 4.1.1)).

Lemma K.2. Suppose that V is a e-covering of S%~1 with ¢ € [0, 1). Then the following holds:

105 MaXyey |v Av| and

Amin(A) > minv ' Av — 2¢ [|A
()_Ivnelgv v— 2|4l

maXyey |<V, X> |

1
2. For any vector x € < 1=

Notice that
N 1 X
ViLn(w) = + > o (fwoxi)pxix] =+ Zug (w,x:)| < B)x;x,

=1
1 [(w, %)
i=1 +

Therefore, we can define h(t) := (B, — |t|)+ (which is a 1-Lipschitz function), and we have

VQLN Zh WXz Xz

=:A(w)

In the following, we pick a ey -covering V of S¢~1 such that [V| < (3/e )¢ (we will specify e later in proof). Then for any
W € BQ(Bw),

Amin(A(W)) > min VTA(W)V — 2y || A(W)||

vEV op
By our definition of A(w), we have (for any fixed B,,)
minv ' A(w)v = min 1 f: h((w,x;)) (v, %;)?
vev vev N & P
= gy 2o e, )
=:Uy (W)
2 min E[Uy (w)] + min (Uy (w) — E[Uy(w))).

By Lemma K.3, we can choose By, = K, (15 + log(K2/u,)), and then E[Uy(w)] > 3B, /8. Thus, combining the

128 K2

inequalities above, we can take €, = . ———= in the following, so that under event &, o,

) 27 > Hgla  Hg B _ B
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In the following, we consider the random process { U+ (w) := Uy (w) — E[Uy (w)] }w, which is zero-mean and indexed by

w € By (B,,). For any fixed v, consider applying Proposition F.4 to the random process {Uv(w) }w. We need to verify the
preconditions:

(a) With norm p(w, w') = |w — w’

9, log N (B, (w,),8) < dlog(2Ar/§) with constant A = 2;
(b) Let f(x; W) := h({w, x;)) min { (v, x;)?, B2, } then | f(x; w)| < B, B2, and hence in SG(C B, B,) for any random
X;

(c) For w,w’ € W, we have |h({w,x;)) — h((W',x;))| < [{w —w',x;)|. Hence, because x ~ SG(K,), the random
variable h((w, x)) —h({(w', x)) is SG(C K ,||w—w’||2), and the random variable f(x; w)— f(x; w’) is SG(CK, B2, ||w—

w'l[2).

Therefore, we can apply Proposition F.4 to obtain that with probability 1 — dg, it holds

sup ’UV(W)‘ < C’BMBiv N

\/dlog(ZHg) + 10g(1/50)]

where we denote k, = 1 + K, B,,/B,,. Setting 6o = §/ |V| and taking the union bound over v € V, we obtain that with
probability at least 1 — 6,

max sup ’UV(W)|§C'BHB§U

VeV ||w|,<B. N

\/ dlog(8k,/ey) + log(1 /5)]

where we use log [V| < dlog(4/ey ). Therefore, we plug in the definition of ¢, and By, to deduce that, if we set

16C'B2,\* 128K
= (ur> log(8kg/ey), &y = Tt By = K, (15 + log(K2 /1)),

then as long as N > C - d, it holds maxyey E[Uy (w)] — Uy (w) < “’”1—?“ with probability at least 1 — exp(—N/C1). This
is the desired result. O

Lemma K.3. Under Assumption B, for By, = K, (15 + log(K2/u.)), it holds

inf E[1{|x"w| < B,/2}(x"v)?1{|x"v| < By, }] > 3. /4.
wes (A yesis [H{x w| < B./2}(x v)"1{|x ' v| < Byy}] > 3pa/

Proof. For any fixed w € By(B,,),v € S¢71,

E[{lx"w| < B,/2}(x"v)*1{|x"v| < Ba.}]
— B[1{xT W] < Bu/2} < v)?}] — B{[xTw| < B/2Hx V) 1{x"v] > By}
> e — E[(x'v)*1{|x"v| > By, }].

Because x ~ SG(K,), x v ~ SG(K,), and a simple calculation yields
B[ v)P1{IxTv] > K, )] < 2K2(8 + 1) exp(—#2).
Taking t = 15 + log(K2/p,) gives E[(x " v)21{|x"v| > B,,}] < /4, which completes the proof. O
K.4. Proof of Theorem K.3 (b)
Notice that

~ 1 X
VLy(w) = N Z (9({w,x:)) — yi)xi.
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In the following, we pick a minimal 1/2-covering of S~! (so |V| < 5%). Then by Lemma K.2, it holds

|VEIx(w) ~EIVEx(w)]|| < 2max | (VEy(w), v) = E(VEx(w),v)

=:Xy(w)

2

Fix av € S~ ! and set §' = §/|V|. We proceed to bound sup,, | Xy (w)| by applying Proposition F.4 to the random process
{Xv(w)},,- We need to verify the preconditions:

(a) With norm p(w, w’) = ||w — w’||5, log N (6;B,(r), p) < dlog(2Ar/d) with constant A = 2;
(b) For z = [x; y], we let f(z;w) := (9((w,x)) — y) (x,V), then f(z;w) ~ SE(CK,K,) for any w by our assumption
on (x,y);

(c) For w,w’ € W, we have |g((w,x)) — g((w',x))| < L, |(w — w’,x)|. Hence, because x ~ SG(K), the random
variable g((w,x;)) — g((w’,x;)) is sub-Gaussian in SG(K,L,||w — w’||2). Thus, f(z; w) — f(z; w’) is sub-exponential
in SE(CK2L,||w — w'||2).

Therefore, we can apply Proposition F.4 to obtain that with probability 1 — dg, it holds

log(2 log(1 log(2 log(1
sup [ Xy ()| < 'K K, l\/d Ce(2ry) +108(1/%0) | dlog(ry) +logl /5")],

where we denote k, = 1 + L,K2B,,/K,. Setting 5, = 6/ |V| and taking the union bound over v € V), we obtain that with
probability at least 1 — 6,

max sup |Xy(w)| < C'K.K, l\/ N N

dlog(10k,) + log(1/9) N dlog(10k,) + log(1/9)
VEV flwll,<Bu '

This is the desired result. O

K.5. Proof of Theorem K.3 (c)

In the following, we condition on (a) holds, i.e. Ly is a-strongly-convex and 3 smooth over Bo(B,,) with o = pu(14/8 and
B = CoLy,K?2. We define

W = argmin EN(W).
weEB2(By)

Then by standard convex analysis, we have
oW = BII; < (VIn(W) = VLy(8), - 8) < (~VIx(B),% - 8) < [VIn(B)], IW - Bll,

Notice that HVE ~(B) ||2 < Egtat, We can conclude that

~ Estat
1%, < 18], + =2,

Recall that we assume || 3|, < B,,/4, we can then consider & := {estar < aB,,/4}. Once & holds, our argument above
yields W < B,,, so W = argminy, s Ly (w). Further, by Theorem K.3, we can set

4CyaK, K, \? = 4CyaK, K
Cy = max {2 oz Ry 72L.M 7
B’w Bw

so that as long as N > (Csd, the event &, holds with probability at least 1 — exp(—N/C5). This is the desired result. ]
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K.6. Proof of Theorem K.3 (d) & (e)
We first prove Theorem K.3 (d). Notice that
V2L, (w) = E[g/(<x, W))XXT] = E[MQH(KX, w)| < BM)XXT] = prgtizla, VW € Bo(By)

and we also have V2L,(w) =< L E[xx"] < 2L, K21, as x ~ SG(K,). Therefore, L, is a, strongly convex and
Bp-smooth over Ba(B,,) with o, = pgp, and 3, = 2L,K?2. Therefore, because 3 € By(B,,) is the global minimum of
L, it holds that for all w € By (B,,),

Ly(w) — Ly(8) < 2; IV Ly (w)]2.

By the definition of egtat, || VL (W)|l2 < stat + VL (w)]||2, and hence the proof of Theorem K.3 (d) is completed.

We next prove Theorem K.3 (e), where we assume that E[y|x] = g((x,3)) and wgrm € B2(B,,). Notice that

VL (w) =E[VLy(w)| = El(g((x,w)) ~ y)x] = El(g((x,w)) — gl (w, )],
and hence

(VLy(warm), warm — B) = E[(9((x, waLm)) — g({w, 8))) - ((x, warLm) — (w, 8))]

1

> L—]E[( g9((x, warm)) — g((w, 8)))?].

On the other hand, by the a,-strong-convexity of L, over Ba(B,,), it holds that

1
(VLy(Wera), worn — 8) < — IV Ly(wera) 5.
P

Finally, using the fact that VL ~N(wWarm) = 0yields |[VL,(WaLm)|l, < Estat, and hence completes the proof of Theo-

rem K.3 (e). O

L. Proofs for Section C.2
L.1. Proof of Theorem C.2

Fix Ay > 0, 8 > 0 and B,, > 0, and consider any in-context data D such that the precondition of Theorem C.2 holds.
Recall that

N
1
Llasso = ﬁ ; w X’L + )‘N ||W||1

denotes the lasso regression loss in (ICLasso), so that wi\ . = argmin,cga Liasso(W). We further write
1N
2 —
ﬁz; w,x;) — i)’ R(W) = Ay [[wl]; .
i=

Note that V2L, (w) = X T X/N and thus LY is S-smooth over R?.

Consider the proximal gradient descent algorithm on the ridge loss

t+1 70 t
Wpep = ProX,;r (WPGD nVLN(WPGD))

with initialization w ¢, := 0g, learning rate  := 37!, and number of steps 7" to be speciﬁed later. Similar to the proof of
Theorem C.1, we can construct a transformer to approximate w¢,,. Consider £(s, t) = (s — t)? and R(w) = Ay [|w]|;,
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then 0s£(s, t) is (0, +-00, 2, 4)-approximable by sum of relus (cf. Definition H.1), and prox, r is (0, +00, 4d, 4 + 2n\y)-
approximable by sum of relus (Proposition H.1). Therefore, we can apply Theorem H.2 with the square loss ¢, regularizer
R, learning rate 7 and accuracy parameter 0 to obtain that there exists a transformer TFg with (7" 4 1) layers, number of

heads M) = 2 for all £ € [L], and hidden dimension D’ = 2d, such that the final output hg\f}rl = [XN+1;UN+1; Whap; *]
with Jn 41 = (Wlgp, Xn+1). Further, the weight matrices have norm bounds [|6]| < 10R + (8 + 2Ay) 37"

By the standard convergence result for proximal gradient descent (Proposition F.3), we have for all ¢ > 1 that

B
Llasso (W%GD) - Llasso(wlasso) S % ||W1asso||§ .

Plugging in ||Wiagsol|s < Byw/2and T =L —1 = [BBQ /5] finishes the proof. O

w
L.2. Sharper convergence analysis of proximal gradient descent for Lasso

Collection of parameters Throughout the rest of this section, we consider fixed N > 1, Ay = 4/ % for p > 0,

v > 1 fixed (and to be determined), fixed 0 < o < 3, and fixed B, > 0. We write x := 3/, ks := B(B%)?/v?, and

p slogd

EN::a N

Here we present a sharper convergence analysis on the proximal gradient descent algorithm for Lj,45, under the following
well-conditionedness assumption, which will be useful for proving Theorem C.3 in the sequel.

Assumption C (Well-conditioned property for Lasso). We say the (ICLasso) problem is well-conditioned with sparsity s if
the following conditions hold:

1. The (v, p)-RSC condition holds:

_ logd
PN

2
IXwl .

T Iwl?>,  vweR< 31)

2
1wl

Further, Amax(XTX/N) < B.

2. The data (X,y) is “approximately generated from a s-sparse linear model”: There exists a w, € R? such that
Wl < B, [|Willg < s and for the residue e = y — Xw,,

[X7ell.. < 3.

3. It holds that N > 322 - slogd. Consequently, ey < O(1).

Assumption C1 imposes the standard restricted strong convexity (RSC) condition for the feature matrix X € RN*¢

and Assumption C2 asserts that the data is approximately generated from a sparse linear model, with a bound on the
Lo norm of the error vector X " . Assumption C is entirely deterministic in nature, and suffices to imply the following
convergence result. In the proof of Theorem C.3, we show that Assumption C is satisfied with high probability when data is
generated from the standard sparse linear model considered therein.

>

Theorem L.1 (Sharper convergence guarantee for Lasso). Under Assumption C, for the PGD iterates {w'},-, on loss

function Elasso with stepsize n = 1/ and starting point w° = 0, we have E]aSSO(WT) - Elasso(v?r) < e for all

B(By)? B(By)? > Mus%}
14 14 g g

The proof can be found in Appendix L.4. Combining Theorem L.1 with the construction in Theorem C.2, we directly obtain
the following result as a corollary.

S

TZC[ +/<clog<C~/<;~

where C' is a universal constant.

Theorem L.2 (In-context Lasso with transformers with sharper convergence). Forany N,d,s > 1,0 < a < 3, v >0,
p > 0, there exists a L-layer transformer TF g with

L = [C(ks+ k(log(Cks/e) + vex [e)) ], max MO <2, max DY < 24,
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16l <3+ R+ (8+2xn)87",

such that the following holds. On any input data (D, Xy +1) such that the (ICLasso) problem satisfies Assumption C (which
implies | Wiasso|ly < Buw/2 with By, = 2B, + \/v/a), TFe(H®)) approximately implements (ICLasso), in that it outputs
Yn+41 = ready (TFg(H)) = (Xn41, W) with

Elasso (V/‘\f) - Zlasso(wlasso) S g.

L.3. Basic properties for Lasso

Lemma L.1 (Relaxed basic inequality). Suppose that Assumption C2 holds. Then it holds that

2 s~ ~
||W - W*Hl S 4\/g HW - W*HQ + E (Llasso(w) - Llasso(“’*))» Yw € Rd~

As a corollary, ||[Wiasso — Wil|; < 4V [|[Wiasso — W[5

Proof. Let us first fix any w € R?. Denote A = w — w,, and let S = supp(w, ) be the set of indexes of nonzero entries
of w,. Then by definition, y = Xw, + € and |S| < s, and hence

2 2 2 2 2
1Xw = y[2 = [Xw, — y[2 = XA — ] — [le]2 = |XA|? — 26 XA,
Iwil, = wally = S (wlil = [walil) + 3 Iwiil|

JES JES
> =Y wli] = walill + > Iwlill = |Ase]l, — A, -
jES Jjé&s
Combining these inequalities, we obtain
1 2 ETXA ~ ~
0< N HXA”Q < + >‘N(||ASH1 - HASCHl) + Liasso(W) — Liasso(Wy)
AN ~ ~
< 5 ”A”l + )‘N(HAS”1 - ”AS“H1) + Liasso(W) — Liasso (W) (32)

7(3 ”ASH1 - ”ASCHl) + Liasso(W) — Liasso(Wy),

xT xT
where the second inequality follows from ETI%(A < ! ; L ||AJ]; and our assumption that 2 X ]l < Ay, and the last

inequality is due to ||Al|; = ||Ag]|; + ||Ase]|;. Therefore, we have

2/~ ~
HA“l = ||AS||1 + HAscHl <4 ||ASH1 =+ E(Llasso(w) - Llasso(w*))
2 /=~ ~
S 4\/§ HAHQ + E (Llasso(w) - Llasso(w*))7

where the last inequality follows from [|Ag|; < /s ||Agll, < v/s||All,. This completes the proof of our main inequality.
As for the corollary, we only need to use the definition that Liasso (Wiasso) < Liasso(Wx)- O

Proposition L.1 (Gap to parameter estimation error). Suppose that Assumption C holds. Then for all w € R?,
SAZ
|w — w5 <C a—év + v 'gap® + gap|,

where we write gap := Liasso(W) — Liasso(Wiasso), and C' = 120 is a universal constant. In particular, we have
2 v slogd
leasso - W*||2 < 1022 Ng .
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Proof. We follow the notation in the proof of Lemma L.1. By (32), we have

AN

1 9 ~ ~
0< 5N ”XAHz > (3 HAS”l - ||AS°H ) + Liasso(W) — Liasso(W),

and hence ||A|; < 4/s[|A], + 2/\%,3 due to Elasso(w) — flasso(w*) < gap. On the other hand, by the RSC condition
(31), it holds that

XAl ) logd
~ 2> allAf; - [N
Therefore, we have
2 log d 2
allAlly <3AwVs[All, +p A7 + 2gap

N
< 3AnVs 2g P
<3\N 5||A||2+p N 4/s ||All, + +2gap

< 55)\%,
o

20slogd 2 20 log d
—— ||A
PN IAllz +p

@]
+gIIAH§+ gap® + 2gap,

where the last inequality uses AM-GM inequality and Cauchy inequality. Notice that p20S logd %a, we now derive that

30sA% 1201ogd
SAN og

Al <
H ”2— ag P )\%VN

gap” + 12gap.

Plugging in Ay = 4/ &1\‘}“ completes the proof. The corollary follows immediately by letting w = W1,gs0 in above proof
(hence gap = 0). L]

Lemma L.2 (Growth). It holds that

1

2N HX(W Wlasso)”g < Llasso(w) - Elasso (Wlasso)7 Yw.

Proof. For simplicity we denote W := Wi,gs0. By the first order optimality condition, it holds that
1 N ~
0¢€ NXT(XW —y)+ OR(W),

where we write R(w) := Ay ||[w||,. Then by the convexity of R, we have

. . . 1 . .
R(w) — R(w) > (OR(W),w — W) = <—NXT(XW —-y),w— W>
1 ~ ~
= -5 XW -y, (Xw —y) — (XW —y))
1 ~
= — o XKW =yl + 55 1XW — 5 + 5 IX(w = W3
Rearranging completes the proof. O

L.4. Proof of Theorem L.1

For the simplicity of presentation, we write W = Wiass0 and we denote gap’ := Ljagso(W') — Liasso (W).

By Lemma L.1, we have ||[w' — w, ||, <4/s|w! —w,|, + 2§ap which implies

2gap’

I = Sl < ot = w19 = wlly < 4V W =l 85 9 = w5
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2 log d

We denote iy = p° <%= Using the assumption that X is («, p)-RSC, we obtain that

1 ~ ~ ~
F X =W > a w5 = o w7

= o = [ = o (208 " = -+ 4001 10— w1+ e )
N

30p2slogd
@

Thus, as long as N > , we have

4004y
AN

< 2gap’ + 400v " (gap®)? + 400suy |W — w*||§ ,

(gap’)?

2 N 1 N ~
?oz Hwt - W||§ < N HX(W75 — w)Hz +400suy |w — w*||§ +

where the last inequality follows from Lemma L.2 and the definition of A\, .
We define eqar := 4005y |W — w, |3, T := 1008~ ||W||5. By Proposition E.3(3), it holds that for ¢ > Ty,

14

t < E 12 < i SN2 — .

— 2t
Then for all t > Ty — 1, we have (the second < below uses Proposition F.3(2))
e = ]2 < dgop™ + eas < 28|l = W [ = 2 + e

2 2e a\"! 2 2
= [t w2 (1 ) (et - 2,

Therefore, fort > Ty — 1,
Hwt _ VAVHQ < exp —i(t _ [TO—| + 1) waTo]fl _ VAVHQ n @
2= 12 ) o
2€stat

«a ~ 112
exp (=550t~ To) ) I3 + 22,

where the last inequality follows from Proposition F.3(2). Further, by Proposition F.3(3), we have

t+k B to~2 B a 2 2Estat
gap'™" < % |w waQ < 2k[exp <125(tT0)> w5 + 5 ], vt >Ty—1,k>0.

Hence, we can conclude that gapT < ¢ for all T such that

~ (12
T > 1008y~ |[Wl|3 + 12+ log (B lZ”) - “Ezfat +1.

Now, by Lemma L.1, it holds that

- N 200pslogd
1915 < 2wl + 2 1% - w3 < 2(B3)? + =525
a*N
Plugging in our definition of
log d N log d
UN = p 5)\7g 3 Estat +— 4OOSMN HW - W*||§7 EN = gs ?\? S 1

completes the proof.
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L.5. Proof of Theorem C.3

In this section, we present the proof of Theorem C.3 based on Theorem L.2. We begin by recalling the following RSC
property of a Gaussian random matrix (Wainwright, 2019, Theorem 7.16), a classical result in the high-dimensional statistics
literature.

Proposition L.2 (RSC for Gaussian random design). Suppose that X = [x1;--- ;xn]|' € RY*? is a random matrix
with each row x; being i.i.d. samples from N(0,X). Then there are universal constants ¢; = %7 co = 50 such that with
e—N/32

probability at least 1 — 5 —x75,

|Xwl?
T2 > oy il - eap(E)

logd
N

[wl|?, Vw € R?, (33)

where p(X) = max;¢(q) Li; is the maximum of diagonal entries of X.
Fix a parameter 0; < ¢ (which we will specify in proof) and a large universal constant Cyy. Let us set
a=ca=0(1), B=81+(d/N)), p=c=06(1),
B, = Co/dlog(N/5y), B, = Cy(B}, + 0)\/10g(N/51).
Similar to the proof of Corollary C.2 (Appendix J.4), we consider the following good events
Ew = {Amax(XX/N) < B and X is (o, p)-RSC},
& = {IIXe||. > 4o/ Niog(ad/a) },

& ={Vi € [N], ||xill, < Bz, |yil < By},
Eo,n+1 = {lIxn+1lly < Ba, lyn+1| < By},

and we define £ := &, NE NENEy N1

Furthermore, we choose v > 0 that correspond to the choice Ay = 8o/ %’ and we also assume N > 35% - slogd.
Then, Assumption C holds on the event £.

Therefore, we can apply Theorem L.2 with ¢ = ve, which implies that there exists a L-layer transformer 8 such that its
prediction g1 := read, (TFg(H)), so that under the good event £ we have Jn 41 = clipg, ((xn+1, W)), where

Llasso(w) - Llasso (Wlasso) S VEN.

In the following, we show that @ is indeed the desired transformer (similarly to the proof in Appendix J.4). Consider the
conditional prediction error

E [(In+1 — yn+1)?| D] =E [H{E}Hn+1 — ynv+1)?| D] + E [H{E I @n+1 — yn+1)?| D],
and we analyze these two parts separately under the good event &y := &, N &, N E, of D.

Part I. We first note that
E [1{&}@v+1 — yn+1)*| D] =E [{ENCclipg, (x41,)) = yn+1)?| D]
<E[H{E}((xn11,W) —yn11)?| D,

where the inequality is because yn+1 € [—By, By under the good event £. Notice that by our construction, under the good
event £, w = w(D) depends only on the dataset D (because it is the (L — 1)-th iterate of PGD on (ICLasso) problem).
Applying Proposition L.1 to w(D) and using the definition of ;v and our choice of A, we obtain that (under &)

2 2
I¥(0) = willy < O |28 4 vk 4 vex] — 0 (B,
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Therefore, under &,

E[1{&H(xn+1, W) —yn11)?| D] = E [1{E}(( XN+1, Ww(D)) — yn11)?| D]
<E[((xn4+1, W(D)) — yn41)*| D]
E[((xn41,W(D)) — (xn41,W4))?| D] + 0
= [W(D) - w.]l; + o

- i o ()]

Part II. Notice that under good event &, the bad event £¢ holds if and only if 557 Nl holds, and hence

E [H{EVMUn+1 —ynv+1)?| D] =E [1{& ny1 Y ON11 — yn+1)?| D]
< \/P(Ezf,w+1)]E[@N+1 —yn+1)t].

With a large enough constant Co, we clearly have P(£f 1) < (61/N) 10_ Further, a simple calculation yields

E(@\N+1 - CUN+1)4 < SE(?/J\?\/q,l + y;l\/LH_) < 833 + 8]Ey;1\]+1 < 1633,

where the last inequality is because the marginal distribution of yx 1 is simply N(0, o2 + ||w,]|3). Combining these yields

E[1H{E}Gn+1 — Z/N+1)2] D| <O (ff’é) <O (55(( )’ N4)log(1/61)>

, B%} is enough for our purpose, and under such choice of 41,

Therefore, choosing §; = min{4
2
E[H{EVUnt1 —yn+1)?| D] <O (N4>

Conclusion. Combining the inequalities above, we can conclude that under &,

s log(d/6)>] |

E[(@ver —yn11)? D) < 02 [1 ‘o ( i

It remains to show that P(&y) > 1 — 4. By Proposition L.2, Lemma F.2 and Lemma F.4, we have

] )
]P)(Ew) < 3exp(fN/32), P(‘S ) < 5 (Sb) < Z
Therefore, as long as N > 321log(12/0), we have P(&y) > 1 — §. This completes the proof. O

‘We also remark that in the construction above,
R=0 ((B;, + o)Wdlog(N - (1+ B;,/a))) ,

which would be useful for bounding ||@||.

M. Proofs for Section D
M.1. Proof of Proposition D.1

We begin by restating Proposition D.1 into the following version, which contains additional size bounds on 6.

Theorem M.1 (Full statement of Proposition D.1). Suppose that for

La(f)im o S0 6 (xi), ),

"Dval‘ (%4,Y:) €EDyal
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0(-,) is (v/3, R, M, C)-approximable by sum of relus (Definition H.1). Then there exists a 3-layer transformer TF g with
2NKC

Igé?g;](M“) < (M +3)K, %ﬁm <K+ K+1, 0] < Dl +3y ' +7KR.
that maps
by = [ fr(xi)i 5 fre(xi); Ok Lits) = )= [ f(xi); Lital, i € [N + 1],
where the predictor f R? — R is a convex combination of { fy. : Va,(fk) < ming, e[K val(fie.) + v} As a corollary,

for any convex risk L : (R* — R) — R, f satisfies

o~

L(f) < ming, ¢[x] L(fr,) + maxye(x Lya(fi) — L(fi)| +

To prove Theorem M.1, we first state and prove the following two propositions.

Proposition M.1 (Evaluation layer). There exists a I-layer transformer TFg with MK heads and ||0| < 3R +
2N KC/ |Dyai| such that for all H such that max;{|y;|} < R,max; ;{|f;j(x:)|} < R, TFg maps

hy =[x 0% f1(xa); - fre(%0); Oreqns 15 8]
= b =[xk i) Fr(%0); Luat(f1); -+ 5 Luat(fx0); 05 15 84], i€ [N+1],

where Ly, (+) is a functional such that maxy,

Eval(fk) - Zval(fk)’ S €

Proof of Proposition M.1. As (is (¢, R, M, C)-approximable by sum of relus, there exists a function g : R? — R of form

M
9(5,8) = > cm0(ams + bt +d) with Y |em| < C, Jam| + b + |dm| < 1, Vm € [M],

m=1 m=1

such that sup(, ;ye—r,g)2 19(s, 1) — £(s,t)| < . We define

Zval(f) = L Z g(f(xi)’yi)v

D,
‘ val ‘ (%i,Y:) €Dyal

Next, for every m € [M] and k € [K], we define matrices Qy, i, Kin ks Vinx € RP*P such that for all 4, j € [N + 1],

Am fk(xj)
b Yj
m N+ 1)c,,
Qmihi = |dn|, Kpihj= 1 , Vpihj = (|D)| “€p_(K—k)-3
5 R +1;) wal
0 0

where e, € RP is the vector with s-th entry being 1 and others being 0. As the input has structure h; =
[xi5 9% f1(x3); -+ 5 Fr(X4); 0115 15 8], these matrices indeed exist, and further it is straightforward to check that
they have norm bounds

K(N+1)C

max o 1Qmkllop <3, max oy Emsllop <2+ R, > HmGllop_W
va

me[M],ke[K me[M],ke[K me[M]k€e[K]

Now, for every 4, j € [V + 1], we have

o((Qm,khi, K ikhj)) = o(am fi(x;) + bmy; + dm — 2R(1 +¢5))
= a(amwaj + by, + dm)l{tj =—1},
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where the last equality follows from the bound |ap, fx(X;) + by, + dm| < R(|am| + [bm]) + dm < 2R, so that the above
relu equals 0 if ¢; < 0. Therefore, for each ¢ € [N + 1] and k € [K],

M
Z U(<Qm,khi7Km,khj>)Vm,khj
m=1
T (N+1)
= | D emo(amw x; +bny; +dw) | - oo Ut =—1lep_x-n-3
m=1 | va||
N+1
= g(fr(x;),y5) - (|D||)1{tj = _l}eD—(K—k)—3-
va

Thus letting the attention layer 8 = {(V,, 1, Qi ks Km,k)}(m e[ x K] We have

N+1
h; = [Attng(H)], = h; *m ;Zk (Qu.xhi, Ko 1))V, by
N+1 K
= ‘ ZZQ fu(%5),y5) - Ht; = =1} ep_(x—k)-
Dual =1 k=1

[
=
+

Mw ™M= s

1
Dot Z g(fk(xj)vyj) €p—_(K—k)-3

(x5,Y5) €Dyl

=h;+ Y Lea(fi) ep_(x—r)-3

=~
Il

1
= [xiiyii % f1(%0)i 5 fie(%0); Orcrns Lita] + [0p—r—33 Loal (f1); -+ 5 Luat (F); 05 05 0]
= [xs i % fr(x); 5 Fre(%0); Lual(F1); -+ 3 Lual (F50); 03 15 4], i€ [N+1].
This is the desired result. O

Proposition M.2 (Selection layer). There exists a 3-layer transformer TF g with

max M) <2K +2, maxD¥W < K24+ K+1, |0 <~y '+3KR+2.
re[3] 2€(3]

such that TF g maps

hy = [*; fi(xs); - 5 fre(xa); s - 5 L 05 15 84]
— bl = i) s fa(X)ik s fa)iLit], i€ [N +1],

where f: Zszl A fr is an aggregated predictor, where the weights A1, --- , A\ > 0 are functions only on L, - - - Ly
such that

K
S A=1, A >0onlyifLy < min Lg +1.
= k*€[K]

Proof of Proposition M.2. We construct a @ which is a composition of 2 MLP layers followed by an attention layer
2) o)
(6433 64 Ouihn).

mlp’ Ymlp>

Step 1: construction of Omll)) We consider matrix W( ) that maps
h=[xp_g_3;Li; - Lk ]

W h = Ly — Lo+ 5Ly — L -+ L — Lg—1; Ly; —Las -« 5 Le; — L],
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ie. ng)h is a K2 + K dimensional vector so that its entry contains {Lj — L} je(x) and {Lx, —Ly }re[x]. Clearly, such

ng) exists and can be chosen so that HWEU < 2K. We then consider a matrix ng) that maps

op
o(W{h) » WEo(Wh) = [0p_k_s5¢1 — ;- ;i — L 03] € RP,

where ¢, = ¢ (L) := 37, o(Lx — Ly). Notice that

cp, — L = —U(Lk) + U(—Lk) + ZU(Lk - ]Ll>,
£k

W < K+ 1 Weset65) = (W, W), then MLP )

and hence such Wél) exists and can be chosen so that HW
op mlp

maps h; to
Y = [ fi(xa); o Fre(xi)sens oo s er 05 15 t).
The basic property of {c }re[x] is that, if ¢ < v, then Ly < ming.g(x) La+ + 7.
Step 2: construction of Hﬁ})). We consider matrix WgQ) that maps
h=[xp_k-_3;c1; " ;cx; % 15 %]

s WPh =1 =y e —en; o 51—y ek er; —cx] € R3E,

<K+1+ 7_1. ‘We then consider a matrix WQQ) that maps
op

and WEQ) can be chosen so that HW?)

c(WPh) = WHe(Wh) = [0p_x_s;0(1 =y ') — 1+ s0(1 — v lek) — cx; 03] € R,

< 2. Weset ) = (W) W), then MLP 2 maps h{" to

which exists and can be chosen so that HWél)
op mlp

(= [ fa(a); 5 ()i w05 1it),
where uy, = o(1 — 7y~ Lex)VE € [K]. Clearly, ux, € [0,1], and ug > 0 if and only if ¢;, < 7.
Step 3: construction of 05,3%,1. We define
A =1—-0(1—u), Ae=oc(l—ug— - —up_1) —o(l—uy — -+ —up)Vk > 2.
Clearly, A\, > 0,and ), A\, = 1. Further,

)\k>0éuk>0:>Ck§’yﬁﬂ4k§kmi[r[1qlk*+’y.
re

Therefore, it remains to construct Bgiln that implements f= Z,If:l Ak f1 based on [hEZ)]i. Notice that

K-1

Fx)=0(1) filxi) + > ol —ur — - —uper) - (filxi) = fro1(xi))

k=1
—o(l—uy— - —ug) - fr(x:),

(34)

and hence we construct Bgln as follows: for every k € [K + 1] and w € {0, 1}, we define matrices Qg v, K w, Vi,w €
RP*D such that for all k € [K + 1]

Qi oh'? = [(fk(Xi) 8— R) - 1k] . Qun® = [(fkl(xi)o+ R) -1, |
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1
—uy

; Vk,ohf) =ep_2=—Vy 1h§2)7

K oh{” = Ky 1h{? =

—Uk-1
0

forall ¢,j € [N + 1], where we understand fy = fx1 = 0 and 1 is the k-dimensional vector with all entries being 1. By

the structure of h§2), these matrices indeed exist, and further it is straightforward to check that they have norm bounds

Wl < KR, Kyl <1, Viwl  <2K +2.
kel 1hme{0,1) 190l < helKA e (0,1} el = ke[K+§)e{o 1} Wl i
Now, for every i,j € [N + 1], k € [K + 1],w € {0,1}, we have
a(<Qk,wh§.2), Kk,wh§.2>>) =o((1—ur — - — wp—1) (fo—w(x;) + R))
=o(l—u — - —up—1)  (fr—w(x:) + R),
where the last equality follows from fi(x;) + R > OVk € [K]. Therefore,
S o({(Quah Ky kb ) )V,
ke[K+1],we{0,1}
:§j[1—u1-~—ukn (fulb) + R) = o1 =y =+ =) - (fia (%3) + B)] - eps
k=1

- ( ) €p_o,

where the last equality is due to (34). Thus letting the attention layer afjin ={(Vi,w: Qrw, Kk,w)}(k w)elK+1]x{0,1}> Ve
have

N+1

hi? = [Attne(H(Q))L NN +1 >0 <<Qk,wh§2)vKkﬁwh§‘2)>)v’“’wh;2)

=1 kw
=b” + f(x;) - ep_s
= [ fr(xi); -5 Fre (%) uns - uk F(xi); 1 ).

This is the desired result. O

Now, we are ready to prove Theorem M.1.

Proof of Theorem M.1  As ¢(-,-) is (v/3, R, M, C)-approximable by sum of relus, we can invoke Proposition M.1 to
show that there exists a single attentlon layer BStln so that Attnem maps

h;  —  h) =[xy fi(xi);--- i (%i); Luat(f1); 5 Luat (fx); 05 15 84), i€ [N+1],

for any input H = [h of the form described in Theorem M.1, and Eva|(~) is a functional such that

Ji
maxg Lval(fk) - zval <7

Next, by the proof of Proposition M.2, there exists (0&,, Hmli, Hg%n) that maps

K
h, - h¥= lxi§yi§*§fl(xi)§"' e (xi)ia > Nefr(xi)iLiti|, i€ [N +1],
k=1
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where A = (A1, ,Ak) € A([K]) and A\, > 0 only when zva|(fk) < ming« E\,a.(fk*) + v/3. Using the fact that

maxy |Z\,a|(fk) — Eva|(fk)| < /3, we deduce that X is supported on {k : Eva|(fk) < minyg, ¢[x] Em(fk*) +~}
Therefore, 8 = (0(1) o)) o 05;’,)611) is the desired transformer, with

attny Ymlp’ “mlp>

max M9 < (M +3)K, maxD® < K*4+ K +1,

€3] ¢e(3]
and
2NKC
el < max{3R+ Do +3K+1,K+34+~71, KR+2K+2}
val
2NKC
<TKR+=——— 477!
|Dva||
This completes the proof. O

M.2. Proof of Theorem D.1

We first restate Theorem D.1 into the following version which provides additional size bounds for 6. For the simplicity of
presentation, throughout this subsection and Appendix N, we denote Z; = {7 : (X;,¥:) € Dyain }» Lo = {4 : (Xi,¥;) € Dyai},
X = [x;]iez, to be the input matrix corresponding to the training split only, and Nt \Dtra,n| N, = |Dyall-

Theorem M.2. For any sequence of ridges {\ }re(x), 0 < o < B with K 1= = max;, 2 +>\ , By >0,v>0ande < By/2,
there exists an L-layer transformer TFg with

L = [2klog(By/(2¢))] +4, maxM® <3K+1, maxD®¥ < K*4 K +1,
Le(L] Le(L]
1 2N -1
o] <SKR+8(B+ X))~ + ~ T R := max{B,B,, By, 1},

such that the following holds. On any input data (D, Xy 1) such that the problem (ICRidge) is well-conditioned and has a
bounded solution:

o < Amin (X{ Xe/Np) € Amax (X Xo/Ny) < B, max W ge (Drain) ||, < Buo/2, (35)

TFg approximately implements ridge selection: its prediction

K
Un41 = ready(TFg(H)) = (W, xn41), W= MWy
k=1
satisfies the following.

1. Foreachk € [K), Wi = Wi(Dyrain) approximates the ridge estimator Wndge(Dtram ie. Hwk ndge(Dtram H2 <e

2. A= (M, -, Ak) € A([K]) so that

A > 0 only if Lya (W) < k{m[?q Lyat (W) + 7.

In particular, if we set 7' = 2(B, B, + By)Bze + 7, then it holds that®

~

TSk : S Ak /
ridge,train * LVal(Wridge,train) < min LV3|( rldge train) + Y }> < &

dist (w conv{w
k.€[K]

oW
where we denote Wik, \in rldge(Dtram)

To prove Theorem M.2, we first show that, for the squared validation loss, there exists a 3-layer transformer that performs
predictor selection based on the exactly evaluated Ly, (fi) for each k € [K]. (Proof in Appendix M.2.1.)

SThis is because Lyai(w) is (BzBuw + By)Ba-Lipschitz w.rt. w € Ba(Bu)
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Theorem M.3 (Square-loss version of Theorem M.1). Consider the squared validation loss

Zval(f) : ! Z (f(xz) - yz)2

- 2‘IDV3|‘ (zi,Y:) EDyal

Then there exists a 3-layer transformer TF g with

2N
max M <2K +2, maxD¥W < K2+ K +1, [0 <7TKR+ —— +~71,
£€[3] ¢e[3] |Dyall

such that for any input H that takes form

hy =[xy f1(xi); o5 fre(%0); Ok 3 15 4],
where TFg outputs hyi11 = [Xn41; f(xN+1); ; 1; 0], where the predictor f : RY = R is a convex combination of
{fr : Lva(fr) < ming, ¢(x) Lvai(fx,) + 7} As a corollary, for any convex risk L : (R? — R) — R, f satisfies

L(f) < ming, ex] L(fr,) + maxperr) |Lvai(fx) — L(fr)| +7-

Proof of Theorem M.2  First, by the proof of Theorem C.1 and Proposition F.5, for each k € [K], there existsal = L—3
layer transformer 8("7) such that TF (1.7 maps

h; — hET) = [xi; ¥ % (Wi, X4) 5+ 5 (Wi, Xq) 5 Okcs 1 64

so that if (35) holds, we have || Wj — w5,

||2 < eand wi € By(By).
Next, by Theorem M.3, there exists a 3-layer transformer (7 +1:7+3) that outputs

T+3 N
hg\;ﬂ) = [xXny15 (W, XN 1) 5% 15 4],

where W = S0 \Wi, A = (Ar, -+, Ax) € A([K]) so that

Ar > 0 only if Z\,a|(vAvk) < min E\,a|(vAvk*) + .
k*€[K]

This is the desired result. O

M.2.1. PROOF OF THEOREM M.3

Similar to the proof of Proposition D.1, Theorem M.3 is a direct corollary by combining Proposition M.3 with Proposi-
tion M.2.

Proposition M.3 (Evaluation layer for the squared loss). There exists an attention layer TFg with 2K heads and 0| <
3R + 2N K/ |Dyal| such that TF g maps

hy = [#; fi(x); - 5 fr(%0); Okcs %5 15 1]
= h =[x fi(xi); o fr ()i Dual(f1); o Dea(fr )i % Lt i€ [N+ 1]

Proof of Proposition M.3. For every k € [K]|, we define matrices Q. x, K x, Vinx € RP*P such that for all 4,5 €
[N + 1],

1 -1 Ji(x5)
Quobi= | X, Qumi=| .|, Kiohj=Kih=], %
,011; _9|> k,111 _9]> k,011; k, 1115 R(1+tj) ’
0 0 0
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N+1
Vioh; = -V 1h; = g (fr(xy) = yj)eD—(K—k)—S'
2 |Dval|
As the input has structure h; = [x;; ¥ %; f1(x:); -+ 5 fx (X:); 0k +1; 1; ¢;], these matrices indeed exist, and further it is

straightforward to check that they have norm bounds

K(N+1)

w Kiol|l . <1+R, Viwl B <——-—=~.

reird 2 oy 1Qkwllop <3, max Kk wlle, <1+ o Vel < Do

ke[K],we{0,1}

Now, for every ¢,j € [N + 1], we have
Z (<Qk thaKk wh >)Vk u,h

we{0,1}
=[o(fe(x)) —y; —2R(1 +t;)) — o(y; — fr(x;) — 2R(1 +¢;))] - M(fk(xj) —Yj)ep—(K—k)—3
= 14ty = ~1} o) — ) = oty — G- S Guloy) — e -c-io
=1t; = -1}~ (21\|]2;\—,a|1|) (fr(x;s) — yj)QeD—(ka)fs’

where the second equality follows from the bound | fx(x;) — y;| < 2R, so that the relus equals 0 if ¢; < 0. Thus letting the
attention layer @ = {(V v, Qk,w, Kk’w)}(k.w)e[K]x{O 1} We have

N+1
h; = [Attng(H)|; = h; + m 321 kz (Qk,whi, Ki wh;)) Vi, hy
N4l K
ka —y;)? Ht; = —1}ep_(k—k)-3
K 1
=h; + > (felxi) = ui)? |ep—(x-r)-3
1 2|Dva||
- (xjvyj)eDval

K
+>  Luai(fx) - €p—(k-k)-3
f=1

=[x yi% f1(xi); -5 fr(%i); 01 18] + [0D7K73;Zval(f1)§ e ;Evm(fK);O;O;O]

= [xisyis 5 [10%); 5 Fre (%5 Duat(F1); -+ Loai (f); 05 15 4], i€ [N+1].
This is the desired result. O
M.3. Proofs for Section D.2
M.3.1. PROOF OF LEMMA D.1

It is straightforward to check that the binary type check ) : R — R can be expressed as a linear combination of 6 relu’s
(recalling o () = ReLU(-)):

U(y) = 0<ng> - 20 (6) +a(y; ) +a<y_(€1_€)> —2a<y;1> —|—o’<y_(€1+€))

= Z ama(bmy + Cm)7

m=1

with )~ |ap| = 8/, max,, max {|by,|, [¢m|} < 2. We can thus construct an attention layer 8 = {(Q.,, K;,, V m)}e
with 6 heads such that

m=1

N+1
Qnh; = [bn;em;0p_2], Kphj =[y;;1;0p_2], V,h;= [

——am 'thODl]a
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which gives that for every ¢ € [N + 1],

oD o{Qubi Knhy)) [V,

N
1 7€[N+1]
6 4 N | X
_ \ _ yybinar
Z ZU myj“!‘cm)am_ﬁzw(y])_\y ay(D)'
m=1 _]:1 Jj=1
Further, we have ||@|| < 18/ = O(1/¢). This is the desired result. O

By composing the above attention layer with one additional layer (with 2 heads) that implement the following function

o(2(t = 1/2)) = o (2(t — 1)),

on the output WP (D), we directly obtain the following corollary.

Corollary M.1 (Thresholded binary test). There exists a two-layer attention-only transformer with max,c2 M (©) < 6 and
0l < O(1/¢) that exactly implements the thresholded binary test

]-7 if\I/binary(D) Z 13

inar . : 1
Vires' (D)= 40, if U (D) < 3, (36)

linear interpolation, oW.

at every token i € [N + 1], where we recall the definition of ¥*™" in Lemma D.1.

M.3.2. FORMAL STATEMENT AND PROOF OF PROPOSITION D.2

We say a distribution P, on R is (C, €¢)-not-concentrated around {0, 1} if
Py([—575] U [1 —&1+ E]) < Ce

forall € € (0, ]. A sufficient condition is that the density p,, is upper bounded by C within [—¢q, g9] U [1 — €9, 1 + &g

Throughout this section, let g1o¢(t) := (1 + e~*)~! denote the sigmoid activation, and let Wy, denote the solution to the
in-context logistic regression problem, i.e. ICGLM) with g(-) = o10g(-).

Proposition M.4 (Adaptive regression or classification; Formal version of Proposition D.2). For any B,, > 0, ¢ <
BB, /10,0 < a < Bwith k := /«, and any (C, &), there exists a L-layer attention-only transformer with

B, B, B4 11
L<O(klog , max MO <O (14+=2)e2), |0 <O(R+=+=
€ e[l a? B e

(with R := max {B;B,,, By, 1}, and € depending only on (C, ey)) such that the following holds. Suppose the input format
is (3) with dimension D > 3d + 4.

On any classification instance (D, xy+1) (such that {y; },c(n; C {0, 1}) that is well-conditioned for logistic regression in
the sense of (30), it outputs Y1 that e-approximates the prediction of in-context logistic regression:

|UN+1 — Olog ((XN+1, Wiog))| < €.

On the contrary, for regression problems, i.e. any in-context distribution P whose marginal P is (C, €y)-not-concentrated
around {0, 1}, with probability at least 1 — exp(—cN) over D (where ¢ > 0 depends only on (C\ g)), Yn+1 €-approximates
the prediction of in-context least squares if the data is well-conditioned:

[Un+1 — (Xni1, WLs)| <&  whenever D satisfies (5) with A = 0,

where wis denotes the in-context least squares estimator, i.e. (ICRidge) with \ = 0.
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Proof. The result follows by combining the binary test in Corollary M.1 with Theorem C.1 and Theorem K.1. By those
results, there exists three attention-only transformers 6y, O1og, Opin, With (below Ly, Cy = O(1) for g = 010g(+))

B.B, ) 1
Lis < O(/ilog e >, max MIEQ <3, |Ousll < O<R+ 6),

£e([Lys]
L,B.B.y, L?B: C
Liog < O(mog g€> e M) < 0<0§ (1 + 32’”)62) 1610g ]l < 0(R+ 5")

Liin = 2, r;?;]cMéfigﬁ, [8binll < O(1/¢),
S

that outputs prediction ﬂk,S_H, g}@il (at the (N + 1)-th token) and \D:’;::;Y(D) (at every token) respectively, which satisfy

T — o (k1 Wiog)) | < 2,

T8 — (v, Wis)| < e

when the corresponding well-conditionednesses are satisfied. In particular, we can make W, well-defined on non-binary
data, by multiplying ¥5"” (D) onto the x;’s (which can be implemented by slightly modifying 6y, without changing the

order of the number of layers, heads, and norms) so that Wy, = 0 on any data where W5 (D) = 0.

By joining O1g and 6y, using Proposition F.5 (and zero layers to implement the identity mapping where appropriate),
concatenating with 6y;,, before, and concatenating with one additional attention layer with 2 heads after to implement

thres thres

gbinary (,D)@\k)ril + (1 _ pbinary ('D))@\%S«Fu 37

we obtain a single transformer 6 with

4
L< 0<nlog BIB“’>, max M < o((l " Bm)52>, 16151 < O(R+ Ly 1>,
g

€ ¢elL] a? B

which outputs (37) as its prediction (at the location for 3y 1 1).

It remains to show that (37) reduces to either one of ﬂlﬁil or ;ﬁkS_H When the data are binary (y; € {0,1}), we have

gbinay (D) = 1 and Ugra¥(D) = 1, in which case (37) becomes exactly 7% ,. By contrast, when data is sampled
from a distribution that is (C,&g)-not-concentrated around {0,1}, we have for any fixed ¢ < g9 A 7 that, letting

B. :=[—¢,e]U[l —¢,14¢]and p. := Py (B:) < Ce < %, by Hoeffding’s inequality,

N
inan inan 1 1 1
P(\I/Ehr:sy(,D) 7& O) = P<\I/:)hr:5y(p) > 2) = P(N E l{yj S BE} > 2)

i=1

<exp (—6(1/2 - ps)QN) < exp(—¢'N),

where ¢/ > 0 is an absolute constant. On the event \I/z']':;ry(D) = 0 (which happens with probability at least 1 —

exp(—¢'N)), (37) becomes exactly y%°, ;. This finishes the proof. O

M.4. Linear correlation test and application

In this section, we give another instantiation of the pre-ICL testing mechanism by showing that the transformer can
implement a linear correlation test that tests whether the correlation vector E[xy] has a large norm. We then use this test to
construct a transformer to perform “confident linear regression”, i.e. output a prediction from linear regression only when
the signal-to-noise ratio is high.
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For any fixed parameters Anin, B}, > 0, consider the linear correlation test over data D defined as

(D) :—ﬁ [ (1618 = i B5./9)?) = o (11813 = (BAain B2/ 0%
0, 13 < Chmin B5,/4)%,
= 15 ||t||2 (3)‘InlnB* /4) (38)

linear interpolation, o0.w.,
1 N
where t = T(D) := i inyi.

Recall that o(-) = ReLU(+) above denotes the relu activation.

We show that ¥''" can be exactly implemented by a 3-layer transformer.

Lemma M.1 (Expressing ¥'" by transformer). There exists a 3-layer attention-only transformer TFg with at most 2 heads
per layer and ||0] < O(1 + )2 *)?) such that on input sequence H of the form (3) with D > 2d + 4, the transformer

mln(

exactly implements W' : it outputs H such that h; = [xi; yiti; *; UN(D); 1] forall i € [N + 1].

Proof. We begin by noting the following basic facts:

¢ Identity function can be implemented exactly by two ReLUs: ¢ = o(t) — o(—t).

¢ Squared /> norm can be implemented exactly by a single attention head (assuming every input h; contains the same
2
vector g): [|gll; = o({(g, &))-

We construct the transformer 0 as follows.

Layer 1: Use 2 heads to 1mplementt =¥ Z 1 XiY;, where V$1)2}h = [£x;;0p_4], Q{1 2} = [N+1 0p_1], and

f{ll)Q}h [+y;t;;0p_1] = [y;1{j < N + 1};0p_1] (where we recall t; = 1{j < N + 1} and note that y;t,
corresponds exactly to the location for y; in H, cf. (3)). By manipulating the output dimension in V), write the result t
into blank memory space with dimension d at every token ¢ € [N + 1].

Layer 2: Use a single head to compute |[t]|3: ng)h(l) [t;0p_4), K(z)h(l) [t;0p_4], and V(2)h(1) [1;0p_1]. By
manipulating the output dimension in V(2), write the result Ht ||3 into blank memory space with d1mens10n 1 at every token

1 € [N + 1]. After layer 2, we have h( ) = = [xi; yata; % |[6]12; % 1].

Layer 3: Use 2 heads to implement two ReLLU functions with bias: |[t||3 — ﬁ(a(”%”% — A) — o(|[t||2 — B)). The two
query (or key) matrices contain values A and B. In our problem we take

A= ( nnnBz*u/4) B = ( mlnB:;/4)

so that the above ReLU function implements W' (D) exactly. Write the result into a blank memory space with dimension 1.
We finish the proof by noting that [|0]] < O(1 + X2, (BX)?). O

Statistical guarantee for U'" We consider the following well-posedness assumption for the linear correlation test W'".
Note that, similar as Assumption A, the assumption does not require the data to be generated from any true linear model, but
rather only requires some properties about the best linear fit w, as well as sub-Gaussianity conditions.

Assumption D (Well-posedness for linear correlation test). We say a distribution P on R x R is well-posed for linear
independence tests, if (x,y) ~ P satisfies

(1) ||x||2 < B, and |y| < By almost surely;

(2) The covariance Xp = Ep[xx "] satisfies Aminls = p = AmaxIa, With 0 < Anin < Amaxo @nd £ 2= Amax/Amin-

(3) The whitened vector 2;1/2)( is K2-sub-Gaussian for some K > 1.

(4) The best linear predictor w}, := Ep[xx "]~ Ep[xy] satisfies |wp|2 < B,
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(5) The label y is 0%-sub-Gaussian.

(6) The residual z =y — (x, W§) is o?-sub-Gaussian with probability one (over X).

The following results states that ¥'" achieves high power as long as the sample size is high enough, and the signal ||w || is
either sufficiently high or sufficiently low.

Proposition M.5 (Power of linear correlation test). Suppose distribution P satisfies Assumption D with parameters
Amins Amax, Br. Then, for the linear correlation test Ul ywith parameters (Amin, BY) with BY, < B} and any N >

w

~ 2 2

0 (max {dK*, ?‘};ﬁ’}% ) we have
w min

1. If|[wpl||2 > By, then with probability at least 1 — & over D, we have ¥'"(D) = 1.

2. If|[wgll2 < la\ﬁBZJ then with probability at least 1 — § over D, we have '™ (D) = 0.

Proof. For any P satisfying Assumption D, note that E[xz] = E[x(y — (w},x))] = 0 by construction. Therefore,
by standard sub-Gaussian and sub-exponential concentration combined with union bound, the following events hold
simultaneously with probability at least 1 — 4:

N
~ 1 ~
0.98p <3 = ¥ inxj <1.1%p as N > O(dK*) by (22),
=1
N

1 ~ Kovd Kod

- XiZ; <O >‘11n/a2x — + —

N ; 2 2 a ( N N

~ [d Amin B ~ (Amaxd K202
1/2 min . max
<0 <)‘m/axKU N> < Tw7 as N > O(W)

min

< ALY/2 .

max

1 N
—-1/2
N E EP XiZ;
i=1

On the above event, we have

[, -
2

Therefore, in case 1, we have

1 N
N > xi((xi, i) + zi)
=1

| X
Ywp + N ;xizi

2 2

N
n > 1 * AminBZ} 3AminBZJ
[¥], = [[£s —HNEX e e
In case 2, we have
~ ~ 1 N )\ 'B* /\ . B* A . B*
tH <H2 5 T 141 )\max' . T w < min w .
H o S IFWRI, T N;XZ = .. T8 =7 g

The proof is finished by recalling the definition of U in (38), so that U'" (D) = 1if |[t]|2 > 3AminBL, /4, and ¥'"(D) = 0
if [[t]]2 < Amin B, /4. O

Application: Confident linear regression By directly composing the linear correlation test in Lemma M.1 with the
transformer construction in Corollary C.1 (using an argument similar as the proof of Proposition M.4), and using the power
of the linear correlation test Proposition M.5, we immediately obtain the following result, which outputs a prediction from
(approximately) least squares if 1Z := Uli"(D) = 1, and abstains from predicting if 12)\ = 0. This can be viewed as a form of
“confident linear regression”, where the model predicts only if it thinks the linear signal is strong enough.

Proposition M.6 (Confident linear regression). For any B,, > 0, 0 < B} < Bil*u, 0 < Amin < Amax € < BBy /10,
0 < a < B with k := 8/ a, there exists a L-layer attention-only transformer with

B.B 1
L< 0<mog > “’>, ?é%M(Z) <o(1), 6] < O<R Tt Aim<B:U>2)
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(with R := max {B; By, By, 1}) such that the following holds. Let N > 5(max {K*, (A]‘B,“f"fg\f }- d) Suppose

the input format is (3) with dimension D > 2d + 4. Let ICL instance (D,xn4+1) be drawn from any distribution P
satisfying Assumption D. Then the transformer outputs a 2-dimensional prediction (within the test token h 1)

(Gv4+1.9) € R x {0,1}
such that the following holds:

1. If|\w}||2 > B, then with probability at least 1 — 0 over D, we have |yn+1 — (WLs, Xn+1) | < & and ) = 1if D is
in addition well-conditioned for least squares (in the sense of (5) with A = 0).

2. If |whll2 < 2By, then with probability at least 1 — & over D, we have §n+1 = 0 and ¥ =0.

N. Proof of Theorem D.2: Noisy linear model with mixed noise levels

Recall that for each k € [K], we consider the following data generating model Py, where we first sample P = Py,, ,, ~ 7

from w, ~ N(0,14/d), and then sample data {(x;, i) };c(n11) $p, w, as

Pw,.op 1 X ~ N(0,L), vi=(x;,w.)+ei, & ~N(0,0%).

Also, recall that the Bayes optimal estimator on Py, is given by g/]]'i]aff = <w?i’ji (D), x N+1> with ridge A\, = 0d/N, and
the Bayes risk on Py, is given by

BayesRisk,, := inf 4 [%(A(D)(XNH) - yN+1)2] =E; [% (@\]'i,ail yNH)Q] )

Recall that in Appendix D.1.1, we consider a mixture law IP; that generates data from Py with & ~ A. It is clear that we
have (pushing inf 4 into Ej.. o does not increase the value) we have

BayesRisk, > Ej..a[BayesRisk,],

i.e., the Bayes risk can only be greater if we consider a mixture of models. In other words, if a transformer can achieve
near-Bayes ICL on each meta-task P, then it can perform near-Bayes ICL on any meta-task = which is a mixture of Py,
with & ~ A. Therefore, to prove Theorem D.2, it suffices to show the following (strengthened) result.

Theorem N.1 (Formal version of Theorem D.2). Suppose that N > 0.1d and we write 0y = maxi{og, 1}, omin =

ming{ox, 1}. Then there exists a transformer 6 with

L< O( O min 10g(N/0'mm)) s Ej(el[aL}?M(() < O( ) ?@l?ﬁD(Z) < O(KZ)

6]l < O (omax K dlog(N)),

such that for any k € [K], it holds that

1/3
]E [%(yN+1 — yN+1) } < BayeSRlskk + O (Utxxax (10{;]5{1()) )

min

if we choose N, := |Dyi| = N2/3[log(K)]'/3.

N.1. Proof of Theorem N.1

We first recall that we define N; = |Dyain|, No = |Dvalls Zt = {i : (Xi,¥i) € Draaints Lo = {7 : (X4,9i) € Dya}, and
X = [Xiliez,-

Fix parameters J, €,y > 0 and a large universal constant Cj. Let us set
2
o = max {0, 1/2 — \/d/Nt} . B=295
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log(N
Ogc(l )7 Bu} = CO(B:; + O-max/o-min)a

Bw = OO dlog(N), By = Co (B:L + Urnax) 1Og(N)a

BZ):1+CO

Then, we define good events similarly to the proof of Corollary C.2 (Appendix J.4):

Ex = {lwell2 < By, llellz < 20max VN,
Eu = {a < Auin(X] Xo/Ne) < Amax(X{ Xo/Ny) < BY,
Ebtrain = {V(Xi, ¥i) € Drrain, ||Xilly < Bz, |yi] < By},
gb,val = {V(Xiayi) € Dyal, ||XiH2 < By, ‘yz| < By}v
Ev,Nn+1 = {IIxn+1lly < Ba, [yn41] < By}

By the proof of Lemma J.1 (see e.g. (29)), we know that maxj¢[x] me tige (DPrrain) H2 < B, /2 holds under the good event
&= 8 ﬂ(‘: m(‘:btram mgbtestmng—‘,-l

For the ridge Ay = and parameters («, 3,7, €), we consider the transformer 0 constructed in Theorem M.2, with a

clipped prediction ¥ yN+1 = ready(TFg(H)) read out by a clipping by B,,.

In the following, we upper bound the quantity Ex,(Jx+1 — yn+1)? for any fixed k. Similar to the proof of Corollary C.2
(Appendix J.4), we decompose

Er(Un+1 — yn+1)” =B [{E}@n+1 — yn+1)?] + Ex [H{EY Ong1 — yn41)?],

and we analyze these two parts separately.

Part I. Recall that by our construction, when & holds, we have Y11 = clipg, ((W,Xn+1)), so that the statements of
Theorem M.2 hold for w. Thus, we have

Ex[1{€}Gn11 —yn11)?] = Ex {1{5}(C|iPBy(<XN+1, w)) — yN+1)2}
<Ep [H{EH(xn+1, W) —yn+1)?]-
Let us consider the following risk functional
2 2
Lval,w* (W) = ]E(x,y)NPWhak |:%(<W7 X> - y) :| = %(HW - W*”Q + UI%) :
Then, under the good event &y := Ex N Ey N Ep train N Ep test Of (W, D),

Er [H{EH(xn11, W) = yn+1)?| Wi, D] = Ex [H{EH(xn11, W(D)) = yn41)?| Wi, D]
< Ek [((xn+1,W(D)) — yn+1)?| W, D]
= Eiey)nPu, o, [(xn+1,W(D)) — yN+1)2]
= Lyal,w, (W(D)).

By our construction, under the good event &y, we have

Lval,w* (GV(D)) < Lval,w* (\/"\’k (Dtrain)) + max
le[K]

Zva\l({"‘\/'l (Dtrain>) - Lval,w* (V/c"l<Dtrain))‘ + s
where HvAvl(Dt,ain)) — ndgc(Dtram H2 < eforeach!l € [K]. Clearly,
24 (10} Enatw, (Wi (Diain))] = Exe[1{E0} (11904 (Dusin) — Wil + 07 ) |

<Eg [1{50} (||Wr1dge Drrain) — H + 22| Wifige (Durain) = Wil + 52)} ok

< By |:er1dge(Dtrain) - W*H2 + 2EHWr1dge Dtrain) - W*HQ + 52} + 0'1%
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< 2RiSkk,train + 2e 2Ris"(k,train + 527

where we denote 2Risky, train = Eg, Hwndge(Dtrain) - w*Hi + o,%, and we also note that Risky, train < 14 U% by definition.
By Lemma N.1, we have

N,
Riskg train < BayesRisk;, + O <(O']% + 1)N> .

We next deal with the term e, = max;c(g) ’EV;,,.(VAVI(DM;H)) — Lyaiw, (Wy (’Dtrain))‘. Note that for the good event
Etrain = 57r N 5w N gb,train of (W*7 Dtrain), we have

Ek[l{go}fval] S IE}’c[l{gtrain}gval] S Ew*,DtraiHN]P’k [1{gtrain} : EDM [5val| Wy, Dtrain”~

Thus, Lemma N.2 yields

log(2K) n log(2K)

Ei[1{&}eval] <O (B2) - N N,

Therefore, we can conclude that

o2 N, log(2K B2 log(2K
]Ek[l{é'}@NH —yNH)ﬂ < 2BayesRisk, + O | e0pmax + €2 + m;\’; + B2 og](v ) + = (])5( )

Therefore, we can choose (¢, N,) so that N,, < N/2 as

2
O max

B2 2/3 o
N, = max ( U ) log'/3(2K),10g(2K) ¢, €= ?me.

It is worth noting that such choice of N, is feasible as long as N 2 “’ log( ). Under such choice, we obtain

1 ~ , log(2K)\ /3
51{«:,41{5}(%+1 — yn+1)?] < BayesRisk, + O < ﬁ(jXBQ/g’(gEV)) )

PartII. Similar to the proof of Corollary C.2, we have

o BQ Ur2nax
E[{E} TN+ —ynt1)?] <O (NI;’> <O ( Ni ) .
Conclusion. Combining the both cases, we obtain

1/3
Er [%(yN-H —UN+1) ] < BayesRisk,, + O (Uﬁl/fxBi/S(bg(zgm> )

1/3 / /
< BayesRisk, + O (0‘““ (log(2K)) + Jﬁ(iW)

min

1/3
< BayesRisk;, + O ( o (10g(2K)) > 7

min

where we plug in our choice of B,. The bounds on M), D) and ||6]| follows immediately from Theorem M.2. This
completes the proof. O
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N.2. Derivation of the exact Bayes predictor

Let (D,xn+1,YN+1) be (N + 1) observations from the data generating model 7 considered in Appendix D.1.1. On
observing (D, xn+1), the Bayes predictor of yx1 is given by its posterior mean:

Erlyn1|D,xn 1] = Ex[(Xn 41, Ws) + ent1] D, xnv11] = (X1, Ex [w, | D]) .
It thus remains to derive E, [w,|D]. Recall that our data generating model is given by k ~ A, By Bayes’ rule, we have

Ex[w.[D] = Y Pr(k=k[D) Ep[w.|D,k=F]. (39)
k'€[K]

On k = K/, the data is generated from the noisy linear model w, ~ N(0,1;/d), and y = Xw, + € where ¢; £ N(0,0%)).
It is a standard result that E [w,|D, k = k'] is given by the ridge estimator

Ep WDk =k] = (X X +do2) " X'y = wy
| —

-1
oy

_ (XX dop\ Xy
N TN N

(Note that the sample covariance within > g 1s not normalized by N, which is not to be confused with remaining parts
within the paper.) Therefore, the posterior mean (39) is exactly a weighted combination of K ridge regression estimators,
each with regularization do /N.

It remains to derive the mixing weights P (k = k’|D) for all k¥’ € [K]. By Bayes’ rule, we have

Pk = K|D) ocpr Pa(k = k) - / () - P, (DIw, ) dw,

W

1 diwl3 | Xw —yl
A - - — d
X N /W (27Td)d/2(2ﬂ-o-z/)]\7/2 eXp( B) 20]%/ w

1 1 (XX XTy\ vl
OCAk/./w(QTrO';%/)N/Q exp <—2W < 0_]%/ +dId>W+<W7 0_]%/ - 20;%/ dw

1 1 = TS ~ 1 2 Tyva-1vyT
ocAk,./wWexp <_20%,(w_wk,) Ek/(w—wk/)—F’%/(HyHQ—y XS5IX y) dw
det(Sy /o},)~1/? 1 2 Txs-lxT
e S — e (g (Il -y TXEX )

1 1 2 .
o< Agr - oxp [ —— g X .
g oN et (XTX + do?, 1) 1/2 p ( 207, (||Y||2 (y k >)>

Note that such mixing weights involve the determinant of the matrix s po=XTX + do?,14, which depends on the data X
in a non-trivial fashion; Any transformer has to approximate these weights if their mechanism is to directly approximate the
exact Bayesian predictor (39).
N.3. Useful lemmas

. 2 . )
Lemma N.1. For 2Risky, train = Ey, Hw>"c (Drrain) — W*H2 + U,%, there exists universal constant C such that

ridge

Ny
Risky train < BayesRisk;, + C (o7 + ”W'
Proof. Recall that under Py, we have

w, ~ N(0,14/d), Yyi = (Xi, W) + €i, i ~ N(0,0?).
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We denote X; = [x;]icz,, ¥t = [Yi]icz,, then by definition W?‘i’age = (X! X; + do?) X,y (with A\, = do?/N). Thus,
a simple calculation yields

. 2 _
2Risk train = Bk || Wi g (Derain) — Wol|;, + 0 = o3Etr (X[ X¢ + do}) ") + o7,
and analogously, 2BayesRisk;, = o2Etr ((X "X + do?1;) 1) + o7. Therefore,

2Risky, train — 2BayesRisk;, = o7 Etr (X, Xy + doily) ') — oEtr (XX + dojly) ™ Y)
< 0PN ER [ Amin (2) 7],

where in the above inequality we denote X := X X; + do?1, and use the following fact:
(1) — (T + X[ X)) = tr(z:—l/?(ld (Lo + 2—1/2ijv2—1/2)—1)2—1/2)
- tr<2*1/2(1d n 2*ijxv2*1/2)*12*1/2XIXU2*1)
— <(Id L 22X T X, 22 lg /2 T, B2, 2—1>
< rank(Z7V2X ] X, 2TV A (BT < Nydmin () 71

Case 1. We first suppose that N; < 16d. Then by definition ¥ = do;1,, and hence

02N, 16N, _ 32N,
2V < < )
do? = N, = N

O-I%Nka [)\min(z)_l] S

Case 2. When N; > 9d, then we consider the event & := {Amin(X{ X;/N;) > 75}. By Lemma F2 we have P(&f) <
exp(—N;/8). Therefore,

TN, PAmin (B) 1] = 0GR NEL[H{E I Amin (2) 1] 4+ 0Z N ER [L{E  Amin (2) 7]

1602 N, N,
< . . ¢
<N P(&) + 7 P(&F)
3202 N, N, (62 +1)N,
< TP kTV T —N/16) = RSt YA I
S + 7 exp(—N/16) (9( I
Combining these two cases finishes the proof. O

Lemma N.2. Condition on the event Eiyain, we have

log(2K) n log(2K)
N'U N'U ’

EDVE|N]P)]C‘W* ,Dhrain |:lréla.X LV3|(®l) - Lval,w* (V/Ol)” S CB,i

(K]
where we denote W; = Wi(Dyrain)-

Proof. We only need to work with a fixed pair of (w,, Dyain) such that i holds. Hence, in the following we only
consider the randomness of D,, conditional on such a (W, Dyrain)-

Recall that for any w,

Eval(vv) ! Z (<Xi7w> - yi)Qa

~ 2D,
[Dal (%xi,Yi)EDval
and we have Ep, [Lyal(W)] = Lysi,w, (w). Foreach i € Z,,,

Y — (X, W) = & — (X4, Wy — W) ~ SG(O’]% + ||w, — VAVlHQ).
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Note that under Eyain, we have w; € By(B,,) for all | € [K], and hence o} + ||[w, — W;||* < 5B2. We then have
(yi — (x;, Wy))?’s are (conditional) i.i.d random variables in SE(CB2 ). Then, by Bernstein’s inequality, we have

-~ R 2t
Lval(wl) - Lval,w* (Wl)’ Z t) S ZeXP <CN1) min {B?D’ Bw}),

Pp,, (

where c is a universal constant. Applying the union bound, we obtain

~

. . 2t
Lyai(W;) — Lyai,w, (Wl)‘ > t) < 2K exp (—CNU min {BEU’ -Bw})

Pp,, | max
W\ Ie[K]

Taking intehration completes the proof. O

O. Proofs for Section E

O.1. Lipschitzness of transformers

Forany p € [1, 00}, let [[H[|, , := (vazl ||h;|[5)1/? denote the column-wise (2, p)-norm of H. For any radius R > 0, we
denote Hg := {H : ||HJ|, ., < R} be the ball of radius R under norm |||, __.

Lemma O.1. For a single MLP layer Oy, = (W1, W), we introduce its norm (as in (2))
16ms| = IW1ll,, + [[Wall,, -

For any fixed hidden dimension D', we consider
@mlp,B = {Hmlp : |”9m1p||| < B}

Then for H € HR, On1p € Onip, B, the function (Onip, H) — MLPg, (H) is (BR)-Lipschitz w.rt. On, and (1 + B?)-
Lipschitz w.r.t. H.

Proof. Recall that by our definition, for the parameter 0y, = (W1, W3) € Opyp, g and the input H = [h;] € RP*N the
output MLPg,, (H) = H + W0 (W H) = [h; + W0 (W h;)];. Therefore, for 0, , = (W1, W}) € On1p 5, we have

mlp —
HMLP%P(H) — MLP,, (H)H
mlp 2,00
= max |[Wao(Wih;) — 50 (Wih;)l|,
= max||(W — W5)o(Wih;) + Wh(o(Wih;) — o(Wihy))ll,
(Wih;) — o(Wihy)l|,

IN

max Wz — Wyl|,, [o(Wihi)[l, + [[Wa||

op o

AN

max [Wy = Wy |, [Wihil, + [Wall, [Wihi — Wih],
< BR[|W; — Wy|,, + BR[|W; — W]

op’?
where the second inequality follows from the 1-Lipschitznees of o = [-]. Similarly, for H' = [h/] € RP*V,

|MLP,,, (H) — MLPgmlp(H’)||2m = max |h; + W10(W2h;) — h] — W10(Wsh))||,

< |[H - H||, o + max [W(o(Wshi) — o(W5hj))
< |H - H|,  + max Bllo(Wahi) — o(Wahj)|,
< H -8l + B [H-H||, .

O

Lemma O.2. For a single attention layer O.ctn = {(Vim, Qm, Kin, C RP*D e introduce its norm (as in (2))
8 y me[M]

M
IOucll = mrx {1Quello - Kl } + 3 Voo
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For any fixed dimension D, we consider

@attn,B = {0attn : meattnm < B}

Then for H € HR, Oattn € Oarin,B, the function (O, H) — Attng
(1 + B3R?)-Lipschitz w.r.t. H.

H) is (32R3)_Lipschitz w.rt. Oaren and

attn (

Proof. Recall that by our definition, for the parameter @aren, = {(Vin, Qm, Km)}me[ M) € Oattn,p and the input H =
[h;] € RP*N, the output Attng,,(H) = [h;] is given by

attn (

M N
=1 j:l

Now, for 0.+, = {(V5,,, Q1. K7) bne s> We consider

M
1
— [Attng  (H)]. = h; = ' h;, K. h;))- V. h Vi € [N].
[Attng, (H)], +;N;a<<Q i) i€ [N]
Clearly ||Attng,,,, (H) — Attng, (H)H2 = max; ||h; N; . For any i € [N], we have
s 2
L Mo N
hi_h'/i = NZ[O(<thivahj>) h —0'(<Q hl’K h>) mhj]
2 m=1 j=1 9
Mo N
< D0 v 2o lo((Quhi Knhy)) Vi, — o ((Q), b, K b)) V|, [y
m=1 j=1

M=
=2l
M=

11, { o ((Quibrs, Kb Vi = Vil

3
I
L
<
I
_

+ |0 (Quhi, Konhy)) = o(Qp s, KD - [ Vil
+ |0 Q)b Kinhy)) — o((Q i Ko b)) - Vil |

M=
WE

op

N - R{132R2~IIVm*VinIIOIﬁIIQm i = Quhill; - Kby, - [Vl

3
Il
N
<.
Il
—

1Rl - Kby = Kbyl - [ Vi, b

NE

R{BQR2 va - me”op + BR2 HQm - Q;n”op HV ||op + BR2 ||Km - K'/n'LHop ||V ||op }

3
Il

M
S B2R3{ Z ||Vm - V;n”op + mj}x ||Qm - Q'/mHop + mT%X ||K’m - K'/mHop }
oo
= B*R?||0aten — bareall,
where the second inequality uses the definition of operator norm, the third inequality follows from the triangle inequality,

the forth inequality is because ||Q,,h;||, < BR,|K,,h;|, < BR, and o is 1-Lipschitz. This completes the proof the
Lipschitzness w.r.t. O,¢¢y.

Similarly, we consider H' = [h}], and

M N
= [Attng, (H)], =hj + > %Za((th;,Kmh;» Vb, VieN].
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By definition, we can similarly bound

) - (. -1)

M N
Z & 00 Quits Ko)) Vi — 0(Queh!, Koh)) V.

1

.

2

[Vinllop [|lo((Qumbi, Kinhj) )by — o ((Qubi, Kol )

2~

>

IN

1

3
,ﬂ.

J

IN

NE
z| -
] =

IVl {[((Quibs, Kb - || = b5
1

Q
3
Il
—

J
+]0((Qmhi, Kinhy)) — 0((Qumhl, Knhy))| - [0,
+ |0 ( Qb Kinby)) — o ((Quib, Konbt)) - ||, }

M 1 N

Z N Z Vinllop - 31Qmllop IKmllop R? [ — 1|,

m=1 7j=1

IN

M
< R2 ||H H/||2 [e%e) 3 m?‘i{[] ||Q’m||op ||KmHop ’ Z ||Vm||op
m=1

<BR})|H-H

||2,oo’

where the last inequality uses ||@atn || < B and the AM-GM inequality. This completes the proof the Lipschitzness w.r.t.
H. [

Corollary O.1. For a fixed number of heads M and hidden dimension D', we consider

Orr1,B = {0 O.tin, On1p) : M heads, hidden dimension

Then for the function TFR given by
TF® : (8, H) > clipg (MLPog,,, (Attne,,,, (H))), 0 € O1r 15, H € Hr

TFR is Bo-Lipschitz w.r.t @ and Ly -Lipschitz w.r.t. H, where B := BR(1+BR?+B?3R?) and By := (1+B2)(1+B?R3).

Proof. For any 0 = (Qatin, Onip), H € Hg, and ¢’ = (0L, 0%:,), we have

attn’ “mlp/»

[TFe(H) — TFo (H)||, o, < HMLPgmlp(Attngmn(H)) — MLPa,,, (Attng,  (H )H2 o

+ | MLPo,,, (Attng, (H)) — MLPy, (Attng, (H H
< (1+ B?) [|Attng,., (H) — Attng,  (H)[|,  + B R 6usp — 0,
(1 + B2)BQR3”|0attn - 9fmn||| + BRmemlp - erlnlp’”

<
< Boll6 — 6",

where the second inequality follows from Lemma O.2 and Lemma O.1 and the fact that ||Attn,,,(H)ll, ., < R :=
R+ B3R3 forall H € Hg.

Furthermore, for H' € HRg, we have

ITFg(H) — TFo(H')||, o < (1 + B?) [|Attne,,,, (H) — Attng,,,, (F')|l;
<1+ B%)(1+ B°R*) |[H - H', .

which also follows from Lemma O.2 and Lemma O.1. O

77



Transformers as Statisticians: Provable In-Context Learning with In-Context Algorithm Selection

Proposition 0.1 (Lipschitzness of transformers). For a fixed number of heads M and hidden dimension D', we consider
Ore.p = {0 = (05,04 : MY = M, DY = D' 6] < BJ.

mlp

Then the function TFR is (LBIL{_lB@)-Lipschitz w.rt @ € Oty 1 g for any fixed H.

Proof. For 0 = oL ¢ G)TF,L,B, 62 6(1:L) IS G)TF,L,B, we have

HTFE(H) _ TFg(H)H

2,00

HTF9(€+1 L) (TFG(IZ) (TF9(1 —1) (H))) - TFz(lJrl:L) (TFg(i) (TFEU —1) (H)>) H2 oo

IN

Mh I Mh

BL ¢ HTFe(m (TF9<1 e—1) (H)) TFS(“ (TFS“ = 1>( )) HQ oo

o~
Il
—

<

M=

Bij 'pe- [0~ < L5j 50 |

o~
Il
a

where the second inequality follows from Corollary O.1, and the last inequality is because By > 1. O

0.2. Proof of Theorem E.1
In this section, we prove a slightly more general result by considering the general ICL loss
liel(0; Z) := ((read, (TFg (1)), yn+1)-
We assume that the loss function ¢ satisfies sup |¢| < B and sup [0,¢| < B}. For the special case {(s,t) = 1(s — t)2, we
can take B? = 4B§, Bt} = 2B,.

‘We then consider

1 — ‘
Xo = =S £(0:27) — Eglti(6: 7)),
0 n; 1 ) — Ez[lia(6; Z)]

where Z (") are i.i.d copies of Z ~ P, P ~ . It remains to apply Proposition F.4 to the random process { Xg}. We verify
the preconditions:

(a) By Wainwright (2019, Example 5.8), it holds that log N (8; By.y (), [|-]}) < L(3M D2 +2DD’) log(1 + 2r/5), where
By (7) is any ball of radius  under norm ||-||.

(b) |6a(0; Z)| < BY and hence BY-sub-Gaussian.

(© [£5a(6: 2) — £ia(82)| < B} - (LBE " Bo) - |

, by Proposition O.1.

Therefore, we can apply the uniform concentration result in Proposition F.4 to obtain that, with probability at least 1 — &,

L(MD? + DD')i + log(1/€)

n

sup | Xg| < CB?\/
0
where ¢ = log(2 + B - LB 'BeB}/BY) < 20Llog(2 + max{B, R, B} /BY}). Recalling that

Lia(8) < i%fLid(B) + 2sup | Xo|
0

completes the proof. O
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0.3. Proof of Theorem E.2

By Corollary C.1, there exists a transformer TFg such that for every P satisfying Assumption A with canonical parameters
(and thus in expectation over P ~ 7) and every N > O(d), it outputs prediction yn 1 = read,(TFg(H)) such that

1, N do?
Ba(6) = Bpr. b ernr) | 5 1 — ivs0)| < BonalZa(w)] +0( 7).

where we recall that Lp(w§) := $E(xy)~p[(y — (Wp, x))?]. By inspecting the proof, the same result holds if we change

TFg to the clipped version TFg if we choose R? = O(B2 + B2 + B2 4 1) = O(d + k), so that on the good event
Ecov N By, considered therein, all intermediate outputs within TFg has [|-||, ., < R and thus the clipping does not modify
the transformer output on E.., N F,,. Further, recall by (28) that 8 has size bounds

N
L< O(m log “), max M) <3, 0] < O(Vrkd).
o Le[L]

We can thus apply Theorem E.1 to obtain that the solution 6 to (TF-ERM) with the above choice of (L, M, B) and D’ = 0
(attention-only) satisfies the following with probability at least 1 — &:

Licl(é\) < inf Licl(el) + O(\/L2MD2L + log(l/g))

T 0'€O vpiB n

<Lid(e)+5<\/L2MD2;:10g(1/§)) <5< W“ﬂf)

Above, ¢ = O(log(1 + max {B,,R, B})) = O(1). This finishes the proof. O

P. Experimental details and additional studies
P.1. Additional details for Section 3.1

Architecture and optimization We train a 12-layer encoder-only transformer, where each layer consists of an attention
layer as in Definition B.1 with M = 8 heads, hidden dimension D = 64, and ReLU activation (normalized by the sequence
length), as well as an MLP layer as in Definition B.2 hidden dimension D’ = 64. We add Layer Normalization (Ba et al.,
2016) after each attention and MLP layer to help optimization, as in standard implementations (Vaswani et al., 2017). We
append linear read-in layer and linear read-out layer before and after the transformer respectively, both applying a same
affine transform to all tokens in the sequence and are trainable. The read-in layer maps any input vector to a D-dimensional
hidden state, and the read-out layer maps a D-dimensional hidden state to a 1-dimensional scalar.

Each training sequence corresponds to a single ICL instance with IV in-context training examples {(x;, yl)}fil CRYxR
and test input Xy 41 € R<. The input to the transformer is formatted as in (3) where each token has dimension d 4 1 (no
zero-paddings). The transformer is trained by minimizing the following loss with fresh mini-batches:

L(e) = EPNW7(H7yN+1)NP MP(ready(TFe(H))v yN+1)]7 (40)

where the loss function /p : R? — R may depend on the training data distribution P in general; we use the square loss when
P is regression data, and the logistic loss when P is classification data. We use the Adam optimizer with a fixed learning
rate 10~%, which we find works well for all our experiments. Throughout all our experiments except for the sparse linear
regression experiment in Figure 3a, we train the model for 300K steps, where each step consists of a (fresh) minibatch with
batch size 64 in the base mode, and X minibatches each with batch size 64 in the mixture mode.

For the sparse linear regression experiment, we find that minimizing the training objective (40) alone was not enough, e.g.
for the learned transformer to achieve better loss than the least squares algorithm (which achieves much higher test loss than
the Lasso; cf. Figure 3a). To help optimization, we augment (40) with another loss that encourages the second-to-last hidden
states to recover the true (sparse) coefficient w,:

2

] . (41)

1 &
Liew(0) = FO ZEP:Pw* ~m,(HyN41)~P
j=1

TF(I:Lfl) H —
H e ()}j,(D—d-q—l):D W

2
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(a) Linear regression (b) Linear classification (c) Reg vs. cls at token 40
T T 0.40 T T T T
1.0 f —4— TF_alg_select | \ —4— TF_alg_select 0.35 1] * TF_alg_select |
/v/ TF_reg 0.35 A, TF_reg 1 N jﬁf TF_reg
0.8 —+= TR ds ’ : “\ —— TF.cls g Y TFcls
P \ === Least Squares & --- Logistic Regression LDI 0.30 A Least Squares |
© 0.6 v\ 5 0.30 ‘ S [l Averaging
N 5 : .o
2 0.4 0.25 \ A 2025
a \ ™Y ﬁ m
0.2 p pu
0.20 “ 0.20
0.0 ottty 44t 015 W ; --------------- -
0 10 20 30 40 70 10 20 30 40 0 1 2 3 4
in-context examples in-context examples regression_square_loss

Figure 5: In-context algorithm selection abilities of transformers between linear regression and linear classification. (a,b) On these two
tasks, a single transformer TF_alg_select simultaneously approaches the performance of the strongest baseline algorithm
Least Squares on linear regression and Logistic Regression on linear classification. (c) At token 40 (using example
{0, ..., 39} for training), TF_alg_select matches the performance of the best baseline algorithm for both tasks. (a,b,c) Note that
transformers pretrained on a single task (TF_reg, TF_cls) perform near-optimally on their pretraining task but suboptimally on the
other task.

Specifically, the above loss encourages the first Ny < N tokens within the second-to-last layer to be close to w*. We choose
Ny = 5 (recall that the total number of tokens is N = 10 and sequence length is N + 1 = 11 for this experiment). We
minimize the loss L(0) + ALt (6) with A = 0.1 for 2M steps for this task.

Evaluation All evaluations are done on the trained transformer with 6400 test instances. We use the square loss for
regression tasks, and the classification error (1—accuracy) between the true label yy11 € {0, 1} and the predicted label
1{yn+1 > 1/2}. We report the means in all experiments, as well as their standard deviations (using one-std error bars)
in Figure 2a, 2b, 5a, 5b. In Figure 2c, 3b, 3c 5Sc, all standard deviations are sufficiently small (not significantly exceeding the
width of the markers), thus we did not show error bars in those plots.

Baseline algorithms We implement various baseline machine learning algorithms to compare with the learned transformers.
A superset of the algorithms is shown in Figure 3a:

* Least squares, Logistic regression: Standard algorithms for linear regression and linear classification,
respectively. Note that least squares is also a valid algorithm for classification.

* Averaging: The simple algorithm which computes the linear predictor w = + sz\il y;x; and predicts g1 =
<6‘77 XN+1 >’

* 3-NN: 3-Nearest Neighbors.

* Ridge: Standard ridge regression as in (ICRidge). We specifically consider two A’s (denoted as 1am_1 and lam_2):

A1, A2 = (0.005,0.125). These are the Bayes-optimal regularization strengths for the noise levels (o1, 02) = (0.1, 0.5)
respectively under the noisy linear model (cf. Corollary C.2), using the formula \* = do? /N, with (d, N) = (20, 40).

* Lasso: Standard Lasso as in (ICLasso) with A € {1,0.1,0.01,0.001}.

In Figure 2c, the ridge_analytical curve plots the expected risk of ridge regression under the noisy linear model
over 20 geometrically spaced values of \’s in between (A1, A2), using analytical formulae (with Monte Carlo simulations).
The Bayes_err_ {1, 2} indicate the expected risks of A\; on task 1 (with noise o1) and A\ on task 2 (with noise 03),
respectively.

P.2. Computational resource

All our experiments are performed on 8 Nvidia Tesla A100 GPUs (40GB memory). The total GPU time is approximately
5 days (on 8 GPUs), with the largest individual training run taking about a single day on a single GPU. The code
for our experiments is provided at the following anonymous link: https://anonymous.4open.science/r/
tf-as-statisticians.
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