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Abstract

Recent advancements in Tool-Integrated Rea-
soning (TIR) empower Large Language Mod-
els (LLMs) with external utilities to over-
come intrinsic deficits in knowledge currency
and numerical computation. However, exist-
ing methods often face a dilemma: single-
agent models lack structural interpretability
due to entangled planning and execution,
while multi-agent systems suffer from un-
stable tool usage caused by misaligned op-
timization between high-level planners and
low-level executors. To address these chal-
lenges, we propose a Tree-structured Multi-
Agent Tool Reasoning framework optimized
via Hierarchical Reinforcement Learning
(TMATR-HRL). Specifically, we introduce the
TMATR system, which structures reasoning
into a hierarchical tree of atomic decisions,
explicitly decoupling strategic planning from
step-wise execution to enhance interpretabil-
ity. To ensure stability and coordination, we
employ a HRL scheme that enables the co-
evolution of planning and execution policies
through alternating on-policy updates. Experi-
ments on mathematical reasoning and question-
answering benchmarks show that TMATR-
HRL consistently achieves performance im-
provements across multiple models, while ex-
hibiting significant advantages in the controlla-
bility and interpretability of tool usage.

1 Introduction

Large language models (LLMs) (Yang et al., 2025;
Liu et al., 2024; Abdin et al., 2024) have demon-
strated remarkable capabilities in mathematical
reasoning and commonsense question answering
(QA), fueling applications in education (Cheng
et al., 2025), healthcare (Luo et al., 2025), and
law (Li et al., 2025a). Despite these successes,
LLMs face intrinsic limitations regarding knowl-
edge currency and symbolic computation. First,
parametric knowledge is static, inevitably becom-
ing stale compared to evolving real-world facts.

Second, the next-token prediction objective is of-
ten misaligned with the rigorous logic required for
precise numerical calculation (Jia et al., 2025). To
mitigate these deficits, Tool-Integrated Reasoning
(TIR) has emerged as a promising paradigm, en-
abling LLMs to act as agents that invoke external
tools (retrievers, calculators, and code interpreters)
to ground their reasoning in accurate execution (Jia
et al., 2025; Dong et al., 2025a; Li et al., 2025d)

Despite progress, existing TIR approaches (Li
et al., 2025d; Hu et al., 2025; Li et al., 2025¢; Qian
etal., 2025; Feng et al., 2025) face a dilemma in bal-
ancing structural interpretability with tool-use sta-
bility. One line of work decomposes tasks into spe-
cialized multi-agent systems (Li et al., 2025d; Hu
et al., 2025), assigning distinct roles for planning
and execution to enhance clarity. However, these
methods often suffer from a coordination deficit
during optimization. Typically, they focus on train-
ing the high-level planner while keeping the execu-
tor fixed or optimizing them in isolation via static
Supervised Fine-Tuning (SFT). This disjoint opti-
mization creates a competency mismatch: the plan-
ner may generate sophisticated strategies that the
executor cannot reliably fulfill, or the executor may
fail to provide the feedback the planner expects.
Consequently, without joint adaptation through dy-
namic interaction, tool usage becomes unstable and
prone to progressive degradation across long rea-
soning horizons.

Conversely, single-agent paradigms (Li et al.,
2025¢; Qian et al., 2025; Feng et al., 2025) handle
both planning and tool invocation within a unified
model. While this enables joint optimization of
all capabilities, it sacrifices structural constraints.
Lacking explicit role boundaries, these models tend
to be myopic and entangled, often reacting to im-
mediate tool feedback without a coherent global
strategy. This unstructured approach not only ob-
scures the decision-making process, making it dif-
ficult to interpret why a tool is invoked, but also



leads to reactive, redundant, or erratic tool usage
patterns. Thus, a core challenge remains: how to
impose a structured, interpretable reasoning hier-
archy while ensuring the coordinated evolution of
all system components?

To address these challenges, we propose a Tree-
structured Multi-Agent Tool Reasoning frame-
work optimized via Hierarchical Reinforcement
Learning (TMATR-HRL). First, to ensure inter-
pretability, we introduce the Tree-structured Multi-
Agent Reasoning Tool (TMATR) system. TMATR
organizes the problem-solving process into a hier-
archical tree of atomic decisions, explicitly decou-
pling high-level strategic planning from low-level
execution and exposing the rationale behind every
tool invocation. Second, to resolve the coordina-
tion deficit, we propose a hierarchical reinforce-
ment learning scheme (HRL) that treats planning
and execution as separate but co-evolving policies.
Instead of static supervision, we employ alternat-
ing on-policy updates: fixing one agent while op-
timizing the other against the system-level reward.
This approach allows the planner to adapt to the
executor’s boundaries and the executor to align
with the planner’s intent, ensuring robust and sta-
ble performance across multi-turn interactions. Ex-
periments on math reasoning and QA benchmarks
show TMATR-HRL is effective and generalizes
across multiple backbone models.

Our contributions are summarized as follows:

* We introduce a tree-structured multi-agent
tool-integrated reasoning system that decou-
ples high-level planning from step-wise exe-
cution, organizing tool use into interpretable
hierarchical units.

* We propose a hierarchical reinforcement
learning scheme that jointly optimizes plan-
ning and execution policies via alternating
updates, ensuring coordinated improvement
across abstraction levels.

» Extensive experiments on mathematical rea-
soning and QA benchmarks validate the ef-
fectiveness of TMATR-HRL, which produces
more controllable and robust tool-use.

2 Preliminary

2.1 Problem Setup

Let IT = {m}, denote a multi-agent system
(MAS), where each 7; is an instruction-following

large language model that generates actions based
on the evolving dialogue context. The MAS inter-
acts with a tool buffer 7, where each tool t € T
takes an input argument u, queries external infor-
mation sources, and returns a textual observation
o. Given an input x € &', the MAS produces an
output ¢ € Y through multi-turn interaction under
a maximum turn budget H. We denote the induced
decision process by F(-;II, 7, H). We formulate
the task as a MAS, such that

F(x;IL T, H) — g, (1)
which produces the system output for a given x.

2.2 Multi-Agent POMDP Formulation

We formalize the tool-integrated multi-agent rea-
soning process as a finite-horizon partially observ-
able Markov decision process (POMDP):

M= (S,A,P,O,RILH). )

Here, S denotes the latent reasoning state space
and s; € S is the state at turn t. The action space
A contains internal reasoning actions and optional
tool-invocation actions, and the transition kernel P
captures state updates conditioned on these actions.
The observation space O includes textual observa-
tions accessible to the agents, such as dialogue con-
text and tool feedback. The agent set IT = {m; } ¥,
consists of N cooperative language-model agents,
and H is the maximum episode length.

At turn ¢, each agent 7; receives a partial obser-
vation 7; o.; summarizing all information available
to that agent up to turn ¢. The joint policy factorizes
in a decentralized manner:

W(at+1 ! TO0:t+1
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lection of agent trajectories.

The reward is computed for each agent based on
its own trajectory and the reference answer y:

,an,+1) 1s the joint ac-
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The learning objective is to maximize the expected
terminal reward across agents:
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Figure 1: Overview of TMATR-HRL: A tree-structured multi-agent reasoning system separates planning and
execution for TIR. An online trajectory-based preference learning module optimizes the agent via on-policy
reinforcement learning. A hierarchical reinforcement learning framework alternates updates agents.

2.3 Direct Preference Optimization

Direct Preference Optimization (DPO) (Rafailov
et al., 2023) is an offline preference-based fine-
tuning method that directly updates a target policy
g using pairwise comparisons. DPO constructs
a closed-form objective based on likelihood ratios
between the target policy and a fixed reference
policy 7, eliminating the need for reward models
or value estimation.

Given a preference triplet (z, 2z, 27), where
is the prompt and 2" and z~ denote the win and
loss responses, respectively, the DPO objective is

Loro(703 Tret) = —Eg 2+ 2D [1og a(ﬁ log 1) _ gl Tzl )] :
(6)

where o (+) is the sigmoid function and 5 > 0 con-
trols the preference margin. The objective increases
the likelihood of preferred responses while regu-
larizing updates through the reference model, pro-
viding a stable and efficient formulation for offline
preference learning.

3 Method

As illustrated in Figure 1, TMATR-HRL com-
prises three tightly coupled components. A tree-
structured multi-agent tool reasoning system sep-
arates high-level planning from low-level execu-
tion via structured interactions. A single-agent
reinforcement learning component with online tra-
jectory oversampling improves long-horizon tool-
integrated reasoning through online DPO and tra-
jectory filtering. A hierarchical reinforcement
learning framework coordinates agent training via
alternating single-agent updates.

3.1 Tree-structured Multi-Agent Tool
Reasoning System

TIR requires high-level planning before invoking
external tools. Existing systems (Li et al., 2025c;
Qian et al., 2025; Feng et al., 2025) often inter-
leave planning and execution within a single decod-
ing sequence, which entangles structural decisions
with low-level reasoning and leads to reactive tool
use. TMATR addresses this limitation by structur-
ing each tool-use turn as a tree-guided multi-agent
process that separates high-level control from step-
wise execution.

System Overview. TMATR decomposes prob-
lem solving into a sequence of turns indexed by ¢.
Each turn expands a directed tree

BWO — (V(t),g(t))’ @)

whose nodes represent atomic actions and whose
edges encode precedence relations. This struc-
ture exposes planning decisions before execution
and forms a hierarchical scaffold aligned with the
POMDP formulation.

Atomic Action Space. Atomic actions are parti-
tioned by the component that produces them:
Apla = {DECIDE, SELECT, PLAN},
Aint = {EXECUTE, INFER, ANSWER},
Aeny = {RETURN},
Aatom = Apla U Aing U Aeny.
Planner actions define the high-level structure, in-

ferencer actions realize execution, and RETURN is
generated by the environment.

(®)



Tool Buffer. TMATR maintains a tool buffer

T= {tj}szl

where each tool t; is identified by a name dname
and is associated with a description dges, an input
specification dj,, an output specification d,; and an
example dex. These descriptors define how the tool
receives arguments, how its output is interpreted
and how the tool is used in typical scenarios.

A deterministic function retrieves the descriptor
set given a tool name

f(dname) = (dname; dd687 din; dout; dex)- (9)

During a SELECT action the planner 7, outputs
a tool name, and the inferencer my,s applies the
function f to obtain the corresponding input and
output specifications and example which guide the
construction of valid tool parameters.

Multi-Agent Roles under Partial Observability.
Two cooperative agents operate under partial ob-
servability. At the beginning of turn ¢, the planner

. . . . pla
receives its private history 7;.,” ; and performs the
atomic action DECIDE:

1 1

(9¢,a™) ~ mpia (- | 7441, DECIDE),  (10)
where g, is the subgoal and a?la € {SELECT, PLAN}
chooses the branch. The textual output of DECIDE
is appended to the dialogue, producing updated
histories 707
Tool Branch. If af 12" _ SELECT, the planner
chooses a tool identifier

1 )
tj~ ol | The ", g2, SELECT), (1)

and retrieves descriptors f(¢;). Next, the inferencer
binds executable parameters

g ~ Ting (- | o1, g, f(t;),EXECUTE).  (12)
The environment executes the tool call and returns

op = tj(ur), (13)
which is appended to the dialogue and incorporated
into 75 ;. This design allows observations to be
naturally integrated into dialogue history, avoiding
the need for explicit loss masking during training.

Internal Reasoning Branch. If a?la = PLAN, the
planner generates a meta plan

1
pe~ mpta(- | 757, 96, PLAN), (14
and the inferencer m;,¢ produces an output
0t ~ Ting (- | 704 » 91, P, INFER).  (15)

The output o, is always appended to the dialogue
and incorporated into the planner’s observation for
turn ¢+ 1. If the inferencer 7, emits a final answer
~ inf
Yy~ Winf(' ‘ Tént ’gthNSWER)v (16)
the answer is appended in the same manner, and the
episode terminates without initiating a new turn.

3.2 Single-Agent Reinforcement Learning
with Online Trajectory Oversampling

Reinforcement learning is used to improve pol-
icy behavior in long-horizon tool-integrated rea-
soning. Prior works (Kang et al., 2023; Rafailov
et al., 2023) typically apply offline preference op-
timization over static trajectories, which prevents
the policy from adapting to the evolving interac-
tion patterns between the agents in TMATR. More-
over, naively applying online RL to long-horizon
TIR leads to degraded trajectory quality, as accu-
mulated tool noise introduces instability in long
rollouts. We address these issues by adopting an
online variant of DPO in which trajectories are
generated in real time under the current policies
of both agents, and a trajectory-oversampling pro-
cedure selectively retains high-margin rollouts to
guide preference learning.

Reward Design. The reward is computed at the
completion of each rollout and evaluates both the
final prediction and the behavioral properties of the
generated trajectory. Given the produced answer y
and ground truth y*, correctness is defined as

Reorr(y,4™) € 10,1], (17)

which combines symbolic matching and numer-
ical agreement. Long-horizon tool-integrated
reasoning introduces additional variability, so
the reward also accounts for tool efficiency,
output repetition and trajectory length through,
Riool(T), Rrep(T), Rien(T), Where Ryioo re-
flects an adaptive preference over the frequency
and success rate of tool calls, I,¢;, measures lexical
redundancy and R)., imposes a nonlinear penalty



as the output approaches a predefined maximum
length. These components are aggregated as

Rox = (2Rtool - 1) - B Rrep + v Rien, (18)

and are normalized to obtain R,y € [0,1]. The
final reward interpolates between correctness and
auxiliary feedback with an adaptive mixing coeffi-
cient e that increases when correctness is low:

R(y, T) = (1 - 6) Rcorr(y> y*) + 6j%aux- (19)

This reward formulation captures the structural
characteristics of TMATR and provides informa-
tive preference signals for online DPO under long-
horizon, tool-dependent rollouts.

Preference Construction. For each input z, the
agent generates n trajectories under the current
policy, denoted by 7 (z) = {71,..., 7}, Where
each trajectory 7; receives a scalar reward R(7;).
The win and loss trajectories are identified as

T = R(7;), 20
arg Tiléla%;{v) ( ) ( )

T = a g Ill.]l R ;’i . 21
8 T E 71 (z) ( ) ( )

To avoid degenerate preference signals, we apply a
filtering operator ®(-) that discards uninformative
pairs. Specifically, a preference pair (77, 77) is
retained by ® only if it satisfies
R(r")>n and R(tT)#R(r7), (22

where 77 is a reward threshold. The resulting prefer-
ence set is defined as

P(x) = <I>({(T+,T_)}) .

Mini-batches B sampled from |, P(x) are used to
perform online DPO updates.

(23)

Training Objective. Training jointly optimizes
Direct Preference Optimization and supervised fine-
tuning on high-reward trajectories. The DPO loss
encourages the policy to assign higher likelihood
to preferred trajectories 7 than to non-preferred
ones 7~ constructed from online rollouts, while the
SFT loss anchors the policy by imitating the cor-
responding preferred trajectories. The combined
objective is

Liotat = Lppro + LSFT- (24)

This joint formulation allows the policy to lever-
age relative preference signals from online trajec-
tory comparisons while retaining strong supervi-
sion from high-quality rollouts.

3.3 Hierarchical Reinforcement Learning

This stage is designed to enhance the reason-
ing capability of the multi-agent system using hi-
erarchical reinforcement learning. Existing ap-
proaches (Li et al., 2025d; Hu et al., 2025) often
optimize only a single policy or update all compo-
nents uniformly. Such strategies ignore the asym-
metry between planning and execution, which can
lead to unstable tool usage or biased planning be-
havior. In particular, an under-trained inferencer
may produce noisy tool feedback, causing the plan-
ner to avoid tools altogether. To address this is-
sue, we adopt a hierarchical reinforcement learning
scheme with alternating optimization over a set of
agents. Training proceeds in iterations indexed by
k, where online trajectories are generated under the
current agents.

At each iteration, only one agent is updated
while the others are kept fixed, following a prede-
fined order in the hierarchy. Let {ﬂgk) }E , denote
the policies of all agents at iteration k. The update
at iteration k takes the form

7Y Update((” | {z\}, ), ©@5)
where the index ¢ is selected according to the
hierarchical training schedule. This alternating
update strategy stabilizes training by preventing
uncontrolled co-adaptation across agents. Here
Update(-) denotes the single-agent optimization
procedure defined in the previous subsection.

4 Experiment

Our experiments are designed to answer the
following questions: Q1. Does the proposed
method achieve consistent performance improve-
ments across math and QA benchmarks? Q2. Is
the hierarchical reinforcement learning framework
effective in jointly optimizing planning and infer-
ence? Q3. How does the model leverage external
tools during reasoning, and how do tool usage pat-
terns evolve across different training stages? Q4.
How does the training dynamics evolve under hier-
archical reinforcement learning?

4.1 Experiment setting

Data Construction. We construct our ex-
perimental data from several publicly avail-
able math and question answering datasets,
including NuminaMath-TIR (Li et al,
2024), HotpotQA (Yang et al.,, 2018),



2WikiMultiHopQA (Ho et al., 2020), Sim-
pleDeepSearch (Sun et al., 2025), and Web-
Walker (Wu et al., 2025). To obtain data suitable
for reinforcement learning, we first evaluate
all instances using Qwen2.5-7B-Instruct (Bai
et al.,, 2025) under a pass@1 setting and filter
out instances that can be solved correctly in a
single attempt. We then apply DeepSeek-V3 (Liu
et al., 2024) with the proposed TMATR pipeline,
discarding instances that cannot be solved within
five turns. From the remaining pool, we randomly
sample 3,000 instances for training, maintaining
a 2:1 ratio between reasoning and question
answering examples. Details are in Appendix A.

Tool Settings. We equip the model with three
external tools (Search, Python, WebSearch). The
tool configuration follows Tool-Star (Dong et al.,
2025a). Search uses the Bing Search API to retrieve
relevant documents from the internet. Python sup-
ports code execution for numerical computation
and symbolic reasoning. WebSearch retrieves the
top ten relevant web pages through Bing search
and produces a concise summary using a locally
deployed Qwen2.5-72B-Instruct (Bai et al., 2025).

Benchmarks. We conduct evaluations on
a broad range of benchmarks covering math
and QA. The mathematical benchmarks span
competition-style and curriculum-based set-
tings, including AIME24 (Zhang and Math-
Al 2024), AIME25 (Zhang and Math-Al,
2025), MATHS500 (Lightman et al., 2023),
GSMBS8K (Cobbe et al., 2021), AMC23', Gaokao
Math Cloze (Zhong et al., 2023), Gaokao Math
QA (Zhong et al., 2023), Gaokao2023-EN2,
Gaokao2024-1/I1 3, Gaokao2024-Mix * and
OlympiadBench °. For question answering,
we consider datasets that require multi-hop
reasoning and information aggregation, including
WebWalker (Wu et al., 2025), HotpotQA (Yang
et al., 2018), 2WikiMultiHopQA (Ho et al., 2020),
MuSiQ (Trivedi et al., 2022) and Bamb (Press
et al., 2023). Evaluation across all benchmarks
is performed using pass@1 accuracy, with
DeepSeek-v3.1° employed as the LLM judge to
assess answer correctness.

1https://huggingface.co/datasets/math—ai/amc23

2https://huggingface.co/datasets/MARIO—Math—Reasoning/
Gaokao2023-Math-En?utm_source=chatgpt.com

3https://github.com/llmeval/leeval—Gaoka02024—Math

4https://github.com/QwenLM/QwenZ.5—Math
5

6https://huggingface.co/deepseek—ai/DeepSeek—V3.1

https://huggingface.co/datasets/math-ai/olympiadbench

Models. TMATR-HRL adopts a decoupled ar-
chitecture. The planner is fixed to Qwen3-4B-
Instruct-2507 (Yang et al., 2025) across all ex-
periments. For the inferencer, we consider multiple
backbone models, including Qwen3-4B-Instruct-
2507 (Yang et al., 2025), DeepSeek-R1-Distill-
Qwen-1.5B (Guo et al., 2025), and Phi-4-mini-
instruct (Abdin et al., 2024), in order to evaluate
performance under different inference configura-
tions. The official thinking mode of all models is
disabled. Additional details are in Appendix B.

Baselines. We primarily compare our method
against two widely used prompt-based reasoning
approaches, with detailed prompt designs provided
in Appendix C. Training-based methods (Li et al.,
2025d,c; Qian et al., 2025; Feng et al., 2025) op-
timize with PPO or GRPO and are not directly
comparable due to differing objectives, tool setups,
and base models. In addition, as a supplementary
comparison, we evaluate several larger open-source
models, including Qwen3-14/32B (Yang et al.,
2025), Ministral-8B-Instruct-24107, and DeepSeek-
R1-0528-Qwen3-8B (Guo et al., 2025), under two
prompt settings and report the best performance.

Experiment Details. All training runs are con-
ducted with 8 A800 GPUs. To improve training ef-
ficiency for DeepSeek-R1-Distill-Qwen-1.5B (Guo
et al., 2025) and Phi-4-mini-instruct (Abdin et al.,
2024), we additionally construct an 8.5K tool-
integrated reasoning dataset using DeepSeek-
V3 (Liu et al., 2024) for supervised fine-tuning.
Auxiliary 6 GPUs are provisioned to host frozen
models and tool backends such as WebSearch exe-
cution environments to support model interaction.
Detailed settings are provided in the Appendix D.

4.2 Main results (Q1)

Math Results. As shown in Table 1, first,
TMATR-HRL consistently improves performance
across all math benchmarks and backbone mod-
els, and uniformly outperforms the non fine tuned
TMATR. The gains are more pronounced on harder
tasks, suggesting that HRL brings robust and
largely model agnostic improvements. Second,
TMATR already outperforms pure reasoning base-
lines, indicating that structured multi stage reason-
ing provides a useful inductive bias. However, its
performance remains consistently below that of
TMATR-HRL, which suggests that structure alone

7https://huggingface.co/mistralai/
Ministral-8B-Instruct-2410
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Method AIME24 AIME25 MATHS500 GSM8K AMC23 GkCloze Gk QA Gk23En Gk241 Gk241I Gk24 Mix Olymp. Avg.

Qwen3-14B 23.33 23.33 87.80 96.20 72.50 78.81 81.30 79.48 78.57 50.00 73.63 56.20 | 66.76
Qwen3-32B 36.67 26.67 86.60 95.40 57.50 75.42 85.19 78.44 78.57 64.29 70.88 53.60 | 67.44
Ministral-3-8B 3.33 0.00 50.40 83.80 25.00 45.76 53.85 50.65 42.86 35.71 40.66 23.40 | 37.95
DeepSeek-R1-8B 33.33 33.33 88.80 78.00 70.00 90.68 87.75 81.30 8571 7143 72.53 5240 | 7045
Qwen3-4B-Instruct-2507
+ boxed 36.67 33.33 88.40 95.00 80.00 83.05 83.19 80.78 8571 7857 69.23 54.00 | 72.33
+ cot 36.67 20.00 88.00 95.20 75.00 82.20 82.22 82.60 78.57 7143 70.33 53.00 | 69.60
+ TMATR 43.33 50.00 89.80 90.80 85.00 80.51 88.60 81.82 8571 7143 82.42 54.80 | 75.35
+ TMATR-HRL 60.00 46.67 90.80 91.80 85.00 81.36 90.60 83.64 100.00 78.57 79.12 59.00 78.88
DeepSeek-R1-Distill-Qwen-1.5B
+ boxed 23.33 20.00 81.20 85.20 65.00 75.42 80.34 74.81 6429  50.00 63.74 39.60 | 60.24
+ cot 30.00 25.00 82.80 77.60 65.00 78.81 79.20 76.36 7143  50.00 61.54 41.60 | 61.61
+ TMATR 16.67 30.00 76.20 86.60 50.00 76.27 77.49 71.17 6429 57.14 63.74 41.80 | 59.28
+ TMATR-HRL 33.33 20.00 77.20 86.20 65.00 73.73 81.97 70.13 7143  57.14 64.84 4444 62.12
Phi-4-mini-instruct
+ box 0.00 3.33 34.80 68.80 20.00 34.75 44.16 37.92 28.57 28.57 28.57 8.80 | 28.19
+ cot 3.33 0.00 34.00 58.20 15.00 29.66 37.32 34.03 35.71 50.00 24.18 8.80 | 27.52
+ TMATR 13.33 13.33 68.20 84.60  40.00 56.78 6154 6442  57.14  50.00 57.14 39.00 | 50.46
+ TMATR-HRL 30.00 20.00 73.80 86.00 67.50 69.49 71.95 65.19 6429 57.14 58.70 37.60 58.47

Table 1: Pass@1 accuracy of TMATR-HRL across multiple mathematical datasets and model variants. The best

results are highlighted in bold, and the second-best results are underlined.

Method | WebWalker HQA 2Wiki MusiQ Bamb | Avg.
Qwen3-14B 4.50 27.50 3250 12.50 48.80 | 25.16
Qwen3-32B 3.00 30.50 31.50 12.00 53.60 | 26.12
Ministral-3-8B 2.50 23.00 22.50 8.50 32.80 | 17.86
DeepSeek-R1-8B 0.00 450 1050 350 13.60 | 6.42
Qwen3-4B-Instruct-2507
+ box 2.50 2450 27.00 9.50 3440 | 19.58
+ cot 2.50 25.00 26.50 8.50 31.20 | 18.74
+ TMATR 9.00 42.00 42.50 10.50 49.60 | 30.72
+ TMATR-HRL 11.00 4350 41.50 12.00 48.80 | 31.36
DeepSeek-R1-Distill-Qwen-1.5B
+ box 0.00 0.50 6.25 0.00 0.80 1.51
+ cot 0.50 0.00  0.00 0.50 0.00 | 0.20
+ TMATR 2.34 21.00 20.50  6.50 24.80 | 15.03
+ TMATR-HRL 2.50 28.00 26.00 7.81 30.40 | 18.94
Phi-4-mini-instruct
+ box 1.00 13.50 17.00 4.00 12.00 | 5.60
+ cot 1.50 14.00  9.00 2.00 16.80 | 5.53
+ TMATR 7.50 31.50 2950 8.00 41.60 | 12.70
+ TMATR-HRL 11.50 45.00 33.50 10.50 42.40 | 28.58

Table 2: Pass@1 accuracy of TMATR-HRL across QA
datasets and models. The best results are highlighted in
bold, and the second-best results are underlined.

is insufficient without task specific optimization.
Third, pure reasoning methods perform competi-
tively on simpler benchmarks but show larger per-
formance drops as task difficulty increases. This
reflects the limitations of static prompting in long
horizon mathematical reasoning. Fourth, TMATR-
HRL consistently improves upon TMATR across
benchmarks and model settings. This supports the
effectiveness of HRL in jointly optimizing planning
and inference for TIR.

QA Results. First, as shown in Table 2, TMATR-
HRL achieves the best average performance across
all backbone models and consistently outperforms
TMATR and pure reasoning methods, with clearer
gains on QA tasks requiring multi-step reasoning
and frequent tool use. This indicates that jointly op-
timizing planning and execution is especially effec-
tive for long-horizon QA. Second, compared with

pure reasoning methods, TMATR and TMATR-
HRL exhibit more consistent performance across
QA tasks, while pure reasoning approaches show
larger performance variation. This can be attributed
to the structured multi-agent reasoning process,
which enables clearer decision decomposition.

4.3 Ablation Study (Q2)

To address Q2, we report intermediate pass@1 ac-
curacy during training in Figure 2. The inference
model is trained first, followed by planner training
and full system optimization. First, fine tuning the
inference model alone brings limited gains, while
adding planner training and system level optimiza-
tion yields clear improvements, supporting the need
to stabilize inference before joint optimization. Sec-
ond, on DeepSeek-R1-Distill-Qwen-1.5B, perform-
ing an additional round of inference model training
further improves performance, suggesting that re-
peated refinement of the inference component can
be beneficial. Third, accuracy is not monotonic
during training, which we attribute to temporary ca-
pability mismatches between agents, highlighting
the importance of coordinated optimization.
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Figure 2: Model analysis of HRL framework.
4.4 Tool Usage Analysis (Q3)

To investigate Q3, we analyze behavioral shifts
using Delta Average Tool Calls (A Avg. Tool
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Calls) and Accuracy Gain. First, in mathemati-
cal domains, the agent adaptively expands tool us-
age. Figures 3a and 3c show that tool activation on
AIME24 and MATHS500 significantly exceeds the
baseline, indicating that training identifies reason-
ing bottlenecks and invokes tools as compensation.
Second, in retrieval settings, trajectories shift from
exploration to on-demand precision. Dumbbell
plots in Figures 3b and 3d show that although tool
calls initially increase, they are pruned in the fi-
nal stage for QA tasks, reflecting an internalized
cost—benefit trade-off. Third, these patterns suggest
that performance gains arise from decision quality
rather than call frequency. Figure 3e shows mul-
tiple datasets in the upper-left quadrant (negative
A Tool Calls with positive Gain), highlighting a
policy that optimizes when and whether to invoke
tools for better cost—accuracy balance.
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Figure 3: Tool-use Analysis on Phi-4.

4.5 Training Dynamics (Q4)

To address Q4, Figure 4 shows TMATR-HRL
training rewards on Qwen3, with the Inferencer
trained before the Planner. The Inferencer con-
verges rapidly around 0.65, while the Planner im-
proves more gradually with higher variance. Their
eventual convergence indicates effective coordina-
tion between planning and execution.

0.70,
0.70] Raw Data 0.68 Raw Data
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0.65] 0.66
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E 0.60 E 0.62 W
~ 0.55 & 0.60
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Figure 4: Training reward curves on Qwen3.

5 Related Works

Tool-Integrated Reasoning (TIR) enables language
models to interact with external tools (Jia et al.,
2025). We categorize prior work into three groups.
(1) Supervised fine-tuning (SFT) trains TIR sys-
tems to imitate tool-use trajectories from manual
or model-generated demonstrations (Shim et al.,
2025; Wang et al., 2025b; Li et al., 2025b), but
limits the exploration to these behaviors, restrict-
ing discovery of alternative strategies. (2) Single-
agent RL methods use a unified model for reason-
ing and execution, guiding tool invocation via re-
ward design, staged optimization (Li et al., 2025c;
Feng et al., 2025; Qian et al., 2025), step-level
feedback (Yu et al., 2025), efficiency improve-
ments (Wang et al., 2025a; Song et al., 2025),
retrieval-augmented reasoning (Chen et al., 2025;
Jin et al., 2025; Zhang et al., 2025), or multi-tool
support (Dong et al., 2025a). Unstable trajectory
quality in online RL motivates entropy-based dy-
namic sampling in ARPO (Dong et al., 2025b) and
episode filtering in SimpleTIR (Xue et al., 2025).
Our approach leverages the role-playing ability of
large models to explicitly separate high-level plan-
ning from execution. (3) Multi-agent TIR systems
implement specialized agents for search or reason-
ing (Zheng et al., 2025; Lu et al., 2025), but roles
are usually fixed and optimization is offline, limit-
ing coordination. OWL (Hu et al., 2025) learns a
shared planner from feedback but does not support
online multi-agent training, while AgentFlow (Li
et al., 2025d) improves multi-turn tool use by fine-
tuning the planner while keeping other modules
fixed. Our approach trains agents with hierarchical
RL for coordinated TIR.

6 Conclusion

We propose TMATR-HRL, a hierarchical multi-
agent framework that establishes clear role bound-
aries through tree-structured reasoning and syn-
chronizes agent co-evolution via hierarchical rein-
forcement learning. Extensive experiments confirm
its effectiveness in reasoning and tool usage.



Limitations

While TMATR-HRL yields promising results, the
hierarchical reinforcement learning process in-
volves a complex optimization space that requires
careful hyperparameter tuning. Furthermore, our
current evaluation primarily focuses on math and
QA tasks. Further exploration is needed to assess
the framework’s scalability in open-domain scenar-
i0s with a larger and more dynamic set of tools.

Ethics Statement

This research seeks to address the challenges of
role ambiguity and decision-making noise in multi-
agent tool-integrated reasoning through hierarchi-
cal fine-tuning. Our work is confined to the devel-
opment of technical methodologies for optimizing
agent coordination and is evaluated exclusively on
standardized, publicly available datasets. The sys-
tem does not involve the collection of personal
identifiers or sensitive information. Furthermore,
the tools integrated within our framework are re-
stricted to neutral computational and retrieval APIs,
posing no foreseeable risks of generating biased or
harmful content in real-world applications.
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A Data Statistics

Table 3 reports the overall dataset sizes to-
gether with the number of instances incorrectly
solved by Qwen-7B-Instruct (Bai et al., 2025) un-
der the pass@1 setting, covering NuminaMath-
TIR (Li et al., 2024), HotpotQA (Yang et al.,
2018), 2WikiMultiHopQA (Ho et al., 2020), Sim-
pleDeepSearch (Sun et al., 2025), and Web-
Walker (Wu et al., 2025). The Counts column
shows the total number of instances in each dataset,
while Incorrect indicates cases that cannot be
solved correctly in a single attempt by the base
model. Across these datasets, incorrectly solved
instances are generally more challenging and often
require multi-step reasoning or effective tool usage.
We therefore use these error cases as training data
for reinforcement learning, as learning from diffi-
cult instances is essential for improving decision-
making and tool-integrated reasoning performance.
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Dataset Task Type Counts Incorrect
NuminaMath-TIR Text 72.4K 17.53K
HotpotQA Text 8.4K 6.84K
2WikiMultiHopQA Text 0.87K 0.66K
SimpleDeepSearch TIR 0.87K 0.67K
WebWalker Text 0.68K 0.67K
Total - 82.35K 25.7K

Table 3: Dataset statistics and the number of in-
stances incorrectly solved by Qwen-7B-Instruct under
the pass@1 setting.

B Benchmark and Evaluation Details

For benchmarks with large test sets, we follow
a fixed subsampling protocol during evaluation.
For mathematical reasoning benchmarks with more
than 500 test instances, we evaluate models on a
fixed subset of 500 problems sampled from the offi-
cial test split. For question answering benchmarks
with more than 200 test instances, we evaluate mod-
els on a fixed subset of 200 examples sampled from
the official test split. Subsampling is performed
once prior to evaluation, and the same subsets are
used for all models and methods.

We additionally specify the context length con-
figurations used for different models. For Qwen3-
4B-Instruct-2507 (Yang et al., 2025) and Phi-4-
mini-instruct (Abdin et al., 2024), the maximum
context length for a single dialogue round is set to
4,096 tokens, while the total context length budget
across multi-turn interactions is capped at 40000 to-
kens. For DeepSeek-R1-Distill-Qwen-1.5B (Guo
etal., 2025), we allow a maximum of 10,000 tokens
per single dialogue round and a total context length
of up to 50000 tokens for multi-turn conversations.
Each example is evaluated with at most 5 turns.

C Baseline Details

This appendix describes the two prompt designs
used for the baseline methods. Both prompts are
instruction-based and contain no in-context exam-
ples. They differ only in the placement of the rea-
soning and output-format instructions.

* CoT-style Prompt.

SYSTEM: Please reason step by step, and
put your final answer within \boxed{}.

USER: {question}

* Box-style Prompt.


https://arxiv.org/abs/2304.06364
https://arxiv.org/abs/2304.06364
https://arxiv.org/abs/2304.06364

SYSTEM: You are a helpful assistant.

USER: {question}
Please reason step by step, and put your
final answer within \boxed{}.

D Training Details

For all experiments, we use fixed training hyperpa-
rameters with a set to 0.22, 3 set to 0.1, ~y set to
0.1, and 7 is set to 0.50. The training batch size
is 48, and the DPO mini-batch size B is 16. We
set the rollout number to 6, restrict the maximum
number of rounds to 3, and use a learning rate of
1 x 10~%. When Qwen3-4B-Instruct-2507 (Yang
et al., 2025) is used as the inferencer, both the plan-
ner and the inferencer are trained with a maximum
response length of 4096 tokens and a maximum
prompt length of 9000 tokens. When DeepSeek-
R1-Distill-Qwen-1.5B (Guo et al., 2025) is used
as the inferencer, the maximum response length is
4096 tokens and the maximum prompt length is
12000 tokens. When Phi-4-mini-instruct (Abdin
et al., 2024) is used as the inferencer, the maximum
response length is 4096 tokens and the maximum
prompt length is 8000 tokens. For all SFT warm-up
runs, the maximum sequence length is set to 20444
tokens, and models are trained for 6 epochs with
a learning rate of 5 x 1079 and a weight decay of
0.1, selecting the checkpoint with the minimum
validation loss.

E Fine-grained Training Dynamics of
Hierarchical Reinforcement Learning

This appendix provides a fine-grained analysis of
the training dynamics in hierarchical reinforcement
learning (HRL), complementing the main results by
reporting stage-wise performance changes across
models and benchmarks. As shown in Figures 5,
6 and 7, fine-tuning the inference model alone
yields limited performance gains on most tasks,
suggesting that improving low-level execution in
isolation is insufficient for effective tool-integrated
reasoning. When planner training is introduced,
performance variations become more pronounced,
and temporary regressions are observed on several
benchmarks, indicating potential coordination mis-
match between high-level planning and low-level
execution. After full system-level optimization,
these fluctuations are largely mitigated and perfor-
mance trends become more consistent across tasks.
Overall, this stage-wise analysis supports our moti-
vation that explicitly coordinating decisions across
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abstraction levels through staged optimization is
critical for reliable and controllable tool usage.

F Instructions

Figures 8, 9, 10, 11, 12, 13 and 14 present
the complete set of prompt templates used in our
framework.
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Figure 5: Model analysis of the Hierarchical Reinforcement Learning framework on Qwen3.
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Figure 6: Model analysis of the Hierarchical Reinforcement Learning framework on Qwen2.5.
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Figure 7: Model analysis of the Hierarchical Reinforcement Learning framework on Phi-4.
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You are an intelligent planning assistant, responsible for breaking down complex problems into
well-defined sub-tasks.

Your responsibilities are:

1. Determine whether an external tool needs to be invoked;

2. If so, clearly specify the tool usage objective and select the most appropriate tool;

3. If not, construct a clear and logical reasoning path in natural language;

4. Strictly follow formatting requirements — all decisions must be output in the required structured
format in subsequent prompts.

You will collaborate with other modules to complete the task. Do not repeat the original question,
and do not reduce the scope of the problem.

Figure 8: System prompt of the planner.

Please solve the following problem step by step:

{question}
You may use the following tools to assist you in this task:
L
{
"tool_name": "Search”,
"tool_description”: "Used for retrieving factual knowledge (e.g., people, places, definitions),
with an emphasis on accuracy and source reliability.”
}!
{
"tool_name": "WebSearch",
"tool_description”: "Used for web scraping, list comparison, and organizing structured
information.”
}!
{
"tool_name": "Python",
"tool_description”: "Used for mathematical calculations, simulations, enumeration, logical
verification, graph computation, and other complex reasoning tasks.”
}
]

You should decide whether to invoke any tools based on the problem, and perform reasoning or
construct inputs in subsequent steps.

Figure 9: Question Prompt of Planner

Please determine whether the next step requires tool usage or can be completed via language
reasoning.

- If tool usage is needed, output: <ACTION>call_tool</ACTION>

- If it can be solved directly, output: <ACTION>text_reasoning</ACTION>

- Then, use <GOAL>...</GOAL> to clearly describe the analysis or computation objective for this
step.

Your output must strictly follow the XML tag format below:

<ACTION>...</ACTION>

<GOAL>. . .</GOAL>

Requirements for GOAL

- The description must be clear and concise, yet fully informative;

- Do not omit key conditions, variable definitions, or task context;

- Avoid vague phrases such as “enumerate” or “judge whether” without further explanation;

- The GOAL must be self-contained and executable without relying on prior context;

- Encourage tool use where helpful.

Examples

<ACTION>call_tool</ACTION>

<GOAL>Enumerate all bijections f from set A = {1,2,3,4,5,6} to itself such that f(f(f(z))) =
x</GOAL>

<ACTION>text_reasoning</ACTION>

<GOAL>Analyze all positive integers a = 2" -3™ such that a® does not divide 6%</GOAL>

Do not output anything other than the specified tags above.

Figure 10: DECIDE Prompt of Planner.
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Based on the tool usage objective proposed in the previous step, select the most appropriate tool
from the available list and briefly explain your reasoning.

Tool Usage Objective:

{goal}

The tool name must be selected from the provided list. Use the following output format:
<REASON>(your explanation) </REASON>

<SELECTED_TOOL>(tool name) </SELECTED_TOOL>

Figure 11: SELECT Prompt of Planner.

Based on the current reasoning objective, plan a structured, step-by-step reasoning process.

Each step should clearly specify the operation to perform and the underlying logic, progressively
guiding the task toward the final answer.

Reasoning Objective:

{goal}

Please output strictly in the following format:

<REASONING_STEPS>

Step 1:

Step 2:

Step N:

</REASONING_STEPS>

Note: The steps should describe only the reasoning path. Do not include or infer the final answer
at this stage.

Figure 12: PLAN Prompt of Planner.

Please execute the following original question, reasoning objective, and reasoning plan step by
step. For each step, provide both the operation performed and its result.

If the question involves multiple candidate values (e.g., numbers, options, or combinations),
explicitly list and analyze all of them. Skipping relevant data or cases is strictly prohibited.
Original Question

{question}

Current Reasoning Objective

{goal}

Reasoning Plan

{plan}

Output Format

<THINK>

Step 1: Perform xxx, the result is xxx.

Step 2:

</THINK>

<ANSWER>\[ \\boxed{{final_answer}} \J</ANSWER>

(Only fill this in after the full reasoning is complete)

Instructions

- You must follow the reasoning plan exactly as given, step by step — do not rewrite, skip, merge, or
alter any steps;

- Each step must include both the action performed and its result;

- If reasoning is still in progress, output only the <THINK>block without the <ANSWER>tag;

- In the <ANSWER>block, provide the complete final answer, not just a label;

- Use \\boxed{{. .. }} to wrap all answers, whether mathematical, symbolic, or textual;

- The boxed content must be sufficient to match or evaluate against the ground truth;

- Only output the <ANSWER>tag if the final answer contains sufficient information to reconstruct the Original
Question (key entities, quantities, units, and task intent). Otherwise, output only the <THINK>block
and omit <ANSWER>.

Figure 13: INFER Prompt of Inferencer.
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Based on the following original question, tool usage objective and tool description, generate a
valid input for the selected tool.

Original Question

{question}

Tool Usage Objective

{goal}

Tool Description

{tool_information}

Output Format

<TOOL_INPUT>

(Fill in the tool input content here)

</TOOL_INPUT>

Only output the <TOOL_INPUT>block. Do not include any extra statements, quotation marks, comments,
explanations, or markdown.

Figure 14: EXCUTE Prompt of Inferencer.
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