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Abstract

This work establishes that sparse Bayesian neural networks achieve optimal pos-
terior contraction rates over anisotropic Besov spaces and their hierarchical com-
positions. These structures reflect the intrinsic dimensionality of the underlying
function, thereby mitigating the curse of dimensionality. Our analysis shows that
Bayesian neural networks equipped with either sparse or continuous shrinkage
priors attain the optimal rates which are dependent on the intrinsic dimension of
the true structures. Moreover, we show that these priors enable rate adaptation,
allowing the posterior to contract at the optimal rate even when the smoothness
level of the true function is unknown. The proposed framework accommodates
a broad class of functions, including additive and multiplicative Besov functions
as special cases. These results advance the theoretical foundations of Bayesian
neural networks and provide rigorous justification for their practical effectiveness
in high-dimensional, structured estimation problems.

1 Introduction

Neural networks (NNs) have been widely used to extract features from complex datasets, such as
visual recognition and language modeling [I]. Due to their approximation ability [2-7], NNs exhibit
remarkable flexibility in representing complex multivariate functions. Given their network structure,
NN are trained by minimizing empirical risk defined through a suitable loss function, which can
be viewed as maximum likelihood estimation from a statistical perspective [E]. However, such a fre-
quentist approach may lead to miscalibration and overconfidence [9], particularly when the model
is trained on out-of-distribution samples [[0]. On the other hand, the Bayesian approach quantifies
predictive uncertainty via the posterior distribution [[l, T2] and can improve calibration and robust-
ness in many cases [[3, T4]. Another key advantage of the Bayesian perspective is that, unlike their
frequentist counterparts, Bayesian neural networks (BNNs) can easily achieve the optimal rate of
convergence without knowledge of the smoothness of the function. This property, known as rate
adaptation, is inherently attained by the nature of Bayesian inference.

To capture the flexibility of NN, it is desirable to consider function classes that are richer than
the intuitively smooth ones, such as Holder or Sobolev spaces. In particular, Besov spaces, which
encompass non-smooth or even discontinuous functions, are well suited for this purpose. For exam-
ple, images often exhibit local inhomogeneities and sharp edges naturally represented within Besov
spaces [I3]. Moreover, additional flexibility arises from accounting for intrinsic dimensionality,
which helps explain the robustness of NNs to the curse of dimensionality. For instance, images
frequently possess low intrinsic dimensionality [[[6]. Such an intrinsic dimensional structure can be
implicitly modeled through anisotropy or composite function constructions. Although frequentist
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approaches have extensively investigated theoretical properties in these complex settings [, 8],
Bayesian analyses remain largely limited to simpler cases [[9-22]. This study aims to fill this gap
by establishing that BNNs achieve optimal posterior contraction and exhibit rate adaptation under
the fully Bayesian paradigm in such complex scenarios.

1.1 Related works and our contribution

Rates of convergence provide a fundamental means of assessing the quality of estimation procedures
in both frequentist and Bayesian inference. While frequentist analyses focus on the convergence
rates of estimators, Bayesian approaches examine the contraction rates of posterior distributions,
which describe how quickly the posterior concentrates around the truth. In the deep neural network
(DNN) literature, such notions of optimality have been investigated under a variety of settings from
both frequentist and Bayesian perspectives.

Frequentist works. Under the frequentist paradigm, Schmidt-Hieber [8] showed that a carefully
constructed DNN estimator achieves the near-minimax optimal rate over Holder classes, provided
that the network architecture has sufficient depth and sparsity adapted to the underlying function
complexity. Their result extends to composite structures, encompassing a wide range of structured
function classes, including additive models. Suzuki [['/] further extended these results to Besov
spaces, and Suzuki and Nitanda [I8] demonstrated that DNNs mitigate the curse of dimensionality
by adapting to anisotropic smoothness and composite structures in Besov spaces. In contrast to
the aforementioned works that utilize sparse networks, Kohler and Langer [3] investigated dense
NNs for composite Holder spaces. Collectively, these frequentist results demonstrate that DNNs can
achieve optimal convergence rates under appropriately specified conditions. However, attaining such
optimality requires careful tuning of the network architecture to the underlying function complexity,
and rate-adaptive results are currently not available.

Bayesian works. The Bayesian literature remains comparatively limited. A pioneering contribution
by Polson and Rockova [[Z1] established that BNNs equipped with spike-and-slab priors achieve op-
timal posterior contraction over Holder classes. This work was extended to Besov spaces by Lee and
Lee [20], who considered both spike-and-slab and continuous shrinkage priors, although the appli-
cation of shrinkage priors remains largely limited. Kong and Kim [IY] obtained similar results using
dense networks with non-sparse priors, further extending the theory to composite Holder spaces. To
the best of our knowledge, the only Bayesian study that considers anisotropic Besov spaces is Egels
and Castillo [27]. However, that work primarily employs the fractional posterior approach [24, 23],
and the standard posterior under the fully Bayesian framework has been investigated only under
strong restrictions. Moreover, they focused on Holder classes in the composite setting, and, to our
knowledge, no Bayesian study has yet considered composite structures within anisotropic Besov
spaces. Despite this limited scope, these Bayesian approaches achieve rate adaptation, attaining
optimal posterior contraction without prior knowledge of the smoothness level.

Our contribution. We establish that sparse BNNs achieve the near-minimax optimal rates over
anisotropic and composite Besov spaces. This result demonstrates that BNNs adapt to intrinsic
dimensional structures, thereby avoiding the curse of dimensionality. We show that sparse BNNs
can accommodate a broader class of realistic functions that have not been fully addressed in earlier
works. Compared to Egels and Castillo [22], we adopt the pure Bayesian framework, relying on
the standard posterior distribution for inference. This choice aligns more closely with conventional
Bayesian practice and facilitates broader acceptance within the Bayesian community. Furthermore,
we show that sparse BNNs adapt to the underlying model complexity and attain the optimal rate for
the target function without requiring oracle knowledge. As a result, users are not required to specify
the exact network architecture; rate adaptation is achieved through an appropriately designed prior
distribution. A summary of related works and our contributions is provided in Table [.

2 Preliminaries

2.1 Setup

Notation. For a € R, let |a] and [a] denote the floor and ceiling functions, respectively. Forn € N,
the notation [n] stands for the set {1,2,--- ,n}. For a,b € R, we write a V b and a A b to denote
max{a, b} and min{a, b}, respectively. For a real vector v, |[v[|,, denotes the £,-norm for p € [1, oc],



Table 1: Summary of related works and this study. The abbreviations Iso., Aniso., and Ada. denote
isotropic, anisotropic, and adaptation, respectively.

Single Function Composite Function

Study Approach Architecture  Function Space  Ada. Function Space  Ada.
Schmidt-Hieber [¥] Frequentist ~ Sparse Iso. Holder X Iso. Holder X
Kohler and Langer [23] Frequentist Dense Iso. Holder X Iso. Holder X
Suzuki [I7] Frequentist ~ Sparse Iso. Besov X - -
Suzuki and Nitanda [I¥]  Frequentist Sparse Aniso. Besov X Aniso. Besov X
Polson and Rockova [Z1]  Bayesian Sparse Iso. Holder v - -
Kong and Kim [I[9] Bayesian Dense Iso. Holder v Iso. Holder 4
Lee and Lee [20] Bayesian Sparse Iso. Besov v - -
Egels and Castillo [27] Bayesian®  Dense Aniso. Besov** v/ Iso. Holder v
This work Bayesian Sparse Aniso. Besov v Aniso. Besov 4

* Egels and Castillo [22] primarily employ the fractional posterior to circumvent issues of model complexity.
+x Egels and Castillo [Z2] impose stronger restrictions on the smoothness parameter than other studies on anisotropic Besov spaces (see
Section B for details).

and ||v]|, denotes the number of nonzero components. For a measurable function f : [0,1]¢ — R
and a measure 4, define || f{|,(,) = (f[O,I]d |f|Pdu)/? for p € (0,00). When p is the Lebesgue
measure, we write || f|| ;, for brevity. For p = oo, we define || f|| . = esssup,¢(o1ja | f(2)]. We
also define the supremum norm by || f||cc = sup,e(o 1)« |f(2)|. The Dirac delta at zero is denoted
by do, and the indicator function of a set A is denoted by (A). For sequences a,, and b,,, we write
an, S b, and a,, 2 b, to mean that a,, < Cb,, for some universal constant C' > 0. If a,, < b, S ay,

~

we write a,, < by,. LetUB = {f : [0,1] = R; || f||oc < 1} denote the family of uniformly bounded
functions. For a normed space F, U(F) denotes the unit ball of F.

Model. We consider a nonparametric regression problem with a d-dimensional input variable X; €
[0,1]% and an output variable Y; € R, for i € [n]. The observations D,, = {(X;,Y;)}", are
independent and identically distributed according to the model,

Vi = fo(Xi) + &, Xi~Px, &~N(0,02), ie€ln], (1)

where fo : [0,1]¢ — R is the true regression function, o2 > 0 is the noise variance, and Py is the
distribution of X;. We denote the joint distribution of D,, under this model by P (n)

fo,00°

Neural network. We denote the ReLLU activation function by ¢(-) and use the same notation for its
vectorized version. The parameter space of L-layered NNs with B-bounded and S-sparse weights
is defined as

O(L,D, S, B) = {9 = (WO O WD D) @) ¢ Rexdia b0 ¢ R
di=D, €L}, dy=d, sy =1, 6]y < S, |0« <B}.

Let fo(-) = (WEHD() £ pEFD) 0 Co om0 o (WD) + M) = [0,1]7 — R be the
input-output mapping of an L-layered NN. We define the corresponding feedforward NN class as
®(L,D,S,B) = {clipo fp: 0 € ©(L,D, S, B)}, where clip(z) = min{1l, max{—1,z}} clips
its input to the interval [—1,1]. We also define the unbounded sparse and unbounded dense pa-
rameter spaces as O(L, D, S) = limp_,, O(L, D, S, B) and ©(L, D) = limg_, (L, D, S),
respectively. By further taking union over the width, we define ©(L) = (Jp_, ©(L, D). The
corresponding NN classes are defined analogously as ®(L,D,S) = limg_. ®(L,D, S, B),
®(L, D) = limg_yoo ®(L, D, B), and ®(L) = Up_, ®(L, D).

2.2 Anisotropic Besov spaces

We first consider anisotropic Besov spaces, which accommodate varying smoothness across different
directional components [’6, I8]. Let s = (s1,...,54) € RL,0 < p,q < 0o, and r = |max; s;] +
1. For h € RY, the r-th order difference is defined as A (f)(z) = >27_ (5)(=1)"77 f(x + jh)

J
if z,2 + rh € [0,1]9, and 0 otherwise. Given t = (t1,...,t;) € R% ., the anisotropic modu-
lus of smoothness is defined as wy.,(f,t) = supjcpa,|n;|<t, [|AL(f)|[L». The anisotropic Besov
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Figure 1: We illustrate two example functions, fi(z) = I({z1 € [1/2,1]}) + sin(27z3) and
fa(x) = |z1 — 1/2] + (22 — 1/2)?, and their rotated counterparts f] and f5.

seminorm is then defined as || f]|

B;., = [lfller + [ f] ?3;(1, where
oo [2° —k —k A
(S w2 ) g < oo,

1 fllB: =
’ SUPy>0 [2kw,«,p(f, (2_k/31 e, 2_’“/5'1))] if ¢ = oo.

The anisotropic Besov space B,, , is the collection of all functions f € L? such that || f||5; _ is finite.
For an anisotropic smoothness parameter s, we define the smallest smoothness as s = min; s;, the
largest smoothness as 5 = max; s;, and the intrinsic smoothness (exponent of global smoothness)

as § = (Z?zl sj*l)*l. In the special case where s = (so, ..., So) for some so > 0, the space B, ,
reduces to an isotropic Besov space. Besov spaces generalize classical notions of differentiability
and continuity and are more flexible than Holder spaces, which can be viewed as particular subspaces

of Besov spaces. For further discussion of the continuous embedding properties, see Remark B2

It is well known that the minimax optimal rate of convergence over isotropic Besov classes with
smoothness sq is n~50/(2s0+d) [p7 DR]. For anisotropic Besov spaces, the minimax rate is given
by n—8/(25+1) [29, B0], which can also be expressed as n~8/(2s+d") where d* = s/§. This form
resembles the minimax rate over isotropic Besov spaces with smoothness s and dimension d*, in
which the anisotropic space is continuously embedded. In this sense, d* can be interpreted as an
intrinsic dimension associated with anisotropic Besov spaces [IR]. For example, the two functions

f1 and f5 in Figure 0 belong to BE12) for any 0 < s; < 1 and so > s;. The anisotropic

1,00
Besov space Bgs;ész) is continuously embedded in the isotropic Besov space with s;. By accounting

for anisotropy, the rate exponent can be improved from s;/(2s1 + 2) to 5/(25 + 1), where § =
$182/(s1 + s2). The intrinsic dimension satisfies d* = s1/8 = s1/s2 + 1 < 2, indicating a reduced
effective dimension compared to the ambient dimension d = 2.

2.3 Composite Besov spaces

Beyond anisotropic spaces, we consider composite function spaces in which functions are rep-
resented as hierarchical compositions of simpler components. For a composite function f =
fao---of1:]0,1]% — R with composition depth H, each intermediate function f;, maps between
successive spaces, potentially involving dimension reduction through sparse connectivity. This com-
positional structure naturally aligns with the layered architecture of NNs, where each layer progres-
sively transforms its inputs into higher-level representations. Figure [ presents examples in which
rotated functions can be interpreted as compositions of Besov functions with affine transformations.
Compositional function spaces offer a useful framework for understanding the ability of NNs to
approximate high-dimensional functions without suffering from the curse of dimensionality.

Let do = (d©,d™,... d)) be a sequence of dimensions with d(®) = d and d) = 1. Let
to = (t(l), . ,t(H)) denote the effective dimensions, where each t(h) gatisfies 1 < () < dh=1),
Let s, = (5(1)7 ey s )) be a sequence of anisotropic smoothness vectors, where each s e Rfi
We define the composite anisotropic Besov space Bgfdto’so as the collection of composite functions
f=fuo-ofi:[0,1]" — R such that the intermediate functions f, = (fa,1,..., fham) :
0,147 = (0,14 for h = 1,...,H — 1, and fg : [0,1]7"""” = R satisfy the following
condition: for each h and each j € [d")], there exists a subset I, ; C [d"~V] with |I, ;| = t("
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(a) Additive structure (b) Multiplicative structure

Figure 2: Tllustration of additive (f(z) = Zle gi(x;)) and multiplicative (f(z) = Hle 9i(x4))
composite Besov functions. Each component function g; depends on a single input dimension
(t() = 1), although the ambient dimension d®) = d may be much larger.

and a function fnj € U(B;(;)) such that f}%j(z) = fuj (.Ij.hyj ) where z; denotes the subvector
of x restricted to the coordinates in I. Additive and multiplicative Besov spaces serve as simple
examples of composite Besov spaces, as illustrated in Figure D.

Note that Suzuki and Nitanda [[I8] did not impose effective low-dimensionality in their definition of
composite Besov spaces. In contrast, our definition aligns more with the composite Holder spaces
introduced by Schmidt-Hieber [K], and it is well suited for analyzing functions approximated by
NNs, where dimension reduction may occur within layers. By incorporating anisotropy within each
fn, the framework captures low-dimensional structures even when the ambient or latent dimensions
are high. This interplay between compositional structure and anisotropy enables efficient function
representation.

3 Main results

In this section, we present our main results on posterior contraction. Table @ summarizes the corre-
sponding assumptions and theorems for the anisotropic and composite anisotropic Besov spaces.

3.1 Posterior contraction in anisotropic Besov spaces

We first establish theoretical results for anisotropic Besov spaces. The following assumptions are
imposed.

(A1) The true regression function fo satisfies fo € U(B; ,) NUB for some 0 < p,q < oo and
s € R, such that (1/p —1/2); < 3.

(A2) The distribution Px has a bounded density px such that ||px||cc < R for some constant
R>0.

(A3) The true standard deviation o satisfies ¢ < oy < o for some constants ¢ and &, and the prior
for o is supported on [0, 7] with a positive density throughout.

Assumption [AT] states that fo lies in a bounded Besov class. The condition (1/p — 1/2); <
§ aligns with those in other theoretical studies on Besov spaces [1], "7, [¥], whereas Egels and
Castillo [?2] impose a stronger requirement 1/p < § to achieve a sharper approximation result.
Assumption [AZ] is minor given that the dimension d is fixed. Assumption [A3]) ensures that the
prior for o is supported on a compact interval containing oy. We first show that the optimal rate is
achieved by suitably specified spike-and-slab and shrinkage priors, and then demonstrate that rate
adaptation can be attained for both priors with slight modifications.

3.1.1 Spike-and-slab prior

Our results rely on the fact that for every fo € U(B, ), there exists a NN approximator f €
®(Lyp, D1, S1n, B1) achieving the optimal approximation error, where the network parameters
satisfy

Ly, <logn, Dy, =<N,, Sin=<DNplogn, Bjxl, 2)



Table 2: Summary of the main results. Along with the listed assumptions, all results also require
Assumptions [AZ] and [A3], which are taken as common assumptions.

Anisotropic Besov Composite Anisotropic Besov
Prior Assumptions Result Assumptions Result
Spike-and-Slab [AT), [BT),[BZ] Theorem B3 [AZ)[A3), [BT], [(BZ) Theorem BT4(i)
Shrinkage [AT], [CTHHC3] Theorem BER [AZ)[A3), [CTHHCT3] Theorem BTA(ii)

Adaptive Spike-and-Slab [E]: [BT),[BZ] TheoremBH(i) [AZNA3), [BT],[(BZ] Theorem BT4(i)
Adaptive Shrinkage [AT), [COHC3] Theorem BYGi) [AZJ[AS], [CD{C3] Theorem BTA(ii)

with N,, = [n 1/(25+1) ] These network parameters depend on the unknown Besov parameters s
and p. See Lemma B4 and Remark B8 for details.

We place a spike-and-slab prior over ©(L1,,, D14, S15,) using the network parameters in (B). This
implies that the network structure is determined based on the smoothness parameter and thus the
procedure does not attain rate adaptation. A spike-and-slab prior for € is given by

™0 |v,L,D,S) = H ViTse(05) + (1 —7;)00(05)]
i=1 3

1 T
ﬂ—(’y | L7D7S) = TI(’Y € {051} ) ||’7||0 = S)?
(s)
where 7y, is the slab density for the nonzero components and 7' = |©(L, D)|. The slab distribution
is required to satisfy the following assumptions.

(B1) log f|u‘>Kn 7sr(u)du < — K, for any K,, — oo.
(B2) loginf|,<p, Tsr(u) 2 —(log n)2.

Assumption [BT] implies that 7g; has exponential tails on both sides. From a nonparametric
Bayesian perspective, this condition is necessary to control the prior mass outside a chosen sieve.
Assumption [BZ] requires that gy, to place sufficient mass around the NN approximator, which is
essential for ensuring adequate prior concentration in a Kullback-Leibler neighborhood. If 7gy, is
independent of n and bounded away from zero on [— By, B1], then the assumption holds trivially.

Example 3.1 (Uniform slab prior [20, PT]). If gy is the density of the uniform distribution
U(—Cy,C,) for C, > By, then Trgy, satisfies Assumptions [BT}HBZ].

Example 3.2 (Gaussian slab prior). If 7gy, is the density of a zero-mean Gaussian distribution with
fixed variance, then 7gy, satisfies Assumptions [BT}HBZ].

Example Bl is simple but has the drawback that the prior depends on B;. Example B mitigates
this issue. We now present the posterior contraction result.

Theorem 3.3 (Spike-and-slab prior). Suppose that Assumptions [ATYA3) hold, and that the
prior distribution in B) is placed over ©(L1y,, D1y, S1,). Assume further that the slab density
wsp satisfies Assumptions [BDHBZ). Then, the posterior distribution concentrates at the rate
en = n %/ 5 (logn)3/2, in the sense that

H((fa 0) S (I)(Ll’ruDln; Sln) X [Q,E] : ||f - f0||L2(Px) + |U2 - 08| > Mnen ‘ D’ﬂ) —0
in P}(Z)UO -probability as n — oo for any M,, — 0.
Proof. See Appendix [CR. O

The contraction rate €, is near-minimax rate and only depends on intrinsic smoothness s of the
function. Suzuki and Nitanda [[I8] showed that the empirical risk minimizer under the squared loss
achieves the same rate €,,. Therefore, BNNSs attain the same theoretical optimality as their frequentist
counterpart for anisotropic Besov spaces.



Remark 3.4. The exponential tail condition in [BT] is imposed to effectively control model com-
plexity, as measured by the metric entropy of a suitably chosen sieve [31, 3Z]. If one instead uses a
polynomial-tailed density, the entropy calculation can be bypassed using the Vapnik-Chervonenkis
(VC)-dimension technique [33]. In that case, the posterior contraction rate is slightly degraded to
n~%/ (251 (logn)?. See Appendix L9 for further details.

3.1.2 Shrinkage prior

The main bottleneck in using spike-and-slab priors lies in the computational burden introduced by
the point-mass component of the prior. To address this issue, we extend the results to continu-
ous shrinkage priors, which offer a more computationally efficient alternative. These priors retain
the sparsity-promoting nature of spike-and-slab priors while avoiding the complexity of variable-
dimensional posterior inference. This leads to scalable and practical Bayesian procedures suitable
for high-dimensional settings, where computational tractability is essential.

Using the network parameters in (B), we place a prior over © (L1, D1,,). That is, sparsity is not
imposed explicitly but is instead induced implicitly through the use of shrinkage priors. We express
a shrinkage prior as

T
j=1
where 7oy is a density on R and T = |O(L, D)|. S
following assumptions.

pecifically, msz is assumed to satisfy the

(C1) log flu\>Kn 7sg(u)du S —K,, for any K,, — oo.

(C2) loginf|,<p, 7sm(u) 2 —(logn)2.

(C3) log flu\>a 7om (u)du < —C4(logn)? for a sufficiently large constant C'4 > 0, where a,, =
6_2L1" logn.

Assumptions [CT}TZ] serve similar roles to Assumptions [BT}HBZ]. Assumption [C3] imposes
an additional constraint that serves as a continuous analogue of the spike component in spike-and-
slab priors. This assumption is indeed restrictive: for rapidly decreasing a,,, it requires the prior to
concentrate nearly all its mass on [—a,,, a,]. As a result, widely used shrinkage priors such as the
horseshoe [34] do not satisfy Assumptions [CT}HCT3] directly. Nevertheless, the assumptions can be
satisfied by designing priors that place most of their mass near zero, as required in Assumption [C3],
while also satisfying the exponential tail decay in Assumption [CT]. The following examples illus-
trate such constructions, with verification given in Appendices CT0 and CT1I.

Example 3.5 (Relaxed spike-and-slab [20]). Let ¢ denote a sub-Weibull density with tail index
0 < k < 1 [BS] satisfying flu\>K or(u)du < Cq exp(—CgKl/’“) for any K > 0 and some
constants C'y, Cy > 0. For C',, > By, define gy as

- 1 U
T(SH(U’) = Tin—Pk () +7r2nU(u§_Cu7Cu)> (5)
O1n O1n
where 71, = 1 — e~2Callogn)® o o=2Ca(logn)® 5 a, (20 4(logn)?)~* and a sufficiently

large C'y > 0. Then, 7gy satisfies Assumptions [CTHT3].

Example 3.6 (Relaxed spike-and-slab; Gaussian slab). If the uniform component in () is replaced
by the density of a zero-mean Gaussian distribution with fixed variance, then gy satisfies Assump-
tions [CI}HC3).

Remark 3.7. For k£ = 1, a sub-Weibull density ¢, corresponds to a sub-exponential density. For
k = 1/2, it corresponds to a sub-Gaussian density. In particular, if oy is chosen as a Gaussian
density, the prior in Example B8 becomes a Gaussian mixture prior.

Note that the mixture weight 7y, in (8) approaches 1. Although this may be practically undesirable,
it ensures that Assumption [C3] is satisfied. Similar constraints have also been adopted in the liter-
ature on sparse BNNs with shrinkage priors [B6, 200]. We now formalize the contraction result for
shrinkage priors. The following theorem shows that BNNs equipped with shrinkage priors achieve
the near-minimax rate.



Theorem 3.8 (Shrinkage prior). Suppose that Assumptions [ADHAI] hold, and that the prior
distribution in B) is placed over ©(L1y,, D1,). Assume further that the continuous density
Tsp satisfies Assumptions [CIHCT3). Then, the posterior distribution concentrates at the rate
en = n =%/ 25 (logn)?/2, in the sense that

H((fvg) € (I)(LlnaDln) X [an} : ||f - fOHLQ(PX) =+ |O'2 - Ug| > Mpen, | Dn) —0

in P}Z) -probability as n — oo for any M,, — oo.

[e0]
Proof. See Appendix CT2. O

3.1.3 Rate adaptation

In Section BT and Section BT, the priors depend on the smoothness parameter s, indicating
that the procedures are not rate-adaptive. By placing suitable priors on the network parameters,
the results can be extended to achieve rate adaptation. Therefore, the optimal contraction rate is
achieved without knowing the characteristics of the true function.

Specifically, instead of the network parameters in (2), we consider the depth L,, = [CL logn] for
a sufficiently large C';, > 0 and the priors 7p and 7g on the width D and sparsity .S, respectively,
given by

7p(D) o e~ *pDUos D)s, 75(S) oc e~ s los 5)2, (6)
for constants A\p > 0 and Ag > 0.

Theorem 3.9 (Adaptation). Suppose that Assumptions [ATHA3J] hold, and that the prior distribu-
tions satisfy either one of the following conditions:

(i) The priors mp and 7g in (B) are assigned to (D, S), respectively, and the prior in (B) is placed
over ©(L,,, D, S) conditional on (D, S). The slab part 7gy, satisfies Assumptions [BI}HBZ].

(ii) The prior wp in (B) is assigned to D, and the prior in (B) is placed over @(Zn, D) conditional
on D. The continuous density T sy satisfies Assumptions [CTHT3]).

IfCyp is {L}[ﬁgiently large so that L,, > Ly, then the posterior distribution concentrates at the rate
en = n %/ 25 (logn)?/2, in the sense that

U((£.0) € ©(Ln) x [2.7]: If = follapy) + 107 = 03] > Maen | Do) =0
in P}z)ao -probability as n — oo for any M,, — oc.
Proof. See Appendix CT3. O

In both cases, the priors are placed over ©(L,,), and the procedures achieve rate adaptation once C',
is chosen sufficiently large. Although the priors do not depend on the Besov parameters for the true
function, the conditions on 7gy, and gy still involve these unknown quantities. Nevertheless, the
required conditions can be satisfied without explicit knowledge of them. Specifically, if Example Bl
and Example B3 are defined with a sufficiently large constant C, such that C,, > By, the conditions
hold regardless of the value of B, which depends on the Besov parameters. In contrast, Example B2
and Example B8 are already independent of these parameters. Therefore, rate adaptation can be
readily achieved in practice.

3.2 Posterior contraction in composite Besov spaces

In this section, we show that BNNS attain the minimax optimal rate over composite Besov classes. In
other words, we demonstrate that BNNs outperform traditional statistical approaches by achieving
the minimax optimal convergence rate. Following Suzuki and Nitanda [T8], we assume that the true
regression function satisfies one of the following two structural conditions.

(A4) The true regression function f satisfies f € ng’q’t“so NUB for some 0 < p,q < 00, do, to,
and s,, such that 5" > (1/p —1/2) and 3" > 1/pforh =2,..., H.



(A5) The true regression function fj is defined as fy = f2 o f1, where f; = A - +b with A €
R4 %4 and b € R such that V) < d© and fi(z) € [0,1]4" forall z € [0,1]4"”, and
f2 € UB) NUB with 0 < p,q < oo, and s € RY such that 5@ > (1/p — 1/2)..

Assumption [AZ4] corresponds to the composite Besov space defined in Section 3. We note
that our assumptions are comparable to those in Suzuki and Nitanda [I8]. Assumption [AS5])
defines a nontrivial Besov class involving an affine transformation, which is a specific case of
the general class Bgfq’tO’SO. However, it is not contained within Assumption [A4] owing to the

relaxed smoothness requirement on 5(2). Under Assumption [A4]), define t*(") = () /5(h)
g (h) = 5(h) HkH:h+1{(§(k) —t*®) /p)y A1}, h € [H], and h* = arg Miny, (g 5*(M) We define the
intrinsic dimension as t* = ¢("") and the intrinsic smoothness as §* = §*(""). For Assumption [A5],
we adopt the same definitions with h* = 2. Suzuki and Nitanda [I¥] obtained a lower bound of

the minimax risk that roughly matches n—*"/(25"+1) The following examples illustrate practically
relevant functions that are covered by either Assumption [A4] or Assumption [AS].

Example 3.10 (Additive function; Figure Pd). Suppose f(x) = Zle gi(x;), where g; € U(B2°)

p,q

f i - i (d,d,1),(1,d),(50,5)
or sop > (1/p—1/2)4. Then, f is covered by Assumption [AZ] in the form f € B,
for s(®) such that 5(®) can be taken arbitrarily large, reflecting the additive structure.

Example 3.11 (Multiplicative function; Figure DH). Suppose f(xz) = szl gi(xz;), where g; €
U(Byo,) for so > (1/p —1/2)4. This f is also covered by Assumption [AZ], similar to the additive
case in Example BT

Example 3.12 (Rotation; Figure ). Let R, € R?¥¢ be the rotation matrix by angle 7. Suppose
f=go(A +b), where g € U(B5. ) NUB, A= R, /Vdand b = (I — R,)(1/2,---,1/2)". This
f is covered by Assumption [A3].

Example 3.13 (Piecewise function). The indicator function of a hyper-rectangle lies in B, . if s <

s
1/pfor1 < p < oo [B7]. For hyper-rectangles A; C [0, 1]¢, suppose f(z) = Zlel I(x € A;) gi(x),

where g; € U(B;°,,) for (1/p —1/2)1 < 39 and 39 < 1/p. This f is covered by Assumption [AZ]
using Examples BT0 and BTl

We now establish posterior contraction properties for the composite Besov spaces. Similar to
the anisotropic Besov case, our results rely on the existence of an optimal NN approximator
f € ®(Lap, Doy, Sapn, B2) under Assumption [AZ]), and f € ®(Lsy, D3y, S3n, B3) under As-
sumption [AS]), where

Liy, <logn, Dyn <N}, Sgn <N logn, Bpxl, k=23,

with N} = [nl/ (25 (*)H)] Therefore, the network parameters share the same asymptotic orders for
k = 2,3, although their specific values differ. For further details, see Lemma B4 and Remark B-8.
The posterior contraction results are formalized below.

Theorem 3.14 (Composite anisotropic Besov). Suppose that Assumptions [AZ}H{A3] hold, and that
either Assumption [AZ) or Assumption [AS] is satisfied as follows.

(i) If Assumption [AZ] holds, assume that the priors and conditions in one of Theorems B3, B35,
and B3 are satisfied with (Lay,, Doy, Soy) in place of (L1y, D1n, S1n)-

(ii) If Assumption [AS] holds, assume that the priors and conditions in one of Theorems B3, B3,
and B3 are satisfied with (Lsy,, D3y, Ssy,) in place of (L1y, D1n, S1n)-

Then, the posterior distribution concentrates at the rate €, = n~° /(23" +1) (log n)3/2,

Proof. See Appendix CT4. O

The contraction rate in Theorem B-T4 matches that of Suzuki and Nitanda [IX], indicating that BNNs
attain the same level of optimality. However, achieving the optimal rate in Suzuki and Nitanda [I¥]
requires a correctly specified network structure. In contrast, our Bayesian procedure offers a clear
advantage by learning the unknown compositional depth, connectivity, and anisotropic smoothness
directly from data, without requiring prior structural knowledge.



4 Discussion

In this paper, we have established that sparse BNNs achieve optimal posterior contraction rates over
anisotropic Besov spaces and their hierarchical compositions. We show that BNNs equipped with
either spike-and-slab or continuous shrinkage priors attain a near-minimax rate that depends only
on the intrinsic dimension, thereby overcoming the curse of dimensionality. Furthermore, BNNs are
shown to achieve rate adaptation over both anisotropic and composite Besov classes.

Practice meets theory. Our work provides a rigorous theoretical foundation for the empirical suc-
cess of NNs on complex real-world data. By establishing optimal rates over anisotropic Besov
spaces, we shed light on why NNs perform well in high-dimensional settings where classical
smoothness-based theory falls short. Although our analysis focuses on BNNs, which additionally
offer rate adaptation and uncertainty quantification, the insights extend more broadly to understand-
ing NN performance. The results provide actionable guidance: practitioners dealing with such data
may benefit from employing sparse architectures with sparsity-inducing priors, potentially inspiring
new algorithmic advances for efficient inference.

Extension. Our theoretical results are established under the Gaussian nonparametric regression
model in (0). These results are readily extended to other statistical models in which the Hellinger
distance can be translated into an L2-type distance for the underlying function. As one such exten-
sion, we present posterior contraction results for nonparametric binary classification. We also show
that the same contraction rates derived for the L?-norm with respect to Px hold for the empirical
L?-norm by applying empirical process theory. See Appendix @ for details.

Future work. This study has several limitations that suggest promising directions for future re-
search. While the spike-and-slab prior offers desirable theoretical properties, its practical implemen-
tation is hampered by the point mass at zero, which introduces substantial computational challenges.
Variational approximations may partially alleviate this burden [BR, BY]. Shrinkage priors address
the issue differently, but our theoretical framework does not accommodate widely used choices such
as the horseshoe prior [B4]. Extending our results to incorporate such popular shrinkage priors is
an important direction. Furthermore, a natural direction for future work is to extend our theoretical
framework to modern deep learning architectures widely used in practice. Recent developments in
the statistical theory of convolutional NNs [&0, &1] and transformers [47, &3] offer valuable founda-
tions for establishing posterior contraction results beyond fully connected architectures.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly state our main theoretical contributions
on posterior contraction rates for Bayesian neural networks over anisotropic and composite
Besov spaces.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss limitations of the work in Section 4, including computational
challenges, theoretical constraints, and the necessity to extend our framework to modern
DNN architectures. Furthermore, we provide future avenues for research based on these
limitations.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

» The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to ad-

dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All theorems in the paper explicitly state assumptions, which are clearly la-
beled throughout the manuscript. Each theoretical result is presented with comprehensive
statements that reference these assumptions. Complete proofs of all theoretical results are
provided in the supplementary material.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

¢ All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]

Justification: This paper focuses on the theoretical analysis of posterior contraction rates
for Bayesian neural networks. As no numerical experiments were conducted, this question
is not applicable.

Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-

missions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]

Justification: The main contribution of our work is to establish the theoretical properties of
BNNs, making it purely mathematical; thus, this question is not applicable.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]

Justification: Since the paper does not include numerical experiments, there is no need to
specify implementation details.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [NA]

Justification: This is a theoretical study centered on the mathematical analysis of posterior
contraction rates. As no experiments were conducted, error bars and statistical significance
analyses are not applicable.
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8.

10.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for

example, train/test split, initialization, random drawing of some parameter, or overall

run with given experimental conditions).

The method for calculating the error bars should be explained (closed form formula,

call to a library function, bootstrap, etc.)

The assumptions made should be given (e.g., Normally distributed errors).

It should be clear whether the error bar is the standard deviation or the standard error

of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: Since no computational experiments were conducted, information regarding
computer resources, such as processor types, memory requirements, or execution times, is
not applicable.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our research is fully in accordance with the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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Answer: [NA]

Justification: This paper presents a purely theoretical analysis of the mathematical prop-
erties of Bayesian neural networks. It has no direct societal applications or impacts that
would require discussion of positive or negative outcomes.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: We do not release any models, data, or assets that could potentially be mis-
used.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: Our paper is purely theoretical and does not utilize existing code, data, or
models that require licensing. All relevant literature and theoretical works are properly
cited.
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13.

14.

15.

Guidelines:

* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: Our paper is purely theoretical and does not release any new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]

Justification: Our research is purely theoretical, focusing on mathematical analysis of
Bayesian neural networks, and does not involve crowdsourcing or human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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16.

Answer: [NA]

Justification: This research is purely theoretical and does not involve human subjects; there-
fore, IRB approval is not applicable.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

¢ For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: We did not use LLMs to derive any core research findings or mathematical
results.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLN)
for what should or should not be described.

20


https://neurips.cc/Conferences/2025/LLM

A Supplement on posterior contraction

A.1 Nonparametric regression

In this section, we present theorems that apply to general settings with independent and identically
distributed (IID) data. For a semi-metric space (A, p), we let N'(e, A, p) denote the e-covering
number. The following result builds on the foundational work of Ghosal et al. [32] and Ghosal and
van der Vaart [B1].

Lemma A.1. Consider model (M) with fy € UB and oy € [0,7] for constants 0 < o < &. The
prior for o is supported on [0,T|. For F C UB, define

— € €
A= {(f,g) € Fx|g,0]: ||f*fOHL2(pX) < §a|0*00| < 5}

Suppose there exist a subset F,, C JF and a sequence €, — 0 with ne2 — oo such that

1og N (ens Fos 12y ) S 2, (s

—logI(A.,) <né, (52)

sup II(F\ F,|o)= o(e_cnei) , (S3)
o€lo,o]

for a sufficiently large C > 0. Then, the posterior satisfies
H((ﬁa) € F xa,0]: lf = follp2(pyy + |02 — 0| > Mye, | Dn) -0

in P}:') ,“probability as n — oo for any M, — oo.

Proof. See Appendix CI. O

We focus on the case where II(F \ F,, | o) is invariant with respect to o, and we write it simply as
I(F\ Fn).

A.2 Nonparametric binary classification

Suppose we have a set of n input-output observations, where each pair is an independent random
sample from a binary classification model with a d-dimensional input variable X; € [0,1]¢ and an
output variable ¥; € {0,1}:

PY;=1|X,)=1-PY,=0]X;) = (Wmo fo)(Xi), Xi~Px, i€n], (54

where 1/, is the sigmoid function 15 (z) = (1 4+ e=*)~1 for a large M > 0 and f, : [0,1]? —
R denotes the true regression function. The scaling factor M is introduced because fy and the

prior support are restricted to U/ B, whose elements have unit sup-norm. Let P}En) denote the joint
distribution of D,, with a regression function f.

Lemma A.2. Consider model (84) with fo € UB. For F C UB, define
A= {1 € Fllf = foll o) S €}
Suppose there exist a subset F,, C F and a sequence €, — 0 with ne% — 00 such that

10g A (€0, Fs Il 2y, ) S €2
—logII(Ar,) < ney,
T(F\ Fo) = o h)
for a sufficiently large C > 0. Then, the posterior satisfies
(€ F s (a0 f) = War © fo)llg(pyg) > Macn | D) =0

in P;:)-probability asn — oo for any M, — oc.
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Proof. See Appendix C2. O

The following theorem shows that a plug-in classifier can achieve results analogous to those in
Theorems B3, B8, B9 and BT4 for classification problems, under the same assumptions and notation
as in Section B. The proof closely parallels that of the Gaussian case and is therefore omitted.

Theorem A.3 (Nonparametric classification). Consider model (88) with the same prior specifica-
tions and assumptions as in Theorem B3 (or in Theorems B8, B9 and B14), except for Assump-
tion [A3). Then, the posterior distribution concentrates at the rate €, = n=s/ (2§+1)(log n)3/ 2 in
the sense that

T(f €®: (a0 f) = (U © fo)l agpy) > Maen | Pu) =0

in P;:)-probability as n — oo for any sequence M,, — oo, where ® denotes the corresponding NN
model space defined in the referenced theorem.

It can be shown that the minimax rate is also attained for the excess risk for the misclassification
error, defined as

E(fo, 1) =Ep[I(Y # I((¥ar 0 /)(X) 2 1/2))] = Eg [I(Y # I(($ar © fo)(X) = 1/2))],

implying that optimal performance is achieved in general nonparametric classification settings. It is
well known that [44] the excess risk satisfies

E(fo, ) <2/[(nr o f) = (s o fo)llpz(pyy-

This provides the posterior contraction rate with respect to the misclassification error as follows.

Corollary A.4 (Nonparametric classification with respect to the misclassification error). Consider
model (84) with the same prior specifications and assumptions as in Theorem B3 (or in Theo-
rems B8, B9 and ), except for Assumption [A3). Then, the posterior distribution concentrates
at the rate €, = n~5/ 25t (log n)3/2, such that

H(f cd: (‘:(f(),f) > Mnﬁn ‘ Dn) —0

in P;:)—probability asn — oo for any sequence M,, — 0o, where ® denotes the corresponding NN
model space defined in the referenced theorem.

Remark A.5. This result can be extended to achieve optimal convergence rates under boundary
conditions, particularly under Tsybakov’s margin condition [35], as demonstrated in frequentist ap-
proaches [A6]. However, incorporating the likelihood corresponding to this loss function poses
substantial challenges, and we leave this extension for future work.

A.3 Empirical norm

The following lemma describes the relationship between expectations of empirical processes.

Lemma A.6 (Theorem 19.3 of Gyoérfi et al. [&7]). Let X, X1,--- , X,, € R? be IID random vectors
drawn from the distribution Px. Let K1, Ko > 1 be constants and let G be a class of functions
g : R4 — R such that

lg(x)| < K1, E[g(X)?] < KoE[g(X)].

For 0 < a < 1and e > 0, assume that
Va1 = ay/e > 288 maX{QKl, \/QKQ},
and that, forall x1,--- ,x, € R4 and for all t > €/8,

Vna(l —a)t /*/i 1<
> logN|u,sgegG: — )2 <16t 3, ||- du,
96v2max{K1,2K>} — a(1—a)t & B n Zg(:c) - Il e

16 max{K1,2Kg} =1

where ||gll, ,, = & 32i2119(Xi)|. Then,

’E[Q(X)] - %ZZL: Q(Xi)| nea(1 — a)
br (228 et E[g(X)]1 > ) = 60exp ( 128 - 2304 max{ K2, K2}>'

22



For a function f : [0,1]% — R, we define the empirical L%*-norm as |f|, =
(n= 300 |£(X0)[?)1/2. As a corollary of Lemma B8, we present the following result, adapted
from Kong et al. [28], which establishes a relationship between the empirical norm ||-||,, and the
population norm ||-[[ .2 (p, -

Lemma A.7 (Change of norm). Let N,, = [n'/(35t1)] ¢, = n=5/5 D (logn)3/2, and ® be an
NN model space in Theorem B3 (or in Theorems B8, B9 and ). Then,

. 1f = follzz(pey = If = folls

>
, 2
fooo\ fea  Mye2 + 1f = follzz(py)

nMoe? )

< 60exp( -0
= eXp( 8- 1282304 16

1
2
holds for a sufficiently large constant My > 0 and sufficiently large n.

Proof. See Appendix 3. O

Using Lemma A7, we deduce that for any f € ® and all sufficiently large n, the following inequal-
ities hold with probability 1 — exp(—Mgne2 ), for some Mg > 0:

2 3 2 MO
1f = foll,, < 5IIf = f0||L2(PX) + 76121,

2 2 2
1 = follz(py) < 2I1f = folly + Moe,-
This yields a contraction rate with respect to the empirical norm.

Theorem A.8 (Contraction rate with respect to the empirical norm). Consider model (I0), prior
and the assumptions as in Theorem B3 (or in Theorems B8, B9 and BT4). Then, the posterior
distribution concentrates at the rate €,, = n~%/(>>*1) (log n)3/2, in the sense that

I((f,0) € @ x [2, 7] : |If = foll,, + 0 — 5| > Myen | Dn) — 0

in P;Z)UO -probability as n — oo for any sequence M, — oo, where ® denotes the corresponding

NN model space defined in the referenced theorem.

Proof. See Appendix (4. O

B Properties of ReLLU networks for Besov spaces

This section describes key properties of ReLU networks, highlighting their capacity to approxi-
mate a broad class of functions. In particular, ReLU networks exhibit the universal approximation
property: with sufficient depth or width, they can approximate any anisotropic Besov function on
[0,1]¢ to arbitrary accuracy. We develop the theoretical foundations of this property and discuss
its implications for both the design and theoretical understanding of deep learning models. Let

®(-) = {fo : 6 € O(-)} denote the NN model space without the clip function.
For the first step, note that a ReLU NN can approximate a cardinal B-spline with arbitrary precision

[IR, I'7]. Define ¢ (x) = 1 for « € [0, 1] and ¢¥)(z) = 0 otherwise. The cardinal B-spline of order m
is obtained recursively by convolution:

_ (1/1*1/177:,—1)(:17) for m > 07
¥mlo) = {wx) for m = 0,

where (f * g)(z) := [ f(z —t)g(t)dt. Fork € Zy and j = (ju,. .., ja) € Z%, define

d
ngm(x) = me(ZLksi Uy — Ji),
i=1
for z € R?. Here, s = (s1,...,54) € Rﬂir . denotes the smoothness parameter, k controls the spatial
resolution, and j determines the location at which the basis function is centered. A function f in an
anisotropic Besov space can thus be approximated by a superposition of M. ,‘:Jm (z), which is closely
related to wavelet basis functions [29]. The following lemma establishes the approximation of the
cardinal B-spline basis by ReLU activations.
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Lemma B.1 (Approximation of B-spline basis by NNs; Lemma 1 of Suzuki and Nitanda [IH]).

There exists a constant ¢(d, m), depending only on d and m, and an NN M € &(Lg, Dy, Sy, By)
with
dvm

Lo:=3+2 [log2 <ec(d,m)
Dy := 6dm(m + 2) + 2d,

Sy := LoD,
By:=2(m+1)m

) 5| ot 1.

that satisfies M (x) = 0 for all = ¢ [0,m + 1]% and HMS{’S” — M||oo < €eforall e > 0.

For order m € N of the cardinal B-spline bases, define
HJ _{ m, m+1 72Lk8;1J}7

and define the quasi-norm (Besov sequence norm) of the sequence (v j)kez, je(k) @

1/p19Y M4
— [s— (3¢ keflj/k)/ ] P
@iyl =30 |2l tesr M (37 o) ()
P k=0 JEJ (k)

For p = oo or ¢ = oo, the norm is modified in the standard way.

As noted in Remark B, anisotropic Besov spaces admit useful continuous embeddings.
Remark B.2 (Continuous embeddings in anisotropic Besov spaces; Proposition 1 of Suzuki and

Nitanda [IR]). Lets = (s1,---,8q4) € Ri 1, Then, the following continuous embeddings hold on a
bounded domain Q C R¢,
e Ifs; = =s4=s50 &N, then C*0(Q) = BL%")(Q).

* For0 < p1 <p2 <00,0 < q<o00,if§> (1/p1—1/p2)

1 - (1/p1 - 1/p2)+/§-

* For0<p<ooand0<q <q2 <00,B;,(Q2) — By, (Q).

< If0<p,g<ocoands>1/p, B (Q) — C°Q).
The notation — denotes a continuous embedding from the space on the left into the space on the
right. In particular, if § > 1/p, then B; ,(2) — C7%(2) with v = 1 — 1/(3p). In this case,
every function in B; (€) is continuous. Otherwise, the functions may display discontinuities or
non-smooth behavior such as jumps or spikes.

+,thenB;1q( ) = Byl (Q),y =

Building on these embedding properties, the following lemma establishes the approximation of
anisotropic Besov functions by a cardinal B-spline basis, thereby extending the classical spline ap-
proximation results for isotropic Besov spaces [[['/] to the anisotropic setting.

Lemma B.3 (Approximation of anisotropic Besov function by cardinal B-spline basis; Lemma 2
of Suzuki and Nitanda [I8]). Suppose that 0 < p,q,r < oo, w := (1/p—1/r); < § andv =
(§—w)/(2w). Assume that 0 < 3§ < min{m, m—1+1/p}, where m € N is the order of the cardinal
B-spline bases. For any f € By , and N > 0, define K (N) such that S LK(N)s/s5] — N and
K*(N) =[K(N)1+1/v)]. Then there exist Eny C {(k,j): 1<k < K*(N),j € J(k)} with
|En| < N and fn such that

In(x)y =Y an M (),

(k.j)EEN
If = fnller SN7°
where the coefficient (o, ;) yields the following norm equivalence
1 fllss., = [[(ak,)k.slles - (S6)
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The following lemma extends Proposition 2 of Suzuki and Nitanda [[I¥], establishing that for any
function fj in an anisotropic Besov space, there exist NNs that approximate fy with arbitrary accu-
racy. In this version, the dependence of the hyperparameter B on N in the original proposition is
removed.

Lemma B.4 (Approximation of anisotropic Besov functions by NNs). Suppose that 0 < p,q,r <
oo, w:=(1/p—1/r)y < Sandv = (§ —w)/(2w). Assume that N € N is sufficiently large and
m € N satisfies 0 <5 < min{m, m — 1 + 1/p}. Then,

sup Jo—fller S
fo€U (B ,([0,1]4))nUB f€<1>(L1 D1 S1,B1) | |
with
3de
Ll = Ll(d,m,p, T’,S,N) = 3+ 3 ’&ng <ec(d7’rn)> —+ 5—‘ ﬂogQ(d\/m)] y
Dy = Dy(d,m,N) := NDy,
1 1( ) 02 s7)
Sy = S1(d,m,p,r,s,N) := L1 DiN,
(L+v"H[A/s) V (1/p — 5)4]log?2
By = By(d =B
1 1( ,m,p,r,s) 0€Xp< f§10g2(d\/mﬂ
where Dy = Dy(d,m) := 6dm(m + 2) + 2d, By = Byo(m) = 2(m + )m, ¢ =
N=3=0+v"H/p=9+ 10g(N) =1, and constant c(d, m) does not depend on N.
Proof. See Appendix C3 O

Remark B.5. The key strength of Lemma B4 lies in that the approximation accuracy depends not
on the ambient dimension d but on the intrinsic dimension. When NN models are employed, if the
target function exhibits anisotropic smoothness, the approximation rate is governed by the intrinsic
rather than the ambient dimension. This leads to minimax-optimal performance in estimation theory
and illustrates how NNs can mitigate the curse of dimensionality. In the isotropic case where s =
(80,80, --,80), we have § = s¢/d, recovering the classical results for ordinary Besov functions in
Suzuki [I7].

Remark B.6. Note that the NN space ®(L, D, S, B) is monotonically increasing with respect to L,
D, S, and B. Thus, the parameters in (§7) can be replaced by

Li=CplogN, D;=CpN, S =CsNlogN, B;=0Cpg
for sufficiently large constants Cp, Cp, Cg, and Cp.

NN models with ReLU activation permit redistribution of weights across layers without altering the
output function. The following lemma formalizes this property, which will be used to redistribute
the magnitudes of the parameters.

Lemma B.7 (Re-scaling Lemma for ReLU NNs; Lemma A.1 of Kong and Kim [[9]). Let L > 3

and D > 3. For positive constants ¢y, - - - ,cpy1, we define
l
W = w®, p® = <H Cl’) p®
=1

fort € (Lt 1) addefine 8 = (00,50, .., 04D, o), FIIE e =1, folw) = f3(2)
oLas jor every x.

Remark B.8. The clipping function can be implemented using a simple ReL.U network. Specifi-
cally,

clip(z) = max{min{z, 1}, -1} =((z+1) - ((x — 1) — 1,
where ((-) denotes the ReLU activation. Consequently, the clipped network space ®(-) is contained

in the unrestricted network space @() Furthermore, to ensure that each partial block of a composite
Besov function produces outputs within [0, 1], we apply

clipgqj(z) == ((z) — ¢(( — 1) = max{z,0} — max{z — 1,0}.

With this construction, ReLU networks are capable of approximating composite Besov functions.
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The following lemma extends Theorem 1 of Suzuki and Nitanda [I¥], which establishes an approxi-
mation bound for any fj in a composite anisotropic Besov space by NNs. Unlike their setting, which
imposes no restriction on the input dimension of each component, we adopt the composite Holder
framework of Schmidt-Hieber [K] and assume that each layer map depends only on a small subset of
its inputs. By combining this effective low-dimensionality constraint with anisotropic smoothness,
we exploit both compositional structure and reduced intrinsic dimension to efficiently approximate
functions in high ambient dimensions.

Lemma B.9. Suppose that 5V > (1/p — 1/r), for some r > 0 and 3" > 1/p for all h > 2.
Then, the approximation error over the composite anisotropic Besov space is bounded as

S — S N_~
foegdopto oo fED(La) D2 Sa, Bg)HfO Tz

where §*(M) = 31 H,Ijzh+1{(§(k) —t*B) py A1}, 5 = ming, ey 5" and

H
Lo = Z {Ll(t(h),m(h),p,r(h),S(h),N) + 1} ,

h=1

Dy = If?gx{Dl( nw m(h),N) V. t(h“)},

H

S2 = 30 A8 (#1), m ™, p, v, 50 N) + 4},
h=1

By = max By (1, m®, p,r®), 50).

Here, vV = r, r(") = oo for h > 2, and m™) € N satisfies 0 < 3" < min{m™ m™ —1+1/p}.

Proof. See Appendix (8. O

Lemma B.10 (Theorem 6 of Suzuki and Nitanda [IR]). Suppose that dV) < d© and s €

a . . . .
RL], 52 > (l/p — 1/r) 4 for some r > 0. Consider the anisotropic Besov space that involves an
affine transformation

(1) 5 q(0) (0) s(2)
={f20f13f1=f4'+b7 AeRT T b e R, Al Vbl < Ca, f2€B }
Then, the approximation error on the function space is bounded as

sup 1fo = fl

fo€F f€<I>(L3,D3,Sa,B3

5¢
1 SN

where
L3 = Ll(d(l)vm(2)5p7 T, 5(2)’ N)7

D3 = Dl(d(l)a m(2)7 N)a
SS - Sl (d(1)7 m(2)>pa T, 5(2)7 N)a
= (Cod™ + 1)By(dM,m®  p,r,s?))
for m®) € N satisfying 0 < 52 < min{m®,m® —1+1/p}.

To apply Lemma BT, we require results concerning the complexity of the model space and the
asymptotic properties of neural network models. By the Lipschitz continuity of clip,

|(clip o f1)(z) = (clip o f2)(2)] < | f1(z) — fa()].

It follows that the covering number of the clipped network class can be bounded by that of the
unrestricted class.

Lemma B.11 (Covering number; Lemma 3 of Suzuki [[Z]). Foranye >0, D > 3, and L > 3.

log./\/<c, (L, D, S, B), ||.||OO) < (S+1)log(2¢'L(B Vv 1)*(D + 1)").
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To allow for relaxed sparsity with a margin a > 0, we define

O(L,D,S,B,a) = {0 : (6;1(16;| > a))/_; € ©(L, D, S,B)}, (S8)
where T = |O(L,D)|, and denote the corresponding NN class by ®(L,D,S, B, a) and
®(L,D,S, B,a).
Lemma B.12 (Lemma 5 of Lee and Lee [20]). Forall ¢ > 2aL(B Vv 1)*=Y(D + 1)*, D > 3, and
L>3.

1ogN(e,<i>(L,D,5,B,a), ||-||OO) < (S+1)log(2¢ ' L(B V 1)(D + 1)2L).
The following lemma, introduced by Schmidt-Hieber [B], plays a key role in the proofs of

Lemma BT1 and Lemma BI2. It characterizes the distance between NN models in terms of their
parameters.

Lemma B.13. Forany e > 0and 6, 0* € ©(L, D, S, B) satisfying ||6 — 0*|| . < €,
1fo = forlloo < eL(BV 1Y D+ 1)"

Proof. See Appendix 1. O

C Proofs of the technical results

C.1 Proof of Lemma A1

Proof. We follow the proof of Theorem 2 in Jeong and Rockova [B0]. Since there exist upper and
lower bounds for o2 and o2, the rate for |0 — 03] is equivalent to that for |0 — og|; hence we use
the latter. For every (f1,01), (f2,02) € F X [g,7], define

2 2
p1((f1,01), (f2,02)) = | f1 = fallz2(pyy + |1 — 02"
By direct calculation, it is straightforward to verify that for some Cy > 1,

Cr'pr((fi,01), (f2,02)) < pr(Pfr .00 Ptaros) < Crpr((fi,01), (f2,02), (S9)

where py denotes the Hellinger distance and py , is the density with f and o. Therefore, the
Hellinger distance is equivalent to pz, up to a constant factor and it suffices to establish the theorem
with respect to the Hellinger distance, which admits an exponentially powerful test function.

Using (89), the Hellinger entropy can instead be estimated by replacing it with py. Note that
pr((f1,01), (f2,02)) < eholdsif [ fi — foll2(py) < €/2 and |01 — 02| < €/2. Hence, by (8),

IOgN(Enan X [Qvﬁ]vpL) /S 10gN<€n/27]:n, ||'||L2(PX)> - log(en/Q) + IOgE 5 nEEL

for all sufficiently large n. Using (82), there exists C' > 0 such that II(A.,) > exp(—C'née2).
Moreover, by Lemma B.2 of Xie and Xu [51],

max{ —Eg 5

P o 2
IOg JJ)-] ’EfO»O'O <lOg (i,)o- ) S C//p%((fa O’)’(f070'0))

fo,00 fo,00

for some constant C” > C’/(C — 4) and all sufficiently large n. We obtain

P OB
IT{ max —Efmgollog fo v Eto.00 <log (TJZ;U) <é
fo,00

(n)

fo,00
> (p7((f,0), (fo,00)} < €:/C")
> H(Aen/ﬁ)
> exp(—ne.C'/C")
> exp(—(C — 4)ne2)
for all sufficiently large n. In addition, (83) implies
(FA Fo) = / I(F\ F, | 0)dll(0?) = (e ")

We get the desired result using Theorem 2.1 of Ghosal et al. [B2]. O
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C.2 Proof of Lemma A2

Proof. Let pr(f1, f2) = [|(¥ar 0 f1) — (Wnr © f2)llp2(pyy for fi, fo € F. The proof proceeds by
first establishing the equivalence between the Hellinger distance pz and pr, and then deriving the
contraction rate with respect to pg. For any f1, fo € F,letn; = ¥ 0 f1 and 172 = ¥y o fo. Then,

p1(f1, f2) = /(\/771 \/772(33))2 (\/771 )+ Vma(z ) Px (dz)
o [ (VImm@ - Vimm@) (VISwl + VI-m@) P(de)

Since both 7; and 7 lie in [0, 1 — §] for some & > 0, there exists a constant C'y > 0 such that

Cy'pr(fis f2) < pu(ps,ps) < Cupr(fi, fa).

Hence, it suffices to work with the Hellinger distance. Since the sigmoid function vy, is M/4-
Lipschitz, we obtain

pr(f1, fa) = lm — m2llz2(px) < 1 ||f1 Fall2(py)-
Consequently, the Hellinger entropy is bounded by log (€5, F, pr.) < 10g(€ny Frus [l p2(pyy) S
ne2. Let pgc") denote the joint density under model (§4) with f. By Lemma 2.8 of Ghosal and

n
van der Vaart [57], for any measurable functions f; and fs,

p(n) p(n)
max ¢ —Ey, [log (f;)] Ep <1Og {,;) S = fellpzpyy-
Py, Py,

The remainder of the proof follows the same argument as in Lemma ATl O

C.3 Proof of Lemma A2

Proof. We prove the case corresponding to Theorem B73; the remaining cases follow by analogous
arguments. For Lemma B8, set « = 1/2, ¢ = Moefl, K, =Ky =4,and

G ={g(@) = (f(z) = fo(x))?: f € @},
where ® = ®(Ly,,, D1y, S1)- The choice K1 = Ko = 4 is justified because
lg(z)] <4, E[g(X)? < 4E[g(X)]
for every g € G. Since ne% — 00, we have

VoI —ay/e > 288 max{2K1, \/2K2}
for all sufficiently large n. Moreover, for any f, fo € @,
[(fr = fo)? = (fo = fo)?|l,,, < 4lf1 = Falli s

which implies

1 n
1ogN<u, {g €G: D glwi) < 16t}, ||-||1,n> < log N (u/4,, ).
i=1
Using Lemma BT, we obtain for every u > €2,

log N (u/4,, ) < log N (u/4,@, -].)

< (Sp+1) (log Ly + Ly log((By V 1)(Dy + 1)) — log %)
< Ny, (logn)®
<net.
Therefore, for all t > MZe2 /8,
a(l—a)t

Vit 1
logN<u, {g €g:— Z:g(xi)2 < 16t}, ||'|17n> du < /tne2.
Tomax{K1 2K} s

Since /€2 /t < /8/M3 is sufficiently small, we conclude the desired result. O
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C.4 Proof of Theorem A_S

Proof. Let &, denote the event

15 = folliaegy = 15 = foll2| 1
< Z

p _—
fee  Moe2 +||f — f0HL2(Px 2

En =
Then P}ZLO (&) < exp(—Cne?) for some constant C' > 0 by Lemma BE=2. On the event &, for

any f € @,
My My
I - f0||n\/ 17 = foll2a(my) + 26 < 20 = ollaqry) + 1 52en

We now express
H(Hf - fOHn + ‘02 - ‘78’ > Myep | Dn) = H(Hf - fOHn + ‘0'2 - 0(2)| > Myen | Dn) I(&n)
+H(||f - fOHn + “72 - ‘73‘ > Myen | Dn) I(&).

For the first term, observe that

H(”f - fOHn + |U2 - Ug| > Myen | Dn) I(gn)

<T(If = follz(pyy + 0% = o8] > (Mo = C')en/2 | Dy ) 1(En)
for some constant C’ > 0. By Theorem B3 (or in Theorems B8, B9 and BE14), this converges to 0
in P( ) ,~Probability as n — oo for any M,, — co. For the second term, since P;nzfo (&) — 0,1t

also converges to 0 in P;O ’)JO -probability as n — oo. This proves the assertion. O

C.5 Proof of Lemma B4
Proof. Using Lemma B3, for K = K(N), K* = [K(1+v~1)], and Ex with |[Ex| < N, there

exists fy such that
fu(@ = > M),
(k.j)EEN

If = Il SN2
Since for every k and j,

M;:’]Tn(ﬁt?) = M(i’én( Lksflel _,jl . Lks;led _jd)7 (SIO)

Lemma B implies that there exists an NN approximator M ki " satisfying || M g m M d,m || o <€
for any € > 0. By the definition of B-splines, it follows that

3 I(Mdm ;Ao) (m + D)A(K* +1).

(k ] GEN
Moreover, using (83), (88), and the inequality N = oY j-11Ks/s;] > 2K 4" we obtain
lag | < QKT d (1/p=58)+ < NA+HTHA/p=3) 4 (S11)

We now define the approximator

f= S et
(k,j)EEN
Combining the above bounds yields

In(@) = f@) < > o,

(k,j)EEN
d,m
€ D langll (M @) #0)
(kj)EEN
e(m+ )K" 4 1)2K ¢ 1/p=9+
elog(N)N(Hfl)(l/p—gH

d,m Srd,m
‘Mk,j (z) — Mk,j (x)‘

IN

29



Using the Lipschitz continuity of clip, we get the desired approximation bound:
If = (clipo f)llzr = [(clip o f) = (clipo f)llzr < If = fuller + fx = Fllr S N2

Next, we verify that the network parameters of f are given as in (§4). Since the identity function
id(x) = x can be represented using the ReLU function as id(z) = ((x) — {(—=x), it follows that for
any L € N,
id°" :=ido---0id =id € ®(L,2,4L, 1).
\—,_/

L times
Then, using Ly = Lo(N) = [log,(d vV m)][5log, N, we can rewrite f as
fa)y="3" id°"o (e M (@), (S12)
(k).j)eEN

which is also an NN approximator. Since M ™ requires the same depth, width, and sparsity as M
in Lemma BT, each summand id°™ (ap; M ,f "(2)) has depth Lo + Ly, width Dy, and sparsity
LoD3 + 4Ly + 1. Therefore, f expressed as in (§I2) requires depth Lo + Lo < L, width N Dy,
and sparsity (LoD3 + 4Lo + 1)N < S;. To evaluate the magnitude of the network parameters,
note from (8I0) that the magnitudes of the parameters in the first layer of M ™ are bounded by
oK"s <CuN (14v7)/s for some constant C11 > 0. All remaining layers have the same magnitude
as those of M , namely By. In addition, by (8T1), the magnitudes of the parameters in the first
layer of ¢ + id®*°(ay, jt) are bounded by Co N+ D(1/p=5)+ for some constant Cyo > 0. Let
B11(N) = Cyy NO+7" /2 Blo and By (N) = C1o N+ D(0/p=58)+ BLo and define

o B e (o N, =1,

YT B (V)BT By 1=2,. . Lo+1,
Biao(N)Tot D™ /(O N+ DA/p=8)+) - =1,

Cop = Bia(N )(L°+1) 1/Bo 1=2,...,Lo+1.

It is easy to verify that Hl,:l ciy < 1 and Hﬁ,zl corr < 1 for any [ and sufficiently large N.
Therefore, by Lemma B72, the rescaled h has parameter magnitudes bounded by B;1 (N )(LU‘HV1 \Y

Bio(N)Eo+tD ™ Since Lo(d,m, N) > Lo = [logy(d V m)][5log, N for sufficiently large N,
we obtain

7 —1
Buy (N) B0 v By (N) B0 < By ((Cu v 012)N(1+u-1>[<1/§>v<1/pf§>+1)(L””
< ByNHOI/8V /345

(A +vH[(1/s) vV (A/p—5)4] 10g2>
[$logy(d vV m)]

< Bpexp (
= B17
which concludes f € ®(Ly, D4, 51, By). O

C.6 Proof of Lemma B4

Proof. Our proof is similar to the proof of Theorem 1 in Suzuki and Nitanda [I8]. Let fo = fo i ©
fo,r—1---0 fo1. Since 5" > 1/p for h > 2, by Lemma B3, for each fo,n,k there exists

Fng € B(Ly(t™ mM p oo, s N), Dy (t"), m™) N,
St m ),p,oo s, N), By (t™,m™ p, o0, sM))

such that || fo n.x —

o SNT 3" For h = 1, each fy 1 there exists
T E@(Ll(d( ), M, p,r, sV, N), Dy (dD,m™), ),

9

S1(dV,m® p,r, sV N), By (dY, mW pr sM))
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suchthat || fo.1,k — fiell - SN =5 To ensure that each block produces outputs in [0, 1], we apply
the clipping function clipy, y}, as described in Remark B8, which adds one layer to each block. Let
f=fuofuy_i--ofi € ®La,Ds,Ss,Bs) as in Schmidt-Hieber [8]. Then,

1fo— fllpr

= |fom o fom—1---0°for—fuofu-1-ofill.,

H
< ZHfO,H ofor—1-""0fonofr1-fi— fomo fom—1---0fonyrofn fillp

h=1
H

< ZHfO,H © fo,H—l *t 0 fo,h - fo,H o f07H—1 ©0t 0 fo,h+1 © fh| L7ho
h=1

where 1 = r and r;, = oo for h > 2. By Remark B,

fonk € M =1/@3"NIAL _ (™ "™ a1 C, h>2

)

where 7}, = (s(®) — ¢*(") /p) A 1. Therefore,

H ’
I fo,rr © forr—1+ 0 fo — fo,rr © forr—1-+-0 fonsr © full oy S Ifosn — fullll=rer 7
< N_g(h) HhH’:h+1 Vit
Sx(h)

:N—S

forh > 2. Forh =1,

I —s,
i Slifoq — fullp ="
(1)

SN

||f0,H o fo,H—l c0t0 f0,1 - fo,H o fo,H—l c0t0 f1|

5*(h) 5*

Therefore, | fo — fll.» S maxpe;y N™° = N"% . O

~

C.7 Proof of Lemma BI3

Proof. For f € ®(L, D, S, B) expressed as f(z) = (WEC() + b)) o0 (WRC() +bP) o
WMz + (1), define

AL(N)@) = Co WEDC) + 55 D) 0o (W) + 62 o (W + b)),
A (@) = W) + 68y 00 (WD) + 60 ) o (W2 4 1),

fork=2,---,L,andlet A] ,(f)(z) = Af (f)(x) = x. Then,
f(@) = A () o (W - 460) 0 AL (f) (2).
Using the definition of ®(L, D, S, B),
45 (@) o < max||[WiE | AL (D@ + 15V

< DB||Af_(f)(@)|_ +B
< (D+1)(BV|A (N
<D+ BV Y

oo

where A; . denotes the j-th row of matrix A. Similarly,

A (F)(@1) = Ay (f)(@2)| < (BD)E 5 g — 2ol
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Fix e > 0and @ € ©(L, D, S, B). For any 0* € O(L, D, S, B) satisfying |6 — 0*|| _ < €, we
obtain

| fo(x ) — for ()|

-+ 0 AL (fo) (@) — Ay (for) o (WE- 4+007) 0 AL (fo) ()

(BD) I (W 16) 0 A (fo) (2) = (W™ 1087) 0 AF (fo) (@)

o0

(BD)E ke [D(BV 1)F (D + )" +1]

= 1= EMH

IN

(BD):Fe(Bv 1)1 (D + 1)k

b
Il
_

<eL(BV1)EYD4+ 1)L,

This proves the assertion. O

C.8 Proof of Theorem B3

Proof. Let F = ®(L1p, D1y, S1n). By Lemma BT, it suffices to show that there exists a subset
F,n C F such that

@ 10g N (en, o, [l 2y, ) S €2
(b) —logIl(A,,) < ne?
(©) $UPely ) TUF \ Fo | 0) = o1

for a sufficiently large C. Let F,, = ®(L1,,, D1, S1n, Br), where B,, = n. To verify (c), observe
that

I(F\Fy | o) =TI(F\ Fn) =11(3j : |0;] > By | Lin, D1n, S1n) =1 — (1 — v,) %',
where v,, = flu\> B, TS . (u)du. The direct calculation of the number of network parameters yields
T=|9(L,D)|=D*(L—1)+D(d+L+1)+1,

which implies
Ty := |©(Lin, D1n)| = L1aDi,.- (S13)

Moreover, v, < e *18» for some k; > 0 by Assumption [BT). Therefore, by Bernoulli’s inequality,
we obtain

1— (1 —02)%" < Sipvp < Tipvp < e~ F1ButlosTun 0<e—cn5i) ’
for a sufficiently large C'. By Lemma BT,
logN(en’]:n’ ||.||L2(PX)> < log N(en, Fa, HHoo)

< (S +1) [log Lin + Linlog((B,, vV 1)(D1p, + 1)%) — log 62”]

< Na(logn)?®

< nep,
for sufficiently large n. Thus, (a) holds. Given Lemma B, Remark B, and Assumption [AT],
there exists f,, := f; € ®(L1n, Din, S1n, B1) C Fy, for § € ©(L1y,, D1y, Sin, B1) such that

[ = follz(pyy < CINTF < €, /4, (S14)
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for some C; > 0 and all sufficiently large n. Let 4 denote the index set of nonzero components

in é, and let 9} denote the corresponding nonzero values. We define ©(%; L1y, D1y, S1n, B1) C
O(L1n, D1n, S1n, B1) as the subset of parameter space in which only the components indexed by ¥
are nonzero. The corresponding NN space is denoted by

]:_n(ﬂ/) = (I)('AY’ Lin, D1n, Stn, Bl)-
Using Assumption [A3], we have
logIl(jo — o¢| < €,/2) 2 loge, 2 —logn

and hence
H(AGn) Z H(f € ]:n : ||f - f0||L2(PX) S 677,/2) — logn

Given (KI3), there exists a constant C; > 0 such that
(f € Fat If = foll ooy < n/2) 2 1(f € Fut I1f = fallaces) < en/4)
> 10(f € Fot If = fulloo < ea/4)
> 1(f € Fal): If = Fallow < €0/4)
Using Lemma BT3,
I(f € Fa@) ¢ 1F = fullow < en/4)

~ €
ST 0 e RT 2 0e =0, |05 ||oo < Bi, |05 — 04leo < 2
> 11(0€ R 5650 = 0,105 < Bl = 05 < 35— 7 )

Sln Tl -1
> | t, inf sy (u "
- ( u€[—B1,B1] SL( )> (Sln)

Sin
96<tn(D1n+1)L1” inf 7~TSL(U)>

u€[—B1,B1]

where t,, = €, /[2(D1,, + 1)F17 Ly, (By v 1)F12~1]. The last inequality follows from

Tin T, Ty, — 1)+ (Th,, — S1p, + 1
( 1 ): 1 ( 1 ) ( 1 1n + )STFJHS(Dln"Fl)LMSM'

Sln Sln'
Using
Dy, + D)L, (By Vv 1)Ln—1
logtnglog<( int 1) 21 (Bivl) )S(logn)2
€n
and Assumption [BZ}, we obtain
—logTI(A.,) < —Sinlog <tn Dy, 4+ 1)" 1 inf ﬁSL(u)) +logn
u€[—B1,B1]

< Sin(log n)2

< Nn(logn)?

< nei,
which verifies (b). O

C.9 Verification of Remark 3.4

Note that Kong and Kim [[IY] established posterior consistency over unbounded parameter spaces.
Their analysis allows for greater flexibility in prior specification by leveraging a complexity bound,
and the result builds upon the earlier work of Kohler and Langer [?3]. Motivated by their approach,
we show that posterior concentration at the rate ne2 = N, (logn)* remains valid (in contrast to the
original rate ne2 = N,,(log n)) by employing the covering number bound stated below.
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Lemma C.1 (Covering number for sparse unbounded NNs). For all € > 0, the following holds:
K
108 (e, (L, D, ). |Hl) < Cu LS g S1og (1 ) +log (Cuu LS TogS).
€
for some positive constants Cy, > 0, Cy, > 0and K > 0.

Proof. By Theorem 7 of Bartlett et al. [B3], the VC-dimension V;( L.D.S) of the class ®(L, D, S)

satisfies Vg'(L_D s) = Cy LSlog S for some constant C'yy > 0. Then, by Theorem 2.6.4 of van der
Vaart and Wellner [83], it follows that

+
log N'(e, (L, D, S), |[1l.,) < 10g(C"Vil, ) (K /) ¥is09 ).
for some positive constants C’ > 0 and K > 0. Therefore, the stated result follows. O

Now we are ready to prove the assertion in Remark B4

Proof. Let F = ®(L1y, D1y, S1n). By Lemma BT, it suffices to construct a set F,, C F such that
the following conditions hold:

@ 108N (e Fus [l 2y ) S s
(b) —logI(A.,) < ne2,
(©) S ) TUF \ Fo | 0) = 0 (7).

for some constant C' > 0. Let F,, = ®(L1,, D15, S1,). Note that condition (c) is trivially satisfied.
Using Lemma 1 and Assumption [AZ], we obtain

1g N (ens Fo 2y ) < 108N (en/ Ry Fas 1 2)
< L1, S1nlog Sip log e,
< Na(logn)*
< ne,

where the last line follows since Ly, =< logn and Si,, < N, logn. The remaining parts follow
identically from the proof of Theorem B3. O

C.10 Verification of Example B3

Assumption [CZ] holds trivially. To verify Assumption [CT], observe that
~ . 1/k 1/k
/ s () du < m1n Pr(|Z] > Kn/o1n) < C1 exp ( Oy KMk gt ) ,
[_Kn;Kn]F

for all sufficiently large n, where Z is a random variable having density ¢y. Since o, is decreasing,

o / fsm(u)du | S —K)/ /oyl S —K/F S Ko,
[_Kn7Kn}c
for k£ < 1. This verifies Assumption [CT). Next, observe that

/ Fsm(u) du < oy, (1 — g”> + 71, Pr(|Z] > (2C4(logn)?)¥)
[7‘171’“71]0 u
< 26—2C'A(logn)2

< e*CA(log ”)2 .

Hence, Assumption [C3] is satisfied.
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C.11 Verification of Example B.6

Assumptions [CT] and [C3] can be verified in the same manner as in Example B3. It therefore
suffices to verify Assumption [CZ]. Note that 7gp(u) > 2,04 1¢(u/ 02), where ¢ denotes the

density of the standard normal distribution and o+ is a positive standardized deviation. Therefore,
2

1 B
—  inf  log# <1 Zlog(2mo2) + =L < (1 2,
ue[_l%hBﬂ Og T(-SH(U) - Og Tan + 2 Og( 7T0'2) + 20% ~ ( Og n)

C.12 Proof of Theorem B3

Proof. Let F = ®(Ly,, D1,,). By Lemma &, it suffices to show that there exists a subset F,, C F
such that

@ 105N (ens Fo 12y ) S 2

(b) —logII(A,) < nep

(©) $WPyely ) THF \ Fo | o) = oe=me1)

for a sufficiently large C’. Let 7, = ®(L1,,, D1n, S1n, Bn,ay) as defined in (8R), where B,, = n.

Since B;(L“‘_l) > exp(—Li, logn) and €, /[2L1, (D1, + 1)%17] > exp(—Ly, logn), we obtain
€n/[2L1n (B, vV 1)E "1 (Dyy, + 1)517] > exp(—2L1, logn) = ay, (S15)

for all sufficiently large n. Hence, it is easy to show that (a) holds using Lemma as in the proof
of Theorem B3. Let v,, = f\u|>B 7oy (u) du and u, = f|u|>a 7spg (u)du. Then,

II(F\ Fn|o)=TI(F\ F,)
T1n
S H(HJ : |9]| > Bn | LlnaDln) +H ZI(|9]‘ > an) > Sln ‘ Ll'ruDln
j=1

=(1—(1—=2v,)"") 4+ Pr(S > Sip),

where S ~ B(Ti,,u,) is a binomially distributed random variable. Since v,, < e~
k1 > 0 by Assumption [CT], we have

2
1— (1 _ Un)TI" < Tiptn < e k1BntlogTin _ O(eiKann)

k1Bn for some

for a sufficiently large Ko > 0. Let r,, = S1,,/(T1nu,). Using the multiplicative Chernoff bound
of binomial distributions,

Pr(S > Sin) < exp(—Tintn[rylogr, — (rn, —1)]) < exp(—C4S1, logry,)

for some C; > 0. By (§I3) together with Assumption [C3], we have logr,, > Kz(logn)? for a
sufficiently large constant K3 > 0. Therefore,

Pr(S > S1,,) < exp(—K3zne?).
Next, as in the proof of Theorem B3, there is a constant Cy > 0 and f; € ®(L1y, D1y, S1n, B1) for
é € @(Lln, D1y, Sl'ru Bl) such that
17 = foll 2(pyy < CL0NL™ < €n/8

for all sufficiently large n. Let 4 denote the index set of nonzero components in 6. Define the
subset of the parameter space ©(9; L1y, D1n, S1n, B1,an) C ©(L1in, Din, Sin, B1,a,) whose
magnitudes exceed a,, only at 7, and let Fu (%) = ©(%; L1n, D1n, Sin, B1, ay) be the corresponding
NN space. Then, by (§813) and Lemma B3, there exists OA(&) € ©(%, Lin, D1n, Sin, B1, ay) such
that || f; — fos) llL2(Py) < €n/8. Let fr = [4(5)- For all sufficiently large n, we obtain

(S € FutIf = folliagpy) < €0/2) 2 1(F € Fu: f = Fulliagry) < n/4)

> 1(7 € Fa): 1 = Fule < 0/4)
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By Lemma BT3,
(1 € Fald) £ 1F = fullow < en/4)

— A 6n/4
> H(@@c S [—an,an]Tm Sl"a Heﬁlloo < By, ||9:/ - e“?llooS (Dl + 1)L1"L1 (Bl V. 1)L1n1>

Sin
> (1 _ un)Tln,—Sln (tn inf ﬁ'SH(U)) s

u€[—B1,B1]

where t,, = €, /[2(D1,, + 1)117 Ly, (By Vv 1)¥12~1]. Therefore,

—logII(Ac,) S —Sinlog (tn ue[—i%’fl,Bl] ﬁSH(u)>
— (T, — S1n)log(l — uy,) +logn
< Sin(logn)? — Tip log(1 — S1,/T1p) + logn (S16)
= Sin(log n)2 + Tin (S1n/T1n + 0 (S1n/T1n)) +logn
< Sin(logn)? + Sip + 0(Siy,) +logn
< ne2.

For the second inequality, we used the fact that
—log(l —u,) < — log<1 — e*CA(log”)Q) < —log(1—S1./T1n)

for sufficiently large n, as implied by Assumption [C3]. O

C.13 Proof of Theorem B9

Proof. Let F = ®(L,,). By Lemma &, it suffices to show that there exists a subset F,, C F such
that

@ 10g N (en, Fos [l 2oy ) S €2
(b) —logll(A.,) < ne?
(C) SUpae lo,5] (*/__'\J__. | U) - 0( —C”nei)

for a sufficiently large C". We first prove (i), the case corresponding to the spike-and-slab prior.
Define D,, = CpN,, and S,, = CsN,, log n for sufficiently large C'p, C's > 0. Define the sieve

Fo= U U @@ DS, By,
D<D,, S<8,

where B,, = n. To verify the entropy bound, apply Lemma BT to obtain

O\ S+
Nen Far 1) < 3 Z( (B, VP (D4 120

D<D, S<8 ~ (817)

2 . o\ Setl
<D,S, ( w(Bn V1) (D, + 1)2Ln) .
€n

Hence, (a) holds as in the proof of Theorem B3. To verify (b), observe that there exists a constant
C"" > 0 such that

min{7p(Dy), 75(Sn)} > exp(—C""ne2).

Since D1, < D,, and Sy, < S,,, by Lemma B4 and Remark B, there exists fn = f5 €
@(in, Dn, 5,“ B,,) satisfying (§Id)). Following the proof of Theorem B3, it can be shown that

~108T1(f € Fu: I = foll 2oy < €n/2 | Du Su) S k.
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Therefore,

—logII(A.,) S —logl'I(f € Fnt If = follpz(pyy < 6n/2) —logn
< —logﬂ'D(Dn) —logws(gn)

o (S18)
~10gT1(f € Fu: If = foll g2 py) < €n/2 | D, Sy ) — logn
< ne.,
which verifies (b). Now, observe that
I(F\Fn | o) =IH(F\ Fn)
<II(D > D,) +1I(S > S,)
+ Y WD(D)WS(S)H<EIj :10;1 > B, | En,D,S) .

D<D,, S<8,

First, we bound the tail probability of D as
H D> D Z 67)\DD logD)d Z ef/\DD(logDn)3 S ef)\DDn(log[)n)3 S 6*017%63,,’

D>D,, D>D,,

for a sufficiently large C; > 0, provided that Cp is large enough. Similarly, we obtain II(S >

S'n) < e=C2n<s for a sufficiently large Cy > 0, provided that C'g is sufficiently large. Lastly,
following the argument used in the proof of Theorem B3,

>y wD(D)wS(S)H(Ej :10;] > B, | in,D,s)

= 0(€—an€i) ,
for a sufficiently large C's > 0. Therefore, (c) holds.
To prove (ii), define the sieve
U <I)(f/lny D, Sln7 B'ru an)-
D<D,
Using Lemma BT, (a) is verified as in (§8I'2). Moreover, following (816) and (§18), we obtain
~10gTI(A,,) < ~logmp(Dn) ~10gT1(f € Fu: If = foll ooy < €0/2 | L D) = logn
< ne?,

which verifies (b). Lastly, we obtain

I(F\ Fn [ o)
= L(F\ Fn)
<II(D > D,,)
Tin
+ 3 (D) H(Hj :10;] > B, | iln,D) + 10 1085 > an) > i | Lin, D
D<D,, j=1
Following the calculation in the proof of Theorem B8, we verify (c). O
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C.14 Proof of Theorem B.14

Proof. We only prove the part corresponding to Theorem B3 under Assumption [AZ]). Other argu-
ments proceed similarly. Let 7 = ®(Lo,, Doy, S2,) and F,, = ®(Lay,, Dap, Son, Ba). We verify
conditions (a) and (b) of Lemma BT. Using Lemma BT,

108 A (s Fs [l 2y ) < 108N (ens Fas 1-10)
< (San +1) [log Lon + Loy log((By V 1)(Day + 1)%) — log %"
< Ni(logn)®
< nej,
for sufficiently large n. The last inequalities hold because
Loy <logn, Dy, < N,, Ss, < N,logn

for fixed d™). Thus, (a) holds. Using Lemma B and Assumption [AT], there exists fn =fs€Fn
such that R .

lfn — folle2(py) S C1N,° < en/d
for some C; > 0 and all sufficiently large n. Let 4 denote the index set of nonzero components

in 6, and let é:y denote the corresponding nonzero values. We define ©(%; Lay,, Doy, Son, Ba) C
©(Lapn, Dap, San, Ba) as the subset of parameter space in which only the components indexed by ¥
are nonzero. The corresponding NN space is denoted by

«/Tn(fy) = q)(ﬁ/a L2na D2n7 S2n> B2)
Using Assumption [A3], we have
logI(|o — o¢| < €,/2) = loge, 2 —logn

and hence
H(A.,) 2 I(f € Fu: ||f — f0||L2(PX) < €,/2) —logn.

Using the earlier result,

(S € Fo: If = follzapyy < nf2) 2 (f € Fali) 1 1F = fulloo < en/4).
Using Lemma B3,

(1 € £ <1 = ol < /1)

>0 € R 1 05 = 0,[|05]| < Ba, 165 — 05|00 < n
= ( € Y 07 || ’y”oo = D2, || Y ’Y” = 4(D2n + 1)L2"L2n(Bz v 1)L2n—1)
San -1
. ~ T2n
> | ton f
o ( ? “E[—l%mBz]WSL(U)) (52n>

San
> <t2n(D2n + 1)7L2n e[ H};f B ]ﬁ-SL(u)> ;
u€|—B2,B2

where ta,, = €,/[2(Day, + 1)¥27 Ly, (By v 1)L22 1], Therefore,

—logII(Ae,) S —San log (tgn(DQn 4 1)L . i%f 5 ]erL(u)) +logn
u —b2,Db2

< So,(log n)2
< ney,

which verifies (b). O
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