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Abstract

We study value-iteration (VI) algorithms for solving general (a.k.a. multichain)
Markov decision processes (MDPs) under the average-reward criterion, a funda-
mental but theoretically challenging setting. Beyond the difficulties inherent to all
average-reward problems posed by the lack of contractivity and non-uniqueness
of solutions to the Bellman operator, in the multichain setting an optimal policy
must solve the navigation subproblem of steering towards the best connected com-
ponent, in addition to optimizing long-run performance within each component.
We develop algorithms which better solve this navigational subproblem in order
to achieve faster convergence for multichain MDPs, obtaining improved rates of
convergence and sharper measures of complexity relative to prior work. Many key
components of our results are of potential independent interest, including novel
connections between average-reward and discounted problems, optimal fixed-point
methods for discounted VI which extend to general Banach spaces, new sublinear
convergence rates for the discounted value error, and refined suboptimality decom-
positions for multichain MDPs. Overall our results yield faster convergence rates
for discounted and average-reward problems and expand the theoretical foundations
of VI approaches.

1 Introduction

Markov decision processes (MDPs) are the canonical framework for modeling sequential decision-
making problems, and sit at the core of reinforcement learning (RL), operations research, and control
theory. Planning algorithms for solving MDPs therefore play a fundamental role in several fields.
Among planning techniques for MDPs, value-iteration (VI) style methods, which are based upon
solving the Bellman equation, are among the simplest and most fundamental, and also serve as key
primitives within or templates for countless modern RL algorithms.

In this paper we study MDPs with the average-reward criterion, where the objective is to optimize
long-run/steady-state performance. Despite its foundational importance for infinite-horizon problems,
the average-reward setting is less well understood from a theoretical perspective due to its complexity.
Compared to the discounted setting, where the Bellman operator is strongly contractive, the average-
reward Bellman operator is merely nonexpansive and has non-unique solutions. In particular we focus
on the unrestricted setting of general (a.k.a. multichain) MDPs, which poses particular analytical
challenges, due in part to the facts that all optimal policies may induce multiple recurrent classes and
so the optimal average-reward may depend on the initial state, and that multiple Bellman/optimality
equations with different behaviors are needed. In more intuitive terms, one key challenge is that
relative to communicating MDPs (where all states are accessible from one another via some sequence
of actions), multichain MDPs may feature multiple inescapable regions of states that differ in the
maximum performance achievable within said regions, and so algorithms for solving multichain
MDPs must solve the “naviagtion/transient” subproblem of reaching the best possible such region, in
addition to the “recurrent” subproblem of optimizing long-run performance within a region.
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Some recent work has obtained nonasymptotic convergence guarantees for VI methods in multichain
average-reward MDPs, addressing some of these complexities by making connections to the dis-
counted setting or employing Halpern iteration, a fixed-point method with nonasymptotic convergence
properties even for nonexpansive operators. However, past work fails to adequately capture and adapt
to the difficulty of the navigation subproblem: previous algorithms have performance bounds which
degrade with excessively large complexity parameters, which are large even for easier communicating
MDPs or only measure the time needed to solve the navigation problem exactly and yield vacuous
guarantees before this point. Overall, algorithms from prior work fail to achieve optimal performance
for general average-reward MDPs.

In this paper we address these issues, developing faster algorithms in terms of sharper measures of the
complexity of multichain MDPs. To achieve this main goal, we develop many intermediate results of
independent interest. These include new relationships between average-reward and discounted RL
objectives, optimal algorithms for discounted value iteration (and general fixed-point problems in
Banach spaces), algorithms with new sublinear O(1/n) rates for reducing the discounted value error,
and new suboptimality formulas for multichain MDPs which highlight the roles of both Bellman
optimality equations. Beyond our algorithmic improvements, this collection of results advances the
theoretical foundations of VI methods and multichain MDPs.

1.1 Problem setup

A Markov decision process is a tuple (S,.A, P,r) where S, A denote the state and action spaces,
respectively, which are assumed to be finite, P : S x A — A(S) is the transition kernel where A(S)
denotes the probability simplex over S, and r € [0, 1]5*“ is the reward function. A (randomized
Markovian) policy is a mapping 7 : S — A(A), and we let ITIMR denote the set of all such
policies. A deterministic policy 7 has 7(s) with all probability mass on one action for all s € S,
in which case we also treat 7 as a mapping S — A, and we denote the set of all deterministic
policies by TIMP. For any initial state so € S and any policy 7, we let E7, denote the expectation
with respect to the induced distribution over trajectories (so, Ao, S1, A1, ...) where Ay ~ 7(Sy)
and S;y1 ~ P(: gl Sty Ap). Let Ry = r(S, A;). Fixing some v € [0, 1), the discounted value
function V' € R® of a policy 7 is V.7 (s) = ET[3 ;7" R;]. Define the optimal value function
V) = sup,emme V' (where the supremum is taken elementwise). The gain p™ € [0,1]° of a policy
is p™(s) = limy_,00 =ET| th—Ol Ry]. The optimal gain p* € [0, 1]° is defined as p* = sup, e p”-
The bias function h™ € R of a policy 7 is h™(s) = C-limp_, o, ET| tT:_Ol(Rt — p™(St))], where
C-lim denotes the Cesaro limit. A policy 7 is Blackwell-optimal if there exists some 7y < 1 such that
for all v > 7 we have V7 = V7; at least one such policy always exists and we denote it 7*. Any
policy 7 induces a Markov chain over S, and we let P, denote its transition matrix. We let Hp_
denote the Drazin inverse of I — P. We collect some of its properties in Appendix [C|and also refer to
Puterman| [[1994, Appendix A]. The suboptimality of 7 is || p™ — p*|| .. An MDP is communicating
if for any pair s, s’ € S, s is accessible from s, meaning there exists some 7 and some k > 1 such
that ETI(Sy, = s’) > 0. An MDP is weakly communicating if it consists of a set of states S, such
that s’ is accessible from s for all s, s’ € S, and a set of states S; = S \ S. which are transient
under all policies. An MDP is general (which we use interchangeably with multichain) if there are no
restrictions. We refer to [Puterman) [1994], Chapter 8.3] for more on MDP classifications. In weakly
communicating MDPs p* is equal across all states (a constant vector).

Fixed-point methods For a general operator £ : X — X where X is a Banach space with
norm ||-||, we say that £ is a-Lipschitz if for all z, 2" € X, ||L(z) — L(&')|| < a|lxz —2'|. Lis
(a-)contractive if &« < 1, and £ is nonexpansive if « = 1. For an initial point o € X, Picard
iteration generates the sequence (z:)°, by zy+1 = L(x), and Halpern iteration generates the
sequence x1+1 = (1 — Bi1)xo + Brr1L(x:) for some sequence (5;)72, where each 5, € [0, 1].

Bellman operators For ar}z policy 7 the policy projection matrix M™ is an S-by-(S X A) matrix
such that for any Q € R*4and s € S, (M™Q)(s) = >_,c47(a | s)Q(s,a). The maximization
operator M : RS*4 — RS has (MQ)(s) = max,e4 Q(s,a). We often treat P as a (S x A)-
by-S matrix with Py, o = P(s' | s,a), and with this definition we have P, = M™P. For any
V € RS and any v € [0,1), the y-discounted Bellman operator 7, : RS — RS is defined as
T,(V) = M(r + vPV). The average-reward Bellman operator is 7 := 7Ty, that is, 7 (V) =



M (r + PV). For a vector V € RS, the discounted and average-reward fixed-point errors (a.k.a.
Bellman errors) are || 7, (V) — V|| _ and [|[T(V) — V — p*|| ., respectively, and the discounted value

error is H V-V HOO For a policy 7, the discounted and average-reward Bellman evaluation operators
are TJ (V) = M™(r +yPV)and T™(V) = M™(r + PV), respectively. 7., T." are y-contractive,
and 7, 7™ are nonexpansive, all with respect to ||-[| .. V.* is the unique fixed-point of 7.

Bellman equations Let p, h € RS. The (standard/unmodified) multichain optimality conditions
are

max Piop=p(s)Vs €S, (1a)

max r(s,a) + Psoh = p(s) + h(s) Vs € S. (1b)
a€A:Psqp=p(s)
The necessity for two optimality equations is unique to the multichain setting, in particular the fact
that optimality requires solving both the transient/navigational subproblem, of steering towards the
optimal recurrent class (expressed in equation (Ta)), as well as the recurrent subproblem of attaining
long-run optimality within each such class. The complications introduced by the restricted maximum
of (Ib) motivate the introduction of the modified multichain optimality conditions

max Psap = p(s) Vs €S, (2a)
max r(s,a) + Psoh = p(s) + h(s) Vs € S. (2b)

These can be written in vectorized form as M (Pp) = pand T (h) = M (r 4+ Ph) = p+ h. Solutions
always exist to both equations: for any Blackwell-optimal policy 7*, (p*, h ) satisfies the unmodified
Bellman equations, and there exists some M > 0 sufficiently large so that (p*, 4+ M p*) satisfies
both the modified and unmodified Bellman equations [Puterman, |[1994, Proposition 9.1.1]. All
solutions (p, k) to the unmodified equations (Ta) and (Ib) have p = p*. However, a solution (p, h)
to the modified equations and do not necessarily have p = p* (see [Bertsekas, [2018]
Example 5.1.1]). A sufficient condition for p = p* is that there exists a single policy 7 satisfying
both maximums simultaneously, meaning M™(Pp) = M (Pp) and M™(r + Ph) = M(r + Ph)
[Putermanl, |1994] Theorem 9.1.2ab]. Potentially of independent interest, in Lemma@] we show
that a solution (p, k) of the modified optimality equations admits such a simultaneously maximizing
policy if and only if (p, h) also satisfies the unmodified optimality equations.

Complexity parameters For any policy 7 € IIMR we define R™ to be the set of states which are
recurrent in the Markov chain P, and we let /™ = S\ R™ be the set of transient states. We define the
transient time parameter B™ of policy 7 to be the maximum (over all starting states) expected amount
of time spent by 7 in transient states, that is max,, E] 7r~, where 7~ = inf{t > 0: S; € R"}
is the hitting time of the set R™. We define the bounded transient time parameter of the MDP P
to be B = max, ¢ B™ [Zurek and Chen, 2025b|]. We define the minimum gain-optimality gap
A = min {p*(s) — Pyep* : p*(8) — Psap* > 0,5 € S,a € A} [Lee and Ryu, 2024]. For v € RS
we define the span seminorm ||v||s, = maxses v(s) — minges v(s).

1.2 Prior work and their limitations

In this subsection we provide a detailed description of results from recent work which are directly
comparable with our main theorems. However, since the full set of our results intersects with several
different areas, we provide more extensive related work in Appendix B} including references to VI
analyses for multichain MDPs which give only asymptotic guarantees, and more information on
Halpern iteration. Here we focus on the two most relevant prior works, which are the first to obtain
nonasymptotic guarantees for general average-reward MDPs with VI approaches.

Zurek and Chen|[2025b]] focus on statistical complexity of average-reward RL but develop a reduction
from average-reward (gain) suboptimality to discounted suboptimality, which implies the following:

Proposition 1.1. Suppose that n > 4. Set v so that ﬁ = Then for the policy T such that

T (Va) = T,(Va) where V;, = T (0), we have
_ 3B+ 42
n

n
2log(n)"

o™ = p*lloo < log(n).



See Appendix [E|for its proof, which follows easily from Zurek and Chen|[2025b]. A key shortcoming
is that B is nonzero and potentially very large even in MDPs where p* is constant, thus failing to
adapt to situations when the navigation problem is trivial. Also the rate scales worse than O(1/n).

Lee and Ryu|[2024} Theorem 2], based on Halpern iteration, obtains the following guarantees:

Proposition 1.2. Let (p*, h) be a solution to both the modified and unmodified Bellman equa-

tions.ﬂ There exists an algorithm that, for any input Vo € RS, if n > K where K =

3 12| Vo—hl|l . +3|p* . .
Il +12] X oo 31167 llog after n iterations produces output V,, € RS such that

- 8 K
T K < _ % < - _ i *
167 = 7 lloe < IT(V) = Vi = 7l S — Vo = Al + =2 7
where 7 satisfies T™(V,,) = T(Vy,).

Note the ||7]|co, ||*|lco terms are generally ©(1) for the scaling used in this paper. The leading
term involves the quantity & which introduces a dependence on the potentially very large quantity

%, which is essentially the number of iterations required to estimate p* accurately enough
to perfectly solve the navigation problem. Overall, (for a no-prior-knowledge initialization Vj = 0)

these two results yield incomparable rates O((B + ||A™" [|sp) 10%) and O(||h|| ., (1+ %) =), and both
seem unable to adequately address the complexity of solving the navigation problem, especially when

the iteration budget is not large enough to solve it perfectly. (Also as we show in Theorem[D.4] ||A[|
may be much larger than ||A™" ||, and introduce an additional 1/A dependence.)

1.3 Our contributions

Here we summarize some of our main contributions. Lemma 2.1 and Corollary [2.2] relate policy
suboptimality to both Bellman equations, and motivate the introduction of a refined complexity
measure (3), whose properties we analyze. We identify new conditions that enable us to develop
convergent VI methods, for both 7™ (Corollary and 7 (Algorithm [T] and Theorems [3.4] and
[3.5). leading to optimal nonasymptotic rates and dependencies on the refined complexity measure.
We develop new average-to-discounted reductions (Lemma [4.1)). Theorem demonstrates the
optimality of Algorithm [2]for general contractive fixed-point problems in Banach spaces, leading
to improvements for the discounted operator 7-,. Lemmal4.3|shows that the discounted value error
[V} — Villoo can be reduced at a sublinear O(1/t) rate, even when + is close to 1, rather than O(~").
These are combined to develop an algorithm based on discounted VI for multichain MDPs (Theorem
[A.3) with different and improved convergence properties.

2 Sensitivity analysis for multichain MDPs

In order to achieve our goal of developing algorithms for multichain MDPs that have the sharpest
dependence on the navigation subproblem’s difficulty and give nonvacuous performance without
solving it perfectly, we first analyze how the degree of error in an approximate solution to the Bellman
optimality equations relates to the suboptimality of a policy constructed from this solution.

Lemma 2.1. For any policy T and any h € R® we have
p" —p*=Hp (Prp* — p*) + P°(rr + Prh — p* — h).

The first and second terms on the right-hand side above are related to the first and second modified
Bellman equations (2a) and (b)), respectively. If || Prp* — p*|loc = 0, which is always the case
when p* is constant (such as when P is weakly communicating), then the first term vanishes and
we essentially recover a standard result [Puterman, [1994, Theorem 8.5.5]. However, in general
this demonstrates the importance of satisfying the first Bellman equation (@). The main theorem
of [Lee and Ryul[2024] for general MDPs only provides a guarantee once the number of iterations
is sufficiently large that the output policy 7 would satisfy || Prp* — p*|lcc = 0, which incurs a
dependence on the potentially large parameter 1/A and hides the role of the first Bellman equation.

'The statement of [Lee and Ryu, 2024, Theorem 2] only requires h to be a modified Bellman equation
solution, but their definition requires the existence of a simultaneously argmaxing policy, which we show in
Lernrnais equivalent to h also satisfying the unmodified equations.



Generally the vector (P, p* — p*) has many zero entries for reasons explained shortly, implying some
entries of the matrix Hp_ (the Drazin inverse of I — P;) are irrelevant. (See Lemma@] for more on

Hp,’s entries.) This directly motivates the definition of our sharp complexity parameter Tg,.:
oo
Thop = maxET | 3 T (Ps, a,0" < p"(S1)) | - 3)

t=0

This is equivalently the expected-total-reward value function of policy 7 for the indicator reward
function 7(s, a) = I{Ps,p* < p*(s)}. This connection is used in an essential way for certain proofs.
In words, T§,,, measures the maximum (over starting states) amount of time spent by 7 taking
“gain-dropping” actions. We also define Tg;op = max o Tgmp (note that T g,p could equivalently
be defined as the optimal expected-total-reward value function for the reward 7), which similarly is
the maximum amount of time spent taking “gain-dropping” actions by any policy, from any starting
state. (By standard results [Puterman| |1994, Chapter 7], even allowing history-dependent randomized
policies, the maximum is attained by some 7 € TIMP.) We call Tarop the gain-dropping time. These
parameters are essentially defined in the sharpest way so that following bound holds:

Corollary 2.2. For any policy 7 and any vector h € R?,
1™ = P lloo < Taop 1Prp™ = p* oo + 11T (R) = h = p*|, -

While the condition P, p* < p*(s) in (B) appears very quantitative, it is actually closely related to
the MDP’s topological structure: such “non-gain-preserving” state-action pairs (s, a) are necessarily
on the “boundary” of some strongly-connected MDP component in the sense that they have nonzero
probability of transitioning to some s’ such that there is no policy which can eventually reach s from s’
with probability 1 (since if there were, we would have p*(s’) = p*(s)). Since many state-action pairs
cannot be on such a boundary (including all state-action pairs which are recurrent under any policy),
we must have Ps,p* = p*(s) for some state-action pairs. (Note we always have p*(s) > Ps,p*.)

As shown in Lemma Tarop 1s always finite in finite MDPs. We always have Ty, < B and
Tarop < %, as shown in Lemmas and respectively, the latter of these facts due to an
interesting Markov-inequality-like argument. Ty, = 0 if p* is constant, whereas B may still be

arbitrarily large in this case. We also show examples where T gy is arbitrarily smaller than 1/A in
Theorem [D.4]

3 Value iteration for multichain average-reward MDPs

3.1 Coupling-based analysis

A key requirement for the convergence of Halpern iteration is that the operator must possess some
fixed point. This is not the case for average-reward MDPs, where 7 instead satisfies 7 (k) = h + p*
for h satisfying (2b), which implies 7 has no fixed point (unless p* = 0), but the shifted operator
T (z) := T (x) — p* does have a fixed point. The gain p* is generally unknown so we cannot explicitly
apply the shifted operator 7. However, as has been observed in prior work (e.g. [Bravo and Contreras
[2024]]), when p* is a multiple of the all-one vector 1 then it commutes with T in the sense that
T(x + ap*) = T(x) + ap* for all « € R (since it is a standard fact that 7" commutes with 1 in this
sense). This commutativity property is sufficient for obtaining the same guarantees as if the shift p*
were known, since then the unshifted iterates generated with 7 can be related to the hypothetical
sequence of iterates which would have been generated with the appropriately shifted operator 7.

We observe this style of coupling argument can be abstracted to general fixed-point problems
involving “unshifted” operators without fixed points. In particular we can address the policy evaluation
setting, where for some policy = we seek h such that 77 (h) = h + p™, where T™ is the Bellman
consistencylevaluation operator. Suboptimal policies 7 generally have non-constant gain p”, even
for MDPs where p* is state-independent (a multiple of 1), such as weakly communicating MDPs.
Thus prior arguments (such as those within Bravo and Contreras|[2024])) are insufficient to analyze
Halpern iteration applied to 7™, but since this operator satisfies the key commutativity property
T™(h+ ap™) = T™(h) + ap™, a coupling-based analysis still works.

Lemma 3.1. Fix p,z9 € X and suppose L : X — X satisfies L(x + ap) = L(z) + ap for all
x € X and a € R. Define the shifted operator L : X — X by L(x) = L(x) — p. Fix some sequence



(Bi):2, € RYN. Then defining the sequences ()52 and (y)$2 by yo = x¢ and
w1 = (1= Be1)oo + Beal(ze)  and  yryr = (1= Beyr)yo + Ber1L(ye),
and letting Ay = 22:1 H;f:l B;, we have for all t > 0 that
=y + Myp.

Combining with an analysis of Halpern iteration specialized to affine operators [[Contreras and
Cominetti, 2022, Theorem 4.6] for an improved constant, we obtain the following result for finding
fixed points of 7™ — p™, the (shifted) Bellman policy evaluation operator.

Corollary 3.2. Fix hy € RS, fix some policy 7 € TIMR, and let T™ be the Bellman con-
sistency/evaluation operator for policy . Then generating the sequence (h:)2, by hit1 =
(1 = Big1)ho + Bes1 T™(he) where 5y =1 — t_%l we have for all t > 0 that

2
(he) = hy — p"||y < = lho — A7l -
77 (he) = he = 7l < 57 o = 27l

This exactly matches the lower bound [Lee and Ryul, 2024} Theorem 4], meaning that this rate for
the fixed-point error of 7™ — p™ is unimprovable for any value-iteration-style method satisfying a
certain natural subspace condition (see | Lee and Ryu [2024] for details)

3.2 Leveraging restricted commutativity

However, the commutativity property L(x + ap) = L(z) + ap used in Lemma does not
generally hold for the Bellman optimality operator 7 in general MDPs. However, T satisfies a
certain restricted commutativity property: for h satisfying both the modified and unmodified
Bellman equations, we have 7 (h+ap*) = T (h) +ap* = h+ (a+1)p* forall a € R. (See Lemma
[D.2]) Our next results show that this condition is actually sufficient to develop value-iteration-based
algorithms for solving general MDPs, by using Algorithm [T}

Algorithm 1 Approximately Shifted Halpern Iteration
input: Number of iterations n for each phase, initial point hg

1: Letzg = hg > gain estimation and warm-start phase
2: fort=0,...,n—1do

3: Ti41 = T(ft)

4: end for PR

5: Let zg = @y, form gain estimate p = 1 (2,, — x), form T as T (2) := T (2) — p

6: fort=0,...,n—1do > Halpern iteration phase; begins with x,,
7: Zt+1 = (]. — ﬁt+1)20 + 6t+17-(zt) where Bt =1- H*%

8: end for

9: return policy 7 such that 7(s) = argmax,c 47(s,a) + Psa2n

Algorithm ] has two phases, for a total of 2n iterations. First, n Picard steps are performed to obtain
z, =TM (ho), and this x,, is used both to form a gain estimate p = %(mo — hp) and to initialize
the next phase of the algorithm. The second phase of the algorithm is a standard Halpern iteration,
but with an approximately shifted operator T:=T- éformed using the gain estimate. The quality

of the gain estimate p is ensured by the following fact

Lemma 3.3. Suppose h satisfies both the modified and unmodified Bellman equations.
Then for any hg € RS and any integer n > 0, we have ||[T™ (hg) — np* — h o S ho = Al -

Therefore x,, is close to np*, and thus p approaches p* as n increases. This fact alone is sufficient for
the success of the second phase of the algorithm in finding a point z,, with small fixed-point residual

>While the lower bound [Lee and Ryul 2024, Theorem 4] is stated for the optimality operator T — p*, the
hard instance has |.4| = 1 and so this operator is equal to 7" — p™ for 7 being the unique possible policy.

3While a similar statement appears as [Putermanl, [1994, Theorem 9.4.1], due to some ambiguity in the h for
which it holds, we provide a proof and discuss the details in Appendix@}



[T (2n) — p* = 2ull.. However as shown in Corollary [2.2] finding such a z,, and taking the greedy
policy 7 such that 77 (z,) = T (2,), is insufficient for achieving small suboptimality Hp% - p* HOO;
we must also control || Pzp* — p*|| ., which is related to the navigation subproblem. This is why it is
essential to initialize the second phase with z,,: since z,, is closely aligned with np*, it is possible to
show that all subsequent iterates remain aligned with np*, and hence 7 will be chosen in a way which
approximately maximizes P;p* (and the elementwise maximum of this quantity over all policies is
). In summary, the first phase of the above algorithm, and in particular the initialization which is
close in direction to np*, is essential to how our algorithm solves the navigation subproblem. These
ideas lead to the following theorem.

Theorem 3.4. Let h be any vector satisfying both the modified b)) and unmodified (1D) equations
(with p = p*). For all n > 1, Algorithm[I\with inputs n, ho returns a policy 7 such that

This result holds for all n > 1, whereas [Lee and Ryu, 2024, Theorem 2] only holds for n >
C % for some constant C'. This result also obtains an improved rate of O(% [1ho—hllco)s
whereas [Lee and Ryu, 2024} Theorem 2] achieves a rate of O(# [lho — h|lso) (Which is worse
since Tgrop < 1/A as shown in Lemma . Furthermore, under a large-n setting similar to that of
[Lee and Ryul 2024} Theorem 2], we obtain a refined guarantee without any algorithmic changes:
Theorem 3.5. Let h be any vector satisfying both the modified b)) and unmodified (1D) equations
(with p = p*). Foralln > %, Algorithmwith inputs n, hg returns a policy T such that

This matches (up to constants) the lower bound of Q(||hg — k|| /1) shown by [Lee and Ryu, 2024,
Theorem 3] for the weakly communicating setting. Therefore, Theorem [3.5]demonstrates a surprising
finding, that general MDPs are no harder than weakly communicating MDPs (once the iteration
budget is sufficiently large), disproving a conjecture in|Lee and Ryu] [2024].

10 35 20
< ?Tdrop+13+7 + 2 Hh()*hHOO-

o) n

pr—p"

pr—p" " ||ho — Bl -

134 35 4 20
< + o+
n

.

Finally we further discuss the restricted commutativity property. Lemma [D.2]shows the property
T(h+ ap*) =h+ (a+ 1)p* (for all @ € R) holds if and only if & solves both the modified and
unmodified Bellman equations. Actually most of the proof can be performed in the abstract setting
of a general nonexpansive “unshifted” operator £ where L(z* + ap) = z* + (a + 1)p for some
p,x* € X and all @ € R (which implies z* is a fixed point of the “shifted” operator £ — p). See
Theorem|H.5] which shows that we can find 2, with small shifted fixed-point error || £(zy,) — p — 2|5
however, there does not seem to be a generic analogue of bounding || Pzp* — p*||co-

4 Discounted value iteration

4.1 Discounted reduction

Now we develop algorithms for solving general average-reward MDPs via a discounted VI approach.
We first develop a new reduction lemma, bounding the average-reward suboptimality ||p™ — p* ||~ in
terms of the discounted fixed-point error || 7, (V) — V||« and our complexity parameters.

Lemma 4.1. Suppose for some V. € R that policy 7 is greedy with respect to r + yPV, that is,
T7(V) = T,(V), and that v > 5. Then, letting h satisfy the modified and unmodified Bellman

equations and letting M = min {|[h|[sp, [|B™ ||sp + Tarop + 2™ |lsp Tarop }» we have
167 = P llae < (T + 1) [(1 =) (44 TM) +16]T(V) = V|oo]

See the slightly more general Lemma[J.6] from which Lemma[4.T]follows immediately. Fixing some
iteration budget n, Lemma suggests that to get a O(1/n) rate, we must set the effective horizon
1/(1 — ~) to be at least order €2(n). Next it remains to control the discounted fixed-point error term
|75 (V) — V]|, which is challenging with this large choice of effective horizon.



4.2 Faster fixed-point error convergence

As part of our first step in minimizing the discounted fixed-point error, we develop a result of
independent interest: a simple algorithm which achieves an optimal fixed-point error convergence
rate (up to constants) for v < 1 contractive operators in general normed spaces. The algorithm simply
deploys standard Halpern iteration for approximately ﬁ steps, then switches to Picard iteration.
While the analysis is trivial, to the best of our knowledge an algorithm obtaining such guarantees was
not previously known despite prior work on related problems, and we find it surprising that such a
simple algorithm and analysis achieves optimality.

Algorithm 2 Halpern-Then-Picard

input: Initial point xy, contraction factor v < 1, y-contractive operator £
I: Let E = [—J -1

2: fort=0,.. —1do > Halpern iteration for first ~ ﬁ steps
3: Ti+1 = (1 — ﬁt+1)fE0 —+ Bt+1£(‘rt) Where ﬂt =1- t+2
4: end for
5:fort =FE,... do > switch to Picard iteration after ~ ﬁ steps
6: Ti41 = E(xt)
7: end for
Theorem 4.2. Let L : X — X be a y-contractive operator with respect to some norm ||-||, and let
x* be its fixed point. Letting (x¢)ien be the sequence of iterates generated by Algorithm we have
A lwo — 27| L<E 5!
L(xe) — x| < {tH o ~ < 8e—r—— llwo — 27|
H H 8(1 _ ,.Y),.yt E ”x() _ x*H t>FE 21;:0 ~i H

Park and Ryu|[2022]] show a lower bound of (1 4 =) Zt - ||zo — x*| , for the fixed-point error (in

the Hilbert space setting, meaning the lower bound may be 1mprovable for our Banach space setting),
which is matched by Algorithm 2]up to a constant of 8¢/(1 + 7).

We can immediately apply Algorithm 2] I with the discounted Bellman operator 7 to minimize the
discounted fixed-point error ||75(V) — V|| . With this partlcular operator, [Lee and Ryu|[2023]] show

a lower bound on the discounted fixed-point error of HVO -V H (for a certain natural

Zt
class of algorithms), implying the optimality of Algorlthm [Z] up to a factor of 8e. |Lee and Ryu
[2023]] also presents an algorithm for minimizing the discounted fixed-point error, and while their

algorithm achieves a slightly improved constant relative to Theorem[#.2](with £ = T,) for certain
initializations, their guarantee does not match the

Zf ' V> H lower bound up to constants
for all initializations Vj (including the initializations requlred in the next subsection), and hence our
Algorithm [2]is the first to do so. See Appendix for more on comparing with |Lee and Ryu|[2023].

4.3 Faster value error convergence

Algorithm [2] alone (applied to 7) is insufficient to obtain the desired bound on the discounted
fixed-point error ||7, (V) — VHOo the error bound depends on the initial value error ||V — Vo[ oo,

and with a generic initialization like V{, = 0, this value error can generally be 2(1/(1 — )) =Q(n)
with our large choice of effective horizon. Hence after O(n) iterations Algorithm [2| would only lead
to a bound like || 75(V) — V||oo < O(n/n) = O(1), whereas we desire this term to be O(1/n).

To fix this problem, we show that by using undiscounted value iterations and a re-normalization step,
we can reduce the value error at a sublinear O(1/t) rate:

Lemma 4.3. Fix v € (0,1). Let h be a solution to both the modified and unmodified Bellman
equations. Then for any integer t such that 0 < t < ﬁ we have

Qmm{ ||h||sp R H o —+ Tdrop —+ ||h7'r* " Tdrop} 1
- t 1—7

T(t)( ) — Vw

=



Goyal and Grand-Clément [2023, Theorem 3] show a lower bound that ||V, — V*[| > % for any

V; produced by an algorithm satisfying a certain iterate span conditionE] This geometric ' rate is
vacuous in situations where + is very close to 1 (including our setting where v = 1 — 1/n and hence
4" =~ e~! = Q(1)). However, the hard instance in their lower bound depends on the iteration count
t and has ||h||s = ||h™ ||sp > ¢ (and also Tgop = 0). If we instead restrict the complexity of the
instance (as measured by the complexity parameters) as the iteration count ¢ is increased, their hard
instance becomes inadmissible, and we find that a sublinear O(1/t) rate is possible.

In particular, with our choice of effective horizon 1/(1 — y) = n, we can use ¢ = n steps to produce
an initialization which has value error independent of n (but depends on the complexity parameters
in Lemma4.3). Generally when the iteration budget is larger than the effective horizon, we can use
this warm-start procedure to reduce the value error rapidly before switching to Algorithm [2]to get
an improved guarantee for solving discounted MDPs. This “warm-start” phase bears an interesting
similarity to the first phase of Algorithm ]

Algorithm 3 Warm-Start Halpern-Then-Picard

input: Discount factor v < 1, number of iterations n such that n > [ﬁj

I: Letzo = 0, E' = | 15 |

fort=0,...,E'—1do > initialization phase
Ti41 = T(l’t)

end for

Obtain V' as the (n — E’)th iterate from Algorithm 2] with inputs x5/, ~, T,

return V' and policy 7 such that 7(s) = argmax . 47(s,a) + 7PV

AR AN N

Theorem 4.4. Foralln > E' = {ﬁJ Algorithmretums V such that
e " F () 8e e n
1m0 - Vi S S (14 E)
Yo v V) iz
where M = min {[|A]lp, 2™ llsp + Tarop + 1™ I|sp Tarop } b satisfies the modified and unmodified
Bellman equations, and (%) holds if n > 2E’ — 1.

Algorithm 3| thus uses three phases: E’ steps of undiscounted Picard iteration, E steps of discounted
Halpern iteration, and then finally discounted Picard iteration. Combining this with our reduction
result, Lemma[4.1] leads immediately to our final result on solving multichain average-reward MDPs.

Theorem 4.5. Fix an integer n > 2. Setyv =1 — % and run Algorithmwith inputs v, 2n. Let h
satisfy the modified and unmodified Bellman equations. Then the output policy T satisfies

71 min{HhH |hm

o I Iy + Tarp + (107 [, T } +2

p*_pﬂS(Tdmp"'l) n—1

Theorem [4.5] only makes use of the first two phases of Algorithm [3] but as we show in Theorem
the constant in Theorem .5 could be improved by utilizing the third phase to rapidly decrease
fixed-point error. One interesting advantage of Theorem .5 over Theorem [3.4]is that it obtains one
guarantee independent of ||h|s,, which as we discuss in Appendix can hide a dependence on +

even when Tyop and || ||sp, the span of a Blackwell optimal policy, are small.

5 Conclusion and limitations

In this paper we designed faster VI algorithms for solving multichain average-reward MDPs, and
along the way developed a collection of results advancing the theoretical foundations of VI methods
and multichain MDPs. One limitation of our results is that the Bellman operators may not be exactly
computable, and even if they are, it may be preferable to leverage stochastic evaluations to speed up
computations; we believe these are promising directions for future work.

4[Goyal and Grand-Clément, 2023} Theorem 3] actually states a weaker result, but as we show in Theorem
their analysis can be strengthened to obtain the claimed lower bound.
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A Guide to appendices

In Appendix [B|we discuss related work in more detail. In Appendix [C] we introduce more notation
used within the proofs. In Appendix [D| we discuss topics related to the solutions of the modified
and unmodified Bellman equations. Appendix [E] contains a proof of Proposition [I.1]discussed in the
introduction. The remaining appendices are mainly devoted to proofs of the results presented in the
paper, and largely proceed in the same order. Appendix [Fcontains proofs of the results from Section
[2l Appendices[G|and [H]prove the results from Subsections [3.1]and 3.2} Theorem [.2]is proven in
Appendix [[} Other results related to discounted VI are proven in Appendix [J|

B Related work

Here we discuss more related work.

Analysis of value iteration in average-reward MDPs Value iteration methods have been exten-
sively studied for average-reward MDPs. We refer to|Schweitzer and Federgruen|[|1977,|1979] and the
references within, which develop asymptotic convergence guarantees for value iteration in multichain
MDPs.

Perturbation analysis for Markov chains Results of a similar nature to our Theorem [2.1] and
Corollary 2.2]have a long history and are referred to as perturbation theory or sensitivity analysis for
Markov chains. Some references include [Schweitzer| [1968]], [ Meyer|[[1980,|1994], Ipsen and Meyer
[[1994], [Cho and Meyer [2000]]. |Cho and Meyer| [2001]] provides a comprehensive comparison of
such bounds, all focusing on the case of ergodic Markov chains. Such bounds commonly involve
parameters related to the deviation matrix Hp (the Drazin inverse of I — P for a Markov chain with
transition matrix P). Also see|Cao [1999,2000],|Cao and Guol[2004| for similar results focused on
MDPs.

Halpern iteration While Halpern iteration has a long history [Halpern, |1967], its nonasymptotic
convergence properties have been the subject of intense recent study [Sabach and Shtern, 2017].
Lieder|[2021]] and |Park and Ryu|[2022]] obtain exactly optimal convergence rates in Hilbert spaces,
for nonexpansive and contractive operators. [Bravo et al.|[2022]], (Contreras and Cominetti| [2022]
consider the general normed space setting, of greater relevance to MDPs. In the context of Markov
decision processes and RL, |Bravo and Contreras| [[2024]] develop a Q-learning algorithm based on
Halpern iteration, and [Lee and Ryu| [2023]] and |[Lee and Ryu| [2024] utilize Halpern iteration for
solving discounted and average-reward MDPs, respectively.

Complexity of discounted value iteration Many different approaches have been taken in the
literature to try to accelerate convergence of value iteration methods, especially when the discount
factor is close to 1. |Goyal and Grand-Clément] [2023]] develop faster VI algorithms for solving
discounted MDPs using momentum-like techniques, obtaining faster convergence in terms of the
value error for reversible MDPs and also proving lower bounds. [Lee and Ryu| [2023]] develop an
algorithm for solving discounted MDPs with improved convergence properties for the fixed-point
error, using a variant of Halpern iteration, and also develop lower bounds. There exist many alternative
approaches, less closely related to the present work, based on changing the operator from the Bellman
operator. See [Puterman, (1994, Chapter 6] or [Bertsekas, |2018| Chapter 2] for some of the variants of
value iteration.

Average-reward-to-discounted reductions Solving average-reward MDPs by approximating them
via discounted problems is a very common approach in the RL literature, especially among works
studying statistical (sample) complexity. Jin and Sidford [2021], Wang et al.| [2022], |[Zurek and
Chen| [2025a]] develop such reductions applicable to weakly communicating MDPs or even more
restrictive classes of MDPs. [Fruit et al.| [2018]], Zurek and Chenl|[2024a] consider the related approach
of perturbing the transition matrix to ensure contractive properties. |[Zurek and Chen| [[2025b] develop
the first such reduction for general MDPs, involving the parameter B. Zurek and Chen|[2025b] also
provides lower bounds on the sample complexity of solving general average-reward MDPs in terms
of B. An interesting question is whether it could be replaced by the sharper T4, Within their results.
Halpern iteration can be understood as regularizing a nonexpansive operator to make it strongly
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contractive, and decaying the regularization strength. From this perspective, there are conceptual
similarities to discounted RL, particularly for problems where -y is not intrinsic but rather functions
as a tuning parameter which trades off long-term performance for computational tractability.

Other related work |Schweitzer and Federgruen| [[1978] study the solutions of the unmodified
Bellman equations.

B.1 Comparison of Algorithm 2|to prior work

Here we give more detail on the comparison of Algorithm[2] when applied to the discounted Bellman
operator 7T, with|Lee and Ryu|[2023]], who also consider minimizing the discounted fixed-point error
and obtain similar guarantees. The algorithm of |Lee and Ryu| [2023] can also be seen as interpolating
between Halpern and Picard iterations, but in a more continuous manner (by continuously adjusting
stepsizes) rather than the discrete transition employed in Algorithm 2] For certain specialized
initializations, [Lee and Ryu} 2023 Theorem 2] demonstrates an improved constant relative to that
achieved by our Algorithm [2} but the key limitation of [Lee and Ryu, [2023} Theorem 2] is that it has
order-wise worse performance for some general initializations. Specifically, ignoring constant factors,
their result for general initializations can be written as
o

where they define ‘77* to be the fixed-point of a Bellman anti-optimality operator 7T .ni defined as

Toani(Q) (5, ) := (s, a) +miny Y P(s'| 5,0)Q(s", a)

s'eS

IT:0V0) = Vallo < sz max { Vo = V7|

Vo— Vo

-

(see [Lee and Ryu, [2023| Section 4] for how their [Lee and Ryu, |2023| Theorem 2] can be written in
terms of 2,777 up to constant factors). 7T, uni replaces the max in the usual discounted operator
0

with a min, and as we now show, this can lead its fixed point f@* being very far from V7, the fixed
point of 7.,. Consider the following one state, two action MDP:

- =x

1
1
N/

a=2,7(1,2) =40

Figure 1: A one-state, two-action MDP where XA/W* and V7 are far apart. The two actions are denoted

by straight and dashed lines respectively, and are annotated with their associated reward.

It is trivial to check that V> = ﬁ and IA/; = 0, so for any V;, € R we have
max { ||V0 -y ||OO , ’ Vo — ‘7,;‘ } > %ﬁ This issue is prohibitive to good performance in
o0

the setting considered in our Section 4, where we are able to construct a V with HVO — Vv* Hoo
bounded independently of —L—.
¥

B.2 Lower bounds for discounted value error

[Goyal and Grand-Clément, 2023, Theorem 3] shows the following:

Proposition B.1. Fix v € (0,1) and an integer n > 1. Then there exists a discounted MDP
(S, A, P,r,v) such that for any sequence of iterates (V;)$2, satisfying Vo = 0 and

Vs+1 S span{‘/O7 o '7VSaTy(‘/0)7' .. aTy(‘/s)} Vs Z Oa
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we have for any s € {1,...,n — 1} that

" v*
Ve =Vy|l 2 11y

In fact, by reusing the work done within their proof, it is possible to prove the following stronger
result:

Theorem B.2. Fix v € (0,1) and an integer n > 1. Then there exists a discounted MDP
(S, A, P,r,v) such that for any sequence of iterates (V;)$2, satisfying Vo = 0 and

Veir € span{Vo, ..., Ve, T (Vo) ..., T (Va)} ¥s >0,
we have for any s € {1,...,n — 1} that

* v*
lve-vill = 7

Proof. We use the same instance as the one constructed in the proof of [Goyal and Grand-Clément,
2023, Theorem 3], which has § = {1,...,n}. As argued in this proof, the optimal value function
satisfies V5 (i) = % forall ¢ = 1,...,n. They also show that for any s € {0,...,n — 1},
assuming V; satisfies the condition in the theorem statement, we have that V(i) = 0 for any
i > s+ 1. Therefore for any s € {0,...,n — 1},

s+1-—1 S

Y
1—7

v
1—7

|V — V;Hm > [Vi(s+1) = Vi(s+1)| = ’0—

C More notation

[|W| ooy denotes the ||-|| ., — |||, operator norm of a matrix . We note that this is also equal
to max; HeZTWH 1 that is, the maximum #; norm of all rows of W.
For any policy 7 we let 7 = M™r,, or equivalently r~(s) = > . 4 7(a | 5)r(s,a) (forany s € S).
We have V.7 = (I — yPx) " 'rr = 72 7' Phry. We let 7% denote a y-discounted optimal policy
(such that Vf” = V). There always exists such a discounted optimal policy which is deterministic.
Fixing a policy 7, the limiting matrix P.° is
=
oo : T 9 - k
P =GPy = in 7.5

where C-lim is the Cesaro limit. We have P2° P, = P, P>° = P2°. We denote the Drazin inverse of
I — P, as Hp_. It is sometimes referred to as the deviation matrix. We have

T—1
Hp = C-li Pk — p).
P, g;org;( = P)

Additionally Hp_ satisfies
(IiPTr)HP,r :HPW(prﬂ') :I,P;_XJ
Hp P> =PXHp_ =0

We also have that p™ = P°r, and h™ = Hp_r,. We refer to [Puterman, {1994, Appendix A] for
more properties of Hp_

The modified Bellman equations can be written in a vectorized form as

M(Pp) = p, “)
T(h) = M(r+ Ph) = p+h. 3)
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D Properties of solutions to Bellman equations

First we show that for some (p, h) which satisfy the modified Bellman equations, there exists a
simultaneously argmaxing policy if and only if they also satisfy the unmodified Bellman equations.

Lemma D.1. Suppose (p, h) satisfies the modified Bellman equations @) and (3). Then there exists
a policy T attaining the maximums in both equations simultaneously, that is there exists = € TIMP
such that

M™(Pp) =p (6)
M™(r + Ph) = p+ h. %)
if and only if (p, h) also satisfies the unmodified Bellman equations and (Tb).

Proof. For the entire proof we fix (p, h) satisfying the modified Bellman equations (@) and (3). First
we suppose that there exists some 7 € TP attaining the maximums in both equations simultaneously
(satisfying (6) and (7)) and try to show that (p, h) satisfy the unmodified Bellman equations (Ta)
and (IB). It is immediate that (Ta) is satisfied since it is the same as equation (Za). To check (Ib),
note that by (6) we have that P, ,)p = p, and by (7) and 2b) (for the first and second equalities,
respectively) we have

(5,7(5)) + Pantoyh = pls) + h(s) = maxr(s, ) + Prah.

Therefore we have that

max r(s,a) + Psgh > 1(s,7(5)) + Per(syh = p(s) + h(s)
a€A:Psqp=p(s)

(since Pyr(5)p = p) and also trivially

Psah S ’ PSGh = h ?
cmax _ r(s,a) + maxr(s, a) + p(s) + h(s)

so we must have max,c 4. p,, p=p(s) 7(5, @) + Psah = p(s) + h(s) (that is, the second unmodified
Bellman equation (Tb) is satisfied).

Now we assume that (p, h) satisfy the unmodified Bellman equations (Ta) and (Tb) and try to show
that there exists a policy m € TIMP satisfying (6) and (7). We define (for each s € S) 7(s) € A to be
an action attaining the maximum in (Ib), that is P, s)p = p(s) and

r(s,m(5)) + Psr(syh = p(s) + h(s).
But then since p(s) + h(s) = maxge 4 7(8,a) + Psqh by the modified Bellman equation (2b), we
clearly have that 7 satisfies (6) and (7). O

Next we show another equivalent property to (p, h) satisfying both the unmodified and modified
Bellman equations, the restricted commutativity property, which is essential for Algorithm ]

Lemma D.2. (p*, h) satisfies both the modified and unmodified Bellman equations if and only if for
any o € R we have

T(h+ap*)=h+(a+1)p*. (8)
Proof. First suppose that (p*, h) satisfies both the modified and unmodified Bellman equations. By

Lemma|[D.1] there exists a simultaneously argmaxing policy r satisfying (€) and (7). Now letting
a € R be arbitrary, we have that

Th+ap) 2T (h+ ap*) =ry+ Prh+ Prap® =rp + Prh+ ap* = T(h) + ap*
using the properties of m. However we can also bound
T(h+ap*)=M(r+ Ph+ Pap*) < M(r + Ph)+ M(Pap*) = T (h) + ap”*.

Therefore we must have that 7 (h 4+ ap*) = T(h) + ap* = h+ ( + 1)p* as desired (using that i
satisfies the modified Bellman equation in this final equality).
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Now we assume (8) holds for all @ € R. Note that we immediately have that (p*, h) satisfies the
modified Bellman equation by taking oz = 0 (and we always have that M Pp* = p*). Now we choose
« sufficiently large so that the corresponding deterministic argmaxing policy 7 such that

T(h+ap*)=T"(h+ap*)

must satisfy P.p* = p*. Specifically o > % suffices, because then if 7 did not satisfy

P, p* = p* (but is deterministic) then we would have P, p* < p* — A = P« p* — A by the definition
of A, and thus (fixing some arbitrary s € §) we would have
L+ Al o Ta(s) = rae(s) + el (Pr = Pao)h

A - A
— @e] (Prp* — Prp*) = ae] (p* — Prp*) > @A > 1(5) — rp-(s) + ) (Pr — Pre)h
s T (h+@p*)(5) = 1a(5) + ] Palh+ ") < rre (5) + €] Pre (h+@p") = T (h +p")(s)
and the final inequality contradicts the fact that 7 (h + @p*) = T™(h + ap*). Now using (8) and
then this fact that P, p* = p*, and then canceling terms, we have

h+(@+1)p*=T(h+ap*)=T"(h+ap*) =ry + Prh+ Prap* = r. + P:h+ ap*
= h+p"=rr+P:h=T7(h).
Using a = 0 in (8) we have that 7 (h) = p* + h, so T7(h) = T (h). Thus we have shown that  is

a simultaneously argmaxing policy for the modified Bellman equation solution (p*, k) in the sense
of (6)) and (7), so by Lemma|D.1] 4 satisfies both the modified and unmodified Bellman equations. [

o >

Next we prove Lemma[3.3] and discuss the ambiguity within [Puterman, [1994] Theorem 9.4.1]. To
the best of our understanding, the proof of [Puterman 1994, Theorem 9.4.1] makes use of a particular
solution A* to the modified Bellman equations which is constructed in [Puterman, 1994} Proposition
9.1.1] by adding a large multiple of p* to some h’ which satisfies the unmodified Bellman equations.
This ensures the existence of a simultaneously argmaxing policy (in the sense of equations (6)
and (7)), and such a policy is used in an essential way for the proof. As noted in Subsection [I.T}
not all solutions (p, A" of the modified Bellman equations have p = p*, with an example provided
in [Bertsekas, 2018, Example 5.1.1]. Also mentioned there, a sufficient condition for p = p* is
the existence of a simultaneously argmaxing policy. Therefore, not all solutions of the modified
Bellman equations admit a simultaneously argmaxing policy (with [Bertsekas, |2018, Example 5.1.1]
necessarily being an example, and another example provided below), so the proof of [[Puterman)
1994, Theorem 9.4.1] does not hold for all solutions to the modified Bellman equations. We note
that the statement of [Puterman), |1994, Theorem 9.4.1] in|Lee and Ryu|[2024]] apparently allows a
general solution to the modified Bellman equations, although in|Lee and Ryu| [2024]] the definition
of a solution to the modified Bellman equation adds the condition that a simultaneously argmaxing
policy must exist.

Proof of Lemma[3.3] We have that
frn < [ 70w o - o]

by the triangle inequality. Since h satisfies both the modified and unmodified Bellman equations, by
Lemma|[D.2] (used n times) we have

HT<">(h) —npt — hH

T (T(0) =np" = || _
= 1TV (h 4 p*) —np* — hHoo

= |7V (h) — (n - 1)p* — hHOO

= | 7O ) - 5" — 1|
= I~ hll, = 0.

By nonexpansiveness of 7, it is easy to see that HT(”) (ho) — T™(h) ||Oo < ||ho — h]| ... Combining
all these calculations yields the desired result. O
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D.1 Constructing solutions to the modified Bellman equations

In this subsection we demonstrate how solutions to the modified Bellman equations A may have
[[7]l5, on the order of + and arbitrarily large, even when constructed from a vector 2™ solving the

, <o),

unmodified Bellman equations which has Hh”*

The following lemma demonstrates this construction. This is a non-asymptotic version of Puterman
[1994] Proposition 9.1.1] which was originally shown by |[Denardo and Fox|[196§]].

. A 41
Lemma D.3. Letting h = h™ + ”TSP p*, h satisfies the modified Bellman equation () with

p=p-

Proof. Since we have

M(r+ Ph) > M™ (r + Ph)

X . o1
=M™ (r+ P | W

el +1
:Tﬂ*—FPW*hW +Hlsp ﬂ.*p
T [ W
=T
:p*+h

since Py« p* = p* and 7« + P h™ = p* 4+ h™ , it suffices to show that for all deterministic policies
7 that M™(r + Ph) < p* + h. If Py (5p* = p*(s), then since h™" satisfies the unmodified Bellman
equation (Ib) (with p = p*), we have

el M™(r + Ph) = r(s,n(s)) + Pyr(s)h

I I+ 1

TpRew(s)p*
41
LS

< maxr(s,a) + Py h™ + HhTr*Hé—’—lp*(s
— aeA ) sa A

- max r(s,a) + Pooh™ + M
A€ A:Pyop*=p*(s) ’ sa A

17|, + 1

Al

= 7"(8,71'(8)) + Rs'rr(s)hﬂ-* +

= T(577T(5)) + Ps#(s)hw* +

p*(s)

p*(s)+ ™ (s) +
p*(s) + h(s)

as desired. Now we consider the case where Py 5)p* < p*(s). Letting a* €
argmax ¢ 4. p, p+—p+(s)7(8,0) + P, h™", first we calculate that

T(S77T(S)) + Psrr(s)hw* - (7"(8, a) + Psahﬂ—*)

max
a€A:Psqp*=p*(s)
T(S’ W(S)) - T(S, a*) + (PSﬂ(s) - Psa")hﬂ*
h

IA

1+‘ )

Sp.
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Also since Py(5)p* < p*(s), by definition of A we have p*(s) — Py (s)p* > A, and thus

ed M7 (r + Ph) = 1(s,m(s)) + Pyr(s)h

17|, + 1
P
||, +1

e ACREN

= T(S’ ’]T(S)) + ‘PSTr(s)hTr* +

< 7’(8, 7‘-(8)) + Psw(s)hﬂ* +

Il +1
() - )

r(s,a) + Psah”* + 1+ ‘ h

max
a€A:Psqp*=p*(s)
I~

SP+1 *(g

=7 (s) + 17 (5) + —

= p*(s) + h(s)
making use of (9) in the second inequality. O

*

Now we show a simple example where Tgrop, || 2"

o < O(1) and [[2], ~ & is arbitrarily large.

Figure 2: A four-state MDP parameterized by € > 0. Each arrow represents a (deterministic) action
and is annotated with its reward. Only state 4 has multiple actions.

Theorem D.4. Fix e > 0. Then for the MDP in the above Figure|[2}

1. Tgop = 1.
2. [P, =1
3. x=1
4. Letting ‘H denote the set of all solutions to the modified Bellman equations,
inf{‘ ™+ cp*t " cceR, (pf W™ +ept) e H} > é
Proof. 1t is immediate to see that
1
P 1 6 €
1
This implies that % = % (by considering the actions in state 4). It is also trivial to see that Tg,op = 1,

since only state 4 has any “gain-dropping” actions available, and they all lead to states other than
state 4 after 1 step. Since necessarily P2 h™ = 0, this implies that the absorbing states s = 1,2, 3
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must have b (s) = 0. Combining with the unmodified Bellman equation (which h™" must satisfy)
implies that

W=

)

0
0
0
-1
so we have ||h™" ||Sp = 1. Finally, for (p*, h™ + cp*) to satisfy the modified Bellman equation we
must have
0+c(1)+h™ (1) >1+c(l—e)+h™ (2)
<~ 0+c¢(l)+0>14c¢(l—€)+0
1
<~ c> -
€
which implies h™ (1) + cp* >
furthermore 2™ (3) + ¢p*(3)

% for all solutions of this form to the modified Bellman equations, and
= 0+ c0 = 0, which implies the span of k™ + ¢p* is at least é O

E Proof of Proposition[1.1]

Proof of Proposition[I.1] We have

v

2 2 2
<— V=V < —""" V-V, < —7"
ST Ve € o 1 -V € e
where the inequality ||V7™ — V*Hoo < % |V — V*||, is due to Singh and Yee|[1994]. To ensure
the above quantity is < 1, we need

2

(1—7)?
1— 2
A2
<= nlog( )<log<( 27) >
(1-m?®
—=n> log( 7 ) log((lfv)"‘>
n =
logy log(1/7)
log (722
()
2 1=

where for the final implication, we use that log(1/v) > 1 — ~ for any . Finally, with the stated
choice of ~, the RHS above is
2

LS T (2 ) < " 1o ( ) < r
21og(n) S\"1 log?(n)/) ~ 2log(n) & log?(n)) — 2log(n)
as desired. Finally, we can apply [Zurek and Chen, 2025b| Proof of Theorem 6] to give that

+ 2) 1.
sp

2

2log(n) =n

5

p”Zp*—(l—v)(3B+3‘

F Proofs for sensitivity analysis for multichain MDPs

Proof of Lemma[2.1] We prove the more general statement that for any policy 7 and any vectors
p,h e RS, we have

p"—p=Hp (Pr—I)p+ PX(rr + Prh—p—h).
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(Then we can substitute p = p* to obtain the statement of Lemma[2.1})
Since Hp_(P; — I) = P> — I, we have
Hp, (P, — D)p = (P — Dp.
Also since P°(P, — I) = 0 and p™ = Pg°r,, we have
P2y + Peh— p— h) = P2 (r — p) = o — Pp.
Combining these two calculations, we have
pT—p=(p" = Pp)+ (Pp—p)
=PX(rr+Ph—p—h)+ Hp (P —I)p.
O

Lemma F.1. 1. For any policy =, all states s such that e P, p* — p*(s) < 0 are transient.

2. For any policy m, T§. . is finite.

3. Tarop is finite.
Proof. For the first statement, suppose some state s is recurrent under the Markov chain P;. Then all
states in the support of e P, must also be recurrent and in the same maximal closed recurrent class.
By [Zurek and Chen|[2024b, Lemma 17], any states s’, s” in the same recurrent class have p*(s’) =

p*(s"), so we must have e] P, p* = p*(s). Therefore by contraposition, if e P, p* — p*(s) < 0
then s must be transient.

For the second statement, if for some s € S a policy 7 has nonzero probability of taking some action

a such that Py,p* < p*, then we must have P,p* < p*. Therefore almost surely I(Ps, 4,p* <
p*(St)) < I(el Prp* < p*(S¢)), which implies

Z]I (e;Pﬂp* < p*(S))
t=0

Titop = maxE] ;H (Ps,a,p" < p*(St))] < max[E]

Hence T§;, is bounded by the expected amount of time spent by the Markov chain P in states which
are transient under P, (maximized over all starting states), and since the expected amount of time
spent in transient states in a finite Markov chain is finite [[Durrett, [2019], we must have that T}

drop
finite.
For the final statement, since there are only a finite number of policies in IIM” and Tirop < 00 for
each € TIMP, we have that Ty, = maxepmo Thop < 00 O

Lemma F.2. Suppose that = € TIMP is a deterministic policy. Then
T ™ T * *
Tdrop - rsneaé}‘( ]Es [;H (eStPﬂp < P (St))‘| .

Proof. Note that for a deterministic policy we have A; = 7(S;), and thus Ps, a,p* = Ps, x(s,)p* =
eg, Prp*. Therefore

Tdrop - maxIE” [ZH PSt,AtP* < P*(St))] = meagE
t=0

> T(ed, Prp” < p*(st))] .

t=0
O

Lemma F.3. Fix a deterministic policy 7 € TIMP, let s,s' € S be two states, and suppose s is
transient under Py. Then

( ss’: Z]Ist_s

t=0

; (10)
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orinwords, (Hp, ), is the expected number of visits of state s' when following policy m and starting
at state s. Therefore

max E (Hp,),, =B™ (11)
seS
s’:s’ is transient under Py

and

rsﬂeag{ - Z (HPw)ss’ = T(‘grrop' (12)
s'iel, Prp* < p*(s’)

Proof. Since ' is transient, we have that e] P>°e, = 0. Thus

I
g

| —
(1=
8]
Tj
*u

ol

I

\

3
&

LN
= lim < E el Prey s is transient
— 00

Il

=

@ 3
—

NE

=

o

|

Q’J\
L=

where the second-last equality follows from elementary analysis arguments, or can be seen using
the fact that the Cesaro limit of a convergent sequence is simply its usual limit, and the sequence

( g:(} eZP,’feS/> is convergent since all terms are nonnegative and the infinite sum is finite
N TeN
since &’ is transient [Durrett, 2019].

The next two statements follow immediately (noting that by Lemma all states such that e |, P, p* <

p*(s') are transient in Py, and using the formula for Tf given in Lemma forr € IIMP). O

Proof of Corollary[2.2] Combining Lemma[2.T| with the triangle inequality we have
1™ = P lloo < P, (Prp™ = Pl + 1P2° (rx + Peh = p* = h)| -

Since || P2°|| oo < 1, we can bound

P2 (re + Peh = p* = W)l oo S NIP°llooyo0 I7x + Prh = p* = Rl
S ||r7T +P7rh _p* - hHoo
=T"(h) =h—p"[l« -

22



To bound ||Hp, (Prp* — p*)]| .. using Lemma[F3|we have
[ He, (Prp* = p*) |l = max |e] Hp, (Pxp* = p)]

=max | (Hp,),y el (Pep” = p")

s’eS

(@

= max > (Hp,) sy €3 (Prep* = p*)
s'eS: e:/(P,rp"fp*)<0

(1) * *

- r?eag’( Z (HP‘rr)ss’ e;r’(p - Pﬂ'p )
s'€S: e, (Prp*—p*)<0

< H , x P7'r S

< max > (Hp,) o llp PNl

s'eS: eT,(P,,p*fp*)<0

(zzz

Tdrop ||/0 Tl'p*”oo

In (i) we used that e, (P p* —p*) # 0 s equivalent to e, (P p* — p*) < 0, since e/, (Prp* —p*) > 0
is impossible. In (m) we used the fact that (Hp,_ ), ., > 0 for any state s which is fransient under P
(implied by Lemma and the fact that the states s” such that e/, P, p* < p*(s) are transient by
Lemma | as well as the fact that e, (p* — Prp*) > 0 again. In (iii) we again use Lemma[F.3] O

Lemma F4. For any z,y € RS and policy 7 such that P2z = P°y = 0, we have that

r<y = Hpx<Hpy.

Proof. To show the desired elementwise inequality, it suffices to fix s € S and show e] Hp_z <
el Hp_y. By an almost identical calculation to that of Lemma we have that

T-1 T-1
T : T pk T : T pk
e, Hp x = lim E e, Pix and ey, Hp y = lim E e, Pry.
T—o00 T—o00 0

Since PT’f is a stochastic matrix, x < y implies that

Z eTPk

\M“

for any 7', and thus

T-—1 T-—1
T : T pk : T pk T
e, Hp x = lim E e, Pix < lim E e, Ply=-e; Hp y.
T— o0 — T— o0 —

Lemma F.5. For any fixed policy 1 € TIMP, we have TT

frop < B™. Consequently Trop < B.

Proof. First we prove the statement for a fixed policy 7. For any set X C S let ex € RS be a vector

such that
ex(s) = 1 seX
X710 otherwise |

Let X be the set of states which are transient under P, and let Y be the set of states s such that

el P.p* < p*(s). By Lemmawe have Y C X, so elementwise ey < ex. By Lemmal|F.3|we
have that B™ = max,cs e/ Hp_ex and that Thop = MaXees el Hp_ey (also using Lemma F.2).
Then using Lemma[F4] we have that

TT =maxe! Hp ey < maxe! Hp ex = B”.
drop ses S ™ = eS8 ]
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Now taking the maximum over all stationary deterministic policies, we have that

Tdrop = Sup Tdro < Sl;[}gm B™ = B.
mell TE

HMD

Lemma F.6. For any fixed policy m € , we have T§, . < %. Consequently Tgrop < %.

Proof. First we fix a policy 7 € IIMP and show that Terop < %. From the proof of Lemma we
have

Hp, (p* = Prp®) = p* — P°p"

and also p* — P2°p* < 1 since p* > 0so P°p* > 0. We define ey in the same way as in the
proof of Lemma that is we let Y be the set of states s such that e] P, p* < p*(s) and ey be the
indicator vector for this set. Then (since Pyp* < p* so e] P, p* > p*(s) for some s is impossible)
we have that ey o (p* — Prp*) = p* — Prp*. Then by the definition of A we have that

p* = Prp* = ey o(p* — Prp*) = Aey.

Since both sides of this elementwise inequality are only supported on states which are transient under
P, (so P°(p* — Prp*) = 0 and P>ey = 0), by Lemma [F.4[ we have that

Hp_(p* — Prp*) > AHp_ey.
Combining all these inequalities we have that
AHp.ey < Hp (p* = Prp*) =p" — Pp" <1
which implies

-
ATgop = Arzleagc e, Hp ey <1

(using that Tdmp = MaXsecs e;rH p.ey as shown in the proof of Lemma . Rearranging we

have that T, < + as desired, and then taking the supremum over all 7 € IIMP we have that
Tdrop = SUPgemp Tdrop < 1 =
Lemma F.7. Fix a starting state sq. For any infinite sequence of policies g, 71, - . ., letting Sy =

S0, Ap ~ i (Sy), Sep1 ~ P(- | Si, Ar) be its induced distribution over trajectories, and letting
Egg")‘:“ denote the corresponding expectation, we have that

o0

Eggt)fio [Z 7(Sk, Ap)

k=0

< Tdmp

where 7(s,a) = I(Psap* < p*).

Proof. Note that [Puterman, (1994, Assumption 7.1.1] is satisfied, since the reward function 7 is
non-negative. Therefore by [Puterman} 1994, Theorem 7.1.9] there exists a stationary deterministic
optimal policy 7 for the expected total reward problem. Therefore we have

> 7 (S, Ar)

k=0

< Eﬂ- S Tgmp S Tdrop

Egy=0 lZ 7(Sk, Ar)

k=0

as desired. O
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G Proofs of coupling-based results

Proof of Lemma[3.1} We prove this result by induction. Note that by convention Ay = 0 (since it is an
empty summation). Therefore the ¢ = 0 case holds because we have xg = yo = yo + 0p = yo + Agp.

Now we suppose that for some ¢ we have x; = y; + A¢p. Then (also using the definition that 2y = 1)
we can calculate that

i1 = (1 — Bey1)xo + Bey1L(ze)

= (1= Bes1)yo + Ber1L(ye + Aep)

= (1 = Be+1)yo + Be+1L(ye) + Brv1Aip

= (1= Ber1)yo + Bes1L(ye) + Beva (A +1)p
= Y1 + Bt (A + 1)p.

Now it remains to show that A;y1 = S41(A; + 1), which is true because we have

t ot t o4l 41 t41
Bra(he +1) =B [ D T[Bi+1 ] =D T8+ B =D [ 8 = Aesa-
=1 j=i =1 j=i =1 j=i

O

Proof of Corollary[32} Fixing some policy 7 € TIMR, we have that T (h) := T7(h) — p" =
-+ Prh—p" is an affine operator, and furthermore it has fixed point 2™ since by the Poisson/Bellman
equation we have

?ﬂ(hﬂ-):Tﬂ+Pﬂ-hﬂ—7pﬂ-:pﬂ—+hﬂ-*pﬂ—:hﬂ--
The nonexpansiveness of 7 with respect to ||-||_ also follows immediately from that of 7™, since

HT’T(h) T

_=ITTR) = T () e < 1h =l

Therefore we can directly apply [Contreras and Cominetti, 2022, Theorem 4.6] to conclude that, for
any initial point yo = ho, the Halpern-iteration-generated iterate sequence (y; )52, where

Yir1 = (1= Ber1)vo + Bear T (ye)

— 1 i
and 8y =1 — 77 satisfies

HT w) _ytH <o — A o — P || - (13)

“t+1 *° t+1

To apply Lemma [3.1] notice that for any o € R we have that
Tﬂ($+apﬂ) :TTF+P7T(x+ap7T) :TW+PWI+aPﬂpﬂ :TW—FPWQ,‘—‘,—O[/)# :Tﬂ(x)_FaPW

due to the key fact that P,p™ = p™. Now applying Lemma[3.1] we have that h, = y; + A;p™ (where
hy is defined in the statement of Corollary [3.2)). Therefore

[T (he) = he = p"[log = 1T (ye + Aep™) = (e + Aep™) — 07 ||
=[|T"(y) + Atp — (g +Aep™) — 0" || o
(
(

= ||7-7r yt) —p Hoo
= H?ﬂ yt ytH
2
< —— ||ho —
< o= h7ll

using the commutativity property in the second equality, and applying in the final inequality. [

H Proofs of results for fixed-point methods under restricted commutativity

Here we prove the main results of Subsection
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H.1 Abstract setting

Recall that a seminorm ||-|| is a function X — [0, co) which satisfies the triangle inequality and
positive homogeneity, that is, for all z,y € X (where X is a vector space) and o € R,

lz+yll < llzll + [lyll
and
laz|| = |af ||| -

Our results in this section hold for the abstract setting that £ : X — X is nonexpansive with respect
to a seminorm ||-||, meaning

1£(x) = LI < llz -yl
for all z,y € X. We assume that L satisfies
L(z* +ap) =z + (a+1)p (14)
for some p, z* € X and for all a € R. We also define the shifted operator £(z) := L(z) — p. Note

the above implies that z* is a fixed-point of £. Also L is clearly nonexpansive since £(z) — L(z') =
L(z) — L(z') for any z,2’ € X. First we restate Algorithm|[1|for this general setting.

Algorithm 4 Approximately Shifted Halpern Iteration (General)

input: Number of iterations n for each phase, initial point x
1: fort=0,...,n—1do

2: Ti+1 = ,C((Et)

3: end for

4: Let zg = x,, form gain estimate p = % (xn — o) > Halpern iteration phase; begins with x,,
5: Form approximate shifted operator £ as £ (z2):=L(2)—p

6: fort=0,...,n—1do

7: Zt+1 = (]. — ﬂtJrl)ZO + ﬁtJrlC(Zt) where ﬁt =1- H%

8: end for

9: return z,

For the rest of the proofs we treat n and x, the inputs to Algorithm 4] as fixed. Before beginning

the proofs, we define 2* = z* + np, and we note that z* is also a fixed-point of £ (by taking v = n
in (T4)). For all integers ¢ > 1 define

t t

M= T8 =BBrr- B+ BiBir-Bat -+ BiBi1+ B (15)
i=1j=i
We also assume that Sy = 0 and let Ag = 0.

Lemma H.1. Ifg; =1 — t% then Ay = é

Proof. We show this by induction. By definition Ag = 0, so the desired formula holds for ¢ = 0.
Note that by definition of A;, for all ¢ > 1 we have A; = 3;(1 + A¢_1). Therefore supposing the
desired formula holds for some A; where ¢t > 0, we have

2 t t+1t+3 t+1
A = 1 A)=(1—— 1 - = =
1= B (144 < t+3)< +3) i13 3 3
as desired. O

Lemma H.2.
. 2
[P —=pll < = llzo — 2%
n

and

lz0 — 2"[| < [lwo — 2™ -
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Proof. First we show that
HE(")(mo) —xp — an < 2||zg — x| (16)
We calculate that
HL(")(xo) — o — an < HE(")(QSO) —a* - an + lz* — a0
= |[£™ (@) = £ @) + 12" — ol

< [lz* = ol + 27 — o[ -

Next, we have

o LOM(zg) —
p= L) "m0
n

so using (T6),

L) (20) —np — 20 < 2|zo — x|

m—m=H

n n

Next, since z* = z* + np = L™ (2*), we have by nonexpansiveness that

20 = 27l = [ £ (@o) = £ a)

< lwo — 7] -

Now we show the Halpern iterates remain bounded using the shifted Bellman operator L.
Lemma H.3. Forallt <n,

)
lze = 2"l < 3 llwo — 2™

Proof. We show the stronger bound
A
20 = 27| < llwo — 27| + Qﬁ [0 — 2|

by induction. This obviously holds for ¢ = 0 since A¢g = 0 and by using Lemma[H.2] Letting ¢ be
arbitrary and assuming the above statement holds for ¢ — 1, we have

o = 251 = [|(1 = Bi)zo + BuLlz-1) - =
< (1= B)zo + BL(z1) — 2*|| + Billp — B
< (1= B8) 170 — 2| + Be||Z(ze1) — 2*|| + Bi llp — B
<(1=B8) 170 — 2| + Bellzer — = + Be o — 7l
26
n

< (=B llz0 = 27| + Bt llze-1 = 27| + — [lzo — 27|

A
< (=80 oo = 21+ 61 (Yl = 7] + 2%

BeAi—1 + By
n

B 28
oo = 2] ) + 2 o - 7|

= (1 =B+ B llz0 — 27| +2

[lzo — 27|

A
= llzo — 2"|| + 2;t 2o — 2™

A
< flmg — 2| + 23 lleo — 2]

the fact that £(2*) = z*, then we use Lemma to bound ||p — p||, then we use the inductive
hypothesis, in the penultimate equality we use that A; = 3;(1 + A¢—1), and in the final inequality we
use Lemmato bound ||zg — z*||.

We conclude by using Lemma[H.T|and the fact that ¢t < n. O

where the first two inequalities are by triangle inei uality, then we use nonexpansiveness of £ and
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Lemma H.4. Forallt <n,

8
1£Gz0) = 20| < 3 llwo =]

Proof.
Hﬁ(zt) — on = Hﬁ(zt) —L(z")+ 2" — on
< JL(ze) = L) + 12" = 2ol
< lze = 2%l + 2" — 2ol
8

< %z —a*|
using Lemmas [H.3] and [H.2]in the final step. O
Now we can prove the main theorem.
Theorem H.5.

13+ 324 2

[£(zn) = za| < wo—ﬂw

n

Proof. Foranyt > 1, we have

21— 2= (1= Big1)z0 + Bipa £(z) — (1= Bi)zo + BiL(z-1)
= (81 = Brv)20 + (Buva = BOL(1) + Br (£(=1) = L(z-1))
= (Bus = 50) (£(2) = 20) + i (£() = £lza))
= (Bes1 — Be) (L(z) = 20) + Be (L(20) — L(20-1)) + (Br1 — Be)(p — D).
Therefore

lzt41 — 2l < (Be+1 — Be) HZ(Zt) - Zo” + B ||Z(Zt) - Z(Zt—l)H + (Be+1 — Be) llp — 2l

8 * 2 *
< (Beyr — 5t)§ lzo — ™| + Bt |2 — ze—1ll + (Bes1 — 5t)ﬁ lzo — ™|

= Bellzt — ze—1ll + (Bew1 — Br) (2 + i) (e 17)
using the triangle inequality, and then Lemmas [H.4]and [H.2] We also note that
21 = 20ll = [|(1 = B1)20 = BiL(z0) — 20| = B ||20 — £(20)|
< Bi |20 = L(z0)|| + 5 HZ(ZO) - E(ZO)H = B ||z0 — L(z0)|| + Br o = Pl
< Pi2llzo — 2" + Bullp — 7l
< 3 lzo — 7]
using Lemma the fact that 5, = %, and also the inequality
120 = L(z0)[| < llzo — 2*[| + [|£(=") = L(20)[| < 2120 — 2]

—a*

since z* is a fixed-point of £. Now supposing inductively that |z, — 2,1 || < 7 =
(which we have just confirmed for the case that ¢ = 0), we can use the bound (IE) to obtain that

8 2
|mﬂ—%nsmurwtm+wwrﬁm(3+n)mwmw

16

8 2
< B3 ik lzo — || + (Beyr — Br) <3 + n) |z — 2|

t+1

(B Bi+1— Bt 16 4 *
_<15+1Jr 2 )<3+n)”x0_xn

1 (16 4 N
<t g ) lzo—27]
n
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where the final inequality is because

2 2 2
Be  Bai—B -z -z 1tz

tr1 2 T it 2
B t N 1
O+ DE+2) E+2)(t+3)
t+1 1

< = .
T+t +2) t+2
Therefore by induction we have that
1 4
3 T
t+1

20 = zeal < lzo — 2"

forallt > 1.

Now relating ||z; — z:—1]| to the fixed-point error, we have

ze1 — 2 = (1 — Beg1)2z0 + 5t+12(2t) — Z
= (1= Be+1)(20 — 2¢) + BtJrl(E(zt) — )
= (1= Bet1)(20 — 2¢) + Bes1(L(2t) — 2t) + Bes1(p — p)
which implies
Bir1(L(z) — z0) = (211 — 2) = Bira(p — §) — (1 = Biga) (20 — 21)
so by triangle inequality
Ber1 [[£(26) = ze|| < Nlzewr = 2l + Besr o = 2l + (1 = Besr) llz0 — 24|

<lzerr = 2ell 4 Bega llp = pll + (1 = Beta) (120 — 27 + |z — 27|
16 , 4

n 2 x 8
< ﬁ llzo — 2| +ﬁt+1ﬁ lzo — 2] + (1 _5t+1)§ 2o — ||

13—6+%+t+1g+ 2 8 T
t+2  t+3n  t+33)"° '
Rearranging and simplifying, we obtain
— 1 (245 t+12 2 8
L _ 3 n = e _ax
2l < g (5 g+ rrgs) oo
16 , 4
t+3<3+n t+12 2 8)
1

IN

1\t 2 T vsn T i133

2 t+3 (2 +2 16
= 2o -t + 0 (S 4 5 T o)

t+1\ t+2 t+3 3

2 t+3( 1 1 16 4
< Z _x - = ok
< 5 llzo x+t+1<t+2+t+3)( +n>”$0 l

o L s
T t+1(t+2)(t+3)\ 3 o) '

. . o . n+2.5 __ 1+% 2.5
Now substituting ¢ = n, and using that e = e <1+ =2, we have

— 2 2+ 2 /16 4
2 - sl < 2 o -+ 202 (4 2) hoo = 7]

n+11\3
243248048420
< 3 3n n n? ”xo_x*H
n
35 20
B+2+ =

= llwo — "I
n
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H.2 Undiscounted value iteration setting

Here we specialize to the case of £ = 7 and prove Theorems [3.4]and 3.3}
First we develop a result to control the first term of Corollary 2.2]

Lemma H.6. Ler h satisfy both the modified and unmodified Bellman equations. Suppose that
z € RS satisfies ||z — Tp* — h||. < B for some I',B > 0. Then if 7 is greedy with respect to
r+ Pz (T7(z) =T (z)), we have

2B
Pﬂ—p* 2 p* — ?1

Proof. Since h satisfies both the modified and unmodified Bellman equations, by Lemma [D.T] there
exists a policy 7 which attains the maximum in both simultaneously, meaning 7™ (h) = p* + h and
P5p* = p*. Then we can calculate

1
=P, (Tp*
P (Tp7)

1

]' *
SPr (5= |2 = Tp" = hll 1= )

—P.(z—B1-h)

Pp* =

v

vV
= M| =

> —=(P:(z—B1)+r, —p"—h)

(rp + Prz— Bl —p*—h)

Y

(ra» + Prez — BL—p* —h)

v
IR I R N

(rae + Pos (Tp" +h) = Pee |2 = Tp* — hll 1~ BL— p* — h)

> = (rg+ + P (Tp*+h) —2B1 — p* — h)

_ 2B

where we used the fact that (by the modified Bellman equation (3)) 7 + Pxh = T™(h) < T(h) =
p* + h which implies —FPrh > r, — p* — h, and then the fact that since 7 is greedy with respect to
r+ Pzwehaver, + Prz =T™(z) = T(2) > T™(z) = rz + Pz, and then in the final equality
we used that Przp* = p* and that rz + Pzh = p* + h. O

Lemma H.7. Let h satisfy both the modified and unmodified Bellman equations. The policy T output
by Algorithm([I|satisfies
5 Nho = bl

1Pep = 'l < S

Proof. Specializing ||-|| = ||-[| ., £ = T, and 2* = h, by Lemma we have

) )
lzn = np" = oo = ll2n = 2"l < 5 [0 = 27 oo = 5 1o = Al -
3 3
By Lemma this implies that
Qe — bl
I

Prp* > p*

Also we trivially have P;p* < p*. O
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Lemma H.8. Let h satisfy both the modified and unmodified Bellman equations. The vector z,, and
policy T output by Algorithm |l satisfy

- 13+ 38 4 25
77 = = < B
n
Proof. This follows immediately from Theorem [H.3] by specializing |-| = |-[|,.. £ = 7. and
x* = h. O

Proof of Theorem This follows immediately by using Lemmas and to bound the two
terms in Corollary O

Proof of Theorem[3.3] Under the assumption that n > %, we have by Lemma that

Whg —h
n 12

By the definition of A and since 7 is a deterministic policy, this implies that || Pzp* — p*|| . = 0.

[ Pzp* — 0"l <

Using this fact, as well as Lemma [H.8]to bound the other term in Corollary 2.2] we immediately
obtain the desired conclusion.

I Proof of Theorem 4.2

The following theorem on the performance of Halpern iteration for general normed spaces is due to
[Sabach and Shtern, 2017, Lemma 5]. Their result is presented for Euclidean spaces but the proof
holds for general norms. See [Contreras and Cominetti, [2022 Remark 2] for more discussion of this
bound.

Theorem L.1. Suppose L is nonexpansive with respect to some norm ||-||. Let x* be a fixed point of
L, and fix some initial point xq. Forallt =1,2,..., let x;11 = (1 — Bip1)xo + Bry1L(xy), where
By =1-— u%z Then for all t > 0 we have

4
1£G0) = adll < 57 llzo = °I.

Proof of Theorem Let z* be the unique fixed point of £. Let £ = LﬁJ — 1, whichis > 0

since ﬁ > 1. Since Algorithm [2| generates iterates xg, ...,z g in an identical manner to the

Halpern iteration described in Theorem .1} and also if £ is y-contractive for v < 1 then it is clearly
nonexpansive, by Theorem[[.T| we have that

1£G@e) = @ull < o7 llwo — 27
forallt =0,..., E. In particular
1£(z8) — 5]l < o lleo — ]| < i 1w — a*]
E Bll = 7 1% < LLJ 0
1=y
Now fort = E+1,E +2,..., since we have xy = L(x4_1), it is immediate from ~-contractivity of

L that
[L(x¢) = a4l| = [|£(2e) = L(@e—1)l] < v llwe = zeall = v 1L(we—1) — 2| -
Therefore forallt = F 4+ 1, E + 2,... we have

1£(ze) = 2ell <P ||L(zp) —@pll <77

|

74 [
To—
{IJ 0
1—y

31



t
Now we relate these bounds to the quantity 2‘777 First we note the useful fact that
=0

sup 'y_lifH =e. (18)
v€(0,1)
which we will verify later. Now for the case thatt = 0, ..., F/, we can bound
4 t i t
t+1 Zi:o Y Zi:o 1 g
=4 <4 <4
77' t+1 | = txr =

i—0 V"

using (I8) in the final inequality, since v~ [2=]+1 < 'y_ﬁﬂ. Next for the case thatt > E + 1,
we can bound

1

Eal L i) .s =
] R D DUl R
o {EJ i=0 LEJ

1

where in the final inequality we used (T8) again and that 3'_ 7* < 3°0° = 1.

1—y
Therefore we have shown that
i llwo — a7 t<E =
= — Y *
IIE(xt)rtIIS{t“l B < e T gg—at|. (19)
ZJ:L%J7 lzo —all ¢ >E LilivJ Y07’

In the case that ﬁ is an integer, we thus have that

4 lxo — x| t< FE ~t
L(xy) — x| < {tH 0 B . - < de——r—|lxzo—2x*||. (20)
1£€oe) =2 A0 =)y Fllwg —a*| t>E Sio? ” I

In the case that L is not an integer, using the fact that L%J > 1L since -1 > 1, we obtain
Yy Yy vy vy
4l — 2| t<k ¥
1L(x¢) — || < {tH _ - < 8e—— |lwo — 2| -
8(L =" Fllwo —a*|| t>E S o

1
Now it remains to verify (T8). Note y +— v~ =7

+1y

is a smooth function on (0, 1), and it suffices to

is non-decreasing and approaches 1 as v — 1 (since log
+1)

. 1

show that the function v — log(y~ =
1

is monotone increasing). To show 7 +— log(y~ ™7 is non-decreasing it suffices to show that its

derivative is > 0. We have

d _a1 d ~ 1 ~ y—1—7 v —1—log(y)
——log(y ) = ———log(y) = ~ + SV

dy dyvy—1 yy-1 (=17 (v=1?

and by Taylor’s theorem applied to log(y) about v = 1, for any v € (0, 1) there exists some £ € (0, 1)

such that log(y) = 0+1(y—1)— ¢ 2(y—1)2 < y—1,and soy—1—1log(y) > 0 forany v € (0,1)
+1)

log(y) =

and thus the function log(y~ =] is nondecreasing. Next, to show that the limit of this function as
v — 1is 1, by L’Hopital’s rule we have

1 1
lim log(fy_ﬁﬂ) = lim — log(v) = lim log(y) +1 =1
y—1 =1y —1 y—1
as desired. Thus SUP.e (0,1 log(fy_ﬁﬂ) = 1, and so since log is monotone increasing we have
1
that sup,¢ g 1) 4~ = exp(1) = e as desired. O

J Proofs of DMDP Results

J.1 Gain approximation lemmas

. . . . 1
In this section we develop several different bounds on the quantity HV; — mp*
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Lemma J.1. Forany y € (0, 1), we have that

1 )
V*i * h’ﬂ'
‘ T4

<]

+ Tdrop + Hhﬂ—* H Tdr0p~
P sp

N

Proof. By|Zurek and Chen|[[2024b, Lemma 20],

T _ 1 %
& E—

_< |77 |,» which implies

1 .
Vi>Vi > ﬁp* -

Thus it remains to upper-bound V7. Let 7 be a deterministic discounted optimal policy (such

sp

that VW* = V,Yﬂ”), which is guaranteed to exist Puterman| [1994]]. From the unmodified Bellman
equation (TB) (with p = p*), if s € S satisfies e] Pr:p* = p*(s), then

p*(s) +h™ (s) = max (s, a) + Psoh™ > r(s, m(s)) + Ps,r*(s)h”* =1 (s)+el Ph™ .
a€A:Psqp=p(s) Rl v ¥

If instead we have that e;rPﬂ; p* < p*(s), then instead we can bound

ras (8) €] Prs b — e (s) — ] Prch™ < vl g, 4 ] (Pr |
sp

. —
o

Prh™ <1+ |

and since - (s) + e] Preh™ = p*(s) + h™ (s), we have that

p(s) + 07 (s) + 1+ 17

T *
» > T (s) + e Pﬁ;h’r .
Thus, similarly to what we have done in above proofs, letting Y be the set of states s such that
ed PW; p* < p*(s), and letting ey be the indicator vector for this set, combining the two cases we
obtain the elementwise inequality

Tas + Posh™ < p* + 07 4 (1 + ’ h

) ey 1)
sp

Thus using the fact that all entries of (I — 'yP,T; )~! are nonnegative, we have that
_ -1
Vw* - (I - ’YPTF;) 7‘71':{

T

< (I =Prs) 0 + (I = yPrs) ™" (I = Py )™ + (1 + ]
sp

) (I —’YPW;)_lfiY- (22)
Now we bound all the terms in (22)). First, since Pr.p* < p*, we can derive that

k k—1 k—1
Php" = P Ppt < PEpr <<t

for any integer £ > 0, and thus

oo oo 1
I_ Pﬂ-* —1 % _ kPk**< k*: *
(I =7Pe) 9" = A Prp <> A e
k=0 k=0
Next, by Lemma|K.1|we have that (I — yPy:) "' (I = Prs)h™ < [|h™ || 1. Finally, as shown in
Lemma ey is only nonzero on states which are transient under the Markov chain P,T; , which

implies P2°ey = 0. Therefore for any «' we have that

1
1 _,Y/P;T)Oey

(I - ’}/Pﬂ;)ileY =~ 'Ylp'rr;)ileY -

and so by [Lattimore and Szepesvari| [2020, Exercise 38.9] we have that

00 _ _ g
/Pﬂ. €y = Hp”:{ €y = Tdrop

lim (I — W’Pﬂ;)fley = lim(I — ’y/Pﬂ)*ley 1=

¥ 1L v 1L
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where the final equality is due to Lemmaﬂ But we also have that (I —~' P,r; )~ Ley is (elementwise)
non-decreasing as v’ 1 1, so this implies that

(I —Prs)” ley < lim(I — 'yP) ey—T"Y

411 drop”
Finally using these three bounds in (22)), we obtain that
1 * * 1 *
V;gfpw‘h“ +(1+‘h” )Tdrgp_l p+’h” <1+‘h“ )Tdmp.
Y sp sp

O

Lemma J.2. For any v € (0,1), letting h be any solution to both the modified and unmodified
Bellman equations b)) and (1b), we have that

Proof. By Lemma [D.1] there exists a policy 7 attain both maximums in the modified Bellman
equations simultaneously in the sense of (6) and (7), that is, Prp* = p* and r + Prh = T™(h) =
T (h) = p* + h. Rearranging, this implies that r, = p* 4+ (I — Py )h. Then we have

Vyi>VrT
= (I - P)/Pﬂ')_lrw
= (I —7Pr)"" (0" + (I = Pr)h)
= (I —~yPy) " 'p* + (I —yPy) " (I — Py)h.

1
‘7*_7 *
114"

S ”h“%p

oo

Since P, p* = p*, this implies that PLp* = p* for all t > 0, so we have that
— * - * - * 1 *
(I =~Px)"'p* =) A'Plp* = A'p" = ——p".
t=0 t=0 I=7

Also (I qPﬂ)—l(I — Pr)h > —||h]|y, 1 by using Lemma Therefore we have shown that
Vizi=p - ||h||sp 1

M ~P

By the second modified Bellman equation (2b) we have that
p*+h=M(r+ Ph) > M™ (r + Ph) = rrs + Pr:h.

Rearranging we have that rr: < p* + (I — Pr:)h. Then by monotonicity of (1 — yppm )~ we
have that
Vi=(1- ’yPﬁ;)flrW;
(I =3Prs)™" (o7 + (I = Pes)h)
(I =vPr:) " p" + (I = YPrs) "' (I = Pr:)h.

Since P,r; p* < p*, this implies that P,f* p* < p* forallt > 0, and we have that
il

IN

o] o0 1
-1 * _ tpt % t ox __ *
(L —=7Prs)"p *Z’Y Prep S;’YP *ﬁp .
Again using Lemmawe have that (I — *yPW;)_l (I = Pr)h < ||Al, 1. Thus we have checked
the other direction that V* < ﬁ p* + |[h|ly, 1, so combining with the above lower-bound and
rearranging, we have that

1
V*_i *
¥ 1_7/)

S ||h||sp

oo
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J.2 Discounted reduction results

In this subsection we relate the terms appearing in Corollary [2.2]to those which are directly controlled
by solving discounted MDPs, that is, the discounted fixed-point error || 7, (V') — V|| and the value

error ||V — V*H
Y oo

Lemma J.3. Suppose for some V € RS that some policy T is e-greedy with respect to r + yPV,
that is, TT (V) > T, (V) — 1. Then

1
ITOV) =V = 0l < [1Pap* = s + (V) = Vo + (1 =) Hv - |+

1

o0

In particular if 7 is greedy with respect to r + yPV (¢ = 0) then

* * * 1 *
IT0) =V = e < 1Pep” =l + V) = Vi 4 (=) [V = 12

oo

Proof. We just need to prove the first statement, from which the second follows immediately. We can
lower-bound 7 (V') as

TWV)=M@r+PV)=M(r+~vPV+(1—-~v)PV)

1 1
>M(r+yPV+(1—7y)P—p" —(1—y)P||V——0p " 1
11—~ 1—7" |l»
1
=M<r+vPV+Pp*—(1—7)HV—p* 1)
i (I
=M ((r+~PV+Pp*)—(1—7 HV—p 1
oo
1
ZMW(T+7PV+PP*)—(1—’Y)HV—MP*
1
* 1 *
=T+ P = (=) [V =
7 Moo
1
We upper-bound 7 (V) as
TV)=M@r+PV)=M(r+~+yPV+(1—-v)PV)
1 1
<M <r+'yPV+(1—fy)Pp*+(1—'y)P ‘V— —p 1)
11—~ 1-7" |l»
1
:M<T+WPV+P,0*+(1—7)HV—l_vp* 1>
1
M(r+7PV+Pp*)+(17)"VMp* 1
1
§M(T+7PV)+M(Pp*)—|—(1—’y)HV—Mp* 1

=T,(V)+p"+(1-7) HV— %P*




Subtracting V' + p* from both inequalities and combining, we obtain

To(V) =V —el+ Prp* —p* — (1 —7) HV %p*
STV -V g
ST -V -V -
Therefore
IT() =V = ol < 12" — s + (V) — VIl + (1= ) Hv -+
O

Lemma J.4. Suppose for some V € RS that some policy  is e-greedy with respect to r + yPV,
that is, T (V) > T,(V) — 1. Then

L+e+|[T(V) - V]
5

1
] +2(1 — -
+2( V)HV "

p* = Prp* < (1-7)

o0

Proof. First we calculate that

1 1 1.1
PV ==V + (Pﬂv - v> — V4= (PV =V)
Y Y Y

Y
Ve ra PV oV Vers V)=V
Y Y Y Y
ZV_TW_i_TY(V)_V_E
Y Y Y

which implies

- T.(V)-V 1 V)y—-V

vopvey Vo lrslete, IRO) Vi 1+et|H0) Vi,
Y Y Y Y

Using this key bound, we have that

1
P*—PwP*S(1—’7)‘/"'(1—7)”17/)*—‘/” 1— Prp*

]' * ]' *
<(1—7)V+(1—7)H1_7p —VH 1—(1—7)PWV+PW(1—W)H1_7p —VH 1

o0

1

L+e+7,(V) - V]

<(1-9) S

1
2] 4+2(1—79)||—p" - V|| 1.
] i

o0

O

Lemma J.5. Suppose for some V€ RS that some policy 7 is e-greedy with respect to r + yPV,
that is, T (V) > T,(V) — 1. Then

+e.

oo

U * > * * 1 *
IT7V) =V =l SITO) =V = il 1P = 20 =) |V = 2

Proof. Note that since 77 (V) < 7 (V'), we immediately have that
TTV)=V=p <T(V)=V=p"<|T(V) =V —=p"1.
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Thus it remains to lower-bound 77 (V) — V' — p*. Let @ be some policy such that M (r + PV) =
MT™(r + PV'). Now we calculate that
T"(V)=M"(r+PV)=M"(r+~4PV)+ (1 —7)P;V
>M(r+~PV)—el+ (1—7v)PV
> M™(r +~yPV) —el + (1 — )P,V
=M™ (r+PV)—(1-7)P;V —cl+ (1 —7)PV
=M@r+PV)—el—(1—7)(Pr—P)V

=T(V)—el—(Pz—Px)p*—(1—7) (P — Px) (V 1i7p*>

> TV) el (P = P 21 -7) |V = 2ot

oo

1

o0

1

where in the final inequality we used that P;p* < p*. Subtracting V' + p* from both inequalities we
obtain that

1
V)=V = 2 T(WV) =V =g el (" = Pog) =201 2) [V = o'

oo

Combining this with the upper bound, taking ||-|| . and using the triangle inequality, we obtain the
desired statement. O

Lemma J.6. Suppose for some V € RS that some policy 7 is e-greedy with respect to r + YPV,
that is, T (V) > T, (V) — 1. Then

i T 1 2_7
p™ = "l < (Tdrop + 1) (7(1 =) HV - mﬂ* + T

1—7 2)
T,V)=V|_ +2——+—¢|.
1T -+ 2t 4 2

Furthermore, letting h satisfy the modified Bellman equations (3), we have

T T . T * 2+6
16" = p*lloe < (Thop + 1) (7(1—@ mm{nhnsp,\h o Tamp |1 HspTdmp}+V|m<v>—V||w
1- 2
+ p + - .
Y Y
Additionally assuming v > % we have
167 = 7l < (Thop + 1) ((1—v> (a4 7ain {7+ Tamp + 27" T )
+16[|7,(V) =V + 45).
Proof. By Corollary 2.2] we have
1™ = P lloe < Taop 1Prp™ = "o +IIT7(V) =V = p"ll s (23)

s0 it remains to control the terms || Prp* — p*||, and [|7™(V)) — V — p*|| .. By Lemma[J.4 we have

L+e+7(V) - V]

10" = Prp*lloe < (1=7) -

= +2(1—'y)HV— Lp* (24)

11—~

o0
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Starting with Lemma [I.3] we have

+e€

+¢€

+5>
+ TR (V) =Vl +2¢

)

* * * * 1 *
IT7V) =V = il S UTO) =V =l 1P = 200 =) [V = 2

(Z) * * 1 *
(L R R N

1
1P =+ 200 =) [V =

1
=22 = 30 [V - ot

@) 1 -
ER (AL

oo

1 *
2(1 =) HV - ﬁp

TN (V) =Vl + 2

oo

1
1_ _7*
+3( WHV "

*

1 1—7 )
—7(1—~) ||V - —— +(2—L+1)|ITm(V) -V
( w\ lvp‘m < S IT5(V) =Vl

1— 1—
12 7+2( 7+1>e
v v

2 — 1-— 2
TV =V + 22—+ e
vy Y Y

=7(1-7) +

1_7 ‘oo

where we used Lemma J.3]in (i) to bound ||7(V) =V — p*|| ., and then we used (24) in (ii) to
bound || Prp* — p*|| .-

Now using this bound (23) on || 7™ (V) — V — p*||, and the bound 24) on || Prp* — p*|| . in Z3),
we have that
9

v 11—y 2)
T.(V)=V|_ +2—" 4+ Z¢
S I75(V) =V 5 5

L+e+IT0V) -V,

107 oo < Thep ((1 ) e

1 *
2(1 =) HV - EP

_|_

1
1_ o *
+(7< va .

o0
2 —

L2=7
oo Y

1

1—v 2
T,(V)=-V +2+€).
1T5(V) =V, ol
(26)
This is the first statement of the lemma.

For the second statement of the lemma, we have by the triangle inequality and Lemmas [J.T)and [J.2]
that

V**i *
Y 1_7p

<V -Vl +]
o0

1
Vﬁi*
H 1—7p

oo

5

IN

IV V5 min {

+ Tdrop + Hhﬂ-*
sp

Tdrop }
sp

T b
sp

sp?

1 . x*
< T A7) - Vi min il [

Tdrop }
sp

27)

sp?
where for the final inequality we used the standard fact that ||V — V*|| < = | T,(V) = V]|,
(which follows from

V=Vl S IV =Tl + [T = T < IV = TVl + [V =V
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and then rearranging). Combining (27) with (26)), we have that

1

i T * 1_7
167 =l < (Thg 1) (70 =) [V = 2o

2—7 2)
+ 2T — v 2T e
5 1T5(V) =Vl o

o

R

s 1 . 71'*
< (Tdrop + 1) (7(1 - ’7) (17 HTY(V) - V”oo + mln{||h||sp, 5 + Tdrop + Hh Hsp Tdrop})

2 — 1- 2
+ V) = Vi + 2 + 2
Y g v

T . * * 2+6
= (Thep +1) (7(1 -7) mm{llhllsp [ e+ Tdmp} + TV -V
1-— 2
+o—— T4 2,
Y v
as desired.
The final statement follows immediately from the facts that v < 1 and % <2 O

J.3 Faster value error convergence

In this subsection we present results which relate the output of undiscounted Picard iterations to the
discounted value function V*, with the objective of proving Lemma@

The following lemma basically follows from [Puterman) 1994, Theorem 9.4.1], although as discussed
in Appendix [D] there are some ambiguities in its requirements on h. For this reason we provide a
complete proof.

Lemma J.7. Suppose that (p*, h) satisfies both the modified and unmodified Bellman equations.
Then for any n > 0, we have

HT(") (0) — np*

Proof. First we note that elementwise
h— h(s))1 <0< h— (minh(s))l.
(r&zgc (5)) (ggg (5))

By monotonicity of 7 (applied n times for each inequality), we have that

7™ (h — (max h(s))l) <T7M(0) < T™ (h — (min h(s))l) : (28)

sE seS

Using the constant shift property of 7 (that 7 (2 + c1) = T (x) + ¢l for any € R® and any ¢ € R),
as well as Lemmal|D.2] which guarantees that 7 (h + cp*) = h + (c + 1)p*, we have that

T (h+ 1) = T (T (h+ 1)) = T (h+ p* + 1)
= 7(n-2) (T (h+ p* + 1)) = T(n=2) (2p* + 1)

=T (np* + ¢1) = np* + cl.
Therefore using this calculation to evaluate the left- and right-hand sides of (28), we have that
np*+h — (magc h(s))1 < T™(0) < np* +h — (mig h(s))1.
se se€

Rearranging we have

h = (maxh(s))1 < T™(0) = np* < h— (minh(s))1

which implies

|7 0) — np*

< x50~ (smig () = (o) ) b = il

s’eS seS s'eS
O
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Lemma J.8. For anyn > 0, we have

HT(")(O) —np* e

<]

+ Tdrop + Hhﬂ—*
P

Tdrop .
sp

oo S

Proof. Let 7y, be some policy attaining the maximum during the kth application of T, that is
70 (0) = 7 (T*(0)).
Then it is straightforward to compute that
T(n)(o) =Tn, + PrpTrp_y + Pry Pry Ty + -+ (PﬂnPTrnq T Pﬂz) T'ry
n t+1
-3 (T17) @
t=1 \k=n

where we take the product H?;ln Py, to be equal to the identity matrix if it is empty (if n < ¢ 41,
which happens only for ¢ = n).

Using steps identical to those used to obtain (Z1) but replacing 7, by 7, we obtain for any ¢ that

) eSt
sp

where eg, is the indicator function for the set of states S; = {s : ¢! P, p* < p*(s)}. Recalling
the reward function 7(s, a) = I{ Ps,p* < p*(s)} defined in Section this is equivalent to es, =
M™7 = 7,,. Combining with (29) (and using monotonicity of Py for any 7) we have that

n t+1
7™M (0) < Z (H Pm) <p* + (I - P, + (1 + ‘ )Tm) (30
t=1 k=n P

and now we upper bound each term in (30). For any policy 7 we have P,p* = M™Pp* < M Pp* =
p*, and so applying this fact many times we have that

n t+1 n
3 (H P) <3 =g
t=1

t=1 \k=n

rr < pTH(I = Pr)h™ + (1 + ‘ hr

T

Next, we have that

i: (ﬁ P,,k> (I — P, )h™ = Z <tﬁ Pﬁk> h - Zn: (ﬁ Pﬂk> h

t=1 \k=n

Since (Hi:n Pﬂk) = P, --- Py, is a stochastic matrix, we have that h™ — (H,lc:n P,Tk> <

||h”* ||Sp 1. Finally, we have

n t+1
Z (H Pﬂ'k> Fm S Tdrop]-

t=1 \k=n
using Lemma[F7] since each coordinate of the left-hand side is bounded by the expected total reward
value function of the nonstationary policy (71, 7a, . . . ) (with terms after time n dropped). Combining
these three bounds with (30), we obtain that
h

1+ <1 + ‘ > Tdmpl.

Sp sp

Finally it remains to lower-bound 7(")(0). Since we have 0 > h™ — max,es h” (s)1 =: , by
monotonicity of 7 we have that

T(0) > T (2).
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Furthermore since 7 (h) > 7™ (h) for any h we have that

A ()
TO@) = (T7) (@),
Furthermore we have

T™ () =rpe + Pre (W™ — r;leaéch ($)1) = rpx + Preh™ — rsneagch (s)1

= p*+ A" —maxh™ (s)1 =p* +a.
sES
Repeating this fact n times we have

(T”*)(n) () =np* + 2 >np* — ‘

Therefore
1

)

703 np |

h™
sp

and so combining with the upper bound on 7 (™) (0) we conclude that

|7 0) ||+ (1 + |l )Tdmp.
oo sp Sp
O
Now we can combine both of these lemmas along with Lemmas [J.2and [I.T|to prove Lemma4.3]
Proof of Lemma By triangle inequality we have
1 1 1
(t)O*V* (t)oi * * Y
‘t(l—v)T 0=V, o ‘t(l—v)T 0= o =" T
1
=—— |70 — -V 31
t(l—v)HT (©) +‘1—Wp "o Gh
Using Lemma([J.7]to bound the first term and Lemma [J.2]on the second term, we obtain that
1 1
®o) -V <———Ih h
2
<— 7
< 75 Iy
using the fact that £ < = (so = > 1) in the second inequality.

Using identical steps but 1nstead boundlng the first and second terms of (3T) with Lemmas [J.8]and
AN respectively, we obtain that

2 . x
D) - vy <= (|| * Toop+ 7] Taron ) -
e U R N e (IS L
We conclude by taking the minimum of these two bounds on ﬁT(“ (0)-Vr O

J.4 Discounted VI results

Proof of Theorem@4} Let M = min{”hHsp, Hh’r*Hsp + Tarop + ||h7r*HSpTdr0p}. Since E' =

{ﬁJ > ﬁ, we can apply Lemma |4.3[to obtain that

los =il = [T 0 - v

<mi M

< 2 M
(&5 -1) -

= —-M.



We can immediately combine this with Theorem &.2]to obtain that

16e ’y"_E,

- _E .
v Z?:o v
The second statement of the theorem would follow if we could show the bound
n—F' n
e
% < (1 + ) 7771
S i V) 2izo?

under the condition that n > 2E’ — 1. By rearranging, this is equivalent to showing that

n n—FE' n
YoAr<4en” Y A= (1+ f;) oo (32)
i=0 =0

i=E’

IT(V) =Vl <

Writing 7" " = ZZJ Yyt 30" A%, (B2) would follow from showing that

E'—1 n
Yeey @
i=0 i=E'
Under the assumption that n > 2F’ — 1, we have that
n n—FE' E'—1
IR RGP IEEELS D
i=E' i=0 i=0

(since n — E' > E’ — 1). By rearranging and using the bound 7~ T ! < e from (T8), we have that
Py—El < y_ﬁ < %,and )

E' -1

doyi<y ivié
=0 =k’

n .
>
i=E

showing (33) as desired. O

=2 ®

Proof of Theorem @3] Let M = min {||Alsp, [|B™ |lsp + Tarop + 1™ llsp Tarop |- BY Lemmamwe
have

2M 2M
< - oM
o n(l-y) n=

|7 0) - vy

By applying (20) from the proof of Theoremwith L=T, zo=TM(0),s* = V¥, andt =n,

since Lﬁj — 1 =n — 1 we obtain that it outputs V" such that

IT(V) = Vil <401 =)= |7 0) - v

Y oo
<4 ‘TW(O) —Vr
n + 1 v oo
4
< 2M
n+1

where for the second inequality we used that (1 —~)y = % < n%rl, since % = %% =
1 ntl-1-1
n n+1
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Now combining this bound with Lemma([J.6] we have that the policy 7 which is greedy with respect
to r 4+ v PV satisfies

- . - 2 + 6 I—n
’p - P OO§<Tdr0p+1) <7(1_V)M+ ||7;(V)_VOO+2’Y)
7 2+6 SM i
< Tro 1 -M 2 5
(dp+)<n IEEETE 1—i>
7 64M 2
:<Tdr°P+1)(nM+n}L+nl>
TIM +2
S(Tdrop+1) (n—1>

O

Now we demonstrate the effects of using more iterations from the “third phase” of Algorithm 3]
Note that the below theorem involves (2 4 k)n iterations, so to compare its convergence rate to that
of Theorem it should be multiplied by (2 + k), and the guarantee of Theorem should be
multiplied by 2 (since it uses 2n iterations).

Theorem J.9. Fix an integer n > 2 and a number k > 0 such that kn is an integer. Set v = 1 — %
and run Algorithmwith inputs v, (2 + k)n. Then

Proof. Let M = min {||h||sp, A7 |Isp + Tarop + |27 l[sp Tarop |- By identical steps to the previous
proof, we have that the vector V' output by Algorithm (4.4|satisfies

pr—=p

*

(T+ e *64)M +2
n—1 '

< (Tdrop + 1) (

IT5(V) = Vil < 41 = y)g S+ 0= || 700 (0) — v

oo

S 4(1 _ ’Y)’y(k+1)n_(n_1)2M

< Sk,

n

Furthermore we have v = (1 — %) kn < e~ *. Combining with Lemma we have that the policy
7 which is greedy with respect to r + v PV satisfies

pT—p

*

1
I7:0) - Vo +2227)

~ 24 67
oo < (Tdrop + 1) <7(1 - 7)M + v

7 246 _,8M L
S(Tdrop+1) <’I’LM+1—1€ kn+21j1>

n n

7 64M 2
= (T 1 M —k
(dmp )(n ¢ n—1 n—l)

(7T+ e k64)M + 2
n—1 '

< (Tdrop + 1) (
O

We remark that the function (2 + k)(7 + 64e~*) is minimized at k& ~ 3.78 with value ~ 48.9, which
is a factor of approximately 142/48.9 ~ 2.9 smaller than the value at k = 0.

K Auxiliary lemmas

The following calculation, which we use several times and hence include for completeness, is
essentially identical to one within the proof of |Zurek and Chen|[2024b| Lemma 20].
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Lemma K.1. For any policy w and any h € RS, we have that

||(I_’Y-P7T>_1(I_P7T)hHoo S HhHsp

Proof. Using the Neumann series to expand (I — vP,)~!, we have

o0 o0
(I =AP;) "I —=Pr)=> 4'PL=> +'PH
t=0 t=0

=1+4+~P; i'ytP; — P i fytP;
t=0 t=0

=I+(y-1)P: Y ~'PL
t=0

=1- Pﬂ'(l - 7)(1 - ’Ypﬂ)il'

I, Py, and (1 — 7)(I — vP,)~? are all stochastic matrices (all entries are non-negative and all rows
sum to 1), and hence P (1 — v)(I —vP;) ™! is also a stochastic matrix. Then it is immediate for
any stochastic matrix () that elementwise we have minges h(s)1 < Qh < maxges h(s)1, which
implies

H(I—'yPTr)_l(I— Pﬂ)hHoo = th_ Pﬂ(l _7)(1_'7P7r)_1hH00 < HhHsp

as desired. O

L. Experiments

While this paper focuses on theoretical complexity analysis, we provide a few preliminary experi-
mental examples.

First we describe, for parameters k, T > 1 and € > 0, the parameterized MDP Mk, T') on which
we run our experiments. M (k,T) has k + 1 states, where state 0 is absorbing (has only one action,
which leads back to state 0). The remaining & states each have two actions, titled “good” and “bad”.
The “good” actions all lead deterministically to another of the states {1,...,k} such that if the
“good” action is taken in all such states then it forms a cycle of length k. For convenience we let
7. denote this policy which takes the “good” action in all states in {1, ..., k}. The reward for the
“good” action is chosen randomly to be 0 or 0.5 with equal probability. The “bad” action in state s
forany s € {1,...,k} has reward 1, and leads to state O with probability 1/7 and back to the given
state s with probability 1 — 1/7". Finally, we define the reward of the only action in the absorbing
state 0 to be p™ (1) — ¢ (that is, we compute the reward of the cycle, and then subtract ¢). Hence
the optimal policy is 7. (considered to take the only available action in state 0), which will have
p™(s) = p™ (1) forall s € {1,...,k} and p™(0) = p™ (1) — . Note all other policies have gains
equal to (p™ (1) — €)1. It is straightforward to compute that A = % and Tgrop = 7.

Below we plot the fixed point error || 7 (h:) — hy — p*|| ., for the tth iterate as generated by Algorithm
[1] standard value iteration (VI), and [Lee and Ryu| [2024] Theorem 2] (LR). We intentionally focus on
the case where the number of iterations n is smaller than k (the total number of states). We plot both
e =1/2and e = 1/20, keeping T' = 10, k = 300. All experiments were run on a single consumer
laptop in less than a minute.
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We note that due to periodicity, VI does not converge. In this experiment, decreasing £ seems not to
affect the convergence of Algorithm T[] whereas LR seems to converge more slowly. We emphasize
that these experiments only consider the fixed-point error, whereas as our sensitivity analysis reveals
that it is essential to additionally control || Prp* — p*||, in order to obtain suboptimality bounds.
Overall, much more thorough experimental study on more domains and metrics is needed to better
understand the practical performance of our algorithms.
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Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: All claims made in the abstract and introduction are substantiated throughout
Sections[2] 3] and [

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.
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are not attained by the paper.
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violations of these assumptions (e.g., independence assumptions, noiseless settings,
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
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whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: All code used to produce the experimental results is provided.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: All experimental details are provided.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: There are no meaningful sampling errors in the experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Computational resource information is provided.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This paper does not have any direct negative societal impacts nor any potential
harms caused by the research process.
Guidelines:
* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper studies theoretical aspects of solving Markov decision processes
and thus there are no immediate positive or negative societal impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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