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Figure 1: Our decoder reconstructs data from Riemannian manifolds where representations are learned as
model parameters via maximum a posteriori.

Abstract

Euclidean representations distort data with intrinsic non-Euclidean structure. While Rieman-
nian representation learning offers a solution by embedding data onto matching manifolds,
it typically relies on an encoder to estimate densities on chosen manifolds. This involves
optimizing numerically brittle objectives, potentially harming model training and quality.
To completely circumvent this issue, we introduce the Riemannian generative decoder, a
unifying approach for finding manifold-valued latents on any Riemannian manifold. Latents
are learned with a Riemannian optimizer while jointly training a decoder network. By
discarding the encoder, we vastly simplify the manifold constraint compared to current
approaches which often only handle few specific manifolds. We validate our approach on
three case studies — a synthetic branching diffusion process, human migrations inferred
from mitochondrial DNA, and cells undergoing a cell division cycle — each showing that
learned representations respect the prescribed geometry and capture intrinsic non-Euclidean
structure. Our method requires only a decoder, is compatible with existing architectures,
and yields interpretable latent spaces aligned with data geometry.
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1 Introduction

Real-world data often lie on non-Euclidean manifolds — e.g., evolutionary trees, social-network graphs,
or periodic signals — yet most models assume RY latent variables. While flexible, this forces data with
intrinsic geometrical structure into distorted configurations. Euclidean methods hence often fail to provide
visualizations rooted in the geometry which underlies the data, completely missing clear signals (Section 4.3).
Meanwhile, low-dimensional projections directly guide how practitioners interpret their data in various
fields. While non-linear projections like UMAP (Mclnnes et al., 2018) are widely used despite dangers of
misinterpretations (Huang et al., 2022), having more control over the projection facilitates a hypothesis-based
exploration of data. For this, Riemannian manifolds — spaces that are locally Euclidean but endowed with
a smoothly varying inner product (metric) defining lengths, angles, geodesics, and curvature — provide a
general framework for modeling geometry. Existing works have adjusted variational autoencoders (VAEs) for
embedding data onto various geometries. However, despite the flexibility of VAEs, enforcing manifold priors
(e.g., von Mises—Fisher on spheres or Riemannian normals in hyperbolic spaces) requires complex densities
and Monte Carlo estimates of normalizing constants, limiting scalability for general manifolds.

We therefore propose the Riemannian generative decoder: we discard the encoder and directly learn manifold-
valued latents with a Riemannian optimizer while training a decoder network. This encoderless scheme
removes the need for approximate densities on the manifold, and handles any Riemannian manifold —
including products of heterogeneous manifolds. With a geometry-aware regularization through input noise,
our model is further encouraged to penalize sharpness relative to the local curvature. We analyze this form of
regularization and see its importance in preserving geometric structure during dimensionality reduction. Our
contributions are as follows,

e We introduce a unifying framework for representation learning on any Riemannian manifold
by combining Riemannian optimization with an encoder-less generative model,

o We introduce a highly scalable geometric regularization, promoting coherency between a decoder
function and a chosen manifold’s metric through noise perturbation,

e We explore various real-world biological datasets and find our approach to match or improve a
diverse set of metrics; all while being much stabler in high dimensions where other methods fail.

2 Background

Learned representations often reveal the driving patterns of the data-generating phenomenon. Much of com-
putational biology — and especially data-driven fields like transcriptomics — greatly relies on dimensionality
reduction techniques to understand the underlying factors of their experiments (Becht et al., 2019). Unfortu-
nately, a lack of statistical identifiability implies that such representations need not be unique (Locatello
et al., 2019). Therefore, it is common practice to inject various inductive biases that reflect prior beliefs or
hypotheses about the analyzed problem. One way is to impose a specific geometry on the latent space.

2.1 Latent Variable Models

Autoencoders (AEs) learn a deterministic mapping X B z B3 X by minimizing a reconstruction loss

R |
min L Xi, To(go(xi)) (1)
? iz
where X1, ...,XN are the training samples, L is the loss function, e.g. the squared error, gy is the encoder and

fg the decoder. Because Ty is typically smooth, nearby latent codes produce similar reconstructions. This
imposes a smoothness bias on the representation: distances in latent space are tied to distances in data space.

The variational autoencoder (VAE) by Kingma & Welling (2013) extends this by introducing a prior p(z), a
stochastic encoder (¢(z|X) as a variational distribution, and a stochastic decoder pg(X|z). The marginal
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likelihood
Z

pP(xj) = p(xiz; )p(z)dz @)
is intractable, but is lower bounded by the evidence lower bound (ELBO):

log p(xj ) EI q (@iX) Ic%gp(sz) D« d(z ; X)kp(z) ©))
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data reconstruction latent regularization
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where D, is the Kullback-Leibler divergence. The decoder is trained by maximizing the ELBO to reconstruct
x from samples ofz q (z jx). The KL term encourages the encoding distribution to match the prior,
typically N (0;1), while the stochasticity of g forces the decoder to be robust to perturbations inz. Together,
these constraints strengthen the smoothness bias across the encoder distribution.

An alternative to the VAE is the Deep Generative Decoder (DGD; Schuster & Krogh 2023), avoiding an
encoder entirely. Each latentz is treated as a free parameter, and the model uses MAP estimation by
maximizing P (z; ; jx), corresponding to maximizing the following in z, and :

X
(2% =argmax  logp (xijz)+logp(zij) +log P()P() @

i=1

The last term contains priors on and . A parameterized distribution p(z j ) on latent space, such as a
Gaussian mixture model, can introduce inductive bias. The decoder smoothness imposes again a continuity
constraint on z 7! x, as reconstructions must interpolate well across learned codes.

Training with the objective in Equation 4 performs MAP estimation of latent codes. Unlike the VAE, it does
not maximize a lower bound on the marginal log-likelihood. Regardless of which approximation yields the
best inductive bias for generations, our emphasis in the present work is on geometry-aware representation
learning. Avoiding encoder-based manifold density approximations is our primary bene t which enables a
broad class of latent geometries. We hence treat sampling results mainly as empirical sanity checks.

In all three frameworks AE, VAE, and DGD the smoothness of the decoder function acts as a regularizer

on latent codes. Since nearbyz produce similar outputs, the learned representations inherit geometric
continuity. The VAE further strengthens this bias through stochastic encodings and KL regularization. The
DGD enforces it by directly optimizing per-sample codes under a smooth decoder. These smoothness priors
play a central role in learning meaningful low-dimensional structure.

2.2 Geometric Inductive Biases

Most learned representations are assumed to be Euclidean. This implies a simple, unbounded topological
structure for the representations. This is a exible and not very informative inductive bias. In scienti c
settings, however, practitioners often possess explicit knowledge regarding the underlying topology of their
data, allowing for direct hypothesis testing via geometric constraints. Selecting a latent manifold is an
inductive bias that acts as a constraining regularizer, e ectively guiding the learning process towards a more
controlled and explainable local minimum.

We brie y survey parts of the literature and generally nd that existing approaches involve layers of complexity
that potentially limit their performance.

Spherical representation spaces encode compactness and periodicity. Davidson et al. (2018) and Xu &
Durrett (2018) de ne latents on S9! via a von Mises Fisher prior:

d=21

@) #2401 ()

where 2S 91 and > 0. Sampling uses rejection or implicit reparameterization and KL terms involve
Bessel functions, complicating Equation 3 while adding computational overhead and bias.

P(zj;)=C a()exp( “2z) with Cq()= ©)
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Hyperbolic representation spaces e ectively capture hierarchical data structures (Krioukov et al., 2010).
A popular choice (used for, e.g., theP-VAE (Mathieu et al., 2019)) is the Poincaré ball BY, with metric
g, = (2) 21, where (z) =2=(1 kzk 2), and distance

ku vk 2

ds(u;v) = arcosh 1+2(1 kuk D)1 kvk 2) :

(6)
One typically uses the Riemannian normal prior

p@)/exp ds(z;) %= ?) : )

The ELBO then requires approximating both the intractable normalizing constant of the prior and volume
corrections, typically via Monte Carlo or series-expansion methods. Alternative hyperbolic embeddings like
the Lorentz (Nickel & Kiela, 2018) or stereographic projections (Skopek et al., 2019) improve computational
stability and exibility but face analogous challenges.

General geometries can represent di erent inductive biases (Kalatzis et al., 2020; Connor et al., 2021; Falorsi

et al., 2018; Grattarola et al., 2019). Current literature is based on encoders whose densities generally lack
closed-form formulas on arbitrary manifoldsM . They rely on approximations like Monte Carlo importance
sampling, truncated wrapped normals

X exp( 3klLog (z)+2kk ?,)
(2) d=2jj 1=2 '

a(zj;) 8)

k2z d

or random-walk reparameterization encoders such asp VAE (Rey et al., 2019), that simulates Brownian

motion using the manifold exponential map: z=Exp ( ; i); i N(O; St@fﬁl).

Related approaches focus on speci ¢ geometries or tasks: scPhere (Ding & Regev, 2021) is an application
study of spherical and hyperbolic VAEs to biological data, while Nickel & Kiela (2017) learn Poincaré
embeddings from supervised relations. Others, like GAGA, assume pre-learned latent structures (Sun et al.,
2024). More classical non-linear methods such as Isomap, di usion maps, or UMAP (Tenenbaum et al.,
2000; Coifman & Lafon, 2006; Mclnnes et al., 2018) visualize intrinsic geometry but do not explicitly learn
Riemannian latent variables nor a generative model.

Curvature regularization. Independent of encoder decoder choices, Lee & Park (2023) propose adding
explicit intrinsic and extrinsic curvature penalties of the learned manifold. This is similar in nature to one of
our contributions. They derive regularizers that depend on second-order derivatives of the decoder e.g.,
for intrinsic curvature:

ICapprox (2)= W1 W G (vNG tv) i(vr w G (viIG rw)

+ WGP (VIG )(vNG tw) Pw G (vIG )G (VG fw) 9)
IW G (VIG )G WG V) + WGl (vIG ()G WG V) ’

wherev;w N (0;1), Gt = J;(2)” Jt (z), and (a r ) is a directional derivative. Computationally challenging
second-order terms enter via & r )G; since@g are Hessian vector products off . Their objective encourages
globally at embeddings in a Riemannian sense. In contrast, our geometry-aware noise induces a rst-order
Jacobian penalty which aligns local decoder smoothness with the chosen geometry while avoiding challenging
computations (Section 3).

3 Methodology

We formulate representation learning as a maximum a posteriori (MAP) estimation problem where the latent
space is a Riemannian manifold. Much of the di culty in probabilistically learning representations over
non-trivial geometries has been that their densities are notably di cult to work with. Our approach uni es the
geometric inductive bias with the generative process, discarding the need for variational approximations. We
ultimately build a simple yet e ective representation learning scheme that works across di erent geometries.
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3.1 Model Formulation

Consider a datasetX = fx g, in the data spaceX R P. We assume each observation; is generated by
a corresponding latent variablez; lying on a smooth d-dimensional Riemannian manifold (M; g ). Instead of
amortizing inference via an encoder, we treat the latent codeg = fz;g\, as free parameters to be optimized
directly.

We formulate the learning problem as a maximum a posteriori (MAP) estimation. Given a di erentiable
decoderf :M!X , we jointly optimize the model parameters and the latent codesZ by minimizing the
negative posterior:

X
L(;Z)= logp (xijzi) logp(z i) logp(): (10)

i=1

The likelihood p (xjz) models the observation noise; assuming isotropic Gaussian noise in the ambient space
yieldslogp (xjz) / kx f (2)k3. The likelihood choice hence de nes the reconstruction objective and must
be picked according to the nature of the data. The priorp(z) regularizes the latent distribution and enables
generation with our model. For compact manifolds, we employ a uniform priorp(z) = Vol(M )1 with respect

to the Riemannian volume measure, resulting in constantp(z). For non-compact manifolds, one may utilize
wrapped distributions or Riemannian normals (explained and illustrated in, e.g., Mathieu et al. (2019)).

Optimization of Z is performed directly on the manifold using Riemannian gradient descent. At a point
z 2 M , the Riemannian metric can be represented in local coordinates by a symmetric positive de nite
matrix G(z). If r EL denotes the usual Euclidean gradient ol with respect to z in these coordinates, then
the Riemannian gradient is

rRL=6GE) *rEL 2T,Mm; (11)
which is the direction of steepest descent measured in the manifold metric.

The update rule for a latent code z at step t is
zD =R, 1 RL; (12)

whereR, : T,M! M is a retraction that maps tangent vectors back to the manifold (e.g., the exponential
map) and is the learning rate. This ensures that all iterates z remain on M.

In practice, we minimize Equation 10 by alternating Euclidean updates of with Adam(Kingma, 2014)
and Riemannian updates ofZ with RiemannianAdam(Bécigneul & Ganea, 2018). This latter adaptive
variant replaces r 5«) L by an adaptive search directiond; 2 T,y M before applying the same retraction
update. Relying on geoopt (Kochurov et al., 2020) for de ning tensors and optimizing on manifolds, the
implementation becomes exceedingly simple (see Appendix A). Collectively, our setup removes the need for a
parametric encoder and the associated complexity of approximating posterior densities on curved spaces.

3.2 Geometric Regularization

For manifolds whose metric tensor varies with position, we introduce a geometry-aware regularization to inform
the model about the metric. During training, each latent z is perturbed with Gaussian noise whose covariance
is the chosen manifold's inverse Riemannian metricG ! (z). This adapts the noise to local curvature: on
homogeneous manifolds such as the hypersphere (where curvature is constant and metric variation merely
re ects coordinate scaling) the procedure recovers nearly isotropic noise, whereas on spaces with non-uniform
curvature the noise shape is greatly adjusted by location. We outline a derivation inspired by Bishop (1995)
and An (1996) to analyze this noise:

Let N 0, 2G! (z) and de ne the squared-error lossL(z) = f(z; ) vy ? for some targety. We
inject noise to z via the exponential map, which we approximate by the identity to O(k k ?):

2% = Exp,() = z+ +0(kk ?): (13)
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Ignoring higher order terms o(k k?), a second-order Taylor expansion around z gives

Lz L@)+r ,L@2)” + 3 ri@); (14)

Taking expectation over and using E[]=0, E[ >]= 2G? (z), we obtain
EL2°] =L@+ - Tr r2L(2)G* (2) : (15)
For squared error, we have

X
ril(z) = 23(z) > 3(z) + 2 fi@) y « 1 2 (2); (16)
k

with J(z) = @f (z; ). Following Bishop (1995), we assume that the residual in the second term is usually
negligible on average, so substituting back into the expectation gives

E[LZ9] L) + ; T 23z J@Z)G!? (2) (17)
= L)+ ?Trd@)’Gt @I : (18)

where the last equality uses cyclicity of the trace. The additive term is the induced regularizer from corrupting

representations with Gaussian noise of covariance?G?! (z). It penalizes large output gradients weighted by

the manifold's prede ned inverse metric, aligning decoder smoothness with local curvature. We analyze its
e ects further in Appendix E. Our concrete implementation mirrors a single Riemannian gradient descent

step, but here scaling and retracting a noise vector to the manifold rather than a gradient vector (see
Listing S2).

3.3 Overview of Available Manifolds

The following are manifolds implemented in geoopt (Kochurov et al., 2020), applicable for our representation
learning. Additional manifolds can readily be added. To allow heterogeneous latent geometries, geoopt
provides a ProductManifold that forms the Cartesian product M = M ; M g of base manifolds,
equipped with the product Riemannian metric g = g g k. This can be used to partition latent
coordinates into blocks, each constrained to its own geometry.

" Euclidean "~ Stereographic ” ProductManifold
" Stiefel " StereographicExact
" Lorentz
"~ CanonicalStiefel ~ PoincareBall
"~ EuclideanStiefel ~ PoincareBallExact ~ SymmetricPositiveDe nite
" EuclideanStiefelExact " SphereProjection
~ UpperHalf
" Sphere " SphereProjectionExact
"~ SphereExact " Scaled " BoundedDomain

Manifold parameterization and further details appear ongeoopt.readthedocs.io . For hyperbolic geometries,
we usec > 0 to denote the magnitude of the sectional curvature, so the sectional curvature i< . In geoopt, this
matches PoincareBall(c) , whereas the Lorentz implementation uses a parametek satisfying hx;xi,. = k ,
which corresponds to sectional curvature 1=k. Thus, a Lorentz model with curvature c uses k = 1=c.

3.4 Datasets

Cell cycle stages. Measuring gene expression levels of individual broblasts with single-cell RNA sequencing
captures a continuous, asynchronous progression through the cell division cycle. Transcriptomic changes
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occur through these phases, yielding cyclic patterns in gene expression topologically, this process forms
closed loops &) or higher-dimensional tori (Rappez et al., 2020; Rizvi et al., 2017). As the data is not
coupled in nature (we cannot identify and keep track of individual cells), unsupervised learning is suitable for
picking up patterns about the underlying distribution of cells.

We apply our Riemannian generative decoder to the human broblast ScRNA-seq dataset (5367 cells O 10789

genes) introduced in DeepCycle (Riba et al., 2022) and archived on Zenodo (Riba, 2021). Data were already
preprocessed by scaling each cell to equal library size, log-transforming gene counts, and smoothing and
Itering using a standard single-cell pipeline. Before modeling, we subsampled to 189 genes annotated with

the cell cycle gene ontology term (GO:0007049) retrieved via QuickGO (Binns et al., 2009) in accordance

with other cell cycle studies.

Branching di usion process. The synthetic dataset from Mathieu et al. (2019) ! simulates tree-structured
data via a hierarchical branching di usion: from a root at the origin in RY we grow a depthD tree where
each node at depth * produces C children by

2
Xchild = X parent t N in*!” : (19)

2
For each node we also generat8 noisy sibling observationsSXeps = Xnode + owith © N 0; fp%'-l . The
dataset comprises all the noisyxqps and is standardized to zero mean and unit variance. We setl = 50,

D=7,C=2, p=1,p=1,S =50, f=8, yielding 6 350 observations.

Human mitochondrial DNA. Human mitochondrial DNA (hmtDNA) is a small, maternally inherited
genome found in cells' mitochondria. Its relatively compact size and stable inheritance make it a fundamental
genetic marker in studies of human evolution and population structure. A relatively rapid mutation rate has
led the genomes to distinct genetic variants, named haplogroups, which re ect evolutionary branching events.
Since such phylogenetic structure is hierarchical and tree-like, hyperbolic geometry is a natural inductive
bias: its volume grows exponentially with radius, matching the growth of branching structures and enabling
low-distortion representations of evolutionary relationships (Macaulay et al., 2023)

We retrieved 67 305 complete or near-complete sequences (15400 16700 bp) from GenBank via a query
from MITOMAP (MITOMAP, 2023). Sequences were annotated with haplogroup labels using Haplogrep3
(Schonherr et al., 2023), leveraging phylogenetic trees from PhyloTree Build 17 (Van Oven, 2015). A sequence
was kept if the reported quality was higher than 09. In addition to haplogroup classi cation, Haplogrep3
identi ed mutations with respect to a root sequence; here, separate datasets were made using either the rCRS
(revised Cambridge reference sequence) or RSRS (reconstructed Sapiens reference sequence). Mutations were
then encoded in a one-hot scheme, removing mutations with 0:05 frequency, resulting in datasets with
shapes 61665 6298 (rCRS) and 57385 5366 (RSRS). Appendix C displays further characteristics.

4 Results and Discussion

In the following, we treat each dataset to evaluate and discuss applications of unsupervised learning on
meaningful geometries.

4.1 Cell Cycle Stages

Figure 2 shows latent representations learned with di erent manifolds on the scRNA-seq data containing
an underlying cyclical biological process. While we may have an idea of an explainable global optimum
e.g., a neatly arranged circle following the cell cycle stages optimization of the neural network does not
necessarily follow such an idea. Given a model expressive enough, representations lying in a circle could as
well be unrolled or have distinct arcs interchanged without any loss in task accuracy. To compare model
delity and how well manifold distances correspond to the biological geometry, Table 1 lists reconstruction

1Available under MIT license
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delities and correlations of phase distances versus manifold geodesic distances. Here we compareStvAE

(Davidson et al., 2018) and VAE (Rey et al., 2019); see Appendix B for further details. Euclidean R? yields
best reconstructions (having more degrees of freedom), whil€ improves correlation with the geometry.
Toroidal embeddings show greater run-to-run variability, likely due to the limited expressivity of learning on
circles S embedded in 2D.

(&) UMAP projection (b) Euclidean R?

(c) Spherical $? (d) Toroidal S* St

Figure 2: Cell cycle phases using either (a) UMAP or (b d) di erent Riemannian manifolds.
Samples are concatenated across train/validation/test sets. The phase is inferred by DeepCycle as a continuous
variable 2 [0;1) which wraps around such that =0 and lim ;  denote the same point in the cycle.

Table 1: Cell cycle: Correlation and reconstruction metrics across ve random initializations

(formatted as mean std). Pearson/Spearman correlate phase distances to latent distances while MAE/MSE
measure reconstruction by L1/L2-norm. Our models in gray. Comparisons withS-VAE (Davidson et al.,
2018) and VAE (Rey et al., 2019).

Train Test
Pearson  Spearman MAE MSE Pearson  Spearman MAE MSE

Euclidean R>  0.470.03 0.500.03 0.31000 0.17000 0.520.03 0.530.03 0.31000  0.180.00
Euclidean R®  0.500.05 0.540.04 0.300.00 0.160.00 0.550.04 0.570.03 0.310.00 0.170.00
Sphere $ 0.580.03 0.590.03 0.310.00 0.17000 0.600.03 0.600.03 0.320.00 0.180.00
Torus St S 0.500.07 0.510.07 0.310.00 0.17 0.00 0.520.07 0.530.08 0.320.00 0.180.00

S-VAE sphere  0.50002 0.53003 0.32000 0.19000 0.53002 0.55002 0.32000 0.190.00
VAE sphere  0.52001 055001 0.31000 0.17000 0.57002 0.59002 0.32000 0.180.00
VAE torus 0.43007 0.45007 0.3l000 0.17000 0.48006 0.50007 0.32000 0.180.00
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