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ABSTRACT

Diffusion models have shown remarkable empirical success in sampling from rich
multi-modal distributions. Their inference relies on solving a certain differential
equation initialized at pure noise. However, this differential equation cannot be
solved in closed form, and its resolution via discretization typically requires many
small iterations to produce high-quality samples. More precisely, prior works
have shown that the iteration complexity of discretization methods for diffusion
models scales polynomially in the ambient dimension and the inverse accuracy
1/". In this work, we propose a new solver for diffusion models relying on the
collocation method Lee et al. (2018), and we prove that its iteration complexity
scales logarithmically in 1/", and does not depend explicitly on the ambient
dimension. More precisely, the dimension affects the complexity of our solver
through the effective radius of the support of the target distribution only. Our
solver constitutes the first "high-accuracy" diffusion-based sampler that only uses
approximate access to the scores of the data distribution.

1 INTRODUCTION

Diffusion models Sohl-Dickstein et al. (2015); Song & Ermon (2019); Ho et al. (2020); Dhariwal
& Nichol (2021); Song et al. (2021b;a); Vahdat et al. (2021) are the dominant paradigm in image
generation, among other modalities. They sample from high-dimensional distributions by numerically
simulating a reverse process driven by a certain differential equation with drift learned from training
data. The reverse process is meant to undo some noise process, and by simulating the reverse process
sufficiently accurately, one can generate fresh samples from the distribution out of pure noise.

The empirical success of this method has spurred a flurry of theoretical work in recent years to
understand the mechanisms by which diffusion models are able to easily sample from rich multimodal
distributions. These works draw upon tools from the extensive literature on log-concave sampling and
arrive at a remarkable conclusion: diffusion models can efficiently sample from any distribution in
high dimensions, even highly non-log-concave ones, provided one has access to a sufficiently accurate
estimate of the score of the distribution along a noise process (see Section 1.2 for an overview of this
literature).

The earliest such results showed that for any smooth distribution with bounded second moment, one
can sample to error " in total variation distance in poly(d, 1/") iterations, given sufficiently accurate
score estimation Lee et al. (2023); Chen et al. (2023c;a). These results focus on samplers that simulate
the reverse process in discrete time. The discretization introduces bias, which necessitates taking
the discretization steps sufficiently small – i.e. of size poly(", 1/d) – to ensure the trajectory of the
sampler remains sufficiently close to that of the continuous-time reverse process.

While these discretization bounds have been refined significantly by recent work (see Section 1.2),
what remains especially poorly understood is the dependence on ". In the log-concave sampling
literature, there is a well-understood taxonomy along this axis: there are (1) “low-accuracy” methods
like Langevin Monte Carlo that get iteration complexity scaling polynomially in 1/", and (2) “high-
accuracy” methods which correct for discretization bias via Metropolis adjustment and get iteration
complexity polylogarithmic in 1/".

For diffusion models, guarantees of the second flavor are conspicuously absent. While our focus
is theoretical, we briefly remark that this is also relevant from a practical perspective, especially
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in hardware-constrained settings where one cannot afford to directly modify the neural network
generating the score estimates. In these contexts, the most common approach to improving generation
quality is simply to take a numerical solver like Euler discretization or more sophisticated variants
and drive the step size down. This forces the sampler to take more steps, and the conventional wisdom
is that as the number of steps increases, the sampler is able to generate higher-quality results with
finer details.

In this work, we make progress towards identifying more efficient ways of sampling with diffusion
models in this high-accuracy regime. We therefore ask:

Are there samplers for diffusion modeling that achieve O(polylog1/") iteration complexity?

1.1 OUR CONTRIBUTIONS

Here we answer this in the affirmative. We will focus on the following class of distributions q:

Assumption 1 (Bounded plus noise). Let R,� > 0. There exists a distribution q0 supported on the
origin-centered ball of radius R in Rd for which q = q0 ?N (0,�2I).

In other words, we consider sampling from a distribution q which is the convolution of a compactly
supported distribution with Gaussian noise. Our bounds will scale polynomially in R/�. A natural
example of a distribution satisfying Assumption 1 is a mixture of isotropic Gaussians; more generally,
as observed by Chen et al. (2023c), distributions satisfying Assumption 1 naturally model what
diffusion models in practice try to sample from via early stopping. Positivity of � also makes it
possible to prove convergence guarantees in strong divergence-based metrics like total variation
distance.

In this paper, we consider sampling from q by approximately simulating the reverse process. We
first show a key structural property: the high-order time derivatives of the score function along the
reverse process are bounded, implying that the score function can be pointwise-approximated by a
low-degree polynomial in time. The statement is technical and we defer it to the supplement.

Leveraging this result, we show how to adapt a certain specialized ODE solver of Lee et al. (2018) to
simulate steps along the reverse process, and argue that our simulation remains close to the trajectory
of the reverse process at all times, see Algorithm 2. We thus prove that Algorithm 2 can efficiently
sample from q, yielding the following main guarantee:

Theorem 2 (Informal, see Corollary 14). Let ", R,� > 0. Suppose q is a distribution satisfying
Assumption 1 for parameters R,�, and suppose the true score is L-Lipschitz (see Assumption 28).
Given access to score estimates along the forward process that are Lipschitz in the space variable,
for which the estimation error is L2-bounded and has subexponential tails, there is a diffusion-based
sampler (see Algorithm 2) which outputs samples from a distribution " close to q in total variation
(TV) distance in (R/�)2 · log 1/" iterations.

To the best of our knowledge, this is the first diffusion-based sampler to achieve logarithmic, rather
than polynomial, dependence on 1/", while only assuming access to a sufficiently accurate score.
While our result requires a stronger assumption on the distribution of score error than prior work,
we note that the analysis in prior work incurs polynomial dependence on 1/" even assuming perfect
score estimation.

Another appealing feature of our result is that the iteration complexity of our algorithm is independent
of the ambient dimension d, instead depending on the radius R in Assumption 1. While in general R
can scale with d, the aforementioned Gaussian mixture setting offers a natural setting where R can
be much smaller than d. For example, in the theory of distribution learning, the most challenging
regime is precisely when the component centers are at distance ⇥(

p
log k) from each other (Hopkins

& Li, 2018; Kothari et al., 2018; Diakonikolas et al., 2018; Liu & Li, 2022). This corresponds
to the case of R = ⇥(

p
log k) and � = 1, for which our sampler achieves iteration complexity

scaling only polylogarithmically in k and 1/", whereas existing diffusion-based methods would scale
polynomially in d and 1/" for this example (see Section 1.2 for discussion of a concurrent result (Li
et al., 2025) that also obtains dimension-free results for sampling from Gaussian mixtures).
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1.2 RELATED WORK

Theory for diffusion models. We review the extensive line of recent works on diffusion model
convergence bounds in Appendix A, focusing here on the threads most relevant to our result.

First, to our knowledge, the only prior work which studies the question of high-accuracy sampling
for diffusions is Huang et al. (2024a). While they also achieve exponentially improved " dependence
using MALA-style methods, they work in a stronger access model than is commonly studied in this
literature, as they assume approximate query access to log density ratios between arbitrary points, in
addition to the scores.

As for our dependence on R/� instead of d, there is a relevant line of work Li & Yan (2024a);
Liang et al. (2025); Huang et al. (2024b); Potaptchik et al. (2024) on sampling from distributions
with low intrinsic dimension. They show that for any distribution whose intrinsic dimension, which
they quantify in terms of covering number of the support, is k, DDPM can sample with iteration
complexity O(k4/"2). While this provides another example of a diffusion-based sampler whose rate
adapts to the underlying geometry of the distribution, it is incomparable to our result: there can be
supports which are high-dimensional but bounded in radius, and vice versa.

Finally, we note that the collocation method (see Section 2.3) has been studied in the context of
diffusions, but primarily as a way to parallelize the steps of the sampler Anari et al. (2023); Gupta
et al. (2024); Chen et al. (2024a), but not using low-degree polynomial approximation. The key
difference relative to our work is that by showing low degree approximability of the score in time, we
can prove that the implementation of collocation by Lee et al. (2018) via low-degree polynomials
over a small time window of the probability flow ODE converges at an exponential rate.

High-accuracy sampling. The literature on high-accuracy samplers, which is traditionally centered
around log-concave distributions and more generally distributions which satisfy a functional inequality,
is too extensive to do justice to here, and we refer to Chapter 7 of Chewi (2023) for a detailed overview.
We briefly overview this in Appendix A.

Our techniques do not draw upon this literature but are instead based on the work of Lee et al. (2018),
which devised the general framework of collocation via low-degree approximation that we employ.
Motivated by sampling problems connected to logistic regression, they applied their method to obtain
a high-accuracy sampler for densities of the form q / e�f , where f(x) =

P
i
�i(hai, xi) + �kxk2.

Independent work. Recently, Li et al. (2025) considered the special case of mixtures of isotropic
Gaussians and showed using very different techniques that diffusion models can sample from them in
T = Õ(polylog(k)/") iterations, provided that the means of the Gaussians have norm at most TC for
arbitrarily large absolute constant C. This result is incomparable to ours. We obtain polylogarithmic
dependence on 1/" and our guarantee applies to a wide class of distributions beyond just the special
case of mixtures of isotropic Gaussians. On the other hand, the result of Li et al. (2025) improves upon
our guarantee for Gaussian mixtures: whereas we have a polynomial dependence on the maximum
norm of any center in the mixture, they have an arbitrarily small dependence on the radius.

1.3 ROADMAP

In Section 2, we provide technical preliminaries and give a description of our sampler. In this section
we also provide intuition for how this sampler can achieve the high-accuracy guarantee of Theorem 2.
In Section 3, we sketch the proof of our main structural result showing that the drift of the reverse
process is well-approximated by a low-degree polynomial in time. In Section 4, we sketch the main
steps for completing the proof of Theorem 2. We defer the full proof details to the supplement.

2 PRELIMINARIES AND OUR ALGORITHM

Notation. Let �d denote the d-dimensional standard Gaussian distribution. For any distribution
p on Rd, L2(p) denotes the space of squared integrable random vectors in Rd. We recall the
definitions of the Total Variation distance TV(P,Q) = 1

2

R
Rd |p � q| dx for densities p, q, and the

Wasserstein-2 distance W 2
2 (P,Q) = inf⇡2⇧(P,Q)

R
kx� yk2 d⇡(x, y) where ⇧(P,Q) is the set of
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couplings. Finally, for any vector x = (x1, . . . , xd) 2 Rd, kxk1 = maxi |xi| and if x is random,
kxkp,1 = maxi (E|xi|p)1/p.

2.1 DIFFUSION MODELS

Here we review the basics of diffusion models; for a more detailed overview, we refer the reader to
the surveys of Chen et al. (2024b) and Nakkiran et al. (2024).

Diffusion models are built upon two main components: the forward process and the reverse process.
The forward process is a noise process driven by a stochastic differential equation of the form

dxt =
↵̇t

↵t

xt dt+ ↵t

q
2�t�̇t dBt , x0 ⇠ q0 ,

where ↵t,�t � 0 are time-dependent parameters that one can choose, and (Bt)t�0 is a standard
Brownian motion in Rd. Conditioned on x0, the process at time t is distributed as ↵t(x0 + �tg) for
g ⇠ �d; denote this marginal distribution by pt, where p0 = q0. It is common to choose ↵t = e�t and
�t =

p
e2t � 1 so that the forward process is the standard OU process with stationary distribution �d.

We run the forward process up to time T . Define �t = ↵T�t�T�t.

The reverse process is designed to undo this noise process, i.e. transform pT to p0. For convenience
of the notation, we denote pT�t by qt. One version of this reverse process is given by the probability
flow ODE, which is specified by

dyt =
h ↵̇t

↵t

yt + ↵2
t
�t�̇tr ln qt(yt)

i
dt , (1)

where r ln qt is called the score function. The key property is that if x0 ⇠ q0, then xT ⇠ qT = q0.
In practice, this is run using score estimates st ⇡ r ln qt instead of the actual score functions, and in
the theoretical literature it is standard to assume that these are close in L2(qt). In this work, we will
make a somewhat stronger assumption:1

Assumption 3. We assume the error incurred by the score estimate st : Rd ! Rd has sub-exponential
norm "err for all 0  t  T . That is, Pt[kst �r ln qtk � z]  2 exp(�z/"err) for all y � 0.

Additionally, instead of initializing the ODE at y0 ⇠ q0, one initializes at y0 ⇠ �d for some noise
distribution for which ⇡ ⇡ q0 and from which it is easy to sample. For instance, in the example of
the standard OU process, we can take ⇡ = �d because the forward process converges exponentially
quickly to �d. As ⇡ is easy to sample from, the probability flow ODE can be used to (approximately)
generate fresh samples from q.

We further assume the score estimate is L̃-Lipschitz.

Assumption 4. st is L̃-Lipschitz: 8x, y 2 Rd, kst(x)� st(y)k  L̃kx� yk.

2.2 A FUNDAMENTALLY DIFFERENT VIEW ON DISCRETIZATION

Traditionally, to simulate the continuous-time ODE in discrete time, some numerical method like
Euler-Maruyama discretization is used. Such discretization schemes can only approximately simulate
the continuous time ODE by using a fixed gradient in a window of time. For example, to approximate
the ODE xt = ft(xt)dt with one gradient step in time window [0, h], the Euler-Maruyama method
uses the gradient at the beginning time 0, resulting in the update x̂h = hf0(x̂0) + x0, where x̂h

denotes the discretized process. Here, h is the step size of the algorithm. Unfortunately, this type of
discretization puts a fundamental dimension-dependent limitation on how large the step size can be.

To illustrate the point, consider the vector field ft = x for all times t � 0. In this case, the
discretized step is given by x̂h = h(1)d

i=1 + x0 = ((1 + h))d
i=1 while the solution of the ODE

xt = ft(xt)dt with initial condition x0 = (1)d
i=1 is given by xt = (et)d

i=1. This implies kxh�x̂hk =
1Intuitively, the reason we need to make a stronger assumption on the tails of the score estimation error is

as follows. If the tails were heavier, then under the event in which the score estimate differs appreciably from
the true score, the sampler can deviate sufficiently that it will fail to converge in polylog(1/") many steps. We
suspect that this is fundamental and leave proving a suitable lower bound as an open question.
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k(eh � (1 + h))d
i=1k = ⇥(h2

p
d). Therefore, in order to keep the deviation kx̂h � xhk bounded by

O(1), the step size h has to be O(1/d1/4). This is because as we move along the ODE solution x(t),
the vector field ft(xt) can change drastically from its initial value, so using a fixed vector f0(x0) as
the velocity does not allow us to go that far.

However, if we had a prior knowledge about the functional form of ft(xt) along the path (xt)[0,h],
perhaps we could use that to take larger steps to simulate the ODE. For example, if we knew ft(xt)

lives in a low-dimensional subspace with basis {�j(t)}Dj=1, namely ft(xt) =
P

D

i=1 ci�i for some
coefficients (ci)Di=1 2 RD, then if we could estimate these coefficients, that allows us to predict the
path xt for large times t.

In this work, we show that perhaps suprisingly, under minimal conditions on the target distribution q0

each coordinate of the score function on the probability flow ODE path, ft(xt), is well-approximated
by a low-degree polynomial in t. We then prove that one can estimate these coefficients for each
coordinate using the collocation method together with our score estimates. Notably, this enables us
to take longer discretized steps, without any explicit dimension dependency, to follow the ODE path.
We emphasize that while the collocation method, i.e. Picard iteration, has been used in prior diffusion
model theory work Gupta et al. (2024); Chen et al. (2024a); Shih et al. (2024), the key novelty in our
approach is to leverage low-degree polynomial approximation.

2.3 COLLOCATION METHOD

The collocation method is a numerical scheme for approximating the solution to an ordinary
differential equation through fixed-point iteration. Here, consider a generic initial value prob-
lem: dxt = ft(xt) dt and x0 = v for all t 2 [0, H]. This admits the integral representation
xt = v+

R
t

0 fs(xs) ds , which can be thought of as the fixed-point solution to the equation x = T (x)

for the operator T : C([0, H],Rd)! C([0, H],Rd) given by T (x)t , v +
R
t

0 fs(xs) ds which has
a unique fixed point provided there exists k 2 N such that T k is L-Lipschitz with L < 1. Authors
in Lee et al. (2018) proposed to solve this fixed-point equation as follows. Suppose that each coor-
dinate of the time derivative of the solution, i.e. t 7! ft(xt), is well-approximated by a low-degree
polynomial. Letting �1, . . . ,�D : [0, H]! R be an appropriately chosen basis of polynomials, by
polynomial interpolation we can find nodes c1, . . . , cD such that �j(ci) = 1[i = j] for all i, j 2 [D]
so that in particular,

dxt

dt
⇡

DX

j=1

fcj (xcj )�j(t) .

Writing this in integral form as before, we arrive at the approximate fixed-point equation:

x ⇡ T�(x) , T�(x)t , v +

Z
t

0

DX

j=1

fcj (xcj )�j(s) ds . (2)

This suggests a natural algorithm: instead of maintaining the entire continuous-time solution x :
[0, H] ! Rd over the course of fixed-point iteration, simply maintain the values (xcj )j2[D] and
update these according to Eq. (2), which amounts to a matrix-vector multiplication. This algorithm is
summarized in Algorithm 1 below.

Lee et al. (2018) give conditions under which collocation with appropriately chosen basis polynomials
and nodes converges to a sufficiently accurate solution to the ODE. We will need to adapt their
guarantees to our setting to account for score estimation error. The full guarantee will be given in
Section 3. We require the following condition for the polynomial basis �:
Definition 5. We say that � is �-bounded if, for all basis elements �j : [0, H] ! R and t  H ,
P

D

j=1

���
R
t

0 �j(s) ds
���  �t.

2.4 OUR ALGORITHM

We are now ready to combine the ingredients in the previous subsections to give a description of our
sampler. The algorithm simply splits up the reverse process into a series of small time windows, each

5
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Algorithm 1: PICARD((ft)t2[0,H], v, (cj)
D

j=1N )

Input: Vector field ft : Rd ! Rd for t 2 [0, H], initial value v, number of iterations N
Output: Approximate solution x̂H to initial value problem

1 Define A� 2 RD⇥D by (A�)i,j =
R
cj

0 �i(s) ds

2 Define X(0) 2 Rd⇥D to be v1>
D

, where 1D is the all-ones vector.
3 for t = 0, . . . , N � 1 do
4 Define Fc(X(t)) 2 Rd⇥D by Fc(X(t)):,j = fcj (X

(t)
:,j )

5 X(t+1)  v1>
D
+ Fc(X(t))A� // (2)

6 end
7 return v +

R
H

0

P
D

i=1 Fci(X
(N)
:,i )�i(s) ds

Algorithm 2: COLLOCATIONDIFFUSION

Input: Score estimates st satisfying Assumption 3, target error 0 < " < 1, denoising schedule
0 < t1 < · · · < tn = T , Picard depth N

Output: Sample from a distribution q̂ satisfying W2(q̂, q)  "
1 x̂0 ⇠ N (0,�2)
2 for k = q, . . . , n� 1, n do
3 x̂tk = PICARD((st)t2[tk�1,tk], x̂tk�1 , N)
4 end
5 return x̂tn

of which is of length Õ( �
2

R2 ), and successfully solves the corresponding initial value problems in each
of these windows using collocation via PICARD. There will be some accumulation of errors, as the
PICARD calls do not result in exact solutions, but these errors can be made extremely small because
PICARD solves the relevant ODEs to extremely high precision.

3 LOW-DEGREE APPROXIMATION OF THE SCORE

In this section we describe the main ideas behind our proof. Recall that key to our approach is to
prove a structural result showing that the time derivative of the score function along the reverse
process can be controlled.

3.1 LOW-DEGREE APPROXIMATION ALONG THE TRUE REVERSE PROCESS

Our starting point is to relate time derivatives of the score at a point yt along the reverse process to
higher-order moments of the posterior distribution on the sample yT that would have generated yt
along the forward process.

We begin with the following calculation.

Lemma 6. Suppose yt = Xt + �t⇠, where Xt = ↵tX̄ for X̄ ⇠ q0 and ⇠ ⇠ N(0, I). We use the
notation Et,yt to denote the conditional expectation of Xt given y = Xt + �t⇠. Define the posterior
mean µt(y) , Et,yXt.

The time derivative of the vector field of probability flow ODE can be calculated as

@t(yt +r log qt(yt)) =

✓
yt +

Et,ytXt � yt
�2
t

◆

+
1

�2
t

Et,ytXt +
1� �2

t

2�6
t

Et,yt

⇣
hyt, Xti+ kXtk2

⌘
(Xt �X 0

t
) +

4

�4
t

Et,yt

⇣
hyt, Xti � kXk2

⌘
(Xt �X 0

t
)

+
1

�2
t

(
1

�2
t

� 1)yt �
1

�4
t

Et,ytXt +
1

�4
t

Et,yt

✓
2

⌧
yt,

X 00
t

�2
t

�
� hXt, yti �

1

�2
t

hXt, X
00
t
i
◆
(Xt �X 0

t
).
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Iterating this calculation multiple times, we arrive upon the following key calculation expressing the
higher-order derivatives of the vector field of the probability flow ODE:
Lemma 7. The kth derivative of the backward ODE vector field can be expanded as

@k

t
(yt +r ln qt(yt)) (3)

=
X

r1,r2,r3,r4k,

X

i2[k]r3 ,k2[k]r4 ,l2[k]r4

�
1� �2

t

�r1

�r2
t

Et,yt

r3Y

j=1

D
yt, X

(ij)
E r4Y

j=1

D
X(kj), X(lj)

E
(ai,k,lX + bi,k,lyt)

(4)

where r1  k, r2  4k and
P

i2[k]r3 ,k2[k]r4 ,l2[k]r4

��ai,k,l
�� +

��bi,k,l
��  (74k)k . Here the random

variables X(i) are independently distributed according to the posterior distribution qt,y, and i,k, l
are arbitrary tuples of indices.

This result can be understood in the same spirit as Tweedie’s formula, which relates the posterior mean
of X to the score function. Higher-order generalizations of Tweedie’s formula in the literature Meng
et al. (2021) typically relate moments of the posterior to derivatives of the score with respect to the
space variable, whereas in Lemma 7 we consider derivatives with respect to the time variable.

An important feature of our technique is to bound this multiple integration formula for higher deriva-
tives of the score independent of the ambient dimension d, which will be crucial for obtaining iteration
complexity bounds that only depend on the effective radius R of the distribution. More precisely, the
bound on the effective radius allows us to bound expectations of the form E[

Q
r4

j=1hX(kj), X(lj)i]
pointwise and expectations of the form E[

Q
r3

j=1hy,X(ii)i] with high probability by dimension-
independent quantities, from which we can deduce bounds on the left-hand side of Lemma 7 via
applications of Cauchy-Schwarz (see Lemma 19). Leveraging these formulas, we arrive at our first
key technical ingredient, a bound on the higher-order time derivatives of the score:
Lemma 8. If q satisfies Assumption 1, (yt)t is a solution to (1), and y0 ⇠ qT , then the kth derivative
of the vector field along the probability flow ODE is bounded as

��@k

t
(yt +r log qt(yt))

��
p,1 . R

✓
74k

�2
t

◆k ✓R

�t

+ (kp)1/2
◆2k

Note that these bounds are singly exponential in the order of the derivative and scale with (R/�t)k.
If these derivative bounds held pointwise, then we could simply appeal to the Taylor remainder
theorem to argue that the true score is well-approximated by a low-degree polynomial. But ultimately
Lemma 8 only offers a high-probability statement over the distribution induced by the true reverse
process. We will need to handle deviations from the true reverse process, which arise because the
sampler is initialized at Gaussian instead of the correct marginal, and because in each subsequent
window in which we apply collocation, the initialization is also slightly off from the correct marginal.

3.2 LOW-DEGREE APPROXIMATION ALONG THE ALGORITHM

To argue about low-degree approximation along the trajectory of the actual sampler, we will need to
argue that the posterior distribution from Lemma 7 is robust to perturbations to the conditioning.

Our key tool for doing so is the following coupling lemma:
Lemma 9 (Coupling). Let ỹ a random variable such that ky � ỹk  � for �  1

6(
p
d+
p

ln(1/"1))
.

Now consider the conditional distribution p(.|ỹ), where p(x, y) is the joint distribution of (Xt, yt),
for yt = Xt + ⇠, Xt =

p
1� �2

t
X̄ , X̄ ⇠ q0, and ⇠ ⇠ N(0,�2

t
I). Then, given T � t � 1, under the

event A1 defined in Equation (16), we have

TV (p(.|y), p(.|ỹ))  8�(
p
d+

p
ln(1/"1)) (5)

In particular, Inequality (5) holds with probability at least 1� "1.

Combining Lemmas 9 and 8, we obtain a bound on higher time derivatives of the score along the
reverse process when initialized at a distribution that is slightly off from the true marginal:
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Theorem 10. Let � 2 (0, 1). If q satisfies Assumption 1, and (ỹt)t is given by initializing the reverse
process at a distribution which is � W2-close to q0 and running the probability flow ODE. Then, for �
small enough (as rigorously characterized in Lemma 25), with probability at least 1 � � over the
randomness of the initialization, the kth derivative of the vector field along the probability flow ODE
is bounded at ỹt by

��@k

t
(ỹt +r log qt(ỹt))

��
1 . R

✓
k

�2
t

◆k ✓R

�t

◆2k

+ (k log(74kd/�))2k .

This theorem provides the theoretical underpinning for our approach. Because it is a high probability
bound over iterates of the actual sampler, we can now instantiate the aforementioned Taylor truncation
argument to get the desired low-degree approximation along the trajectory of the sampler itself, rather
than of the idealized reverse process. We will use this ingredient in conjunction with the technology
in Lee et al. (2018) to prove the following convergence bound for PICARD (Algorithm 1):

Proposition 11 (Informal, see Appendix). Let our score estimate be L̃ Lipschitz. Given that L̃��h 
1
2 , then for the correct backward probabiliy flow ODE yt and arbitrary x 2 C([t0, t0 + h],Rd),
��T �m

�
(y)� y

��
[t0,t0+h]

 2("ld + max
1jD

��scj (y(cj))� y(cj)�r log qcj (y(cj))
��) (1 + ��)h

kT �m
�

(x)� T �m
�

(y)k[t0,t0+h] 
1

2m
kx� yk[t0,t0+h] ,

where here k · k[a,b] denotes the sup norm over the interval [a, b], and "ld denotes the approximation
error (in sup norm) incurred by approximating the score function along the probability flow ODE
with a polynomial in the span of �. See section 2.3 for the definition of cj’s.

Note that the solver can only be run for time which scales inversely in the boundedness � of the
basis (recall Definition 5), which can be of constant order, and inversely in the Lipschitzness of the
vector field of the probability flow ODE. This is why we cannot directly use collocation to solve the
probability flow ODE in one shot. Nevertheless, the crucial point is that, as the second inequality
above suggests, the error incurred by PICARD is decreasing exponentially in the number of iterations,
modulo some additional error that needs to be carried around coming from low-degree approximation
and score estimation error.

We note that while the core idea for the Proposition is from Lee et al. (2018), one novelty of our
bound is that we account for score estimation error and show that the errors coming from that do not
compound exponentially over the Picard iterations. This will be essential in the sequel for keeping
our sampler sufficiently close to the true trajectory of the probability flow ODE.

4 CONVERGENCE OF THE SAMPLER

We now have all the necessary ingredients to prove our main result.

We first show how to get a sampler which is W2-close to q. An appealing feature of this guarantee
relative to our TV convergence guarantee is that 1) the requirement on the score estimation error is
far less stringent, and 2) it only involves running the algorithm COLLOCATIONDIFFUSION, i.e. no
postprocessing is needed on top of simply simulating the true reverse process using the ODE solver
of Lee et al. (2018) to implement discrete steps.
Theorem 12. Let "err � ", � > 0 and R � 1. Suppose q is a distribution satisfying Assumption 1
for parameters R,�. Given access to score estimates st satisfying Assumption 3, with probability at
least 1�O("(R/�)2) Algorithm 2 outputs samples from a distribution q̂ for which W2(q, q̂)  Õ(")
in Õ((R/�)2) number of rounds and Õ(1) number of Picard iterations per round.

Remark 13. Õ hides polylogarithmic factors in 1/", d, R. Furthermore, the assumption R � 1 is
only for simplifying the bounds. For the full theorem please see Appendix G.

Here we informally sketch the proof of this result, deferring the proof details to the Appendix. The
idea will be to try tracking the trajectory of the true probability flow ODE closely at all times and
successively running PICARD over small time windows.
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Suppose that up to some time t in the simulation of the reverse process, the iterate of the sampler
is distributed according to a distribution whose W2 distance from the true marginal is small. qt
Then consider trying to simulate the reverse process for another h time steps to approximate qT�t�h.
One can do this by simply running COLLOCATIONDIFFUSION, provided h is small enough, and
because the starting distribution is W2-close to the true marginal, the Taylor truncation argument
in conjunction with the bound on the higher-order derivatives of the vector field ensure that we can
safely invoke Proposition 11 and driving any error coming from the W2 discrepancy exponentially
quickly to zero, leaving behind a fixed amount of score estimation and polynomial approximation
error.

Note that the exponential contraction of the error from the W2 discrepancy is absolutely essential to
our result. It allows us to “reset” the amount by which we stray from the curve of the true reverse
process every time we run PICARD. Interestingly, this is reminiscent of a different recent approach to
analyzing the probability flow ODE by Chen et al. (2023b). In that work, the authors tried simulating
the ODE for short windows of time, appealing to a naive Wasserstein coupling argument in each of
those windows. In their setting, the Wasserstein couplings incur some error that they would like to
linearly, not exponentially, accumulate over the course of the sampler. The way to do this was to
effectively “restart” the Wasserstein coupling at the start of each new time window by injecting a
small amount of noise into the sampler.

Upgrading to total variation closeness. Finally, as a consequence of regularizing properties of
underdamped Langevin dynamics, our sampling guarantee in Wasserstein distance (Theorem 12) can
be converted into a guarantee in total variation distance using standard arguments Gupta et al. (2024);
Chen et al. (2024c):
Corollary 14. Let ", R,� > 0. Suppose q is a distribution satisfying Assumption 1 for parameters
R,� and thatr ln q is L-Lipschitz. Given access to score estimates st satisfying Assumption 3, with
"sc  Õ( "̃

2
L

1/4(R/�)1/2

d1/2 ), Algorithm 3 outputs samples from a distribution q̂ for which TV(q̂, q)  "

in Õ
�
(R/�)2

�
iterations.

In the high-accuracy regime, it might seem counterintuitive how one can so easily convert to closeness
in TV starting from closeness in Wasserstein, given that one has to run underdamped Langevin Monte
Carlo without any kind of Metropolis adjustment. The key idea is to simply run underdamped
Langevin for a shorter amount of time so that the bias coming from discretization is not too large. We
make this argument formal in Appendix H.2.

5 CONCLUSION

In this work, we gave a diffusion-based sampler for sampling from a wide class of distributions
that includes Gaussian mixtures as a special case, which both has iteration complexity which scales
logarithmically in 1/" (“high-accuracy”) and does not depend explicitly on the dimension but rather
on the effective radius of the distribution. The key technical step was to establish a bound on the
higher-order derivatives of the vector field of the probability flow ODE, which in turn allowed us to
approximate it by a low-degree polynomial. This approximation result made it possible to exploit a
variant of the collocation method, a fixed-point iteration for numerically solving ODEs, proposed
by Lee et al. (2018) which converges exponentially quickly to the true ODE solution if run over
sufficiently small time windows.

Our work has a few limitations that raise interesting questions for future study. Firstly, can we
somehow relax our assumption on the underlying distribution q? Instead of insisting that it is a noised
version of a distribution q0 whose support is compact, we could merely ask that q0 have bounded
moments. We could also ask for TV or KL convergence to q in a number of steps which scales only
logarithmically in 1/�, matching what is known in the low-accuracy regime Chen et al. (2023a);
Benton et al. (2023). Additionally, it would be interesting to understand whether other strategies for
high-accuracy sampling could be used in place of the collocation method that we studied here. For
instance, what if one simply ran the probability flow ODE with Euler discretization, but inserted
Metropolis adjustment steps after each iteration? Lastly, is the assumption that the score errors have
sub-exponential tails truly necessary? We strongly suspect that this is the case and conjecture a query
complexity lower bound of poly(1/") should hold if one only has L2-accurate but heavy-tailed score
estimation.

9



486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539

Under review as a conference paper at ICLR 2026

REFERENCES

Jason M Altschuler and Sinho Chewi. Faster high-accuracy log-concave sampling via algorithmic
warm starts. Journal of the ACM, 71(3):1–55, 2024.

Nima Anari, Yizhi Huang, Tianyu Liu, Thuy-Duong Vuong, Brian Xu, and Katherine Yu. Parallel
discrete sampling via continuous walks. In Proceedings of the 55th Annual ACM Symposium on
Theory of Computing, pp. 103–116, 2023.

Joe Benton, George Deligiannidis, and Arnaud Doucet. Error bounds for flow matching methods.
arXiv preprint arXiv:2305.16860, 2023.

Joe Benton, Valentin De Bortoli, Arnaud Doucet, and George Deligiannidis. Nearly d-linear con-
vergence bounds for diffusion models via stochastic localization. In The Twelfth International
Conference on Learning Representations, 2024.

Adam Block, Youssef Mroueh, and Alexander Rakhlin. Generative modeling with denoising auto-
encoders and Langevin sampling. arXiv preprint 2002.00107, 2022.

Haoxuan Chen, Yinuo Ren, Lexing Ying, and Grant Rotskoff. Accelerating diffusion models with
parallel sampling: Inference at sub-linear time complexity. Advances in Neural Information
Processing Systems, 37:133661–133709, 2024a.

Hongrui Chen, Holden Lee, and Jianfeng Lu. Improved analysis of score-based generative modeling:
User-friendly bounds under minimal smoothness assumptions. In International Conference on
Machine Learning, pp. 4735–4763. PMLR, 2023a.

Minshuo Chen, Song Mei, Jianqing Fan, and Mengdi Wang. An overview of diffusion models: Ap-
plications, guided generation, statistical rates and optimization. arXiv preprint arXiv:2404.07771,
2024b.

Sitan Chen, Sinho Chewi, Holden Lee, Yuanzhi Li, Jianfeng Lu, and Adil Salim. The probability flow
ODE is provably fast. In Thirty-seventh Conference on Neural Information Processing Systems,
2023b. URL https://openreview.net/forum?id=KD6MFeWSAd.

Sitan Chen, Sinho Chewi, Jerry Li, Yuanzhi Li, Adil Salim, and Anru R Zhang. Sampling is as easy
as learning the score: theory for diffusion models with minimal data assumptions. In International
Conference on Learning Representations, 2023c.

Sitan Chen, Giannis Daras, and Alex Dimakis. Restoration-degradation beyond linear diffusions:
A non-asymptotic analysis for ddim-type samplers. In International Conference on Machine
Learning, pp. 4462–4484. PMLR, 2023d.

Sitan Chen, Sinho Chewi, Holden Lee, Yuanzhi Li, Jianfeng Lu, and Adil Salim. The probability
flow ode is provably fast. Advances in Neural Information Processing Systems, 36, 2024c.

Yuansi Chen, Raaz Dwivedi, Martin J Wainwright, and Bin Yu. Fast mixing of metropolized
hamiltonian monte carlo: Benefits of multi-step gradients. Journal of Machine Learning Research,
21(92):1–72, 2020.

Sinho Chewi. Log-concave sampling. Book draft available at https://chewisinho. github. io, 2023.

Sinho Chewi, Chen Lu, Kwangjun Ahn, Xiang Cheng, Thibaut Le Gouic, and Philippe Rigollet.
Optimal dimension dependence of the metropolis-adjusted langevin algorithm. In Conference on
Learning Theory, pp. 1260–1300. PMLR, 2021.

Giovanni Conforti, Alain Durmus, and Marta Gentiloni Silveri. Score diffusion models without early
stopping: finite fisher information is all you need. arXiv preprint arXiv:2308.12240, 2023.

Valentin De Bortoli. Convergence of denoising diffusion models under the manifold hypothesis.
Transactions on Machine Learning Research, 2022.

10

https://openreview.net/forum?id=KD6MFeWSAd


540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593

Under review as a conference paper at ICLR 2026

Valentin De Bortoli, James Thornton, Jeremy Heng, and Arnaud Doucet. Diffusion Schrödinger
bridge with applications to score-based generative modeling. In M. Ranzato, A. Beygelzimer,
Y. Dauphin, P.S. Liang, and J. Wortman Vaughan (eds.), Advances in Neural Information Processing
Systems, volume 34, pp. 17695–17709. Curran Associates, Inc., 2021.

Prafulla Dhariwal and Alexander Nichol. Diffusion models beat GANs on image synthesis. In
M. Ranzato, A. Beygelzimer, Y. Dauphin, P.S. Liang, and J. Wortman Vaughan (eds.), Advances in
Neural Information Processing Systems, volume 34, pp. 8780–8794. Curran Associates, Inc., 2021.

Ilias Diakonikolas, Daniel M Kane, and Alistair Stewart. List-decodable robust mean estimation
and learning mixtures of spherical gaussians. In Proceedings of the 50th Annual ACM SIGACT
Symposium on Theory of Computing, pp. 1047–1060, 2018.

Raaz Dwivedi, Yuansi Chen, Martin J Wainwright, and Bin Yu. Log-concave sampling: Metropolis-
hastings algorithms are fast. Journal of Machine Learning Research, 20(183):1–42, 2019.

Khashayar Gatmiry, Jonathan Kelner, and Holden Lee. Learning mixtures of gaussians using diffusion
models. arXiv preprint arXiv:2404.18869, 2024.

Arnaud Guillin and Feng-Yu Wang. Degenerate fokker–planck equations: Bismut formula, gradient
estimate and harnack inequality. Journal of Differential Equations, 253(1):20–40, 2012.

Shivam Gupta, Aditya Parulekar, Eric Price, and Zhiyang Xun. Sample-efficient training for diffusion.
arXiv preprint arXiv:2311.13745, 2023.

Shivam Gupta, Linda Cai, and Sitan Chen. Faster diffusion-based sampling with randomized
midpoints: Sequential and parallel. arXiv preprint arXiv:2406.00924, 2024.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. Advances in
Neural Information Processing Systems, 33:6840–6851, 2020.

Samuel B Hopkins and Jerry Li. Mixture models, robustness, and sum of squares proofs. In
Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, pp. 1021–
1034, 2018.

Xunpeng Huang, Difan Zou, Hanze Dong, Zhang Zhang, Yian Ma, and Tong Zhang. Reverse
transition kernel: A flexible framework to accelerate diffusion inference. Advances in Neural
Information Processing Systems, 37:95515–95578, 2024a.

Zhihan Huang, Yuting Wei, and Yuxin Chen. Denoising diffusion probabilistic models are optimally
adaptive to unknown low dimensionality. arXiv preprint arXiv:2410.18784, 2024b.

Yuchen Jiao and Gen Li. Instance-dependent convergence theory for diffusion models. arXiv preprint
arXiv:2410.13738, 2024.

Pravesh K Kothari, Jacob Steinhardt, and David Steurer. Robust moment estimation and improved
clustering via sum of squares. In Proceedings of the 50th Annual ACM SIGACT Symposium on
Theory of Computing, pp. 1035–1046, 2018.

Holden Lee, Jianfeng Lu, and Yixin Tan. Convergence for score-based generative modeling with
polynomial complexity. Advances in Neural Information Processing Systems, 35:22870–22882,
2022.

Holden Lee, Jianfeng Lu, and Yixin Tan. Convergence of score-based generative modeling for general
data distributions. In International Conference on Algorithmic Learning Theory, pp. 946–985.
PMLR, 2023.

Yin Tat Lee, Zhao Song, and Santosh S Vempala. Algorithmic theory of odes and sampling from
well-conditioned logconcave densities. arXiv preprint arXiv:1812.06243, 2018.

Yin Tat Lee, Ruoqi Shen, and Kevin Tian. Logsmooth gradient concentration and tighter runtimes for
metropolized hamiltonian monte carlo. In Conference on learning theory, pp. 2565–2597. PMLR,
2020.

11



594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2026

Gen Li and Yuchen Jiao. Improved convergence rate for diffusion probabilistic models. In The
Thirteenth International Conference on Learning Representations, 2024.

Gen Li and Yuling Yan. Adapting to unknown low-dimensional structures in score-based diffusion
models. arXiv preprint arXiv:2405.14861, 2024a.

Gen Li and Yuling Yan. o(d/t) convergence theory for diffusion probabilistic models under minimal
assumptions, 2024b. URL https://arxiv.org/abs/2409.18959.

Gen Li, Yuting Wei, Yuxin Chen, and Yuejie Chi. Towards faster non-asymptotic convergence for
diffusion-based generative models. arXiv preprint arXiv:2306.09251, 2023.

Gen Li, Yu Huang, Timofey Efimov, Yuting Wei, Yuejie Chi, and Yuxin Chen. Accelerating
convergence of score-based diffusion models, provably. arXiv preprint arXiv:2403.03852, 2024a.

Gen Li, Yuting Wei, Yuejie Chi, and Yuxin Chen. A sharp convergence theory for the probability
flow odes of diffusion models. arXiv preprint arXiv:2408.02320, 2024b.

Gen Li, Changxiao Cai, and Yuting Wei. Dimension-free convergence of diffusion models for
approximate gaussian mixtures. arXiv preprint arXiv:2504.05300, 2025.

Jiadong Liang, Zhihan Huang, and Yuxin Chen. Low-dimensional adaptation of diffusion models:
convergence in total variation. arXiv preprint arXiv:2501.12982, 2025.

Allen Liu and Jerry Li. Clustering mixtures with almost optimal separation in polynomial time. In
Proceedings of the 54th Annual ACM SIGACT Symposium on Theory of Computing, pp. 1248–1261,
2022.

Xingchao Liu, Lemeng Wu, Mao Ye, and Qiang Liu. Let us build bridges: Understanding and
extending diffusion generative models. arXiv preprint arXiv:2208.14699, 2022.

Chenlin Meng, Yang Song, Wenzhe Li, and Stefano Ermon. Estimating high order gradients of
the data distribution by denoising. Advances in Neural Information Processing Systems, 34:
25359–25369, 2021.

Preetum Nakkiran, Arwen Bradley, Hattie Zhou, and Madhu Advani. Step-by-step diffusion: An
elementary tutorial. arXiv preprint arXiv:2406.08929, 2024.

Jakiw Pidstrigach. Score-based generative models detect manifolds. In S. Koyejo, S. Mohamed,
A. Agarwal, D. Belgrave, K. Cho, and A. Oh (eds.), Advances in Neural Information Processing
Systems, volume 35, pp. 35852–35865. Curran Associates, Inc., 2022.

Peter Potaptchik, Iskander Azangulov, and George Deligiannidis. Linear convergence of diffusion
models under the manifold hypothesis. arXiv preprint arXiv:2410.09046, 2024.

Andy Shih, Suneel Belkhale, Stefano Ermon, Dorsa Sadigh, and Nima Anari. Parallel sampling of
diffusion models. Advances in Neural Information Processing Systems, 36, 2024.

Jascha Sohl-Dickstein, Eric Weiss, Niru Maheswaranathan, and Surya Ganguli. Deep unsupervised
learning using nonequilibrium thermodynamics. In Francis Bach and David Blei (eds.), Proceedings
of the 32nd International Conference on Machine Learning, volume 37 of Proceedings of Machine
Learning Research, pp. 2256–2265, Lille, France, 7 2015. PMLR.

Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution.
In H. Wallach, H. Larochelle, A. Beygelzimer, F. d'Alché-Buc, E. Fox, and R. Garnett (eds.),
Advances in Neural Information Processing Systems, volume 32. Curran Associates, Inc., 2019.

Yang Song, Conor Durkan, Iain Murray, and Stefano Ermon. Maximum likelihood training of score-
based diffusion models. In M. Ranzato, A. Beygelzimer, Y. Dauphin, P.S. Liang, and J. Wortman
Vaughan (eds.), Advances in Neural Information Processing Systems, volume 34, pp. 1415–1428.
Curran Associates, Inc., 2021a.

Yang Song, Jascha Sohl-Dickstein, Diederik P. Kingma, Abhishek Kumar, Stefano Ermon, and Ben
Poole. Score-based generative modeling through stochastic differential equations. In International
Conference on Learning Representations, 2021b.

12

https://arxiv.org/abs/2409.18959


648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

Arash Vahdat, Karsten Kreis, and Jan Kautz. Score-based generative modeling in latent space. In
M. Ranzato, A. Beygelzimer, Y. Dauphin, P.S. Liang, and J. Wortman Vaughan (eds.), Advances in
Neural Information Processing Systems, volume 34, pp. 11287–11302. Curran Associates, Inc.,
2021.

Andre Wibisono and Kaylee Y. Yang. Convergence in KL divergence of the inexact Langevin
algorithm with application to score-based generative models. arXiv preprint 2211.01512, 2022.

Keru Wu, Scott Schmidler, and Yuansi Chen. Minimax mixing time of the metropolis-adjusted
langevin algorithm for log-concave sampling. Journal of Machine Learning Research, 23(270):
1–63, 2022.

13


	Introduction
	Our contributions
	Related work
	Roadmap

	Preliminaries and our algorithm
	Diffusion models
	A Fundamentally different view on discretization
	Collocation method
	Our algorithm

	Low-degree approximation of the score
	Low-degree approximation along the true reverse process
	Low-degree approximation along the algorithm

	Convergence of the sampler
	Conclusion
	Further related work
	Notation
	Derivative calculations
	Proof of Lemma 6
	Proof of Lemma 15
	Proof of Lemma 7
	Proof of Lemma 8

	Proof of Lemma 9
	Proof of Theorem 10
	Proof of Proposition 11
	Preliminaries

	Proof of Theorem 12
	Proof of Corollary 14
	Underdamped Langevin Monte Carlo
	Proof of Corollary 14

	Other Useful Estimates
	Upper estimates on the movement of the probability flow ODE


