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Abstract

Optimization models and decision frameworks have seen increased use of the
combination of multiple first-level learners using ensemble methods to improve
predictive performance. In this work, we cast stacking as a contextual optimization
problem, where a collection of T first-level learners {ht}Tt=1 serve as context,
a meta-learner estimates the target Y conditional on this context, and decisions
are selected to minimize the resulting conditional expected cost. We propose an
empirical residual-based sample average approximation (ER-SAA) pipeline that
incorporates the predictive uncertainty into the decision stage. Specifically, we
(i) obtain out-of-sample first-level learners through cross-fitting, (ii) fit a meta-
learner and estimate a possibly heteroskedastic scale map, and (iii) add back
cross-fitted residuals as decision scenarios. This construction preserves stacking’s
modeling flexibility and at the same time aligns learning with the conditional
decision objective.

1 Introduction

Decision-making models and optimization approaches under uncertainty increasingly rely on multiple
first-level learners trained for the same predictive task but exhibiting different inductive biases and
error patterns. A widely used ensemble method to integrate these learners is stacking [Zhou, 2025],
where a meta-learner is trained on their outputs to enhance predictive performance [Wolpert, 1992,
Breiman, 1996, Smyth and Wolpert, 1997]. Yet, decision quality depends not only on point prediction
accuracy but also on how predictive uncertainty interacts with costs and operational constraints.
Relying solely on plug-in point estimates can obscure these interactions and ultimately lead to
suboptimal actions.

In this work, we propose to view stacking through the lens of contextual optimization. First-level
predictions form the context that informs a conditional decision problem. Instead of optimizing
at a single meta-prediction, we incorporate uncertainty from the stacked model to the downstream
optimizer. Specifically, we adopt the empirical residuals–based sample average approximation
(ER–SAA) method [Kannan et al., 2025], where cross-fitted residuals from the meta-learner are added
back as scenarios at decision time, optionally scaled by a learned map to reflect heteroskedasticity.
This preserves the modeling flexibility of stacking while exposing the optimization model to realistic,
context-dependent variation around the point prediction.

The classical stochastic optimization assumes a known distribution for the uncertainty and optimizes
the expected performance [Birge and Louveaux, 2011]; robust optimization protects against worst
cases within a specified uncertainty set [Ben-Tal and Nemirovski, 2002, Bertsimas et al., 2011];
distributionally robust optimization (DRO) optimizes over an ambiguity set of plausible distributions
and, with, e.g., Wasserstein balls that often yield tractability and finite-sample guarantees [Kuhn et al.,
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2024, Esfahani and Kuhn, 2018, Xie, 2021, Shen and Jiang, 2023, Chen et al., 2024]. The distribution
of uncertain parameters is typically treated as a single upstream object across these methods, and
they do not model or exploit how that distribution is constructed by combining multiple sources
(i.e., first-level learners). Recent works have begun to incorporate such combination structure into
optimization. For example, multi-source DRO calibrates ambiguity using per-source information (e.g.,
intersections of source-wise Wasserstein balls), and parametric fusion aggregates source moments into
one distribution [e.g., Rychener et al., 2024, Guo et al., 2024]. These methods bring source-awareness
into the uncertainty model, but they largely focus on how to robustify across sources rather than on
how the meta-learner’s learned residual uncertainty should drive downstream decisions.

We take a complementary perspective to the aforementioned methods. In particular, we consider the
first-level predictions as the decision context and use ER–SAA to convert residuals into decision
scenarios. This preserves stacking’s modeling flexibility and exposes the optimizer to decision-
relevant uncertainty (including heteroskedasticity). It can also be layered with DRO (e.g., ambiguity
sets around the residual distribution) when additional robustness is desired [Kannan et al., 2024].

Notation. We denote scalars in lightface, vectors in bold lowercase (e.g., u ∈ Rn), and matrices in
bold uppercase (e.g., A ∈ Rm×n). For N ∈ N, we have [N ] := {1, . . . , N}. Let Id denote the d× d
identity, 0 a zero vector (dimension clear from context). Random variables are uppercase (e.g., X,Y ),
and their realizations are lowercase (e.g., x,y). For a set Y , projY(·) denotes Euclidean projection.
Truth is marked by ∗ (e.g., f∗, Q∗) and estimators carry hats (e.g., f̂n, Q̂n).

2 Problem Description

We study a contextual optimization problem in which a decision is chosen after observing covariates.
Given X ∈ X ⊆ Rdx observed prior to the decision, our goal is to approximate the solution to

min
z∈Z

E [c(z, Y ) | X = x] , (1)

where z ∈ Z ⊆ Rdz is the decision, Y ∈ Y ⊆ Rdy collects the uncertain problem parameters, and
c(z, Y ) is a cost function. Ideally, for a newly observed context X = x, we would minimize (1)
under the ground-truth conditional distribution µY |x. However, µY |x is often unknown in practice,
and instead we observe a training sample Dn = {(xi, yi)}ni=1 of past contexts and outcomes.

Stacking representation. We model Y | X via stacking and treat stacked predictions as the context
that drives the conditional decision. Let ht : X → Rdy for t ∈ [T ] be first-level learners that produce
out-of-sample predictions from X . We use K-fold cross-fitting so that ht(x

i) is always computed
from a model that did not train on (xi, yi). We collect these into the stacked feature:

ζ := H(X) :=
[
h1(X)T, . . . , hT (X)T

]T ∈ RTdy . (2)

A meta-regression F ∗ : RTdy → Rdy captures the conditional mean, and a covariance-root map
Q∗ : RTdy → Rdy×dy captures (possibly heteroskedastic) dispersion. We posit

Y = F ∗(ζ) +Q∗(ζ) ϵ, E[ϵ] = 0, E[ϵϵT] = Idy
. (3)

with ϵ being independent of X . Thus, F ∗(ζ) = E[Y | ζ] and Q∗(ζ)Q∗(ζ)T = Cov(Y | ζ).

Decision risk at fixed meta-features. For any realization ζ as in (2), we define the induced decision
risk under (3) as

g(z; ζ) := E [c (z, F ∗(ζ) +Q∗(ζ)ϵ)] , (4)

where the expectation is taken with respect to ϵ. The contextual objective in (1) can then be written
as the plug-in problem minz∈Z g(z;H(x)).

Full-information SAA (FI-SAA). Suppose, hypothetically, that F ∗ and Q∗ are known. For each
training point i ∈ [n], we form the meta-features ζi := H(xi) and the pseudo-error

ϵi,∗ :=
[
Q∗(ζi)

]−1 (
yi − F ∗(ζi)

)
, i ∈ [n], (5)
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At any target ζ, the FI-SAA objective is

g∗n(z; ζ) :=
1

n

n∑
i=1

c
(
z, F ∗(ζ) +Q∗(ζ) ϵ i,∗) . (6)

where ϵi,∗ is defined in (5). Under standard SAA conditions, g∗n(·; ζ) converges uniformly to g(·; ζ)
on Z .

Estimation and residuals for ER-SAA. In practice, F ∗ and Q∗ are typically unknown. We obtain
cross-fitted first-level predictions ζ̂i, fit a meta-learner F̂n on (ζ̂i, yi), estimate a covariance-root Q̂n

on the residuals yi − F̂n(ζ̂
i), and compute cross-fitted empirical residuals

ϵ̂i :=
[
Q̂n(ζ̂

i)
]−1 (

yi − F̂n(ζ̂
i)
)
. (7)

Given a new context x with ζ̂ = Ĥ(x), ER-SAA constructs conditional scenarios F̂n(ζ̂) + Q̂n(ζ̂)ϵ̂
i

and solves the resulting SAA approximation to (1). The complete ER-SAA program is presented in
Section 3.

Assumptions. We summarize mild regularity conditions used for analysis. The convergence for
ER-SAA is presented in Appendix A.1.

A1 Problem regularity. X is compact; Y is nonempty, closed, and convex; Z is nonempty and
compact. For almost every ζ, g(z; ζ) in (4) is finite and lower semi-continuous in z. There
exists L : Z → R+ with supz∈Z L(z) <∞ such that |c(z,y′)−c(z,y)| ≤ L(z)∥y′−y∥
for all z ∈ Z , y,y′ ∈ Y . Under these conditions, the FI-SAA averages g∗n(·; ζ) converge to
g(·; ζ) uniformly on Z .

A2 Meta well-specification/approximation. Either (a) F ∗ ∈ F , or (b) F ∗ admits a best
L2(Pζ) projection onto F . Approximation error is tracked explicitly.

A3 Noise and scale. E[ϵ | X] = 0 and Cov(ϵ | X) = Idy
(hence also conditional on

ζ). In heteroscedastic settings, Q∗(ζ) ≻ 0 for all ζ with supζ ∥Q∗(ζ)∥ < ∞ and
supζ ∥[Q∗(ζ)]−1∥ <∞.

A4 Identifiability. For a chosen meta feature map ϕ : RTdy → Rp (e.g., ϕ(ζ) = ζ for linear
stacking), the Gram matrix E[ϕ(ζ)ϕ(ζ)T] is positive definite. Optional constraints such as
non-negativity or simplex weights can be imposed for interpretability.

A5 Estimation consistency. With K-fold cross-fitting for first-level and meta-learners,

sup
x∈X
∥ĥt,n(x)− ht(x)∥

p−→ 0 (∀t ∈ [T ]), sup
ζ
∥F̂n(ζ)− F ∗(ζ)∥ p−→ 0,

Q̂n(ζ) ≻ 0, sup
ζ
∥Q̂n(ζ)−Q∗(ζ)∥ p−→ 0, sup

ζ
∥[Q̂n(ζ)]

−1 − [Q∗(ζ)]−1∥ p−→ 0.

A6 Residual moments/tails. 1
n

∑n
i=1 ∥ϵi∥2

p−→ E∥ϵ∥2, with optional sub-Gaussian (or light-
tail) conditions for sharper concentration bounds.

3 ER-SAA for Stacked Predictions

We conduct the residual-incorporation approach introduced in Section 2. We first obtain out-of-
sample first-level predictions via cross-fitting and fit the meta-learner. Then, we extract cross-fitted
residuals and estimate a heteroskedasticity scale map. Finally, we add back residuals to the target
meta-features to create decision scenarios.

Cross-fitted first-level and meta training. Using the K-fold procedure in Algorithm 1, for each
fold j we fit first-level learners on D(−j) and compute out-of-sample first-level predictions for
(xi, yi) ∈ Dj :

ζi = H(−j)(x
i) :=

[
ĥ1,(−j)(x

i)T, . . . , ĥT,(−j)(x
i)T

]T
.

We collect D′ = {(ζi, yi)}ni=1, fit the meta-learner F̂n ∈ F on D′ and estimate a covariance-root
map Q̂n from the resulting residuals.
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Algorithm 1: Stacking with Cross-Fitted First-level Learners

Input: Data Dn = {(xi, yi)}; first-level algorithms {Lt}Tt=1; meta algorithm Lmeta.
1 Split into K folds {Dj}Kj=1.
2 for j = 1 to K do
3 Train ĥt,(−j) = Lt(D(−j)) for t ∈ [T ].
4 for (xi, yi) ∈ Dj do

5 ζi ←
[
ĥ1,(−j)(x

i)T, . . . , ĥT,(−j)(x
i)T

]T
.

6 Fit F̂n ← Lmeta

(
{(ζi, yi)}ni=1

)
.

7 Refit ĥt ← Lt(Dn) for t ∈ [T ].

8 Define Ĥ(x) :=
[
ĥ1(x)

T, . . . , ĥT (x)
T
]T

.

Output: F̂n(Ĥ(x)).

Cross-fitted residuals. For each i ∈ [n], we compute

ϵ̂i :=
[
Q̂n(ζ

i)
]−1 (

yi − F̂n(ζ
i)
)
. (8)

Cross-fitting ensures that ζi and hence the residual yi − F̂n(ζ
i) are evaluated out-of-sample with

respect to the base learners, mitigating overfitting in subsequent scenario construction.

Residual add back and scenario generation. Given a new context x, we form target meta-features
ζ̂ = Ĥ(x) and generate decision-relevant scenarios by adding back residuals to ζ̂:

ỹi(x) := F̂n(ζ̂) + Q̂n(ζ̂)ϵ̂
i, i ∈ [n]. (9)

Intuitively, ϵ̂i captures shape information of Y | ζ, while Q̂n(ζ̂) adapts its scale to the deployment
context.

Empirical residual-based SAA. We define the objective at meta-features ζ by

ĝER
n (z; ζ) :=

1

n

n∑
i=1

c
(
z,projY

(
ỹi(ζ)

))
. (10)

The projection projY is optional and only used if some ỹi(x) fall outside Y due to model misspecifi-
cation. Given x with ζ̂ = Ĥ(x), the ER-SAA value is

v̂ER
n (x) := min

z∈Z
ĝER
n (z; ζ̂). (11)

4 Conclusion and Discussion

We studied stacking through the lens of contextual stochastic programs. Rather than optimizing at
a single meta-prediction, we use ER-SAA to integrate the ensemble’s residual uncertainty to the
downstream decision making. This preserves stacking’s modeling flexibility while aligning learning
with the conditional decision objective.

In the future work, for computational experiments, we will compare stacking in ER-SAA with a
plug-in stacking (optimize at the meta-prediction) and a best single first-level learner. We will evaluate
each method’s decision cost relative to an FI-SAA oracle and compare their runtime. In addition, we
will further investigate placing an ambiguity set around the empirical residual distribution to stabilize
ER-SAA [Kannan et al., 2024].

Overall, stacking in ER-SAA offers a simple, solver-agnostic recipe to convert stacked predictions
into decision-relevant scenarios, aiming to improve operational performance precisely.
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A Technical Appendices and Supplementary Material

A.1 Consistency of ER-SAA

For a fixed meta-feature vector ζ, we define

v∗(ζ) := inf
z∈Z

g(z; ζ), S∗(ζ) := argmin
z∈Z

g(z; ζ),

and let v̂ER
n (ζ) and ŜER

n (ζ) denote the ER-SAA value and solution set. We use the deviation distance
D(A,B) := supa∈A infb∈B ∥a− b∥ for nonempty compact sets A,B ⊆ Rdz .

Proposition 1 (Uniform convergence of the ER-SAA objective) Suppose A1 and A3–A5 hold.
Then, for Pζ-almost every ζ,

sup
z∈Z

∣∣ĝER
n (z; ζ)− g(z; ζ)

∣∣ p−→ 0. (12)

Let g∗n be the full-information SAA in (6). By the decomposition supz |ĝER
n − g| ≤ supz |ĝER

n −
g∗n|+ supz |g∗n − g|, the second term vanishes by standard SAA uniform convergence under A1. The
first term is bounded via the Lipschitz in y property in A1 and the mean deviation between adding
back residual scenarios and the FI scenarios. This deviation goes to zero by consistency of (F̂n, Q̂n)
and stability of residuals under A3–A5.

Theorem 1 (Value and solution consistency at fixed ζ) Under the assumptions of Proposition 1,

v̂ER
n (ζ)

p−→ v∗(ζ), D
(
ŜER
n (ζ), S∗(ζ)

)
p−→ 0, sup

z∈ŜER
n (ζ)

g(z; ζ)
p−→ v∗(ζ). (13)

We combine Proposition 1 with standard argmin continuity on compact Z (the proof follows Theorem
1 in Kannan et al. [2025]). In homoscedastic settings (Q∗ ≡ I), heteroscedasticity-specific conditions
are unnecessary.

Corollary 1 (Deployed consistency with ζ̂ = Ĥ(x)) If, in addition, supx∈X ∥Ĥ(x)−H(x)∥ p−→ 0
(implied by A5), then for PX -almost every x,

sup
z∈Z

∣∣∣ĝER
n (z; Ĥ(x))− g(z;H(x))

∣∣∣ p−→ 0,

and consequently v̂ER
n (x)

p−→ v∗(x) and D(ŜER
n (x), S∗(x))

p−→ 0.

We apply Proposition 1 at ζ = H(x) and use the continuous mapping argument with Ĥ(x) →
H(x) uniformly. The Lipschitz bound from A1 transfers uniform convergence from fixed ζ to the
deployed map Ĥ(·), while consistency of (F̂n, Q̂n) and residual stability (A3–A5) ensures scenario
perturbations vanish (the proof follows Proposition EC.1 in Kannan et al. [2025]).
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