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Abstract

In this work, we aim to characterize the statistical complexity of realizable regres-
sion both in the PAC learning setting and the online learning setting.

Previous work had established the sufficiency of finiteness of the fat shattering di-
mension for PAC learnability and the necessity of finiteness of the scaled Natarajan
dimension, but little progress had been made towards a more complete character-
ization since the work of Simon (SICOMP ’97). To this end, we first introduce
a minimax instance optimal learner for realizable regression and propose a novel
dimension that both qualitatively and quantitatively characterizes which classes of
real-valued predictors are learnable. We then identify a combinatorial dimension
related to the Graph dimension that characterizes ERM learnability in the realizable
setting. Finally, we establish a necessary condition for learnability based on a
combinatorial dimension related to the DS dimension, and conjecture that it may
also be sufficient in this context.

Additionally, in the context of online learning we provide a dimension that charac-
terizes the minimax instance optimal cumulative loss up to a constant factor and
design an optimal online learner for realizable regression, thus resolving an open
question raised by Daskalakis and Golowich in STOC *22.

1 Introduction

Real-valued regression is one of the most fundamental and well-studied problems in statistics and
data science [ s s ], with numerous applications in domains such as economics
and medicine [ ]. However, despite its significance and applicability, theoretical understanding
of the statistical complexity of real-valued regression is still lacking.

Perhaps surprisingly, in the fundamental realizable Probably Approximately Correct (PAC) setting
[ ] and the realizable online setting [ . ], we do not know of any characterizing
dimension or optimal learners for the regression task. This comes in sharp contrast with binary and
multiclass classification, both in the offline and the online settings, where the situation is much more
clear [ s ) s s s s s s ]. Our goal
in this work is to make progress regarding the following important question:
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Which dimensions characterize PAC and online learnability for realizable real-valued regression?

Consider an instance space X', label space ) = [0, 1] and hypothesis class H C [0, 1]*. In this work,
we focus on the case of the regression framework with respect to the absolute loss (z,y) £ |z — y|
for any z,y € [0, 1], following previous works [BLW94, Sim97, ABDCBH97, BL98, DG22]. Our
qualitative results hold for more general losses, namely any approximate pseudo-metric loss, which
includes common losses such as £, for any p > 1. See the formal statements in Appendix H.

PAC/Offline Realizable Regression. Let us first recall the definition of realizable real-valued
regression in the PAC setting. Informally, the learner is given i.i.d. labeled examples drawn from an
unknown distribution D with the promise that there exists a target hypothesis h* € H that perfectly
labels the data. The goal is to use this training set to design a predictor with small error on future
examples from the same distribution. Note that given a learner A and sample S ~ D™, we let A(S; )
be its prediction on x € X when the training set is .S.

Definition 1 (PAC Realizable Regression). Let ¢ : [0,1]*> — R be the absolute loss function.
Consider a class H C [0,1]* for some domain X. Let h* € H be an unknown target function and
let Dy be an unknown distribution on X. A random sample S of size n consists of points x1, ..., Ty
drawn i.i.d. from Dy and the corresponding values h*(x1), ..., h*(x,,) of the target function.

e An algorithm A : (X x [0,1])" — [0,1]* is an n-sample PAC learner for H with respect
to (if, forall 0 < £,6 < 1, there exists n = n(e, ) € N such that for any h* € H and any
domain distribution Dy, it holds that E,.p ., [((A(S; x), h*(x))] < e, with probability at
least 1 — 6 over S ~ DY.

e Analgorithm A : (X x [0,1]))" — [0, 1] is an n-sample cut-off PAC learner for H with
respect to { if, for all 0 < ,8,~v < 1, there exists n = n(e,d,7y) € N such that for any
h* € H and any domain distribution Dy, it holds that Pr,,.p, [((A(S;z), h*(x)) > 7] <
€, with probability at least 1 —  over S ~ DY..

We remark that these two PAC learning definitions are qualitatively equivalent (cf. Lemma 1). We
note that, throughout the paper, we implicitly assume, as e.g., in [HKS19], that all hypothesis classes
are admissible in the sense that they satisfy mild measure-theoretic conditions, such as those specified
in [DKLD84] (Section 10.3.1) or [Pol12] (Appendix C).

The question we would like to understand in this setting (and was raised by [Sim97]) follows:

Question 1. Can we characterize learnability and design minimax optimal PAC learners for realiz-
able regression?

Traditionally, in the context of statistical learning a minimax optimal learner A* is one
that, for every class H, given an error parameter £ and a confidence parameter § requires
min 4 maxp M 4(H; e, 6, D) samples to achieve it, where M 4(H; &, §, D) is the number of samples
that some learner A requires to achieve error € with confidence § when the data-generating distribution
is D. There seems to be some inconsistency in the literature about realizable regression, where some
works present minimax optimal learners when the maximum is also taken over the hypothesis class
H, i.e., ming maxp 3 Ma(H,¢,0, D). This is a weaker result compared to ours, since it shows that
there exists some hypothesis class for which these learners are optimal.

Our main results in this setting, together with the uniform convergence results from prior work, give
rise to an interesting landscape of realizable PAC learning that is depicted in Figure 1.

Online Realizable Regression. We next shift our attention to the classical setting of online learning
where the learner interacts with the adversary over a sequence of T rounds: in every round the
adversary presents an example x; € X, the learner predicts a label ; and then the adversary reveals
the correct label y;. In this context, realizability means that there always exists some function
h: € H that perfectly explains the examples and the labels that the adversary has chosen. In the
agnostic setting, the goal of the learner is to compete with the performance of the best function
in H, i.e., achieve small regret. This setting was introduced by [Lit88] in the context of binary
classification, where they also characterized learnability in the realizable setting and provided an
optimal algorithm. Later, [BDPSS09] provided an almost optimal algorithm in the agnostic setting,
which suffered from an additional log T factor in its regret bound. This extra factor was later shaved
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Figure 1: Landscape of Realizable PAC Regression: the “deleted” arrows mean that the implication
is not true. The equivalence between finite fat-shattering dimension and the uniform convergence
property is known even in the realizable case (see [SSSSS10]) and the fact that PAC learnability
requires finite scaled Natarajan dimension is proved in [Sim97]. The properties of the other three
dimensions (scaled Graph dimension, scaled One-Inclusion-Graph (OIG) dimension, and scaled
Daniely-Shalev Shwartz (DS) dimension) are shown in this work. We further conjecture that finite
scaled Natajaran dimension is not sufficient for PAC learning, while finite scaled DS does suffice.
Interestingly, we observe that the notions of uniform convergence, learnability by any ERM and PAC
learnability are separated in realizable regression.

by [ABED " 21]. The study of multiclass online classification was initiated by [DSBDSS15], who
provided an optimal algorithm for the realizable setting and an algorithm that is suboptimal by
a factor of log k - log T in the agnostic setting, where k is the total number of labels. Recently,
[RST23] shaved off the log k factor. The problem of online regression differs significantly from that
of online classification, since the loss function is not binary. The agnostic online regression setting
has received a lot of attention and there is a series of works that provides optimal minimax guarantees
[RST10, RS14, RST15b, RST15a, BDR21].

To the best of our knowledge, the realizable setting has received much less attention. A notable excep-
tion is the work of [DG22] that focuses on realizable online regression using proper' learners. They
provide an optimal regret bound with respect to the sequential fat-shattering dimension. However, as
they mention in their work (cf. Examples | and 2), this dimension does not characterize the optimal
cumulative loss bound.

Interestingly, Daskalakis and Golowich [DG22] leave the question of providing a dimension that
characterizes online realizable regression open. In our work, we resolve this question by providing
upper and lower bounds for the cumulative loss of the learner that are tight up to a constant factor of
2 using a novel combinatorial dimension that is related to (scaled) Littlestone trees (cf. Definition 13).
Formally, the setting of realizable online regression is defined as follows:

Definition 2 (Online Realizable Regression). Let ¢ : [0,1]> — Rxq be a loss function. Consider
a class H C [0,1]% for some domain X. The realizable online regression setting over T rounds
consists of the following interaction between the learner and the adversary:

* The adversary presents x; € X.
o The learner predicts §; € [0, 1], possibly using randomization.

* The adversary reveals the true label y; € [0, 1] with the constraint that 3h} € H,¥T <
t,h(zr) = y;.

* The learner suffers loss {(Yz, y7).
The goal of the learner is to minimize its expected cumulative loss € = E [EtE[T] L(Ge,yr) |-

We remark that in the definition of the cumulative loss €7, the expectation is over the randomness of
the algorithm (which is the only stochastic aspect of the online setting). As we explained before, the
main question we study in this setting is the following:

'A learner is proper when the predictions 7; can be realized by some function h; € H.



Question 2. Can we characterize the optimal cumulative loss and design optimal online learners for
realizable regression?

Our main result in this setting provides a dimension that characterizes the optimal cumulative loss up
to a factor of 2 and provides an algorithm that achieves this bound.

1.1 Related Work

Our work makes progress towards the characterization of realizable regression both in the offline
and online settings. Similar results are known for the more studied settings of binary and mul-
ticlass (PAC/online) classification [Lit88, HLW94, BEHWS89, Hanl6, DSS14, BCD 22, Nat89,
DSBDSS15, RBR09, BLM20, RST23, ABED 21, HKLM22, KKMV23, BGH"23]. The funda-
mental works of [BLW94, Sim97, ABDCBHO97, BLL98] study the question of PAC learnability for the
regression task. However, none of them characterizes learnability in the realizable setting. [Sim97]
showed that finiteness of scaled Natarajan dimension is necessary for realizable PAC regression.
[BLO8] employed the one-inclusion graph (OIG) algorithm to get a real-valued predictor whose
expected error is upper bounded by the V,-dimension, whose finiteness is sufficient but not necessary
for realizable learnability in this setting. We refer to [KS23] for details about this dimension which
was introduced in [ABDCBH97]. [ABDCBHY97] showed that finiteness of the fat shattering dimen-
sion at all scales is equivalent to PAC learnability in the agnostic setting. Nevertheless, this does
not hold in the realizable case as Example | demonstrates. Similarly, the work of [BLW94] shows
that fat shattering dimension characterizes the regression task when the labels are corrupted by noise.
Recently, the concurrent and independent work of [AACSZ23] provides high-probability bounds for
the one-inclusion graph algorithm in the realizable PAC regression setting using the V,,-dimension.
We underline that this dimension does not characterize realizable regression. For more general losses,
see [Men02, BBMO5].

In the area of online regression, the work of [D(G22] studies the realizable setting of online regression
with the absolute loss (as we do) and presents a randomized proper learning algorithm which achieves
a near-optimal cumulative loss in terms of the sequential fat-shattering dimension of the hypothesis
class. We emphasize that this dimension does not tightly capture this setting and, hence, does
not address the question that we study. In particular, the lower bound they provide is related to
the unimprovability of a bound concerning the sequential fat-shattering dimension and does not
tightly capture the complexity of the problem. In the more general agnostic case, regret bounds
have been obtained in the work of [RST15a], using the sequential fat-shattering dimension and
sequential covering numbers. These quantities are also not tight in the realizable setting. See
also [RS14, RST15b, RST17]. Moreover, regression oracles have been used in contextual bandits
problems, see [FR20, SL.X22] for further details.

Our characterization (cf. Theorem 2) for the offline setting via the OIG algorithm [HLW94] is further
motivated by the work of [MHS22], where they propose a dimension of similar flavor for adversarially
robust PAC learnability. We mention that recently the OIG algorithm has received a lot of attention
from the statistical learning theory community [AACSZ22, BHM 21, KVK22, SMB22, AHHM?22,
CP22]. Finally, for a small sample of works that deal with offline and online regression problems, see
[BDGR22, Gol21, AH22, HKS19, Shel7, MKFI22] and the references therein.

2 PAC Learnability for Realizable Regression

In this section, we present various combinatorial dimensions that provide necessary or sufficient
conditions for learnability of real-valued functions. All the definitions that we consider have a similar
flavor. We first define what it means for a class H to “shatter” a set of n points and then we define the
dimension to be equal to the cardinality of the largest set that H can shatter. Moreover, since we are
considering real-valued learning, these dimensions are parameterized by a scaling factor v € (0, 1)
which should be interpreted as the distance that we can get to the optimal function. We start with the
standard notion of projection of a class to a set of unlabeled examples.

Definition 3 (Projection of H to S). Given S = {x1,...,x,} € X", the projection of H C Y to
SisH|s = {(h(x1),..., h(zyn)) : h € H}.

Furthermore, we say that a labeled sample S € (X' x [0, 1])" is realizable with respect to H if there
exists h € H such that h(x;) = y;, Vi € [n].



2.1 ~-Fat Shattering Dimension

Perhaps the most well-known dimension in the real-valued learning setting is the fat shattering
dimension that was introduced in [KS94]. Its definition is inspired by the pseudo-dimension [Pol90]
and it is, essentially, a scaled version of it.

Definition 4 (v-Fat Shattering Dimension [KS94]). Let H C [0, 1]X . We say that a sample S € X"
is y-fat shattered by H if there exist sy, ..., S, € [0,1]™ such that for all b € {0,1}™ there exists
hy € H such that:

o hy(x;) > s; + 7, Vi € [n] such that b; = 1.

o hy(x;) < s; — 7, Vi € [n] such that b; = 0.
The ~-fat shattering dimension fo‘“ is defined to be the maximum size of a y-fat shattered set.

In the realizable setting, finiteness of the fat-shattering dimension (at all scales) is sufficient for
learnability and it is equivalent to uniform convergence” [B1.W94]. However, the next example shows
that it is not a necessary condition for learnability. This comes in contrast to the agnostic case for
real-valued functions, in which learnability and uniform convergence are equivalent for all .

Example 1 (Realizable Learnability # Finite Fat-Shattering Dimension, see Section 6 in [BLW94]).
Consider a class H C [0, 1] where each hypothesis is uniquely identifiable by a single example, i.e.,
forany x € X and any f,g € H we have that f(x) # g(x), unless f = g. Concretely, for every d €
N, let {Sj}0<j<d—1 be a partition of X and define Hyq = {hb07~--7bd—1 :b;€4{0,1},0<i<d— 1} ,

where

Forany~y < 1/4, Dgﬂt (Ha) = d, since for a set of points x, . .. ,x4—1 € X such that each x ; belongs
t0S5,0 < j < d—1, Hq contains all possible patterns of values above 3/4 and below 1/4. Indeed,
it is not hard to verify that for any j € {0,...,d — 1} if we consider any h' = hy,, 3, | € Ha
with b; = 1 we have I (x;) > 3/4. Similarly, if b; = 0 then it holds that h'(x;) < 1/4. Hence,
ID)f;It (UgenHMaq) = oo. Nevertheless, by just observing one example (x, h*(x)) any ERM learner finds
the exact labeling function h*.

We remark that this example already shows that the PAC learnability landscape of regression is quite
different from that of multiclass classification, where agnostic learning and realizable learning are
characterized by the same dimension [BCD " 22].

To summarize this subsection, the fat-shattering dimension is a natural way to quantify how well the
function class can interpolate (with gap ) some fixed function. Crucially, this interpolation contains
only inequalities (see Definition 4) and hence (at least intuitively) cannot be tight for the realizable
setting, where there exists some function that exactly labels the features. Example 1 gives a natural
example of a class with infinite fat-shattering dimension that can, nevertheless, be learned with a
single sample in the realizable setting.

2.2 ~-Natarajan Dimension

The ~-Natarajan dimension was introduced by [Sim97] and is inspired by the Natarajan dimension
[Nat89], which has been used to derive bounds in the multiclass classification setting. Before
explaining the y-Natarajan dimension, let us begin by reminding to the reader the standard Natarajan
dimension. We say that a set S = {x1, ..., x,, } of size n is Natarajan-shattered by a concept class
H C Y7 if there exist two functions f, g : S — Y so that f(z;) # g(=;) for all i € [n], and for all
b € {0,1}" there exists h € H such that h(x;) = f(x;) if b; = 1 and h(x;) = g(x;) if b; = 0. Note
that here we have equalities instead of inequalities (recall the fat-shattering case Definition 4).

From a geometric perspective (see [BCD ™ 22]), this means that the space H projected on the set
S contains the set {f(z1),g(x1)} X ... x {f(zn), g(x,)}. This set is "isomorphic" to the Boolean

Informally, uniform convergence means that for all distributions D, with high probability over the sample,
the error of all h € ‘H on the sample is close to their true population error.



hypercube of size n by mapping f(z;) to 1 and g(x;) to O for all i € [n]. This means that the
Natarajan dimension is essentially the size of the largest Boolean cube contained in .

[Sim97] defines the scaled analogue of the above dimension as follows.

Definition 5 (y-Natarajan Dimension [Sim97]). Let H C [0,1]*. We say that a set S € X™ is
~-Natarajan-shattered by H if there exist f,g : [n] — [0, 1] such that for every i € [n] we have

£(f (i), 9(i)) = 2, and
Hls D {f(1),g(1)} x ... x {f(n),g(n)}.

The ~y-Natarajan dimension ]D),ljat is defined to be the maximum size of a y-Natarajan-shattered set.

Intuitively, one should think of the y-Natarajan dimension as indicating the size of the largest Boolean
cube that is contained in #H. Essentially, every coordinate ¢ € [n] gets its own translation of the 0, 1
labels of the Boolean cube, with the requirement that these two labels are at least 2+ far from each
other. [Sim97] showed the following result, which states that finiteness of the Natarajan dimension at
all scales is a necessary condition for realizable PAC regression:

Informal Theorem 1 (Theorem 3.1 in [Sim97]). H C [0, 1] is PAC learnable in the realizable
regression setting only if]D),ljat(fH) < oo forally € (0,1).

Concluding these two subsections, we have explained the main known general results about realizable
offline regression: (i) finiteness of fat-shattering is sufficient but not necessary for PAC learning and
(ii) finiteness of scaled Natarajan is necessary for PAC learning.

2.3 ~-Graph Dimension

We are now ready to introduce the v-graph dimension, which is a relaxation of the definition of the
~-Natarajan dimension. To the best of our knowledge, it has not appeared in the literature before. Its
definition is inspired by its non-scaled analogue in multiclass classification [Nat89, DSS14].

Definition 6 (y-Graph Dimension). Let H C [0,1]%, ¢ : R? — [0, 1]. We say that a sample S € X™
is y-graph shattered by H if there exists f : [n] :— [0, 1] such that for all b € {0,1}" there exists
hy € H such that:

* hy(z;) = f(@),Vi € [n] such that b; = 0.
o Uhp(x;), f(2)) > v,Vi € [n] such that b; = 1.
The ~v-graph dimension Dg is defined to be the maximum size of a y-graph shattered set.

We mention that the asymmetry in the above definition is crucial. In particular, replacing the equality
hy(x;) = f(i) with £(hy(x;), f(i)) < ~ fails to capture the properties of the graph dimension.
Intuitively, the equality in the definition reflects the assumption of realizability, i.e., the guarantee
that there exists a hypothesis h* that exactly fits the labels. Before stating our main result, we can
collect some useful observations about this new combinatorial measure. In particular, we provide
examples inspired by [DSS 14, DSBDSS15] which show (i) that there exist gaps between different
ERM learners (see Example 3) and (ii) that any learning algorithm with a close to optimal sample
complexity must be improper (see Example 4).

Our first main result relates the scaled graph dimension with the learnability of any class H C [0, 1]
using a (worst case) ERM learner. This result is the scaled analogue of known multiclass results
[DSS14, DSBDSS15] but its proof for the upper bound follows a different path. For the formal
statement of our result and its full proof, we refer the reader to Appendix B.

Informal Theorem 2 (Informal, see Theorem 1). Any H C [0, 1 X is PAC learnable in the realizable
regression setting by a worst-case ERM learner if and only if D5 (H) < oo for all v € (0, 1).

Proof Sketch. The proof of the lower bound follows in a similar way as the lower bound regarding
learnability of binary hypothesis classes that have infinite VC dimension [VC71, BEHWS&9]. If H
has infinite y-graph dimension for some y € (0, 1), then for any n € N we can find a sequence of
n points x1, . . ., T, that are y-graph shattered by 4. Then, we can define a distribution D that puts
most of its mass on z 1, so if the learner observes n samples then with high probability it will not
observe at least half of the shattered points. By the definition of the «y-graph dimension this shows



that, with high probability, there exists at least one ERM learner that is y-far on at least half of these
points. The result follows by taking n — oo.

The most technically challenging part of our result is the upper bound. There are three main steps in
our approach. First, we argue that by introducing a “ghost” sample of size n on top of the training
sample, which is also of size n, we can bound the true error of any ERM learner on the distribution
by twice its error on the ghost sample. This requires a slightly more subtle treatment compared to the
argument of [BEHW89] for binary classification. The second step is to use a “random swaps” type of
argument in order to bound the performance of the ERM learner on the ghost sample as follows: we
“merge” these two samples by considering any realizable sequence .S of 2n points, we randomly swap
elements whose indices differ by n, and then we consider an ERM learner who gets trained on the
first n points. We can show that if such a learner does not make many mistakes on the unseen part of
the sequence, in expectation over the random swaps, then it has a small error on the true distribution.
The main advantage of this argument is that it allows us to bound the number of mistakes of such a
learner on the unseen part of the sequence without using any information about D. The last step of the
proof is where we diverge from the argument of [BEHW&9]. In order to show that this expectation is
small, we first map H to a partial concept class® H [AHHM?22], then we project 7 to the sequence
S, and finally we map # back to a total concept class by considering a disambiguation of it. Through

these steps, we can show that there will be at most (Qn)O(DS (#) log(2n)) many different functions in
this “projected” class. Then, we can argue that, with high probability, any ERM learner who sees the
first half of the sequence makes, in expectation over the random swaps, a small number of mistakes on

the second half of the sequence. Finally, we can take a union bound over all the (2n)O(D$(H) log(2n))
possible such learners to conclude the proof.

2.4 ~-One-Inclusion Graph Dimension

In this section, we provide a minimax optimal learner for realizable PAC regression. We first review
a fundamental construction which is a crucial ingredient in the design of our learner, namely the
one-inclusion (hyper)graph (OIG) algorithm A®C for a class H C V¥ [HL.W94, RBR09, DSS 14,
BCD™22]. This algorithm gets as input a training set (z1,y1), ..., (n, yn ) realizable by H and an
additional example x. The goal is to predict the label of z. Let S = {z1, ..., z,, 2}. The idea is to
construct the one-inclusion graph G%S induced by the pair (S, ). The node set V' of this graph

corresponds to the set H|g (projection of H to S) and, so, V' C Y+ For the binary classification
case, two vertices are connected with an edge if they differ in exactly one element z of the n + 1
points in S. For the case where ) is discrete and || > 2, the hyperedge is generalized accordingly.

Definition 7 (One-Inclusion Hypergraph [HLW94, RBR09, BCD " 22]). Consider the set [n] and
a hypothesis class H C Y. We define a graph G%IG = (V, E) such that V. = H. Consider a
direction i € [n] and a mapping f : [n| \ {t} — Y. We introduce the hyperedge e; f = {h € V :
h(§) = f(4), Vj € [n] \ {i}}. We define the edge set of GJ' to be the collection

E={es i€ lnl,f: I\ {i} = V,eis #0).

In the regression setting, having created the one-inclusion graph with ) = [0, 1], the goal is to orient
the edges; the crucial property is that “good” orientations of this graph yield learning algorithms with
low error. An orientation is good if the maximum out-degree of the graph is small (cf. Definition 8).
Informally, if the maximum out-degree of any node is M, then we can create a predictor whose
expected error rate is at most M /(n + 1). Note that in the above discussion we have not addressed
the issue that we deal with regression tasks and not classification and, hence, some notion of scale is
required in the definition of the out-degree.

Intuitively, the set S that induces the vertices H|g of the OIG consists of the features of the training
examples {21, ..., 2, } and the test point z. Hence, each edge of the OIG should be thought of as
the set of all potential labels of the test point that are realizable by H, so it corresponds to the set
of all possible meaningful predictions for z. An orientation o maps every edge e to a vertex v € e
and, hence, it is equivalent to the prediction of a learning algorithm. We can now formally define the
notion of an orientation and the scaled out-degree.

3For an introduction to partial concept classes and their disambiguations we refer the reader to Appendix B.1.



Definition 8 (Orientation and Scaled Out-Degree). Let v € [0,1],n € N,H C [0,1]". An
orientation of the one-inclusion graph G’%IG = (V,E) is amapping o : E — V so that o(e) € e for
any e € E. Let o;(e) € [0, 1] denote the i-th entry of the orientation.

For avertexv € V, corresponding to some hypothesis h € H (see Definition 7), let v; be the i-th entry
of v, which corresponds to h(i). The (scaled) out-degree of a vertex v under o is outdeg(v; o,v) =
i € [n] : l(oi(ein),vi) > v} The maximum (scaled) out-degree of o is outdeg(c,vy) =
max,cy outdeg(v; o, 7).

Finally, we introduce the following novel dimension in the context of real-valued regression. An
analogous dimension was proposed in the context of learning under adversarial robustness [MHS22].

Definition 9 (v-OIG Dimension). Consider a class H C [0,1]* and let v € [0, 1]. We define the
~-one-inclusion graph dimension ]D)SIG of H as follows:

ID),CY)IG (H) = sup{n € N: 3S € X" such that 3 finite subgraph G = (V, E) OfG’%IlS = Vo, En)
such that ¥ orientations o, Jv € V, where outdeg(v;o,v) > n/3}.

We define the dimension to be infinite if the supremum is not attained by a finite n.

In words, it is the largest n € N (potentially co) such that there exists an (unlabeled) sequence S of
length n with the property that no matter how one orients some finite subgraph of the one-inclusion
graph, there is always some vertex for which at least 1/3 of its coordinates are y-different from the
labels of the edges that are attached to this vertex. We remark that the hypothesis class in Example 1
has 7-OIG dimension equal to O(1). Moreover, a finite fat-shattering dimension of hypothesis class
implies a finite OIG dimension of roughly the same size (see Appendix C). We also mention that the
above dimension satisfies the “finite character” property and the remaining criteria that dimensions
should satisfy according to [BDHM ™ 19] (see Appendix F). As our main result in this section, we
show that any class H is learnable if and only if this dimension is finite and we design an (almost)
optimal learner for it.

Informal Theorem 3 (Informal, see Theorem 2). Any H C [0, 1] is PAC learnable in the realizable
regression setting if and only lf]D)SIG(’H) < oo forally € (0,1).

The formal statement and its full proof are postponed to Appendix C.

Proof Sketch. We start with the lower bound. As we explained before, orientations of the one-
inclusion graph are, in some sense, equivalent to learning algorithms. Therefore, if this dimension is
infinite for some v > 0, then for any n € N, there are no orientations with small maximum out-degree.
Thus, for any learner we can construct some distribution D under which it makes a prediction that is
~-far from the correct one with constant probability, which means that H is not PAC learnable.

Let us now describe the proof of the converse direction, which consists of several steps. First,
notice that the finiteness of this dimension provides good orientations for finite subgraphs of the one-
inclusion graph. Using the compactness theorem of first-order logic, we can extend them to a good
orientation of the whole, potentially infinite, one-inclusion graph. This step gives us a weak learner
with the following property: for any given +y there is some ng € N so that, with high probability
over the training set, when it is given ng examples as its training set it makes mistakes that are of
order at least v on a randomly drawn point from D with probability at most 1/3. The next step is
to boost the performance of this weak learner. This is done using the “median-boosting” technique
[Kég03] (cf. Algorithm 2) which guarantees that after a small number of iterations we can create an
ensemble of weak learners such that, a prediction rule according to their (weighted) median will not
make any ~y-mistakes on the training set. However, this is not sufficient to prove that the ensemble of
these learners has small loss on the distribution D. This is done by establishing sample compression
schemes that have small length. Essentially, such schemes consist of a compression function £ which
takes as input a training set and outputs a subset of it, and a reconstruction function p which takes as
input the output of x and returns a predictor whose error on every point of the training set S' is at most
~. Extending the arguments of [LW86] from the binary setting to the real-valued setting we show
that the existence of such a scheme whose compression function returns a set of “small” cardinality
implies generalization properties of the underlying learning rule. Finally, we show that our weak
learner combined with the boosting procedure admit such a sample compression scheme.

Before proceeding to the next section, one could naturally ask whether there is a natural property of
the concept class that implies finiteness of the scaled OIG dimension. The work of [Men02] provides



a sufficient and natural condition that implies finiteness of our complexity measure. In particular,
Mendelson shows that classes that contain functions with bounded oscillation (as defined in [Men02])
have finite fat-shattering dimension. This implies that the class is learnable in the agnostic setting
and hence is also learnable in the realizable setting. As a result, the OIG-based dimension is also
finite. So, bounded oscillations are a general property that guarantees that the finiteness of OIG-based
dimension and fat-shattering dimension coincide. We also mention that deriving bounds for the
OIG-dimension for interesting families of functions is an important yet non-trivial question.

2.5 ~-DS Dimension

So far we have identified a dimension (cf. Definition 9) that characterizes the PAC learnability of
realizable regression. However, it might not be easy to calculate it in some settings. Our goal in
this section is to introduce a relaxation of this definition which we conjecture that also characterizes
learnability in this context. This new dimension is inspired by the DS dimension, a combinatorial
dimension defined by Daniely and Shalev-Shwartz in [DSS14]. In a recent breakthrough result,
[BCD™22] showed that the DS dimension characterizes multiclass learnability (with a possibly
unbounded number of labels and the 0-1 loss). We introduce a scaled version of the DS dimension.
To this end, we first define the notion of a scaled pseudo-cube.

Definition 10 (Scaled Pseudo-Cube). Lety € [0,1]. A class H C [0, 1]% is called a ~-pseudo-cube
of dimension d if it is non-empty, finite and, for any f € H and direction i € [d), the hyper-edge
eif ={9 € H:g9(j) = f(j) Vi€ ldl,i# j} satisfies |e; s| > 1 and £(g1(i), g2(2)) > v for any
91,92 € € 1,91 7 g2

Pseudo-cubes can be seen as a relaxation of the notion of a Boolean cube (which should be intuitively
related with the Natarajan dimension) and were a crucial tool in the proof of [BCD22]. In our
setting, scaled pseudo-cubes will give us the following combinatorial dimension.

Definition 11 (y-DS Dimension). Let H C [0,1]*. A set S € X™ is y-DS shattered if H|s contains
an n-dimensional y-pseudo-cube. The v-DS dimension ]D),I?S is the maximum size of a y-DS-shattered
set.

Extending the ideas from the multiclass classification setting, we show that the scaled-DS dimension
is necessary for realizable PAC regression. Simon (Section 6, [Sim97]) left as an open direction to
“obtain supplementary lower bounds [for realizable regression] (perhaps completely unrelated to the
combinatorial or Natarajan dimension)”. Our next result is a novel contribution to this direction.

Informal Theorem 4 (Informal, see Theorem 3). Any H C [0, 1] is PAC learnable in the realizable
regression setting only zf]D),]?S(H) < oo forally € (0,1).

The proof is postponed to Appendix D. We believe that finiteness of ]DES(’H) is also a sufficient

condition for realizable regression. However, the approach of [BCD22] that establishes a similar
result in the setting of multiclass classification does not extend trivially to the regression setting.

Conjecture 1 (Finite y-DS is Sufficient). Let H C [0,1]*. If DS (H) < oo for all v € (0,1), then
‘H is PAC learnable in the realizable regression setting.

3 Online Learnability for Realizable Regression

In this section we will provide our main result regarding realizable online regression. Littlestone
trees have been the workhorse of online classification problems [Lit88]. First, we provide a definition
for scaled Littlestone trees.

Definition 12 (Scaled Littlestone Tree). A scaled Littlestone tree of depth d < oo is a complete
binary tree of depth d defined as a collection of nodes
U {l‘u ceX:ue {O, 1}6} = {l‘@} U {Z‘o,ﬂ?l} U {.1300,1)01,.%‘10,3311} U...
0<t<d
and real-valued gaps

U {% €[0,1] s u € {0, 1}£} = {7} YU {7, 7} Y {v00,71,710, 711} U ...
0<t<d



such that for every path y € {0,1}% and finite n < d, there exists h € H so that h(zy_,) = sy_,.,
for 0 < £ < n, where sy_, ., is the label of the edge connecting the nodes x,_, and Ty and

€ (sy<e,05 Sy<e,1) = Yy<t -

In words, scaled Littlestone trees are complete binary trees whose nodes are points of X’ and the
two edges attached to every node are its potential classifications. An important quantity is the gap
between the two values of the edges. We define the online dimension D°™ () as follows.
Definition 13 (Online Dimension). Let H C [0,1]*. Let Ty be the space of all scaled Lit-
tlestone trees of depth d (cf. Definition 12) and T = UZO:O Tq. For any scaled tree T =
Uogégdep(T) {(xua'Yu) € (Xv [07 1]) HUAS {O’ 1}8} ’ let P(T) = {y = (yOa ---aydep(T)) Y €
{0,1}%)} be the set of all paths in T. The dimension D°™(H) is

dep(T)
D"(H) = sup inf . (1)
) Teg’yEP(T) ; T

In words, this dimension considers the tree that has the maximum sum of label gaps over its path with
the smallest such sum, among all the trees of arbitrary depth. Note that we are taking the supremum
(infimum) in case there is no tree (path) that achieves the optimal value. Providing a characterization
and a learner with optimal cumulative loss € for realizable online regression was left as an open
problem by [DG22]. We resolve this question (up to a factor of 2) by showing the following result.

Informal Theorem 5 (Informal, see Theorem 4). For any H C [0,1]¥ and e > 0, there exists a
deterministic learner with €, < D°™(H) + ¢ and any, potentially randomized, learner satisfies

Coo > D(H)/2 — e

The formal statement and the full proof of our results can be found in Appendix E. First, we underline
that this result holds when there is no bound on the number of rounds that the learner and the
adversary interact. This follows the same spirit as the results in the realizable binary and multiclass
classification settings [Lit88, DSBDSS15]. The dimension that characterizes the minimax optimal
cumulative loss for any given 7" follows by taking the supremum in Definition 13 over trees whose
depth is at most 7" and the proof follows in an identical way (note that even with finite fixed depth T'
the supremum is over infinitely many trees). Let us now give a sketch of our proofs.

Proof Sketch. The lower bound follows using similar arguments as in the classification setting: for
any € > 0, the adversary can create a scaled Littlestone tree 7 that achieves the sup inf bound, up to
an additive ¢. In the first round, the adversary presents the root of the tree . Then, no matter what the
learner picks the adversary can force error at least /2. The game is repeated on the new subtree. The
proof of the upper bound presents the main technical challenge to establish Theorem 4. The strategy
of the learner can be found in Algorithm 3. The key insight in the proof is that, due to realizability,
we can show that in every round ¢ there is some y; € [0, 1] the learner can predict so that, no matter
what the adversary picks as the true label y;, the online dimension of the class under the extra
restriction that h(z;) = y7, i.e, the updated version space V.= {h € H : h(z,) = y*, 1 < 1 < t},
will decrease by ¢(y;, 3;). Thus, under this strategy of the learner, the adversary can only distribute
up to D°"!(H) across all the rounds of the interaction. We explain how the learner can find such a 7
and we handle technical issues that arise due to the fact that we are dealing with sup inf instead of
max min in the formal proof (cf. Appendix E).

4 Conclusion

In this work, we developed optimal learners for realizable regression in PAC learning and online
learning. Moreover, we identified combinatorial dimensions that characterize learnability in these
settings. We hope that our work can lead to simplified characterizations for these problems. We believe
that the main limitation of our work is that the OIG-based dimension we propose is more complicated
than the dimensions that have been proposed in the past, like the fat-shattering dimension (which,
as we explain, does not characterize learnability in the realizable regression setting). Nevertheless,
despite its complexity, this is the first dimension that characterizes learnability in the realizable
regression setting. More to that, our work leaves as an important next step to prove (or disprove) the
conjecture that the (combinatorial and simpler) v-DS dimension is qualitatively equivalent to the
~-OIG dimension. Another future direction, that is not directly related to this conjecture, is to better
understand the gap between the fat-shattering dimension and the OIG-based dimension.
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A Notation and Definitions
We first overview standard definitions about sample complexity in PAC learning.

PAC Sample Complexity. The realizable PAC sample complexity M(H; e, §) of H is defined as
;e,0) = inf 16,0 1
M(H;e,0) = inf Ma(H;e,0), (D

where the infimum is over all possible learning algorithms and M 4 (#; €, ) is the minimal integer
such that for any m > M4 (H;e,0), every distribution Dy on X, and, true target h* € H, the
expected loss E;p.. [((A(T)(x), h*(x))] of A is at most € with probability 1 — ¢ over the training
setT = {(z,h*(x)): x € S}, S ~ DY.

PAC Cut-Off Sample Complexity. We slightly overload the notation of the sample complexity
and we define
M(H;ff,(;,’y) :AIEI&MA(H;'Q&’Y)? (2)

where the infimum is over all possible learning algorithms and M 4 (#; €, 8, ) is the minimal integer
such that for any m > M 4(H;e, d, ), every distribution Dy on X, and, true target h* € H, the
expected cut-off loss Pry.p, [¢(A(T)(x), h*(x)) > 7] of A is at most ¢ with probability 1 — ¢ over
the training set 7' = {(z, h*(x)) : z € S}, S ~ D}

Lemma 1 (Equivalence Between Sample Complexities). For every ,8 € (0,1)? and every H C
[0, 1], where X is the input domain, it holds that

M(H; Ve, 5,VE) < M(H;e,8) < M(H;¢/2,5,2/2)

Proof. Let A be a learning algorithm. We will prove the statement for each fixed A and for each data-
generating distribution D, so the result follows by taking the infimum over the learning algorithms.

Assume that the cut-off sample complexity of A is M 4(H;e/2,,e/2). Then, with probability 1 — §
over the training sample S ~ D, for its expected loss it holds that

% € €\ €
xNEX[E(A(S,x),h (x))]<§+(1—72) 3 <e,
thus, M4 (H;e,0) < Ma(H;e/2,0,/2).

The other direction follows by using Markov’s inequality. In particular, if we have that with probability
at least 1 — § over S ~ D it holds that

E [((A(S;z),h"(z))] <e,

z~Dx

then Markov’s inequality gives us that

Pr [((A(S;z),h*(x)) = Ve] < Ve,

x~Dy

which shows that M 4 (H;e,8) > Ma(H; /2,0, /). O

ERM Sample Complexity. In the special case where A is the class ERM of all possible ERM
algorithms, i.e., algorithms that return a hypothesis whose sample error is exactly 0, we define the
ERM sample complexity as the number of samples required by the worst-case ERM algorithm, i.e.,

Merm(H;e,0) = sup Ma(H;e,0), (3)
A€ERM
and its cut-off analogue as
Merm(H;€,6,7) = sup Mua(H;e,6,7), 4)
A€ERM

B ~-Graph Dimension and ERM Learnability

In this section, we show that y-graph dimension determines the learnability of 7 C [0, 1] using any
ERM learner. We first revisit the notion of partial concept classes which will be useful for deriving
our algorithms.
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B.1 Partial Concept Classes and A Naive Approach that Fails

[AHHM?22] proposed an extension of the binary PAC model to handle partial concept classes, where
H C {0,1,x}%, for some input domain X', where h(z) = * should be thought of as h not knowing
the label of x € X. The main motivation behind their work is that partial classes allow one to
conveniently express data-dependent assumptions. As an intuitive example, a halfspace with margin
is a partial function that is undefined inside the forbidden margin and is a well-defined halfspace
outside the margin boundaries. Instead of dealing with concept classes 7 C )’ where each concept
h € H is a total function h : X — ), we study partial concept classes H C () U {*})X , where
each concept h is now a partial function and h(x) = x means that the function h is undefined at .
We define the support of & as the set supp(h) = {z € X' : h(z) # %}. Similarly as in the case of
total classes, we say that a finite sequence S = (z1, Y1, - . ., &n, Yn ) is realizable with respect to H if
there exists some h* € H such that h*(x;) = y;, Vi € [n].

An important notion related to partial concept classes is that of disambiguation.

Definition 14 (Disambiguation of Partial Concept Class [AHHM?22]). Let X' be an input domain.
A total concept class H C {0,1}¥ is a special type of a partial concept. Given some partial
concept class H C {0,1,%}* we say that H is a disambiguation of H if for any finite sequence
S € (X x {0,1})* if S is realizable with respect to H, then S is realizable with respect to H.

Intuitively, by disambiguating a partial concept class we convert it to a total concept class without
reducing its “expressivity”.

Let us first describe an approach to prove the upper bound, i.e., that if the scaled-graph dimension
is finite for all scales then the class is ERM learnable, that does not work. We could perform the
following transformation, inspired by the multiclass setting [DSS14]: for any h € H C [0, 1]¥, let us
consider the function h : X' x [0,1] — {0, 1} with h(z,y) = 1 if and only if h(x) =y, h(z,y) =0
if and only if £(h(z),y) > € and h(x, y) = % otherwise. This induces a new binary partial hypothesis

class H = {h : h € H} C {0,1,%}*. We note that D¢ () = VC(H). However, we cannot use
ERM for the partial concept class since in general this approach fails. In particular, a sufficient
condition for applying ERM is that VC({supp(h) : h € H)} < cc.

Remark 1. Predicting x in [AHHM?22] implies a mistake for the setting of partial concept classes.
However, in our regression setting, * is interpreted differently and corresponds to loss at most v
which is desirable. In particular, the hard instance for proper learners in the partial concepts paper
(see Proposition 4 in [AHHM?22]) is good in settings where predicting = does not count as a mistake,
as in our regression case.

B.2 Main Result

We are now ready to state the main result of this section. We will prove the next statement.

Theorem 1. Let £ be the absolute loss function. For every class H C [0, 1]¥ and for any €,8,~ €
(0,1)3, the sample complexity bound for realizable PAC regression by any ERM satisfies

N (Dsm) + log(1/6) DS (H) log(1/e) +1og(1/5)>
€ € '

) S MERM(H;Q’:\?&’Y) S 0] (

In particular, any ERM algorithm A achieves

E [0(A(S;z),h*(z)] < inf &}
%DX[( (S;2), (m)]_vg}m]w

(ng) + log(1 /5))

n
with probability at least 1 — 6 over S of size n.

Proof. We prove the upper bound and the lower bound of the statement separately.

Upper Bound for the ERM learner. We deal with the cut-off loss problem with parameters

(6,6,7) € (0,1)3. Our proof is based on a technique that uses a “ghost” sample to establish
generalization guarantees of the algorithm. Let us denote

erp,(h) £ Pr [0(h(z), h*(x)) > 1], (M
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and for a dataset z € (X x [0, 1])",

&Z,V(h)é‘—; > H(h(z),y) >} )

(z,y)ez

We will start by showing the next symmetrization lemma in our setting. Essentially, it bounds the
probability that there exists a bad ERM learner by the probability that there exists an ERM learner on
a sample r whose performance on a hidden sample s is bad. For a similar result, see Lemma 4.4 in
[AB99].

Lemma 2 (Symmetrization). Let e,y € (0,1)%,n > 0. Fix Z = X x [0, 1]. Let
Qeny={2z€Z":3heH e, (h) =0, erp,(h) > e} 3)
and
R, =A{(r,s) € Z" x Z" : 3h € H :erp(h) > ¢, €1, 4(h) =0, 5 4(h) >/2}.  (4)
Then, for n > c/e, where c is some absolute constant, we have that

D"(Q..,) < 2D*(R..,).

DIQ=2) By the definition of R, ., we can write

Proof. We will show that D*"(R. .,) >
D*™(R. ) = D"(s:3h € H,erp~(h) > ¢, 4(h) = 0,615 (h) >¢e/2)dD"(r).
Qe

Forr € Q. -, fix h, € H that satisfies ét, ~(h,) = 0, erp ~(h) > e. It suffices to show that for h,
D"(s:érs(hy) >e/2)>1/2.

Then, the proof of the lemma follows immediately. Since erp - (h,) > €, we know that n - €, (h)
follows a binomial distribution with probability of success on every try at least ¢ and n number of
tries. Thus, the multiplicative version of Chernoff’s bound gives us

D"(s: 6ts(hy) <g/2) <e 5 .
Thus, if n = ¢/e, for some appropriate absolute constant ¢ we see that
D"(s:érs(hy) <e/2) <1/2,

which concludes the proof. O

Next, we can use a random swap argument to upper bound D" (R, ) with a quantity that involves a
set of permutations over the sample of length 2n. The main idea behind the proof is to try to leverage
the fact that each of the labeled examples is as likely to occur among the first n examples or the last
n examples.

Following [AB99], we denote by T, the set of all permutations on {1,...,2n} that swap ¢ and
n + i, for all 4 that belongs to {1, ...,n} . In other words, forall 0 € T',, and i € {1,...,n} either
o(i) = t,0(n+1i) =n+ioro(i) =n-+i0o(n+i) =i Thus, we can think of o as acting
on coordinates where it (potentially) swaps one element from the first half of the sample with the
corresponding element on the second half of the sample. For some z € Z2" we overload the notation
and denote o (z) the effect of applying o to the sample z.

We are now ready to state the bound. Importantly, it shows that by (uniformly) randomly choosing
a permutation ¢ € I';, we can bound the probability that a sample falls into the bad set 1. , by a
quantity that does not depend on the distribution D.

Lemma 3 (Random Swaps; Adaptation of Lemma 4.5 in [AB99]). Fix Z = X x [0, 1]. Let R, ., be
any subset of Z*"™ and D any probability distribution on Z. Then

DQn(RE,'y) = z~]7332n UNE&”)[U(Z) €R.,] < ZIQ%L UNE(IIL”)[U(Z) € Re5],

where U(T',,) is the uniform distribution over the set of swapping permutations T',,.
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Proof. First, notice that the bound

K. UNE(I“FH)[U(Z) ER.,] < nax UNE(I*F")[U(z) €R.],

follows trivially and the maximum exists since Pr,.y(r,)[0(2) € R. ] takes finitely many values
for any finite n and all z € Z2". Thus, the bulk of the proof is to show that

2n _
D™(Rey) = z~%2" JNE(IILH)[U(Z) € Rc,].

First, notice that since example is drawn i.i.d., for any swapping permutation o € I',, we have that

D*(R.,) =D* ({2 € Z*" : 0(z) € Ry }) - %)
Thus, the following holds

D*™(R..) = / I{z € R. .} dD*"(z)

Z2n

- ﬁ Z /Zgn {o(2) € Rey}dD*"(2)

= /Zzn <|1—‘1n| Z o(z) € st}> dD*"(z)

ocel’'y,

E P € R..],
ZNDanNU(‘%n>["(’") el

where the first equation follows by definition, the second by Equation (5), the third because the
number of terms in the summation is finite, and the last one by definition. O

As a last step we can bound the above RHS by using all possible patterns when H is (roughly
speaking) projected in the sample rs € Z2".

Lemma 4 (Bounding the Bad Event). Fix Z = X x [0, 1]. Let R. ., C Z*" be the set
R, ={(r,s) € Z" x Z" :3h e H :ét,(h) =0, érs5(h) > e/2}.
Then

P R < (9 O(]DJG(?-L)log(Qn))2—na/2.
P lo(:) € ey < (20)0

Proof. Throughout the proof we fix z = (21, ..., z2,) € Z?", where 2z; = (x;,v;) = (@i, h*(x;))
andlet S = {xy, ..., 2, }. Consider the projection set H|s. We define a partial binary concept class
H' C {0,1,%}?" as follows:

h(z:) = yi, W(i) =0
H = B €{0,1,%}*" : 3h € H|s : Vi € [2n] { £(h(2:),9:) > 7, W) =1

Importantly, we note that, by definition, VC(H') < ]fo (H).

Currently, we have a partial binary concept class H’. As a next step, we would like to replace the
* symbols and essentially reduce the problem to a total concept class. This procedure is called
disambiguation (cf. Definition 14). The next key lemma shows that there exists a compact (in terms
of cardinality) disambiguation of a VC partial concept class for finite instance domains.

Lemma 5 (Compact Disambiguations, see [AHHM?22]). Let H be a partial concept class on a

finite instance domain X with VC(H) = d. Then there exists a disambiguation H of H with size
[H| = |x|Cdlog|XD),

This means that there exists a disambiguation H’ of H' of size at most

(2) 005 (W) log(2n)
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Since this (total) binary concept class is finite, we can apply the following union bound argument.
We have that o(z) € R if and only if some h € H satisfies
Lim {(@o): ¥o) > 73 o X A (@o i) Yomii) > 7}

0 >e/2.
n ’ n =

We can relate this event with an event about the disambiguated partial concept class H’ since the
number of 1’s can only increase. In particular, for any swapping permutation o of the 2n points, if
there exists a function in # that is correct on the first n points and is off by at least y on at least en /2
of the remaining n points, then there is a function in the disambiguation 7’ that is 0 on the first n
points and is 1 on those same en /2 of the remaining points.

If we fix some o € T',,, and some i/ € H then I’ is a witness that o/(z) € R. , only if Vi € [n] we do

not have that /(i) = 1, h/(i +n) = 1. Thus at least one of 1/(7), h’(n + ) must be zero. Moreover,
at least ne/2 entries must be non-zero. Thus, when we draw random swapping permutation the
probability that all the non-zero entries land on the second half of the sample sample is at most
2—7’1,8/2.

oMM (H

Crucially since the number of possible functions is at most [H'| < (2n) )108(21)) 3 union

bound gives us that

Pr [o(z) € R.,] < (2n)0(m$(y)1og(2n)) .9—ne/2
o~U(Tn) ,

Thus, since z € Z2" was arbitrary we have that

P < (2 O(DS (H) log(2n)) | 9—ne/2
max UU&)[U(Z) € R 5] < (2n)

This concludes the proof. O

Lower Bound for the ERM learner. Our next goal is to show that

DS (H) + log(1/6
Mprm(H;e,68,7) > Co - 7 (#H) EOg( / )

To this end, we will show that there exists an ERM learner satisfying this lower bound. This will
establish that the finiteness of y-graph dimension for any y € (0, 1), is necessary for PAC learnability
using a worst-case ERM. It suffices to show that there exists a bad ERM algorithm that requires

G
at least Cow samples to cut-off PAC learn #. First let us consider the case where

d = ]D)ff(’H) < oo and let S = {x1,....,x4} be a y-graph-shattered set by H with witness f.
Consider the ERM learner A that works as follows: Upon seeing a sample 7" C S consistent with f,
A returns a function A(T') that is equal to f; on elements of T and y-far from fo on S\ 7. Such a
function exists since S is y-graph-shattered with witness fj. Let us take § < 1/100 and ¢ < 1/12.
Define a distribution over S C X such that

Prizi] =1—-2¢, Pr[z;]=2¢/(d—-1), Vie{2,...,d}.

Let us set h* = fy and consider m samples {(2;, fo(2:)}ic[m). Since we work in the scaled PAC
model, A will make a y-error on all examples from .S which are not in the sample (since in that
case the output will be ~-far from the true label). Let us take m < d6 L. Then, the sample will
include at most (d — 1)/2 examples which are not 1 with probability 1/100, using Chernoff’s bound.
Conditioned on that event, this implies that the ERM learner will make a y-error with probability at

22 (d—1—951) = ¢, over the random draw of the test point. Thus, M4 (#; €, 8, 7) = Q(4=2).
Moreover, the probability that the sample will only contain 1 is (1 —2¢)™ > e %€ which is greater
that & whenever m < log(1/9)/(4e). This implies that the y-cut-off ERM sample complexity is
lower bounded by

d—1 log(1 DS (H) + log(1/6
e ’og(/é) _ ¢, 5 (H) g(/).
6e 2e €
Thus Mgrm(H; €, 0, 7), satisfies the desired bound when the dimension is finite. Finally, it remains
to claim about the case where ]DDS‘ (H) = oo for the given . We consider a sequence of ~y-graph-
shattered sets S,, with |S,;| = n and repeat the claim for the finite case. This will yield that for any n

the cut-off ERM sample complexity is lower bounded by Q((n + log(1/§))/e) and this yields that
MERM(H;5,5,’Y> =0 O
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However, as Example 4 shows, the optimal learner cannot be proper and as a result, this dimension
does not characterize PAC learnability for real-valued regression (there exist classes whose y-graph
dimension is infinite but are PAC learnable in the realizable regression setting).

C ~-OIG Dimension and Learnability

In this section we identify a dimension characterizing qualitatively and quantitatively what classes of
predictors H C [0, 1]X are PAC learnable and we provide PAC learners that achieve (almost) optimal
sample complexity. In particular, we show the following result.

Theorem 2. Let ¢ be the absolute loss function. For every class H C [0,1]* and for any €, 0, €
(0,1)3, the sample complexity bound for realizable PAC regression satisfies

]D)OIG H ]D)OIG H ]D)OIG H
Q(Z”)SM(H;&,(X*}/)ﬁO( 7 )log2 7 )Jrllogl).

€ € 5 )

In particular, there exists an algorithm A such that

E [((A(S;2),h*(x)] < inf 7+©

z~Dx ~v€[0,1]

n

<D$IG(H) + log(1 /5))

with probability at least 1 — § over S ~ D".

A finite fat-shattering dimension implies a finite OIG dimension. Let 7 C [0, 1] be a function

class with finite y-fat shattering dimension for any v > 0. We show that ID),CY)IG (F) is upper bounded
(up to constants and log factors) by ]D)iaj(}" ), for some ¢ > 0, where the OIG dimension is defined
with respect to the ¢; loss. Note that the opposite direction does not hold. Example 1 exhibits a

function class with an infinite fat-shattering dimension that can be learned with a single example,
and as a result, the OIG dimension has to be finite. On the one hand, we have an upper bound on the

sample complexity of O (1 (D&(F) log? 1 +1log4)), foranye,é € (0,1). See sections 19.6 and

20.4 about the restricted model in [AB99]. On the other hand, we prove in Lemma 6 a lower bound
OIG

on the sample complexity of £ (M), for any e € (0, 1), and so D9'%(F) is upper bounded by

fat
D2 (F) up to constants and log factors.

C.1 Proof of the Lower Bound
Lemma 6. [Lower Bound of PAC Regression] Let A be any learning algorithm and €, 6,~v € (0,1)3

such that § < €. Then,
]D)OIG H
Ma(H;e,6,7) > Q (275()> :

Proof. Let ng = DPI%(H). Letn € N,1 < n < ng. We know that for each such n there exists
some S € X™ such that the one-inclusion graph of #|g has the property that: there exists a finite
subgraph G = (V| E) of G%I‘S’ such that for any orientation o : 2 — V' of the subgraph, there exists

a vertex v € V with outdeg(v; 0, 2y) > DS (H) /3.

Given the learning algorithm A : (X x [0, 1])* x X — [0, 1], we can describe an orientation o 4 of the
edges in E. For any vertex v = (v1,...,v,) € V let P, be the distribution over (21, v1), ...., (Zn, Un)
defined as

Py((z1,01)) = 1 — &, Py((zs,01)) = % tel2,...,n}.

Let m = n/(2¢). For each vertex v € V' and direction ¢ € [n], consider the hyperedge e; ,,. For each

u € ey, we define
pi(u) = Pr [0(A(S;20),u) > V|(20,1) ¢ 51,

andlet C,, | = {u € e : pe(u) < 1/2}.If Ce, | = 0, we orient the edge e, arbitrarily. Since for
all u, v € e, the distributions P.)*, P/ conditioned on the event that (zy, u:), (z¢, v¢) respectively
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are not in S are the same, we can see that Vu,v € C., , it holds that £(u;,v;) < 2. We orient the

edge e; , using an arbitrary element of C, .

€t,v

Because of the previous discussion, we can bound from above the out-degree of all vertices v € V'
with respect to the orientation o 4 as follows:

outdeg(v;o4,2v) < ZH{Pt( >1/2} <1+ 22 Pr [C(A(S, 1), yt) > V|(ze,y) € 5]

t t=2
Notice that
Propr [{0(A(S, 2e), ) > v} A (e, ) ¢ S}
Pr [((A(S, x,), > v|(xy, S| = Y )
SNPJ"[ ( ( t) yt) 7'( t yt) ¢ ] PrSwPJ”[(xtayt) ¢ S]
and by the definition of P,, we have that

Pr () #51= (1-==7) 21—t

S~ n—1) — 2(n—1)’

since m = n/(2¢). Combining the above, we get that

n

outdeg(v;o4,27) <1+2 (1 - 2(nn_1)> Z [I{(A(S, z1) ye) > v} - H(we, ) & S},

t=2" "

and so

outdeg(v;o4,27) <1+2

Z I{L(A(S, e), i) > ’7}]

A(S, ), ye) > ’Y}]

E I{U(A(S: >,y>>m]

€ S~P |(=, y)~P

IN
[t
+
)

1”>n1 E Pr [Z(A(S;x),y)>v]}

=142
+ 2(n—1) €  S~Pr |(z,y)~P,

I
—
+
[\]
‘/\/\/:\/—\
B [
[\
N
3
|3
_
N—
N—— N— 7 N~
3
ol
_
[¥))
2
]
3

<1472 B | PGS0 > 1))

€ S~PP |(zy)~P,

By picking “hard” distribution D = P,«, where v* € arg max, ¢y outdeg(v’; o4, 27) we get that
that

B [ Pr [«A(S;x),y)w]z<outdeg<v*;o,4,2v>1)-

S~P™ | (z,y)~ Py n—2

> 2,
since outdeg(v*; 04, 27) > n/3. By picking n = ng we see that when the learner uses m = ng /e

samples then its expected error is at least £ /6. Notice that when the learner uses m’ = M 4(H; €, 6,7)
samples we have that

E [ Pr [((A(S;x),y) >7]} <04+ (1-0)e<d+e<2e.
SoPm’ [(@9)~P,s

Thus, we see that for any algorithm A

Ma(Hie,6.7) > O (ID’()G(”))

hence

DOIG
M(H;e,b,7) > Q <2‘”6(H)> .
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C.2 Proof of the Upper Bound

Let us present the upper bound. For this proof, we need three tools: we will provide a weak learner
based on the scaled one-inclusion graph, a boosting algorithm for real-valued functions, and consistent
sample compression schemes for real-valued functions.

To this end, we introduce the one-inclusion graph (OIG) algorithm ASIG for realizable regression at
scale .

C.2.1 Scaled One-Inclusion Graph Algorithm and Weak Learning

First, we show that every scaled orientation o of the one-inclusion graph gives rise to a learner A,
whose expected absolute loss is upper bounded by the maximum out-degree induced by o.

Lemma 7 (From Orientations to Learners). Let Dy be a distribution over X and h* € H C [0, 1]X,
letn € Nand~ € (0,1). Then, for any orientation o : E,, — V,, of the scaled-one-inclusion graph
GOIG (Viu, E), there exists a learner A, : (X x [0,1]))"~ — [0, 1), such that

max, ey, outdeg(v;o,7)

* <
G BB, @) @) > )| < : 7

where A, is trained using a sample S of size n — 1 realized by h*.

Algorithm 1 From orientation o to learner A,

Input: An #-realizable sample {(z;,;)}7_;" and a test point z € X, v € (0, 1).
Output: A prediction A, (z).

OIG

1. Create the one-inclusion graph GH‘( .
B1yertp_ 1,3

2. Consider the edge in direction n defined by the realizable sample {(z;, ;) }7=/'; let
e={hc€H|a, a0 12 Vi€ n—1h(i)=y}.

3. Return A, (z) = o(e)(n).

Proof. By the classical leave-one-out argument, we have that

E | Pr [((As(x),h"(z)) > v]} = B [{lhs(z),y) >} = E [{ehs: (@), y7) >},

S~Dyt [#~Dx (8,(z,y))~D" S/ ~Dm, I~U([n))

where hg is the predictor A, using the examples S, and U([n]) is the uniform distribution on
{1,...,n}. Now for every fixed S” we have that

outdeg(y'; o,
1B 05008) > ) = 32 (o081 > 7} = B0,

n

where 3’ is the node of the scaled OIG that corresponds to the true labeling of S’. By taking
expectation over S’ ~ D" we get that

max,ey, outdeg(v;,v)

outdeg(y'; o,
E [H{f(hs/ (), y7) >~} < S/PDH |: gy 'Y):| <

S’'~Dn,I~U([n]) n n

O

Equipped with the previous result, we are now ready to show that when the learner gets at least
]D)SIG (H) samples as its training set, then its expected y-cutoff loss is bounded away from 1/2.

Lemma 8 (Scaled OIG Guarantee (Weak Learner)). Let Dy be a distribution over X and h* € ‘H C
[0,1]%, and v € (0,1). Then, for all n > DG (H) there exists an orientation o* such that for the
prediction error of the one-inclusion graph algorithm AQIC : (X x [0,1])"~1 x X — [0,1], it holds
that

E Pr [((AQI(x),h*(z)) > ~]| < 1/3.
S~Dy~t [e~Dx
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Proof. Fix v € (0,1). Assume that n > D$"%(#) and let G%I‘g ., = (Va, Ey) be the possibly
infinite scaled one-inclusion graph. By the definition of the y-OIG dimension (see Definition 9), for
every finite subgraph G' = (V, E) of G%ﬁy , there exists an orientation ¢ : £ — V" such that for

every vertex in G the out-degree is at most n/3, i.e.,

VS € X",V finite G = (V, E) of G%S, 3 orientation o g s.t. Vv € V, it holds outdeg(v; og,v) < n/3.

First, we need to create an orientation of the whole (potentially infinite) one-inclusion graph.

We will create this orientation using the compactness theorem of first-order logic which states that a
set of formulas ® is satisfiable if and only if it is finitely satisfiable, i.e., every finite subset &’ C ®
is satisfiable. Let G%S = (Vy,, E,,) be the (potentially infinite) one-inclusion graph of H|s. Let Z

be the set of pairs z = (v,e) € V,, X E,, so that v € e. Our goal is to assign binary values to each
z € Z. We define the following sets of formulas:

» Foreache € E,, welet &, := Jexactlyonev € e : z(v,e) = 1.

* For each v € V,, we let ®, = Jatmostn/3differente; y € E, : v € e 5 A
(T €eiy:(z(v),e) =1 AL, v;) > 7))

It is not hard to see that each ®., ®,, can be expressed in first-order logic. Then, we define

()0 (0e)

Notice that an orientation of the edges of G%S is equivalent to picking an assignment of the elements

of Z that satisfies all the ®.. Moreover, notice that for such an assignment, if all the ®,, are satisfied
0OIG

then then maximum +-scaled out-degree of GH‘S is at most n/3.

We will now show that @ is finitely satisfiable. Let ®' be a finite subset of ® and let £ C E,,, V' C
Vi, be the set of edges, vertices that appear in ', respectively. If V/ = (), then we can orient the
edges in E’ arbitrarily and satisfy ®’. Similarly, if £’ = () we can let all the z(e, v) = 0 and satisfy

all the ®,,, v € V'. Thus, assume that both sets are non-empty. Consider the finite subgraph of G%g’

that is induced by V"’ and let E”' be the set of edges of this subgraph. For every edge ¢ € E’ \ E""*,
pick an arbitrary orientation, i.e, for exactly one v € e set z(e,v) = 1 and for the remaining v’ € e set
z(e,v") = 0. By the definition of D' (7) there is an orientation o g of the edges in E” such that
Vv € V'outdeg(v;opg»,v) < n/3. For every e € E” pick the assignment of all the z(v, e),v € e,
according to the orientation o g . Thus, because of the maximum out-degree property of o we
described before, we can also see that all the ®,,, v € V”, are satisfied. Hence, we have shown that ®
is finitely satisfiable, so it is satisfiable. This assignment on z(v, ¢) induces an orientation o* under
which all the vertices of the one-inclusion graph have out-degree at most n/3.

We will next use the orientation 0% of G| = (Vi,, En) to design alearner AQIS : (X' < [0,1])" " x
X — [0, 1], invoking Lemma 7. In particular, we get that, from Lemma 7 with the chosen orientation,

max,ecy, outdeg(v; o*, )

E Pr [K(AS*IG(x),h*(x))>'y] <

S~py ! [#~Dx n

<1/3,
which concludes the proof. O

C.2.2 Boosting Real-Valued Functions

Definition 15 (Weak Real-Valued Learner). Let { be a loss function. Let v € [0,1], B € (0, ),

and H C [0,1)*. For a distribution Dx over X and true target function h* € H, we say that
f:X —=[0,1] is (v, B)-weak learner with respect to Dx and h*, if

Pr [((/(). 1 (@) > ] < 5~ 5.

INDX

*Since the edges in E” are of finite length, we first need to map them to the appropriate edges in £’
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Following [HKS 19], we define the weighted median as

Zt 1 aely; <l 1
Zt 1% 2

Median(yy, ..., yr; 01, ..., q) = min{y] :

and the weighted quantiles, for 6 € [0,1/2], as

. adly;, <y 1
Q;(yl,...,yT;al,...,ozT):mln{y].Zt 1 oelly; t] —9}

Zt 1@t 2
T
_ _, ollly; > 1
Qe(yla-~-7yT§0417~-~,04T):maX yj:Zt_l jtw[y] yt]<§—0 5
Zt:l Q
and we let Q;_(x) = Qg_(hl(x),-.-,h/f(x);al,-.-,OKT),QQ_(x) -
Qg (hi(x),...,hr(x);0n,...,ar), where hi,...,hp,ai1,...,ap are the values returned

by Algorithm 2. The following guarantee holds for this procedure.

Lemma 9 (MedBoost guarantee [Kég03]). Let £ be the absolute loss and S = {(z;,y:)}™,
T= O( log(m )) Let hy,...,hp and a, . . ., ar be the functions and coefficients returned from
MedBoost. Forany i € {1,...,m} it holds that

max{ (Q0/2(:C2) 1) (Qo/z(xz) z>}<7

Algorithm 2 MedBoost [Kég03]

Input: S = {(z;,y:)} ;-
Parameters: v, 3, T
Initialize P; = Uniform(S).
Fort=1,...,T:

1. Find a (v, §)-weak learner h; with respect to (x;,y;) ~ P, using a subset S; C S.
2. Fore=1,....m
(@) Setw!” =1 = 20[(hy(z:),3:) > 7).
(1=) 0y Pe (o)1 [w” =1] )
(147) 21, Pelwey) [ wl=—1]

(b) Setay = ;1og<

(¢) < If oy = oo: return T copies of hy, (a1 = 1,...,ar = 1) and S;.
* Else: Piy1(xi,y:) = Pi(x;,y:) ex ( aww!) /Z;,  where Z, =
Yo Pelaj, y;) exp(—apw?).
Output: Functions Ay, ..., hr, coefficients a, ..., ar and sets Sq,...,S7.

C.2.3 Generalization via Sample Compression Schemes

Sample compression scheme is a classic technique for proving generalization bounds, introduced
by [LW8&6, FW95]. These bounds proved to be useful in numerous learning settings, such as
binary classiﬁcation [GHSTO5, MY 16, BHMZ20], multiclass classification [DSBDSS15, DSS14,
DMY 16, BCD™22], regression [HKS18, HKS19], active learning [WHEY 15], density estimation
[ABDH"20], adversarlally robust learning [MHS19, MHS20, MHS21, MHS22, AHM?22, AH22],
learning with partial concepts [AHHM?22], and showing Bayes-consistency for nearest-neighbor
methods [GKN14, KSW17]. As a matter of fact, compressibility and learnability are known to be
equivalent for general learning problems [DMY 16]. Another remarkable result by [M Y 16] showed
that VC classes enjoy a sample compression that is independent of the sample size.

We start with a formal definition of a sample compression scheme.

Definition 16 (Sample compression scheme). A pair of functions (k, p) is a sample compression
scheme of size { for class H if for any n € N, h € H and sample S = {(x;, h(z;))}}_,, it holds
for the compression function that x (S) C S and |k (S)| < ¢, and the reconstruction function

p(k(S)) = h satisfies h(x;) = h(z;) for any i € [n).
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We show a generalization bound that scales with the sample compression size. The proof follows
from [LW8&6].

Lemma 10 (Sample compression scheme generalization bound). Fix a margin y € [0, 1]. For any
k € N and fixed function ¢ : (X x [0,1))¥ — [0,1]*, for any distribution D over X x [0, 1] and
any m € N, for S = {(xi,Yi) }ie[m) i.i.d. D-distributed random variables, if there exist indices

U1y eyl € [m] such that Z(@y)es H{€(¢((zi17yi1)7 cey (CCLkvyzk))(x)ay) > ’Y} =0, then

3 ] 1k Jig 9 é .
o o MEO((in Yir)s oo (@i 1)) (@), 9) > 93] < o (klogm + log(1/0))
with probability at least 1 — § over S.
Proof. Let us define Zy(h;S) = ﬁz(zyy)esl{ﬁ(h(x),y) > v} and 4,(h;D) =

E(;y)~p [I{{(h(z),y) > ~}]. For any indices i1, ..., i, € [m], the probability of the bad event

SF’%',,L[Z’Y(¢((J:Z’1 ) yi1), ey (xik7yik)); S) =0A év((b((xiuyh)’ ) (mik’yik)); D) > E]
is at most
E |1{0,(6({(zi,,4i,)}jem); D) > e} Pr(ly(d({(xs;,yi,) biem): S\ (@i, 5i,) em) = O (i, 43, jepu]

<(1—g)mk

where the expectation is over (;,,%i,), .-, (%i,, i, ) and the inner probability is over S \
(%4,,Yi, ), - (2iy, Yi, ). Taking a union bound over all m* possible choices for the k indices, we get
that the bad event occurs with probability at most

mPexp(—e(m — k) <d=¢e= ﬁ(klogm +log(1/9)).

C.3 Putting it Together

We now have all the necessary ingredients in place to prove the upper bound of Theorem 2. First,
we use Lemma 8 on a sample of size ng = ]D)SIG (H) to obtain a learner which makes y-errors with

probability at most 1/3°. Then, we use the boosting algorithm we described (see Algorithm 2) to
obtain a learner that does not make any y-mistakes on the training set. Notice that the boosting
algorithm on its own does not provide any guarantees about the generalization error of the procedure.
This is obtained through the sample compression result we described in Appendix C.2.3. Since we
run the boosting algorithm for a few rounds on a sample whose size is small, we can provide a sample
compression scheme following the approach of [DMY 16, HKS19].

Lemma 11 (Upper Bound of PAC Regression). Let H C [0,1]* and ¢,6,~ € (0,1)3. Then,

DOIG DOIG
M(H;e,6,7) < O( TG log? X G +110g1> )

5 5 € 1)

Proof. Let n be the number of samples S = ((z1,41), - .., (Zn, yn)) that are available to the learner,
ng = ]D)SIG (H) and let A be the algorithm obtained from Lemma 8. We have that

E { Pr [((A(S;z),h*(x)) > ﬂ} <1/3.

SND}Oil z~Dx

This means that, for any distribution Dy and any labeling function h* € H we can draw a sample
S* = ((x1,91), -+ (®ng—1, Yno_, )) With non-zero probability such that

Pr [((A(S%0) 1) > ] < 5

3In expectation over the training set.
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Notice that such a classifier is a (y, 1/6)-weak learner (see Definition 15). Thus, by executing the
MedBoost algorithm (see Algorithm 2) for ' = O(log n) rounds we obtain a classifier 2 : X — R

such that, £(h(x;),y;) < v,¥i € [n]. We underline that the subset S; that is used in line 1 of
Algorithm 2 has size at most n, for all rounds ¢ € [T']. Thus, the total number of samples that is used
by MedBoost is at most O(ng log n). Hence, following the approach of [MY 16] we can encode the
classifiers produced by MedBoost as a compression set that consists of & = O(ng logn) samples
that were used to train the classifiers along with k log k extra bits that indicate their order. Thus, using
generalization based on sample compression scheme as in Lemma 10, we have that with probability
atleast 1 — 6 over S ~ D",

E _|{th(),y) >} <

(z,y)~D

C

e 2
T Tog(m) ("1 " 1080/

which means that for large enough n,

B [H{E(ﬁ(m),y) - WH <0 (no log? n N lOg(1/5)> .

(z,y)~D n n

Thus,

nglog?n N log(1/5)> .

n n

[z(h(x),y) > ﬂ <0 (

r
(z,y)~D

Hence, we can see that

DG (H) 5 DQIG(H) 1 1
e € € 1)

M(H;e,0,7) SO( " log

D ~-DS Dimension and Learnability

In this section, we will show that finiteness of y-DS dimension is necessary for PAC learning in the
realizable case.

Theorem 3. Let H C [0,1]%,¢,6,v € (0,1)3. Then,

_ DES(H) + log(1/6)
M(H,s,6,7)29< . ) )

Proof. Let d = DI (H). Then, there exists some S = (z1, ..., 24) € X? such that H|g contains
a 2y-pseudo-cube, which we call H'. By the definition of the scaled pseudo-cube, Vh € H',i € [d],
there is exactly one i’ € H' such that h(x;) = h/(z;),j # 4, and {(h(z;), b’ (2;)) > 2v. We pick
the target function hA* uniformly at random among the hypotheses of H’ and we set the marginal
distribution D of D as follows

Pr(zi)=1-2¢, Pr[z;]=2¢/(d—1), Vie{2,..,d}.

Consider m samples {(z;, h*(2;) }ien) drawn i.i.d. from D. Let us take m < “=1. Then, the sample
will include at most (d — 1)/2 examples which are not x; with probability 1/100, using Chernoff’s
bound. Let us call this event E. Conditioned on F, the posterior distribution of the unobserved
points is uniform among the vertices of the d/2-dimensional 2y-pseudo-cube. Thus, if the test
point z falls among the unobserved points, the learner will make a y-mistake with probability at
least 1/2. To see that, let § be the prediction of the learner on z. Since every hyperedge has size at
least 2 and all the vertices that are on the hyperedge differ by at least 2 in the direction of z, no
matter what ¥/ is the correct label y* is at least y-far from it. Since Pr[E] > 1/100, we can see that
Mu(H;e,6,7) = Q(g) Moreover, by the law of total probability there must exist a deterministic
choice of the target function h*, that could depend on .4, which satisfies the lower bound. For
the other part of the lower bound, notices the probability that the sample will only contain x; is
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(1 — 2e)™ > e~4*™ which is greater that § whenever m < log(1/)/(4¢). This implies that the
~-cut-off sample complexity is lower bounded by

log(1/9) } — G- DQDE(H) +log(1/9)

d
max {Ol . *,CQ .
e e e

Thus M 4(H; ¢, 6,), satisfies the desired bound when the dimension is finite. Finally, it remains
to claim about the case where D%S(’H,) = oo for the given . We consider a sequence of 2vy-DS

shattered sets S,, with |.S,,| = n and repeat the claim for the finite case. This will yield that for any
n the ~y-cut-off sample complexity is lower bounded by Q((n + log(1/d))/e) and this yields that
M(H;e,8,v) = oo. O

We further conjecture that this dimension is also sufficient for PAC learning.

Conjecture 2. A class H C (0,1)% is PAC learnable in the realizable regression setting with respect
to the absolute loss function if and only ifDl?S (H) < oo for any v € (0, 1).

We believe that there must exist a modification of the approach of [BCD ™ 22] that will be helpful in
settling the above conjecture.

Conjecture 3. There exists 1 C (0,1)” for which DN**(H) = 1forally € (0,1) but DPS(H) < oo
for some v € (0,1).

In particular, we believe that one can extend the construction of [BCD™22] (which uses various
tools from algebraic topology as a black-box) and obtain a hypothesis class # C [0, 1] that has
~-Natarajan dimension 1 but is not PAC learnable (it will have infinite v-DS dimension). This
construction though is not immediate and requires new ideas related to the works of [JS03, Osal3]

E Online Realizable Regression

In this section, we present our results regarding online realizable regression. The next result resolves
an open question of [DG22]. It provides an online learner with optimal (off by a factor of 2)
cumulative loss in realizable regression.

Theorem 4 (Optimal Cumulative Loss). Let H C [0, 1] and ¢ > 0. Then, there exists a deterministic
algorithm (Algorithm 3) whose cumulative loss in the realizable setting is bounded by D°™ (H) + €.
Conversely, for any € > 0, every deterministic algorithm in the realizable setting incurs loss at least

DO () /2~ e.

Algorithm 3 Scaled SOA
Parameters: {c;}, .

Initialize V1) = #.
Fort=1,...

1. Receive z; € X.

2. Forevery y € [0, 1], let V((xtt) y

y={h e VO h(z,) =y}
3. Let ; be an arbitrary label such that

pe! (‘/(S)a)) = sup Do (Vg)“) o

4. Predict ;.
5. Receive the true label y; and incur loss £(gy, y;).
6. Update VD = {h e V) : h(zy) =y} .

Proof. Let us begin with the upper bound. Assume that D°"' (%) < oco. Suppose we are pre-
dicting on the ¢-th point in the sequence and let V(!) be the version space so far, ie., V) =
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{h et V7 e[t—1],h(z;) =y,}. Letz,; be the next point to predict on. For each label y € R,
et VI = {he V® : h(z;) = y} From the definition of the dimension D°, we know that for

(zeyy) —
)) D (V((,f)y)) } :

()
all y,7" € R such that Vi) (Ii e 0,
Let 7; be an arbitrary label with D°"! (V((L) ﬂt)) > sup,, Den! (V((;) V)
sequence shrinking arbitrarily quickly in the number of rounds ¢. The learner predicts 7;. Assume

that the adversary picks y; as the true label and, so, the learner incurs loss £(%;, y;) at round t. Then,
has

D (V) > €y, y') + min{D (V)

(ze,y

) — &4, where &; is some

the updated version space V(i) )

Dot (Vitlan) < sup B (ViEL) ) < (Vi) + e,

(wtayt )

which implies

mln{Donl (V((wt) N )) et (V((;t)y:))} > penl (V((;)y;)) — &

This gives that
D (V) = (GG, y7) +min{D (VL) 0 (V) )
> 0 vi) + 0 (V) e

and, by re-arranging,

onl (t)
Do (VL

) SDVO) — LG y) + 1 (1

So every round reduces the dimension by at least the magnitude of the loss (minus ;). Notice that
ponl (Y (t+1)) = pon! (V(t) T))' Thus, by choosing the {¢;}, . sequence such that

(z¢,y;
/
E €t S g,
t

and summing up Equation (1) over all ¢ € N, we get a cumulative loss bound

> @ yr) <D(H) + €
t

Hence, we see that by taking the limit as €’ goes to 0 shows that the cumulative loss is upper bounded
by D°"(#). This analysis shows that Algorithm 3 achieves the cumulative loss bound D" (H) + &',
for arbitrarily small &’ > 0.

Let us continue with the lower bound. For any € > 0, we are going to prove that any deterministic
learner must incur cumulative loss at least D°™(#)/2 — . By the definition of D°"(#), for any
€ > 0, there exists a tree T; such that, for every path y,

Z%Kz = Donl (H) — 2e,

i.e., the sum of the gaps across the path is at least D°™(#) — 2e. The strategy of the adversary is
the following: in the first round, she presents the learner with the instance x; = zy. Then, no matter
what label ¢; the learner picks, the adversary can choose the label 47 so that |§1 — yF| > 7y /2. The
adversary can keep picking the instances z; based on the induced path of the choices of the true
labels {y;} . _, and the loss of the learner in every round ¢ is at least v, <; /2. Thus, summing up over
all the rounds as 1" — oo, we see that the total loss of the learner is at least

Donl (H)
2
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Remark 2 (Randomized Online Learners). We highlight that, unlike the setting of realizable online
classification, in the case of realizable online regression randomization does not seem to help

the learner (see also [FHMM?23]). In particular, the lower bound of DH) € holds even for

randomized learners. To see it, notice that for all distributions over D overz[O, 1] it holds that
max { B [((X, 1)), B [((X,c2)]} > ler,ca)/2.

Example 2 (Sequential Complexity Measures). Sequential fat-shattering dimension and sequen-
tial covering numbers are two standard combinatorial measures for regression in online settings
[RST15b, RST15a]. Note that Example I can be learned with 1 sample even in the online realizable
setting. Hence, Example | shows that sequential fat-shattering dimension fails to characterize online
realizable regression (since this dimension is at least as large as fat-shattering dimension which
is infinite in this example). Moreover, we know that sequential covering numbers and sequential
fat-shattering dimension are of the same order of magnitude and so they are also infinite in the case
of Example 1.

F Dimension and Finite Character Property

[BDHM ™ 19] gave a formal definition of the notion of “dimension” or “complexity measure”, that all
previously proposed dimensions in statistical learning theory comply with. In addition to characteriz-
ing learnability, a dimension should satisfy the finite character property:

Definition 17 (Finite Character [BDHM " 19]). A dimension characterizing learnability can be
abstracted as a function F' that maps a class H to NU {oc} and satisfies the finite character property:
for every d € N and H, the statement “F(H) > d” can be demonstrated by a finite set X C X
of domain points, and a finite set of hypotheses H C H. That is, “F(H) > d” is equivalent to
the existence of a bounded first order formula ¢(X, H) in which all the quantifiers are of the form:
dr e X,Vx € X or3h € H,Vh € H.

Claim 1. The scaled one-inclusion graph dimension DQIG('H) satisfies the finite character property.

Proof. To demonstrate that DO (7{) > d, it suffices to find a set S of n domain points and present
a finite subgraph G = (V, E) of the one-inclusion hypergraph induced by S where every orientation
o : E — V has out-degree at least n/3. Note that V' is, by definition, a finite collection of datasets
realizable by # and so this means that we can demonstrate that D°¢(?{) > d with a finite set of
domain points and a finite set of hypotheses. O

G Examples for Scaled Graph Dimension

These examples are adaptations from [DSS 14, DSBDSS15].

Example 3 (Large Gap Between ERM Learners). For every d € N, consider a domain Xy such that
|Xa| = d and Xq, Xy are disjoint for d # d'. For all d € N, let P(X4) denote the collection of all
finite and co-finite® subsets of X,. Let us fix v € (0,1). Consider a mapping f : UgenP(Xy) —
[0,1] such that f(Aq) € (v,1) foralld € N, Aq € P(Xy), and f(Aq) # f(AL) forall Ay #
Al Ag € P(Xy), Ay € P(Xy). Such a mapping exists due to the density of the reals. For any
de N A; C Xy letha,(x) = f(Aq) - I{x € Ay} and consider the scaled first Cantor class
Ha,y = {ha, : Aqg € P(Xa)}. We claim that DY (M, ) = 1 and that DS (Hx, ) = | X4| = d
since one can use fy for the y-graph shattering. Consider the following two ERM learners for the
scaled first Cantor class Hx, ~:

1. Whenever a sample of the form S = {(x;,0) }ic[n] is observed, the first algorithm outputs
hu{m};e[ : which minimizes the empirical error. If the sample contains a non-zero element,

the ERM learner identifies the correct hypothesis. The sample complexity of PAC learning is
Q(d).

2. The second algorithm either returns the all-zero function or identifies the correct hypothesis

if the sample contains a non-zero label. This is a good ERM learner AERM with sample

good
complexity m(e,8) = Llog () .

A set S C X, is co-finite if its complement S is finite.
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The construction that illustrates the poor performance of the first learner is exactly the same as in
the proof of the lower bound of Theorem 1. The second part of the example is formally shown in
Claim 2, which follows.

Claim 2 (Good ERM Learner). Let ¢,d € (0,1)2. Then, the good ERM learner of Example 3 has
sample complexity M(e, ) = % log (%)

Proof. Letd € N, Dy, be a distribution over Xz and i A be the labeling function. Consider a sample
S of length m. If the learner observes a value that is different from 0 among the labels in S, then
it will be able to infer h A and incur O error. On the other hand, if the learner returns the all zero
function its error can be bounded as

E [((ho(0),hay(@)] < Pr [vc AY.

I/\-/Dxd INDXd

Since in all the m = 1log (4) draws of the training set S there were no elements from A} we can
see that, with probability at least 1 — § over the draws of S it holds that

Pr [zec Aj] <e.

$NDXd

Thus, the algorithm satisfies the desired guarantees. O

The next example shows that no proper algorithm can be optimal in the realizable regression setting.

Example 4 (No Optimal PAC Learner Can be Proper). Let X; contain d elements and let v € (0, 1).
Consider the subclass of the scaled first Cantor class (see Example 3) with ’H:iﬁ ={ha: A€
P(Xy),|A| = |d/2]}. First, since this class is contained in the scaled first Cantor class, we can
employ the good ERM and learn it. However, this learner is improper since hy ¢ HZM. Then, no
proper algorithm is able to PAC learn ’Hgm using o(d) examples.

Proof. Suppose that an adversary chooses h 4 € ’Hgl’ -, uniformly at random and consider the distribu-
tion on Xy which is uniform on the complement of A, where | A| = O(d). Note that the error of every
hypothesis hp € H; ., is at least 7| B \ A[/d. Therefore, to return a hypothesis with small error, the
algorithm must recover a set that is almost disjoint from A and so recover A. However the size of A
implies that it cannot be done with o(d) examples.

Formally, fix g € Xgande € (0,1). Let A C X \ {xo} of size d/2. Let D4 be a distribution with
mass D4 ((zg, ha(zp))) = 1 — 16¢ and is uniform on the points {(x, ha(x)) : @ € A°}, where A°
is the complement of A (without xg).

Consider a proper learning algorithm .A. We will show that there is some algorithm-dependent set A,
so that when A is run on D4 with m = O(d/e), it outputs a hypothesis with error at least vy with
constant probability.

Pick A uniformly at random from all sets of size d/2 of Xy \ {xo}. Let Z be the random variable
that counts the number of samples in the m draws from D4 that are not (xg, ha(zo)). Standard
concentration bounds imply that with probability at least 1/2, the number of points from (X  \
{zo}) \ A is at most d/4. Conditioning on this event, A is a uniformly chosen random set of size d/2
that is chosen uniformly from all subsets of a set X’ C X with |X’| > 3d/4 (these points are not
present in the sample). Now assume that the learner returns a hypothesis hp, where B is a subset of
size d/2. Note that E[| B \ A|] > d/6. Hence there exists a set A such that with probability 1/2, it
holds that | B \ A| > d/6. This means that .4 incurs a loss of at least y on all points in B \ A and the
mass of each such point is (¢/d). Hence, in total, the learner will incur a loss of order - €. O

H Extension to More General Loss Functions

Our results can be extended to loss functions that satisfy approximate pseudo-metric axioms (see
e.g., [HKLM?22, CKWO08]). The main difference from metric losses is that we allow an approximate
triangle inequality instead of a strict inequality. Many natural loss functions are captured by this
definition, such as the well-studied £, losses for the regression setting. Abstractly, in this context, the
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label space’ is an abstract non-empty set ), equipped with a general loss function £ : Y? — Rx
satisfying the following property.

Definition 18 (Approximate Pseudo-Metric). For ¢ > 1, a loss function £ : Y* — Rxq is c-
approximate pseudo-metric if (i) {(z,x) = 0 for any x € Y, (ii) {(x,y) = L(y, z) forany z,y € ),
and, (iii) ¢ satisfies a c-approximate triangle inequality; for any yi,y2,ys € Y, it holds that
U(y1,y2) < c(ly1,ys3) + £(y2, y3))-

Furthermore, note that all dimensions for 7, DS (), D™ (), DPS(H), and DS™ (H) are defined
for loss functions satisfying Definition 18.

Next, we provide extensions of our main results for approximate pseudo-metric losses and provide
proof sketches for the extensions.

ERM Learnability for Approximate Pseudo-Metrics. For ERM learnability and losses satisfying
Definition 18, we can obtain the next result.

Theorem 5. Let ¢ be a loss function satisfying Definition 18. Then for every class H C Y%, H is
learnable by any ERM in the realizable PAC regression setting under { if and only if D?(H) < 00

forally € (0,1).

The proof of the upper bound and the lower bound follow in the exact same way as with the absolute
loss.

PAC Learnability for Approximate Pseudo-Metrics. As for PAC learning with approximate
pseudo-metric losses, we can derive the next statement.

Theorem 6. Let ¢ be a loss function satisfying Definition 18. Then every class H C Y~ is PAC
learnable in the realizable PAC regression setting under { if and only if ]D),(Y)IG(’H) < oo for any

v € (0,1).

Proof Sketch. We can generalize the upper bound in Theorem 2 for the scaled OIG dimension as
follows. One of the ingredients of the proof for the absolute loss is to construct a sample compression
scheme through the median boosting algorithm (cf. Algorithm 2). While the multiplicative update
rule is defined for any loss function, the median aggregation is no longer the right aggregation
for arbitrary (approximate) pseudo-metrics. However, for each such loss function, there exists an
aggregation such that the output value of the ensemble is within some cutoff value from the true label
for each example in the training set, which means that we have a sample compression scheme for
some cutoff loss. In particular, we show that by using weak learners with cutoff parameter v/(2¢),
where c is the approximation level of the triangle inequality, the aggregation of the base learners can
be expressed as a sample compression scheme for cutoff loss with parameter ~.

Indeed, running the boosting algorithm with (y/(2c), 1/6)-weak learners yields a set hq,..., hy
of weak predictors, with the property that for each training example (x,y), at least 2/3 of the
functions h; (as weighted by coefficients «;), 1 < ¢ < N, satisfy £(h;(x),y) < ~/(2¢). For any
z, let fz(m) be a value in ) such that at least 2/3 of h; (as weighted by «;), 1 < i < N, satisfy
0(hi(x), h(z)) < v/(2¢), if such a value exists, and otherwise /() is an arbitrary value in ). In

particular, note that on the training examples (x, y), the label y satisfies this property, and hence iL(L‘)
is defined by the first case. Thus, for any training example, there exists h; (indeed, at least 2/3 of

them) such that both £(h;(x),y) < v/(2¢) and £(h;(z), h(z)) < 7v/(2c) are satisfied, and therefore
we have

U(h(x),y) < cl(h(z), hi(x)) + L(hi(2),y)) < 7.

This function / can be expressed as a sample compression scheme of size O (Dg}gc) (H) log(m))
for cutoff loss with parameter ~: namely, it is purely defined by the h; functions, where each h; is

"We would like to mention that, in general, we do not require that the label space is bounded. In contrast, we
have to assume that the loss function takes values in a bounded space. This is actually necessary since having
an unbounded loss in the regression task would potentially make the learning task impossible. For instance,
having some fixed accuracy goal, one could construct a learning instance (distribution over labeled examples)
that would make estimation with that level of accuracy trivially impossible.
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specified by O (]D),?/I(%C) (7—[)) training examples, and we have N = O(log(m)) such functions, and h

satisfies £(h(x),y) < ~ for all m training examples (2, y). Thus, by standard generalization bounds
for sample compression, we get an upper bound that scales with O (ID)S/I(% o) (H) %) for the cutoff
loss with parameter 7, and hence by Markov’s inequality, an upper bound

Bli(2).)] = O (DG (0 )

mry

We next deal with the lower bound. For the absolute loss, we scale the dimension by 2+ instead of ~y
since for any two possible labels y;, y- the learner can predict some intermediate point, and we want
to make sure that the prediction will be either v far from y; or y». For an approximate pseudo-metric,
we should take instead 2c7y in order to ensure that the prediction is «y far, which means that the lower
bounds in Theorem 2 hold with a scale of 2¢y. O

Online Learnability for Approximate Pseudo-Metrics. Finally, we present the more general
statement for online learning.

Theorem 7. Let { be a loss function satisfying Definition 18 with parameter ¢ > 1. Let H C Y* and
€ > 0. Then, there exists a deterministic algorithm whose cumulative loss in the realizable setting is
bounded by D°*(H) + €. Conversely, for any € > 0, every deterministic algorithm in the realizable
setting incurs loss at least D°'(H)/(2¢) — e.

Proof Sketch. The upper bound of Theorem 4 works for any loss function. Recall the proof idea;
in every round ¢ there is some y; € ) the learner can predict such that no matter what the
adversary picks as the true label y;, the online dimension of the version space at round t, i.e,
V={heH:h(zx;) =y, 1<7 <t}, decreases by £(y},¥:), minus some shrinking number e,
that we can choose as a parameter. Therefore we get that the sum of losses is bounded by the online
dimension and the sum of ¢, that we can choose to be arbitrarily small.

The lower bound for online learning in Theorem 4 would be D°™(#)/(2¢) — &, for any € > 0, since
the adversary can force a loss of v,<;/(2c) in every round ¢, where 7, <; is the sum of the gaps
across the path y.

O
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