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Abstract

We study gradient descent (GD) with a constant stepsize for ℓ2-regularized logistic
regression with linearly separable data. Classical theory suggests small stepsizes to
ensure monotonic reduction of the optimization objective, achieving exponential
convergence in Õ(κ) steps with κ being the condition number. Surprisingly, we
show that this can be accelerated to Õ(

√
κ) by simply using a large stepsize—for

which the objective evolves nonmonotonically. The acceleration brought by large
stepsizes extends to minimizing the population risk for separable distributions,
improving on the best-known upper bounds on the number of steps to reach a near-
optimum. Finally, we characterize the largest stepsize for the local convergence of
GD, which also determines the global convergence in special scenarios. Our results
extend the analysis of Wu et al. (2024) from convex settings with minimizers at
infinity to strongly convex cases with finite minimizers.

1 Introduction

Machine learning often involves minimizing regularized empirical risk (see, e.g., Shalev-Shwartz and
Ben-David, 2014). An iconic case is logistic regression with ℓ2-regularization, given by

L̃(w) := L(w) +
λ

2
∥w∥2, where L(w) :=

1

n

n∑
i=1

ln
(
1 + exp(−yix

⊤
i w)

)
. (1)

Here, λ > 0 is the regularization hyperparameter, w ∈ H is the trainable parameter, and (xi, yi) ∈
H× {±1} for i = 1, . . . , n are the training data, where H is a Hilbert space. We consider a generic
optimization algorithm, gradient descent (GD), defined as

wt+1 := wt − η∇L̃(wt), t ≥ 0, w0 ∈ H, (GD)

where η > 0 is a constant stepsize and w0 is an initialization, e.g., w0 = 0.

This problem is smooth and strongly convex. Classical optimization theory suggests a small stepsize,
for which GD decreases the objective L̃(wt) monotonically (Nesterov, 2018, Section 1.2.3), which
we refer to as the stable regime. In this regime, GD achieves an ε error in O(κ ln(1/ε)) steps, where
κ > 1 is the condition number of the Hessian of L̃ (the smoothness parameter divided by the strong
convexity parameter). This step complexity is known to be suboptimal and can be improved to
O(

√
κ ln(1/ε)) when GD is modified by Nesterov’s momentum (Nesterov, 2018, Section 2.2).

A recent line of work shows that GD converges even with large stepsizes that lead to oscillation (Wu
et al., 2024, other related works will be discussed later in Section 1.1). This is known as the edge of
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Figure 1: The effect of the stepsize (η) for GD in logistic regression with ℓ2-regularization (λ). Here,
“CV” stands for convergence and “DV” stands for divergence.

stability (EoS) (Cohen et al., 2020) regime. Specifically, Wu et al. (2024) considered (unregularized)
logistic regression ((1) with λ = 0) with linearly separable data. Their problem is smooth and convex,
but not strongly convex. They showed that GD achieves an Õ(1/

√
ε) step complexity when operating

in the EoS regime, which improves the classical Õ(1/ε) step complexity when operating in the stable
regime. However, it is unclear whether large stepsizes would benefit GD in strongly convex problems
such as ℓ2-regularized logistic regression, for two reasons. First, with linearly separable data, the
minimizer of logistic regression is at infinity. Exploiting this property, Wu et al. (2024) showed
that GD converges with an arbitrarily large stepsize. However, this is impossible for regularized
logistic regression, which is strongly convex and admits a unique, finite minimizer. In this case, GD
is unstable around the minimizer when the stepsize exceeds a certain threshold (e.g., Hirsch et al.,
2013, Section 8), which prevents convergence. Second, Wu et al. (2024) only obtained the accelerated
Õ(1/

√
ε) step complexity for ε < 1/n, where n is the sample size (see their Corollary 2). However,

the statistical error (or generalization error) is often larger than 1/n. In these situations, targeting
an optimization error of ε < 1/n seems less practical, as the statistical error already caps the final
population error. It remains unclear whether large stepsizes save computation to minimize population
error in the presence of statistical uncertainty.

Contributions. We show that large stepsizes accelerate GD for ℓ2-regularized logistic regression
with linearly separable data, with the following contributions (summarized in Figure 1).

1. For a small regularization hyperparameter (λ = O(1/n2)), we show that GD can achieve an
ε error within O(ln(1/ε)/

√
λ) steps. This uses an appropriately large stepsize for which GD

operates in the EoS regime. Since the condition number of this problem is κ = Θ(1/λ), GD
matches the accelerated step complexity of Nesterov’s momentum by simply using large stepsizes.
We further provide a hard dataset showing that this does not always happen if GD operates in the
stable regime.

2. For a general λ (independent of n), GD still benefits from large stepsizes, achieving an improved
step complexity of O(ln(1/ε)/λ2/3). Assuming a separable data distribution, GD minimizes the
(best-known upper bound on) population risk to the statistical bottleneck in Õ(n2/3) steps using
large stepsizes and regularization. Without one of these, GD takes Õ(n) steps to achieve the
same. This improvement provides evidence that large stepsizes accelerate GD under statistical
uncertainty.

3. Finally, under additional data assumptions, we derive a critical threshold Θ(1/(λ ln(1/λ))) on the
convergent stepsizes for GD in the following sense. With stepsizes that are smaller by a constant
factor, GD converges locally (and globally in 1-dimensional cases); with stepsizes that are larger
by a constant factor, GD diverges with almost every initialization w0.

Terminology. Formally, we say that GD is in the stable phase at step t when L̃(wt) decreases
monotonically from t onwards, and in the EoS phase when it does not. Moreover, we say that a GD
run is in the stable regime if GD is in the stable phase at the initial step, and in the EoS regime if it is
in the EoS phase in the beginning but transitions to the stable phase afterward. To give intuition, note
that, for a strongly convex and sufficiently differentiable objective, if GD converges, it must enter the
stable phase in finite time for a generic initialization. This means that a typical convergent GD run is
either in the stable regime or the EoS regime.
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Figure 2: Illustration of large stepsizes accelerating GD. We run constant stepsize GD for an
ℓ2-regularized logistic regression on a two-dimensional separable dataset. The dataset is given by
x1 = (γ, 1), x2 = (γ,−2), y1 = y2 = 1, where γ = 0.2. The regularization is λ = 2−12. GD is
initialized at w0 = 0. Left: Objective value as a function of training steps. Middle: Sharpness
(the largest eigenvalue of the Hessian of the objective) as a function of training steps. Right: GD
trajectory in the parameter space, where the black dot is the GD initialization and the black cross is
the minimizer. Additional details and plots are given in Appendix E.

Simulations. Our results are illustrated in Figure 2 by running GD for ℓ2-regularized logistic
regression on a toy two-dimensional separable dataset. Figure 2 suggests that GD converges faster
with a larger stepsize by entering the EoS regime, in which the sharpness oscillates around 2/η in the
initial phase.

Notation. For two positive-valued functions f and g, we write f ≲ g or f ≳ g if there exists c > 0
such that for every x, f(x) ≤ cg(x) or f(x) ≥ cg(x), respectively. We write f ≂ g if f ≲ g ≲ f .
We use the standard big-O notation, with Õ and Ω̃ to hide polylogarithmic factors within the O and
Ω notation, respectively. For two vectors u and v in a Hilbert space, we denote their inner product by
⟨u,v⟩ or, equivalently, u⊤v. We write ∥u∥ :=

√
u⊤u.

1.1 Related work

Edge of stability. In practice, GD often induces an oscillation yet still converges in the long run (see
Wu et al., 2018; Cohen et al., 2020, and references therein). This is referred to by Cohen et al. (2020)
as the edge of stability (EoS). Since gradient flow would never increase the objective, EoS is essentially
a consequence of large stepsizes. Cohen et al. (2020) further pointed out that GD apparently needs
to operate in the EoS regime to obtain reasonable optimization and generalization performance in
practical deep learning settings. Besides the empirical results, the theoretical mechanism of EoS
has been investigated in several papers (see, e.g., Damian et al., 2022; Zhu et al., 2022; Arora et al.,
2022, and references therein). In particular, Cohen et al. (2025) proposed a modified ODE called
centrol flow to approximate the time-averaged GD trajectory in the EoS regime. Instead of focusing
on explaining EoS itself, we study the optimization benefits of GD operating in the EoS regime.

Another line of research has focused on the statistical benefits of large stepsizes for neural networks
(see, e.g., Mulayoff et al., 2021; Qiao et al., 2024; Wu et al., 2025b), exploiting the observation that
GD with a larger stepsize is constrained to converge to flatter minima (Wu et al., 2018). However,
those works assumed the convergence of GD with large stepsizes, which itself is a challenging
question. In this regard, our work makes partial progress by showing the global convergence of GD
with large stepsizes for ℓ2-regularized logistic regression.

Aggresive stepsize schedulers. A recent line of research discovered that a variant of GD with
certain aggressive stepsize schedulers yields improved convergence for smooth and (strongly) convex
optimization (see Altschuler and Parrilo, 2025; Grimmer, 2024; Zhang et al., 2024, and references
therein). As a representative example, Altschuler and Parrilo (2025) showed that their GD variant
with the silver stepsize scheduler attains an improved Õ(κ0.7864) step complexity for smooth and
strongly convex problems with condition number κ. Similar to our work, they obtained acceleration
by using large stepsizes that operate outside the classical stable regime. However, there are several
notable differences. First, our problem class, ℓ2-regularized logistic regression, is smaller than theirs.
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However, we obtain a better Õ(κ0.5) step complexity. Moreover, we do so with the simpler approach
of constant stepsize GD. Finally, from a technical perspective, our analysis is anytime as our stepsize
choice does not rely on the target error ε (see Theorem 1), while the algorithm of Altschuler and
Parrilo (2025) needs to know the target error ε in advance.

Logistic regression. Logistic regression with linearly separable data is a standard class of problems
in optimization and statistical learning theory. For GD with small stepsizes in the stable regime,
Soudry et al. (2018) and Ji and Telgarsky (2018) showed that GD diverges to infinity while converging
in direction to the maximum ℓ2-margin direction. This result was later extended to GD with an
arbitrarily large stepsize in the EoS regime (Wu et al., 2023). More recently, Wu et al. (2024) showed
that GD with a large stepsize attains an accelerated Õ(1/

√
ε) step complexity for logistic regression

with linearly separable data, demonstrating the benefits of EoS. For the same problem, Zhang et al.
(2025) improved the step complexity to 1/γ2 by considering an adaptive large-stepsize variant of
GD, where γ is the margin of the dataset, and they further showed that this is minimax optimal. As
discussed earlier, their results rely strongly on the minimizer being at infinity. In comparison, we
focus on logistic regression with ℓ2-regularization, where the minimizer is finite.

For ℓp-regularized logistic regression with linearly separable data, Rosset et al. (2004) showed that
the regularized empirical risk minimizer converges in direction to the maximum ℓp-margin direction
as the regularization tends to zero. Our work complements theirs by considering the step complexity
of finding the ℓ2-regularized empirical risk minimizer.

For logistic regression with strictly nonseparable data, Meng et al. (2024) constructed examples where
GD with large stepsizes does not converge globally (even if the stepsize allows local convergence).
Similar to our problem, theirs is also smooth, strictly convex, and admits a unique finite minimizer.
However, Meng et al. (2024) focused on negative results, while we provide positive results with
separable data for the global convergence of GD with large stepsizes. Proving positive results in the
nonseparable case is an interesting direction for future work.

2 Large stepsizes accelerate GD

We make the following standard assumptions (Novikoff, 1962) throughout the paper.
Assumption 1 (Bounded and separable data). Assume the training data (xi, yi)

n
i=1 satisfies

A. for every i = 1, . . . , n, ∥xi∥ ≤ 1 and yi ∈ {±1};

B. there is a margin γ ∈ (0, 1] and a unit vector w∗ such that yix⊤
i w

∗ ≥ γ for every i = 1, . . . , n.

Under Assumption 1, the objective function L̃(·) defined in (1) is (1 + λ)-smooth and λ-strongly
convex. The condition number of this problem is κ = Θ(1/λ), as the regularization hyperparameter
λ is typically small. For a small stepsize η = 1/(1 + λ) = Θ(1), GD operates in the stable regime,
achieving a well-known O(ln(1/ε)/λ) step complexity (Nesterov, 2018). Quite surprisingly, we
will show that this can be improved to O(ln(1/ε)/

√
λ) when the regularization hyperparameter λ is

small (compared to the reciprocal of the sample size; see Section 2.1), and to O(ln(1/ε)/λ2/3) for
general λ (Section 2.2). We obtain this acceleration by using large stepsizes, where GD operates in
the EoS regime.

The minimizer, wλ := argmin L̃(·), is unique and finite when λ > 0.

2.1 Matching Nesterov’s acceleration under small regularization

Our first theorem characterizes the convergence of GD in the EoS regime when the regularization is
small. The proof is deferred to Appendix A.2.
Theorem 1 (Convergence under small regularization). Consider (GD) for ℓ2-regularized logistic
regression (1) under Assumption 1. Assume without loss of generality that w0 = 0. There exist
constants C1, C2, C3 > 1 such that the following holds. For every n ≥ 2,

λ ≤ γ2

C1n lnn
and η ≤ min

{
γ√
C1λ

,
γ2

C1nλ

}
,

we have the following:

4



• Phase transition. GD must be in the stable phase at step τ for

τ :=
C2

γ2
max

{
η, n,

n lnn

η

}
,

that is, L̃(wt) decreases monotonically for t ≥ τ .

• The stable phase. Moreover, for every t ≥ τ , we have

L̃(wt)−min L̃ ≤ C3e
−λη(t−τ), ∥wt −wλ∥ ≤ C3

η + ln(γ2/λ)

γ
e−λη(t−τ)/2.

Theorem 1 provides a convergence guarantee for GD with a stepsize as large as η = O(1/
√
λ)

(treating other problem-dependent parameters, γ and n, as constants). With this stepsize, GD might
not decrease the objective monotonically—that is, GD might be in the EoS phase at the beginning.
Nonetheless, Theorem 1 shows that GD must undergo a phase transition to the stable phase in
τ = O(η) steps. In the stable phase, GD benefits from the large stepsize, achieving an ε error in
O
(
ln(1/ϵ)/(ηλ)

)
subsequent steps.

Theorem 1 recovers the classical O(ln(1/ε)/λ) step complexity when GD operates in the stable
regime with η = Θ(1). Additionally, Theorem 1 suggests that GD achieves faster convergence in the
EoS regime when the stepsize is large, but not larger than Θ(1/

√
λ). Choosing the largest allowed

stepsize, GD matches the accelerated step complexity of Nesterov’s momentum. This is detailed in
the following corollary, with proof deferred to Appendix A.3.
Corollary 2 (Step complexity under small regularization). Under the setting of Theorem 1, by using
the largest allowed stepsize,

η := min

{
γ√
C1λ

,
γ2

C1nλ

}
,

we have L̃(wt)−min L̃ ≤ ε for

t ≤ C4 max

{
1

γ
√
λ
,
n

γ2

}
ln(1/ε),

where C4 > 1 is a constant. Thus for λ ≲ γ2/n2, η ≂ 1/
√
λ ensures that t ≂ ln(1/ε)/

√
λ suffices.

Matching Nesterov’s acceleration. Treat γ as a constant. For a small regularization of λ ≲ 1/n2,
Corollary 2 shows that GD achieves a step complexity of O(ln(1/ε)/

√
λ) using a large stepsize. Since

the condition number is κ = Θ(1/λ), this matches the accelerated step complexity of Nesterov’s
momentum, improving the classical O(ln(1/ε)/λ) step complexity for GD in the stable regime.

For a moderately small regularization, 1/n2 ≲ λ ≲ 1/(n lnn), Corollary 2 implies a step complexity
of O(n ln(1/ε)) for GD with a large stepsize, which still improves the classical O(ln(1/ε)/λ)
step complexity for GD in the stable regime (by at least a logarithmic factor). However, it no
longer matches Nesterov’s momentum. It is an open question whether large stepsize GD can match
Nesterov’s momentum for a moderate (or large) regularization.

A lower bound for stable convergence. We have shown that large stepsizes accelerate the con-
vergence of GD. This acceleration effect is closely tied to operating in the EoS regime. To clarify,
our next theorem shows that GD in the stable regime suffers from an Ω̃(1/λ) step complexity in the
worst case. Its proof is deferred to Appendix B.
Theorem 3 (A lower bound). Consider (GD) for ℓ2-regularized logistic regression (1) with w0 = 0
and the following dataset (satisfying Assumption 1):

x1 = (γ, 0.9), x2 = (γ, −0.5), y1 = y2 = 1, 0 < γ < 0.1.

There exist C1, C2, C3 > 1 that only depend on γ such that the following holds. For every λ < 1/C1

and ε < C2λ ln2(1/λ), if η is such that (L̃(wt))t≥0 is nonincreasing, then

L̃(wt)−min L̃ ≤ ε ⇒ t ≥
ln
(
1/ε

)
C3λ ln2(1/λ)

.

It is worth noting that Theorem 3 focuses on the common asymptotic case of a small ε; for ε ≳
λ ln2(1/λ), the step complexity is Ω(1/ε), which is reflected by its proof in Appendix B.
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A limitation. We conclude this part by discussing a limitation of our Theorem 1. Note that
Theorem 1 only allows a small regularization such that λ ≲ 1/(n lnn). A regularization of this order
might be suboptimal in the presence of statistical noise. Moreover, the proof of Theorem 1 implies
that, in the stable phase, all training data are classified correctly (see Lemma 13 in Appendix A.2).
Therefore, the allowed regularization is too small to prevent the minimizer from perfectly classifying
the training data. A similar limitation is encountered in the prior work of Wu et al. (2024), who
showed acceleration with large stepsizes only when targeting an optimization error small enough to
imply perfect classification of the training data (see their Corollary 2).

Depending on the statistical model, a perfect fit to the training data does not necessarily lead to
overfitting (a phenomenon known as benign overfitting, see Bartlett et al., 2020). Even so, a larger
regularization such as λ ≳ 1/n often leads to better performance in many statistical models (one
such case will be discussed in Section 3). Below, we show that GD can still benefit from large
stepsizes even with regularization larger than 1/(n lnn). This allows large regularization that leads
to misclassification of the training data.

2.2 Improved convergence under general regularization

Our next theorem characterizes the convergence of GD for ℓ2-regularized logistic regression in the
EoS regime with a general regularization hyperparameter λ. The proof is deferred to Appendix A.4.
Theorem 4 (Convergence under general regularization). Consider (GD) for ℓ2-regularized logistic
regression (1) under Assumption 1. Assume without loss of generality that w0 = 0. There exist
constants C1, C2, C3 > 1 such that the following holds. For every

λ ≤ γ2

C1
, η ≤

(
γ2

C1λ

)1/3

,

we have the following:

• Phase transition time. GD must be in the stable phase at step τ := C2 max{1, η2}/γ2.

• The stable phase. Moreover, for t ≥ τ , we have

L̃(wt)−min L̃ ≤ C3

η
e−λη(t−τ), ∥wt −wλ∥ ≤ C3

η + ln(γ2/λ)

γ
e−λη(t−τ)/2.

Similarly to Theorem 1, Theorem 4 allows a large stepsize, in which GD might be in the EoS phase
at the beginning, then it must transition to the stable phase in finite steps, achieving an exponential
convergence subsequently.

Unlike Theorem 1, where the allowed regularization and phase transition time are functions of the
sample size n, Theorem 4 is completely independent of the sample size n. In particular, it allows
for a large regularization of order 1/(n lnn) ≲ λ ≲ 1, with which the minimizer of the regularized
logistic regression (1) might not correctly classify the training data.

The relaxation of the allowed regularization is obtained at the price of a tighter constraint on the
allowed stepsize, η = O(1/λ1/3), and a slower phase transition time, τ = Θ(η2). Nonetheless,
Theorem 4 still implies that large stepsizes lead to acceleration, as explained in the following corollary.
Its proof is included in Appendix A.5.
Corollary 5 (Step complexity under general regularization). Under the setting of Theorem 4, by
using the largest allowed stepsize, η := (γ2/(C1λ))

1/3, we have L̃(wt)−min L̃ ≤ ε for

t ≤ C3
ln(1/ε)

(γλ)2/3
,

where C3 > 1 is a constant.

Ignoring the dependence on γ, Corollary 5 shows that GD achieves an ε error in O(ln(1/ε)/λ2/3)
steps using a large stepsize. This improves the classical O(ln(1/ε)/λ) step complexity for GD in the
stable regime, although it does not match Nesterov’s momentum.

We remark that the predictions of Corollaries 2 and 5 are incomparable even in the regime where
both are applicable, that is, λ ≲ (n lnn)−1. Specifically, in this regime, Corollary 5 predicts a step
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complexity of Õ(λ−2/3) while Corollary 2 predicts a step complexity of Õ(max{λ−1/2, n}). The
prediction of Corollary 5 is worse for λ ≲ n−3/2 but is better for n−3/2 ≲ λ ≲ (n lnn)−1. Thus,
Corollaries 2 and 5 are incomparable even in the joint applicable regime, suggesting our analysis
is improvable. Technically, this mismatch stems from two distinct approaches for analyzing phase
transition (see Section 2.3). We leave it as future work to improve our analysis.

In statistical learning contexts, the (optimal) regularization hyperparameter λ is often a function of
the sample size n, for example, λ = Θ(1/nα) for some α > 0. In contrast to Corollary 2, which only
applies to small regularization (with α > 1), the acceleration implied by Corollary 5 applies to any
such λ (in particular, with 0 < α ≤ 1). Specifically, Corollary 5 shows an O(n2α/3 ln(1/ε)) step
complexity for GD when λ = Θ(1/nα) for any α > 0. We will revisit this later in Section 3 and
show the acceleration of large stepsizes in a statistical learning setting.

2.3 Technical overview

In this part, we discuss key ideas in our analysis and elaborate on our technical innovations compared
to the prior work of Wu et al. (2024).

Bounds in the EoS phase. The following lemma provides bounds on the logistic empirical risk
and parameter norm for any time; in particular, it applies to the EoS phase.

Lemma 1 (EoS bounds). Assume that ηλ ≤ 1/2 and w0 = 0. Then for every t, and in particular in
the EoS phase, we have

1

t

t−1∑
k=0

L(wk) ≤ 10
η2 + ln2(e+ γ2 min{ηt, 1/λ})

γ2 min{ηt, 1/λ}
, ∥wt∥ ≤ 4

η + ln(e+ γ2 min{ηt, 1/λ})
γ

.

Lemma 1 recovers the EoS bounds in (Wu et al., 2024) (see their Lemma 8 in Appendix B) for
the special case of λ = 0. The intuition is that, for ηt < 1/λ, the regularization term is negligible
compared to the logistic term. However, these bounds are too crude for a large t.

New challenges. The analysis by Wu et al. (2024) relies on the self-boundedness of the logistic loss,
∥∇2L(w)∥ ≤ L(w), and that the minimizers of L(·) appear at infinity. Although GD with a large
stepsize oscillates initially, it keeps moving towards infinity along the maximum ℓ2-margin direction,
which reduces the objective L(w) in the long run. Once GD hits a small objective value, L(w) ≲ 1/η,
it enters the stable phase as the local landscape becomes flat due to the self-boundedness. In the
stable phase, GD continues to move towards infinity along the maximum ℓ2-margin direction.

However, the situation is significantly different in the presence of an ℓ2-regularization. In this case,
the minimizer has a small norm, ∥wλ∥ = O(ln(1/λ)) (see Lemma 3 in Appendix A.1). But large
stepsizes GD can go as far as Θ(η) = poly(1/λ) in the EoS phase (Lemma 1), which is even more
distant from the minimizer than the initialization w0 = 0. Instead of moving towards infinity, in our
case, GD must move backwards (if it converges).

Consider a flat region defined as{
w : ∥∇2L̃(w)∥ = ∥∇2L(w)∥+ λ ≲ 1/η

}
≈

{
w : L(w) ≲ 1/η

}
.

When GD enters this region, we expect L̃(w) to decrease in the next step (see Lemma 12 in
Appendix A.1). However, different from Wu et al. (2024), this does not guarantee that GD stays
in this region. In fact, the regularization term leads to contraction towards zero, so a decrease of
L̃(w) may cause an increase of L(w), and then GD might leave this region. In Theorems 1 and 4,
we identify two situations where GD stays in the flat region, respectively, as explained below.

Intuition of Theorem 4. When η ≲ 1/λ1/3, Lemma 1 implies a small regularization term through-
out the training, λ∥wt∥2 = Õ(λη2) = Õ(1/η). Thus, the logistic term dominates the whole
objective in the EoS phase, and L(w) ≲ 1/η is nearly the same as L̃(w) ≲ 1/η. By the decrease of
L̃(w) within the flat region, we can show GD stays in this region by induction (see Lemma 15 in
Appendix A.4).
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Table 1: Step complexities for variants of GD to reach a population risk of Õ(1/n).

algorithm # steps λ η population risk

GD
O(n) 0 Θ(1) Õ(1/(γ2n))

O(n lnn) 1/n 1 Õ(1/(γ2n))

O((n/γ)2/3 lnn) 1/n Θ((γ2n)1/3) Õ(1/(γ2n))

Nesterov’s momentum O(n1/2 lnn) 1/n 1 Õ(1/(γ2n))

adaptive GD O(1/γ2) 0 Θ(lnn) Õ(1/(γ4n))

Intuition of Theorem 1. For η ≲ 1/λ1/2, the above arguments no longer work, since the regu-
larization term could be as large as Õ(λη2) = Õ(1) in the EoS phase. Alternatively, we compare
the size of the gradients from the logistic term ∥∇L(w)∥ and the regularization term ∥λw∥. If the
former is larger, then the logistic term decreases; if the latter is larger, then by the exponential tail of
the logistic loss, we conclude that L(w) ≈ ∥∇L(w)∥ ≤ ∥λw∥ = Õ(1/η), where the last equality is
by Lemma 1. In both cases, GD stays in the flat region (see Lemma 13 in Appendix A.2).

3 Benefits of large stepsizes under statistical uncertainty

In this section, we apply Theorem 4 in a statistical learning setting, showing that the acceleration of
large stepsizes continues to hold even under statistical uncertainty. We make the following natural
assumption on the population data distribution.

Assumption 2 (Bounded and separable distribution). Assume that (xi, yi)
n
i=1 are independent copies

of (x, y) that follows a distribution such that

A. the label is binary, y ∈ {±1}, and ∥x∥ ≤ 1, almost surely;

B. there exist a margin γ > 0 and a unit vector w∗ such that yx⊤w∗ ≥ γ, almost surely.

The population risk of an estimator ŵ is defined as

Ltest(ŵ) := E ln
(
1 + exp(−yx⊤ŵ)

)
,

where the expectation is over the distribution of (x, y) satisfying Assumption 2.

The following Proposition 6 gives the best-known population risk upper bound (without assuming
enormous burn-in samples) in the setting of Assumption 2. This is a direct consequence of the fast
rate established by Srebro et al. (2010, Theorem 1) using local Rademacher complexity (Bartlett et al.,
2005). A variant of Proposition 6 also appears in Schliserman and Koren (2024, Proposition 1). We
include its proof in Appendix C.1 for completeness.

Proposition 6 (A population risk bound). Suppose that (xi, yi)
n
i=1 satisfies Assumption 2. Then for

every ŵ, with probability at least 1− δ over the randomness of sampling (xi, yi)
n
i=1, we have

Ltest(ŵ) ≤ C

(
L(ŵ) +

max{1, ∥ŵ∥2}
(
ln3(n) + ln(1/δ)

)
n

)
,

where C > 1 is a constant.

Recall that the minimizer of L(·) is at infinity under Assumption 2. However, Proposition 6 suggests
that a good estimator should balance its fit to the training data (measured by L(ŵ)) and its complexity
(measured by ∥ŵ∥). It is also worth noting that the upper bound in Proposition 6 is at least Ω̃(1/n)—a
bottleneck that stems from the statistical uncertainty. With this in mind, we are ready to discuss the
number of steps needed by GD (and its variants) to minimize the population risk to the statistical
bottleneck. Table 1 summarizes the results, which we explain in detail below.
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Logistic regression with ℓ2-regularization. Let us first consider the minimizer of the ℓ2-regularized
logistic regression, wλ := argmin L̃(·). With direct calculation, setting λ = Θ(1/n) minimizes the
upper bound in Proposition 6, resulting in an Õ(1/(γ2n)) population risk (see Appendix C.2 for
details). This is nearly optimal ignoring the logarithmic factors and dependence on γ. Clearly, the
same bound applies to any approximate minimizer ŵ such that ∥ŵ −wλ∥ ≤ ε := 1/poly(n). To
obtain such an approximate minimizer,

• GD with a small stepsize η = 1 needs O(n lnn) steps by the classical optimization theory;

• GD with a large stepsize η = Θ((γ2n)1/3) needs O((n/γ)2/3 lnn) steps by Theorem 4;

• Nesterov’s momentum needs O(n1/2 lnn) steps by the classical optimization theory.

These suggest that large stepsizes accelerate GD in the presence of statistical uncertainty, although
not as fast as Nesterov’s momentum.

Logistic regression without regularization. Instead of solving regularized logistic regression,
one can also apply GD to the unregularized logistic regression with early stopping to obtain a small
population risk. For instance, Shamir (2021) showed that GD with a small stepsize η = 1 achieves a
population risk of Õ(1/(γ2n)) in O(n) steps. A similar result is obtained by Schliserman and Koren
(2024) using a different proof technique.

For GD with a larger stepsize, Wu et al. (2024) obtained an empirical risk bound of L(wt) =
O
(
(η2 + ln2(ηt))/(γ2ηt)

)
and a parameter norm bound of ∥wt∥ = O

(
(η + ln(ηt))/γ

)
. Note that

we do not consider their accelerated empirical risk bound here, as it only applies after Θ(n) steps.
Plugging these bounds into Proposition 6, however, one cannot resolve for a stepsize η better than the
choice of η = 1 (ignoring logarithmic factors). That is, without regularization, solely using a large
stepsize does not accelerate GD in the presence of statistical uncertainty. This sets an interesting gap
between our acceleration results and those by Wu et al. (2024).

One can also solve logistic regression via adaptive GD (Ji and Telgarsky, 2021; Zhang et al.,
2025), defined as wt+1 := wt − η∇L(wt)/L(wt). This is faster for optimization than GD as
it adapts to the curvature. Specifically, Zhang et al. (2025) obtained an empirical risk bound of
L(w̄t) ≤ exp(−Θ(γ2ηt)) for t > 1/γ2 (see their Theorem 2.1) and a parameter norm bound of
∥w̄t∥ ≤ ηt (see the proof of their Theorem 2.2), where w̄t is the average of the iterates up to step t.
Plugging these bounds into Proposition 6, we minimize the upper bound by setting η = Θ(lnn) and
t = Θ(1/γ2), with which the population risk is Õ(1/(γ4n)). Although the step complexity is much
improved, the population risk seems to have a suboptimal dependence on γ.

A limitation. We note that the above discussion is based on the best-known population risk upper
bound in a statistical setting specified by Assumption 2. Depending on the actual data distribution,
the population risk might be smaller than that (although we suspect the upper bound is nearly sharp
in the worst case). We leave it for future work to investigate the effect of large stepsizes in broader
statistical learning settings.

4 A critical threshold on the convergent stepsizes

We have shown the global convergence of GD with stepsizes as large as O(1/
√
λ) in Section 2.

Clearly, if η > 2/λ, GD diverges with almost every initialization. But the largest convergent stepsize
is unclear yet—this is the focus of this section. We will show the largest convergent stepsize is
Θ(1/(λ ln(1/λ)) under the following technical condition:
Assumption 3 (Support vectors condition). Let S+ be the index set of the support vectors associated
with nonzero dual variables (formally defined in Appendix D.1). Assume that rank{xi : i ∈ S+} =
rank{x1, . . . ,xn}.

Assumption 3 is widely used in the literature of logistic regression (Soudry et al., 2018; Ji and
Telgarsky, 2021; Wu et al., 2023), requiring the support vectors to be generic. Under this condition, the
features (xi) can be decomposed into a separable component and a strictly nonseparable component
(Wu et al., 2023). Under Assumption 3, our next theorem sharply characterizes the largest convergent
stepsizes, with proof deferred to Appendix D.1.
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Theorem 7 (The critical stepsize). Suppose that H is finite-dimensional and that Assumptions 1
and 3 hold. Consider (GD) for ℓ2-regularized logistic regression (1). Let ηcrit := 1/(λ ln(1/λ)).
Then there exist C1, C2 > 1 that only depend on the dataset (but not on λ) such that the following
holds. For every λ ≤ 1/C1, we have

• If η ≤ ηcrit/C2, then GD converges locally. That is, there exists r > 0 such that, for every w0

satisfying ∥w0 −wλ∥ < r and every such η, we have L̃(wt) → min L̃.

• If η ≥ C2ηcrit, then GD diverges for almost every w0. That is, there exists ε > 0 such that,
excluding a measure zero set of w0, we have L̃(wt)−min L̃ > ε for infinitely many t.

Theorem 7 suggests that if the stepsize exceeds the critical threshold ηcrit by a constant factor, GD
must diverge except with a “lucky” initialization. The critical threshold ηcrit improves the trivial
divergent threshold of 2/λ by a logarithmic factor, and is tight in the sense that GD converges locally
for any stepsize smaller than that by a constant factor. This is in sharp contrast to unregularized
logistic regression, where GD converges globally for any stepsize (Wu et al., 2023, 2024).

It remains open whether GD converges globally with stepsizes of order 1/
√
λ ≲ η ≲ ηcrit. In

the special case where H is 1-dimensional, we provide an affirmative answer in Theorem 8 in
Appendix D.2 along with a step complexity of O

(
ln(1/(ελ ln(1/λ)))/(ηλ)

)
. We also refer the

reader to (Meng et al., 2024, 2025) for a fine-grained convergence analysis in this case. In the general
finite-dimensional case, we conjecture that the answer is affirmative in the following sense:
Conjecture 1. Under the setting of Theorem 7, if η ≤ ηcrit/C2 and w0 is sampled uniformly
at random from a unit ball, then GD converges with high probability over the randomness of
initialization.

5 Concluding remarks

We consider gradient descent (GD) with a constant stepsize applied to ℓ2-regularized logistic regres-
sion with linearly separable data. We show that, for a small enough regularization, GD can match
the acceleration of Nesterov’s momentum by simply using an appropriately large stepsize—with
which the objective evolves nonmonotonically. Furthermore, we show that this acceleration brought
by large stepsizes holds even under statistical uncertainty. Finally, we calculate the largest possible
stepsize with which GD can converge (locally).

This work focuses on the cleanest setup with logistic loss and linear predictors. However, the results
presented are ready to be extended to other loss functions (Wu et al., 2024), neural networks in the
lazy regime (Wu et al., 2024), and two-layer networks with linearly separable data and bi-Lipschitz
activation (Cai et al., 2024). We do not foresee significant new technical challenges here.

There are three future directions worth noting. First, in the context of our paper, does GD converge
globally with large stepsizes below the proposed critical threshold? Second, is there a natural
statistical learning setting such that GD with large stepsizes generalizes better than GD with small
ones? Finally, is there a generic optimization theory for the convergence of GD with large stepsizes?
Specifically, is there a general framework to prove the convergence of constant stepsize GD without
relying on the descent lemma?
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NeurIPS Paper Checklist
1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The abstract and introduction clearly state the paper’s contributions regarding
the acceleration of gradient descent for regularized logistic regression using large stepsizes.
The scope, focusing on linearly separable data and the theoretical analysis of convergence
rates and stepsize thresholds, is also well-defined.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The paper explicitly discusses limitations of each main result.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: The paper clearly states assumptions in each theoretical result, with complete
and rigorous proof referenced and presented in the appendices.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: The experimental results are purely illustrative. All necessary information for
reproducibility is given in Appendix.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: We provide an open source implementation of our experiment.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: The experimental results are illustrative; we do not claim any statistical
significance.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [No]
Justification: The experimental results are illustrative; we do not claim any statistical
significance.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The experiments run on a consumer laptop in a few seconds.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The paper is theoretical, with no indication of ethical concerns that would
violate the NeurIPS Code of Ethics.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper is theoretical, with no indication of having potential positive or
negative societal impacts.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
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• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper is theoretical and does not contain experimental results.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: The paper is theoretical and does not use external code, data, or models that
would require specific license mentions beyond academic citation practices.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
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• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: The paper is theoretical and does not introduce new assets.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing or research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing or research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The paper does not involve LLMs as a component of the core methodology.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Upper bounds on convergence in the EoS regime

Throughout this section, we assume Assumption 1 holds; we set w0 = 0 without loss of generality.
Let ℓ(z) := ln(1 + exp(−z)) be the logistic loss. Define the gradient potential as

G(w) :=
1

n

n∑
i=1

|ℓ′(yix⊤
i w)| = 1

n

n∑
i=1

1

1 + exp(yix⊤
i w)

.

Recall that wλ := argmin L̃(·).
We first establish useful lemmas in Appendix A.1. We then prove our first set of upper bounds,
Theorem 1 and Corollary 2, in Appendices A.2 and A.3, respectively. Finally, we prove our second
set of upper bounds, Theorem 4 and Corollary 5, in Appendices A.4 and A.5, respectively.

A.1 Basic lemmas

We begin with the self-boundedness property.
Lemma 2 (Self-boundedness of the logistic function). For all z ∈ R, we have

ℓ′′(z) < |ℓ′(z)| < ℓ(z).

Proof of Lemma 2. First notice that, for α > 0,

(1 + α) ln(1 + α) > α. (2)

Indeed, the function J(α) = (1+α) ln(1+α)−α satisfies J(0) = 0 and J ′(α) = ln(1+α), which
is positive for α > 0. Now, since ℓ′(z) = −1/(1 + exp(z)), we have

ℓ′′(z) =
exp(z)

(1 + exp(z))2

<
1

1 + exp(z)
= |ℓ′(z)|

< ln(1 + exp(−z)) = ℓ(z),

where the last inequality uses (2) with α = exp(−z).

The following lemma provides bounds on the norm and objective value of wλ.
Lemma 3 (Bounds on the minimizer). For λ < γ2, we have

∥wλ∥ ≤
√
2 + ln(γ2/λ)

γ
, L̃(wλ) ≤

λ(2 + ln2(γ2/λ))

2γ2
.

Proof of Lemma 3. For

u :=
ln(γ2/λ)

γ
w∗,

we have, by Assumption 1,

L(u) ≤ exp(−γ∥u∥) = λ

γ2
, ∥u∥2 =

ln2(γ2/λ)

γ2
.

Then by definition, we have

L̃(wλ) = L(wλ) +
λ

2
∥wλ∥2 ≤ L(u) + λ

2
∥u∥2 ≤

λ
(
2 + ln2(γ2/λ)

)
2γ2

.

This completes the proof.

The following basic facts are due to Assumption 1.
Lemma 4 (Basic facts). For all w, we have
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1. γG(w) ≤ ⟨−∇L(w),w∗⟩ ≤ G(w).

2. γG(w) ≤ ∥∇L(w)∥ ≤ G(w).

3. ∥∇2L(w)∥ ≤ G(w) ≤ L(w).

4. If L(w) ≤ ln(2)/n or G(w) ≤ 1/(2n), then L(w) ≤ 2G(w).

Proof of Lemma 4. Since

−∇L(w) =
1

n

n∑
i=1

yixi

1 + exp(yix⊤
i w)

,

the first claim is due to γ ≤ yix
⊤
i w

∗ ≤ 1 by Assumption 1. For the second claim, the lower bound is
by the first claim, and the upper bound is by the assumption that ∥xi∥ ≤ 1. The third claim is due to
the self-boundedness of the logistic function (Lemma 2) and the assumption that ∥xi∥ ≤ 1. In the
last claim, both conditions imply that all data are correctly classified, then the claim follows from the
fact that ln(1 + e−t) ≤ e−t ≤ 2/(1 + et) for t ≥ 0.

The following lemma suggests that GD aligns well with w∗ throughout the training.
Lemma 5 (Parameter angle). For λη < 1, we have

⟨wt,w
∗⟩ > 0.

Proof of Lemma 5. Unrolling (GD) from w0 = 0, we get

wt =

t−1∑
k=0

(1− ηλ)t−1−k(−η∇L(wk)).

So we have

⟨wt,w
∗⟩ =

t−1∑
k=0

(1− ηλ)t−1−k⟨−η∇L(wk),w
∗⟩ ≥ γη

t−1∑
k=0

(1− ηλ)t−1−kG(wk) > 0,

where the first inequality is by Lemma 4. This completes the proof.

The following two lemmas are variants of the split optimization lemma introduced by Wu et al.
(2024).
Lemma 6 (Split optimization, version 1). Let u = u1 + u2 + u3 for

u2 =
η

γ
w∗, u1 = ∥u1∥w∗, u3 = ∥u3∥w∗.

For λη < 1, we have

∥wt − u∥2

2ηt
+

γ∥u3∥
t

t−1∑
k=0

G(wk) +
1

t

t−1∑
k=0

L(wk) ≤ L(u1) +
∥u∥2

2ηt
+

λ

t

t−1∑
k=0

⟨wk,u⟩.

Proof of Lemma 6. We use an extended version of the split optimization technique by Wu et al.
(2024), which involves three comparators.

∥wt+1 − u∥2 = ∥wt − u∥2 + 2η⟨∇L̃(wt),u−wt⟩+ η2∥∇L̃(wt)∥2

= ∥wt − u∥2 + 2η⟨∇L(wt) + λwt,u−wt⟩+ η2∥∇L(wt) + λwt∥2

≤ ∥wt − u∥2 + 2η⟨∇L(wt) + λwt,u−wt⟩+ 2η2∥∇L(wt)∥2 + 2η2λ2∥wt∥2

≤ ∥wt − u∥2 + 2η⟨∇L(wt),u−wt⟩+ 2ηλ⟨wt,u⟩+ 2η2∥∇L(wt)∥2,

where the last inequality is because λη < 1. The choice of u2 and Lemma 4, parts 1 and 2 imply

2η⟨−∇L(wt),u2⟩ ≥ 2η2G(wt) ≥ 2η2∥∇L(wt)∥ ≥ 2η2∥∇L(wt)∥2.
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(See also the proof of Lemma 7 in (Wu et al., 2024).) Then we have

∥wt+1 − u∥2 ≤ ∥wt − u∥2 + 2η⟨∇L(wt),u1 −wt⟩+ 2η⟨∇L(wt),u3⟩+ 2ηλ⟨wt,u⟩.

By convexity and Lemma 4 part 1, we have

∥wt+1 − u∥2 ≤ ∥wt − u∥2 + 2η
(
L(u1)− L(wt)

)
− 2ηγ∥u3∥G(wt) + 2ηλ⟨wt,u⟩.

Telescoping the sum, using w0 = 0, and rearranging, we get

∥wt − u∥2

2ηt
+

γ∥u3∥
t

t−1∑
k=0

G(wk) +
1

t

t−1∑
k=0

L(wk) ≤ L(u1) +
∥u∥2

2ηt
+ λ

〈
1

t

t−1∑
k=0

wk,u

〉
,

which completes the proof.

Lemma 7 (Split optimization, version 2). Let u = u1 + u2 for

u2 =
η

2γ(1− ηλ)
w∗, u1 = ∥u1∥w∗.

For λη < 1, we have

∥wt − u∥2 ≤ (1− ηλ)t∥u∥2 + 2η

t−1∑
k=0

(1− ηλ)t−1−k
(
(1− ηλ)

(
L(u1)− L(wk)

)
+ λ∥u∥2

)
.

Proof of Lemma 7. Recall that

wt+1 − u = (1− ηλ)(wt − u)− ηλu− η∇L(wt).

Taking the squared norm and expanding, we have

∥wt+1 − u∥2 = (1− ηλ)2∥wt − u∥2 + 2η(1− ηλ)⟨∇L(wt),u−wt⟩+ η2∥∇L(wt)∥2

+ η2λ2∥u∥2 + 2ηλ(1− ηλ)⟨u,u−wt⟩+ 2η2λ⟨u,∇L(wt)⟩
= (1− ηλ)2∥wt − u∥2 + 2η(1− ηλ)⟨∇L(wt),u−wt⟩+ η2∥∇L(wt)∥2

+ ηλ(2− ηλ)∥u∥2 − 2ηλ(1− ηλ)⟨u,wt⟩+ 2η2λ⟨u,∇L(wt)⟩ .

The sum of the last two terms of the previous identity is negative,

−2ηλ(1− ηλ)⟨u,wt⟩+ 2η2λ⟨u,∇L(wt)⟩ = −2ηλ⟨u,wt+1⟩ < 0,

where the last inequality is by Lemma 5. Moreover, the choice of u2 and Lemma 4, parts 1 and 2
imply that (see also the proof of Lemma 7 in (Wu et al., 2024))

2η(1− ηλ)⟨∇L(wt),u2⟩+ η2∥∇L(wt)∥2 ≤ 0.

So we have

∥wt+1 − u∥2 ≤ (1− ηλ)2∥wt − u∥2 + 2η(1− ηλ)⟨∇L(wt),u1 −wt⟩+ ηλ(2− ηλ)∥u∥2

≤ (1− ηλ)2∥wt − u∥2 + 2η(1− ηλ)
(
L(u1)− L(wt)

)
+ ηλ(2− ηλ)∥u∥2

≤ (1− ηλ)∥wt − u∥2 + 2η(1− ηλ)
(
L(u1)− L(wt)

)
+ 2ηλ∥u∥2.

Unrolling the recursion, we get

∥wt − u∥2 ≤ (1− ηλ)t∥u∥2 + 2η

t−1∑
k=0

(1− ηλ)t−1−k
(
(1− ηλ)

(
L(u1)− L(wk)

)
+ λ∥u∥2

)
.

This completes the proof.

Based on these split optimization bounds, the following three lemmas establish bounds on parameter
norm, gradient potential, and the logistic empirical risk, respectively.
Lemma 8 (A parameter bound). For ηλ ≤ 1/2, we have

∥wt∥ ≤ 4
η + ln(e+ γ2 min{ηt, 1/λ})

γ
.
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Proof of Lemma 8. By Lemma 7, we have

∥wt − u∥2 ≤ (1− ηλ)t∥u∥2 +
(
2η

t−1∑
k=0

(1− ηλ)k
)(

(1− ηλ)L(u1) + λ∥u∥2
)

= (1− ηλ)t∥u∥2 + 2
1− (1− ηλ)t

λ

(
(1− ηλ)L(u1) + λ∥u∥2

)
≤ 2

1− (1− ηλ)t

λ
L(u1) + 2∥u∥2

≤ 2min{ηt, 1/λ}L(u1) + 2∥u∥2.

In the final inequality, the proof that 1− (1− ηλ)t ≤ ηλt is by induction. For ηλ ≤ 1/2 and

u1 =
ln(e+ γ2 min{ηt, 1/λ})

γ
w∗, u2 =

η

2γ(1− ηλ)
w∗,

we have
∥u2∥ ≤ η

γ
, L(u1) ≤ exp(−γ∥u1∥) ≤

1

γ2 min{ηt, 1/λ}
.

Combining, we have

∥wt∥ ≤ ∥wt − u∥+ ∥u∥

≤
√
2min{ηt, 1/λ}L(u1) +

(√
2 + 1

)
∥u∥

≤
√
2

γ
+

(√
2 + 1

)η + ln(e+ γ2 min{ηt, 1/λ})
γ

≤ 4
η + ln(e+ γ2 min{ηt, 1/λ})

γ
.

This completes the proof.

Lemma 9 (A gradient potential bound). For ηλ ≤ 1/2, we have

1

t

t−1∑
k=0

G(wk) ≤ 11
η + ln(e+ γ2 min{ηt, 1/λ})

γ2 min{ηt, 1/λ}
.

Proof of Lemma 9. Let u = u1 + u2 + u3 and

u1 =
ln(e+ γ2 min{ηt, 1/λ})

γ
w∗, u2 =

η

γ
w∗, u3 =

η + ln(e+ γ2 min{ηt, 1/λ})
γ

w∗.

Then we have
∥u3∥ ≥ 1

γ
, ∥u∥ = 2∥u3∥, L(u1) ≤

1

γ2 min{ηt, 1/λ}
.

Moreover, Lemma 8 yields

max
k≤t

∥wk∥ ≤ 4∥u3∥.

Using Lemma 6, we have

1

t

t−1∑
k=0

G(wk) ≤
1

γ∥u3∥

(
L(u1) +

∥u∥2

2ηt
+ λ∥u∥max

k≤t
∥wk∥

)
≤ 1

γ

(
1

∥u3∥γ2 min{ηt, 1/λ}
+

2∥u3∥
ηt

+ 8λ∥u3∥
)

≤ 1

γ

(
1

γmin{ηt, 1/λ}
+

(
2

ηt
+ 8λ

)
η + ln(e+ γ2 min{ηt, 1/λ})

γ

)
≤ 11

η + ln(e+ γ2 min{ηt, 1/λ})
γ2 min{ηt, 1/λ}

.

This completes the proof.
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Lemma 10 (A logistic empirical risk bound). For ηλ ≤ 1/2, we have

1

t

t−1∑
k=0

L(wk) ≤ 10
η2 + ln2(e+ γ2 min{ηt, 1/λ})

γ2 min{ηt, 1/λ}
.

Proof of Lemma 10. Let u = u1 + u2 + u3 with

u1 =
ln(e+ γ2 min{ηt, 1/λ})

γ
w∗, u2 =

η

γ
w∗, u3 = 0.

Then we have

L(u1) ≤
1

γ2 min{ηt, 1/λ}
, ∥u∥ =

η + ln(e+ γ2 min{ηt, 1/λ})
γ

.

By Lemma 8, we have

max
k≤t

∥wk∥ ≤ 4∥u∥.

Using Lemma 6, we have

1

t

t−1∑
k=0

L(wk) ≤ L(u1) +
∥u∥2

2ηt
+ λ∥u∥max

k≤t
∥wk∥

≤ L(u1) +

(
1

2ηt
+ 4λ

)
∥u∥2

≤ 1

γ2 min{ηt, 1/λ}
+ 2

(
1

2ηt
+ 4λ

)
η2 + ln2(e+ γ2 min{ηt, 1/λ})

γ2

≤ 10
η2 + ln2(e+ γ2 min{ηt, 1/λ})

γ2 min{ηt, 1/λ}
.

This completes the proof.

The next lemma shows that when the gradient potential is small, it remains small under one step of
GD (even when the stepsize is large).

Lemma 11 (Small gradient potential). Assume that

λ ≤ 1

3η ln(e+ η)
.

If in the t-th step we have

G(wt) ≤
1

2e2η
,

then for every v in the line segment between wt and wt+1, we have

G(v) ≤ 1

2η
.

Proof of Lemma 11. There exists an α ∈ [0, 1] such that v = αwt+1 + (1− α)wt. Then for every
1 ≤ i ≤ n, we have

yix
⊤
i v = yix

⊤
i (α((1− ηλ)wt − η∇L(wt)) + (1− α)wt)

= (1− αλη)yix
⊤
i wt − αηyix

⊤
i ∇L(wt)

≥ (1− αλη)yix
⊤
i wt − η∥∇L(wt)∥

≥ (1− αλη)yix
⊤
i wt − ηG(wt)

≥ (1− αλη)yix
⊤
i wt − 1,
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where the second inequality is by Lemma 4 and the last inequality is because G(wt) ≤ 1/η. So we
have

G(v) ≤ 1

n

n∑
i=1

1

1 + exp((1− αλη)yix⊤
i wt − 1)

≤ e

n

n∑
i=1

1

1 + exp((1− αλη)yix⊤
i wt)

=
e

n

n∑
i=1

1

1 + exp(yix⊤
i wt)1−αλη

.

Recall the following inequality:

1 + xβ ≥ (1 + x)β for x ≥ 0 and 0 < β < 1.

We see this by verifying that the function x 7→ 1+ xβ − (1 + x)β is increasing for x > 0 and maps 0
to 0. Applying this inequality and the concavity of the function x 7→ xβ for 0 < β < 1 and x > 0,
we obtain

G(v) ≤ e

n

n∑
i=1

(
1

1 + exp(yix⊤
i wt)

)1−αλη

≤ e

(
1

n

n∑
i=1

1

1 + exp(yix⊤
i wt)

)1−αλη

= eG(wt)
1−αλη.

Using the assumption on G(wt), we get

G(v) ≤ e

(
1

2e2η

)(1−αλη)

=
1

2eη

(
2e2η

)αλη
=

1

2eη
exp

(
αλη ln(2e2η)

)
≤ 1

2η
,

where the last inequality is because αλη ln(2e2η) ≤ 1, which is verified by discussing two cases. If
2e2η ≤ 1, this is trivial; If 2e2η > 1, this follows from our assumption on λ and α ≤ 1:

αλη ln(2e2η) ≤ λη ln(2e2η) ≤ ln(2e2η)

3 ln(e+ η)
≤ 1.

This completes the proof.

The following lemma shows that if the gradient potential is small, then the objective value decreases
after one step of GD.
Lemma 12 (One contraction step). Assume that

λ ≤ 1

3η ln(e+ η)
.

If in the t-th step we have

G(wt) ≤
1

2e2η
,

then we have

L̃(wt+1) ≤ L̃(wt)−
η

2
∥∇L̃(wt)∥2.

Furthermore, we have

L̃(wt+1)−min L̃ ≤ (1− ηλ)
(
L̃(wt)−min L̃

)
and ∥wt+1 −wλ∥2 ≤ (1− ηλ)∥wt −wλ∥2.

Proof of Lemma 12. There exists v in the line segment between wt and wt+1 such that

L̃(wt+1) = L̃(wt) + ⟨∇L̃(wt),wt+1 −wt⟩+
1

2

〈
∇2L̃(v), (wt+1 −wt)

⊗2
〉
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≤ L̃(wt)− η∥∇L̃(wt)∥2
(
1− η∥∇2L̃(v)∥

2

)
= L̃(wt)− η∥∇L̃(wt)∥2

(
1− η(λ+ ∥∇2L(v)∥)

2

)
.

Our assumption on λ implies that λη ≤ 1/2. Then by Lemmas 4 and 11, we have

η(λ+ ∥∇2L(v)∥)
2

≤ η(λ+ G(v))
2

≤ 0.5 + 0.5

2
=

1

2
,

which leads to

L̃(wt+1) ≤ L̃(wt)− η∥∇L̃(wt)∥2
(
1− η(λ+ ∥∇2L(v)∥)

2

)
≤ L̃(wt)−

η

2
∥∇L̃(wt)∥2.

The risk contraction follows from the above and the well-known Polyak-Lojasiewicz inequality from
the λ-strong convexity:

L̃(w)−min L̃ ≤ 1

2λ
∥∇L̃(w)∥2.

The norm contraction is because

∥wt+1 −wλ∥2

= ∥wt −wλ∥2 + 2η⟨∇L̃(wt),wλ −wt⟩+ η2∥∇L̃(wt)∥2

≤ ∥wt −wλ∥2 + 2η

(
L̃(wλ)− L̃(wt)−

λ

2
∥wt −wλ∥2

)
+ η2

(
2

η

(
L̃(wt)− L̃(wt+1)

))
= (1− ηλ)∥wt −wλ∥2 + 2η

(
L̃(wλ)− L̃(wt+1)

)
≤ (1− ηλ)∥wt −wλ∥2,

where the first inequality is by λ-strong convexity and the first claim, and the second inequality is
because wλ := argmin L̃(·). This completes our proof.

A.2 Proof of Theorem 1

The following lemma is crucial for showing that GD remains in the stable phase.
Lemma 13 (Stable phase). Assume that n ≥ 2 and

λ ≤ γ2

C1
min

{
1

n lnn
,

1

nη
,
1

η2

}
for a large constant C1 > 1. If in the s-th step we have

L(ws) ≤ min

{
1

2e2η
,
ln 2

n

}
,

then for all t ≥ s we have

L(wt) ≤ min

{
1

2e2η
,
ln 2

n

}
.

Proof of Lemma 13. The condition on λ with C1 ≥ 6 guarantees that

λ ≤ 1

6
min

{
1

n lnn
,
1

η2

}
≤ 1

6
min

{
1,

1

η2

}
≤ 1

3(1 + η2)
≤ 1

3η ln(e+ η)
≤ 1

2η
.

which satisfies the condition on λ required by Lemmas 8, 11 and 12.

We prove the claim by induction. The claim holds for s. Assume the claim holds for t. We then
verify the claim for t+ 1. By Taylor’s theorem, there exists v within the line segment between wt

and wt+1 such that

L(wt+1)− L(wt) = ⟨∇L(wt),wt+1 −wt⟩+
1

2

〈
∇2L(v), (wt+1 −wt)

⊗2
〉
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= −η⟨∇L(wt),∇L(wt) + λwt⟩+
η2

2

〈
∇2L(v), (∇L(wt) + λwt)

⊗2
〉

≤ −η⟨∇L(wt),∇L(wt) + λwt⟩+
η2

2
G(v)∥∇L(wt) + λwt∥2.

where the last inequality is because ∥∇2L(v)∥ ≤ G(v) by Lemma 4. The induction hypothesis and
Lemma 4 imply that

G(wt) ≤ L(wt) ≤ min

{
1

2e2η
,
ln 2

n

}
, (3)

which implies G(v) ≤ 2/η ≤ 1/η by Lemma 11. Then we have

L(wt+1)− L(wt) ≤ −η⟨∇L(wt),∇L(wt) + λwt⟩+
η

2
∥∇L(wt) + λwt∥2

= −η

2

(
∥∇L(wt)∥2 − λ∥wt∥2

)
.

We discuss two cases. If ∥∇L(wt)∥ ≥ λ∥wt∥, then L(wt+1) ≤ L(wt), which together with (3)
verifies the claim for t+ 1. If ∥∇L(wt)∥ < λ∥wt∥, then

L(wt+1) ≤ L(wt) +
ηλ2∥wt∥2

2

≤ 2G(wt) +
ηλ2∥wt∥2

2

≤ 2

γ
∥∇L(wt)∥+

ηλ2∥wt∥2

2

≤ λ∥wt∥
γ

(
2 +

γηλ∥wt∥
2

)
,

where the second inequality is by Lemma 4 and (3), the third inequality is by Lemma 4, and the
fourth inequality is because ∥∇L(wt)∥ < λ∥wt∥. By Lemma 8, we have

∥wt∥ ≤ 4
η + ln(e+ γ2 min{ηt, 1/λ})

γ
≤ 4

η + ln(e+ γ2/λ)

γ
=: M.

Then we have

L(wt+1) ≤
λM

γ

(
2 +

γηλM

2

)
≤ 3

λM

γ
≤ min

{
1

2e2η
,
ln 2

n

}
,

which verifies the claim for t+ 1. Here, the last inequality is by (4) (proved below), and the second
inequality is because ηλM ≤ 1 by (4).

3λM

γ
= 12λ

η + ln(e+ γ2/λ)

γ2
≤ min

{
1

2e2η
,
ln 2

n

}
(4)

⇐ η + ln(e+ γ2/λ)

γ2/λ
≤ 1

K1
min

{
1

η
,
1

n

}
for a sufficiently large constant K1 (5)

⇔ γ2

λ
≥ K1

(
η2 + η ln(e+ γ2/λ)

)
and

γ2

λ
≥ K1

(
nη + n ln(e+ γ2/λ)

)
⇐ γ2

λ
≥ C1 max{1, η2} and

γ2

λ
≥ C1 max{nη, n lnn} for a sufficiently large constant C1

⇔ γ2

λ
≥ C1max{n lnn, nη, η2}.

This completes the proof.

The next lemma provides a bound on the phase transition time.
Lemma 14 (Phase transition). Assume that n ≥ 2 and

λ ≤ γ2

C1
min

{
1

n lnn
,

1

nη
,
1

η2

}
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for a large constant C1 > 1. Let

τ :=
C2

γ2
max

{
η, n,

n lnn

η

}
for a large constant C2 > 1. Then for all t ≥ τ ,

G(wt) ≤ L(wt) ≤ min

{
1

2e2η
,
ln 2

n

}
.

Proof of Lemma 14. The assumption on λ with C1 ≥ 2 implies ηλ ≤ 1/2. Then by Lemma 9 we
have

1

τ

τ−1∑
k=0

G(wk) ≤ 11
η + ln(e+ γ2 min{ητ, 1/λ})

γ2 min{ητ, 1/λ}
.

If the right-hand side is smaller than min{1/(4e2η), ln(2)/(2n)}, then there exists s ≤ τ such that

G(ws) ≤ min

{
1

4e2η
,
ln 2

2n

}
≤ 1

2n
.

This further implies L(ws) ≤ 2G(ws) ≤ min{1/(2e2η), ln(2)/n} by Lemma 4, and then Lemmas 4
and 13 imply the result. So it suffices to check that

11
η + ln(e+ γ2 min{ητ, 1/λ})

γ2 min{ητ, 1/λ}
≤ min

{
1

4e2η
,
ln 2

2n

}

⇐


η + ln(e+ γ2/λ)

γ2/λ
≤ 1

K1
min

{
1

η
,
1

n

}
,

η + ln(e+ γ2ητ)

γ2ητ
≤ 1

K1
min

{
1

η
,
1

n

}
,

for a sufficiently large constant K1. As shown in (5) in the proof of Lemma 13, the first condition
follows from our assumption on λ. The second condition is equivalent to

γ2τ ≥ K1

(
η + ln(e+ γ2ητ)

)
and γ2τ ≥ K1

(
n+

n

η
ln(e+ γ2ητ)

)
⇐ γ2τ ≥ C2 max{1, η} and γ2τ ≥ C2 max

{
n,

n lnn

η

}
for a sufficiently large constant C2

⇔ γ2τ ≥ C2 max

{
η, n,

n lnn

η

}
.

This completes the proof.

With the above lemmas, we are ready to prove Theorem 1.

Proof of Theorem 1. Our assumption on λ and η satisfies the condition on λ and η required by
Lemma 14. That condition with C1 ≥ 6 implies that λ ≤ 1/(3(1 + η2)) ≤ 1/(3η ln(e + η)) ≤
1/(2η), satisfying the condition on λ and η required by Lemmas 8 and 12.

The phase transition time bound is by Lemma 14, which further enables Lemma 12 for all t ≥ τ .
Thus we have

L̃(wτ+t)−min L̃ ≤ (1− λη)t
(
L̃(wτ )−min L̃

)
≤ exp(−ληt)

(
L̃(wτ )−min L̃

)
,

∥wτ+t −wλ∥2 ≤ (1− λη)t∥wτ −wλ∥2 ≤ exp(−ληt)∥wτ −wλ∥2.

It remains to bound L̃(wτ )−min L̃ and ∥wτ −wλ∥.

Our assumption on λ implies γ2/λ ≥ C1 ≥ e. Then by Lemma 8 we have

∥wτ∥ ≤ 4
η + ln(e+ γ2 min{ηs, 1/λ})

γ
≤ 4

η + ln 2 + ln(γ2/λ)

γ
≤ 4

η + 2 ln(γ2/λ)

γ
.
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We then use Lemma 3 to bound ∥wτ −wλ∥ by

∥wτ −wλ∥ ≤ ∥wτ∥+ ∥wλ∥ ≤ 4
η + 2 ln(γ2/λ)

γ
+

√
2 + ln(γ2/λ)

γ
≤ 10

η + ln(γ2/λ)

γ
.

This completes our proof for the parameter convergence.

Furthermore, the assumption on λ guarantees that
λ

γ2
≲ 1,

λ

γ2
η2 ≲ 1,

λ

γ2
ln2(γ2/λ) ≲ 1.

Therefore, we have
λ

2
∥wτ∥2 ≤ 8

λ

γ2

(
η + 2 ln(γ2/λ})

)2 ≤ C3 − 1

for a constant C3 > 1. Also note that L(wτ ) ≤ min{1/(2e2η), ln(2)/n} ≤ 1 by Lemma 14. These
two bounds together imply that

L̃(wτ )−min L̃ ≤ L̃(wτ ) = L(wτ ) +
λ

2
∥wτ∥2 ≤ C3.

This completes our proof for the risk convergence.

A.3 Proof of Corollary 2

Proof of Corollary 2. By Theorem 1, GD enters the stable phase in τ steps, and then attains an ε
error within an additional

t− τ ≲
ln(1/ε)

ηλ
≂ max

{
1

γ
√
λ
,
n

γ2

}
ln(1/ε)

steps. We can further upper bound the phase transition time by

τ ≂
1

γ2
max

{
η, n,

n

η
ln

n

η

}
≂

1

γ2
max

{
η, n

}
≂

1

γ2
max

{
min

{
γ√
λ
,
γ2

nλ

}
, n

}
≂

1

γ2
max

{
γ√
λ
, n

}
,

where the first equality is by the definition of τ , the second equality is because

η ≂ min

{√
γ2

λ
,
γ2

λn

}
≳ min

{√
n lnn, lnn

}
≳ lnn,

the third equality is by the choice of η, and the fourth equality is because max{min{a, a2/b}, b} =

max{a, b} for a, b > 0. So the total number of steps is t ≲ max{1/(γ
√
λ, n/γ2)} ln(1/ε).

A.4 Proof of Theorem 4

The following lemma shows that GD stays in the stable phase.
Lemma 15 (Stable phase, version 2). Assume that

λ ≤ γ2

C1
min

{
1,

1

η3

}
for a large constant C1. If in the s-th step we have

L(ws) ≤
1

4e2η
,

then for all t ≥ s we have

L(wt) ≤
1

2e2η
.
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Proof of Lemma 15. The condition on λ with C1 ≥ 2 implies λη ≤ min{η, 1/η2}/2 ≤ 1/2. Then
by Lemma 8 we have

for all t, ∥wt∥ ≤ 4
η + ln(e+ γ2 min{ηs, 1/λ})

γ
≤ 4

η + ln(e+ γ2/λ)

γ
=: M.

Our assumption on λ implies that

λ

2
M2 =

8λ
(
η + ln(e+ γ2/λ})

)2
γ2

≤ 1

4e2η
.

To see this, it is sufficient to check that
λ

γ2
(η2 + ln2(e+ γ2/λ)) ≤ 1

K1η
for a sufficiently large constant K1 (6)

⇐ λ

γ2
≤ 1

K2η3
and

λ

γ2
ln2(e+ γ2/λ)) ≤ 1

K2η
for a sufficiently large constant K2

⇐ λ

γ2
≤ 1

C1
min

{
1,

1

η3

}
for a sufficiently large constant C1.

With this, we prove the following stronger claim by induction:

for all t ≥ s, L(wt) ≤ L̃(wt) ≤
1

2e2η
.

In the s-th step, we have

L(ws) ≤ L̃(ws) ≤ L(ws) +
λ

2
∥ws∥2 ≤ L(ws) +

λ

2
M2 ≤ 1

2e2η
,

which satisfies the hypothesis. Next, assume the hypothesis holds for t. Then G(wt) ≤ L(wt) ≤
1/(2e2η). Additionally, our assumption on λ with C1 ≥ 6 implies λ ≤ 1/(3(1+η3)) ≤ 1/(3η ln(e+

η)). Thus we can apply Lemma 12 for t, obtaining that L̃(wt+1) ≤ L̃(wt) ≤ 1/(2e2η). This verifies
the hypothesis for t+ 1, and completes our induction.

The next lemma provides a bound on the phase transition time.
Lemma 16 (Phase transition, version 2). Assume that

λ ≤ γ2

C1
min

{
1,

1

η3

}
for a constant C1 > 1. Let

τ :=
C2 max{1, η2}

γ2

for a constant C2 > 1. Then for all t ≥ τ , we have

G(wt) ≤ L(wt) ≤
1

2e2η
.

Proof of Lemma 16. The condition on λ with C1 ≥ 2 implies λη ≤ min{η, 1/η2}/2 ≤ 1/2. Then
by Lemma 10 we have

1

τ

τ−1∑
k=0

L(wk) ≤ 10
η2 + ln2(e+ γ2 min{ητ, 1/λ})

γ2 min{ητ, 1/λ}
.

If the right-hand side is smaller than 1/(4e2η), then there exists s ≤ τ such that L(ws) ≤ 1/(4e2η).
By Lemma 15, we have L(wt) ≤ 1/(2e2η) for all t ≥ s. We then complete the proof by using
G(w) ≤ L(w) from Lemma 4.

To see the right-hand side is smaller than 1/(4e2η), it suffices to show that

η2 + ln2(e+ γ2/λ))

γ2/λ
≤ 1

K1η
and

η2 + ln2(e+ γ2ητ)

γ2ητ
≤ 1

K1η
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for a sufficiently large constant K1. This first condition is implied by our assumption on λ as shown
by (6) in the proof of Lemma 15. For the second condition to hold, it suffices to have

γ2τ ≥ K2η
2 and γ2τ ≥ K2 ln

2(e+ ηγ2τ) for a sufficiently large constant K2

⇐ γ2τ ≥ C2 max{1, η2} for a sufficiently large constant C2.

This completes the proof.

The proof of Theorem 4 follows from the above lemmas.

Proof of Theorem 4. Our assumption on λ and η satisfies the condition on λ and η required by
Lemma 16. That condition with C1 ≥ 6 implies that λ ≤ 1/(3(1 + η3)) ≤ 1/(3η ln(e + η)),
satisfying the condition on λ and η required by Lemma 12.

The phase transition time bound is by Lemma 16, which further enables Lemma 12 for all t ≥ τ .
Thus we have

L̃(wτ+t)−min L̃ ≤ (1− λη)t
(
L̃(wτ )−min L̃

)
≤ exp(−ληt)

(
L̃(wτ )−min L̃

)
,

∥wτ+t −wλ∥2 ≤ (1− λη)t∥wτ −wλ∥2 ≤ exp(−ληt)∥wτ −wλ∥2.
Moreover, from the proof of Lemma 15, we know

L̃(ws)−min L̃ ≤ L̃(ws) ≤
1

2e2η
.

This completes our proof for the risk convergence. We need to bound ∥ws − wλ∥ to complete
our proof for the parameter convergence, which follows from the same argument as in the proof of
Theorem 1 in Appendix A.2.

A.5 Proof of Corollary 5

Proof of Corollary 5. Recall that η ≂ γ2/3/λ1/3. By Theorem 4, GD enters the stable phase in τ
steps, and then attains an ε-suboptimal error within an additional

t− τ ≲
ln(1/(ηε))

ηλ
≲

ln(1/ε)

(γλ)2/3

steps. We can further upper bound the phase transition time by

τ ≂
max{1, η2}

γ2
≂

1

(γλ)2/3
.

So the total number of steps is t ≲ ln(1/ε)/(γλ)2/3.

B A lower bound

The next lemma provides a hard dataset for which GD cannot use a large stepsize if it operates in the
stable regime. The hard dataset construction is motivated by the lower bound of Wu et al. (2024).
Lemma 17 (A stepsize bound). Consider the dataset

x1 = (γ, 0.9), x2 = (γ,−0.5), y1 = y2 = 1, 0 < γ < 0.1.

Then with w0 = 0, L̃(w1) ≤ L̃(w0) implies that η ≤ 20.

Proof of Lemma 17. We have L̃(w0) = ln 2 and

∇L̃(w0) = −1

2

(
γ, 0.4

)
⇒ w1 = w0 − η∇L̃(w0) =

η

2

(
γ, 0.4

)
.

So we have

L̃(w1) ≥ L(w1) ≥
1

2
ln(1 + exp(−x⊤

2 w1)) =
1

2
ln(1 + exp((γ2 + 0.2)η/2)) ≥ (γ2 + 0.2)η

4
.

Thus L̃(w1) ≤ L̃(w0) implies that η ≤ 4 ln(2)/(γ2 + 0.2) ≤ 20, which completes the proof.
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The following lemma establishes upper and lower bounds for the logistic empirical risk. For simplicity,
this lemma is stated for the special dataset in Lemma 17. However, this lemma can be extended to
general datasets satisfying Assumptions 1 and 3 using techniques from Wu et al. (2023).

Lemma 18 (Upper and lower bounds on the logistic empirical risk). Assume that λη < 1. For the
dataset in Lemma 17, we have

1

Ct
≤ L(wt) ≤

C

t
and ∥wt∥ ≤ C ln(t), for 1 ≤ t ≤ 1

Cλ ln(1/λ)
,

where C > 1 depends on γ and η but is independent of t and λ.

Proof of Lemma 18. Denote the trainable parameter as w = (w, w̄). Then we have w0 = w̄0 = 0
and

wt+1 = (1− ηλ)wt +
ηγ

2

(
1

1 + eγwt+0.9w̄t
+

1

1 + eγwt−0.5w̄t

)
(7)

w̄t+1 = (1− ηλ)w̄t +
η

2

(
0.9

1 + eγwt+0.9w̄t
− 0.5

1 + eγwt−0.5w̄t

)
. (8)

Bounds on w̄t. Recall that ηλ < 1. From (7), we see that (wt)t≥0 are all nonnegative. Then by
direct computation, we can verify that the factor within the big bracket in (8) is positive when w̄t ≤ 0
and is negative when w̄t ≥ 2. Then (8) implies the following:

if w̄t ≤ 0, −(1− ηλ)|w̄t| ≤ (1− ηλ)w̄t ≤ w̄t+1 ≤ (1− ηλ)w̄t + η ≤ η;

if 0 < w̄t ≤ 2, −η ≤ (1− ηλ)w̄t − η ≤ w̄t+1 ≤ (1− ηλ)w̄t + η ≤ 2 + η;

if w̄t > 2, −η ≤ (1− ηλ)w̄t − η ≤ w̄t+1 ≤ (1− ηλ)w̄t ≤ (1− ηλ)|w̄t|.

In all cases, we have
|w̄t+1| ≤ max{(1− ηλ)|w̄t|, η + 2},

which implies that |w̄t| ≤ η + 2 for every t ≥ 0 by induction.

Let
H(w̄) :=

1

2

(
exp(−0.9w̄) + exp(0.5w̄)

)
.

Then for every t ≥ 0, we have H(w̄t) ≤ exp(η + 2) := Hmax.

An upper bound on wt. Using the upper bound on H(w̄t) and (7), we have

wt+1 ≤ wt +
ηγ

2

(
1

eγwt+0.9w̄t
+

1

eγwt−0.5w̄t

)
≤ wt +

ηγHmax

2
e−γwt .

Let t0 := min{t : γ2ηHmax exp(−γwt)/2 ≤ 1}. Since wt is increasing, t0 exists. For every t ≤ t0,
we have wt ≤ γ−1 ln(γ2ηHmax/2). For t ≥ t0, we have

eγwt+1 ≤ eγwteγ
2ηHmax/2 exp(−γwt) ≤ eγwt

(
1 + e

γ2ηHmax exp(−γwt)

2

)
≤ eγwt +

eγ2ηHmax

2

⇒ for t ≥ t0, wt ≤
1

γ
ln

(
eγ2ηHmax

2
(t− t0) + eγwt0

)
.

Putting these two bounds together, we have for every t ≥ 0,

wt ≤
1

γ
ln

(
eγ2ηHmax(t+ 1)

)
.

A lower bound on wt. From (7), we have

wt+1 ≥ (1− ηλ)wt +
ηγ

2

(
min{1, e−γwt−0.9w̄t}+min{1, e−γwt+0.5w̄t}

)
= (1− ηλ)wt +

ηγ

2
e−γwt

(
min{eγwt , e−0.9w̄t}+min{eγwt , e0.5w̄t}

)
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≥ (1− ηλ)wt +
ηγ

2
e−γwt

(
min{1, e−0.9w̄t}+min{1, e0.5w̄t}

)
≥ (1− ηλ)wt +

ηγ

2
e−γwt ,

For t such that

λ <
1

4ηHmax(t+ 1) ln
(
eγ2ηHmax(t+ 1)

) ,
from our upper bound on wt, we have

2λ

γ
wte

γwt ≤ 1

2
.

Then for such t, we have

eγwt+1 ≥ e(1−ηλ)γwt+
ηγ
2 e−γwt

= eγwt exp

(
ηγ

2
e−γwt

(
1− 2λ

γ
wte

γwt

))
≥ eγwt exp

(
ηγ

4
e−γwt

)
≥ eγwt

(
1 +

ηγ

4
e−γwt

)
≥ eγwt +

ηγ

4
.

So we have

wt ≥
1

γ
ln

(
ηγ

4
t+ 1

)
, for t ≲

1

γ2ηHmaxλ ln(1/λ)
.

Bounds on logistic empirical risk. Notice that

e−γwt+|w̄t| ≥ L(wt) ≥
1

2
ln(1 + e−γwt).

This, together with our upper and lower bounds on wt and w̄t, leads to the promised bounds.

With the above lemmas, we are ready to prove Theorem 3.

Proof of Theorem 3. From Lemma 17 we know η ≤ 20. Then from Lemma 18, we have

1

C0t
≤ L(wt) ≤

C0

t
and ∥wt∥ ≤ C0 ln(t), for t ≤ 1

C0λ ln(1/λ)
,

where C0 > 1 is a large factor that only depends on γ but is independent of t and λ. Here, we can
make C0 independent of η as η ≤ 20. For every sufficiently small λ, we can pick

τ :=
1

C2
0λ ln2(1/λ)

<
1

C0λ ln(1/λ)
.

For this τ , we have

C0λ ln2(1/λ) ≤ L(wτ ) ≤ C3
0λ ln2(1/λ) and ∥wτ∥ ≤ C0 ln(1/λ).

By Lemma 3 and setting C0 large enough, we get

min L̃ ≤ λ(2 + ln2(γ2/λ))

2γ2
≤ 1

2
C0λ ln2(1/λ).

That is, we have

L̃(wτ )−min L̃ ≥ L(wτ )−min L̃ ≥ 1

2
C0λ ln2(1/λ).

Step complexity for a large ε. For ε ≥ 0.5C0λ ln2(1/λ), we have

L̃(wt)−min L̃ ≤ ε ⇒ L(wt) ≤ min L̃+ ε ≤ 2ε

⇒ t ≥ 1

2C0ε
,

where the second line is because of the lower bound on L(wt) for t ≤ 1/(C0λ ln(1/λ)) and our
choice of λ.
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Step complexity for a small ε. The case of ε < 0.5C0λ ln2(1/λ) needs some more effort. Since
GD operates in the stable regime, we have

for all t ≥ τ , L̃(wt) ≤ L̃(wτ ) ≤ L(wτ ) +
λ

2
∥wτ∥2 ≤ 2C3

0λ ln2(1/λ).

That is, (wt)t≥τ are all within the level set

W :=
{
w : L̃(w) ≤ 2C3

0λ ln2(1/λ)
}
.

For parameters in this level set, we have

sup
w∈W

∥∇2L̃(w)∥ = sup
w∈W

∥∇2L(w)∥+ λ≤ sup
w∈W

L(w) + λ ≤ sup
w∈W

L̃(wt) + λ ≤ 3C3
0λ ln2(1/λ),

≥ λ,

where the upper bound is given by Lemma 4 and the definition of W . That is, L̃ is β-smooth for
β = 3C3

0λ ln2(1/λ) and λ-strongly convex for w ∈ W . By standard convex optimization theory, we
have

for all w ∈ W, L̃(w)−min L̃ ≥ 1

2β
∥∇L̃(w)∥2;

L̃(wt+1) ≥ L̃(wt) + ⟨∇L̃(wt),wt+1 −wt⟩ = L̃(wt)− η∥∇L̃(wt)∥2.

Moreover, our choice of λ implies η ≤ 20 < 1/(4β). Then the above two inequalities imply that

for all t ≥ τ , L̃(wt+1)−min L̃ ≥ (1− 2ηβ)
(
L̃(wt)−min L̃

)
,

which further implies that

L̃(wt)−min L̃ ≥ (1− 2ηβ)t−τ
(
L̃(wτ )−min L̃

)
≥ (1− 2ηβ)t−τ 1

2
C0λ ln2(1/λ)

≥ exp
(
− 4ηβ(t− τ)

)1
2
C0λ ln2(1/λ).

For the right-hand side to be smaller than ε < 0.5C0λ ln2(1/λ), we need

t ≥ τ +
ln

(
0.5C0λ ln2(1/λ)/ε

)
4ηβ

≥ 1

C0λ ln2(1/λ)
+

ln
(
0.5C0λ ln2(1/λ)/ε

)
240C3

0λ ln2(1/λ)
.

This completes our proof.

C Population risk analysis

We provide a proof for Proposition 6 in Appendix C.1, then calculate the optimal regularization
hyperparameter in Appendix C.2.

C.1 Proof of Proposition 6

Proof of Proposition 6. It is clear that under Assumption 2, ∥w∥ ≤ B implies ℓ(yx⊤w) ≤ ℓ(0)+B.
Applying Srebro et al. (2010, Theorem 1) to the functional class induced by {w : ∥w∥ ≤ B}, we
have the following: with probability 1− δ,

for every w such that ∥w∥ ≤ B, Ltest(w) ≲ L(w) + ln3(n)R2
n(B) +

(B + 1) ln(1/δ)

n
,
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where Rn(B) is the Rademacher complexity of the functional class induced by {w : ∥w∥ ≤ B},

Rn(B) := sup
(xi,yi)ni=1

Eσ sup
∥w∥≤B

1

n

∣∣∣∣ n∑
i=1

σiℓ(−yix
⊤
i w)

∣∣∣∣,
where σ = (σi)

n
i= are n independent Rademacher random varaibles.

We control the Rademacher complexity by (Shalev-Shwartz and Ben-David, 2014, Lemma 26.10)

Rn(B) ≤ sup
(xi,yi)ni=1

Eσ sup
∥w∥≤B

1

n

∣∣∣∣ n∑
i=1

σiyix
⊤
i w

∣∣∣∣ ≤ B

n
sup

(xi,yi)ni=1

Eσ

∥∥∥∥ n∑
i=1

σiyixi

∥∥∥∥
≤ B

n
sup

(xi,yi)ni=1

√√√√Eσ

∥∥∥∥ n∑
i=1

σiyixi

∥∥∥∥2 =
B

n
sup

(xi,yi)ni=1

√√√√ n∑
i=1

∥xi∥2 ≤ B√
n
,

where the first inequality is by the 1-Lipschitzness of ℓ, the second inequality is by Cauchy–Schwarz
inequality, and the last inequality is by Assumption 2.

Putting these together, we have: with probability 1− δ,

for every w such that ∥w∥ ≤ B, Ltest(w) ≲ L(w) +
B2 ln3(n)

n
+

(B + 1) ln(1/δ)
)

n
.

Now for a given w, consider a sequence of balls with radius Bi = ei and a sequence of probabilities
δi = δ/(i+ 1)2. It is clear that

∑
i δi ≲ δ and w belongs to Bi for i = ln(∥w∥+ 1). Applying the

above inequality to each Bi and δi, then applying a union bound (motivated by the proof of Theorem
26.14 in (Shalev-Shwartz and Ben-David, 2014)), we get: for every w, with probability 1− δ,

Ltest(w) ≲ L(w) +

(
∥w∥+ 1

)2
ln3(n)

n
+

(∥w∥+ 1) ln(ln(∥w∥+ 1)/δ)
)

n

≲ L(w) +
max{1, ∥w∥2}

(
ln3(n) + ln(1/δ)

)
n

.

This completes the proof.

C.2 Optimal regularization

We compute the optimal regularization hyperparameter λ such that wλ minimizes the upper bound in
Proposition 6. We assume that λ < 1/γ2. From Lemma 3, we have

∥wλ∥ ≤
√
2 + ln(γ2/λ)

γ
, L(wλ) ≤ L̃(wλ) ≤

λ
(
2 + ln2(γ2/λ)

)
2γ2

.

Pugging these into Proposition 6, we have

Ltest(wλ) ≲ L(wλ) +
ln3(n) + ln(1/δ)

n
∥wλ∥2

≲
λ
(
1 + ln2(γ2/λ)

)
γ2

+
ln3(n) + ln(1/δ)

n

1 + ln2(γ2/λ)

γ2
.

Choosing λ ≂ 1/n minimizes the right-hand side up to constant factors, where we have

Ltest(wλ) ≲

(
ln3(n) + ln(1/δ)

)
ln2(n)

γ2n
= Õ

(
1

γ2n

)
.

Note that the upper bound provided in Proposition 6 is at least Ω(1/n). So the choice of λ ≂ 1/n
leads to a nearly unimprovable bound, ignoring logarithmic factors and dependence on γ.

D The critical stepsize threshold

We first prove Theorem 7 in Appendix D.1. We then show that the proposed critical threshold also
sharply determines the global convergence of GD in Appendix D.2.
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D.1 Proof of Theorem 7

Denote the linearly separable dataset in Assumption 1 as

X := (x1, . . . ,xn)
⊤, y := (y1, . . . , yn)

⊤.

Consider the following margin maximization program

min
w∈H

∥w∥ s.t. yix
⊤
i w ≥ 1, i = 1, . . . , n.

Its Lagrangian dual can be written

max
β∈Rn

−1

2
β⊤XX⊤β + β⊤y s.t. yiβi ≥ 0, i = 1, . . . , n,

where yiβi is the dual variable associated with the i-th constraint (see, e.g., Hsu et al., 2021). Let β̂
be the solution to the above problem. Let

S+ := {i ∈ [n] : yiβ̂i > 0}

be the set of support vectors with nonzero dual variables. Then Assumption 3 says that {xi : i ∈ S+}
spans the same space as {x1, . . . ,xn}.

We introduce some additional notation following Wu et al. (2023). By the rotational invariance of the
problem, we can assume without loss of generality that the maximum ℓ2-margin direction is aligned
with the first vector of the canonical basis. Then we can write the dataset and the parameters as

xi = (xi, x̄i) , w = (w, w̄) , wλ = (wλ, w̄λ),

where yixi ≥ γ by Assumption 1.

Let
S := {i : yixi = γ}

be the index set of all support vectors (satisfying the constraint with equality). Then Assumption 3
implies that (x̄i, yi)i∈S are strictly nonseparable (Wu et al., 2023, Lemma 3.1). Define

H(w̄) :=
1

n

∑
i∈S

exp(−yix̄
⊤
i w̄),

then H(·) is convex, bounded from below, and with a compact level set. Thus, it admits a finite
minimizer, which is denoted as w̄∗ := argminH(·).
Wu et al. (2025a, Lemma D.2) provided an asymptotic characterization of wλ, which is restated as
the following lemma.

Lemma 19 (Lemma D.2 in (Wu et al., 2025a)). Under Assumption 3, as λ → 0, we have

wλ → ∞ , w̄λ → w̄∗.

Without loss of generality, we assume that {x1, . . . ,xn} spans the whole space H. Otherwise, we
project every quantity into the span of {x1, . . . ,xn}. Under this convention, we have the following
sharp characterization of the Hessian at wλ.

Lemma 20 (Hessian bounds). Under Assumption 3, as λ → 0, we have

∇2L(wλ) = λ ln(1/λ)
1± o(1)

γ2H(w̄∗)

1

n

∑
i∈S

xix
⊤
i exp(−yix̄

⊤
i w̄∗).

As a direct consequence, for every λ < 1/C0, we have

1

C1
λ ln(1/λ)I ⪯ ∇2L(wλ) ⪯ C1λ ln(1/λ)I,

where C0, C1 > 1 depend on the dataset but are independent of λ.
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Proof of Lemma 20. The first-order optimality condition for wλ implies that

λwλ =
1

n

n∑
i=1

yixi

1 + exp(yix⊤
i wλ)

=
1

n

∑
i∈S

γ

1 + exp(γwλ + yix̄⊤
i w̄λ)

+
1

n

∑
i/∈S

yixi

1 + exp(yixiwλ + yix̄⊤
i w̄λ)

,

where yixi > γ for i /∈ S. Then Lemma 19 implies that

λwλ exp(γwλ) =
1

n

∑
i∈S

γ exp(γwλ)

1 + exp(γwλ + yix̄⊤
i w̄λ)

+
1

n

∑
i/∈S

yixi exp(γwλ)

1 + exp(yixiwλ + yix̄⊤
i w̄λ)

=
(
1 + o(1)

) 1
n

∑
i∈S

γ exp(γwλ)

1 + exp(γwλ + yix̄⊤
i w̄λ)

=
(
1± o(1)

) 1
n

∑
i∈S

γ exp(γwλ)

exp(γwλ + yix̄⊤
i w̄λ)

=
(
1± o(1)

)
γH(w̄λ)

=
(
1± o(1)

)
γH(w̄∗).

That is,
γwλ exp(γwλ) =

(
1± o(1)

)
γ2H(w̄∗)/λ.

Notice that γwλ is the Lambert W function applied to the right-hand side. By the property of the
Lambert W function(see, e.g., Hoorfar and Hassani, 2008, Theorem 2.7), we have

exp(γwλ) =
(
1± o(1)

) (
1± o(1)

)
γ2H(w̄∗)/λ

ln
((
1± o(1)

)
γ2H(w̄∗)/λ

) =
(
1± o(1)

)γ2H(w̄∗)

λ ln(1/λ)
.

For the Hessian at wλ, we have

∇2L(wλ) =
1

n

n∑
i=1

xix
⊤
i

(1 + exp(−yix⊤
i wλ))(1 + exp(yix⊤

i wλ))

=
(
1± o(1)

) 1
n

n∑
i=1

xix
⊤
i

exp(yixiwλ + yix̄⊤
i w̄λ)

=
(
1± o(1)

) 1
n

∑
i∈S

xix
⊤
i

exp(γwλ + yix̄⊤
i w̄λ)

=
(
1± o(1)

)
exp(−γwλ)

1

n

∑
i∈S

exp(−yix̄
⊤
i w̄λ)xix

⊤
i

=
(
1± o(1)

)
exp(−γwλ)

1

n

∑
i∈S

exp(−yix̄
⊤
i w̄∗)xix

⊤
i .

Plugging in the bounds for exp(γwλ), we get

∇2L(wλ) = λ ln(1/λ)
1± o(1)

γ2H(w̄∗)

1

n

∑
i∈S

xix
⊤
i exp(−yix̄

⊤
i w̄∗),

which concludes the proof.

We are ready to prove Theorem 7.

Proof of Theorem 7. Lemma 20 implies that for every λ ≤ 1/C0, we have
1

C1
λ ln(1/λ)I ⪯ ∇2L̃(wλ) := λI+∇2L(wλ) ⪯ C1λ ln(1/λ)I.

Since ∇2L̃(·) is continuously differentiable, there exists a neighborhood of wλ of radius r such that

for all w such that ∥w −wλ∥ ≤ r,
1

2C1
λ ln(1/λ)I ⪯ ∇2L̃(w) ⪯ 2C1λ ln(1/λ)I.
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The first claim. By classical optimization theory, GD with initialization satisfying ∥w0−wλ∥ ≤ r
and stepsize satisfying η < 1/(C1λ ln(1/λ)) converges to wλ.

The second claim. Recall that ∇L̃(wλ) = 0. For every w such that ∥w −wλ∥ ≤ r,

∇L̃(w) =

∫ 1

0

∇2L̃(tw + (1− t)wλ)(w −wλ)dt.

This, together with the above Hessian bound, implies that
1

2C1
λ ln(1/λ)∥w −wλ∥ ≤ ∥∇L̃(w)∥ ≤ 2C1λ ln(1/λ)∥w −wλ∥.

Consider GD with a stepsize η > 20C3
1/(λ ln(1/λ)). If GD is within that ball in the t-th step, then

we have

∥wt+1 −wλ∥2 = ∥wt −wλ∥2 − 2η⟨∇L̃(wt),wt −wλ⟩+ η2∥∇L̃(wt)∥2

≥ ∥wt −wλ∥2 − 4ηC1λ ln(1/λ)∥wt −wλ∥2 +
(

1

2C1
ηλ ln(1/λ)

)2

∥wt −wλ∥2

≥ ∥wt −wλ∥2 + ηC1λ ln(1/λ)∥wt −wλ∥2

≥ (1 + 20C4
1 )∥wt −wλ∥2.

That is, if GD enters the ball centered at wλ with radius r but is different from wλ, then it must exit
the ball in a finite number of steps. However, we will show next that the set of the initializations such
that GD exactly hits wλ has measure zero.

Let d < ∞ be the dimension of H, then we can embed H into Rd. Let

g : Rd → Rd, w 7→ w − η∇L̃(w)

be one step of GD. To conclude, it suffices to show that g satisfies the Luzin N−1 property, that
is, for all subsets S ⊂ Rd, if S has measure zero then its preimage g−1(S) also has measure zero.
Indeed, this ensures that (countably infinite times) iterated preimages of {wλ} remain of measure
zero. Conveniently, showing g satisfies the Luzin N−1 property is equivalent to showing that the
Jacobian determinant of g is nonzero almost everywhere (Ponomarev, 1987, Theorem 1). We denote
the Jacobian determinant of g as

∆ : Rd → R, w 7→ det
(
I− η∇2L̃(w)

)
.

Observe that ∆ is a composition of a degree-d polynomial, of the derivatives of the sigmoid function
x 7→ 1/(1+e−x), and of linear maps of w. Recall that the sigmoid function is analytic on R, meaning
that it is everywhere equal to its Taylor expansion on a ball of positive radius. We conclude that ∆
is also analytic on Rd as a composition of analytic functions. By the identity theorem for analytic
functions (Krantz and Parks, 2002, Corollary 1.2.7), we conclude that ∆ is either zero everywhere or
that its zeros do not have an accumulation point in Rd. We show that the latter holds by discussing
the following two cases.

• If η = 1/λ, then

∆(0) = det

(
(1− ηλ)I− η

1

4n

n∑
i=1

xix
⊤
i

)
= det

(
− η

1

4n

n∑
i=1

xix
⊤
i

)
,

which is nonzero since we assume {x1, . . . ,xn} spans the whole space.

• If η ̸= 1/λ, then by Assumption 1, as ρ → ∞, we have

∆(ρw∗) = det

(
(1− ηλ)I− η

1

n

n∑
i=1

xix
⊤
i(

1 + exp(ρx⊤
i w

∗)
)(
1 + exp(−ρx⊤

i w
∗)
)) → 1− ηλ.

That is, for every pair of η and λ such that ηλ ̸= 1, we can pick a sufficiently large ρ such that
∆(ρw∗) = 1− ηλ± o(1) is nonzero.

In sum, for any choices of η and λ, ∆ cannot be zero everywhere. So the zeros of ∆ do not have an
accumulation point in Rd, and thus have measure zero. This concludes the proof.
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D.2 Global convergence in the 1-dimensional case

In the 1-dimensional case, the objective function can be written as

L̃(w) := 1

n

n∑
i=1

ln(1 + e−ziw) +
λ

2
w2 ,

where γ ≤ zi ≤ 1 and there exists an i such that zi = γ.

The next theorem shows that in this 1-dimensional case, GD converges globally with stepsizes below
the critical threshold by a constant factor. We note that this is a very special situation, where GD with
large stepsizes oscillates at most once (see the proof). However, in general finite-dimensional cases,
GD with large stepsizes can oscillate many times. Thus, it is unclear if the results in this theorem
generalize to general finite-dimensional cases.
Theorem 8 (A 1-dimensional anlaysis). Suppose that Assumption 1 holds and that H is 1-dimensional.
Then for every λ ≤ 1/C0, η ≤ 1/(C1λ ln(1/λ)), and w0, GD converges, and after

t = O
(

1

ηλ
ln

(
|w0|+ 1

ελ ln(1/λ)

))
steps, L̃(wt)−min L̃ ≤ ε. Here, C0, C1 > 1 depend on the dataset and on γ, but not on λ or η.

Proof of Theorem 8. Let us first compute the derivatives of the objective,

L̃′(w) = − 1

n

n∑
i=1

zi
1 + eziw

+ λw, L̃′′(w) =
1

n

n∑
i=1

z2i
(1 + e−ziw)(1 + eziw)

+ λ.

Setting L̃′(wλ) = 0 and using the same argument as the proof of Lemma 20 shows that

exp(γwλ) = (1± o(1))
γ2p

λ ln(1/λ)
,

where p = |{i : zi = γ}|/n. Then for any w ≥ wλ − 1, we have

L̃′′(w) =
1

n

n∑
i=1

z2i
(1 + e−ziw)(1 + eziw)

+ λ

≤ 1

n

n∑
i=1

1

(1 + eziw)
+ λ

≤ 1

n

n∑
i=1

e−ziw + λ

≤ eγ exp(−γwλ) + λ

= (1± o(1))
e

γ2p
λ ln(1/λ) + λ

≤ Cλ ln(1/λ),

for sufficiently small λ and C that depends on p and γ. Moreover, observe that L̃′′(w) > λ for all w.

Observe that L̃′(·) is increasing and that L̃′(wλ) = 0, so we have

L̃′(w)

{≤ 0 w ≤ wλ

≥ 0 w ≥ wλ.

For any w, by Taylor’s theorem, since L̃′(wλ) = 0, there exists a v between w and wλ such that

L̃′(w) = L̃′′(v)(w − wλ).

If w ≥ wλ, v ≥ wλ and so this implies

λ(w − wλ) ≤ L̃′(w) ≤ Cλ ln(1/λ)(w − wλ).

Alternatively, if wλ − 1 ≤ w ≤ wλ, it implies L̃′(w) ≥ Cλ ln(1/λ)(w − wλ). Finally, for any
w ≤ wλ, it implies

−1 < L̃′(w) ≤ λ(w − wλ).

Let t0 be the first time such that wt > wλ; note that t0 might be infinite.
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Consider t < t0. By definition, we have wt ≤ wλ for all t < t0. Thus

0 ≥ wt − wλ = wt−1 − wλ − ηL̃′(wt−1)

≥ wt−1 − wλ − ηλ(wt−1 − wλ) = (1− ηλ)(wt−1 − wλ).

This implies that |wt − wλ| ≤ (1− ηλ)t|w0 − wλ| for t < t0. Hence, for

t ≥ 1

ηλ
ln(|w0|+ wλ),

either t ≥ t0 or wλ − 1 ≤ wt−1 ≤ wλ. In the latter case

wt − wλ = wt−1 − wλ − ηL̃(wt−1) ≤ (wt−1 − wλ) (1− Cηλ ln(1/λ)) ≤ 0,

provided C1 is chosen sufficiently large. And in this case, wt ≤ wλ for all subsequent t. That is,
either t0 is infinite, in which case the step complexity is O(ln((|w0|+ wλ)/ε)/(ηλ)), or

t0 ≤ 1

ηλ
ln(|w0|+ wλ).

Consider t ≥ t0. By definition we have wt0 > wλ. We show wt ≥ wλ for all t ≥ t0 by induction.
Recall the stepsize condition that η < 1/(2Cλ ln(1/λ)). Assume that wt ≥ wλ, then

wt+1 = wt − ηL̃′(wt) ≥ wt − ηCλ ln(1/λ)(wt −wλ) ≥ wt −
1

2
(wt −wλ) ≥

1

2
(wt +wλ) ≥ wλ.

So by induction, we have wt ≥ wλ for all t ≥ t0. Also,

0 ≤ wt+1 − wλ = wt − wλ − ηL̃′(wt) ≤ wt − wλ − ηλ(wt − wλ) = (1− ηλ)(wt − wλ).

That is, |wt − wλ| ≤ (1− ηλ)t−t0 |wt0 − wλ| for t ≥ t0. Finally, notice that

wλ < wt0 ≤ wt0−1 + η ≤ wλ + η,

so |wt0 − wλ| ≤ η = Θ(1/(λ ln(1/λ))). So we have |wt − wλ| ≤ (1− ηλ)t−t0Θ(1/(λ ln(1/λ)))
for t ≥ t0.

Combining with the bound on t0 shows that the step complexity is

O

(
1

ηλ
ln

(
|w0|+ ln(1/(λ ln(1/λ)))

ελ ln(1/λ)

))
= O

(
1

ηλ
ln

(
|w0|+ 1

ελ ln(1/λ)

))
.

This completes our proof.

E Experimental details

The dataset is composed on two datapoints x1 = (γ, 1) and x2 = (γ,−2) for γ = 0.2. We run GD
on the regularized logistic regression for λ = 2−12, a logarithmic range of stepsizes from 21 to 213,
and 213 steps. Additional plots are given in Figure 3. Two comments are of interest. First, we observe
that the dynamics converge for stepsizes up to 25. This is consistent with the local stability threshold
given by 2/∥∇L̃(wλ)∥2 ≈ 44.8. Second, we observe in the case of η = 25 that even after L̃ stops
oscillating for t ≈ 24 (start of the stable phase), both the regularization and the logistic components
continue to evolve nonmonotonically. This is connected to the discussion in Section 2.3, where we
outline that a decrease of L̃(w) may cause an increase of L(w), and then GD might leave the stable
region.

The code was implemented in JAX (Bradbury et al., 2018) and takes a few seconds to run
on a consumer laptop. Our code is available at https://github.com/PierreMarion23/
large-stepsize-regularized-logistic.
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Figure 3: Additional plots for the 2-dimensional experiment. Top left: Objective value as a function
of training steps. Top right: Objective value as a function of training steps for even larger stepsizes.
Bottom left: Value of the regularization component as a function of training steps. Bottom right:
Value of the logistic component as a function of training steps.
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