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Abstract

In recent years, studies such as (Carmon et al.,
2019; Gowal et al., 2021; Xing et al., 2022) have
demonstrated that incorporating additional real or
generated data with pseudo-labels can enhance
adversarial training through a two-stage train-
ing approach. In this paper, we perform a the-
oretical analysis of the asymptotic behavior of
this method in high-dimensional linear regression.
While a double-descent phenomenon can be ob-
served in ridgeless training, with an appropriate
L5 regularization, the two-stage adversarial train-
ing achieves a better performance. Finally, we
derive a shortcut cross-validation formula specifi-
cally tailored for the two-stage training method.

1. Introduction

The development of machine learning and deep learning
methods has led to breakthrough performance in various
applications. However, recent studies, e.g., (Goodfellow
et al., 2014), observe that these models are vulnerable when
the data are perturbed by adversaries. Attacked inputs can
be imperceptibly different from clean inputs to humans but
can cause the model to make incorrect predictions.

To defend against adversarial attacks, adversarial training
is a popular and promising way to improve the adversarial
robustness of modern machine learning models. Adversarial
training first generates attacked samples, then calculates
the gradient of the model based on these augmented data.
Such a procedure can make the model less susceptible to
adversarial attacks in real-world situations.

There are fruitful results in the theoretical justification and
methodology development in adversarial training. Among
various research directions, one interesting aspect is to im-
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prove adversarial training with extra unlabeled data. Recent
works successfully demonstrate great improvements in the
adversarial robustness with additional unlabeled data. For
example, (Xing et al., 2021), show that additional external
real data help improve adversarial robustness; (Gowal et al.,
2021; Wang et al., 2023) use synthetic data to improve the
adversarial robustness and achieve the highest 65% to 70%
adversarial testing accuracy for CIFAR-10 dataset under
AutoAttack (AA) in (Croce et al., 2020)".

A recent study (Xing et al., 2022) reveals that adversar-
ial training gains greater benefits from unlabeled data than
clean (natural) training. The key observation is that adver-
sarially robust models rely on the conditional distribution
of the response given the features (Y| X) and the marginal
distribution of the features (X). In contrast, clean training
only depends on Y| X in their study. As a result, adversarial
training can benefit more than clean training from unlabeled
data.

Besides adversarial training, high dimensional statistics is
another important field of traditional machine learning to
solve real-world problems from genomics, neuroscience to
image processing. While many studies focus on obtaining a
better performance via regularization, one surprising phe-
nomenon in this field is the double descent phenomenon
(Belkin et al., 2019; Hastie et al., 2019), which refers to a
U-shaped curve in the test error as a function of the model
complexity, together with a second descent phase occur-
ring in the over-parameterized regime. This phenomenon
challenges the conventional wisdom that increasing model
complexity always leads to over-fitting. It provides sig-
nificant implications for designing and analyzing machine
learning algorithms in high-dimensional settings.

Given the substantial achievements in high-dimensional
statistics, this paper aims to extend the analysis of (Xing
etal., 2022) to a high-dimensional regression setup, in which
both the data dimension d and the sample size of the labeled
data n; increase and d/ny — ~y asymptotically. Although
(Xing et al., 2022) provides a theoretical explanation for
the benefits of unlabeled data in the large sample regime
(n1 > d), the asymptotic behavior of the two-stage method
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in other scenarios remains unclear.

Our contributions are summarized as follows:

* We derived the asymptotic convergence of the two-
stage adversarial training when d/n; — ~ for some
constant v > 0. (Section 3.1).

* Itis observed that a proper ridge penalty in the clean
training stage benefits the two-stage method. However,
the optimal ridge penalty for the clean estimate in the
first stage of (Xing et al., 2022) differs from the one
yielding the best clean performance. We conjecture
that this discrepancy arises from the change in the
error decomposition from clean training to two-stage
adversarial training. To facilitate more efficient hyper-
parameter tuning, we propose adaptations to existing
cross validation (CV) methods, improving the time-
consuming vanilla CV approach (Sections 3.2 and 3.3).

1.1. Related Works

Below is a summary of related works in adversarial training,
high-dimensional statistics, and cross validation.

Adversarial Training. There are many studies in the area
of adversarial training. Some studies, e.g., (Goodfellow
etal., 2014; Zhang et al., 2019; Wang et al., 2019b; Cai et al.,
2018; Zhang et al., 2020a; Carmon et al., 2019; Gowal et al.,
2021), work in methodology. Theoretical investigations
have also been conducted from different perspectives. For
instance, Chen et al. (2020); Javanmard et al. (2020); Taheri
et al. (2021); Yin et al. (2018); Raghunathan et al. (2019);
Najafi et al. (2019); Min et al. (2020); Hendrycks et al.
(2019); Dan et al. (2020); Wu et al. (2020); Deng et al.
(2021) study the statistical properties of adversarial training;
Sinha et al. (2018); Wang et al. (2019a); Xiao et al. (2022)
study the optimization perspective; Gao et al. (2019); Zhang
et al. (2020b); Zhang and Li (2023); Mianjy and Arora
(2022); Lv and Zhu (2021); Xiao et al. (2021) work on deep
learning.

Double Descent and High-Dimensional Statistics. Dou-
ble descent phenomenon is an observation in the learning
curves of machine learning models. It describes the behav-
ior of the generalization gap, i.e., the difference between the
model performance on the training data and testing data. In
a typical learning curve, the generalization error decreases
and then increases with larger model complexity. However,
in the double descent phenomenon, after the first decrease-
increase pattern, the error decreases again when further
enlarging the model complexity in the over-fitting regime.
This non-monotonic behavior of the learning curve has been
observed in various machine learning settings. Comprehen-
sive investigations into the double descent phenomenon can

be found in (Belkin et al., 2019; Hastie et al., 2019; Ba et al.,
2020; d’ Ascoli et al., 2020; Adlam and Pennington, 2020;
Liu et al., 2021; Rocks and Mehta, 2022).

Cross Validation. Cross validation (CV) is a resampling
procedure used to evaluate the performance of machine
learning models. This paper mainly considers leave-one-out
CV. For leave-one-out CV, it trains the model using all-but-
one samples and repeats this process so that every sample is
left in the estimation once. The final model performance is
then averaged across all the models. The model can gener-
alize better to new data by optimizing the hyperparameters
in the model, e.g., regularization, through CV.

However, although a leave-one-out CV is an effective
method for selecting hyperparameters, it is time-consuming
by its design. Consequently, some studies propose short-
cut formulas for the leave-one-out CV to reuse some terms
when estimating the model using different data. Studies re-
lated to CV can be found in (Stone, 1978; Picard and Cook,
1984; Shao, 1993; Browne, 2000; Berrar, 2019).

2. Model Setup

In this section, we present the data generation model and
the two-stage adversarial training framework.

Data generation model. We assume that the attributes
X ~ N(0,X) with covariance matrix X = I, and the
response Y satisfies Y = X "0y + ¢ for ||0g|| = r = O(1)

and a Gaussian noise ¢ with Var(g) = 2.

Two-stage adversarial training. There are two stages in
this training framework. In the first stage, we utilize n
i.i.d. labeled samples, i.e., (x;,y;) fori = 1,...,ny. We
consider the scenario where d < n;. The first stage solves
the following clean training problem

1 ny
> (@] 0 —y)*+ A6’
i=1

2.1)

ny
and obtain the clean estimate 50()\).

In the second stage, we use the trained model éo()\) to
generate a pseudo response for a set of unlabeled data, i.e.,

fori =ny +1,...,n1 + no. In this paper, we consider the
scenario where no = 0o. We also assume o2 is known and
g; are generated from N (0,02). Finally we use the extra
data with pseudo response to do adversarial training and
minimize the following loss w.r.t :

1 ni+nz
LS

T ~\2
(Z 0 — yz) .
n2 i=ng+1 zEBa(xi,¢€)

(2.2)
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Denote the final solution as 6, ().

Remark 1. The two-stage method in this paper is slightly
different from the original one in (Gowal et al., 2021; Xing
etal., 2022). We only utilize the generated data in the second
stage. This simplifies the theoretical analysis. In addition,
when d/ny = 7 is a large constant, we empirically observe
that the two-stage method is better than an adversarial
training with only labeled data, i.e., the right of Figure 1.

Remark 2. Our initial trial indicates that adding additional
regularization in equation (2.2) does not help much. Thus,
we only inject a penalty in the clean training stage.

Expected Adversarial Risk Under the model assumption
of (X,Y), the population adversarial risk for any given
estimate 6 becomes

R.(6,60) = |6 — 6|3

+2co¢]|0]] /(10 — BolI3; + o + €[],
where || - || is the £2 norm, and ¢o = /2/7 is derived from
the exact distribution of (X,Y"). We rewrite R.(0,6)) as
R () for simplicity when no confusion arises.

Remark 3. One can denote 8. = argming R.(0,0,) as
the best robust model. However, from R.(0,6y), we are
interested in |0 — Oy||x and ||0|| rather than |0 — 6|

Based on (Xing et al., 2021), when an estimate 8 — 0,
the excess adversarial risk R.(0,00) — R.(0., 0y) can be
approximated by a function of @ — .. However, when
0 — 0. diverges in the high-dimensional setup, such an
approximation leads to a large error.

3. Analyzing the Two-Stage Adversarial
Training Framework

This section presents the main theoretical results and simu-
lation studies. We first demonstrate the main theory of the
convergence of the two-stage method in Section 3.1, take
different A under different attack strength € in Section 3.2,
and finally introduce a CV method in Section 3.3.

3.1. Convergence Result

For the two-stage adversarial framework, to study 6.()),
we denote the following function

—(1 =7+ N+ /(1T =7+X)2+4\y

which is used to describe the asymptotic behavior of
tr (o0 @i, + M3)~') asin (Hastie et al., 2019).

After defining m., one can obtain the convergence of §0 (N,
and further figure out the asymptotic behavior of 6. (). The

convergence of the two-stage adversarial training framework
is as follows:

Theorem 1 (Convergence of Two-Stage Adversarial Train-
ing). With probability tending to 1, 0y (\) satisfies

1600 = Bol* = ArPml (=)
+0%y (my (=A) = Al (=)))
r2[1 — 2 my (=A) + A2ml (= ))]

+0%y[my (=) — Am/, (= A))].

1BoN* =

For the two-stage adversarial estimate 6.()\), assuming
ng = 00, 0.(\) satisfies

6.0 =80~ eI
+T2 - (1++G()Q)§O(>\>T00’
B > gyl BI

where 20, (\) T8y can be calculated via
200(X)" 80 = [180]1* + [80(N)|* — 186(X) — 60|,
and o () is the solution of o in
al|8o(M)]]
V8o 202 + 02(1 + a2

VI8 [Pa2 + 02(1+a)
= €Cg = + €.
60Nl

o+ €cy

The proof of Theorem 1 is in the appendix. We first study
the convergence of 8y (\), and then evaluate 6. ().

From Theorem 1, similar to 8, one can see that 6.()) —
0> and ||6.(\)||? converges to some value as a function
of (7, A, €, 0%) asymptotically.

We conduct a simulation to verify Theorem 1 and study
the risk of the two-stage adversarial training. In the exper-
iment, we take n; = 100 and ny = o0, i.e., we directly
use the population adversarial risk in the second stage. We
change the data dimension d to obtain different v = d/n;.
The data follows X ~ N(0,1;), Y = X "8, + ¢ with
6y ~ N(0,1;/d)and e ~ N(0,1). The adversarial attack
is taken as € = 0.3. We repeat the experiment 100 times to
obtain the average performance. We use the excess adversar-
ial risk, i.e., R (8) — R.(8.) for @ € {By()), .()), 6.(\)},
to evaluate the performance of the three methods. The model
56()\) refers to the vanilla adversarial training as an addi-
tional benchmark, i.e., we conduct adversarial training using
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Figure 1. Simulation: Excess adversarial risk of clean training,
vanilla adversarial training, and the two-stage adversarial training,
without ridge penalty.
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Figure 2. Theoretical value corresponding to Figure 1.

the n1 labeled samples. The simulation results are summa-
rized in Figure 1, 2, 3, 4.

In Figure 1, we take A — 0 to align with the experiments
in the double descent literature. There are several observa-
tions from Figure 1. First, if we compare the performance
of the two-stage adversarial training and the clean training,
the two-stage adversarial training is better than clean train-
ing. Second, when d/n; gets larger, the performance of
the two-stage adversarial training is better than the vanilla
adversarial training, indicating that the information of the ad-
ditional extra data matters. Finally, for all the three training
methods, they all observe a double-descent phenomenon.

In addition, we plot the theoretical curves for the excess
adversarial risk associating with the two-stage adversarial
training. From Figure 2, the theoretical curve and the simu-
lation result match with each other.

Finally, we examine how the ridge penalty affects the perfor-
mance. In the simulation in Figure 3, we take ¢ = 0, 0.3 and
compare the performance when A = 0 and ) is taken to min-

Ridge regression, adv training

—— Ridgeless (eps=0)
With penalty (eps=0)

—— Ridgeless (eps=0.3)

—— With penalty (eps=0.3)

Corrsponding excess risk
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Figure 3. Simulation: Ridgeless regression and ridge regression
with the best penalty in clean training and the two-stage adversarial
training respectively. Adversarial training benefits more from a
proper penalty.
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—=- With penalty (eps=0.3)
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N
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Figure 4. Theoretical value corresponding to Figure 3

imize the risk. In Figure 3, the y-axis is the corresponding
excess adversarial risk, i.e., e = 0, 0.3 for the corresponding
groups respectively. The corresponding theoretical curves
can be found in Figure 4.

From Figure 3, one can see that the excess risk for the ridge-
less regression is similar, while the two-stage adversarial
training (e = 0.3) benefits more than clean training (e = 0)
when taking a proper ridge penalty, which motivates us to
further investigate in the penlaty term in the following sec-
tions. In addition, the theoretical curves in Figure 4 align
with the simulation results in 3 as well.

3.2. A Better Clean Estimate May Not Be Preferred

Different from ridgeless regression in the large-sample
regime, with high-dimensional data, it is essential to uti-
lize ridge penalty or other regularization to improve the
testing performance. While one can adjust the penalty to
control the performance of the clean estimate, we would
like to ask:
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Figure 5. Simulation: How the tuning parameter A in clean ridge
regression affects the final adversarial robustness when using extra
unlabeled data in training. While a small A minimizes the popula-
tion clean risk, this choice of A is sub-optimal when using 8o (\)
to create pseudo response. Besides the cases of € € {0,0.3,0.5},
when € = 0.7, the best penalty A is extremely large and is not
included in the figure.

Is a better clean estimate (measured by clean testing
performance) always preferred in the two-stage method?

To answer the above question, it is essential to investigate the
role of the clean estimate in the two-stage method. Recall
that the population adversarial risk is written as

R.(6,60) = 6 - 6o

+2coe||0][4/110 — Boll3; + 0% + *[|6]%,

where taking expectation on training data we have
E[[6(A) — 0oll3; = IEO:(N) — 80[3 + tr(Var(B(V)),
and

E[0.N* = IEGN)]” + tr(Var(6.(V))).

The above decompositions imply that the while ridge regres-
sion balances bias and variance of 50(/\), the importance
of bias and variance are changed in 55()\)- As aresult, the
optimal A for the clean estimate may not be the best when
applied in the two-stage adversarial training.

To investigate how the optimal A changes in the two-stage
method, a simulation study is conducted in Figure 5. We
take n; = 50. The data X ~ N(0,I;) and d = 200.
The response Y = 0] X + ¢ with 8y = 1/v/d and ¢ ~
N(0,0.12). Besides the n; labeled data, we take ny = oc.
We repeat 30 times to get the average result and check the
best A under different attack strength e.

From Figure 5, one can see that the optimal A gets larger
when the attack strength gets larger. When € = 0, the

optimal A\ is closed to zero. When € = 0.3, the best A is
around 1, and 3 when ¢ = 0.5, both of which are much
larger than the case for € = 0.

3.3. Cross Validation

Observing that the optimal A for clean training is not the best
for the two-stage adversarial training, we next investigate
how to better select a proper A.

While one can always use the leave-one-out procedure for
any estimate, it is time-consuming. As a result, existing liter-
ature, e.g. (Hastie et al., 2019), utilize ways to approximate
the leave-one-out CV procedure.

Recall that when ny = o0, the second stage of the two-stage
method minimizes

16 — Bo(N)5: + o + €|

+260€l|6]11/116 — Bo(N) 1% + 02,

Re(07§O(A)) =

and the solution is
0.()) = (T + ac(NI,) " '300(N),

for some a(A) > 0. One needs to rerun the CV procedure
for ny times and obtain different 8. (\) =7, the leave-one-out
estimate of 0.(\) leaving the jth labeled sample.

Given that the above formula 0:()\) is a transformation
of By()\), one can borrow the idea of approximating CV
in clean training to the two-stage adversarial training. To
be specific, since both the a. () and 6, () relate to each
labeled sample, assuming the jth sample is discarded, the
estimate of the two-stage method will be

(T4 a71,)X0,7 (N), (3.1)

and we approximate both a7 and 50_ T(N).
The following lemma shows how to approximate « () in
the leave-one-out CV:

Lemma 1. Rewrite 6 (\) as 0, §O(>\) as 0, and o = ae(N)
for simplicity. Denote Aj = 6,7 — 0y, and

1 _ .
A1 = ﬁOT(E+aId)72ZQO
16 — 6oll=6]
_Lﬂg(g— é\o)TE(E + aId)_22§07
16 — 6olls;
L -8)TS(E+aL) 256,
16 — 6ol|=[|€]|

6=z grss 1 a1 28,.
GE
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€ 0.3 0.5 0.7
Cross validation (CV loss in training) 0.8750 0.9663 1.0300
Cross validation (corresponding population risk) 0.8871 0.9751 1.0270
Cross validation for clean regression (corresponding population risk) | 0.8873 1.0076  1.1140
Best A (corresponding population risk) 0.8741 0.9648 1.0185

Table 1. Adversarial risks using cross validation and the best .

] ~
A; = Id+ec0~H7” (T +aly)™'o
16— bol|=
0 — 0, ~
: (660' e +€2> el 0
1 ~
= ﬁBT(E—i—aId)_lE
16 — 6oll=0]
0 ~
NHiﬂSa(e —00)"E(Z +ady)
160 — 6olls;
1 n_n\T -1
16 — 6oll=[0]
0 — 6yl|s ~
RPN
1611
then when ||§0 - é\o_jH = 0o(1), the leave-one-out estimate

of a satisfies
~ ~ T
(6601412(0 — 00) + ECOAQO + Ag)

lleco A1 (6 — B) + eco A28 + As||?
X (600A4Aj2(§— é\o) + 600A5Aj§> + o,

o™’

where o represents negligible terms.

The proof of Lemma 1 can be found in the appendix. Based
on the result in Lemma 1, we can use

~ o~ ~ T
(6801412(0 - 00) + GC()AQG + Ag)

HGC()Alz(g— é\()) + 6601425-’- A3||2
X <€CoA4Aj2(§— é\o) + 600A5Aj§)

)

—J o =

to approximate o 7.

In terms of the leave-on-out estimate of Gy (), i.c., 50_ (N,
one can use the Kailath Variant fomular (from 3.1.2 of
Petersen and Pedersen, 2008) and obtain

Y=g

= X'Xx I) 'z,
1—Sj()\)( +nA\y) "z,

where XAE R™ %4 denotes the labeled data matrix, and
7;(X\) = 0o(\) "z; as the fitted value of the jth observation.

After obtaining the estimate @~/ and 50_ 7(\), one can put
them into (3.1) to obtain the leave-one-out estimate of 6. ().
The following theorem justifies the correctness of the above
procedure:

Theorem 2. Denote

Ve = =3 (2] 690 — il + |67 )]

1

2
)

and 6-7(\) = (= + a_de)Eé\o_j(/\) as the approxima-
tion of the leave-one-out estimate using Lemma 1. Then
under the Gaussian model assumption of (X,Y), the ap-
proximated CV converges to the actual CV result, i.e.,

1 < o 2
— 3" (I 67 =il + el W) 2 Cvine).
ni

We use the simulation setting in Figure 5 to examine the
performance of the above cross validation method. The
results are summarized in Table 1.

From Table 1, there are two observations. First, one can
see that using the cross validation, the CV loss in training is
closed to the corresponding population risk.

In addition, the performance of the proposed algorithm is
closed to the optimal A, and using clean regression in cross
validation leads to a worse performance.

4. Conclusion and Future Directions

This paper studies the asymptotics of the two-stage adver-
sarial training in a high-dimensional linear regression setup.
Double descent is observed for the ridge-less regression
case, and a better performance can be achieved via Lo reg-
ularization. We also derive the shortcut cross validation
formula for this two-stage method to simplify the computa-
tion for cross validation.

The results in this paper can be extended in some directions.
First, in literature, e.g., (Ba et al., 2020), the double descent
phenomenon is also related to two-layer neural networks.
An interesting future direction is to extend the analysis in
this paper to the neural network setup. Second, since the
shortcut formula for cross validation is distribution specific
and assumes ny = 00, one may investigate in a more general
cross validation procedure or relax to the scenario with a
finite ns.
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A. Proofs

A.1. Theorem 1

Proof of Theorem 1. We first analyze ||y (\) — 8o]|% and ||8(\)||2.

For ||§0()\) |2, denoting y and € as the vector of response and noise, we have

180 ()]I? Yy X(XTX +amly)°X Ty

= O X"X(X"TX+ I 2X X0+ X(XTX + 1) 2X Te
+200 X TX(XTX + 1) 2 X Te.

We look at the each term respectively. In probability, we have

0y X "X (XX + 1) 2 X" X6,
= 72— 22m 0y (XX + IniI;) 100 + \n20) (XX + Mni1,) 26,
= 21 =2 ma (=A) + X°ml(=N)],

and

1 ~ 1 ~
e X(XTX + M) ?°XTe — o2 | —tr(Z+ M) — —Mr((Z+ M)~ ?)
ni ni
= 0? [ymy(=A) = Myml(=N)]
where the function m., is obtained from (Hastie et al., 2019). For the cross term, we also have
(00 X TX (XX + Ay Iy) 2 X Te]”
= Pt [ XTX(XTX + 2 I) °XTX(XTX 4+ Mnily) 2 X X606, |
£ oo,

As a result,

||§0()\)||2 L2 [1 —2Xm (=) + /\Qm;(—/\)] + o2y [mv(—)\) — )\m;(—/\)] }

For [|8o(\) — 6o]|2, we have
180(X) = Boll* = 18N> + [|80]1* — 200(A) " 60,
where in probability,
[eX (XX + AniI,)"160])° = 0,
and

N0y = 6,XTX(XTX + Ml "0y +eX (XX + AnI;) "'y
— 7’2 — )\nle(](XTX + )\nlId)_lao
— 2= MPmy (=),

Consequently, in probability,

180(X) — Bol* = r*N*ml, (=X) + 02y [my (=A) = A, (=A)].

For adversarial training, from (Javanmard et al., 2020; Xing et al., 2021) we know that the minimizer of R, (0, 6o (N) is

0.\ = (T + aly) "' =6(N),
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where ¢g = 1/2/m and « satisfies

19| VIO =60l +0%

all+ec = | eco

V16— 8]% + 02 16|
When ¥ = I, the above is reduced to
ot e 6ol \ﬂWﬂ%ﬂ+0%1+aP+f2
0 = — o
V180]20% + 02(1 + )? 10|

Since ||§0()\) ||? asymptotically converges to some fixed value, the solution of « also asymptotically converges.

A.2. Cross Validation

We present the proof of Lemma 1 and Theorem 2 in this section.

Proof of Lemma 1. To do cross validation, we know that « satisfies

19| VIO =65 +02
+e€

a |14 ec — = | eco =
/1160 = 6o]|% + o2 16

For the optimal solution in the adversarial training stage, we have

. . 0— 0, 0 ~
0=VR.(0,0p) = 2 2(0—90)4—660” 0”294—600 ”ﬂ (0 — 6y) + (¢2)0
16 16 — 6ol
6]l ) A 16 —8lls
2 (1 —— ] (0 — 0 _— 0.
(”“’One—eonz (6= 00+ | o T
For leave-one-out CV, we have
Ny Ny 0_097 0 Ny
0=vVR(0,6,7) = 2zw—ey)+wﬂ——JJE9+wr—Jﬂf—zw—93)+@%0
6]l 10 — 6,75
[t -~ 16 - 65715 . -
= 2 I+ eco———— EO—BJ)—&— €cco—————— +¢e | 0.
( TETEISY o
Consequently,

<Id + eco~||0”> 2(5— é\o) + (eco|6’_~00|2 + €2> 5
10 — 6o|= ol

0—J ~ 07 — Q7 -
= <Id + 600~|'|0||j> 2(0_] — 00_]) + <EC()0~9_0||z + €2> 0_‘7.
1077 — 6, ||= 1071l

Denote
A, = 6,7 -8y,
and denote a7 as the best a without jth sample. Then

077 -6 = (S+a 1) '20,7 — (S +al;) 26,
= (Z+al) 'ZA; - (@ —a)(B+aly) "0 + Ry.
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When ||§0H and 0| are away from zero,

IRoll = O(ja™ — al|lAz])).

As a result,

6| =~ - 6 — 6, ~
I;+ eco~”||> (0 —0p) + <6CQ||~O|E + €2> 7]
10 — 60| 0]

0—J - 0-i _ 97 ~
(Id e Hn> S 8:9) + (leen N ) G-
+

07~ — ~
167 = 6,7 || 1=l

b s (Bl
16 — 6ol

— (Id +eco~”0> E(é‘j — égf) — <eco||0_~00||): +€2> 0
160 — 6ol|= el
0—J 0 - 0-7i _ 9/ 0— 0, .
= e | — \_\0 Q ___liell SO - 659) + cco |67 - QO I= 10— bul= 4-;
16=7 —6,7"]= 116 —6oll= 164 1]

0 ~ 6 — 6 _
+ (Id +€co~”> (O —6,7)+ <€COH~OHE +62> 077,
160 — 6ol 16

and changing the order of the terms in the above, we have

(Id + 660~”0|> 2077 —6,7) + <ec0”9_f)"”2 + e2> 6~/ — VR.(6,8,)
16 — 6ol el

= (Id + GCOJW) 2077 -0 - A7)+ <eco|9_f°2 + 62> G
16 — 6ol 101

97 ] - 90— —0;’ 9 — 0, .
= —ecp ( - “9 !j - — HQJ )2(900) — €co (0 _ 9? = 16 ~00”2> 0+ Ry,
1677 = 6,7l 116 = 6oll= 1671l o1l

for

1R1]| = 01677 = Boll1A51) = O A1 + o™ = alllAy])-

‘We know that

I 1]
107 =6,7Is 16— 0o

L GT@I-8) (G-0)TRE -0 A
~ L 8026 (078 RO -0 2) 514 o Ry,
T 16— ul%
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and rewriting 6 and 67 as functions of « and o , the first-order terms can be represented as

1 07(67-6) (0-6,)207-60-A4,)

—— ~ = ——— 16]
16 — 6ol 6] 10 — 6ol[5;
L 0T ((2 +al) ' BA; — (0 —a)(S+ aId)*QZﬁO)
~10-60ls 16|
6 —8,)7S ((2 +aly) 'SA; — (a7 — a)(S + aly) 258, — Aj) -
- ~—— 18] + O(l[ Roll)
||‘9 - 00”2:
1 ~ ) ~ ~

= == OT(E + OéId)_lej — (Oé_j — O()BT(E + O(Id)_2200 + O(”ROH)

16 — 60|16 ( )

_H5H05H3 ((5— 00)TE(Z +aly) 'TA; — (@ —a)(0 - 00) (S + aly)?%8, — (6 — §O)T2Aj)

—0oll3

= %aeﬁ(z +al;) 226, — N”Lﬂsa(éf 00) " =(T + al,;) 226,

10 — 6|6 160 — 6ol5;

=Aj«
+ <W§T(2 + aId)_lz + LMO{(@’- é\O)TE(E + O[Id)_1> A]
16 — 6ol 16 — 6olls;
=A4
—ad <~3~6T(2 +al;) 220, — JLJB(@ 0) (= + aId)22§o) +O(||Ro)).-
10 — 6|6 16 — 0ol5;
=As
Similarly,
167 — 8,7 10— 6olls
167 16]]
_ (0-60)TEO—0-A;) ||0—6]=07 (67 —6)
101116 — 60||= 16]®
1 16 — 6ll=

(60— 0) (T 4 aly) 220, - 00T (S + al,) 256,
16 — 6ol 6] 6]

=Asx

SN 0 — Bnlls ~
0 —60)"=(Z+aly) ' — w(ﬂ(z + aId)lz) A

1
+ <~A~Oé =~
16 — 6|0 61

=As

—a <~A1~(§ 6)) (T + al,) 2%, — wﬁz(z + aId)2§0> +O(|| Ro ).
16 — 60|16 101]°

—As
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As a result,
0 o -6 ~
(Id + €C0,v||> 2(0_‘7 - 0 - A]) + ( Ow +62> (9_] - 0)
16 — 6ol o]l
1 4 . o
= —5 (600 (Al + AQA — OZ_JA;),) 2(0 — 00) + €Co (A4 + AsAj — Oé_JAg) 0) + O(HRO” + ||R0||)
N A L d 2( (B + o)) 'SA; — (a7 — a)(S + aly) 220, — Aj)
16 — 6||=
+ ( 0H0 90”0|2 ) ( S +aly) 'EA; — (a7 —a)(2+a1d)—22§0)
= [ <Id+6 H H > + < 07”0 BOHE —‘1-62) (E+aId)_12Aj
16 — 86|15 6]
(Id+ H ” >2+ <6600_~00|2_~_62> (E+O¢Id)_1§
|| 0 — 0||x ]
._AS
0 -6 N
. (Idma g )m ( R +€2> (54 a8
60 — 60l 16
that is,
—ECOAlAjE(g— é\o) — ECOCkAgAjg
= (a7~ ) (ecoA23(8 — Bo) + ccoAa — As ) + O(| Roll + | o)),
and

~ o~ ~ T
) (EC()AQE(H — 90) —+ 6601449 —+ A5) - - .
al—a = = = = (ECOAlAjE(e — 00) + ECoAgAja) .
||660A22(0 — 00) + €coA40 + A5H2

O

Proof of Theorem 2. From Lemma 1, we know that when ||Aj || = o(1), ad—aq= o(1). In this proof, we check whether
Al = Oforallj =1,...,m

One can use the Kailath Variant fomular (from 3.1.2 of (Petersen and Pedersen, 2008)) to obtain

Bo(\) — 6,7 (N)
= (XTX +nMy) 'XTy
(XTX +nMy)'zjz] (XTX +nAl;) ™! XToy,
1—a] (XTX +n\,) 'z; A
@\j(XTX + ’I’LAId) T; n yJSJ(A)(XTX + Tl)\Id)_l.’Ej
1—8;(\) 1—S;(\)

(XX +n\;)~ '+

= yi(XTX +n)y) 'z —

Yi — Ui T
= X' X 1
175}_()\)( + 1)z,

~

where /y\j()\) = 00()\>T£B]‘.
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Based on (Hastie et al., 2019), almost surely, denote A; = ny (X ', X_; + M I;)"1, and §; = 2

\/val’ then

1+67A)
265:60] A, .07 A25.6T A,
i(S- A? — 2 A 51_?_1 A; Aidid; él 0;0; A; s,
+ 9, Aid; (146, A;6;)2

T A28 5T T A.5)\25T A25.
_ (6A26_262A66 A5 (87 Ay6:)%6, A151>
ni

1
CL‘;F(XTX + )\nlId)_Q:Bi = 751. (Al —
i

n

144, Aid; (146, A;6;)2
o1 A
g (146 A5;)2
as, L ymy(EN)
ny (1+ymy(=A))?
Finally, for y; — ¥;, we have
vi—0 = vi—x, (XTX + ) P X (X6 +e)

= g —x (X" X 4+ L) ' X e+ mz] (XTX + Ang 1) 16p.
Using Sherman—Morrison formula, we have

T, T 11 Axix] A n?

1 gy T 1
. )\ 0 = : 7A7' e 0 3
z, (X X +Mily) 6y ==x; T T A/, 0

thus

(@] (XTX + AnyI,)"160)°

= wiTni%AieoeoTAiﬁﬂi - %wiTAigogol ol A, T; +x; T+ o Avi/n, 060 m;‘rAimi/nlm
= O,(tr (A7600, ) /n})
= Oy (my(=X)/n}).

In addition,

(2] (XTX + ;) 'XTe ) — o2z (XX + M l) ' XTX(XTX + g Iy)  Lay,

which converges to a constant.

Finally, given the distribution of €, we have with probability tending to 1,

sup 186(X) — 857 (V)|* = o((log 1) /n1).



