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Abstract

Most equivariant neural networks rely on a single global symmetry, limiting their use
in domains where symmetries are instead local. We introduce Torsor CNNs, a framework
for learning on graphs with local symmetries encoded as edge potentials—group-valued
transformations between neighboring coordinate frames. We establish that this geometric
construction is fundamentally equivalent to the classical group synchronization problem,
yielding: (1) a Torsor Convolutional Layer that is provably equivariant to local changes
in coordinate frames, and (2) the frustration loss—a standalone geometric regularizer that
encourages locally equivariant representations when added to any NN’s training objec-
tive. The Torsor CNN framework unifies and generalizes several architectures—including
classical CNNs and Gauge CNNs on manifolds—by operating on arbitrary graphs without
requiring a global coordinate system or smooth manifold structure. We establish the math-
ematical foundations of this framework and demonstrate its applicability to multi-view 3D
recognition, where relative camera poses naturally define the required edge potentials.

Keywords: Geometric Deep Learning, Equivariant Neural Networks, Network Sheaves,
Group Synchronization, Frustration Loss.

1. Introduction

Many learning problems involve data with local symmetries that vary across the domain.
Consider a network of sensors measuring orientations in their own reference frames, a molec-
ular structure where atomic neighborhoods exhibit different rotational symmetries, or a
multi-view recognition, where each camera has its own coordinate system. These domains
lack a global notion of orientation: each element knows only its local measurements and
how its neighbors appear relative to its own frame. While existing equivariant architectures
handle global symmetries (CNNs on grids, G-CNNs on homogeneous spaces) or require
smooth manifold structure (Gauge CNNs), many real-world networks have arbitrary local
transformations that don’t fit these frameworks. See Section 2 for a detailed review.

Our Approach. We introduce Torsor CNNs for learning on graphs with local coordinate
systems. The key input is an edge potential ψuv for each edge (u, v)—this is a group element
(like a rotation matrix) that tells us how to transform vectors from vertex v’s coordinate
system to vertex u’s coordinate system. For example, if vertices are cameras, ψuv ∈ SO(3)
is the rotation that aligns camera v’s view with camera u’s. These edge potentials let us
build neural networks that respect the graph’s geometry. Specifically, we construct layers
that are gauge-equivariant: if someone changes all the local coordinate systems (rotating
each camera differently, for instance), our network’s output changes correspondingly. This
means the network learns geometric relationships, not arbitrary coordinate choices.
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Connection to Synchronization. The key insight is that this construction is mathe-
matically equivalent to a classical problem called feature synchronization. In this prob-
lem, we have features fv (vectors in some space F ) at each vertex. The group G acts on
these features through a linear transformation ρ – for instance, if features are 3D vectors
and G = SO(3), then ρ rotates vectors. Features are ”synchronized” when they satisfy:
fu = ρ(ψuv)fv for every edge (u, v). This equation says that the feature at u should equal
the feature at v, transformed according to the edge potential. This connection immediately
gives us a practical tool. We can measure how far any feature assignment is from being
synchronized using the frustration loss:

Lfrustration(f) =
∑

(u,v)∈E

∥fu − ρ(ψuv)fv∥2

When this loss is zero, features perfectly respect the geometry. When it’s large, features
violate the geometric constraints. Remarkably, this loss can be added into diverse neural
network objectives to encourage geometric consistency—you don’t need specialized layers.

Generality. Our framework unifies and extends existing methods. Discretized versions
of CNNs, G-CNNs, and Gauge CNNs all become special cases with particular choices of
graphs and edge potentials. Unlike Gauge CNNs, which require edge potentials derived
from parallel transport on a smooth manifold, our framework operates on any network-
structured domain with arbitrary edge potentials, from measurements, domain knowledge,
or learned from data.

Applications. As a concrete example, we demonstrate that the framework can be
applied to multi-view 3D object recognition, where graph nodes are camera views and edge
potentials are their known relative SO(3) rotations. See Appendix C.

Contributions: (1) We develop a discrete framework for local symmetries on graphs, us-
ing edge potentials to encode coordinate transformations between neighbors. (2) We prove
that learning with local coordinate systems is equivalent to feature synchronization, con-
necting geometric deep learning to classical robotics or vision problems. (3) We provide two
practical tools: Torsor Convolutional Layers that maintain geometric consistency by con-
struction, and the frustration loss that encourages any neural network to learn geometrically
consistent features.

2. Related Works: From Global to Local Equivariance

Equivariant deep learning has established itself as a powerful paradigm for improving data
efficiency and generalization by incorporating the underlying geometric domain symmetries
directly into neural architectures. In classical computer vision settings, such as planar
images and spherical signals, global symmetry groups act transitively on the underlying
geometric domain, e.g. 2D grids and 3D sphere. These global groups allow us to define
convolutional operators that respect these invariances Cohen and Welling (2016, 2019).
Mathematically, these domains are modeled as homogeneous spaces M ∼= G/H, where G is
a Lie group acting transitively on M and H is a stabilizer subgroup. Feature fields are nat-
urally represented as H-equivariant functions on G, satisfying the Mackey condition, which
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can be interpreted in terms of sections of an associated vector bundle Aronsson (2022);
Cohen and Welling (2019). In this setting, G-equivariant linear maps correspond to convo-
lutions with bi-equivariant kernels, recovering CNNs on R2 and spherical CNNs as special
cases. However, many scientific and geometric learning problems lack such global transi-
tive symmetries. On general manifolds, one must instead find local symmetries formalized
by gauge theory Cohen et al. (2019); Cohen (2021). Gauge-equivariant CNNs replace the
global group action with a principal G-subbundle P ⊂ FM with projection π : P → M ,
where FM =

⊔
p∈M Fp = {[v1, . . . , vd] | {v1, . . . , vd} is a basis of TpM}. Features are mod-

eled as sections of associated vector bundles, and equivariance is guaranteed by defining
convolutional operations using parallel transport induced by a connection on P . Yet, in
discrete settings such as graphs, the absence of a smooth structure requires a new formula-
tion. Inspired by the synchronization problem Gao et al. (2021) and the language of sheaves
Hansen and Ghrist (2019); Hansen and Gebhart (2020); Bodnar et al. (2022), we adapt the
recently introduced network torsors of Ghrist and Cooperband (2025).

2.1. G-CNNs on Homogeneous Spaces

A homogeneous spaceM ∼= G/H admits a transitive action by a Lie group G, with stabilizer
H at a base point. Feature fields on M are represented as H-equivariant functions on G
satisfying the Mackey condition:

f : G→ V with f(gh) = ρ(h)−1f(g) ∀ h ∈ H

where ρ : H → GL(V ) is a representation. This corresponds to sections of the associated
bundle E = G ×H V . Any G-equivariant linear map between such feature spaces can be
written as a convolution with a kernel κ : G → Hom(V,W ) satisfying the bi-equivariance
constraint:

κ(h2 g h1) = ρW (h2)κ(g) ρV (h1)
−1 ∀h1, h2 ∈ H

This framework recovers classical CNNs on R2 and spherical CNNs Cohen et al. (2018) as
special cases.

2.2. Gauge Equivariant CNNs on Manifolds

On general manifolds without global symmetry, local symmetries are formalized using a
principal G-bundle P → M with structure group G (e.g., SO(d) for oriented manifolds).
Feature fields are sections of associated bundles E = P ×ρ F . A gauge transformation
γ : U → G acts on local representations as f ′(x) = ρ(γ(x))−1f(x).
Gauge-equivariant convolutions use a connection to parallel-transport features between
fibers. In local coordinates, the convolution takes the form:

(Φf)(p) =

∫
Rd
κ(v) ρ(gp←qv)f(qv) dv

where gp←qv ∈ G represents parallel transport from qv to p. The kernel must satisfy κ(g·v) =
ρout(g)κ(v)ρin(g)

−1 for gauge-invariance Cohen et al. (2019); Cohen (2021).
In discrete settings such as graphs, the absence of smooth structure requires new formula-
tions. Inspired by synchronization (Singer, 2011; Gao et al., 2021) and sheaf theory (Hansen
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and Ghrist, 2019; Hansen and Gebhart, 2020; Bodnar et al., 2022), we introduce network
torsors that recover these constructions while enabling new capabilities for heterogeneous
local symmetries.

3. Mathematical Background

Here we develop the discrete geometric structures underlying torsor CNNs. We begin with
the group synchronization problem, then formalize local consistency via network sheaves,
and define network G-torsors following Ghrist and Cooperband (2025) as discrete analogues
of principal bundles.

3.1. The Synchronization Problem

Many problems in robotics Rosen et al. (2019), structural biology Singer (2018), and dis-
tributed sensing Singer (2011) involve recovering unknown global states from noisy relative
measurements.

Definition 1 Given a graph X = (V,E) and edge measurements {ψuv ∈ G | {u, v} ∈ E}
satisfying ψvu = ψ−1uv , the group synchronization problem seeks a global assignment of
states {gv ∈ G}v∈V that best satisfies, for every edge {u, v} ∈ E,

gu = ψuv gv.

Here ψuv is interpreted as the transformation mapping the state in frame v to the state in
frame u. A set of measurements is consistent if such an assignment exists and the relation
holds with equality on all edges.

Example 1 (Planar Rotation Synchronization) In the special case G = SO(2), each
vertex represents an agent with an unknown orientation gv ∈ SO(2) (equivalently, an angle
θv ∈ (−π, π]), and each edge measurement ψuv ∈ SO(2) encodes the relative rotation. This
underlies sensor network calibration Singer (2011), structure from motion Eriksson et al.
(2018) and multi-view registration Arrigoni et al. (2016).

Consistency requires the product of transformations around any cycle to be the identity. In
practice, noisy measurements violate this condition, and one seeks an assignment minimizing
a global error objective known as frustration Singer (2011). This nonlinear problem can be
linearized using a group representation:

Definition 2 Let ρ : G→ GL(F ) be a linear representation. The feature synchroniza-
tion problem seeks an assignment of feature vectors {fv ∈ F}v∈V such that for every edge
{u, v} ∈ E,

fu = ρ(ψuv) fv.

3.2. Network Sheaves and Global Sections

Definition 3 A network sheaf F on a graph X = (V,E) assigns a space Fv to each
vertex v ∈ V and a space Fe to each edge e ∈ E (the stalks). For each incidence of a vertex
v on an edge e, there is a morphism Fv→e : Fv → Fe (the restriction map).
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Definition 4 A global section of a sheaf F is an assignment of elements sv ∈ Fv to
vertices such that for every edge e = {u, v} the compatibility condition holds:

Fu→e(su) = Fv→e(sv).

The set of all global sections is denoted Γ(X,F).

3.3. Network Torsors from Edge Potentials

Our discrete formulation begins with edge potentials, which serve as discrete connections
from which we construct network torsors.

Definition 5 Given a graph X = (V,E) and a group G, an edge potential is a function
ψ that assigns a group element ψuv ∈ G to each oriented edge e = (u, v), satisfying the
antisymmetry property ψuv = ψ−1vu .

The edge potential ψuv maps a reference frame at vertex v to the corresponding frame at
vertex u. These local reference frames have no canonical origin – they form a torsor :

Definition 6 For a group G, a G-torsor is a nonempty set P with a right action of G
that is free and transitive: for any p, q ∈ P there exists a unique g ∈ G with q = p · g.

Definition 7 Let ψ be an edge potential on a graph X with group G. The network
G-torsor from ψ, denoted Pψ, is the network sheaf defined as follows:

• Stalks: Pψv and Pψe are the group G itself, viewed as a G-torsor under right multipli-
cation.

• Restriction maps: For an oriented edge e = (u, v),

Pψu→e(p) = p, Pψv→e(p) = ψuv p,

where juxtaposition denotes the group product in G.

This construction yields a valid network G-torsor (see Appendix A). The compatibility con-
dition for a global section {σv} is exactly the group synchronization equation σu = ψuv σv.
While we must choose an orientation (u, v) to write these formulas, the antisymmetry prop-
erty ensures orientation independence: on the reversed orientation one obtains σv = ψvu σu,
which is equivalent since ψvu = ψ−1uv .

3.4. Gauge and Gauge Transformations

To perform computations we coordinatize each torsor stalk using 1G ∈ G as the origin—the
identity gauge. Any other choice of reference frames is equally valid:

Definition 8 A gauge transformation is a map γ : V → G, representing a change of
reference frame at each vertex v by the group element γv. Under γ, an edge potential ψ
transforms as

ψ′uv = γ−1u ψuv γv for every oriented edge (u, v).

Definition 9 Two edge potentials ψ and ψ′ are gauge-equivalent if there exists a gauge
transformation γ relating them via the transformation law above.
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u ue ev v

ψe ∈ G

fu = ρ(ψuv)fv⇐⇒

Figure 1: (Left) Edge e = (u, v) with edge potential ψuv mapping between local frames.
(Right) Associated vector sheaf construction where each torsor stalk (dotted line)
carries feature vector spaces at different reference points. Global section (blue)
corresponds to synchronized features satisfying fu = ρ(ψuv)fv across the edge.

4. Torsor CNNs on Graphs

We now use the network torsor structure to construct convolutional layers on graphs that
are equivariant to local gauge transformations. The approach is a discrete analogue of
gauge-equivariant CNNs on manifolds. While feature fields (global sections) represent the
geometrically consistent features we ultimately seek, practical neural networks must han-
dle arbitrary feature assignments that may not satisfy the strict synchronization condition.
Therefore, our torsor convolution layer operates on the larger space F V of all feature as-
signments, while preserving the subspace of global sections when present.

4.1. Associated Vector Sheaves and Feature Fields

Given a graphX = (V,E), a groupG, and an edge potential ψ : E → G, we have the induced
network G-torsor (Definition 7). Together with a group representation ρ : G → GL(F )
(where F is a feature vector space), we can construct an associated vector sheaf E , analogous
to the associated vector bundle in the continuous setting.

Definition 10 Let ψ be an edge potential on X = (V,E) with group G, and let ρ : G →
GL(F ) be a finite-dimensional representation. The associated vector sheaf E = Pψ×ρF
is defined as follows:

• To each vertex and edge x, it assigns the vector space Ex := (Pψx × F )/ ∼, where

(p · g, w) ∼ (p, ρ(g)w) for p ∈ Pψx , g ∈ G,w ∈ F .

• The restriction maps Ev→e : Ev → Ee are induced by those of Pψ: Ev→e([p, w]) :=

[Pψv→e(p), w].

An element [p, w] ∈ Ev can be interpreted as a feature vector w expressed in the frame
p. The equivalence relation ensures that if we change the frame of reference by g, the
coordinates of the vector transform by ρ(g).
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Definition 11 A feature field on the graph is a global section σ of the associated vector
sheaf E. A section assigns an element σv ∈ Ev to each vertex v such that for every edge
e = (u, v), the compatibility condition Eu→e(su) = Ev→e(sv) is satisfied.

While a feature field σ is an abstract object, computation requires a representation as a
function f : V → F . Since our edge potential ψ corresponds to the identity gauge (where
the identity 1G ∈ G is the implicit reference frame at each vertex), we can represent any
feature field as a function f : V → F solving the feature synchronization problem.

Proposition 12 (Feature Fields as Solutions to Feature Synchronization) Given
an edge potential ψ, there is a canonical bijection between feature fields Γ(X, E) and functions
f : V → F satisfying the feature synchronization condition:

Γ(X, E)←→ {f : V → F | fu = ρ(ψuv)fv for every edge e = (u, v)}

The bijection maps a section σ to its representation f in the identity gauge via σv = [1G, fv],
where 1G ∈ G is the identity element. Moreover this correspondence is gauge-invariant:
under a gauge transformation γ : V → G (transforming ψuv 7→ ψ′uv := γ−1u ψuvγv), the same
section is represented by f ′v = ρ(γv)

−1fv, with the transformed features has the same form
i.e. it satisfies the synchronization condition f ′u = ρ(ψ′uv)f

′
v.

The proof is provided in Appendix B.1. See also Figure 1 for a visual representation. The
proposition establishes that a global section of the vector sheaf E is equivalent to a perfectly
synchronized vector assignment f . However, an arbitrary function on the graph’s vertices
will not, in general, satisfy this strict condition. We can quantify the extent to which any
given feature assignment f : V → F deviates from being a true feature field by measuring its
total inconsistency across all edges. This is accomplished with a frustration loss functional
(see Appendix B.2 for a proof).

Corollary 13 (The Frustration Functional) Assume ρ is orthogonal and f : V → F ;
define

ηF (f ;X,ψ) :=
1

vol(X)

∑
{u,v}∈E

∥∥fu − ρ(ψuv)fv∥∥2, vol(X) :=
∑
v∈V

deg(v) = 2|E|.

Then ηF (f ;X,ψ) = 0 if and only if f represents a global section, and ηF is gauge-invariant.

The gauge-invariance ensures we measure an intrinsic property of the feature field, not a
coordinate artifact. In practice, the frustration loss serves as a regularization term: adding
it to the baseline model’s loss encourages learning feature representations consistent with
the geometry of the underlying geometric domain of the data.

4.2. Torsor Convolutional Layers

A Torsor Convolutional Layer is a linear map Φ on feature assignments F V that is gauge-
equivariant and preserves the subspace of global sections Γ. If you transform the input
feature field by a gauge transformation γ, the output of the layer is the transformed version
of the original output. The layer works as follows: to compute the new feature at vertex v,
we gather features from all neighboring vertices u, use the edge potentials ψ to transport
them into v’s local frame, apply a shared kernel, and then aggregate the results.
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Definition 14 Let Ein = Pψ×ρinFin and Eout = Pψ×ρoutFout. A Torsor Convolution Layer
is a gauge-equivariant linear map Φ : F Vin −→ F Vout between feature assignments on vertices
(not necessarily global sections), parameterized by a learnable G-equivariant intertwiner
K : Fin → Fout satisfying

K(ρin(g)w) = ρout(g)K(w) (∀ g ∈ G, w ∈ Fin)

(learned within the commutant of ρin and ρout). Given fin : V → Fin, the output fout =
Φ(fin) is

fout(v) =


1

cv

∑
u∼v

wuvK
(
ρin(ψuv)

−1 fin(u)
)
, if cv :=

∑
u∼v wuv > 0,

K
(
fin(v)

)
, if cv = 0 (isolated v).

Here wuv > 0 are optional edge weights (default wuv ≡ 1). The term ρin(ψuv)
−1fin(u)

transports the feature from u into v’s local frame before applying K. The normalization by
cv ensures that, when restricted to global sections, the output is also a global section.

Remark 15 (Global Sections Preserved) If fin ∈ Γ(X, Ein) satisfies fin(u) = ρin(ψuv) fin(v)
for all edges {u, v}, then for every neighbor u ∼ v,

K
(
ρin(ψuv)

−1fin(u)
)
= K

(
fin(v)

)
.

Hence for cv > 0,

fout(v) =
1

cv

∑
u∼v

wuvK(fin(v)) = K(fin(v)),

and for isolated v we set fout(v) = K(fin(v)) by definition. Therefore fout(u) = ρout(ψuv) fout(v)
for all edges, i.e. fout ∈ Γ(X, Eout).1

Proposition 16 (Gauge Equivariance) The torsor convolution layer is gauge-equivariant
and preserves global sections. A proof is given in Appendix B.3.

Remark 17 (Equivariant nonlinearities) While torsor convolutional layers provide the
linear part of the architecture, nonlinear activations must also preserve equivariance. In gen-
eral, if features transform according to a representation ρ : G→ GL(F ), then any nonlinear-
ity σ : F → F must satisfy σ(ρ(g)f) = ρ(g)σ(f) for all g ∈ G. For regular representations
(where G G acts on itself by permutation), pointwise nonlinearities like ReLU automati-
cally satisfy this constraint. However, for general irreducible representations—particularly
of groups like SO(n), SE(n)—the equivariance constraint severely restricts allowed nonlin-
earities. Valid constructions include norm-based activations that apply the nonlinearity only
to the norm while preserving direction: f 7→ σ(∥f∥) f

∥f∥ (Worrall et al., 2017; Weiler and

Cesa, 2019), tensor product nonlinearities (Kondor, 2018), or gated nonlinearities where
scalar fields modulate vector fields (Weiler et al., 2018).

1. A more expressive formulation replaces the single intertwiner K by an edge-dependent kernel κ(ψuv)
satisfying a bi-equivariance law.
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Remark 18 (Reduction to Known Architectures)

Classical CNNs on grids. On a 2D grid viewed as a graph with G = Z2 (translations)
and trivial representations, the torsor layer with a single intertwiner K yields translation
equivariance and location-wise weight sharing. It does not reproduce position-selective filter
taps of standard discrete convolution.2

G-CNNs on homogeneous spaces. For discretized homogeneous spaces G/H with struc-
ture group H, the layer implements H-equivariant steering via ρ(ψuv)

−1 and location-wise
sharing. This captures the usual weight sharing across the domain; offset selectivity would
again require the omitted edge-dependent kernel.

Gauge-CNNs on manifolds. On meshes with structure group SO(d), ψuv ∈ SO(d) en-
codes discrete parallel transport. The present layer provides gauge-equivariant weight shar-
ing; richer dependence on relative orientations is possible with the omitted edge-dependent
kernel.

5. Discussion and Conclusion

We introduced Torsor CNNs, a framework for learning on graphs with local symmetries
encoded as edge potentials. The key insight—that gauge-equivariant learning and group
synchronization are equivalent—yields both theoretical understanding and practical tools.

Practical Validation. In Appendix C, we demonstrate the framework on ModelNet40
multi-view recognition. Camera poses provide natural SO(3) edge potentials between views.
We show two implementations: (A) Torsor CNN layers that explicitly transport features be-
tween camera frames before aggregation, and (B) standard multi-view networks (MVCNN,
EMVN) augmented with frustration regularization. The frustration loss encourages view
features to satisfy fi = ρ(ψij)fj without architectural changes, reducing intra-class variance
for improved retrieval mAP.

Future Work. While we assumed a fixed group G throughout, the framework natu-
rally extends to heterogeneous settings, where different nodes could have different structure
groups, for example, molecular graphs where single bonds allow SO(2) rotations while dou-
ble bonds have discrete Z2 symmetry. Another important direction is the development of
standardized implementations: both torsor convolutional layers and frustration regulariza-
tion should be distilled into practical and reusable modules.

Conclusion. Torsor CNNs provide a principled way to incorporate local geometric struc-
ture into graph learning. The frustration loss offers an immediate path to geometric regu-
larization for any neural network, while the theoretical framework unifies CNNs, G-CNNs,
and gauge CNNs as special cases of a general discrete theory.
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Bronstein. Neural sheaf diffusion: a topological perspective on heterophily and over-
smoothing in GNNs. In Proceedings of the 36th International Conference on Neural
Information Processing Systems, 2022.

Taco Cohen. Equivariant Convolutional Networks. PhD Thesis, Universiteit van Amster-
dam, 2021.

Taco Cohen and Max Welling. Group equivariant convolutional networks. In Proceedings
of The 33rd International Conference on Machine Learning, 2016.

Taco Cohen and Max Welling. General theory of equivariant cnns on homogeneous spaces.
arXiv preprint arXiv:1811.02017, 2019.

Taco Cohen, Maurice Weiler, Berkay Kicanaoglu, and Max Welling. Gauge Equivariant
Convolutional Networks and the icosahedral CNN. In Kamalika Chaudhuri and Ruslan
Salakhutdinov, editors, Proceedings of the 36th International Conference on Machine
Learning, volume 97 of Proceedings of Machine Learning Research, 09–15 Jun 2019.
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Appendix A. Formalism of Network Torsors

This appendix provides the formal definition of a network G-torsor and a verification that
the construction from an edge potential (Definition 7) is a valid instance of this structure.
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Definition 19 A network G-torsor P on a graph X is a network sheaf satisfying two
conditions:

1. The stalks Pv (for v ∈ V ) and Pe (for e ∈ E) are all G-torsors.

2. The restriction maps Pv→e : Pv → Pe are G-equivariant. That is, for any p ∈ Pv and
g ∈ G, the map respects the right group action:

Pv→e(p · g) = Pv→e(p) · g

Proposition 20 The network torsor from an edge potential from Definition 7 is a network
G-torsor.

Proof We now formally state and prove that the construction from Definition 7 satisfies
this definition.

The first condition requires that the stalks be G-torsors. By construction, every stalk
in Pψ is the group G itself. A group G forms a canonical G-torsor by acting on itself with
right multiplication. This action is free and transitive, thus satisfying the definition of a
G-torsor.

Second, condition is verified by checking the G-equivariance of the restriction maps for
an edge e = (u, v). The map from the source vertex u, Pψu→e(p) = p, is the identity and thus
trivially equivariant. The map from the target vertex v, Pv→e(p) = ψuv · p, is equivariant
due to the associativity of the group operation:

Pψv→e(p · g) = ψuv · (p · g) = (ψuv · p) · g = Pψv→e(p) · g

Since both conditions hold, the construction Pψ yields a valid network G-torsor.

Definition 21 A morphism ϕ : P → Q is a collection of G-equivariant maps

{ϕv : Pv → Qv}v∈V and {ϕe : Pe → Qe}e∈E

such that for every incidence v ∈ e the diagram commutes:

Pv Qv

Pe Qe

ϕv

Pv→e Qv→e

ϕe

.

We call ϕ an isomorphism if each ϕv and ϕe is an isomorphism.

Proposition 22 Let ψ and ψ′ be gauge-equivalent edge potentials related by a gauge trans-
formation γ : V → G, such that ψ′uv = γ−1u ψuvγv for all edges e = (u, v). Then the network
torsors Pψ and Pψ′

are isomorphic.

12
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Proof We construct an explicit isomorphism of network sheaves, ϕ : Pψ → Pψ′
. The

isomorphism is defined on the stalks. For each vertex v ∈ V , we define the map ϕv : Pψv →
Pψ

′
v by left multiplication:

ϕv(p) = γ−1v · p

For each oriented edge e = (u, v), we define the map on the edge stalk ϕe : Pψe → Pψ
′

e

similarly, using the source vertex’s transformation:

ϕe(p) = γ−1u · p

To show that ϕ is a valid morphism of network sheaves, we must verify that the diagram of
restriction maps commutes for every edge. In other words,

Pψu Pψ
′

u

Pψe Pψ
′

e

ϕu

Pψu→e Pψ
′

u→e

ϕe

Consider an oriented edge e = (u, v). For the source vertex u, the path through Pψu →
Pψe → Pψ

′
e maps an element p to ϕe(p) = γ−1u ·p. The path through Pψu → Pψ

′
u → Pψ

′
e maps

p to Pψ
′

u→e(ϕu(p)) = Pψ
′

u→e(γ−1u · p) = γ−1u · p. The diagram commutes for the source vertex.

For the target vertex v, the path through Pψv → Pψe → Pψ
′

e maps an element p to

ϕe(Pψv→e(p)) = ϕe(ψuv · p) = γ−1u · (ψuv · p). The path through Pψv → Pψ
′

v → Pψ
′

e maps p to

Pψ
′

v→e(ϕv(p)) = Pψ
′

v→e(γ−1v · p) = ψ′uv · (γ−1v · p). Substituting the definition of ψ′uv:

ψ′uv · (γ−1v · p) = (γ−1u ψuvγv) · (γ−1v · p) = γ−1u ψuv(γvγ
−1
v )p = γ−1u · (ψuv · p)

The diagram also commutes for the target vertex. Thus, ϕ is a morphism of network sheaves.
Finally, each map ϕv is a G-equivariant bijection. It is a bijection because left multiplication
is invertible. It is G-equivariant because for any g ∈ G, ϕv(p ·g) = γ−1v ·(p ·g) = (γ−1v ·p) ·g =
ϕv(p) · g. The same holds for ϕe. Therefore, ϕ is an isomorphism of network G-torsors.

Appendix B. Relegated Proofs

B.1. Proof of Proposition 12

Proof We work with the edge potential ψ which corresponds to the identity gauge, where
the identity element 1G ∈ G serves as the implicit reference frame at each vertex. Given a
section σ of the associated vector sheaf E , we define a function f : V → F via σv = [1G, fv].
This gives a bijection between sections and synchronized functions. For any edge e = (u, v),
the section compatibility condition Eu→e(σu) = Ev→e(σv) holds if and only if:

Eu→e(σu) = Ev→e(σv) ⇐⇒ [Pψu→e(1G), fu] = [Pψv→e(1G), fv]
⇐⇒ [1G, fu] = [ψuv, fv]

⇐⇒ [1G, fu] = [1G, ρ(ψuv)fv]

⇐⇒ fu = ρ(ψuv)fv

13
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The first equivalence applies the definition of the restriction maps on E . The second uses
the restriction maps from Definition 7: Pψu→e(1G) = e and Pψv→e(1G) = ψuv · 1G = ψuv. The
third applies the equivalence relation (p · g, w) ∼ (p, ρ(g)w) with p = 1G and g = ψuv. The
final step follows from the uniqueness of representation in the fiber Ee. This establishes the
bijection.

Consider a gauge transformation γ : V → G which transforms the edge potential to
ψ′uv = γ−1u ψuvγv. In the new gauge, the identity elements are replaced by γv at each vertex
v. A section σ that was represented by f in the original (identity) gauge is now represented
by f ′ in the new gauge. Since σv = [e, fv] = [γv, f

′
v] (the same element of Ev expressed

in different coordinates), the equivalence relation gives us fv = ρ(γv)f
′
v, or equivalently,

f ′v = ρ(γv)
−1fv. We verify that f ′ satisfies the synchronization condition with respect to

ψ′uv:

fu = ρ(ψuv)fv =⇒ ρ(γu)f
′
u = ρ(ψuv)ρ(γv)f

′
v

=⇒ f ′u = ρ(γu)
−1ρ(ψuv)ρ(γv)f

′
v

=⇒ f ′u = ρ(γ−1u ψuvγv)f
′
v

=⇒ f ′u = ρ(ψ′uv)f
′
v

Thus, the transformed function f ′ satisfies the synchronization condition with the trans-
formed edge potential ψ′uv, confirming that the correspondence between sections and syn-
chronized functions is gauge-independent.

B.2. Proof of Corollary 13

Proof For consistency detection: each term ∥fu − ρ(ψuv)fv∥2 is nonnegative, hence
ηF (f ;X,ψ) = 0 iff all edge residuals vanish, i.e., fu = ρ(ψuv)fv for all {u, v} ∈ E, which is
equivalent to f representing a global section by Proposition 12. For gauge invariance: let
γ : V → G, and define ψ′uv = γ−1u ψuvγv, f

′
v = ρ(γv)

−1fv. Then

f ′u − ρ(ψ′uv)f ′v = ρ(γu)
−1(fu − ρ(ψuv)fv).

Since ρ is orthogonal, ∥ρ(γu)−1w∥ = ∥w∥ for all w, so each edge residual norm is unchanged.
The sum and vol(X) are gauge-independent, hence ηF (f

′;X,ψ′) = ηF (f ;X,ψ).

B.3. Proof of Proposition 16

Proof We must show that under a gauge transformation γ : V → G, if the input transforms
as f ′in(v) = ρin(γv)

−1fin(v) and the edge potential transforms as ψ′uv = γ−1u ψuvγv, then
f ′out(v) = ρout(γv)

−1fout(v). The kernel K : Fin → Fout is G-equivariant:

K(ρin(g)w) = ρout(g)K(w) (∀ g ∈ G, w ∈ Fin).

14
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If cv :=
∑

u∼v wuv > 0, then

f ′out(v) =
1

cv

∑
u∼v

wuvK
(
ρin(ψ

′
uv)
−1 f ′in(u)

)
=

1

cv

∑
u∼v

wuvK
(
ρin(γ

−1
v ψ−1uv γu) ρin(γu)

−1fin(u)
)

=
1

cv

∑
u∼v

wuvK
(
ρin(γ

−1
v ) ρin(ψ

−1
uv ) fin(u)

)
= ρout(γv)

−1 1

cv

∑
u∼v

wuvK
(
ρin(ψ

−1
uv ) fin(u)

)
= ρout(γv)

−1 fout(v).

If cv = 0 (isolated v), then f ′out(v) = K(f ′in(v)) = K(ρin(γv)
−1fin(v)) = ρout(γv)

−1K(fin(v)) =
ρout(γv)

−1fout(v) by the intertwining property. Thus the layer is gauge-equivariant in all
cases.

Appendix C. Empirical Evaluation

To demonstrate the practical utility of our framework, we apply Torsor CNNs to multi-view
3D object recognition, where the geometric structure naturally aligns with our theoretical
construction. In this setting, multiple cameras observe a 3D object from different view-
points, and crucially, the relative orientations between cameras are known—providing ex-
actly the edge potentials our framework requires. We show that this geometric information
can be exploited in two complementary ways: (A) building fully gauge-equivariant Torsor
CNN architectures that explicitly use the camera transformations in their convolutions, or
(B) adding the frustration loss as a geometric regularizer to existing multi-view networks
without architectural changes.

Rotated Multi-View 3D Recognition on ModelNet40

1. Dataset: Dmesh = {(Sn, yn)}Mn=1 where Sn is a CAD mesh and yn ∈ C is the category
label with |C| = 40 Wu et al. (2015). Each mesh is rendered from N views using a
discrete camera set on S2.

2. Relative-Rotation Augmented Dataset: The relative rotation ψij ∈ SO(3)
between views i and j is computed from known camera poses. Let Ri, Rj ∈ SO(3) be
the absolute rotation matrices of cameras i and j, respectively. Then

ψij := RiR
⊤
j ∈ SO(3), ψji = ψ−1ij

(since R−1j = R⊤j ). Define ψij as the edge potentials on the view graph. Then each
training input is augmented as

xn =
(
{In,i}Ni=1, {ψij}(i,j)∈E

)
where In,i is the i-th rendered view of the n-th object Sn.
Then the underlying graph in the setup is the view-graph: its vertices correspond to

15
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different rendered views In,i of the same 3D object, and its edges are annotated with
relative rotations ψij ∈ SO(3) computed from camera poses

3. Tasks: The learning tasks are

• classification: predict y ∈ C
• retrieval : find, for a query object q, the top-K most similar objects {oi}Ki=1 from
a dataset D by minimizing a distance metric d(f(q), f(oi)), where f denotes
an embedding function. The model also produces a global descriptor used for
ranking (evaluated by mAP), e.g. MVCNN Su et al. (2015) and equivariant
multi-view networks (EMVN) Esteves et al. (2019) serving as baselines.

4. View-Graph as a G-Torsor:

Let X = (V,E) be the view-graph and fix G ⊂ SO(3). From known camera rotations
{Ri ∈ SO(3)} define the edge potential ψij := RiR

⊤
j ∈ G. This induces a network

G–torsor Pψ (Definition 7). Given a representation ρ : G → GL(F ), the associated
vector sheaf is E = Pψ×ρF (Definition 10). In the identity gauge, sections σ ∈ Γ(X, E)
are represented by f : V → F satisfying the synchronization relation f(i) = ρ(ψij) f(j)
on every edge (i, j) ∈ E. A torsor–CNN layer acts by transporting neighbors to the
local frame

(Φf)(i) = activation
(∑
j∼i

wijK
(
ρ(ψij) f(j)

))
where the intertwiner K : F → F ′ satisfying Kρ(g) = ρ′(g)K for all g ∈ G. For any
gauge γ : V → G,

fγ(i) = ρ(γi)
−1f(i), ψγij = γ−1i ψijγj

one has (Φf)γ(i) = ρ′(γi)
−1(Φf)(i), i.e., the layer is gauge–equivariant.

5. Two Realizations of Torsor-Aware Learning:

(A) Direct Enforcement via Torsor CNN. We instantiate gauge–equivariant
layers right above that explicitly transport features across views using the known
edge potentials ψij . Specifically speaking, for the i-th node

(Φf)(i) = activation

∑
j∼i

wijK
(
ρ(ψij)f(j)

) , Kρ(g) = ρ′(g)K

To obtain a global descriptor, we synchronize all node features to a fixed reference
view r. Let ψir denote the potential along a path from i to r; then the aligned
feature is

f̂(i) = ρ(ψir) f(i)

The global descriptor is the pooled representation

z = Pooli∈V f̂(i)

where Pool can be mean/max pooling or attention. Each task is expected to
inherit certain properties from this setting:
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• Classification: The synchronized global descriptor z is passed to a classifier.
Compared to baselines such as MVCNN that need to re-learn the geometry
from the data, torsor CNNs embed the camera poses geometry directly. We
thus expect improved accuracy with fewer views and better generalization
under noisy or missing views.

• Retrieval : Using the synchronized descriptor z as embedding, we train with
a metric learning objective. Explicit synchronization reduces intra-class vari-
ance across camera poses, which is expected to yield higher mAP. For ex-
ample, consider the standard triplet loss formulation Schroff et al. (2015);
Hermans et al. (2017):

Ltriplet = max
(
0, ∥f(xai )− f(x

p
i )∥

2
2 − ∥f(xai )− f(xni )∥22 + α

)
where f(xai ) is the anchor feature (from a reference frame) for the i-th object,
f(xpi ) is a positive feature from a different view of the same object and f(xni )
is a negative feature from a different object. α > 0 is a margin threshold.

Now, suppose we apply feature alignment using known camera pose transforma-
tions. Again, let ψij denote the edge potential (transformation) from view j to
view i, and ρ be its representation in feature space (assumed to be isometric).
We align all features to the anchor’s view.
Define the aligned features as f̂(xai ) = f(xai ) (anchor already in reference view),
f̂(xpi ) = ρ(ψap)f(x

p
i ) and f̂(x

n
i ) = ρ(ψan)f(x

n
i ). Assuming perfect alignment,

the positive feature becomes identical to the anchor feature in the aligned space
f̂(xai ) = f̂(xpi ). The triplet loss using aligned features is then:

Laligned = max
(
0, ∥f̂(xai )− f̂(x

p
i )∥

2
2 − ∥f̂(xai )− f̂(xni )∥22 + α

)
= max

(
0, 0− ∥f̂(xai )− f̂(xni )∥22 + α

)
= max

(
0, α− ∥f̂(xai )− f̂(xni )∥22

)
Thus, the loss depends only on the inter-class distance (between anchor and
negative), as the intra-class distance (between anchor and positive) becomes zero.
More generally, even if alignment is not perfect, it significantly reduces intra-class
variance. Let dintra = E[∥f(xai )− f(x

p
i )∥22] be the expected intra-class distance

without alignment, and dalignedintra = E[∥f̂(xai )− f̂(x
p
i )∥22] with alignment. Effective

alignment ensures dalignedintra ≪ dintra The goal of the triplet loss is to ensure that
the intra-class distance is less than the inter-class distance by at least the margin
α, i.e., dintra < dinter − α. After alignment, since dalignedintra is greatly reduced, the

inequality dalignedintra < dalignedinter −α is much easier to satisfy. This further makes the
loss function easier to optimize.

(B) Frustration Energy as a Regularizer. Without altering the backbone (MVCNN,
EMVN, etc.), we add a synchronization regularization term:

Lsync =
∑

(i,j)∈E

∥f(i)− ρ(ψij)f(j)∥2

17
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The overall loss combines the task loss with λLsync. Again, we expect that tasks
can leverage certain structural properties:

• Classification: The regularizer encourages alignment of view features consis-
tent with the known geometry and thus the burden on pooling to discover
it implicitly. We expect faster convergence with few or noisy views.

• Retrieval : By penalizing frustration, embeddings for the same object under
different viewpoints become more consistent. We thus expect higher mAP
and better robustness for rare categories.
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