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Learning in Restless Bandits Under Exogenous
Global Markov Process

Tomer Gafni ¥, Michal Yemini

Abstract—We consider an extension to the restless multi-armed
bandit (RMAB) problem with unknown arm dynamics, where an
unknown exogenous global Markov process governs the rewards
distribution of each arm. Under each global state, the rewards
process of each arm evolves according to an unknown Markovian
rule, which is non-identical among different arms. At each time,
a player chooses an arm out of N arms to play, and receives a
random reward from a finite set of reward states. The arms are
restless, that is, their local state evolves regardless of the player’s
actions. Motivated by recent studies on related RMAB settings, the
regret is defined as the reward loss with respect to a player that
knows the dynamics of the problem, and plays at each time ¢ the
arm that maximizes the expected immediate value. The objective
is to develop an arm-selection policy that minimizes the regret.
To that end, we develop the Learning under Exogenous Markov
Process (LEMP) algorithm. We analyze LEMP theoretically and
establish a finite-sample bound on the regret. We show that LEMP
achieves a logarithmic regret order with time. We further analyze
LEMP numerically and present simulation results that support
the theoretical findings and demonstrate that LEMP significantly
outperforms alternative algorithms.

Index Terms—Markov processes, restless multi-armed bandit,
sequential learning, sequential decision making.

1. INTRODUCTION

HE multi-armed bandit (MAB) problem is a popular model

for sequential decision making with unknown information:
A player chooses actions repeatedly among N different arms.
Aftereach actionitreceives arandom reward having an unknown
probability distribution that depends on the chosen arm. The
objective is to maximize the expected total reward over a finite
horizon of T periods. Restless multi-armed bandit (RMAB)
problems are generalizations of the MAB problem. Differing
from the classic MAB, where the states of passive arms remain
frozen, in the RMAB setting, the state of each arm (active or
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passive) can change. In this paper we consider an extension to
the RMAB problem, in which we assume that an exogenous
(global) Markov process governs the distribution of the restless
arms, and thus the reward depends on both the state of the global
process, and the local state of the chosen (active) arm.

A. Applications

RMAB problems have attracted much attention for their
wide application in diverse areas such as manufacturing sys-
tems [2], economic systems [3], biomedical engineering [4],
wireless communication systems [5], [6] and communication
network [7], [8]. A particularly relevant application captured by
the extended RMAB model considered in this paper is the Dy-
namic Spectrum Access (DSA) paradigm [9], [10], [11], where
primary users (licensed) occupy the spectrum occasionally, and
a secondary user is allowed to transmit over a single channel
when the channel is free. This behavior is commonly modeled by
a Gilbert-Elliot model that comprises a Markov chain with two
binary states. This model is captured as our exogenous (global)
process, where global state 1 denotes a transmitting primary
user and global state 0 denotes a vacant channel, i.e., an inactive
primary user. The statistical model for the arms establishes
the relationship between a physical channel and its finite-state
Markov model for a packet transmission system. We adopt the
view of previous studies, forming a finite-state Markov channel
model to reflect the fading channel effect [ 12]. The received SNR
values are partitioned into a finite number of states according to a
criterion based on the average duration of each state. This model
is very useful and enables one to avoid slow bit-level simulations
and focus on the overall system design. The differences in time
scales of fading and primary user switching can be manifested
in our model by increasing the probability of the global state to
remain in its state, compared to the probability of a local state
to remain in a certain state.

Other potential applications of the model include important
tasks in federated learning [6], recommendation systems [13],
[14], and dynamic pricing [15]. Federated learning [6] is an
emerging machine learning paradigm for training models across
multiple edge devices holding local datasets, without explicitly
exchanging the data. An important task in federated learning
is to design user scheduling algorithms that determine which
subset of users transmit at each round to save the communication
resources, where the overall completion time of a task depends
on the local processing time (including sensing, computation,
transmission) of each selected user [6]. This application can be
modeled by our new RMAB framework by modeling the random
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processing time of local users as Markov processes (e.g., due to
Markovian channel fading, queue length of data samples, etc.).
The global feature of the objective function in the federating
learning task can be modeled by the global Markov process (e.g.,
the source state that generates the data samples, the location of
the server that affects the communication channels, etc.).

In recommendation system tasks [13], [14], a well-known
problem is the task of learning the “preference” or “rating” that
anew user in the system would give to an item. The agent’s goal
is then to maximize the aggregated reward, which is associated
with e.g., clicks, likes, shares, sells, etc. This problem is called
the cold-start problem, and MAB-based formulations have been
used to model it [13], [14]. Here, the arms represent items (or
categories of items) and the reward distribution of each arm
represents the user preference regarding this item. If the user
interacts with the item, a positive feedback (i.e., a high reward)
is given, if not, a negative feedback (e.g., a zero reward) is
given. Furthermore, it is well known that often there are some
global “trends” that affect the preferences of the user. Rather
than assuming deterministic feature signals in MAB-based for-
mulations [14], using the new RMAB framework considered
in this paper, global trends can be modeled by an exogenous
global Markov process (drawn from an unknown Markovian
process and needs to be learned). Our new model allows different
distributions when arms are active (selected) or passive (not
selected), which is well suited to capture different preference
distributions when items are presented to the user or not.

Finally, in dynamic pricing tasks [15], a key problem for
businesses is to learn online the market demands to set prices for
products or services dynamically. Consider the pricing decision
for a manager at an online retailer. At the time of pricing, the
manager is unlikely to have complete information about each
product’s demand curve. In these markets, a manager must
consider an automated pricing policy to set real-time retail
prices with incomplete demand information. For example, a
consumer would buy a product only if its preference is higher
than the price. Using our new RMAB model, the local arms
represent the consumer’s preferences which evolve as a Markov
process. However, global economic changes (e.g., inflation)
affect the consumer’s preferences regarding various purchases.
These global changes are captured by the global Markov process.

B. Performance Measure of RMAB Under Exogenous Global
Markov Process

Computing the optimal policy for RMABs is P-SPACE hard
even when the Markovian model is known [16], therefore,
alternative tractable policies and objective functions have been
proposed. Nevertheless, always playing the arm with the highest
expected reward is optimal in the classic MAB under i.i.d. or
rested Markovian rewards, up to an additional constant term [17].
Thus, acommonly used approach in classic RMAB (i.e., without
exogenous process) with unknown dynamics settings to measure
the algorithm performance in a tractable way defines the regret
as the reward loss of the algorithm with respect to a genie that
always plays the arm with the highest expected reward, also
known as weak regret [18], [19], [20].
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However, in our setting, due to the exogenous process, each
global state is associated with different “best” arm (i.e., the arm
with the highest expected reward). To accommodate the effect of
the exogenous global Markovian state, we extend the definition
of regret, and measure the performance of the algorithm by
the reward loss of the algorithm with respect to a genie that
plays in each time step the arm with the highest expected reward
given the global state. Furthermore, since the next global state
is unknown before choosing the arm for the next time step, we
adopt a myopic performance measure, as considered alsoin [21],
[22]. That is, the objective in this paper is to select the arm
that has the highest immediate expected value at each time slot
under unknown arm dynamics. The expected value, and thus also
the arm selection, depend on both the transition probabilities of
the global exogenous Markov process and the mean reward of
the arms, which depends on the global state. Consequently, we
define the regret as the reward loss of an algorithm with respect
to a genie that knows the transition probabilities of the global
process and the expected rewards of the local arms. Thus, we
note that the regret is not defined with respect to the best arm on
average (that would result in a weak regret), but with respect to
a strategy tracking the best arm at each step, which is stronger.
This notion of regret was also considered in Section 8 of [23]
and in [24], for the non-stochastic bandit problem.

C. Main Results

Due to the restless nature of both active and passive arms,
learning the Markovian reward statistics requires that arms will
be played in a consecutive manner for a period of time (i.e.,
phase) [18], [19], [20]. Thus we divide the time horizon into
two phases, an exploration phase and exploitation phase. The
goal of the exploration phase is to identify the best arm for each
global state before entering the exploitation phase.

Upper Confidence Bound (UCB)-based policies, that are used
to identifying the best arm, require parameter tuning depending
on the unobserved hardness of the task [25], [26], [27]. The
hardness parameter is a characteristic of the hardness of the
problem, in the sense that it determines the order of magnitude
of the sample complexity required to find the best arm with
a required probability. In the classic MAB formulation, the
hardness of the task is characterized by H; = ﬁ, where
p*, pt are the means of the best arm and arm i, respectively.
However, since the hardness parameter is unknown, existing
algorithms use an upper bound on max; H; (e.g., [19]), which
increases the order of magnitude of exploration phases, and
consequently the regret. Considering the above, we summarize
our main results and contributions.

1) An Extended Model for RMAB: RMAB problems have
been investigated under various models of observation distribu-
tions in past and recent years. The extended model considered in
this paper is capable of capturing more complex scenarios and
requires an adaptation of the regret measure as discussed above.
Handling this extension in the RMAB setting leads to different
algorithm design and analysis as compared to existing methods.

2) Algorithm Development: We develop a novel algorithm,
dubbed Learning under Exogenous Markov Process (LEMP),
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that estimates online the appropriate hardness parameter
from past observations (Section III-A). Based on these past
observations, the LEMP algorithm generates adaptive sizes of
exploration phases, designed to explore each arm in each global
state with the appropriate number of samples. Thus, LEMP
avoids oversampling bad arms, and at the same time identifies
the best arms with sufficient high probability. To ensure the con-
sistency of the restless arms’ mean estimation, LEMP performs
regenerative sampling cycles (Section III-B). In the exploitation
phases, LEMP dynamically chooses the best estimated arm,
based on the evaluation of the global state (Section III-C). The
rules that decide when to enter each phase are adaptive in the
sense that they are updated dynamically and controlled by the
current sample means and the estimated global transition prob-
abilities in a closed-loop manner (Section III-D). Interestingly,
the size of the exploitation phases is deterministic and the size
of the exploration phases is random.

3) Performance Analysis: We provide a rigorous theoretical
analysis of LEMP algorithm. Specifically, we establish a finite
sample upper bound on the expected regret, and show that its or-
derislogarithmic with time. We also characterize the appropriate
hardness parameter for our model (the D; parameter defined in
(3)), and we demonstrate that estimating the hardness parameter
indeed results in a scaled regret proportional to the hardness of
the problem. The result in Theorem 1 also clarifies the impact of
different system parameters (rewards, mean hitting times of the
states, eigenvalues of the transition probability matrices, etc.)
on the regret. We provide numerical simulations that support
the theoretical results presented in this paper.

D. Related Work

The extended RMAB model considered here is a generaliza-
tion of the classic MAB problem [17], [28], [29], [30], [31].
RMAB problems have been extensively studied under both the
non-Bayesian [18], [19], [20], [21], [32], [33], [34], [35], [36],
and Bayesian [37], [38], [39], [40], [11], [41], [42], [43], [44],
[45] settings. Under the non-Bayesian setting, special cases of
Markovian dynamics have been studied in [18], [21]. There are a
number of studies that focused on special classes of RMABs. In
particular, the optimality of the myopic policy was shown under
positively correlated two-state Markovian arms [41], [42], [43],
[46] under the model where a player receives a unit reward for
each arm that was observed in a good state. In [44], [47], the
indexability of a special classes of RMAB has been established.
In [33], the traditional restless bandit is extended by relaxing
the restriction of a risk-neutral target function, and a general
risk measure is introduced to construct a performance criterion
for each arm. Our work is also related to models of partially
observed Markov decision process (POMDP) [48], with the goal
of balancing between increasing the immediate reward and the
benefits of improving the learning accuracy of the unknown
states. In [7], the offloading policy design in a large-scale
asynchronous MEC system with random task arrivals, distinct
workloads, and diverse deadlines is formulated as an RMAB
problem, and the authors in [49] considered a tracking problem
with independent objects and used an approximated Gittins
index approach for finding policies.
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The setting in this paper is also related to the non-stationary
bandit problems, where distributions of rewards may change
in time [24], [50], [51], [52], [53]. However, the distribution
that governs the non-stationary models in these studies differs
from our settings, and leads to a different problem structure.
Finally, [54], [55] and recently [56] considered the setting of
global Markov process that governs the reward distribution.
However, they addressed the linear/affine model, and not the
RMAB formulation that is explored in this paper. This new
setting leads to fundamentally different algorithm design and
regret analysis, mainly due to the restless nature of both active
and passive arms in our model, that requires that arms will be
played in a consecutive manner for a period of time.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a set of N arms, indexed by {1,..., N} = N/,
and a global system state process { s }t:172,__4, whichis governed
by a finite space, irreducible, and aperiodic discrete time Markov
chain & with unknown transition matrix Pg. We denote the
transition probability between states § and § in S by pss, and
we denote by m, the stationary distribution of states s € S.
For each global state s € S, the i arm is modeled as a finite
space, irreducible, and aperiodic discrete time Markov chain X’ ;
with unknown transition matrix Py:. We denote the transition
probability between states  and y in X7 by pi; We assume that
XiN X! =0 foralli,3,3 (i.e., we can recover the global state
in each time slot'). We also define the stationary distribution
of state x in arm 7 at global state s to be 7’ (). An illustration
for the model with |S| = 2, N = 2, |X!| = 2, Vs, is given in
Fig. 1.

At each time ¢, the player chooses one arm to play. When
played, each arm offers a certain positive reward that defines the
current state of the arm, x; The player receives the reward of
the chosen arm, and infers the current global state s;. Then, the
global state transitions to a new state, which is unknown to the
player before choosing the next arm to play. We assume that the
arms are mutually independent and restless, i.e., the local states
of the arms continue to evolve regardless of the player’s actions
according to the unknown Markovian rule Py;. The unknown
stationary reward mean of arm ¢ at global state s, /ﬂ;, is given
by:

= 3 ari(a),
weX;

We further define the expected value of arm ¢ in global state s
to be

VIES  psih. e
3e8
Let o be a permutation of {1, ..., N} such that
V;f(l) > VSU(?) >.> V‘;U(N)_
Let V/ (t) denote the value of arm i at time ¢, let ¢; be the arm with
the highest expected value at time ¢, i.e., i} £ argmax; V! (),

VIf this assumption does not hold, the player may recover the global state using
techniques for the specific application task, e.g., spectrum sensing methods in
the DSA paradigm [57].
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andlet¢(t) € {1,2,..., N} beaselection rule indicating which
arm is chosen to be played at time ¢, which is a mapping from
the observed history of the process to /. Denote

Ve(n) = {i: V] (n) < V7P (n)}.
The expected regret of policy ¢ is defined as:

Eg| E¢Z Z

n=14eV,(n)

—a% () Lgmy=iy | » (@)

where hereafter 14, denotes an indicator of an event A. The
objective is to find a policy that minimizes the growth rate of
the regret with time (this notion of regret is similar to the “regret
against arbitrary strategies” introduced in Section 8 of [23] and
in [24] for the non-stochastic bandit problem). We note that,
in this paper, the regret is not defined with respect to the best
arm on average (e.g., as in RMAB models in [18], [19], [20]),
but with respect to the best arm at each step according to the
instantaneous global state, which is a stronger regret. A list of
notations used in the paper is summarized in Table 1.

III. THE LEARNING UNDER EXOGENOUS MARKOV PROCESS
(LEMP) ALGORITHM

The LEMP algorithm divides the time horizon into two types
of phases, namely exploration and exploitation. In order to en-
sure sufficient small regret in exploitation phases (i.e., to reduce
the probability for choosing sub-optimal arms in exploitation),
our strategy estimates the required exploration rate of each arm,
and updates the arm selection dynamically with time, controlled
by the random sample means and transition probability estimates
in a closed loop manner.

A. Design Principles of LEMP

For sufficient small regret during exploitation phases, we
should take a sufficiently large number of samples in the ex-
ploration phases. From (1) we observe that we should estimate
accurately two terms: the mean reward of each arm ¢ in each

1,2
P10

An illustration of the system model with |S| = 2, N = 2,|X{| = 2, Vs, 1.

TABLE I
NOTATIONS
[ Notation [[ Description

N number of arms

S global process

St global state at time ¢

X local process of arm ¢ in state s

xl . reward (local state) of arm ¢ at global state st

Ts stationary distribution of state s € S

k() stationary distribution of local state = in arm % at
global state s

Dss transition probability between states § and 3 in S

73 stationary reward mean of arm ¢ in state s

| expected value of arm ¢ in state s (Eq. (1))

VZ(t) estimated expected value of arm ¢ in state s at time
t (Eq. (1)

EZ exploration rate of arm 7 in state s (Eq. (3))

Di(t) estimated exploration rate of arm ¢ in state s at time
t (Eq. (6))

T:(t) the number of samples from arm ¢ in global state s
in sub-block SB2 up to time ¢

tt(n) time index of the nth play on arm ¢ in global state
s in sub-block SB2

N (1) number of occurrences of the state s until time ¢

Ngs(t) number of transitions from s to § up to time ¢.

Ip, I local and global (respectively) minimal rate function
(Eq. (8), 9)

L exploration coefficient (Eq. (12))

global state s, p1%, and the transition probabilities of the global
Markov chain S, ps;.

In the analysis, we show that in each global state s, we must
explore a suboptimal arm ¢ with a local exploration rate of at
least D, log(t) times for being able to distinguishing it from
it £ argmax; V! (i.e., the arm that maximizes the expected
value in state s) with a sufficiently high accuracy, where

ﬁi A 4L

oV ©)

where V £ max; V7, and L is the exploration coefficient that
depends on the system parameters, defined in (12). The 5;
parameter is a type of hardness parameter [25], appropriate for
the setting considered in this paper, in the sense that it determines
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Algorithm 1: LEMP Algorithm.

initialize: t = 0, Ny = 0,n; = 0,n5, = 1,7 = 0,7} =
0,Vi=1...N
fori=1:Ndo
play arm i; observe global state s (denote the previous
global state by 5) and local state as = and setv*(nf,)) =
ti=t+ LT =T+ 1;nb =nh + L;rl =71t + 1y,
Ns = Ns + la
while (1) do
forit=1:Ndo
set f1;(t), Pss(t), D5 (t) according to (4), (5), (6),
respectively;
while condition (10) holds for some arm ¢ (or condition
(11) holds) do
play arm ¢ (or arm 7,y ); observe global state s and local
state as x;
while z # 4% (ni, — 1) (SB1) do
t:=t+1N,=N,+1
play arm ¢; observe global state s and local state as x
ti=t4+ LT =T+ Lirl =715 +r,,; Ny = Ny + 1,
forn = 1:4"0~1 (SB2) do
play arm ¢; observe global state s and local state as «
t=t+1;T =T+ 1;7. =rl +r, ; Ny = N, + 1;
ni, = nh + 1; set it (t), pss(t) according to (4), (5),
(6), respectively; v (nh) = =
set V(t) Vs according to (7)
set i* = argmax; V(1) Vs
forn=1:2-4""1do
play arm 77; observe new global state s and local state
as x
ti=t+1;Ny=N,+1
ny:=ny+1;

the order of magnitude of the sample size required to find the

best arm in each global state with a required probability.
i

We point out that in order to derive 55, we should know
the system parameters {ps }, {u1%}. Since the reward means and
the transition probabilities are unknown, we estimate bz by
replacing 1%, pss by their estimators:

} 1 e
A(t) = gy 2wt (), @

=1

Pss(t) = ®)

where ¢ (n) is the time index of the n'”* play on arm i in global
state s in sub-block SB2 only (SB2 is detailed in Section III-B),
Ti(t) is the number of samples from arm i in global state s in
sub-block SB2 up to time ¢, N, (t) is the number of occurrences
of the state s until time ¢, and Nz () is the number of transitions
from s to 5 up to time t. We also define: A? 2 (V. — V)2,
A, £ min; A, and we define 0 < A < min, A, to be aknown
lower bound on ming Aj.
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Denote the estimator of ﬁz by:
Ny 4L
Di(t) = - — ) (6)
max {A, (V(t) — Vi(t)? — e}
where:
Vi) 23 pas(t)ih(t), @)

3eS

VE(t) £ max; Vi(t), e > 0 is a fixed tuning parameter, and L
is defined in (12).

Using {D'(t)}, which are updated dynamically over time
and controlled by the corresponding estimators, we can design
an adaptive arm selection for sampling arm ¢ at state s that will
converge to its exploration rate required for efficient learning, as
time increases. That is, the LEMP algorithm generates adaptive
sizes of exploration phases, designed to explore each arm in
each global state with the appropriate number of samples. Thus,
LEMP avoids oversampling bad arms, and at the same time iden-
tifies the best arms with sufficiently high probability. Whether
we succeed to obtain a logarithmic regret order depends on how

fast ﬁi (t) converges to a value that is no smaller than EZ (so

that we take at least ﬁz samples from bad arms in most of the
times).

B. Description of the Exploration Phases

Due to the restless nature of both active and passive arms,
learning the Markovian reward statistics requires that arms
will be played in a consecutive manner for a period of time
(i.e., phase). Therefore, the exploration phases are divided into
sub-blocks SB1 and SB2. Consider time ¢ (and we remove
the time index ¢ for convenience). We define n’, () as the
number of exploration phases in which arm 7 was played up
to time t. Let v*(n}, — 1) be the last reward state observed at
the (nf, — 1) exploration phase for arm i. As illustrated in
Fig. 2, once the player starts the (n%, )" exploration phase, it first
plays a random period of time, also known as a random hitting
time, until observing state v*(n{, — 1). This random period of
time is referred to as SB1. Then, the player plays arm 4 until
it observes 4”0 samples. This period of time is referred to as
SB2. The player stores the (4"0 )" state v (n,) observed at the
current (nf,))!" exploration phase, and so on. We define the set
of time indices during SB2 sub-blocks by V;. This procedure
ensures that each interval in V; starts from the last state that was
observed in the previous interval. Therefore, cascading these
intervals forms a sample path which is equivalent to a sample
path generated by continuously sampling the Markov chain.

C. Description of the Exploitation Phases

Let ns(t) be the number of exploitation phases up to time ¢.
The player plays the exploitation phase for a deterministic period
of time with length 2 - 477 (V) ~1 according to the following rule:
at each time slot the player computes the expected value, V; (1),
of each arm given the observed global state when entering the
(nr)t" exploitation phase, and plays the arm that maximizes the
expected value.
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D. Phase Selection Conditions

At the beginning of each phase, the player needs to decide
whether to enter an exploration phase for one of the /V arms, or
whether to enter an exploitation phase. We recall that the purpose
of the exploration phases is to estimate both the expected rewards
of the arms, and the transition probabilities of the global process.
We therefore define:

A )\min
IL = N 29
3072 ((xmax + 2)2 : |XmaX| * Tmax |‘S‘ (Vr;knx ))
(®)
1
I o ©)

128 ((Tmax +2) - [S] - (Viiax +2))*
which we denote as the local and global (respectively) minimal
rate functions. The decision to explore or exploit will be made
due to the next two conditions: first, if there exists an arm ¢ and
a global state s such that the following condition holds:

; Iy 2

T.(t) < max{Di(t),2} -logt, (10)

' e?- I
then the player enters an exploration phase for arm ¢. Second, if

there exists a global state s € S where

Ni(t) < logt, (11

€21 a
then the player enters an exploration phase for arm ¢, where
iy = arg min; {min, [)g (t)}. Otherwise, the player enters an
exploitation phase. This selection rule of the LEMP algorithm
is thus designed based on the following insights. First, the
algorithm must take at least D' (¢) - log(t) samples from each
sub-optimal arm for computing a sufficiently accurate estimate

of the expected value V/(t). Since D (t) depends on the ex-
pected values which are unknown, the algorithm replaces the
unknown value D’ (¢) by Di(t), which overestimates D, (t) to
obtain the desired property. Second, since 152 (t) is a random
variable, we need to make sure that the desired property holds
with a sufficiently high probability. The parameters I, I in
(10), (11) are used to guarantee the desired property.

IV. REGRET ANALYSIS

In the following theorem we establish a finite-sample bound
on the expected regret as the function of time, resulting in a
logarithmic regret order.

Theorem 1: Assume that LEMP algorithm is implemented
and the assumptions on the system model described in
Section II hold, and an upper bound on A in known. Let )’

play is,

L [
T

SB1 \ SBZ:pIay4-"§1

r'(mo=1) i)

An illustration of the exploration and exploitation phases of LEMP Algorithm.

be the second largest eigenvalue of Py, and let Mj; be the
mean hitting time of state y starting at initial state for arm

i in global state s. Deﬁne Tmax = MaXses ieN T4y | Xmax| =
maXseS ieN |Xs|’ Tmin = mlnseS,zeN zexi T S(IIJ), Tmax =
maXsES,iEN,mEX}{Wg(x)ﬂ 1- W;(IE)}, Vr:;ax == maXses V*’

A [ Y A i A %
Annx = maXseS7z’€N A&’ Amln =1- >\m1x’ A =1- )\
1 = . 7
Ma max ma‘Xr,yGX_;‘,r;ﬁy M z,y° Mmax maxs Ma max?

1 1 1
L>——— —— . 12
SV 27 { I’ Ic} (42
Then, the regret at time ¢ is upper bounded by:
N

1
Ey[r(t)] < Tmax - Z ( [4(34; -log(t) +1) —1]
i=1 3
+ Moz, (3AsTog(t) +1)
S Xmax
+6N|S] <||| + 2S|> max 7
3
. [log4 <2t+ 1” 45, (13)
where
Ao max{ -2 =T 76221G ; maxéﬁi max) > fVs:ii € K
’ max{{zIL, 715 4L/A} if 3s:i g
(14)
—i 4L .
D £ , K4 is defined as the set of all

s, max

(V= V)2 — 2
indices i € {2,..., N} in global state s that satisfy:

A\ 2
(V; - V;’(”) — 2> A,

and

Xmax
B < 8|S|N‘ |

min

{§(2+5)+1}rég(1+5)

for some arbitrarily small § > 0, where ((-) is the Reimann zeta
function.

Theorem 1 shows that the regret under LEMP has a log-
arithmic order with time. The scaling of the regret with the
mean hitting time M under LEMP (which arises due to
the construction of SBI in the exploration phases) is of order

O(Y>; M, loglogt). We point out that the scaling with M},

under LEMP is significantly better than the scaling under other
algorithms that use regenerative cycles. For example, in [18],
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the RCA algorithm performs random regenerative cycles until
catching predefined states in each phase, thus the scaling with
the mean hitting time (which scales at least polynomially with
the state space) is O( >, M, logt). The scaling with N and
A under LEMP is of order O ((\/% + N — 2) logt) since every
bad arm is sampled according to its unique exploration rate
which is estimated by the adaptive sequencing rules. We point
out that the scaling with V and A under LEMP is significantly
better than the scaling under other algorithms that divides the
time horizon into exploration and exploitation phases. For ex-
ample, in [19], the scaling under the DSEE algorithm is of
order O((J% + %) log t) since all bad arms are explored
according to the worst exploration rate. We also point out that
the scaling of the regret under LEMP with the size of the global
space |S| and local space |Xpax| is similar to the scaling of
these parameters in classic works in the literature (e.g., [58]
for |S| and [18], [31] for |X]). Moreover, if the exogenous
Markov process has just a single state, we obtain the typical
regret bound for restless Markovian MAB (e.g., as in [20]), as
expected. However, we note that if the local arms evolve as an
i.i.d process, we do not obtain the bound of stochastic K -armed
bandit. This is due to the fact that under the restless Markovian
model we are required to design a much more complicated
algorithm compared to algorithms in the stochastic K -armed
bandit (e.g., UCB1) in order to obtain the logarithmic regret.

We finally note that the model considered in this paper can
alternatively be adjusted such that we allow transitions of local
arms at each time unit, and allow transitions of the global arm
at each K time units, as done, for example, in queuing system
applications, when some servers may be faster than others. We
can apply the LEMP algorithm in this model as well by adjusting
the estimation of the expected reward based on the same global
state for K time units. Note that the assumptions in the analysis
still hold, and we can still use Lezaud’s result [59] in Lemma 5
(which bounds the probability of a large deviation from the
stationary distribution) since it is applied to the local arms. Also,
(26) in Lemma 1 (which bounds the estimation error of the global
transition probabilities) holds as well. This adjustment would
result in an additional K constant term in the first term of the
regret, as a consequences of (11). This additional constant does
not violate the logarithmic order of the regret.

Before proceeding to prove Theorem 1, we define the follow-
ing auxiliary notation.

Definition 1: Let T be the smallest integer, such that for all
t > T the following holds: D, < Di(t) forall i € N, s € S,
and also Di(t) < Dy, oy foralli € Ky, s € S.

The term 7} captures the random time by which the explo-
ration rates for all arms are sufficiently close to the desired
exploration rates needed for achieving the desired logarithmic
regret bound (as shown later).

Proof of Theorem 1: The layout of the proofis as follows, first
we show in Lemma 1 that the expectation of the random time
T is bounded independently of ¢. Then, based on Lemma 2 we
show in Lemmas 3 and 4, that a logarithmic regret is obtained
for all ¢ > T, which yields the desired expected regret.

In the next Lemma we show that the expected value of 77 is
bounded under the LEMP algorithm.
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Lemma 1: Assume that the LEMP algorithm is implemented
as described in Section III. Then, E[T1] < oo is bounded inde-
pendent of ¢.

The proof of the Lemma 1 is given in Appendix A.

The second step of the proof is to show that a logarithmic re-
gret is obtained for all ¢ > 77, which yields the desired expected
regret.

Lemma 2: Let T'(t) £ 3! | 11 4(n)=iri: } denote the num-
ber of times arm ¢ was played when it was not the best arm during
the ¢ first rounds. Then the expected regret is upper bounded by:

N
Eg[r(t)] < maxEe[T1] + Tmax Z E4[T°()].

15)

We present the proof of this lemma in Appendix B.

From (15) we observe that it is sufficient to upper-bound the
expected number of times an arm ¢ is played when this arm is sub-
optimal. We will bound (15) for the exploration and exploitation
phases separately. Specifically, let T}, (t), and T} (¢), denote the
time spent on sub-optimal arm ¢ in exploration and exploitation
phases, respectively, by time ¢. Thus,

TU(t) = T5(t) + Ti(t).

The following two lemmas show that both E[T}, (¢)] and E[T7 ()]
have a logarithmic order with time.

Lemma 3: The time spent by time ¢ in exploration phases for
sub-optimal arm ¢ is bounded by:

BITH(0)] < 3 [H434; - 1og(0) + 1) — 1

+ M - log,(34;1og(t) +1)] .

Lemma 4: The time spent by time ¢ in exploitation phases for
sub-optimal arm ¢ is bounded by:

i S Xmax
E[Ti(1)] <6/S|- ("' n 2|3|)

3
P MAxX T - {logél (2t + 1)—‘ .

The proofs of Lemmas 3 and 4 are given in Appendix C and
D, respectively.

Finally, we show at Appendix E, that combining the above
four lemmas concludes the proof of Theorem 1. |

V. SIMULATION RESULTS

In this section we evaluate the regret of the LEMP algorithm
numerically in four different scenarios.

We compare the LEMP algorithm to an extended version of
the DSEE algorithm [19] which is an efficient and widely used
algorithm in the RMAB settings, and to a strategy that chooses in
the exploitation phases the best arm on average (i.e., competing
against weak regret as in [18], [20]). The DSEE algorithm uses
deterministic sequencing of exploration and exploitation phases,
however, it does not estimate the hardness parameter, and ex-
plores each arm % - log(t) times, which results in oversampling
bad arms to achieve the desired logarithmic regret. We simulate
and compare the regret of these three algorithms averaged over
1000 Monte-Carlo experiments, under four scenarios, denoted
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TABLE II

A DESCRIPTION OF THE EXPERIMENT PARAMETERS

l [~ | 15] [ A
ST 3 2 04
$2 6 2 04
S3 3 3 04
S4 3 2 02

We set |X?| =2 in all scenarios. The values of all transition probabilities
and state rewards under each scenario are described in the text.
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Fig. 3. S1: Performance comparison of the regret (normalized by log t).

by S1, S2, S3, S4. In Table II we summarize the number of
arms, the number of global states, and the difference between
the highest and the second highest values for each scenario. In
all scenarios we set L = 6, I;, = 0.1, = 0.1.

1) RMAB With Exogenous Process (S1): In Fig. 3 we simu-
lated S1 scenario. Here, the global state models the presence of
the primary user that uses the entire bandwidth by a Gilbert-Eliot
model [60] that comprises a Markov chain with two binary states,
where global state s = 1 denotes a transmitting primary user and
s = 0 denotes a vacant channel, i.e., inactive primary user. To
limit the interference to the primary user, a secondary user may
choose to transmit over one of three possible channels (i.e., N =
3), where the channels are modeled by a Finite-State Markovian
Channel (FSMC), which is a tractable model widely used to cap-
ture the time-varying behavior of aradio communication channel
(e.g., aRayleigh fading channels [12]). The transition probabili-
ties of the global chain are pyg = 0.4, p19 = 0.75. In global state
1, the local transition probabilities for all arms to transition from
1 to 1 and from 2 to 1, respectively, are: p1; = [0.5,0.6,0.7],
p21 = [0.5,0.4,0.3], and the rewards for all arms at states 1,2,
respectively, are 7 = [4,5.8,1], 72 = [6, 8.2, 2]. In global state
2, the local transition probabilities for all arms to transition from
1to 1 and from 2 to 1, respectively, are: p;; = [0.55,0.65, 0.75],
p21 = [0.45,0.35,0.25], and the rewards for all arms at states
1,2, respectively, are 1, = [10,9,2.5], 7y = [14, 11, 3]. It can be
seen that LEMP significantly outperforms the extended DSEE
algorithm. Fig. 3 also shows the superior of LEMP against a
strategy that chooses the best arm on average, demonstrating
the gain in tracking the best arm at each step according to the
global process evolution.

2) Increasing the Number of Arms (S2): Next, we are in-
terested in examine the regret in a larger system, i.e., we in-
creased the number of arms to 6 (S2). The results are depicted

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 70, 2022
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Fig. 4. S2: Performance comparison of the regret (normalized by log t).
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Fig. 5. S3: Performance comparison of the regret (normalized by log t).

in Fig. 4. The transition probabilities of the global process is
as in the previous scenario. In global state 1, the local tran-
sition probabilities for all arms to transition from 1 to 1 and
from 2 to 1, respectively, are: p1; = [0.5,0.6,0.7,0.7,0.6,0.5],
p21 = [0.5,0.4,0.3,0.3,0.4,0.5], and the rewards for all arms
at states 1,2, respectively, are 11 = [4,5.8,1,1.1,0.6,1.2], ro =
[6,8.2,2,1.9,0.9,2.2]. In global state 2, the local transition
probabilities for all arms to transition from 1 to 1 and from 2
to 1, respectively, are: p1; = [0.55,0.65,0.75,0.75,0.65, 0.55],
p21 = [0.45,0.35,0.25,0.25,0.35, 0.45], and the rewards for all
arms at states 1,2, respectively, are 1 = [10,9, 2.5, 3,2.56, 2.7],
ro = [14,11,3,2.8,3.1, 3.3]. Increasing the number of arms is
expected to decrease the performance under the extended DSEE
algorithm, since more arms are sampled by the worst exploration
rate. Indeed, it can be seen in Fig. 4, that the gap in the regret
between LEMP and the extended DSEE algorithm is increased
compared to the previous simulation. This is due to the fact thatin
the proposed LEMP algorithm, each arm is played according to
its unique exploration rate (as a result of the online estimation of
the hardness parameter), thus adding “bad” arms (i.e., arms with
high exploration rate) does not significantly affect the LEMP
performances. LEMP outperforms the strategy that chooses the
best arm on average also in this scenario.

3) Increasing the Number of Global States (§3): InFig. 5 we
increased the number of global states to 3 (S3). The transition
probabilities of the global chain are pgy = 0.85, pp; = 0.1,
po2 = 0.05, p1g = 0.08, p11 = 0.85, p12 = 0.07, pag = 0.06,
p21 = 0.09, pas = 0.85. In global state 1, the local transition
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Fig. 6.  S4: Performance comparison of the regret (normalized by log t).

probabilities for all arms to transition from 1 to 1 and from 2 to
1, respectively, are: pi; = [0.5,0.6,0.7], p21 = [0.5,0.4,0.3],
and the rewards for all arms at states 1,2 are v = [4,1,1.2],
ro = [6, 3, 1.8], respectively. In global state 2, the local tran-
sition probabilities for all arms to transition from 1 to 1 and
from 2 to 1, respectively, are: pi; = [0.55,0.65,0.75], pa1 =
[0.45,0.35,0.25], and the rewards for all arms at states 1,2 are
r1 =1[5,9,4.5], ro = [7,11,8.5], respectively. In global state 3,
the local transition probabilities for all arms to transition from 1
to 1 and from 2 to 1, respectively, are: p1; = [0.52,0.62,0.72],
po1 = [0.48,0.38,0.28], and the rewards for all arms at states
1,2arer; = [9.9,9.5,14], ro = [10.3,11.5, 16], respectively. In
this scenario, for each global state s, there is a different best
arm that is significantly better then the other two arms. Thus,
playing the best arm on average in each time slot results in poor
performances compared to LEMP, that tracks the best arm at each
step, as can be seen in Fig. 5. LEMP outperforms the extended
DSEE algorithm also in this scenario.

4) Decreasing the Difference Between the Highest and the
Second Highest Values (S4): Finally, we simulated S4, where
we decreased the difference between the highest and the second
highest values in global state 1, compared to this difference in
the first simulation (i.e., in Fig. 3). The transition probabilities
of the global chain are pgy = 0.4, p1p = 0.75. In global state 1,
the local transition probabilities for all arms to transition from
1 to 1 and from 2 to 1, respectively, are: p;; = [0.5,0.6,0.7],
p21 = [0.5,0.4,0.3], and the rewards for all arms at states 1,2,
respectively, are . = [4,5.8, 1], r2 = [6,9.2, 2]. In global state
2, the local transition probabilities for all arms to transition from
1to 1 and from 2 to 1, respectively, are: py; = [0.55,0.65,0.75],
po1 = [0.45,0.35,0.25], and the rewards for all arms at states
1,2, respectively, are ry = [10,9, 2.5],7 = [14, 11, 3]. Decreas-
ing the difference between the highest and the second highest
values in global state 1 results in a high exploration rate used to
distinguish between the two best arms in this state. As discussed
in Section III, LEMP explores only these two arms using the high
exploration rate, where the extended version of the DSEE algo-
rithm explores all the arms with the high exploration rate. Indeed,
as can be seen in Fig. 6, this effect results in a high regret under
the extended DSEE algorithm as compared to LEMP, which also
outperforms the strategy that chooses the best arm on average.
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We finally note that practically, it is well known that there is
often a gap between the sufficient conditions required by theoret-
ical analysis (often due to union-bounding events in the analysis)
and practical conditions used for efficient online learning. While
the sufficient conditions provided by the theoretical analysis in
Section IV require to overestimate D, (t) as in (6), simulation
results provide much better performance when higher values of
I, and I and lower value of L are used. Thus, we tuned the
parameters in all algorithms that we tested to achieve the best
performance.

VI. CONCLUSION

We developed a novel Learning under Exogenous Markov
Process (LEMP) algorithm for an extended version of the RMAB
problem, where an exogenous Markov global process governs
the distribution of the arms. Inspired by recent developments
of sequencing methods of exploration and exploitation phases,
LEMP estimates the hardness parameter of the problem which
controls the size of exploration phases. During the exploitation
phases, LEMP switches arms dynamically according to the
global process evolution. Simulation results support the theoret-
ical analysis, and show superior performances of the proposed
LEMP algorithm against competitive strategies. The model and
analytical results presented in this paper lead to interesting
future research directions. One direction would consider the
case where the global process is not directly observed (e.g.,
when the reward is a probabilistic function of the unobserved
finite-state Markov process), by incorporating methods from
hidden Markov model literature [48]. Another open problem is
to derive a lower bound for the regret in our model, to understand
the optimality properties of the LEMP algorithm. We leave this
for future work.

APPENDIX A
PROOF OF LEMMA 1

Proof of Lemma 1: First note that E[T}] can be written as
follows:

B[] =Y n-P(Ty=n)=>» P(Ty >n)

o0

ST Y Y B (Bl < Dhor D) > D)

seS ieks n=1 j=n
o

+3° iZP(Bg(j) <E§).

s€S igK, n=1j=n

(]

Note that if we show that

P (Di(j) < DyorDL(j) > Dypa ) < C -5, (16)

for some constants C' > 0,0 > 0 for all 7 € Ky, s € S for all
j > n, then we get:

)IDIPII: (D) < DyorDi(3) > D )

seS 1€l n=1j=n
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< ‘S|NC 2]7(2+5) + Z Z] (2+6)]

n=2j=n

o0 o0

Zj—(2+6) + Z/x j—(2+6)dj]
n—1

j=1 n=2

Z] (2+6)+752_:

< |S|NC

= |SINC

which is bounded independent of ¢. Similarly, showing that
P(Di(j) < D) < C - 529 for some constants C, § > 0 for
alliZ Ky, s € S forall j > n completes the statement.

Step 1. Simplifying (16): First,

P (Di(t) <Dy or Di(t) > D puax)

< 00,

_p 4L - 4L
0 \max {A, (Vi) = Vi@)2 — e} (Ve = Vi)?
U 4L 4L )
max {A, (Vi (t) = Vi(t))2 — e}~ (Vi —Vi)® —2e

U (70 - Vi)~ e < a]).

The probability for the second event on the RHS is zero, and the
forth event lies inside the measure of the third event due to the
fact that ¢ € IC,. Hence,

P(Di(t) <D, or Di(t)> Dl pu)

P (70 -7 0) - (v Vi) > e
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—r (|70 -v) - 0 - v

—p (|0 - w) - (0 -7 0) 02 - v2)
+ (0 -Viw) (e Vi) = (i =V > ¢

=p(|( o -viw) (v 0 -Viw) - (v - vi)]

We continue by bounding the first term on the RHS of (17).
For every R > 0, we have:

(| -vim) [(o-vie) - v -] > 5)

<p(| (V:@) - v::‘(t)) - (e -vi)|>1)

( — (V7 =V > 2(R€+ 1)>
TRV -V + 1’ -
< - (V7 =V > 2(R€+ 1)>

+P(V;+1>R).

We choose R = V" 4 1. Then, the second term is equal to 0.
We proceed with the first term:

2.2 (|(V2(0 - 720) - (v - )| >

<

+2IP>(

%0 -V]> 75)

~ . . €
Vi) — VZ) > —|.
(0= > 15s)
‘We next bound the second term on the RHS of (17). For every
R’ > 0, we have:

A BIACE
<E(V; > R)
P (1 (7 0 -7 0) - (7 -V 1> 5 ).

We now choose R' = R =V + 1, so the first term is equal to
0. We continue with the second term:

P (|7 0 -7 @) - (- v >

(18)

Vi) - (i -Vl > 5)

)
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s () =V >

_11»( %

i) - Vi)

+P

€
— . 1
=) B
By combining (18) and (19) we get:

P (D, (t) < Di or D, (t) > D\ pa)
<6-maxs P __°
S 105 +2))

(0% )}

Step 2. Bounding (20): We first bound the second term in (20)
(the first term is bounded similarly).

Vo) = V| >

Vi) -Vv;

(20)

7 7 €

P( s 0=V, (V*+2>)

- (Zp“ () = 3 puki| > v+2>>
s'eS s'eS

<

<ZIP’(

s'eS

> <ASS, (t) il () —posptl — 4(V;46-2)|S|> ‘>O>

s'eS

pss’ :u’s’( ) pss’ui’ >

4(Vs*+2)|5|>'

Following similar steps as we did to obtain (20) from (17), we
get

P ( s (t) il (1)

™
o

To complete the statement, we need to bound (21) and (22). To
bound (22), we will use Lezaud’s result [59].

Lemma 5 ([59]): Consider a finite-state, irreducible Markov
chain {X;};>1 with state space .S, matrix of transition proba-
bilities P, an initial distribution q, and stationary distribution 7.
Let Ng = [|(Z=,2 € 9)|[2. Let P = P'P be the multiplicative
symmetrlzatlon of P where P’ is the adjoint of P on Ia(7).
Let e =1 — )Xo, where Ao is the second largest eigenvalue of
the matrix P’. € will be referred to as the eigenvalue gap of P’.
Let f: S — Rbesuchthaty om, f(y) =0, [f[l2<1land
0 < ||flI3 < 1if P'is irreducible. Then, for any positive integer
nand all 0 < \ < 1, we have:

r (711 if(Xt) > )\> < Nqexp [_nf\:e} .

t=1

- Pss'MZJ >

4(V;‘+2)IS>

f)ss’ (t) — Dss'| >

€
16 (VS +2) (Zmax +2) ||3|>
21)

fig () = pis| >

€
16 (Vg* + 2) (xmax =+ 2) |S|) .
(22)
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Consider an initial distribution g’ for the ith arm in global
state s. We have:

|G e)

Before applying Lezaud’s bound, we pay attention for the
following: (i) The sample means {/’(¢)} are calculated only
from measurements in the set V;. As discussed in Section III-B,
these measurements are equivalent to a sample path generated by
continuously sampling the Markov chain. Hence, we can apply
Lezaud’s bound to upper bound (22). (ii) By the construction of
the algorithm, (10) ensures that once exploitation phases are exe-
cuted (which are deterministic), the event 7% (t) > 219 1o g(t)

- 621
for 6 > 0 arbitrarily small surely occurs®. During exploration
phases, the randomness of SB1 (say for arm r # i) affects T (t)
since SB1 can be very long (with small probability) and then
Ti(t) > (f;gi) log(t) might not hold until the end of the phase
once the algorithm corrects the exploration gap by condition
(10). Therefore, we define E;(t) as the event when all SB1
phases that have been executed by time ¢ are smaller than ¢ - ¢.

When event E;(t) occurs we have T7(t) > (249) log(t) (for

= T
all ¢ > D, for a sufficiently large finite deterministic value D).
Then, for all ¢ and s’, we have:

g (x) 1

75 ()

<y

TEX?

IN

2 2 Tmin

. y 6
IP) AZ/ t) — ’L/ >
(:us ( ) s | 16 (‘/: + 2) (xmax + 2) |S>

_p (m; ()il > -

€
t
16 (Vo2 (mae 1 2) S| Ei( )OCC‘”S)
€
16 (V;* + 2) (xmax + 2) |S| ’

(E; (t) does not occur)

S CERE

€

]P)<|/ls’ (t)_lj’s’| > 16 (‘/5*+2) (xrrnx + 2) |S| (t) OCCllI'S>
(23)

(24)

+ P (E; (t) does not occur) .

We next bound (22) by bounding (23) and (24):
We define O%(t) as the number of occurrences of local state
2 on arm ¢ in global state s up to time t, and we first look at:

€

607 +9) eom £ D18 2 “)>

t) Zmﬂi(m)

P (it ()i >

=P > z-0\"(t)-T!

zeX! zeX?
Ti(t) €
> - ,Ei (t
T [ L0

2We point out that a precise statement requires to set (2 + 24) in (10) and the
statement holds for all ¢ > D, where D is a finite deterministic value. However,
since § > 0 is arbitrarily small and is not a design parameter, we do not present
it explicitly when describing the algorithm to simplify the presentation.
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Ti(t) €
7 U6 (Vi + 2) (v + 2) ST -0 () (t>)

< XN

7 €2 Amin
'eXp< T ) S0 e D o PR 12 )

2+5

and due to E;(t): T (t) > -log(t), so we have:

€

]P) Ai/ t - i’ > 7Ei t

_ ]
Tmin
_(249) e /\nnn
eXp( FL IRV T2 (om0 P oA, 108 (1)
X, P2 _
‘ mWX| 2+5) log(t) | mWX| .t (2+5)7 (25)
Tmin Tmin

for some § > 0 arbitrarily small.

Together with applying Lemma 3 to — f, we get the bound for
(23). We next upper bound (24). When event E;(t) does not oc-
cur, there exists an SB1 phase (i.e., hitting time) which is greater
than ¢ - ¢. Since all arms are finite state and irreducible Markov
chains (i.e., the hitting time of some state x starting from state y

is almost surely finite), we have that P(E;(¢) does not occur) <

¢! ¢ Fmax'", Therefore for all ¢ > D, for a sufficiently large

finite deterministic value D, we have P(E;(¢) does not occur) <
[Xmax| 4=(246)  \which completes (22). (21) is bounded by:

Tmin

€
P Ass’ t) — pssr >
O == Tz 1)

< exp <2Ns<t> ' <16(V; +2)(Tmax +2)[S |> > o

The bound in (26) follows similar steps as in Part A of Ap-

pendix A in [56]. Using condition (11), N, () > 322 - log(t)
for some arbitrarily small § > 0, we conclude that (26) is
bounded by ¢(2t9) which proves that (16) is bounded by

4\Xmax| 4= (2+46)

Tmin

Finally, showing that IP’(E;(]) < ﬁl) < j~(%9 for some
6 > Oforall i ¢ Ks forall j > n follows similar steps as showed

by handling D7( ) < D when proving (16). Thus, Lemma 1
follows.

APPENDIX B
PROOF OF LEMMA 2

Next, we prove the upper bound (15). Note that the regret can
be written as follows:

Esfr(t)] =Eq | D (@

n=14ieV.(n)

— ! () L{g(n)=i)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 70, 2022

=E, Z > (i (n) — 2l () Lgm)—i)
| =1 i€Ve(n)
(27)
+E, Z > (@l (n) =k, () Ligmy=)
| n=T1+1ieV(n)

(28)

By applying Lemma 1, we obtain that (27) is bounded indepen-
dent of ¢:

Ey Z Z 2, (

n=14eV,(n)

in (n)) ]1{¢(n):i} < zmaxE¢ [T1]7

which results in the additional constant term O(1) in the regret

bound in (13) which is independent of ¢.
Next, we upper bound (28). Note that for all ¢ > T}, we have:
D, < Di(t) < D. (29)

s,max’

forall s € S, € K4, and we have the LHS of the inequality for
i € ICs. For convenience, we will develop (28) between n = 1
and ¢ with (29) (and the LHS for i & IC;) holds forall 1 < n < t,
which upper bounds (28) between n = T + 1 and ¢:

E, i Z (x

n=T1+14cV,(n)

> > @

— a5, (n) Lig(n)=i)

=, () Lig(n)=i) (30)
n=1ieV.(n)
Finally, note that:
t .
Es > > (= — 2 (1)) Lig(n)=i}
n=1icV,(n)
N ~ .
< tmax y_Eo[T'(1)]. (3D
i=1
APPENDIX C

PROOF OF LEMMA 3

Proof of Lemma 3: We first upper bound the number of
exploration phases n), (t) for each arm (say 7) by time ¢. If the
player has started the n'* exploration phase, we have by (10)
and the fact that t > T7:

ng(t)

24711

Hence, nj,(t) < |log,(34;log(t) +1)] + 1.

Next, note that exploration phase nj,(t) for arm ¢ consists
of the time until the last state observed at the (ni,(¢) — 1)
exploration phase 7' (n}, — 1) is observed again (i.e., SB1 sub-
block), and another 470 (1) time slots. Thus, the time spent by

(4”O(t) ) < A; -log(t).
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time ¢ in exploration phases for arm ¢ is bounded by:

ng(t)-1

> @+ ML)

n=0

= 5 (47010 1) + Mo ()

E[T5(t)] <

W= W=

[4(34;

log(t) +1) — 1] + M}

max

APPENDIX D
PROOF OF LEMMA 4

Proof of Lemma 4: We first upper bound the number of
exploitation phases by time ¢, n;(¢). By time ¢, at most ¢ time
slots have been spent on exploitation phases. Thus, we have:

ny(t)

22-4”*19,

n=1

which implies that 2 (477 ®) —

o < s, (21.1)|

Next, we use (32) to bound the regret caused by choosing
sub-optimal arms in exploitation phases. Let T; ;(t) denotes
the time spent on sub-optimal arm ¢ in global state s in ex-
ploitation phases, by time ¢ (note that T7(t) = > s T% ;(t) <
|S| max,{T" ;(t)}). We define Prli, s, n| as the probability that
a sub-optimal arm i is played when the global state is s in the
n?" exploitation phase. From (32) we have:

ZQ 4n1

Mogy (3t+1)]

< D

n=1

1) < t. Hence,

(32)

T;I s-P’I‘[i,S,’I’L]

24" w . Pri,s,n]

Mogy (3t+1)]

S

3ty - s - Prli, s,n], (33)

where t,, denotes the starting time of the n*" exploitation phase
and (33) follows from the fact that t,, > %4"’1. Note that it

suffices to show that Prli,s,n] has an order of ¢,,! so as to
obtain a logarithmic order with time for the summation in (33).

Next, we bound Prli,s,n]. We define CI,6 =
V/Llog(t)/TE(t),Cs, = \/Llog(t)/T:(t), where T (t)

denotes the number of plays on the best arm of global state s,

15, by time ¢.
P (Vi (t) 2 Vi (1)

<P (V (tn) < VI — C;‘,tn)

Prli,s,n| =

+IP>(V (t )>VZ+C’tn)

+P (Vi <Vi+Cl, +Ci,). (34)

-logs(3A; log(t) + 1).
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We first show that the third term in (34) is zero. Note that from
(10) we have:
T:(t) > max{D.(t), %} -logty,
and from (29) and the fact that D), < max; D, we have:
min{T}, T} > D
As a result,

P(V;<Vi+Ci, +Ci, )
. Llogt, Llogt,
=PV, -V} :
( o <\/T;<tn> +\/T:an))
- Llogtn
<P{Vy -V <2
- ( # s < \/mln{T )

P ((‘/; _ VS’L)Q 4L10gtn )

min {77 ( n)}
=P <min {T7 (tn),T: -logty, )

-logt,.

(tn)} < D!
Therefore, we can rewrite (34) as follows:

Prfi,s,n] <P (VE (ta) = V7 (t)
<PV (t) < Vi - Ciy,)

P(Vilta)2Vi4Cl ). 39

Next, we bound both terms on the RHS of (35). Using similar
steps as we used for bounding the second term in (20), we get:

P (Vi (t) - Vi > Cl,)

1 .
<2|S|P Ass/ tn — Pss’ Z el o Cz
= | | ('p K ( ) p ‘ 4|8| (xmax i 2) < ,tn)

SIP A1‘/ tn - 7‘/ >—Cl .
#1518 (1 () — bl 2 g Cha )

(36)
The second term in (36) is bounded similarly as in (22):
) ) 1 .
SIP) AZ/ tn_ ;/Z—‘C;
1P (It (6) = b1 2 g7 Ches)
_ 1511
- Tmin
i Llog(ty) 1 Amin
eXp( T (tn) 525 Totamm 12757 12(mmaxwmax|wmx>"‘)
< [S][¥max| |
- 7Tm1n n ’

where the last inequality is due to (12). The first term in (36) is
bounded similarly as in (21):

i

R 1
2|S|P <pss’( n) — Pss’ | = m Cs,tn>

1 L -log( )))
<2|§ —2N, (ty) - .
>~ | ‘ €xXp < ( ) 16|S|2 (Z‘max + 2)2 Ns (tn)

< 2|8|t,",
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where the last inequality is due to (12), and the fact that V7 :
N (t) > Ti(t). The first term in (35) is bounded similarly, and
therefore:

Prli,s,n] <2 ("SLTX‘W' + 2|3|) L (37)
Using (37), we can bound (33), and therefore:
E [T7(t)] <6|S]|- (|S|Xm°"‘ + 2S|> - max
. [logzl (gt + 1>—‘ . (38)

APPENDIX E
INCORPORATING THE REGRET EVENTS TO PROVE THEOREM 1

We conclude the proof of Theorem 1 by incorporating the
regret events discussed above., i.e., regret that is caused by
imprecise estimation of the exploration rate, regret that is caused
by playing bad arms in exploration phases, and regret that is
caused by playing bad arms in exploitation phases.

Lemmas 1 and 2 result in the additional constant term O(1)
in the regret bound (13) which is independent of ¢.

From Lemmas 3 and 2, the regret caused by playing bad arms
in exploration phases by time ¢ is bounded by:

ANp

i=1
+ Mlé’lax : 10g4 (3"41 log(t) + 1)] )

which coincides with the first and second terms on the RHS of

(13).

From Lemmas 4 and 2, the regret caused by playing sub-
optimal arms in exploitation phases by time ¢ is bounded by:

S Xmax
SEEER)

3
- IaX Ty * {103;4 (275 + 1>-‘ ,

which coincides with the third term on the RHS of (13), and thus
Theorem 1 follows.

ZTmax - N - 6|S] - (

ACKNOWLEDGMENT

In this journal version we include: (i) A detailed discussion on
the implementation of the algorithm; (ii) a deep theoretical anal-
ysis of the algorithm with detailed proofs; (iii) more extensive
simulation results; and (iv) a detailed discussion of the results,
and comprehensive discussion and comparison with the existing
literature.

REFERENCES

[1] T. Gafni, M. Yemini, and K. Cohen, “Restless multi-armed bandits under
exogenous global Markov process,” in Proc. IEEE Int. Conf. Acoust.,
Speech, Signal Process., 2022, pp. 5218-5222.

[2] J. Sun, Y. Zhao, N. Zhang, X. Chen, Q. Hu, and J. Song, “A dynamic
distributed energy storage control strategy for providing primary frequency
regulation using multi-armed bandits method,” IET Gener., Transmiss.
Distrib., vol. 16, no. 4, pp. 669-679, Feb. 2022.

[3]
(4]

(5]

(6]

(71

(8]

[91
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 70, 2022

S. L. Scott, “Multi-armed bandit experiments in the online service econ-
omy,” Appl. Stochastic Models Bus. Ind., vol. 31, no. 1, pp. 37-45, 2015.
C. Bulucu, “Personalizing treatments via contextual multi-armed bandits
by identifying relevance,” Ph.D. dissertation, Elect. Elect. Eng., Bilkent
Univ., Cankaya/Ankara, Turkey, 2019.

Y.-P. Hsu, E. Modiano, and L. Duan, “Scheduling algorithms for mini-
mizing age of information in wireless broadcast networks with random
arrivals,” IEEE Trans. Mobile Comput., vol. 19, no. 12, pp. 2903-2915,
Dec. 2020.

T. Gafni, N. Shlezinger, K. Cohen, Y. C. Eldar, and H. V. Poor, “Federated
learning: A signal processing perspective,” IEEE Signal Process. Mag.,
vol. 39, no. 3, pp. 1441, May 2022.

Y. Xu, P. Cheng, Z. Chen, M. Ding, Y. Li, and B. Vucetic, “Task of-
floading for large-scale asynchronous mobile edge computing: An index
policy approach,” IEEE Trans. Signal Process., vol. 69, pp. 401-416,
2021.

O. Amar and K. Cohen, “Online learning for shortest path and backpressure
routing in wireless networks,” in Proc. IEEE Int. Symp. Inf. Theory, 2021,
pp. 2702-2707.

Q. Zhao and B. M. Sadler, “A survey of dynamic spectrum access,” [EEE
Signal Process. Mag., vol. 24, no. 3, pp. 79-89, May 2007.

S. Geirhofer, L. Tong, and B. M. Sadler, ““A measurement-based model for
dynamic spectrum access in wlan channels,” in Proc. IEEE Mil. Commun.
Conf., 2006, pp. 1-7.

K. Wang and L. Chen, “On optimality of myopic policy for restless
multi-armed bandit problem: An axiomatic approach,” IEEE Trans. Signal
Process., vol. 60, no. 1, pp. 300-309, Jan. 2012.

H. S. Wang and N. Moayeri, “Finite-state Markov channel-a useful model
for radio communication channels,” IEEE Trans. Veh. Technol., vol. 44,
no. 1, pp. 163-171, Feb. 1995.

G. Elena, K. Milos, and I. Eugene, “Survey of multiarmed bandit algo-
rithms applied to recommendation systems,” Int. J. Open Inf. Technol.,
vol. 9, no. 4, pp. 12-27, 2021.

S. Kulkarni and S. F. Rodd, “Context aware recommendation systems: A
review of the state of the art techniques,” Comput. Sci. Rev., vol. 37, 2020,
Art. no. 100255.

K. Misra, E. M. Schwartz, and J. Abernethy, “Dynamic online pricing with
incomplete information using multiarmed bandit experiments,” Marketing
Sci., vol. 38, no. 2, pp. 226-252, 2019.

C. H. Papadimitriou and J. N. Tsitsiklis, “The complexity of optimal queue-
ing network control,” in Proc. IEEE 9th Annu. Conf. Struct. Complexity
Theory, 1994, pp. 318-322.

V. Anantharam, P. Varaiya, and J. Walrand, “Asymptotically efficient
allocation rules for the multiarmed bandit problem with multiple plays-Part
II: Markovian rewards,” IEEE Trans. Autom. Control, vol. 32, no. 11,
pp. 977-982, Nov. 1987.

C. Tekin and M. Liu, “Online learning of rested and restless bandits,” IEEE
Trans. Inf. Theory, vol. 58, no. 8, pp. 5588-5611, Aug. 2012.

H. Liu, K. Liu, and Q. Zhao, “Learning in a changing world: Restless
multiarmed bandit with unknown dynamics,” IEEE Trans. Inf. Theory,
vol. 3, no. 59, pp. 1902-1916, Mar. 2013.

T. Gafni and K. Cohen, “Learning in restless multi-armed bandits via
adaptive arm sequencing rules,” IEEE Trans. Autom. Control, vol. 66,
no. 10, pp. 5029-5036, Oct. 2021.

W. Dai, Y. Gai, B. Krishnamachari, and Q. Zhao, “The non-
Bayesian restless multi-armed bandit: A case of near-logarithmic re-
gret,” in Proc. IEEE Int. Conf. Acoust., Speech, Signal Process., 2011,
pp- 2940-2943.

S. Bagheri and A. Scaglione, “The restless multi-armed bandit formula-
tion of the cognitive compressive sensing problem,” IEEE Trans. Signal
Process., vol. 63, no. 5, pp. 1183-1198, Mar. 2015.

P. Auer, N. Cesa-Bianchi, Y. Freund, and R. E. Schapire, “The non-
stochastic multiarmed bandit problem,” SIAM J. Comput., vol. 32, no. 1,
pp. 48-77, 2002.

A. Garivier and E. Moulines, “On upper-confidence bound policies for
switching bandit problems,” in Proc. Int. Conf. Algorithmic Learn. Theory,
2011, pp. 174-188.

J.-Y. Audibert, S. Bubeck, and R. Munos, “Best arm identification in multi-
armed bandits.,” in Proc. COLT, 2010, pp. 41-53.

S. Shahrampour, M. Noshad, and V. Tarokh, “On sequential elimination al-
gorithms for best-arm identification in multi-armed bandits,” IEEE Trans.
Signal Process., vol. 65, no. 16, pp. 4281-4292, Aug. 2017.

C. Shen, “Universal best arm identification,” IEEE Trans. Signal Process.,
vol. 67, no. 17, pp. 4464-4478, Sep. 2019.

J. C. Gittins, “Bandit processes and dynamic allocation indices,” J.
Roy. Stat. Soc.: Ser. B. (Methodological), vol. 41, no. 2, pp. 148—164,
1979.

Authorized licensed use limited to: Columbia University Libraries. Downloaded on January 26,2026 at 22:41:44 UTC from |IEEE Xplore. Restrictions apply.



GAFNI et al.: LEARNING IN RESTLESS BANDITS UNDER EXOGENOUS GLOBAL MARKOV PROCESS

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]
[38]

[39]

[40]

[41]

[42]

[43]

[44

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55

[56]

T. L. Lai and H. Robbins, “Asymptotically efficient adaptive allocation
rules,” Adv. Appl. Math., vol. 6, no. 1, pp. 4-22, 1985.

P. Auer, N. Cesa-Bianchi, and P. Fischer, “Finite-time analysis of the
multiarmed bandit problem,” Mach. Learn., vol. 47, no. 2, pp. 235-256,
2002.

C. Tekin and M. Liu, “Online algorithms for the multi-armed bandit
problem with Markovian rewards,” in Proc. IEEE 48th Annu. Allerton
Conf. Commun., Control, Comput., 2010, pp. 1675-1682.

C. Tekin and M. Liu, “Approximately optimal adaptive learning in
opportunistic spectrum access,” in Proc. IEEE INFOCOM, 2012,
pp. 1548-1556.

J. Xu, L. Chen, and O. Tang, “An online algorithm for the risk-
aware restless bandit,” Eur. J. Oper. Res., vol. 290, no. 2, pp. 622-639,
2021.

P. Karthik and R. Sundaresan, “Learning to detect an odd restless Markov
arm,” in Proc. IEEE Int. Symp. Inf. Theory, 2021, pp. 1457-1462.

T. Gafni and K. Cohen, “A distributed stable strategy learning algorithm for
multi-user dynamic spectrum access,” in Proc. IEEE 57th Annu. Allerton
Conf. Commun., Control, Comput., 2019, pp. 347-351.

T. Gafni and K. Cohen, “Distributed learning over Markovian fading chan-
nels for stable spectrum access,” IEEE Access, vol. 10, pp. 46652-46669
2022.

P. Whittle, “Restless bandits: Activity allocation in a changing world,” J.
Appl. Probability, vol. 25, no. A, pp. 287-298, 1988.

R. R. Weber and G. Weiss, “On an index policy for restless bandits,” J.
Appl. Probability, vol. 27, no. 3, pp. 637-648, 1990.

N. Ehsan and M. Liu, “On the optimality of an index policy for bandwidth
allocation with delayed state observation and differentiated services,” in
Proc. IEEE INFOCOM, 2004, vol. 3, pp. 1974-1983.

K. Cohen, Q. Zhao, and A. Scaglione, “Restless multi-armed bandits under
time-varying activation constraints for dynamic spectrum access,” in Proc.
48th Asilomar Conf. Signals, Syst., Comput., 2014, pp. 1575-1578.

Q. Zhao, B. Krishnamachari, and K. Liu, “On myopic sensing for multi-
channel opportunistic access: Structure, optimality, and performance,”
IEEE Trans. Wireless Commun., vol. 7, no. 12, pp. 5431-5440, Dec. 2008.
S. H. A. Ahmad, M. Liu, T. Javidi, Q. Zhao, and B. Krishnamachari,
“Optimality of myopic sensing in multichannel opportunistic access,”
IEEE Trans. Inf. Theory, vol. 55, no. 9, pp. 4040-4050, Sep. 2009.

S. H. A. Ahmad and M. Liu, “Multi-channel opportunistic access: A case
of restless bandits with multiple plays,” in Proc. 47th Annu. Allerton Conf.
Commun., Control, Comput., 2009, pp. 1361-1368.

K. Liu and Q. Zhao, “Indexability of restless bandit problems and optimal-
ity of whittle index for dynamic multichannel access,” IEEE Trans. Inf.
Theory, vol. 56, no. 11, pp. 5547-5567, Nov. 2010.

K. Wang, L. Chen, and Q. Liu, “On optimality of myopic policy for
opportunistic access with nonidentical channels and imperfect sensing,”
IEEE Trans. Veh. Technol., vol. 63, no. 5, pp. 2478-2483, Jun. 2014.

Q. Zhao and B. Krishnamachari, “Structure and optimality of myopic
sensing for opportunistic spectrum access,” in Proc. IEEE Int. Conf.
Commun., pp. 6476-6481, 2007.

K. Liu, R. Weber, and Q. Zhao, “Indexability and whittle index for restless
bandit problems involving reset processes,” in Proc. IEEE 50th Conf.
Decis. Control Eur. Control Conf., 2011, pp. 7690-7696.

V. Krishnamurthy and B. Wahlberg, “Partially observed Markov decision
process multiarmed bandits—structural results,” Math. Operations Res.,
vol. 34, no. 2, pp. 287-302, 20009.

V. Krishnamurthy and R. J. Evans, “Hidden Markov model multiarm
bandits: A methodology for beam scheduling in multitarget tracking,”
IEEE Trans. Signal Process., vol. 49, no. 12, pp. 2893-2908, Dec. 2001.
C. Hartland, S. Gelly, N. Baskiotis, O. Teytaud, and M. Sebag,
“Multi-armed bandit, dynamic environments and meta-bandits,” in Proc.
Workshop, Online Trading Between Exploration Exploitation, Whistler,
Canada, 2006.

J. Y. Yu and S. Mannor, “Piecewise-stationary bandit problems with side
observations,” in Proc. 26th Annu. Int. Conf. Mach. Learn.,2009, pp. 1177—
1184.

A. Slivkins and E. Upfal, “Adapting to a changing environment: The
Brownian restless bandits,” in Proc. COLT, 2008, pp. 343-354.

Z. Wang, R. Zhou, and C. Shen, “Regional multi-armed bandits with
partial informativeness,” IEEE Trans. Signal Process., vol. 66, no. 21,
pp. 5705-5717, Nov. 2018.

S. Baltaoglu, L. Tong, and Q. Zhao, “Online learning and optimization of
Markov jump linear models,” in Proc. IEEE Int. Conf. Acoust., Speech,
Signal Process., 2016, pp. 2289-2293.

S. Baltaoglu, L. Tong, and Q. Zhao, “Online learning and optimization of
Markov jump affine models,” 2016, arXiv:1605.02213.

M. Yemini, A. Leshem, and A. Somekh-Baruch, “The restless hidden
Markov bandit with linear rewards and side information,” IEEE Trans.

5693

[57] A.Al-Tahmeesschi, M. Lopez-Benitez, J. Lehtomiki, and K. Umebayashi,
“Accurate estimation of primary user traffic based on periodic spectrum
sensing,” in Proc. IEEE Wireless Commun. Netw. Conf., 2018, pp. 1-6.
P. Auer, T. Jaksch, and R. Ortner, “Near-optimal regret bounds for rein-
forcement learning,” in Proc. Adv. Neural Inf. Process. Syst., vol. 21,2008,
pp- 89-96.

P. Lezaud, “Chernoff-type bound for finite Markov chains,” Ann. Appl.
Probability, vol. 8, no. 3, pp. 849-867, 1998.

K. Liu and Q. Zhao, “Link throughput of multi-channel opportunistic
access with limited sensing,” in Proc. IEEE Int. Conf. Acoust., Speech,
Signal Process., 2008, pp. 2997-3000.

[58]

[59]

[60]

Tomer Gafni received the B.Sc. and M.Sc. degrees
in electrical and computer engineering from Ben-
Gurion University, Beersheba, Israel, in 2019 and
2020, respectively. He is currently working toward
the Ph.D. degree with the school of electrical and
computer engineering, Ben-Gurion University, Israel.
His main research interests include sequential learn-
ing, federated learning, decision theory, and statistical
inference and learning, with applications in large-
scale systems and wireless networks. He was the
recipient of the Kaufmann Award for the Highest
Student Achievement in Electrical Engineering, Ben-Gurion university.

Michal Yemini (Member, IEEE) received the B.Sc.
degree in computer engineering from the Technion-
Israel Institute of Technology, Haifa, Israel, in 2011,
and the Ph.D. degree from the joint M.Sc.-Ph.D.
Program from the Faculty of Engineering, Bar-Ilan
University, Ramat-Gan, Israel. He is currently an
Assistant Professor with Bar-Ilan University. Prior
to that, she was an Associate Research Scholar with
Princeton University, Princeton, NJ, USA, a Postdoc-
toral Researcher with Stanford University, Stanford,
CA, USA, and a Visiting Postdoctoral Researcher
with Princeton University. Her main research interests include distributed op-
timization, sequential decision-making, learning theory, information theory,
and percolation theory. She was the recipient of the Eric and Wendy Schmidt
Postdoctoral Award for Women in Mathematical and Computing Sciences, the
Council of Higher Education’s Postdoctoral Fellowships Program for Outstand-
ing Women in Science, and the Bar-Ilan University’s Postdoctoral Fellowship
for Women.

Kobi Cohen (Senior Member, IEEE) received the
B.Sc. and Ph.D. degrees in electrical engineering
from Bar-Ilan University, Ramat Gan, Israel, in 2007
and 2013, respectively. He was with the Coordinated
Science Laboratory with the University of Illinois at
Urbana-Champaign, Champaign, IL, USA, and the
Department of Electrical and Computer Engineering
with the University of California, Davis, Davis, CA,
USA, as a Postdoctoral Research Associate. In Oc-
tober 2015, he joined the School of Electrical and
Computer Engineering with Ben-Gurion University
of the Negev (BGU), Beersheba, Israel, where he is currently an Associate
Professor. He is also a Member of the Cyber Security Research Center, and the
Data Science Research Center with BGU. His main research interests include
statistical inference and learning, signal processing, communication networks,
decision theory and stochastic optimization with applications to large-scale
systems, cyber systems, and wireless and wireline networks. Since 2021, he
has sbeen an Associate Editor for the IEEE TRANSACTIONS ON SIGNAL PRO-
CESSING, and the IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS. Other
selected awards and Honors include highlighting in top 50 popular paper list,
IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS in 2019 and 2020 for
paper: Deep multi-user reinforcement learning for distributed dynamic spectrum
access, highlighting in popular paper list, IEEE Signal Processing Magazine in
2022 for paper: Federated Learning: A signal processing perspective, receiv-
ing the Best Paper Award in the International Symposium on Modeling and
Optimization in Mobile, Ad hoc and Wireless Networks (WiOpt) 2015, the
Feder Family Award (second prize), awarded by the Advanced Communication
Center at Tel Aviv University, Tel Aviv, Israel, (2011), and President Fellowship
(2008-2012) and top Honor List’s prizes in 2006, 2010, and 2011, respectively,

Sigheriped icgnsedi uge ligyted tg-Galambigdniversity Libraries. Downloaded gy Jamigry|2R.2Ra04 #9:41:44 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


