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Distributed Data Placement and Content Delivery in Web Caches
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ABSTRACT

Motivated by applications in web caches and content delivery in
peer-to-peer networks, we consider the non-metric data placement
problem and develop distributed algorithms for computing or ap-
proximating its optimal solutions. In this problem, the goal is to
store copies of the data points among a set of cache-capacitated
servers to minimize overall data storage and clients’ access costs.
We first show that the non-metric data placement problem in which
the access costs between servers can be arbitrary nonnegative num-
bers is inapproximable up to a logarithmic factor. We then provide
a game-theoretic decomposition of the objective function and show
that a natural type of Glauber dynamics in which servers update
their cache contents with probability proportional to the utility they
receive from caching those data will converge to an optimal global
solution for a sufficiently large noise parameter. In particular, we
establish the polynomial mixing time of the Glauber dynamics for
a certain range of noise parameters. Such a game-theoretic decom-
position not only provides a good performance guarantee in terms
of content delivery but also allows the system to operate in a fully
distributed manner, hence reducing the system’s computational
load and improving its robustness to system failures. Finally, we
provide another auction-based distributed algorithm, which allows
us to approximate the optimal global solution with a performance
guarantee that depends on the ratio of the revenue vs. social welfare
obtained from the underlying auction.
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Data placement is one of the fundamental allocation problems
in storage-capable distributed systems, such as content delivery
networks, web caches, peer-to-peer (P2P) networks, and mobile net-
works. In many such applications one aims to store limited copies
of the data points among a set of cache-aided servers in order to
improve data availability to the clients, enhance system reliability
and fault tolerance (e.g., against adversarial attacks), and reduce
the computational load at the local servers [16]. As an example,
consider a movie-sharing P2P network among multiple servers [15].
Due to limited disk space, the movies can be stored either locally

npublished working draft. Not for distribution.
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or obtained from other servers with some delay cost. The commu-
nication network shared by the servers determines the delay costs,
where the farther the servers are from each other, the more delay
costs they incur in obtaining access to each other. When a client
connects to one of the local servers to download a certain movie,
either the movie is available in the cache of that local server, in
which case the client can get access to it without any delay. Oth-
erwise, the client can access the movie through the closest server
that has the requested movie in its cache, hence incurring a delay
cost. Thus, the storing decisions at each local server affect everyone
who uses this service, and a major question is on how to distribute
the movies locally among the servers to minimize communication
delays while respecting servers’ capacity constraints. In particular,
we often want the data distribution to be robust and reliable, mean-
ing that if a server goes down or behaves selfishly, other servers
can fulfill their clients’ demands with a small delay cost.

The data placement problem can be viewed under a more general
framework of resource allocation problems that looks at how to
store copies of different data (resources) among a set of capacity-
constrained servers (agents) to minimize the overall resource place-
ment and access costs.! The placement cost captures the cost of
allocating a particular resource to an agent (e.g., the storage cost on
a server due to data incompatibility). On the other hand, the access
costs measure the cost of getting access to resources from other
agents (e.g., the data transmission delay between servers). However,
most works on data placement problems assume that all agents
fully comply with the centralized designed protocols. Nevertheless,
in real-world data replication applications, the agents (e.g., servers,
data providers/consumers) can belong to different stakeholders or
administrative domains with different preferences and objectives
[12, 13, 15, 16]. On the other hand, the access costs among agents
could be a complex function of many parameters, such as agents’
physical locations, available bandwidth, or the network congestion
shared by them, and hence may not satisfy any simplifying assump-
tions. Therefore, our main goal in this work is to analyze the data
placement problem from a distributed computation perspective and
without any assumption on the access costs.

Related Work: The data placement problem has been exten-
sively studied in the past literature. The optimal data placement
on networks with a constant number of clients and arbitrary ac-
cess costs was considered in [2], where a polynomial algorithm for
computing the optimal allocation for uniform resource length was
developed. The data placement problem was studied from a mecha-
nism design perspective in [16]. There have been several efforts to
obtain constant factor approximation algorithms for the metric data
placement problem, starting with [5] and improved by [4, 20, 27].
The main idea behind most of these approximation algorithms is
based on solving a natural LP relaxation of the problem and then
rounding the solution using refined clustering, network flow, or

1We refer to servers as agents and data points as resources interchangeably.
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iterative rounding. A generalization of these results to the so-called
“matroid median problem" has been studied in [20, 27]; as a special
case, it results in improved approximation algorithms for the met-
ric data placement problem. We refer to [3, 28] for other heuristic
approximation algorithms with or without theoretical performance
guarantees. It was shown in [12] that in the case of homogeneous
metric data placement when agents have identical request rates, a
simple greedy algorithm could achieve an approximation factor of
3, hence improving the existing approximation factors that were
given for the heterogeneous setting. Moreover, it was shown that
the same algorithm results in a 3-competitive algorithm for the
online version of the problem in which agents arrive adversarially
over time and reveal their specifications. A different online variant
of the data placement problem has also been studied in [10].

The data placement problem is also closely related to the un-
capacitated facility location problem (UFLP) [19] and its variants
[1, 18, 26], such as the k-median and matroid median problems
[7, 9], in which the goal is to open a subset of facilities and assign
each client to an open facility in order to minimize the total facility
opening costs and clients’ access costs. In fact, as we will show,
the data placement problem is a more complicated version of the
UFLP in which there are multiple facility types that are coupled
through the cache constraints. In particular, one can show that
by relaxing the cache constraints in the data placement problem
using Lagrangian multipliers, the data placement problem can be
decomposed into a sum of separable UFLPs. A heuristic approxima-
tion algorithm based on decomposing the data placement objective
function using Lagrangian relaxation has been studied in [11].

This work is also related to the literature on distributed caching
using auctions [6] and resource allocation games [14, 22-25]. One
advantage of studying content delivery and web caching problems
using distributed game-theoretic frameworks is improving resource
availability and robustness against failures [8, 13]. An uncapaciteted
distributed caching game was studied in [8], where the authors were
able to characterize the set of Nash equilibrium points. However, the
situation is more complex for content delivery systems with limited
cache size, as the agents’ caching decisions are more coupled such
that there is no simple characterization of the equilibrium points
at hand. The capacitated distributed caching games were studied
in [12, 13, 15], where it was shown that the game admits a pure
Nash equilibrium if the access costs are metric and the request
rates are uniform across agents. Our work is different from the
prior work as it provides a novel game-theoretic decomposition for
the distributed caching problem with different request rates and
general access costs.

Contributions: We consider the non-metric data placement
problem and devise distributed algorithms to compute or approxi-
mate its global optimum solution. More specifically:

o We first show that the data placement problem with non-
metric access costs is NP-hard to approximate within a factor
better than O(log n), where n is the number of agents.

e We then provide a novel potential game decomposition of
the data placement problem that allows the agents to inter-
nalize the global cost through their own local cost functions.
Such a decomposition aligns the changes in the global objec-
tive function with the agents’ selfish behavior, allowing the
system to operate in a fully distributed manner.

Anon.

e We obtain a bound on the objective value of any pure Nash
equilibrium (NE) in terms of the sensitivity to agents’ cache
contents. In general, the objective value of a NE could be
far from an optimum value. However, we show that natu-
ral distributed Glauber dynamics will allow the agents to
randomly update their resources to collectively achieve an
optimum solution for a reasonably large noise parameter.
Moreover, the Glauber dynamics mix quickly if the noise
parameter is within a certain range, hence providing a clear
tradeoff between the computation time and the quality of
the suboptimal solution obtained from the dynamics.

e Finally, using the dual formulation of the data placement
problem, we provide another distributed algorithm based on
the first price auction, in which the resources bid on agents’
cache capacities and provide a worst-case guarantee on the
quality of the obtained solution.

Our results provide the first distributed computation algorithms
for the non-metric data placement problem and provide new in-
sights on how to trade-off between the computation cost versus the
optimality of the achieved solution in a fully distributed setting.

Notations: We adopt the following notations throughout the
paper. For a positive integer n, we let [n] = {1,2,...,n}. For a
discrete set X C [n] and i € X, we often write X — i and X + i
to denote X \ {i} and X U {i}, respectively. For two probability
distributions p and v supported over a finite set A, we let | u—v||7y =
% Dlaca lp(a) — v(a)| be the total variation distance between those
distributions. To denote the mixing time of a Markov chain with
transition probability matrix P, we use tpix(€) = min{t : d(t) < €},
where d(t) = sup y ||zPt — 7r||7v is the maximum total variation
between the distribution of the Markov chain at time ¢ and its
stationary distribution 7. The #; norm of a vector x is denoted by
[Ix|l1 = 2 |xi|- Given two vectors x and y, we let p(x,y) be the
number of coordinates for which those two vectors differ. We let
1 and 0 be the vectors with all one entries and all zero entries,
respectively. Finally, for a real number a, we let (a)* = max{a, 0}.

1 PROBLEM FORMULATION AND
PRELIMINARY RESULTS

Let us consider the data placement problem [5, 27] in which there
are a set of [n] = {1,2,...,n} agents and a set [k] = {1,2,...,k}
of unit size resource types. We assume that there are unlimited
copies of each resource type. Agent i € [n] has a cache of size
u; € Zy, and the cost of storing resource ¢ in its cache is given by
fi[ > 0. Moreover, we assume that agent i € [n] has a nonnegative
demand/request rate wf > 0 for resource ¢. Here, wf can be thought
of as the rate of clients who refer to agent i to request resource
¢ and is a measure of the popularity of resource ¢ at server i. In
addition, we let ¢;; = cj; > 0 be the (symmetric) cost of getting
access to agent i from agent j, and ¢;; = 0 Vi € [n]. The goal is to
fill agents’ caches with proper resources to minimize the overall
placement and access costs. More precisely, given an allocation of
resources to the agents, let us use X! C [n] to denote the set of
agents that hold resource ¢ in their caches. Then, the cost of agent
J to get access to resource ¢ is given by wjfd(j, X?), where

d(j, X") = min{c;; : i € X'},

2023-10-13 01:00. Page 2 of 1-10.
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is the minimum distance that agent j needs to travel to get access
to resource ¢. In particular, the overall access cost among all the
agents and for all the resources is given by 3.;, wgd(j, X%). An
integer program (IP) formulation for the data placement problem is

given by
. TS £t
mmz wicijx;; + Zfl y;
it it
¢ TAVIRS
X <y; Vi, j. L,

n
Dol =1vie,
i=1

k
¢ .
Z y; < u; Vi,
=1

xybe {01}, Vi e, @

where yf = 1 if we allocate resource ¢ to agent i, and xfj =1
if agent j gets access to resource ¢ through agent i. The first set
of constraints in (1) ensures that agent j can access resource ¢
through agent i only if agent i holds resource ¢ in its cache. The
second set of constraints implies that each agent j has to get access
to all the resources, and the last set of constraints is the cache
capacity constraints that allow agent i to hold at most u; resources
in its cache. Subject to these constraints, the goal is to allocate the
resources to the agents to minimize the sum of the placement cost
e ffyf and the access cost 3; j ¢ wﬁcijxfj.

The following lemma shows that without loss of generality, we
can restrict our attention to the data placement problem with unit
cache size, i.e.,, when u; = 1Vi € [n].

LEMMA 1.1. An instance of the data placement problem in which
agent i has cache size u;, demand vector (wl.l, . A wlk), and installment
vector (fl.l, .. ,fl.k) can be reduced to a unit cache size instance by
replacing agent i with u; independent and collocated agentsiy, . .., iy;,

where each agentij, j = 1,...,u; has a unit cache size, demand vector

1 K
( i, :—’;) and installment vector (fl.l, .. .,fl.k),

u_[’ ..

ProoF. Consider an arbitrary allocation profile X = (X%, ¢ €
[k]) in the original instance and assume that the content of cache i
is filled with resources #i, . .., #,;. Now let us replace agent i with
u; independent and collocated unit cache size agents, where the
caches of agents iy,..., iy, are filled with ¢y, ..., &, respectively.
For any agent j # i, the cost of getting j access to all the resources
is the same in both instances. Moreover, the cost of agent i in the
original instance equals }}, wl.[d (i, X0 + Z?’zl fl.fr, while the total
cost of agents iy, ..., iy; in the new instance equals

Uu; Ui Uu;j U;
PR S SEDWAEDIY uiiwfd(i,xf) DA
r=1 t r=1 r=1

¢ r=1
Ui
. A
= E Wfd(l,X[)-i- E i
t r=1

which shows that the total costs of the two instances are the same.
Thus, there is a one-to-one correspondence between optimal solu-
tions of the original instance and the new instance with more unit
2023-10-13 01:00. Page 3 of 1-10.

cache agents. The proof is completed by repeating the same process
for every agent i until all the agents have unit cache size. O

Henceforth, we will focus only on the data placement problem
with unit-cache size.? But before we get into the analysis, the fol-
lowing proposition shows that even approximating the non-metric
data placement problem to within a logarithmic factor is a hard
problem (see Appendix I for a proof).

PRrRoOPOSITION 1.2. It is NP-hard to approximate the non-metric
data placement problem up to a factor better than O(In n).

REMARK 1. It is known that when the access costs are metric, i.e.,
cik < cij +cji Vi, j,k € [n], the data placement problem admits
constant factor approximations [5, 27]. This is in sharp contrast with
the non-metric case that assumes no conditions on the access costs. The
reason is that the reduction of Proposition 1.2 is based on non-metric
UFLP, while the metric UFLP admits constant factor approximations.

Despite the above negative result, we are still interested in find-
ing distributed algorithms that perform well in most instances of
the non-metric data placement problem. The reason is that often as-
suming any property on the access costs in general content delivery
systems is unrealistic because the access costs could be a compli-
cated function of many factors. To that end, we will develop two
distributed algorithms in which either the agents or the resources
are viewed as selfish entities that aim to maximize their payoffs, and
we will analyze the performance of the allocation profiles resulting
from agents’ interactions. That not only allows the content delivery
system to operate in a fully distributed manner but also allows
us to trade-off the computation time to obtain better suboptimal
solutions.

2 A GAME-THEORETIC DECOMPOSITION
FOR THE DATA PLACEMENT PROBLEM

In order to develop a distributed algorithm for the data placement
problem, in this section, we first provide a game-theoretic decom-
position for its objective function. Let us consider the objective
function of the (unit cache size) data placement problem

O(x) = Z whd(j, X") + Zf;‘f,
Jit i

where x = (x1,...,xn) € [k]™ denotes the resource allocation
profile of all the agents, X¢ = {i : x; = ¢} is the set of agents that
have resource ¢ in their cache, and d(j, X?) = min{cj; : i € Xt}
Consider a noncooperative game in which each agent i € [n] can
be viewed as one player with the action set [k]. The action of player
i is the resource x; € [k] that it caches, and incurs a cost that is
given by
ci(x) = Y wh(d(j, X") = eij)* + £,
it

where for a real number a we define (a)* = max{0, a}.

LEMMA 2.1. The above noncooperative game G = ([n], [k]", {ci})
is an exact potential game with the potential function ®(x).

%In fact, the reduction of Lemma 1.1 holds even for metric access costs, i.e., when
Cik < cij+Cjk, Vi, j, k. The reason is that the distances in the unit cache size instance
still satisfy the metric property, as the distance between any two agents is the same as
the distance between their collocated copies.

291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348



349
350
351
352
353
354
355

357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380

382
383

385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406

Proor. Consider an arbitrary player i and an action (allocation)
profile x = (x;j, x—;) such that x; = £. Assume that player i changes
its action from x; = £ to xlf = ¢/, and call the new action profile x” =
(x],x-;). Forany o € [k], let us use X° and X’ to denote the set of
players holding resource o in action profiles x and x’, respectively.
Then, we have i € X%,i ¢ X* and X! = Xf — i, X’! = X¥ +i. We
can write

ci(x], x_5) — ci(xi, x—;)

- Z wh(d(j, X)) = cij)* + Z wh (d(, XY = i)+ fF
J J

= 2 widG XY = ey) "= D w (A X)) —eiy) " - ff
J J

= D whdGX = i) =)+
7

= > Wi (G X)) = eig)t - £ @
7

where the first equality holds because for any resource o ¢ {¢, £’},
we have X° = X’°. The second equality follows from d(j, X¥) < cij
and d(j,X'") < cij because i € xtiex?.

Next, we compute the amount of change in the potential function
®(x). We have

D(x], x-1) = O(xi,x-1)
= D wid( X+ 3wl dG X + ff
Jj J

- Do wHGX) = Y Wl dGXT) - ff
j J
= D wildG X" = dG X)) + £
J
= 2 dGXT) = dG X)) - ff
J
= Z wi(d(j, X" = i) = d(j, X)) +ff
- Zjl wi (d(.X7) = d(. X +D) - ff
= iwjfi(d(j,x" —i) = d(j,X") + £
J
- Z wh (d(.X") = cij) = ff
J
= D wHAGX =) =)+ ff
J
S G e 0
J

where in the fourth equality we have used the fact that

d(j.x") = d(.X" +i) = (dG,X) = eij) ",
by considering two cases. First, if d(j, Xl/) < cij, thend(j, Xt +i) =
d(j,x"), and thus d(j, X*) = d(j, X" +i) = 0 = (d(j,X") -
cij)+. Second, ifd(j,X[/) > ¢;j, then d(j,Xf/ +1i) = cjj, and thus
d(j, X" =d(j, X" +i) = d(j, X" )~=cij = (d(j, X )=ci;)". Similarly,

Anon.

the last equality is obtained from
d(j.X" =) =d(j.X") = (d(.X" =) = i)™,

which can be shown by considering two cases: if d(j, X! — i) < Cij
then d(j, X! — i) = d(j,X?), and thus d(j, X’ — i) — d(j,X?) =
0 = (d(j, X i) — cij)". Otherwise, if d(j, X’ — i) > c;j, then
d(j,x% = cij, and thus d(j, Xt —i)—d(j, X% =d(j, Xt —i) —cij =
(d(j, X* — i) - ¢;)". Finally, by comparing (2) and (3), we get

(], x-1) — O(xp,x-5) = ¢i(x], x5) — ¢ (xi, x—3),
which completes the proof. O

As a result of Lemma 2.1, if players selfishly update their re-
sources by minimizing their cost functions, the overall allocation
profile will converge to a pure Nash equilibrium (NE), which must
be a local minimum of the potential function. Therefore, one could
ask about the quality of the solution obtained at a NE compared to
the global optimum of the potential function, which is the optimal
solution to the data placement problem. To evaluate the quality of
a solution obtained at a NE, we leverage the dual program corre-
sponding to the linear program relaxation of the data placement
problem (1), which is given by

'
o 3355 S
it i

¢ ¢ IR
ﬁj—u~~SchU Vi, j, ¢,

ij
¢ £
Zuij—aisfi Vi, t,
J
ot .
uij,ﬂ-, ai >0, Vi, j, L. (4)

Using the first set of constraints, in an optimal dual solution we
¢ _ (pt IR RV . ey "
may as+sume u; = (ﬁj - ch,j) , Vi, j, £. Otherwise, 1ful.j > (ﬁj -
wfci j) for some i, j, £, we can create a new feasible dual solution
by reducing ufj to (ﬁj —wic; j)+. Such a change preserves the dual

J
feasibility of the second set of constraints while potentially allowing

one to reduce «; and hence increase the dual objective value. By
abuse of notation, if we use ﬂj to denote ﬂj/wﬁ, we can write the
dual program (4) in an equivalent form as

¢t )
s S0 - S
I i
ij(ﬁj - Cij)+ —ff < a; Vi, t,
J

Boai >0, Vi, j, L. ()

Using this dual formulation, we are able to show the following
bound on the quality of an NE compared to the optimal global
solution. The proof of this theorem can be found in Appendix A.

THEOREM 2.2. Let x be any pure NE of the potential game G and
x© be the optimal solution to the data placement problem. Then,

O(x°) + T, 0(x\ )
n+1

d(x) <

5

where ®(x \ j) denotes the value of the potential function when the
cache content of player j is evacuated.
2023-10-13 01:00. Page 4 of 1-10.
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Theorem 2.2 provides an upper bound for the objective value
at any NE in terms of the global minimum value and the objective
function’s sensitivity to each player’s cache content at that NE. For
instance, if the resources are well-distributed such that each agent
Jj can find a resource of similar type at a distance of at most d, then
®(x\j) < ®(x)+d, in which Theorem 2.2 implies ®(x) < ®(x°)+nd.
Note that the optimal solution x° is also a NE as it is the global
maximizer of the potential function. However, due to the non-
metric property of the access costs, it may be possible that the
potential function ®(-) has many local minima (NE points). In that
case, in the worst-case scenario, the quality of an arbitrary NE can
be significantly smaller than that of the best NE x°. The reason
is that a NE is the outcome of a local search algorithm that is
unimprovable up to a single-player deviation.? Therefore, to bridge
this gap at a more computational cost, in the next section, we rely
on Glauber dynamics with noisy updates to steer the resource
allocation outcome resulting from players’ interactions closer to
the global optimal solution.

3 GLAUBER DYNAMICS FOR FINDING A
GLOBAL OPTIMAL SOLUTION

Let X = [k]" be the space of all possible resource allocations.
We consider Glauber dynamics over the space X in which players
iteratively update their cache contents. More precisely, given an
allocation profile x € X, at each time instance t = 1,2,..., one
player i will be chosen uniformly and independently from the past
and will update its resource to o € [k] with probability

e~ Beilox—i)
Zeqy e et

where f € [0, o) is a noise parameter. In other words, given that
player i is chosen to update its resource at time ¢, the probability
that it caches resource o is proportional to the utility that resource
o brings to that player subject to an additional noise f that captures
the uncertainty or mistake of player i in choosing resource 0. As
B — oo, the above Glauber dynamics replicate the best response
dynamics. Moreover, one can see that the above Glauber dynamics
induce a Markov chain over the state space of all the allocation
profiles X. The following lemma shows that the stationary distribu-
tion of such a Markov chain is given by the Gibbs distribution with
respect to the potential function ® (see Appendix I for a proof).

(6)

LEMMA 3.1. The stationary distribution of the Markov chain in-
duced by the Glauber dynamics (6) is given by  : X — [0, 1], where

B (x)
Teexe P

As a result, for sufficiently large f, the Glauber dynamics will
concentrate on an allocation profile with the smallest potential func-
tion, which is the global minimum of the data placement problem.
However, for larger 5, the induced chain takes longer to converge
to its stationary distribution. Nevertheless, the following theorem
shows that still for reasonably large values of §, the induced Markov
chain mixes quickly to its stationary Gibbs distribution.

™)

m(x) =

3In fact, it is known that for the simpler UFLP or k-median problem, a richer class
of local search moves are required to guarantee the existence of a “good" suboptimal
solution [29].

2023-10-13 01:00. Page 5 of 1-10.

THEOREM 3.2. Given e > 0, let tyix(€) be the e-mixing time of the
Glauber dynamics with underlying transition matrix P : X? — [0,1]
and stationary distribution r, i.e., tyjy = min; sup,, |zPt = 7|7y

Then for f < % where u = max; x ¢;(x), the mixing time of the

Glauber dynamics is at most tix(€) = O(nln 2).

Proor. Let x and y be two allocation profiles that differ in the
resource of exactly one player i, that is, x_; = y_; and x; # y;. Let
Z¥ and Zty be the Markov chains obtained from Glauber dynamics
with initial states x and y, respectively. Moreover, by abuse of
notation, let us use x and y to denote the current states of the
two Markov chains, respectively. Assuming that player i’ € [n]
is selected to update its action at the current time, the transition
probability distributions of the chains denoted by pi/ and v’ equal

i g—ﬁci’ (0.x_y) k
" S e
i e—Pei (0.y_yv)

Vo (k]

- Zfe[k] e—Ber (Ly_ir)’ €

We couple these chains together by allowing the same player and
the same resource (whenever possible) to be used in both chains
at each time instance. More precisely, if player i’ = i is selected
to update, then in both chains, we update the resource of player
i to o with the probability given in (6). Otherwise, if player i’ #
i is selected, we update the resource of player i’ in both chains
according to the optimal coupling between /1"’ and v\ 4

For two action profiles z,z” € X, let p(z,z’) denote the number
of positions in which z and 2" differ from each other. According to
the above coupling, when player i is selected, the two chains become
identical, i.e., p(Z7, Zly) = 0. Thus, p(Z7, Zly) might increase from
1 to 2 only if a player i’ # i were selected, and the resource of
that player were updated to two different resources in those chains.
Let M and N* be the random variables denoting the updated
resource of player i’ with corresponding distributions [.li/ and v,
respectively. We have

Plp(z5,20) =2} =~ Y BIM 2 NV} == 3 v I,
n g n i

where the second equality holds because we use optimal coupling
of distributions pi’ and v’ to update the resource of player i’.

Next, we proceed to bound ||,ui' —v"|l7v. Given action profiles
x = (x4,x-;) and y = (y;,x_;), by abuse of notation, let X*i and
XYi be the set of players in [n] \ {i’} that hold resources x; and y;
in the action profile x, respectively. Then, if x; ¢ {x;,y;}, we have

e (x) =i (y)= 3w (A0, X¥) = ey )"+ D wit (A, X ) =crj)”
J J
—Z w (d(j, XY + i)—c,-,j)tz Wi (d(j, X5 = i) =cpj)F=A,
J J
Otherwise, if x;» = x;, then

ci (x) — ¢ (y)
; . ; + . S +
= ijy’((d(],Xy’) —cirj)" = (XY +10) —cprj) ) = A+ Ay,
)
4Given two random variables X and Y with distributions 7x and 7y, the optimal

coupling between them induces a joint probability distribution P over (X, Y) such
that P(X # Y) = ||mx — 7y ||Tv, where || - ||7v denotes the total variation distance.
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where Ay, = 3; w;.("((d(j,Xxi—i)—ci/j)+—(d(j,Xxi)—cifj)+) > 0.

Similarly, if x;» = y;, we have

cir (x) = ¢ (y)

=3 wh ((d(j,Xxi) — )t = (AL XF = i) - c,-,j)+) =A-Ay,
J

where Ay, i= X5 w((d(, X%)=cj) = (G, XU+ =i ) ) 2 0.
Now let us define the notations
By=e fer(xixy) g, —=Per (ixX-v)  B=p, + B,,
Cy=eAler (xix-i)=Ax) 0, = o= Bler (Yix-i)*Ay)  c—C) +Cy,
A= Z e Pev (bx_y)

t¢{xi,y;}

and note that By > Cy and C; > Bj. Then, the probability distribu-
tion vi can be written as

% ifo ¢ {xi,yi},

r _ 1 4 — .
Vo = ACTC if o = x;,
2 1 — 17

avc ifo =y

Therefore, by definition of the total variation, we have

2V = gy = A, = e+ Ve, =+ DT =l
o {xi,yi}
®)

To bound the last term in (8), for any o ¢ {x;,y;}, we have

Z |Vi’ B ”i,l _ Z |e—ﬁ“i'(03x—i’) e_ﬁci’(oyx—i/)
o e A+C A+B
o¢{xi,yi} o¢{xi,y;}
_ AB-(|
" (A+O)(A+B)
Similarly, we can compute the first two terms in (8) as
|Vl-/ _ i’ | _ C1 N\ B1
W T Hal T AT AY B
Wi =il | = By, G
v Ml T AYE T ArcC
Substituting the above three relations into (8), we get
P By—B; C1—-C, AlB-C]|
2lvt =t v = :
A+B A+C (A+O)(A+B)

Let us define u = max; x ¢;(x) and note that Ay, <uand Ay, < u.
Then, A+ B > ke % and A + C > ke~ %P Using the mean-value
theorem for f(r) = e~ P, we have the following relations:

By — By < Bleir (xi,x-iv) — cir (yi, x-ir)|e® < Bu,
C1—-Cy < ﬂlcir (i, x—p) = Ay, — cir (yi, x—pr) — Ayileﬁ“ < 3[3ueﬂ“,
|B=C| < |By — Ci| + |By — Ca| < 2Buel.

Therefore, for any i’ we have
2||Vi, - yi’||TV < %eﬂ" + ”%ew” + 2"%62/3" < 6"%83‘6“

2 2 3fu
= I =l < ©)

Anon.

Next, we bound the mixing time of the Glauber dynamics. For one
step of the chain, we have

1 1 i’ i’
Elp(z5,z)) =1-=+= > " =v"llry.  (10)
noon4d
i#i
Substituting (9) into (10) and using the assumption f < (mLu, we get

1 -1
]E[p(Zx,Zly)] <1--—+ n—k3ﬁue3ﬁu
n n

1 1 3
<1-—+-=(3pu)e’P"

—+ L (3pw)

1 1 & 1
<1l—-—-—+—etm <1—- —.

n 2n n

Starting from any two arbitrary initial states x and y that dif-
fer in d positions, we can reach from x to y using a sequence
K = xxl,. .. ,xd = y such that every two consecutive alloca-
tions differ in exactly one position. As p(-,-) is metric over the

space of allocations, using triangle inequality, we can write
d
k-1 k
Elp(zy,2))] < ) Blp(zy . Z7)]
k=1

1 1
<(1-—)d=(01-— L Y).
< (1= 2= (1= )p(xy)
Moreover, using the Markov property of the chains, we can write
Elp(Zi.2])) = E[Elp(Zf. 2))|Z)1. 2/, ]]
X y
=Elp(2,, 2]
1
< (1= B2 1, 2 )]
By using the above inequality recursively, we obtain
1 1 _r
Elp(ZF,Z))] < (1~ %)tp(zx,zoy) =(1- %)tp(x, y) < ne”7n.
Finally, using Markov’s inequality, we can write

B(Z # 2]) <B(p(Z5.2]) 2 1) S Elp(Z].2])] < ne” .

The above relation, in view of Lemma .4, shows that the mixing
time of the Gluaber dynamics is at most tix(€) = O(nln2). O

As we mentioned earlier, there is a trade-off between the mixing
time of the Glauber dynamics and the concentration of the induced
stationary distribution around the global optimum solution. For
the Glauber dynamics to concentrate better around the optimal
solution of the data placement problem, one needs a higher noise
parameter . However, choosing f too large can result in a slow
mixing time. Therefore, Theorem 3.2 provides a threshold for this
computation/optimality trade-off by characterizing a range of noise
parameters with a fast mixing time guarantee, while for obtaining
better suboptimal solutions, one must pay the price with higher
computation time. Note that such a computation/optimality trade-
off is inevitable because by Proposition 1.2, finding a suboptimal
solution within a factor better than O(logn) will likely require
supper-polynomial running time. However, in practice, the costs
of players are mainly determined by their nearby neighbors. Thus,
one can leverage the locality of players’ cost functions to establish a
fast mixing time for larger values of 8. For instance, if each player’s
action can affect the cost of at most d nearby players, then the
bound for f in Theorem 3.2 can be improved to § = O(% In( 5)).
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4 AUCTION-BASED DISTRIBUTED METHOD
FOR THE DATA PLACEMENT PROBLEM

In the previous section, we developed a distributed game-theoretic
framework that allows players to update their resources selfishly
subject to some noise parameter. In that formulation, players are the
agents, and the actions are the choices of resources. An alternative
perspective is to view the resources as players who bid to buy
the cache spaces of the agents (viewed as items). That leads us
to the following auction-based distributed algorithm for the data
placement problem.

4.1 An Auction-Based Distributed Algorithm

Consider an auction with k players (resources) and n items. We view
the unit cache space of agent i as an item that will be sold to players.
We assume that each player ¢ € [k] represents a set of n clients
{(j,¢) : j € [n]} and charges a ﬁf > 0 fee per unit demand to client
(J, £). This charge is for representing client (j, £) in the auction and
for connecting that client to resource £. Moreover, we assume that
the items are sold separately using a first-price auction in which
players submit their bids for different items. An item is sold to the
player with the highest bid (ties are broken arbitrarily), and the
winner must pay an amount equal to the highest bid. In addition,
we assume that the entrance fee for player ¢ to participate in the
auction for item i is fl.[. Next, we specify the bidding strategies for
the players.

Let us consider player ¢, who charges ﬁj per unit demand to its
client (j, £). From that amount, player ¢ subtracts c;; to account
for the cost of connecting (j, £) to agent i, and therefore includes
only a ( ﬂf —¢;)" portion of that amount toward bidding for item i.
Therefore, summing over the total demand of all the clients, player
£ bids (Zj wjf(ﬂjf —cij)t - fl.[)+ toward item i, where the term f;
is to account for the entrance fee that player ¢ has to pay to be able
to bid for item i. Thus, if player ¢ wins a bundle of items X¢ C [n]
in the auction, ¢’s utility equals the amount that ¢ collects from its
clients minus the amount that ¢ has to pay to the auctioneer, i.e.,

w (B XN = D whBl = > (D wh(Bl - i)t - £
J

iext j
= D= X (D e £,
Jj iext j

where the second equality holds by individual rationality. Other-
wise, if 3’ ; wﬁ(ﬂj —cij)* - fl.[ < 0 for some i, there is no incentive
for player ¢ to enter the auction for item i. Therefore, player £’s
goal is to determine a charging strategy ﬁj to maximize its utility.

4.2 Performance Guarantee of the Solution

To analyze the performance guarantee of the allocation profile
obtained from the above auction, let us again consider the dual
program corresponding to the LP relaxation of (1) given by

£t )
maxijﬁj Zal
S

ﬁ.,a,— >0, Vi, j,£. (12)

)" - <aivie,

2023-10-13 01:00. Page 7 of 1-10.

To satisfy all the constraints in (12) while maximizing the dual
objective function, we must set @; = max, ( Z]- wj (,B —cU) l.f)
which gives us the following compact form for the dual program:

£t _ _ byt
g}g{){Zwﬁ Zmax Zw cl] fl) } (13)
Let us use variables yf to denote the inner maximization in (13) as®

max _min {Zw[ﬁ[ ZZyl Zw - cij) —fi{’)}.

ﬁ">02 y'<1
y!>0ve

(14)

Now, for every resource type ¢, let us define a utility function as
we(B ") = D wiBS = D (D wh (B — i) - £),
J i J

which is the same as the utility function (11) defined for player ¢ if
we take X! = {i : yf = 1}. Then, the dual program (14) becomes

max mln ug(ﬁ[,yg)z min maxZug(ﬁ[,y[), (15)
Bi20%,y'< Zoyi<1pi20%
yf>ow y‘>ove

where the equality holds because each u, (8, y’) is concave in ¢
and linear (convex) in y’. In particular, we note that the optimal
solution to y is always integral because ug (B, y°) is linear with
respect to y’ and the constraints {3, y¢ < 1,y¢ > 0V¢} define an
integral polytope.

Using the above derivations, it should be clear that if (f, y) is an
optimal dual solution to (15), then player £’s strategy to maximize
its utility is to charge w§ﬂ§ to client (j, £), and £ receives item i if
j wj(ﬁjf —cij)t - l.[, which
is the maximum bid among all the bids for item i. Therefore, the
allocation profile obtained from the auction when all the players
selfishly maximize their utilities is the same as the optimal dual
solution to the min-max problem (15).

yf = 1, in which case ¢ has to pay a; =

THEOREM 4.1. Consider the data placement problem with zero
placement costs fi[ =0,Vi, ¢, and let (a, p) be the optimal solution to
the dual program (4). Then, the resource allocation profile obtained
from the auction is an (ﬁ)—approximation of the data placement
problem, wherey = ||a||1/]|B]l1 € [0,1).

Proor. We prove the theorem through the following four steps:
I) Primal feasibility and integrality: By abuse of notation, let
(B, y) be the minimal optimal solution to the min-max dual problem
(15) (i.e., a solution with the least number of nonzero entries), and let
X={i:y [ = 1}. Clearly, (X!, ¢ € [k]) partitions the set of agents
[n]. We complement this solution with an integral feasible solution
for the primal program by setting xi[j = 1if i = argming c e civj
(ties are broken arbitrarily), i.e., we connect agent j to the closest
agent in X? to get access to resource ¢. Then, (x,y) defined in this
way forms a feasible integral solution to the primal program (1).
II) Dual feasibility: Let § be the optimal solution to (15) and define
a; = maxy (Z] wf(ﬁj —cij)t —fl.[)+ and ufj = wj (ﬁj - cij)+. Then,

*In fact, y{ can be thought of as dual variables corresponding to the first set of
constraints in the convex program (12), which also coincide with the primal variables
yf in the original linear program (1).
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from the above arguments, ({a;}, {w[ﬁf} {u }) forms an optimal
solution to the dual program (4).
IIT) Complementary slackness conditions: Based on Proposi-
tion 1.2, we cannot expect all the complementary slackness condi-
tions for the above primal-dual solutions to hold.® However, as we
show, the proposed solutions satisfy most of these conditions and
still constitute a good suboptimal solution.

1) Since y is a minimal optimal integral solution to (14), yf =1

implies that

ai = max () w (B — i)t = )
Jj
= (D Wi -t - )
J
= Z wi(B} —cij)t =
J

where the last equality holds because if }; ; wf ( ﬁj — i)t -
fl.f < 0 we would have yf =0.

2) Since the primal solution (X?, ¢ € [k]) partitions [n], and
using the definition of x that assigns every agent j to exactly
one agent in each X¥, the primal constraints ., yf <1land
i xfj > 1 are always satisfied by equality. Therefore, the
complementary slackness conditions always hold for these
two types of primal constraints.

3) As we showed before, for the optimal dual solution we have
ul
tary slackness for the first set of dual constraints in (4), we
only need to show that if xf/j, = 1 for some i’, j/, ¢, then

= w;f (ﬁj - cij)+Vi, J, £. Therefore, to show complemen-

t LN =R — s i t Wt i
(ﬁj, —cpjy) = ﬂj, ¢y’ jz, or, equivalently, ﬁj, > cyj. This
is also true because if xf,j, = 1, that means yf, =1 (and thus
" € X%) and cirjyr < cijr, Vi € X*. Moreover, using case (1)

we have ; = 3 ; wj(ﬁf —cij)* —fl.[ > 0,Vi € X’. Therefore,

ue (B X") = Zw‘fﬁ‘f = > (D Wi i)t = £)

iext j
£ £ pt £ pt
Zf O EIPI UL
ieXt Jj iext
— £ l ol opl +
Y S - 3
iex? J#j’ iex?t
t pt t 4
* (Wj/ﬁj' = D i “"’f’)+)‘
iex?

Suppose, by contrary, /3’5, < cy7j. Then ﬁjf/ < cjjVi € x¢
and we have };cxe wg, (ﬂf, - ¢;j7)* = 0. Therefore, if ,Bf,
is slightly increased, the last term in the above expression

strictly increases.” This contradicts the fact that ¢ corre-
sponds to the optimal dual solution that maximizes u, (-, X).

IV) Bounding the performance: Using the properties of the
primal-dual solutions that we established above, the only set of

5Otherwise, the proposed primal solution will be an optimal integral solution to an
NP-hard problem.

Note that since the dual function is given by the sum of utilities defined over separate
variables B, £ € [k], such an increase does not affect other terms in the dual objective.

Anon.

constraints that may violate the complementary slackness condi-
tions are the primal constraints xfj < yf with the corresponding

dual variables uf. = wg(ﬁjf —ci j)+. Therefore, using Lemma .5

With the block of constraints Ajx > by representing constraints
y - xl ;20 and corresponding dual variables u] = (u ), the cost
of the generated primal solution denoted by Cost(X) equals

Cost(X) = OPT+ )" uf;(yf —x{;) <OPT+ )" ul;(1-0)

i,j,0 i,j,t
—OPT+Z Z Zw Bl —cij)*
t jext j
:OPT+Z Z(aﬁff)
t ijext
- OPT + Z ai, (16)

where the third equality holds through use of case 1 of the comple-
mentary slackness conditions, and the last equality holds by the
assumption f;[ = 0,Vi, £. Dividing both sides by OPT =}, ﬁf -

> ;,® and using the definition of y, completes the proof. O

REMARK 2. We note that the only place that we assumed fi[ =0is
in the last equality of (16). Otherwise, all the remaining derivations
continue to hold for generalfl.[ > 0. In fact, using the same ideas
as in Proposition 1.2, one can show that even under the assumption
fl.[ = 0, the non-metric data placement problem remains NP-hard and
inapproximable up to an O(log n) factor.

REMARK 3. In fact, the optimal dual objective value denoted by
OPT equals the social welfare resulting from the auction, i.e., the sum
of the players’ utilities SW := Y,up = 3, wfﬁf — 2 ai, while
the revenue derived by the auctioneer equals to the sum of all the
payments Rev := }; a;. Therefore, another way of interpreting the
result of Theorem (4.1) is to say that the approximation guarantee of

Rev
the allocation profile obtained from the auction is 1 + G-

5 CONCLUSIONS

We studied the general non-metric data placement problem from
a multiagent game-theoretic perspective and devised distributed
computation algorithms for obtaining or approximating its global
optimal solutions. The motivation behind this work is that in many
real-world content delivery applications, such as web caches, P2P
networks, or ad hoc storage systems, the servers are independent or
selfish entities that only want to maximize their own payoffs, yet the
goal is to achieve good global performance in terms of content deliv-
ery and resource availability. We showed that although the problem
is hard to approximate within a logarithmic factor, some natural
Glauber dynamics by the servers/agents can collectively result in
good suboptimal allocation profiles. Moreover, the achieved subop-
timal solutions can continuously get closer to the global optimum
solution of the data placement problem at a higher computational
time. Finally, we provided an auction-based distributed algorithm
that can approximate the global optimum solution with a theo-
retical performance guarantee and can be easily implemented in
distributed content delivery systems.

8Here, we are using the original definition of dual variables ﬁ]l given in (4) rather that

their scaled version wf /.
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APPENDIX I

PROPOSITION .1. It is NP-hard to approximate the non-metric data
placement problem up to a factor better than O(Inn).

ProOF. We show that the non-metric uncapacitated facility lo-
cation problem (UFLP) can be formulated as a special instance of
the non-metric data placement problem. On the other hand, it is
known that the non-metric UFLP with n clients is at least as hard
as the set cover problem, which is hard to approximate within an
O(Inn) factor [17]. Therefore, the same inapproximability result
must also hold for the non-metric data placement problem.

Consider an arbitrary instance of the non-metric UFLP with the
same set [n] of clients and facilities, non-metric access costs {c;; :
i, j € [n]}, and facility installment costs {f;, i € [n]}. The goal is to
open a subset of facilities and connect each client to its nearest open
facility to minimize the sum of the cost of opening facilities and the
cost of assigning clients to opened facilities. This problem can be
formulated as an instance of the data placement problem with a set
[n] of agents, non-metric access costs {c;j : i, j € [n]},and k = 2
resources. For the first resource we set w} = l,fi1 = fi, Vi, j € [n].

For the second (dummy) resource we set w}z =0, fl.2 =0,Vi,j € [n].
In other words, the agents that receive resource ¢ = 1 correspond to
the set of open facilities in the UFLP, while the agents that receive
the dummy resource ¢ = 2 correspond to the set of closed facilities.
By the construction, it should be clear that any optimal solution
to the non-metric UFLP corresponds to an optimal solution in the
non-metric data placement problem with the same objective cost,
and vice versa. O

LEMMA .2. The stationary distribution of the Markov chain induced
by the Glauber dynamics is given by r : X — [0, 1], where

B (x)
‘ (17)

ProOF. We first note that any transition of the Markov chain is
between two states that differ in the resource of at most one player.
We show that the distribution (17) satisfies the detailed-balanced
conditions [21], and hence must be a stationary distribution for
the induced Markov chain. Let us consider two allocation profiles
x and y that differ in the resource of at most one player i, that is,
x—;j = y—;. Then, we have

1 o=pei(yix-i)
Seeqky e Perlbx-n)
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Similarly, one can show that

1,-p2(y) o—Bei(xix_1)

7(y)Pyx = L e — :
Teex e PP 2eelk] € Pei(bx-;)

1, b e—FO()

T n Sexe PR Seeqk) e POEX-0 7

Comparing the above two relations shows that 77 (x)Pxy = 7(y)Pyx,
which completes the proof. O

THEOREM .3. Let x be any pure NE of the potential game G and
x© be the optimal solution to the data placement problem. Then,

O(x%) + 2 P(x \ j)

d <
(x) = n+1

>

where ®(x \ j) denotes the value of the potential function when the
cache content of player j is evacuated.

PROOF. Let us use x = (xj,x—;) to denote a pure NE of the
potential game G. Then, for any player i and any action x/, if we
let x’ = (xlf,x_i), we must have ¢;(x) < ¢;(x”), which implies

Z W}(i (d(j,Xxi) - C,'j)+ + Z W;ci (d(],th,) - Cij)+ +fl‘.xi
J J

SZ W;-ci (d(j,Xxi —i) - Cij)++z W;.Ci (d(],Xx; +1i) — Cij)++f;xi.
J J

,
Since i € X*i and i € X*i + i, for any i and xlf, we have

Zw;‘i (d( X5 = cij) = £ szw;‘i (d(i X = 1) = ci) = £,
J J

That means that if we define
B =d(j.x") =0,
ai = Z wi(d( XY = 0) = eij) " =
J
then (a;, /35) forms a feasible dual solution to the dual program
(5) whose objective value by weak duality is less than the optimal
fractional solution to the LP relaxation of (1). Therefore, if the

optimal solution of the data placement problem is denoted by x°
with minimum objective cost ®(x°), we have

B(x%) 2 Y wipl - Y
Iz i
= > whd(j.xh) + Y £
it i
3 S e - S
i i

= 0(x) = ) > wi(d( X =) —e) "
i

Anon.

As a result, the objective value of the solution obtained at NE x is
at most

®(x) < ®(x) + > Wi (d(j, XX — i) —cij) "
P

=)+ > Y > wh(d( X =)~ cij)*
t iext j

=q>(x°)+zzwjf( Z (d(j,xf—i)—cijﬁ)
T g

iex!

=0(x%) + Y| 3 wh(d(j, X" —ij) - d(j, X)),
77

where ij = argmingcx« ¢j, and the last equality holds because
for any i € X! - ij, we have A, xt —i) = cji; = d(j, X% < cij,
and hence (d(j, Xt —i) - cij)+ = 0. Thus, if we let ®(x \ j) be the
value of the potential function when the cache content of player j
is evacuated, from the above expression we have

O(x) < ®(x%) + Y > wh(d(j, X" ~ i) - d(j, x"))
e j
=0(x°) + ) (@(x\ J) - ©(x)),
J

D(x°)+2; P(x\))

n+1 o

or, equivalently, ®(x) <

LEmMMA 4. Let ZY and Zty be copies of a Markov chain with initial
states x and y and transition probability matrix P. Suppose that for
each pair of initial states x,y € X there is a coupling (ZF, Zty) Then,
d(t) < maxyyP(Z} # Zty), where d(t) = sup,, |pPt — 7|\ 7v is
the maximum total variation between the distribution of the Markov
chain at time t and its stationary distribution 7. In particular, the
mixing time of the Markov chains is at most

tmix (€) = min{t : d(t) < €} < min{t : maxP(Z} # Z}) < €}.
XY

Proor. The proof follows from Theorem 5.4 and Corollary 5.5
in [21]. O

LeEMMA .5. Consider an LP: OPT = min{cx : Ax > b,x > 0}
and its dual max{ub : uA < c,u > 0}. Suppose A = [ﬁ—;] can be
represented using two blocks of constraints A1 and Ay. Let u* be the
optimal dual solution, and assume X is a feasible primal solution such
that (X,u*) satisfy all the complementary slackness conditions except
for the constraints A1X > by with corresponding dual variables u},
where b = [2—;] Then x forms an approximate optimal solution for

the LP such that cX = OPT+ uj(A1X — by).

ProOF. Since dual constraints satisfy complementary slackness
with respect to %, (u*A — ¢)X = 0. Moreover, since all the primal
constraints except A1X > b; satisfy complementary slackness con-
ditions,

U (A% — b) = uj (A1% — b1) + uy (Ax — by) = uj (A1 X — by),

= uAX = u"b +uj (A% - by).
Thus, we conclude that X is a feasible primal solution whose objec-
tive cost equals
cX = u" A% = u"b +u] (A1% — b1) = OPT + uj (A1% — by),
where the last equality follows by strong duality. O
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