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Abstract

Recent work has analyzed temporal-difference (TD) learning with target networks through an op-
timization view and established linear convergence under a force-dominance condition, but these
results typically rely on global smoothness, i.e., a uniform upper bound on curvature. This assump-
tion can fail even when the inner problem is well posed, since curvature encountered during training
can grow with the scale of TD-residual-induced gradients. We retain the stabilized regime in which
the inner problem is strongly convex in the optimization variable, in order to isolate upper-curvature
growth effects. Under generalized smoothness, where the Hessian norm may grow with gradient
scale via a nondecreasing profile £(-), we analyze the inexact TD recursion with K inner gradient
steps per target refresh and propose a curvature-checked constant stepsize rule that ensures global
stability without requiring a global smoothness constant. Our main result proves global linear con-
vergence under force dominance with a single trajectory-dependent admissibility requirement gov-
erned by the maximum gradient magnitude M encountered along the run. This yields an explicit
scaling law: the largest admissible constant stepsize decays as 1/¢(cM), for a universal constant
¢, and maintaining a fixed contraction requires K to grow proportionally to £(cM). In the special
case of uniformly bounded curvature, our result reduces to the classical global-smoothness regime;
under curvature growth, the worst trajectory gradient scale controls both stability and attainable
convergence speed, yielding a mechanism-level interpretation of why curvature-aware step control
can matter in stabilized TD-style optimization.

1. Introduction

Temporal-difference learning is a central algorithmic primitive in reinforcement learning, and many
modern value-based methods retain its bootstrapping structure [15, 18, 19]. At the same time, TD
is known to exhibit divergence in simple examples with function approximation [2, 20]. A useful
recent perspective recasts TD with target networks as a two-level optimization recursion [1, 6, 10].
At outer iteration ¢, a target parameter 0; is frozen, an online parameter w is updated to reduce a
target-induced objective H (0, w), and the target is refreshed after a finite number of inner steps:

0141 ~ argmin H (0, w). (1)

This formulation separates two effects: the optimization force in the inner variable w (curvature
of the objective in the inner variable w), and the target force induced by the dependence of the
next objective on 6; (the sensitivity of the induced target mapping). The force-dominance condition
requires the former to dominate the latter: the inner problem must contract strongly enough to
overcome the drift caused by changing the target. Under this condition, Asadi et al. [1] obtain
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fixed-point convergence for arbitrary finite /i, the Algorithm 1 Inexact TD via K inner gradi-

number of inner gradient steps per target refresh. ent steps
The limitation addressed here is the separate Input: 6y, T, K, {vex}
global-smoothness requirement used to certify inner for¢t =0,...,7 — 1 do
descent in the global-smoothness convergence the- wyo 0 fork=0,...,K —1do
ory of Asadi et al. [1]. There, w — H(0,w) is ‘ Wy o1 < Wi — Yk Vo (01, we i)
assumed to have a globally Lipschitz gradient, uni- end
formly over the trajectory. This can be a poor de- Orr1 < Wy K

scriptor of high-dimensional learning dynamics. In end

deep learning, training trajectories can exhibit pro- return 6

gressive sharpening and edge-of-stability behavior, where the largest Hessian eigenvalues evolve
with the stepsize scale rather than remaining governed by a fixed global constant [4, 5, 8, 12, 13, 17].
TD adds a further nonstationarity: the frozen objective itself changes across target refreshes because
bootstrapped targets depend on the current or lagged value parameters [1, 3, 15].

We therefore ask whether this force-dominance convergence mechanism survives once global
upper curvature is replaced by trajectory-dependent curvature growth. We do not attempt to solve
fully stochastic, nonconvex deep TD. Instead, as in the optimization-theoretic TD view, we retain a
stabilized regime where, for each fixed target, the inner problem is strongly convex in the online pa-
rameter. This removes nonconvex optimization pathologies and isolates the upper-curvature effect.
The frozen objective f;(w) := H (6, w) is assumed to satisfy the generalized-smoothness condition

V2 fe(w)|,, < LIV fe(w)]), @)

where / is positive and nondecreasing. This includes global smoothness as £ = L, but also permits
curvature to grow with the local gradient scale [9, 11, 21, 23, 24].

Our contribution is a trajectory-dependent linear convergence theory for inexact TD under (2).
The central device is a curvature-checked constant stepsize: the method proposes a baseline 7, but
caps it by a local value computed from ¢ so that one-step descent holds without a global Hessian
bound. We then prove that, on stable trajectories, the local cap is uniformly bounded below by a
quantity determined by the maximum gradient magnitude )M encountered during the run. Conse-
quently, if yo < [20(3M/2)]~!, the curvature cap is inactive and the algorithm exhibits a uniform
linear rate. The theorem recovers the classical global-smoothness regime as a special case. More
importantly, it shows what changes under curvature growth: if the trajectory reaches large gradient
regions, then the admissible constant stepsize becomes smaller, and more inner gradient steps may
be needed to obtain the same contraction before each target refresh.

2. Problem setting

We consider the prediction setting for a discounted Markov reward process [16]. Given a value
approximator v(-; §), TD with a frozen target can be written as gradient descent on

HO,w) = 3 3 d(s) (Epwlr + 70(s0)] — vlsiw)) ®

where the term inside the square is the expected one-step TD residual under the frozen target 6. The
analysis below applies to a general two-input objective H, with (3) as the motivating TD instance.
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Algorithm 1 gives the inexact TD recursion. At outer iteration ¢, the target parameter 6; is frozen,
K gradient steps are taken on w — H (6;, w), and the target is refreshed by setting 6,1 = wy .
The vector V,, H (0, w) aggregates TD residuals weighted by critic Jacobians, and should therefore
be read as a geometry-weighted TD residual scale.

We study Algorithm 1 for a general function H : R?xR¢ — R under the following assumptions.
We define the frozen objective fi(w) = H (6, w).

Assumption 1 (Generalized smooth in w) Fix t. The function f; : R? — R U {400} is £-smooth
on W if fi is twice differentiable on VW, continuous on the closure of W, and there exists a non-
decreasing, positive, locally Lipschitz function ¢ : [0, 00) — (0, 00) such that

}|v2ft(w)HOp < U(|VF(w)])  forallw e W. 4)

Assumption 2 (Fy-Lipschitz partial gradient in §) There exists Fy > 0 such that, for all 61,6
and all w,
vaH(el, ) VoH 92, H < F9H91 - 02“

Assumption 3 (F,-strong convexity in w) For every fixed 6, the function w — H (0, w) is Fy,-
strongly convex. Equivalently, there exists F,, > 0 such that, for all wy, w, and all 8,

<VwH(9,w1) — VuwH(0,w3),w; — w2> > Fwle - 'U)QHQ.
Assumption 4 (Fixed point) There exists 0* € R% such that
VuoH(0%,6%) =0.
The force-dominance condition is defined as
Fy < F,. ®)

Thus the sensitivity of the inner gradient to target changes is smaller than the strong-convexity force
of the frozen inner problem. This is the same stability lens as in the global-smoothness theory, but
inner descent is certified below using trajectory-dependent curvature rather than a global Lipschitz-
gradient constant.

3. Curvature-checked descent

Under generalized smoothness, the usual quadratic descent model with a global constant L is re-

placed by an integral modulus. Following Tyurin [21], for @ > 0 define ¢(s; a) fo Tato) ﬂ . The
inverse of ¢(+; a) controls gradient variation and yields the descent inequality
l[u—wl| .
) < filw) + Vil —w+ [ g (VA dr ©)
0

For an inner iterate, let g; , = ||V f(we ) ||. If g1, > 0, define the local safe cap

1 1/2 dv
safe — = (gtk ) / (7)
Tk T ek T2 ) T L (T 0)gen)”

and set ¢ ;, = min{~o, 'ybafe} If g; . = 0, the update is stationary and we set y; . = 7o. The choice
(7) is constructed so that the generalized-smoothness remainder in (6) consumes at most half of the
linear decrease.



TD UNDER GENERALIZED SMOOTHNESS

Lemma 1 (One-step descent) For every inner update in Algorithm I using the stepsize rule (7),

’Y k 1
L (w ) ||* = o [we k1 — wekl ®)
Ve k

)

fr(wepg1) — fr(weg) < —

This lemma is the point at which global smoothness is removed. It is purely local and remains valid
even when the Hessian is unbounded, provided the curvature-growth profile controls the region
visited by the inner update.

4. Linear convergence and scaling law

Let Ay := ||V H (0, 0%)|, kg := Fuye k. The quantity A, measures the mismatch between the
frozen inner objective at outer iteration ¢ and the fixed point. The point 6* satisfies V,, H (6*,0*) =
0, but the inner loop at iteration ¢ optimizes w +— H (6, w). Thus, when 6; # 6*, 6* need not
minimize the current frozen objective, and V., H (6, 0*) appears as a forcing term.

Proposition 2 (Inner-step contraction with forcing) For every inner update using the curvature-

checked stepsize,
2

F; : 9)

HwtkH—H*H (1—f<ﬂtk) Hwtk—9 H + Ktk

Proposition 3 (Outer recursion with forcing) Assume 0 < ~. 1, < 1/F,, for the nonstationary
inner updates. Iterating (17) over K inner steps gives

A2 K-1
101 — 0*11° < xe.xc 110 — 0%)* + (1 — Xt,K)F%a xer =[] (1= Fuyep). (10)
w k=0

Since w — H (0, w) is Fy,-strongly convex and satisfies the generalized-smoothness upper bound
1/2 dv _

along the trajectory, ¢(g. ) > F,,. Hence, for g; , > 0, monotonicity of ¢ gives 'ysafe <
5 F . Thus the curvature-checked rule ensures 0 < F,v,; < 1/2 on nonstationary steps and
consequently 0 < 1 — Fy,y; ;, < 1. Therefore x; x € (0, 1) whenever the inner loop makes nonzero
progress.

The forcing term is controlled by the target-drift condition and the fixed-point condition: A; =
|\VwH (0, 0%) — Vo, H(0*,0%)| < Fy ||0; — 6| . Writing ) := Fy/ F, this gives Ft <nlb — 6| .
Substituting this bound into (18) yields

8es1 = 617 < (o + (1 = n?)xerc ) 61 — 6% an

Under force dominance Fy < F,,, we have € (0, 1), so the target-induced forcing radius is at
most an 7)-fraction of the current fixed-point error. Since x; x € (0, 1), the multiplier in (11) is
strictly smaller than one, and the outer TD error contracts.

To obtain a uniform constant-stepsize statement, let R = ||#y — 6*|| and define

M = sup {|[ V., H(8,w)| : |0 — 6*|| < R, |w - 6*] < R}. (12)

The contraction above gives bounded outer iterates, and (17) gives bounded inner iterates'. Thus, if
H € C',then M < coand g, < M along the run. By monotonicity of £, ’ysafo = 01/ 2 Z((Hd% >

m. This gives the admissibility threshold used in the next theorem.

1. A short proof about this gradient bound is given in the Proof of Theorem 8 in the Appendix.
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Theorem 4 (Constant-stepsize convergence under generalized smoothness) Assume [ 2 3 4. Sup-
pose H € CY(R? x RY), Fp < F,, and let M be defined by (12). Define n = Fy/F,, € (0,1) and
choose a constant baseline ~y > 0 satisfying

1
Yo < W? (13)

Run Algorithm 1 with stepsizes 7 j, = min{~, yfa}fe}. Then the curvature check never clips, ; j, =

Yo, and the outer iterates contract linearly:
1001 — 6512 < pllo— 652 p2 WP+ (1—n)(1 - Furo) € (0.1, (14)

e e [

Consequently,

The theorem replaces the global condition number L/F,, [1] by the trajectory-dependent am-

plification

B(M) := e(?’F]\i/Q) (15)

If o saturates (19), then (1 — F,y0)% = (1 - W)K < exp (—%) . Thus a fixed-strength
inner contraction requires K = B(M). For ¢ = L, this reduces to the classical smooth regime. For
0(s) = Lo+ Ly sP, the admissible baseline decays as M ~? at large M, and the required inner effort
grows as MP/F,,. For exponential profiles, a globally safe constant step can become extremely
conservative, which motivates the curvature check as a fail-safe during high-curvature transients.

5. Related work and conclusion

The closest point of comparison is the force-dominance analysis of TD as a two-level optimization
procedure [1], together with related work on target networks and TD stabilization [6, 7, 14, 22, 25].
Our contribution is orthogonal to mechanisms such as slower target updates, projection, or regu-
larization: we keep the stabilized inner-problem viewpoint and remove the global upper-curvature
assumption used to certify descent. On the optimization side, the analysis connects to generalized
smoothness and clipping under nonuniform curvature [9, 11, 21, 23, 24].

We proved that force-dominance convergence of inexact TD persists under generalized smooth-
ness, provided the constant baseline is admissible relative to the trajectory gradient envelope. The
main message is not that the envelope M is easy to know in advance; rather, it is the correct stability
quantity once curvature can grow with gradient scale. Curvature-aware step control and fast linear
contraction are compatible in the stabilized TD setting, but the attainable constant-step regime is
governed by the worst curvature amplification encountered along the learning trajectory.
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Appendix A. Proof details
Lemma 5 (One-step descent) For every inner update in Algorithm 1 using the stepsize rule (7),

Ytk 1
YNV fe(we )P = — o lwegesr — well- (16)
2 2%t &

)

fe(wepg1) — fr(wer) < —

Proof If g; ), = 0, then wy ;1 = wyy, and the claim is immediate. Assume g > 0, and write
T =wek, 27 = W1 =2 — Yk Vfi(z), and g = ||V fi(z)[. By (6),

Yt,k9
(e = ful@) < —vng® + /0 ¢ (rig)dr.

Since ¢~ 1(-; g) is increasing,

Yt,k9 1 _1
/ ¢ (139) AT < k9 q (kg 9)-
0

safe

and the choice 7, < 77%° imply

safe

The definition of 7}%

Wi < alg/2:9),  a (wurgig) < g/2.
Therefore

Since T — & = —v; ;V fi(x), this is equivalent to

1
Jr(we 1) — fe(we ) < o lwe g1 — wt,k;H2 .
Vi, k

)

Proposition 6 (Inner-step contraction with forcing) For every inner update using the curvature-

checked stepsize,
2

F—;. (17)

lwe g1 — "> < (1 - Kt k) [ we e — 0% + Kt k

Proof Fix t, write fi(w) = H(6;,w), and set w = wy g, w" = w41, and v = 5. Strong
convexity of f; gives

Fily) > Fu6) + V(0 — 6+ 22y~ 07

Taking y = w™ and applying Young’s inequality,

* *\ Ok Fw * A2
f0) = fi(w®) < VAO)0" —wt = 22wt —0|F < 2L
2 2Fy,
Combining this with (16) gives
" A1 2
fe(07) = fe(w) < 3, 2y |wt —w|”.
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Now expand the update:
|wt — 6*H2 = [Jw — 0*||* + 29V fi(w)0* — w + |wt — wH2.
By strong convexity,
F
Vi(w)6" —w < fi(67) = folw) = = [lw - 0.

Substituting the last two bounds cancels the step-length term and yields

2
st — 04 < (1~ Fu) oo — 0*]F 7L
w

Since k¢ g, = Fuye k., this is exactly (17). |

Proposition 7 (Outer recursion with forcing) Assume 0 < v, < 1/F,, for the nonstationary
inner updates. Iterating (17) over K inner steps gives

K-1

A2
10001 = 0717 < xe 160 = 1P + (1= xer) 50 xerc = [[ (A= Famp). (18)
w k=0
Proof For fixed t, define
> A7
Tl = ”wt’k — 9*” s as = —5.
I

Proposition 2 gives
Try1 < (1 = Ke k) Tk + Ky gat,
or equivalently
T — ap < (1 — kep)(xp — ag).

Since 0 < 4 < 1/F,, each factor 1 — k; j, is positive. Iterating over k = 0,..., K — 1 gives

K-1
rr —ap < (H (1-— K/t,k)> (o — at).

k=0

Using wy g = 6, wy g = 0411, and Ky, = Fiyyg 1, We obtain (18). [ |

Theorem 8 (Constant-stepsize convergence under generalized smoothness) Assume [ 2 3 4. Sup-
pose H € C1(R? x RY), Fy < F,, and let M be defined by (12). Define n = Fy/F,, € (0,1) and
choose a constant baseline vy > 0 satisfying
< 1
0= %0BM/2)

Run Algorithm 1 with stepsizes 7y j, = min{~o, fyff‘,fe}. Then the curvature check never clips, v; ), =

Yo, and the outer iterates contract linearly:

19)

1001 — 612 < pllo— 6% P2+ (1—n)(1-Fur0) € (0.1, 20)

Consequently, ||0; — 0*||> < pt||0o — 0*||%
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Proof By the target-drift assumption and the fixed-point condition,
Ay = ||VH(0,0%) — NV H(O5,09)| < Fy ||0: — 67| .

Let n = Fy/F,,. Substituting this into Proposition 3 gives
0s1 = 01 < (0 + (1 = P)xexc ) 16 = 0%

Since Fy < Fy, n € (0,1). Also, the curvature-checked rule gives 0 < Fy,y:, < 1/2 on non-
stationary steps, and hence x; x € (0, 1) whenever the inner loop makes progress. Thus the outer
iterates are bounded:

16: — 071 <[00 — 67| = R.

The inner recursion (17) then implies bounded inner iterates. Indeed, since

A <2 o — 0| < B2
Fg) =7 t _
and w; o = 6, induction in k gives |fw; — 6*|| < R. Therefore all pairs (6;, wy ) lie in the
compact set defining M. Since H € C*(R? x R?), the map (0, w) ~ ||V, H (6, w)| is continuous,
so M < oo and g¢ ), < M along the run.

Using (7) and monotonicity of £,

safe_/1/2 dov >/1/2 dov B 1
Tk T o WA+ ge) T o €BM)2) T 20(3M/2)

If vo < [26(3M/2)]7L, then v < ~53f for all ¢, k, so the curvature check is inactive and v, . = Yo.
Hence

Xtk = (1= Fupyo)™

Substituting into the outer recursion gives
161 =612 < pll0: =01, p=n"+(1—n*)(1 = Furo)".
Because € (0,1) and 0 < F,y < 1/2, we have p < 1. Iterating gives

16: = 6*11% < o 160 — %1%

10
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