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Abstract

In a contextual pricing problem, a seller aims at maximizing the revenue over a sequence
of sales sessions (described by feature vectors) using binary-censored feedback of “sold” or
“not sold”. Existing methods often overlook two practical challenges (1) the best pricing
strategy could change over time; (2) the prices and pricing policies must conform to hard
constraints due to safety, ethical or legal restrictions. We address both challenges by solving
a more general problem of universal dynamic regret minimization in proper online learning
with exp-concave losses — an open problem posed by Baby & Wang (2021) that we partially
resolve in this paper, with attention restricted to loss functions coming from a generalized
linear model. Here “dynamic regret” measures the performance relative to a non-stationary
sequence of policies, and “proper” means that the learner must choose feasible strategies
within a pre-defined convex set, which we use to model the safety constraints. In this work,
we consider a linear noisy valuation model for the customers. In the case of a known strictly
log-concave market noise (i.e. its CDF F and 1 — F are both strictly log-concave), our
algorithm achieves 0(d3T1/ 30:2/ By d?) dynamic regret in comparison with the optimal policy
series, where T', d and Cr stand for the time horizon, the feature dimension and the total
variation (characterizing non-stationarity) respectively. This regret is near-optimal with
respect to T (within O(logT) gaps) and Cr, and our algorithm is adaptable to unknown
Cr and remains feasible throughout. However, the dependence on d is suboptimal and the
minimax rate is still open. We also report other results under weaker assumptions.

1 Introduction

Feature-based dynamic pricing, or contertual pricing, is a problem where the seller sets prices for different
products based on their features and aims to maximize revenue. In general, a customer will make her decision
based on a comparison between the price and her own valuation of the product. Formally, many existing
works (e.g., Cohen et al., 2020; Javanmard & Nazerzadeh, 2019; Xu & Wang, 2021; Luo et al., 2021) adopt
the following linear feature model:
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Contextual pricing. For t =1,2,...,T :

1. A context x; € R is revealed that describes a sales session (product, customer and context).
2. The customer valuates the product as y: = xj&t* + N, using x;.

3. The seller proposes a price v; > 0 concurrently (according to x; and historical sales records).
4

. The transaction is successful if v; < y, i.e., the seller gets a reward (payment) of 7 = v - L(ve < yy).

Here T is the unknown time horizon, x;’s are adversarial features (including stochastic and non-stochastic
series), 0f’s are hidden parameters mapping features to valuations linearly, and N;’s are i.i.d. noises drawn
from a known distribution D. Denote 1; := 1(v; < ;) as the Boolean-censored feedback that equals 1 if
v < y¢ and 0 otherwise, and we only observe 1; instead of the realized y; at each round. Our goal is to
maximize the cumulative expected reward, and the regret is defined as the difference of expected rewards
between v; and the best price at each round.

Time-variant Behavior and Dynamic Regret. Comparing with existing linear contextual pricing
problem settings (e.g., Cohen et al., 2020; Javanmard & Nazerzadeh, 2019; Xu & Wang, 2021) where the
linear valuation parameter 6} is fixed as the same 6* over all ¢, in this work we allow moderate changing
of customers’ valuations: i.e. 6}’s can vary over time, and the total variation ZtT;ll 0 — 04 1]l1 is upper
bounded by some Cr (which could be unknown to the seller). Here we adopt the Lq-norm bound because it
is a reasonable metric for capturing the non-stationarity of the valuation mechanism: For instance, suppose
each element of x; indicates the amount of one component of this product, and therefore each element
of 0} indicates the unit price of this component. In this example, [|0} — 0}, [|1 reflects the general price
fluctuations on the market, i.e., the sum of market-wise price changes over all components. To characterize
the performance of a pricing scheme under this non-stationary setting, we adopt the concept of dynamic
regret. In this notion, we compare the performance of v; we propose with that of the optimal pricing policy
that knows the sequence of 05 in advance. A rigorous definition of this dynamic regret will be presented in
Section 2.3.

Proper Learning. Usually, the actions/strategies we are allowed to adopt are restricted in some specific safe
domains. Taking any action/strategy outside this domain would probably cause risky, illegal or inconsistent
outcomes. Our algorithm works by maintaining an estimate, 0;, for the true valuation parameter 6; at each
round ¢, and we in turn take 8; as a parametric strategy for proposing the price v; according to a greedy
policy (see Section 2.3 for more details). In this work, we require that the estimate 8, must fall in a specific
convex and close domain D; at each round ¢. As will be explained in Section 2.4, this is to address the fact
that the pricing strategies must conform to hard constraints due to safety restrictions.

Universal Dynamic Regret and Proper OCO with co-variates. Next, we take a digression and
describe a general Online Convex Optimization (OCO) setting which will play a pivotal role in solving the
contextual pricing problem.

Proper OCO with co-variates. For ¢t =1,2,...;T :

1. Adversary reveals a co-variate z; € R%,
2. Learner makes a decision 6; in a convex domain D; C RY.

3. Adversary reveals a convex loss function £;(0) = g (8% x¢).

This setting embodies OCO under a wide range of loss functions from the generalized linear model (GLM)
family for appropriate choices of g;. The co-variates z; can be thought of as a feature that encodes valuable
information about the context in round ¢ which can be used by the learner to make its predictions. Examples
of this setting include (but not limited to) linear regression and logistic regression.

The goal of the learner is to control its universal dynamic regret:

Rlwir) == €(0r) — to(wy), (1)

where wy.7 = {wy,wa, ..., wr} is any comparator sequence satisfying w; € D; for all ¢ € [T]. This is known
to be a good metric in characterizing the performance of a learner in non-stationary environments (Zinkevich,
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2003). Dynamic regret bounds are usually expressed in literature as functions of the time horizon T" and a path
length that captures the smoothness of the comparator sequence such as Cr = Z:{;ll lwe — wegq]1-

1.1 Summary of Contributions

Our main contributions are given below.

- 2

1. We present an algorithm ProDR (Algorithm 1) that attains an optimal O(d?’(T%C% V 1)) dynamic regret
(modulo dependencies in d and logT') for the setting of proper OCO with co-variates under exp-concave
losses (see Section 3.1).

2. We construct an algorithm PDRP (Algorithm 2) with a base learner ProDR, which solves the non-stationary

~ 2
contextual pricing problem. We show that PDRP also achieves O(d® (T%Cj? V 1)) dynamic regret (see
Section 3.2).

2
3. We show that any algorithm must incur a dynamic regret of Q(T%Cf V 1) in the contextual pricing
problem, which says that PDRP is minimax optimal up to d and logT factors (see Section 3.3).

4. For the purpose of completeness, we also consider the setting when the noise distribution is fully agnostic.
We extend the existing method of non-stationary bandits from the work of Chen et al. (2019) and discretized
~ 1 1
pricing policies from the work of Xu & Wang (2022) and achieve an O(T'5 (C2 V1) + d=T3% + ds T C2)
dynamic regret (see Section 3.4).

Novelty. Owing to the reduction of Xu & Wang (2021), the non-stationary contextual pricing problem can
be reduced to the problem of OCO with co-variates and exp-concave losses. The key subroutine we developed
— ProDR — is the first to achieve an optimal universal dynamic regret with exp-concave losses in the proper
0CO with covariate setting. ProDR makes considerable progress towards addressing the open problem posed
by Baby & Wang (2021) on the more general version of the above problem with general ezp-concave losses
(rather than GLM with known covariates) . The only existing attempt to this open problem requires the
decision set to be an Lo, ball (Baby & Wang, 2022b), which cannot be used to handle arbitrary convex
decision sets as we do.

Summary of techniques. The key technique in deriving ProDR is a novel “transfer theorem” which takes
the algorithm of Baby & Wang (2022b) (L ball decision set) and converts it to an optimal algorithm for
the setting of proper OCO with co-variates under arbitrary convez decision sets. This idea is similar in spirit
to the improper-proper reduction in the work of Cutkosky & Orabona (2018) where they consider general
convex losses. However, a direct application of their reduction scheme cannot give fast rates for exp-concave
losses. To circumvent this issue, we propose new reduction schemes that carefully take the curvature of the
losses into account thereby allowing us to derive fast and optimal dynamic regret rates under exp-concave
losses (see Section 3.1 for a list of technical challenges). Such a “transfer theorem” could be of independent
interest and impactful in the general context of non-stationary online learning. That the non-stationary
dynamic pricing problem can be optimally solved using ProDR is a testament to this fact.

1.2 Related Works

Here we discuss how our work relates to the existing literature on dynamic pricing and dynamic regret.

Dynamic Pricing Dynamic pricing has been extensively studied under the single product (non-contextual)
setting (e.g. Kleinberg & Leighton, 2003; Besbes & Zeevi, 2015; Wang et al., 2021), where the goal is to find
and approach the best fixed price that maximizes the expected revenue. The problem is later generalized to
contextual pricing where a feature x; occurs at each time ¢ and the customer’s valuation is dependent on x;.
A widely adopted model is the linear valuation (e.g., Cohen et al., 2020; Javanmard & Nazerzadeh, 2019; Xu
& Wang, 2021), where they assume all customers’ valuations are a fixed feature-to-valuation mapping (i.e.,
0; is fixed, Vt) adding i.i.d. noises with a known distribution. As a result, the best price varies on different
features occurring over time, and the goal turns to approach the best price in every round. However, the
optimal pricing policy is static and the regret definition is a comparison of performance between our proposed
price and the optimal policy that knows 8* and the noise distribution in advance. In this work, we adopt
this linear valuation setting and further generalize to non-stationary cases where the linear mapping 0y is
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Table 1: Regret Bounds for Contextual Pricing

Noise Assumption Known log-concave CDF Parametric Unknown
Unner Bound | ©(d10gT), optimal 0O(dv/T), optimal O(T3 +d=T%),
Static Regret pp Xu & Wang (2021) Javanmard & Nazerzadeh (2019) | Xu & Wang (2022)end{tabular}
2(dlogT), O(VT), optimal O(T53),

Lower Bound Javanmard & Nazerzadeh (2019) | Javanmard & Nazerzadeh (2019) | Xu & Wang (2022)

O(d3(T3C3 V 1)), optimal O(TH(C3 V1) +diT? + d5THC)),

Upper Bound (open problem)

Dynamic Regret This work This work
L3
Lower Bound Q(?SC% V1), (open problem) (open problem)
This work

changeable over time. As a result, the best pricing policy also changes according to 8, and we have to analyze
the algorithmic performance in the scale of dynamic regret. Leme et al. (2021) also studies non-stationary
pricing problems and adopts the dynamic regret metric. However, their settings are different, as their loss
functions and constraints are both defined by comparing with the realized valuations, while ours are with the
expected valuations/revenues. This indicates we cannot adopt their regret upper or lower bounds.

The non-stationary dynamic pricing problem we study in this work can be reduced to a non-stationary bandit
problem (Chen et al., 2019; Cheung et al., 2022; Zhao et al., 2020a). In fact, we make use of a non-stationary
bandits algorithm to solve a more agnostic problem setting: Under the linear noisy valuation framework, Luo
et al. (2021) and Xu & Wang (2022) assume that the noise distribution is fully agnostic (but is i.i.d. and
absolutely bounded). Therefore, it is hard to establish surrogate loss functions and conduct online convex
optimization methods as we do. Luo et al. (2021) presents a UCB-style algorithm and achieves a O(T'V(1-2))
regret, that relies on the existence of a good estimator with O(¢~%) Ly error within £ rounds (but the existence
was not shown). Meanwhile, Xu & Wang (2022) discretizes the policy spaces to fit in another contextual
bandit algorithm EXP-4 and attains a Od(T%) regret. In this work, we generalize the method and analysis of
Xu & Wang (2022) to time-variant settings, using a non-stationary contextual bandits algorithm presented in

. 1
the work of Chen et al. (2019), and achieve an Og(T's (C2 v 1)) dynamic regret. The results are shown in
Section 3.4 while we leave the detailed analysis to Appendix C.

Please refer to Table 1 for a detailed comparison of static and dynamic regrets among different problem
settings.

Dynamic Regret. There is a rich body of literature aimed in minimizing the universal dynamic regret
(Eq.(1)) in OCO setting where the earliest works can be traced back to Zinkevich (2003). When the revealed
losses are convex, Zhang et al. (2018) proposes algorithms to attain an optimal dynamic regret rate of
O(/T(1+ Pr)) where Pr = ZtT;ll |lwe — weg1]l2. When the loss functions are gradient Lipschitz, problem
dependent regret bounds have been developed in the work of Zhao et al. (2020b). In addition to gradient
Lipschitzness, if the losses have extra curvature properties such as exp-concavity, Baby & Wang (2021)
proposes algorithms that attain a near optimal dynamic regret of O*(Tl/ 303/ 3y 1) (O* hides dependencies
on dimensions and factors of logT'). The work of Baby & Wang (2022b) shows similar rates for non-smooth
and exp-concave losses in a proper learning setting when the decision set is an Lo, ball. In contrast, our work
is able to attain near optimal rates for arbitrary convex decision sets for a large family of exp-concave losses.
Further Baby & Wang (2022b) also show optimal rates for arbitrary bounded convex decision sets when the
losses are strongly convex.

If we take all the comparators w; in Eq.(1) to be same, one recovers the notion of static regret. There are
works that aim in controlling the static regret in any time window which makes them suitable for learning in
non-stationary environments. These algorithms fall into the category of adaptive / strongly adaptive regret
minimization algorithms. Examples of such methods include Hazan & Seshadhri (2007); Daniely et al. (2015);
Adamskiy et al. (2016); Jun et al. (2017); Cutkosky (2020); Baby et al. (2021); Zhang et al. (2021). We refer
the readers to Baby & Wang (2021) and references therein for a more inclusive survey on dynamic regret and
strongly adaptive algorithms.

There has also been recent advances (e.g. Zhao et al., 2022; Baby & Wang, 2022a) in applying online learning
techniques to design controllers. In particular, Baby & Wang (2022a) uses a reduction from Linear Quadratic
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Regulator (LQR) problem to online (mini-batch) linear regression problem due to the work of Foster &
Simchowitz (2020). They employ a black-box reduction technique to convert the algorithm of Baby & Wang
(2022Db) to one that attains optimal dynamic regret for online linear regression under the setting of proper
learning. This is facilitated by exploiting the constant hessian property of linear regression losses. However,
this property will not be satisfied for exp-concave losses in general. As such it is unclear that the black-box
reduction techniques of Baby & Wang (2022a) are generalisable beyond linear regression. Hence the results
in this paper are not directly implied by their results. We direct the readers to Baby & Wang (2022b) for an
elaborate discussion about the literature on online learning and control.

2 Notations and Problem Setup

In this section, we specify necessary mathematical symbols and notations and define functions for algorithm
design and regret analysis. We also present three examples to illustrate the concept of proper learning in
contextual pricing.

2.1 Symbols and Notations.

The pricing process consists of T’ rounds. z¢, 0} € R% y; € R, v; € Ry and N; € R denote the feature vector,
the linear valuation parameter, the customer’s valuation, the seller’s price and the noise at time ¢, sequentially.
At each round, we receive a payoff (reward) r; = vy - 1;, where the binary variable 1; indicates the customer’s
decision, i.e., 1; = 1(vy < yy).

2.2 Technical Assumptions

Denote a norm-bounded domain family DF = {6 € R%, ||0||, < B}. We firstly present assumptions on domain
constraints of x; and 0;:

Assumption 1 (Domain Constraints). Assume z; € D, where D, C Di is convex and closed, and 0} € D,
where every D, C D¥ C DE is also convex and closed and known to us before each round t.

Here we want the customers’ valuations to be bounded. Equivalently, we may also assume that D, C D2B !
and D; C Df/Bl for any By > 0. With these assumptions, we know that |z 0| < B,v§ € DF t =1,2,...,T.
Next, we make a reasonable assumption on customers’ expected valuations:

Assumption 2 (Non-Negative Expected Valuation). For a customer’s valuation y; = z, 0}, we assume the

expected valuation x] 0F > 0,t=1,2,...,T.

For the noise N;, we make the following assumption:

Assumption 3 (Valuation noise distribution). At teach time ¢ = 1,2,...,T, the noise NV is independently
and identically sampled from a fixed distribution D). Denote the cumulative distribution function (CDF) of D
as F', and denote the probability density function (PDF) as f (i.e. f = F’). Then we assume that F' € C? is
strictly increasing, and that F' and (1 — F') are strictly log-concave. Also assume that f and f’ are bounded,
and denote By := sup,,cp f(w), By 1= sup g |f/(w)| as two constants.

The assumption that F' and (1 — F') are strictly log-concave is still acceptable, as it includes many frequently-
used distributions such as Gaussian and logistic. Also, previous works on contextual pricing (see Javanmard
& Nazerzadeh, 2019) also assume F' and (1 — F') being log-concave. Besides, the noise distribution is not
required to be symmetric: According to Prekopa’s Inequality, if F' and f are log-concave, then (1 — F) are
also log-concave. Please find a more detailed discussion in the work of Xu & Wang (2021).

All of those three assumptions are supposed to hold throughout the paper.

2.3 Functions and Key Quantities

Greedily Pricing. Here we adopt two functions defined by Xu & Wang (2021) and also make use
of their properties. Firstly, we introduce an expected reward function g(v,u) := Elriv; = v, 2/ 0% =
u] = v- (1 — F(v—u)) that is unimodal w.r.t. v. Secondly, we introduce a greedily pricing function
J(u) := argmax, g(v,u). J(u) has two important properties: On the one hand, J(u) is strictly monotonically
increasing, with J'(u) € (0,1). Therefore, J(u) and J~!(v) are bijections, Vu € R,v > 0. On the other hand,
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we have |VoJ(270)|2 = |J'(270)| - ||z||2 < 1, which guarantees a low price-changing rate while modifying
parameter 6.

Restrictions on Actions/Parametric Strategies. When we take an action by presenting a price vy, there
always exists an 0; € R? such that =, 6, = J~!(v;). Therefore, for any price v; > 0, it is equivalent to firstly
propose a corresponding parametric strategy 0; (satisfying z,} 6; = J~'(v;)) and then set the price as J(x/ 6;).
Since we are approaching the optimal price (which is J(x] 6*)) and that §; € Dy, we may restrict the strategy
0; to be taken within D, at each time t. We will explain more on the motivation of the restrictions in Section
2.4.

Negative Log-likelihood. We define
0:(0) = —1; - log (1 — F(ve — 2/ 0)) — (1 — 1;) log (F(v; — /' 0)) (2)

as a negative log-likelihood function at round ¢. Also, we define an expected log-likelihood function L; :=

En, [€:(0)|z¢, 07]. For the simplicity of notations in the following sections, we denote h:(0) := %i‘%) € R, and

we show a property of h(6):

Lemma 2.1. For0 ¢ DQB, there exist constants 0 < hmin < Amax < +00 such that

hmax = sup |he(0)], hmin = inf |he(0)|,VE=1,2,...,T.
9cDP 0eDy

We prove this by noticing that h(6) is continuous and DF is closed, and the details are in Appendix B.1.
With this lemma, we may know that ¢;(6) is Lipschitz (see Lemma 3.8).

Dynamic Regret. Finally, we define the cumulative dynamic regret:
T
Regr = ) g(J () 0;), 2 67) — g(v, 2/ 67). 3)
t=1

We usually measure the regret as a function of T, d and the total variation Cr := 23:11 607 — 07111

2.4 Examples

Here we present three examples where the nature requires the strategies to lie in a “safe domain”, regarding
risk-taking, legal or consistency concerns.

Risk Control Adopting strategies outside a pre-defined and protected decision set can be very risky in
general. Concerning our contextual pricing problem, an extremely low price would lead to significant loss of
profit. Therefore, we have to set a lower pricing bar for each item. At each time ¢, suppose the lower bar is
c; > 0, and therefore our parametric strategy 6; should satisfy ¢; < J(z/ ;). Since J(u) is monotonically
increasing, we have z] 6; > J~1(c;). By intersecting {6 € R%|z, 0 > J~1(c;)} with the Ly-norm ball DF, we
get a convex and compact set Dy, in which any parametric strategy 6 satisfies the norm bound and will lead
to a price not less than ¢; given the J(z; ) greedy pricing policy.

Legal Concern There exist laws or regulations regarding the highest price of some specific products.
For each item with feature x;, suppose that we cannot set a price exceeding ¢; > 0. Equivalently, the
parametric strategy 6; we take must satisfy v; = J(z, 6;) < ¢;. Since J(u) is monotonically increasing, this
is further equivalent to z;6; < J~!(¢;). Therefore, the restricted strategy space Dy is the intersection of
{0]2] 0 < J~'(¢;)} with the Lo-norm ball D, which is a convex and compact set. Any parametric strategy
falling out of D, would lead to either v; > ¢, or ||0|| > B.

Price Consistency It is important for the seller to be consistent on setting prices, or otherwise it might
cause pricing discrimination. Specifically, if two identical items with feature x occur at time ¢ and ¢ 4 1, then
their prices must be close to each other. In other words, we require |J(z " 6;) — J(z"6;11)| < C,Va € D, C D}
for some constant C' > 0. For each x € D,, we may solve it and get

JYJ(xT0)—C)<z"01 < T HCH+ J(x"6,)).
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Algorithm 1 Proper Dynamic Regret minimization (ProDR)

1: Input: Base algorithm A, barrier multiplier G’ > 0, exp-concavity factor £.
2: fort=1,2,...,7T: do

3. Get iterate 6; from A.

Feature z; and proper domain D; are revealed

Output 6, = argmingcp, |z (0 — 0,)|.

Loss ¢; is revealed.

Construct ,(0) as in Eq.(4) and set

N>R

ft(e) = Zt(e) +G"- St(9)7

where S;(6) = min,ep, |Vft(ét)T(77 —0);
8:  Send fi(0) to A as loss at time t.
9: end for

Denote this set as S¢(z), and we have D1 C Nyep,Se(z). Since 0; € Si(x), Ve, the intersection is non-
empty.

3 Main Results

In this section, we present and analyse our algorithms. In Section 3.1, we first study the more general problem
of universal dynamic regret (Eq.(1)) minimization in a proper OCO setting. Results of Section 3.1 will be
applied in Section 3.2 to derive an optimal algorithm for the non-stationary pricing problem. All omitted
proofs in this section are deferred to Appendix B.

3.1 Dynamic Regret of ProDR

In this section, we study the Proper Dynamic Regret minimization (ProDR) algorithm (Algorithm 1). We
consider the protocol of proper OCO with co-variates introduced in Section 1.

The goal of this section is to control the universal dynamic regret as defined in Eq.(1). We start by listing
out the assumptions we made for the OCO problem.

Assumption 4. A constant B > 0 is known such that maxgpep, ||0]|cc < B for all t € [n].

Assumption 5. The losses ¢; obey ||[V/:(0)||2 < G for all t € [n] and 6 € D; (recall that D; C DZ from
Section 2.2).

Assumption 6. The losses are o exp-concave. i.e {y(y) > €(x) + Vl(z) " (y —2) + $ (b(z) T (y — x))Q, for
a > 0 and for all z,y € DB,

Assumption 4 puts a relatively mild constraint that a box enclosing all the decision sets is known ahead of
time. Lipschitzness assumptions like Assumption 5 are standard in online learning. Assumption 6 states that
the loss ¢; exhibits a strong curvature in the direction of its gradients (see Hazan et al., 2007, as an example).
We will exploit this curvature to derive fast regret rates.

Qualitative description of ProDR. The base algorithm A in ProDR is expected to optimally control the
dynamic regret under exp-concave losses and when the decision set is a box: DZ = {z € R? : ||zl < B},
where B is as in Assumption 4. The idea is to perform a black-box reduction that can convert the base
algorithm A to an algorithm that attains good dynamic regret guarantee on the domains D;. Though similar
ideas have been already explored in the work of Cutkosky & Orabona (2018), our way of constructing such
reductions for the current problem is new and interesting in its own right in the context of exp-concave online
learning. Next, we expand upon this matter highlighting the differences from Cutkosky & Orabona (2018).
We construct losses f; in Line 7 of ProDR where the S;(f) term acts as a regularizer that penalizes A for
predicting points outside D;. We would like the losses f; to be exp-concave as the base algorithm A expects.
However, a direct application of the techniques of Cutkosky & Orabona (2018) does not satisfy this property.
We address this issue by carefully constructing f; as in Line 7 of Algorithm 1 such that: 1) gradients of both
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0;(0) and S,(0) lie in the span of co-variate z, and 2) #,(0) is exp-concave, meaning that it exhibits strong
curvature along the direction of x;. Now, 1 and 2 together implies that the surrogate losses f; still remains
exp-concave as it exhibits strong curvature along the direction of its gradient (which is spanned by ). The
particular choice of ft(ﬁ) was found to be crucial in preventing the exp-concavity factor of losses f; from
collapsing to zero. We will show that the dynamic regret of ProDR w.r.t. losses 0y is upper bounded by the
dynamic regret of the base algorithm A wrt losses f; which is well controlled.

We next describe the dynamic regret guarantees of Algorithm 1. We inherit all the notations used in the
algorithm description.

Theorem 3.1. Let 3 = min{a/2,1/(8GBVd)} and v =

1 r_
4(2GB\/@+1/(2\/E))2 and G’ = 1+2GBB\/(§. Let

A in ProDR algorithm be FLH-ONS (Fig.1 in Appendiz A) instantiated with parameters ( = 2v/25, G = GG’
and ¢ = B. Then ProDR (Algorithm 1) satisfes

T A ) e
> b) - ) = 0 (@ + TP v ).
t=1 v

where Crp = ZtT=2 |ws — wy_1|l1 with w, € Dy. aVb:= max{a,b} and O hides dependence of constants
G, B, a and poly-logarithmic factors of T.

Remark 3.2 (Adaptivity to Cr). In light of the the lower bound (see Baby & Wang, 2021, Proposition 11),
we see that ProDR algorithm adapts optimally to the path variational Cp of the comparator sequence which
may not be known ahead of time.

Proof. Due to the o exp-concavity of losses ¢; over the domain Df and 38 < S we have that:

6(0) > 600+ V)0~ 00 + 8 (VG0 6))

for any 6 € D¥. Hence following Hazan et al. (2007), we consider the linear-regression-type surrogate losses:

0,(6) := (Vft(ét)—r(g —0)VB+ 2\1/B> : (4)

Hence for any § € DF we have that
1 A A A

et(ét) — () < @ - gt(a) =L:(0:) — 4u(0). (5)
where we used the fact that £,(6,) = ﬁ.
Given that S;(07) = S;(6;) = 0 since 6,0, € D, we have
fi(67) :gt(er)aft(ét) :Et(ét)' (6)

Let us denote V¢, (0) = hy(6)z; where hy(0) = g}(z] 0). Now, according to the definition of S;(6) and 6, we
have: ~ o ~
[e(0) =:(6,) + G- Si(0,)

A~

:Et(et) + G/ - min ‘Vﬂt(ét)-r(’l’] - ét>|
n€Dy

=04(0;) + G- min |hy(0)[|z/ (n — 61))|
n€Dy

=04(6,) + G- |he(8))]|2] (B, — 64))|
=0,(6,) + G- |V L,(8,) T (6, — 6,)].
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Next we proceed to upper bound the regret w.r.t. losses l, by the regret w.r.t. losses f;. We need the
following lemma.

Lemma 3.3. Under the assumptions of Theorem 3.1, we have that
10:(0) — £4(0,)] < G'|VE(0,) T (0 — 6y)],

for any 0 € DE where G’ := (1 +2GBBVd).

The proof is shown in Appendix B.2. With this lemma, we have

0(0:) < 0u(0:) + G- [V 0(Be) T (0 — 00)| = f1(Br).

Combining the above inequality with Eq.(6) we obtain
0e(0,) — £0(07) < f1(B2) — £1(67).

Now using Eq.(5) along with the previous relation yields that
T
D () - (67) < th 01) — fu(67)-
t=1

The following lemma specifies how to compute the sub-gradient of the regularizer term S;(6) in Line 7 of
Algorithm 1. Further it highlights an important property that a sub-gradient of S;(6) lies in the span of
covariate z; (recall that V£,(0) = h(0)x;). This is also useful for proving the joint exp-concavity of the losses

fe-

Lemma 3.4. The function S;(0) is conver across R®. Denote 1,(0) := argmin, |z (n — 0)|. When
Ve (0,)T (ne(60) — 0) # 0, we have:

VS,(0) = { Vﬁt(ef)v if Vét(?t)T(nt(e) -
V0, if  Ve(Be) T (n:(0) —
When V2,(0,)T (:(9) — 6) = 0, we have 0 € 8S,(6).

The proof of Lemma 3.4 is in Appendix B.3. In the next lemma, we show that the losses f; remain exp-concave
with appropriate exp-concavity factor bounded away from zero. This is the key lemma that helps to control
the regret of ProDR.

Lemma 3.5. Define v := . We have that the surrogate losses f; are 2v/25 exp-concave
2l

1
1(26B\/ap+1/(2¢/p))”

and 2GG' Lipschitz in Ly morm across DZ..

As is stated earlier in this section, the intuition of this lemma comes from two facts: (1) both V() and

VS,(6) are in the span of z;, and (2) £,(8) is exp-concave. As a result, the strong curvature of ;(6) along
the x; direction “absorbs” the plain convexity of S¢(6) and therefore guarantees the exp-concavity of f;(6).
We defer the detailed proof to Appendix B.4. Hence from Baby & Wang (2022b, Theorem 10) , FLH-ONS
algorithm (Fig.1 in Appendix A) run with parameters ¢ = 2v/25, G = GG’ and ¢ = B can be used to control

ft G.) — £(67) =0 | (GG BPyd + GX(G')2B? + L) (T3¢ v 1)
~y T

=0 (d3(T1/3c§/3 v 1)) ,

where the last line is got by plugging in the values of v and G’ and upper bounding further. ]
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Algorithm 2 Proper Dynamic Regret Pricing (PDRP)

1: Input: Noise distribution D (including its CDF F' and PDF f).
ProDR algorithm A instantiated as in Theorem 3.1.

2: fort=1,2,...,T: do

3 Feature z; and proper domain D; are revealed and send to A.

4 Get 6, € D, from A.

5:  Seller proposes v; = J(a:;rét) and receive 1.

6

7

Send loss ¢;(0) defined in Eq.(2) to A.
end for

3.2 Dynamic regret of PDRP

In this section, we present our main algorithm for controlling the dynamic regret on contextual pricing
problem, the Proper Dynamic Regret Pricing (PDRP) (Algorithm 2).

Qualitative description of PDRP. Xu & Wang (2021) observes that the pricing problem can be reduced
to the setting of proper OCO with co-variates and exp-concave losses. This observation when armed with the
ProDR algorithm naturally lends itself to the algorithm PDRP for controlling dynamic regret of the pricing
problem.

We are now ready to present regret guarantees for the non-stationary pricing problem.

Theorem 3.6. Consider the linear noisy contextual pricing problem defined in Section 1. Assume that
we know the noise distribution D ezactly. By properly initializing 3,7 and G’ with pre-knowledge, PDRP
2

(Algorithm 2) obeys Regp = O(d3(T%C§ V1)), where Regy is as defined in Eq.(3), O hides poly-logarithmic
factors of T and (a V b) = max{a,b}.

Proof. We start with the lemmas that help us leverage the OCO framework of Section 3.1.

Lemma 3.7. (Xu & Wang, 2021, Lemma 5 and 6) Under the assumptions in Theorem 3.6, for 6 € DE we
have:

9(J(x[07), 2] 07) — g(J (x] 0), 2/ 0;) <

< & — (BlL©) ~ 40,

where ¢, is defined in Eq.(2), C = 2B + (B + J(0))By and

| P log(1 — F(w)) & log(F(w))
]mln{ } > 0.

Cdown = inf de 5 de

w€[—B,B+J(0)

So we have

2C E[0,(0:) — 0(6))). (7)

down

Reg, <

Next, we record the curvature and smoothness properties of losses /;.

Lemma 3.8. Let G = hpax defined in Lemma 2.1. Under the assumptions in Theorem 3.6, for 6 €
Dy, we have: (1) £y(0) is G-Lipschitz in | - |2 norm, and (2) £,(0) Sdew=-exp-concave. Here Ceyp =

SUP,,c[— B, B+.J(0)] NAX {%, %} and Cyown s defined in Lemma 3.7 .

This lemma is derived from Xu & Wang (2021) Lemma 7, and we defer the proof to Appendix B.5. The
lemma above implies that the losses satisfy Assumption 5 in Section 3.1. Further they satisfy Assumption 6
with exp-concavity factor of Cyown/Cesp. S0 we can use the ProDR algorithm (Algorithm 1) to control the

10
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dynamic regret wrt losses £;. Let 3 = min{Caoun/(2Cezp), 1/(8GBVd)} and vy =

1
d
4(26B\/ap+1/(2¢/p))” an

G' =14 GBVdCapun/ Cleyzp. Hence continuing from Eq.(7), we apply Theorem 3.1 to obtain

Reg, < O (d?’(Tl/?’C’;/3 \Y 1)) .

This completes the proof of the theorem. [ |

Remark 3.9. Although noise distributions are known as we assumed, the coefficient of our regret upper bound
depends highly on the distribution. As is indicated by Xu & Wang (2021), when the noise N is an i.i.d.
Gaussian noise with zero mean and o standard deviation, this coefficient is exponentially large w.r.t. % as o
approaches 0, which is counter-intuitive.

3.3 Lower Bound on Dynamic Pricing

So far, we have developed a ProDR algorithm that is suitable for domain-constraint optimization of generalized
linear model, and have constructed a PDRP algorithm to solve the linear contextual pricing problem where

PDRP achieves a O(d3(T% CT% V1)) dynamic regret. This upper regret bound is optimal for online exp-concave
optimization as is shown by Baby & Wang (2021), but is it still optimal for our feature-based dynamic pricing
setting in specific? The answer is Yes. This dynamic regret is near-optimal up to d and logT factors, and
here we present the following theorem.

Theorem 3.10 (Lower dynamic regret bound). Let d =1 in the contextual pricing problem we consider.

2
For any algorithm A, there exists a specific problem setting where A has to suffer an Q(T%Cj"l V1) expected
dynamic regret.

With this theorem, we may claim that our PDRP algorithm is near-optimal. We here show a proof sketch
and defer the full proof to Appendix B.6.

Proof Sketch. The proof is developed in three steps: Firstly, we construct a hypothesis set ® in which there
are N different {67 }7_, series whose total variations are upper bounded by Cr. For any pair of two different
series {07 }1_,’s in ©, they are identical for T/3 out of T rounds in total, and are different by some small §
for the rest 27'/3 rounds. Secondly, we show that their corresponding feedback distributions are also “similar”
to each other by calculating their KL-divergence. Therefore, according to Fano’s Inequality, any algorithm
can hardly distinguish among these distributions. Finally, we show that a failure of correctly distinguish the

2
underlying distribution (i.e., the real {6} }Z_; series) will result in an (T éCﬁ V 1) regret. [ |

3.4 Extension to Unknown Noise Distribution

In this part, we consider the setting where the noise distribution D is fully agnostic. The only two facts we
know are (1) Ny’s are independently and identically sampled from the same distribution D, and (2) |N¢|’s are
bounded by constants'. Without loss of generality, we assume |N;| < 1 always holds. In a time-invariant
setting, i.e., 87 = 0* for all ¢, notice that our contextual pricing problem setting is similar to a contextual
bandit problem:

Contextual Bandits.
Input: Context dimension d, finite action set A, finite policy set II = {r : R? — A}
fort=1,2,...,7T: do
Observe a context z; € Rd;
Select a policy m; € IT;
Take an action a; € A according to m;’s advise (i.e. ar = m(24));
Receive a reward r; as a result of taking a; given x:.
end for

In a contextual bandit problem, the goal of a learning agent is to learn and approach the best policy 7* € IT
that maximizes the cumulative (expected) reward. Auer et al. (2002) shows that an algorithm EXP-4 can

1Or otherwise the noises can be arbitrarily large and we cannot avoid a linear regret.

11
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achieve the optimal O(\/T|A|log |II|) regret. In our contextual pricing problem, we may treat a price as
an action, and the feature as a context. However, we cannot apply contextual bandit algorithms directly:
We have infinitely many actions (i.e. price v; from continuous price range (0, J(B))) and hypotheses (i.e.
6, from closed and convex space Dy, and the noise distribution D). To make contextual bandit algorithms
applicable on contextual pricing, we may conduct discretization on the price range and hypotheses families.
In fact, there exists the D2-EXP4 algorithm (see Xu & Wang, 2022, Algorithm 1) that discretizes the price
range, the parameter dimain D; and the CDF family of all possible noise distributions. With properly-chosen
discretization factors, it applies an EXP-4 bandit algorithm as a base learner and achieves a O(T i+ d%Tg)
static regret.

Now, consider our non-stationary contextual pricing setting. Similarly, we may reduce this contextual pricing
problem setting to a contextual non-stationary bandit problem by discretizing the action and policies spaces.
Then we may generalize D2-EXP4 by substituting the EXP-4 learner with a non-stationary contextual bandit
algorithm, such as ADA-ILTCB™ (see Chen et al., 2019, Algorithm 1) which guarantees an asymptotic
no-dynamic-regret. The ADA-ILTCB™ algorithm originates from the ILOVETOCONBANDITS algorithm
(see Agarwal et al., 2014) which solves stationary contextual bandits with near-optimal regrets. The main
ideas of ADA-ILTCBT lie in two aspects: On the one hand, it runs a linear optimization oracle to find a sparse
distribution over all policies with low empirical variance and low empirical regret simultaneously. On the
other hand, it adopts a blocks-in-epoch design where the algorithm may enter one of the “replay phases” with
a small probability at each time, in order to detect the non-stationarity and its level. Different from EXP-4
that aims at approaching the optimal fixed policy 7* € II, the ADA-ILTCB™ algorithm aims at approaching
the optimal policy series (i.e., the best {m;}7_,) within certain switching cost and total variation constraints.
With the help of an ADA-ILTCB™ learner, we develop the D2-ADA algorithm (shown as Algorithm 3)
that works for unknown noise and non-stationary ground truth and achieves asymptotic no-regret in the
feature-based pricing problem.

For notation simplicity, we firstly denote a v-flooring |C], = L%j -y for C > 0and 0 <y < 1. Then we
define a y-index set

Nyc:={0,1-7,2-7,...,[C|,}.
Given this, we define the following noise CDF family F.,:

Fy:={F :R — [0,1] non decreasing, F(v) =0 when v < —1, F(v) =1 when v > 1,

F(v) € Ny1 when v e N, ,F(v) = F(lv]y) + %(F( o]y +7) — F(lv]y)) (v — v],) otherwise}

Here N, 1 is N, ¢ with C' = 1. From the definition of F, above, we see that each I’ € F, is a piece-wise
linear function, with F'(v) being integer multiples of 7 for all v € N, ;. Meanwhile, we define a A-discretized
norm ball:

DP(A) :={0=1[01,0s,...,04]" € DY 0; € Nap,i=1,2,...,d}. (8)

Here the constant B comes from Assumption 1. From Eq. (8), we know that D¥(A) contains all vectors
6§ € DZ whose coordinates are integer multiples of A. Given those notations, we may define the following
policy set II,, where each policy = inputs a feature vector z; and outputs an action (price) v; in an action
set Ary = Ny B+1-

IL, := {WQ’F ‘R = A,,0 € DF(A) where A = L Fe Fryimp p(@e) = [0]y — (B+1) -7,

9)

d’
where §; := argmax E[r|z;, v; = v,0° = 0, F = F'] = argmaxv - (1 — F(v —z, ))} .

v
From Eq. (9), we know that each policy 7, 4 in the policy set I, trusts in a § and a Fasif they were the

underground truth, and then generate a greedy price ¥; given any input feature x;. However, instead of
taking the action as 0; directly, it takes a v-flooring of ¥; and subtract a (B + 1) - v conservatively, which

12
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eventually fits in the action set A,. Now we may display the pseudocode of our algorithm, D2-ADA, as
Algorithm 3.

Algorithm 3 D2-ADA

1: Input : Time horizon 7', dimension d, constant B, discretization parameter v, action set A, policy set
II., (with discretized norm ball D¥ () and noise CDF family F.,);

2: Initialization : An ADA-ILTCB™" agent £ with II,, A,;

3: fort=1to T do

4:  Observe x; and feed x; to &;

5. & takes an action(price) v; from set A.;

6 Receive feedback r; = v, - 1; and feed it into &;

7:  Agent £ updates its intrinsic parameters.

8: end for

Here we show the regret rate of D2-ADA in Theorem 3.11.

Theorem 3.11. When the noise distribution D is fully agnostic but bounded by constants, the D2-ADA
~ 1 1 1t

algorithm (Algorithm 3) guarantees a O(T%(C% V1) + d3T3 +ds T C}) dynamic regret with probability at

least 1 — 0. Here O hides logarithmic dependence on T,d and %.

Remark 3.12. The regret upper bound in Theorem 3.11 is much worse than Theorem 3.6, which is due to a
lack of knowledge on noise distributions. In comparison, the corresponding results in stationary contextual
pricing problems are O(dlogT) (Xu & Wang, 2021) and O(T'1) (Xu & Wang, 2022), the latter of which is
exponentially larger than the former w.r.t. T. In fact, the knowledge of noise distribution help “smoothen”
the loss (regret) function and avoid explorations. Therefore, we may apply online convex optimization
algorithms to solve the problem. Without knowledge on the noise distribution, we have to actively explore
the environment. As a result, we instead apply contextual bandit algorithms, leading to a poly-T increase on
the regrets.

Here we present a proof sketch of Theorem 3.11 and defer the detailed proof to Appendix C.1.

Proof Sketch. We adopt the same discretization as Xu & Wang (2022) does: Discretize the price space
and the noise CDF into small intervals of length ~, and the parameter (0) space into small grids of size

(%)d, where v is a discretizer to be specified later. Therefore, there are totally |II| = O((@)d X 2%)

policies and K = O(%) actions to be input to the bandit. Meanwhile, the cumulative discretization error
is Error = O(T7y). Therefore, we have Regr = Regponairs (K, |II|,T) + Error. Now we cite the lemma
regarding the regret of ADA-ILTCB™:

Lemma 3.13. (Chen et al., 2019, Theorem 2) With probability at least 1 — &, ADA-ILTCBT guarantees:

~ 1 . 1.1 2
Regy = O {log -min{\/K log |IT|ST, /KT log|IT| + (Klog\m)mTTs}). (10)

Here S == 1+ EZ;I 1(D; # Dyy1) is a number of switches and Ar := ZtT:_ll ID: — Digallrv is the
distributional total variation, where Dy is short for Di(x,r) defined as the probabilistic density function of
(context, reward) pairs.

Since we do not make any assumption on the number of switches, we get S < T and adopt S = O(T) in
1
the regret upper bound. Now, let v = T~ 5 and plug the values of K and |II| into Eq.(10) and we get the

~ 1 1 1
bandit-side dynamic regret to be O(TT70 +d3T3 + (T% +ds T%)A:;’:) Also, we add the discretization error

1 1
Error = O(Tv) = O(T5), and as a result the total dynamic regret is O(T%(C:,% V1) 4+d2T3 +d3sT1s AZ).
Finally, we upper bound the Ar according to the following lemma:

13
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Lemma 3.14. For the linear valuation model y; = m?&j + N and the binary reward ry = vy - L(vy < y), we
have Ar = O(Cr).

According to Lemma 3.14, we may replace Ay with Cr in the regret rate, and this holds our Theorem
3.11. [ |

It is worth mentioning that this regret upper bound is not necessarily optimal, and the best lower bound so
far is still O(T%) that works for stationary and non-contextual pricing. This is possibly because we reduce
the problem to bandits by discretization and then treat every price as an individual action, which ignores
the intrinsic relationship between any two prices (e.g. a higher price gets accepted — any price lower would
have been accepted). Similar problem occurs in the design and analysis in the work of Xu & Wang (2022).
However, it is still hard to say whether this information is substantially helpful, as the pioneering work of
Kleinberg & Leighton (2003) also adopts a discretization-based bandit-styled pricing algorithm but still

achieves the O(Tg) optimal regret in non-contextual pricing problem settings.

4 Conclusion

In this work, we studied the non-stationary contextual pricing problem under safety constraints. We first
presented the ProDR algorithm for minimizing universal dynamic regret in the framework of proper OCO
with co-variates and exp-concave losses. This contribution could be of independent interest in the context of
non-stationary online learning. As a concrete application, we constructed our pricing algorithm, PDRP, by
making use of ProDR as the base learner. We showed that PDRP attains a O(d3(T%C’T% V1)) dynamic regret
in our pricing problem setting, and we proved that this rate is optimal (modulo dependencies on d and logT)).
Finally, we generalized the problem setting to agnostic noise distributions, and presented a bandit-based
D2-ADA algorithm with provable dynamic regret guarantees under high probability.
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A Preliminaries

For the sake of completeness, we recall the description of the Follow-the-Leading-History (FLH) algorithm

(see Hazan & Seshadhri, 2007).

R?: ||0]|oo < ¢}. The learner E; starts operating from time

1)
v, =1 ‘
2. In round ¢, set Vj < t, 6] < EJ(t) (the prediction of
at time t). Play 078 = 22:1 0o
(1)

oD e=¢h (6"

Zﬁ»:l v e=¢h(0”)

{’1521 =

ol =1 - (t+ 1) Hel,

FLH: inputs - Learning rate ¢, G, ¢ > 0 and T'ONS base learners E*, ..., E7
initialized with parameters G = G, D = 2¢/d, a = ¢ and decision set D = {6 €

1. For each t, v; = (vt(l), ... ,vt(t)) is a probability vector in R*. Initialize

3. After receiving fi, set 0, ' = 0 and perform update for 1 <i <t

4. Addition step - Set vg_ﬁl) to 1/(t+1) and for ¢ # t 4 1:

t.

the j* bas learner

Figure 1: FLH algorithm

Next, we describe the Online Newton Step (ONS) algorithm (see Hazan et al., 2007).

1. At round 1, predict 0.
2. Let g = %min{w%, a}. At iteration ¢ > 1 predict:

1
B

where V. =V f.(0;), A = ﬁ + Z§=1 \AZE

wy € argmin |jwy_q —
0D

ONS: inputs - exp-concavity factor a and G, D > 0. Decision set D.

ANV =04,

Figure 2: ONS algorithm

B Detailed Proof

B.1 Proof of Lemma 2.1
Proof. To begin with, we know that

)y L)

(0) =1 75 F@)

)

where w = v; — 2] 0. Since 3¢; € D; such that v; = J(x6;), given that J'(u) € (0,1) (Xu & Wang,

2021), we know that w € [J(—B) — B, J(B) + B] is bounded in a closed

interval. Since we have assumed

that f(w) > 0,Yw € R, we know that fuin = infucir—p)—B,7(B)+B) f(W) > 0 and F(w) € [F(J(—B) —

B),F(J(B)+ B)] C (0,1). Remember that we denote By := supcp f(w)

< 400. As a result, we have

f(w) By
fw) By
0< fmin < F(W) < F(J(—B) — B) < +00.
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Since h(0) = 15;)()@ for 1; = 1 or h(t) = % for 1, = 0, we know that |h(0) €

B B
[fmin, min{l—F(J(B)+é),F(J(—B)—B)}}' Let hmax = min{1—F(J(B)+Bf),F(J(—B)—B)} and hmin = fmin, and the
lemma is therefore proved. u

B.2 Proof of Lemma 3.3
Proof. We have that for any 6§ € D2 |

2(6) = 0B0)] = |1/ + VB - V(8T (0 - )| - |VEV L) (0 - )
< (1 n 2GBﬁ\/E) IVE(0)T (0 - 0,)],

where in the last line we applied triangle inequality and the facts that |V€.(6;)T (0 — 6;)| < G||0 — 04| with
10— 0:]l2 < 2BVd.

Putting G’ = 1+ 2GBfVd completes the lemma.

B.3 Proof of Lemma 3.4

Proof. For the simplicity of notation, we denote V; := V/;(6;), and we have: S;() = min, |V, (z —6)|. Since
S;(0) is convex in R, we have:

Si(02) > Si(01) + (VSi(01),05 — 6,),V0,0, € DE.

Now we conduct an orthogonal decomposition: V.S;(6;) = 111 Vi + Vi, where V) Vit = 0. Let 63 = 0+ a2 Vi,
and we have |V, (z — 02)| = |V, (z — 03)|,Vx € RY. In other words, we have S;(f2) = S;(f3) and therefore
we have:

Si(02) = Si(03) > Se(61) + (VSe(61),05 — 61)
= Si(61) 4+ (11 Vy + Vi, 0y + uoViE — 61)
= 5(01) + (VSy(61),02 — 01) + pa(Vi, Vi), ¥y € RY iy € R

In other words, ps||Vi||3 < Si(62) — Si(01) — (VS(01), 09 — 61). Denote 11 = argmin,, |V, (x — 61)|, and

no = argmin,, |V, (x — 62)|. Notice that

Si(02) = Se(61) =|V/ (12 — 2)| = |V (m1 — 61)]
<IV/ (m = 62)| = [V (1 — 61)]
<|V/ (61 — )]
<[Vell2 - 161 — 02|z
<G - [|6h — O2]2.

Here the first inequality comes from the definition of 79, the second inequality is an application of the
triangular inequality, the third inequality is derived from Cauchy’s Inequality, and the last inequality is from
assumption A2 on the Lipschitzness of £;(6). Therefore, S;(0) is G-Lipschitz as well, and we have:

p2l| V113 < Si(02) — Si(61) — (VSi(61), 02 — 61)
< 2G||02 — 01]]2.
This holds for any 0,605 € Di. However, we may fix #; and 65 while also let us — 400 since it holds for any

po € R.If ||V |2 # 0 then it will fall into a contradiction. Therefore, we know that V- = 0 and V.S;(6) is
always in the same direction of V.
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Without losing generality, denote V.S;(61) := A - V;. In the following, we will prove that A = £1 or 0. From
Eq. B.3 line 3, we know that S;(f2) — S¢(61) < |V[ (81 — 62)|. Combined with the convexity of S(6), we have:

[V (01— 02)] >S:(02) — Si(61)
>VSi(61)" (02 — 601) (11)
=\-V/] (62— 6).

Notice that we can choose arbitrary 65 without changing A\, we may let f3 = 0 and 6y = 26, in Eq. (11):

XV 0 <|V/] 6y

If V] 6, # 0, then we have A € [—1,1]. Otherwise, we know from Eq. (11) that |V 8] > X- V, 0, V0, and
similarly we have A € [—1,1]. Now we denote 6, := 91%, and we have:

(VS:(01), 0 — 01) + S:(61) < Sy(62) (12)

from the convexity of S;. And we also have:

Si(04) = min |V (2 — 04)
<|V/ (m — 64)]
bh—n
=V =5
1 (13)
= §St(91)
= |V, (61— 04))|
= Sy(61) — |V (61 — 04)].

Combine Eq. (12) and (13), we have:
(VS4(61), 604 — 601) < 5,(62) — S¢(61) = —|V/ (61 — 6a)] (14)
Plug in VS§(61) = AV, to Eq. (14), and we have:
A=V (01— 01) < —[V] (01— 04)]. (15)

According to Eq. (15), if V(64 — 61) > 0, then we have A < —1; if V(04 — 01) < 0, then we have A > 1.
Since we already know that A € [—1, 1], then for the two case we should have A = —1 or A = 1.

Finally, what if V[ (6, —0;) = 0? In this case, it means that V; (n; —6;)/2 = 0. Since n; = argmin,, |V, (z —
61)|, we know that S;(6;) = 0 at this time. Since S;(6) > 0,V6 € R¢, we know that S;(0) > S;(01)+0" (0 —0;)
and as a result 0 € 05;(0;). This in fact holds the lemma.

B.4 Proof of Lemma 3.5

Proof. We begin by noticing that ft(ﬂ) is exp-concave over DZ. To see this, note that by the triangular
inequality and Cauchy Schwatz,

[VLe(8:)" (0 — 0:)/B +1/(2¢/B)] < [VE(8:) T (0 — 0:)|\/B+1/(21/B) < 2GB/dB +1/(2V/B),

where we used the fact that || V£.(;)]|» < G by Assumption A2 and [|§ — 6,]|» < 2BVd as § € DB and
0, € D; C Di
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With ~ as defined in the statement of the lemma, we have that the losses ét(e) are 27y exp-concave over DZ .
(see Cesa-Bianchi & Lugosi, 2006, Section 3.3).

Now we proceed to show that the losses f;(6) are in-fact exp-concave with appropriate exp-concavity factor.
For the sake of brevity, let’s denote

Vi (u) = 24/B (wt(e})T(u —0)\V/B + 2\1/B> V0 (0,)

= p(u)Vﬁt(ét)

We have that for any u,v € DZ,

~ ~

Oe(v) > Dy(u) + p(u)VE(0;) " (v — )

o () V(0T (0 - u))2 . (16)

Due to convexity, we have
Si(v) > Sy(u) + AVE(0,) T (v — ), (17)
for some A € {—1,0,1} as per Lemma 3.4.
Adding Eq.(16) and (17), we obtain
fi(0) > fi(w) + V fi(u) T (u —v)
+p()? (V60)T (0 - u))
= fo(w) + V fi(u) " (u—v)

p(u) ’ 2
o (2) (90— ) (19

2

Next, we proceed to obtain a lower bound on the exp-concavity factor. Note that

p(u) > 2¢/B (—QGB\/%+ 2\1/B> >2/3- ﬁ :%

where the first inequality is via Cauchy Schwatz and the second inequality holds due to the fact that
B < 1/(8GB+d) due to the setting in Theorem 3.1

Similarly we have that

Ip(u) + A <4GBBVd+2 < 5/2,
where in the last line we used 3 < 1/(8GBV4d).
Combining the last two displays, we have that

Applying this lower bound to Eq.(18) now yields the exp-concavity of f;(0) claimed in the lemma.

Next, we proceed to calculate the Lipschitz constant of f;. Since ||V, (8;)||2 < G, by Lemma 3.4 we conclude
that G’S;(0) is G’G Lipschitz in L2 norm across R?. Now using Lemma 3.3 we conclude that the losses f;
are 2G'G are Lipschitz in L2 norm across DZ .
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B.5 Proof of Lemma 3.8

Xu & Wang (2021, Lemma 7) has proved the %—exp—coneavity. Here we prove the other claim on
Lipschitzness.

Proof. Notice that ¢,(0) is a continuous function. Therefore, for any 61,62 € D;, there exists a 03 =
€1 4 (1 — €)fs for some € € [0, 1] such that

0i(01) — L(62) = VL1(03)T (61 — 62)
= hi(03)z/ (61 — 62)
< humax||e]|2]|61 — O2]|2 (19)
= hmax||01 — 02]|2
= Gl|th — 622

where Amax is defined in Appendix B.1. In Eq.(19), the first equality is by Lagrange interpolation, the second
equality is by definition of h;(#), the third inequality is by Cauchy’s Inequality, the fourth equality is by the
assumption that z; € D1, and the last inequality is from the fact that hyax = G. Since D; is convex, we
know that 03 € D;. Therefore, the lemma is proven.

B.6 Lower Bound Proof (Proof of Theorem 3.10)
Here we present and prove the following theorem, which is stronger than we need to show a Q(T%C’E) lower
bound for C7 > ﬁ

Theorem B.1. C’onsz'der a feature-based dynamic pricing problem with d = 1,xy = 1, Ny ~; ;.4 N(0,1),t =

2
1,2,...,T and Cp > \F For any algorithm A there exists a specific setting such that A suffer Q(T% C3)
expected regret even with y; observable.

Proof. To summarize the procedure of proof: Denote [n] := {1,2,...,n} for any positive integer n. Define
0o =1,00 =14 0(T,Cr) where 6 = —(CTT)3 is an additional amount Then we construct a set S C {0,1}T
consisting of randomly-sampled 3 € {0,1}7,i = 1,2,..., N that we will use to construct 6; (i) series (each

i indicating a specific {0} } series) later. Afterward, we will show that the {65 (i)} and the {6;(j)} series are
hard to distinguish by any algorithm, and we will further show that a large enough regret caused by this

misspecification. In this way, we can prove an expected lower regret bound (where the expectation is also
taken over different {0} (i)}).

The process to sample each () is as follows: We split [T] uniformly into m = @ intervals, with each length
4C—TT§. Since § = TO(CT)S and Cr > \/1?, we know that m > 10. Denote these intervals as Iy, I, ..., I,.
For any B(Y) € S, we construct it in a stochastic process: For each index interval I,k = 1,2,...,m, we

generate a random variable Z,gi) ~ Ber(%) independently, and then let /Bli) = Z,(f),Vl € I. Denote the
vector 20 = [z Z . ZIT € {0,1}™, and we know that E[|Z() — Z@)|,] = 2. Accordingly, we
have B[00 — §0|:] = % - 42 = .

Therefore, according to Hoeffding’s inequality, we have:

; ()
Pr[[[| 29 — 20|, - B < By >1-2. e 5
2 6 (20)
i T T
<:>Pr[|||ﬁ(l) ||1 - *l 6] >1—-2-e" 75 Vi ,j € [N]

By applying a union bound over all ( ) pairs of i, j € [IN], we have:

Prf||| 5 — 6(’)”1—*\ VZJE[NHZl—NQ'e_%
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Also, we know that Pr[3() # pU)] = Pr[Z() #£ Z j } 5= for i # j. By applying a union bound over all
((2)) pairs of 4, j, we have Pr[g(") # 0)] > 1 — W Comblmng these two probability bounds, we know that
in this way we can find a satlsfactory set S with probability at least Pr > 1 — N2 . (e~ 7% + 27 (m+1) Let

N = €25 (and therefore log N = 2% = L) and then Pr > 1 — N2 (e~ % +27(M+D) > 1 — (e7366 +em3m).

Since the total number of possible S (i.e., any set consisting N (repeatable) vectors 8 € {0,1}7) is (2™)V
and we are uniformly sampling from this whole family, the expected total number of satisfactory S is at least
(2N . (1 — (e~ 30 4 ¢~ 5™)). Since m > 10 as we showed above, we have (2™)N . (1 — (e~ 300 + ¢~ 5™)) >
2101 (] — =30 — ¢~ 6) = 31.0325 > 1. As a result, there must exist at least one satisfactory S in the whole
possible set family, such that: (1) £ < |8 — W@ |; < 2L, and (2) B # BU), Vi # j € [N]. We here pick
this satisfactory S and in the following we use it for further proof.

Now, for each 5(?) € S, we generate a sequence of parameter {6 (i)} according to 3V: Fort =1,2,...,T, we
let 07 (i) =1+7- 6t(z), i.e., if 8 =0, then 0; (i) = 0y = 1; if 3*) =1, then 0; (i) = 1 + &. Therefore, we have

the following result:

Vg sm-s=F <o,

This is because |67 (i) — 07, ,(i)|| > 0 only if Ik € [m] s.t. t € I,t + 1 € Iy41. As a result, the total variation
of this {6; (i)} satisfies the upper bound Cr.

Now, let us consider the realized valuation sequence {y;}. For any ¢ € [N], denote

(i) := [21(1+ B8) + Ny, wo(1+ B578) + N, ..., ar(1+ BY) + Ny T

Let us denote the distribution of y(i) as P;,i = 1,2,..., N. Recall that z; = 1 and N; ~ N (0,1),V¢, and we
have P; = [N(1 + BY)(S, 1),N(1+ Béz)é, 1),...,N(1+ B(TZ)é)]T. Consider the difference between P; and P;
while fixing 3 and 8, and for any 4,5 € [N],i # j we have:

L[P;||P;] ZKL (14 8965, D|IN(1 + 895, 1)

C 89— g2
:5 18D — gD,

Again, the KL-divergence is conditioning on A and AU). Here the first line is from the fact that
y;’s are independent for every ¢, the second line is by x; = 1, the third line is from the fact that

KL[N (p1,01)[|N (2, 02)] = log 22 + %1;“2)2 — 1, the fourth line is by calculation and the fifth line is
from that |8 — 8| € {0,1}.

Here we introduce a Fano’s Inequality as the following proposition:

Proposition B.2 (Fano’s Inequality). Let X1, Xs,...,X,, ~;;q P where P € {P,Py,....,Px} is a

distribution family. Let ¥ be any function of X1, Xoa,..., X, taking values in {1,2,...,N}. Let a =
max;«g KL(P]'HPk).Q Then
N
_ na+ log 2
(@ _—
g #9) log N

According to Fano’s Inequality, for any function ¥ : RT — {1,2,..., N}, we have:

2Usually it is denoted as 3, but here we denote it as « for clarity, since we have already defined 3 (9) as vectors in S.
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N
na+log2 1 no
f sup P; (¥ ) >1——=>- = . 22
infsupPi(¥ 7 9) ; logN =2 logN (22)
Here n = 1 since only one specific y(i) covers the whole time series and is only sampled once, and

. . . 2,
a = max; jen),ixj KLy (@)|ly(j)] = max; jeinyiz; & 1B® = U, < 5TT is the upper bound of KL-
divergences on different distributions. Now we specify the function WA for any pricing algorithm A: At each
round ¢t =1,2,...,T, suppose the algorithm A proposes a price vt Define a vector w = [wy, wa, . .. ,wT]T
where wy = ]l[’utA > M} is a Bool value. Then we let ¥4 = argmin; |[w — 3()||;. Therefore, we have:

2-|w =BV 2[8%) = wl + [lw = 59,

>3 — g1,V € [N],j # Pa
T

>

)

Here the first inequality is from the optimality of ¥4, the second inequality is from the triangular inequality,
and the third inequality is from the Hoeffding bound in Eq. (20). Therefore we know that if ¥4 # ¢ then we
have |[w — 8|y > L which further leads to

(Lfw, = 11[B" = 0] + Lfw, = 0]1[8") = 1)) (v — J (2,05 (i)))?

M=

T
S (0t — T (0)))

t=1 t=1
T
J(0o) + J(O i J(0o) + J(0 i
= S app > LI IO 0 _ gt — a2 4 apept < L0 IO 500
t=1
S J(61) — 7 (60)
i 1) — J(bo
>3 Al — 87 = U =)
t=1
an J01) = J (0
= ||w — ! )||1(%)2
LT )= I0)
12 2
Here the first line is because we omit the case where 1[w; = (¢ )] the second line is from the definition of

wy, the third line is from the facts of 8y < 6, and J'(u) > O,Vu € R, the fourth line is by the definition of
Li-norm and the last line is from the fact we mentioned prior to this equation. Now we propose a lemma of
properties:

Lemma B.3 (Properties of g(v,u) and J(u)). For g(v,u) and J(u) with Ny ~ N(0,1), we have:
1. J(u) > u when u € (0,,/3) and J(u) < u when u € (/4 +00).
2. ¢y >0 s.t. J'(u) > cy,Yu € [-B,B].
3. Jeg >0 s.t. g(J(u),u) — g(v,u) > c,(J(u) —v)?, Vv € [0, B+ J(B)].
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We will show the proof of Lemma B.3 by the end of this section. With Lemma B.3, when ¥4 # i, we have:

Finally, let 6 =

Reg, =
t=1
T
> g (vt = J(w8; (4)))
t=1
T  J(6o) — J(01) 5
>e (20 TV
2o 75 2 )
T 3
ZCQ'E-ZJ'(%—@'O)Q
>cgc?, -T§?
- 48

Cr

(& ), and according to Eq. (21),(22) and (23), we have:

T

E[Reg 4] 2 sup Pi(Wa #0) - (Y 9(J (2,07 (0), 2407 (i) — 9(v7*, 407 (i)

t=1
2 -T52
> sup Py (Wa # i) - 2L =0
i 48
>(1_ no ).cgc?,-Té2
—2 logN 48
2
1 &r 52
:(5'—‘2%7)'0903‘1§*
8008
5,1 800 &T. -T6
=cgcs(5 —

273 o) m
2
:ﬁ(l,i)ﬁ
48 2 240 144
g% 2
— 307200

This holds the theorem.

T
> 9T (@07 (i), 2405 (1)) — g(v7 405 (i)

Also, since our upper regret bound w.r.t. 7" and Cr is O(l) when Cp < ﬁ, which is trivial up to log7T" and

~ 2
d factors, we may conclude that our upper regret bound of O(T%C’f: V 1) is optimal with respect to T and

Cr.

Proof of Lemma B.3. We here prove each of them.

1. According to Xu & Wang (2021, Lemma 14), we know that v — J(u) is monotonically increasing
since J'(u) € (0,1). Also, since 895;;’“) lo=gw) = 1 = F(J(u) —u) — J(u) - f(J(u) —u) = 0, we have

J(\/5) = /5. Therefore, u — J(u) > 0 when u > /% and u — J(u) <0 when 0 < u < /7.

2. From Xu & Wang (2021, Appendix B.2.1.), we know that J'(u) = 1+ W € (0,1),Vu € R where

o(w) = L=F(w) _ 4 is invertible and smooth for standard Gaussian distribution. Therefore, we know

that J'(u) is continuous. Therefore, 3c; > 0 such that inf,c_p 5 J'(u) = c;.

f(w)
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3. From the optimality of J(u) we know that é lo—gw) = 1= F(J(u) —u) — J(u) - f(J(u) —u) =
Define q(u) :=1— F(J(u) —u) — J(u) - f(J(u) —u). Since ¢(u) = 0,Vu € R, we have:

9a(u) _
ou
& (J'(u)(J(u)2 —u-J(u)—2)— (J(u)2 —u-J(u) — 1)) fJ(u)—u)=0
sJ'(u) =1+ !

J(u)? —u-J(u) —

The second line is by standard Gaussian noises and some calculations, and the third line is from the
fact that f(xz) > 0 for standard Gaussian distribution. Since we already know that J'(u) € (0,1), we
2
may then realized that J(u)? — u - J(u) — 2 < —1. Notice that 2 'ggjé’“) = (v? —vu —2)f(v —u) for
standard gaussian noise. Therefore, we have % = (J(u)?—u-J(u)—2)f(J(u) —u) < (=1) fmin<0
where fnin has been defined in Appendix B.1 as the universal lower bound of f. This means that
g(v,u) is fmin-strongly concave at v = J(u), which further leads to the fact that there exists a
2

neighborhood v € [J(u) — By, J(u) + B, with constant® B, such that % < —fT As a result,
for v € [J(u) — By, J(u) + By,] we have

o)) — gfo,0) = =280 () ) = 5 - TIG ) un) o fa)(T) — 0)?
1 fmin 2
> 2 (- ) -0
fmin 2
= (J(u) —v)=.

Now, let us consider the case when v € [0, B + J(B)] but v ¢ [J(u) — By, J(u) + By]. On the one
hand, (J(u) —v)? < (B + J(B) — (—B))? = (2B + J(B))?. On the other hand, g(J(u),u) — g(v,u) >
9(J(u),u) — max{g(J(u) — Bu,u),g(J(u) + B(u),u)} > 0. Denote ¢, := inf,c_p, g {9(J(u),u) —
max{g(J(u) — By,u), g(J(u) + B(u),u)}}, and we have ¢, > 0. Therefore, we have:

Cuy

(2B + J(B))?

Cuy

(2B + J(B))? 3 ((w) —v)*.

9(J(u),u) —g(v,u) = e, = 5 (2B +J(B))* >

Jmin

Finally, let ¢, = min{ 2} and we have proved the lemma.

@B+J

C Dynamic Regret of More Agnostic Settings

Xu & Wang (2022) defines two pricing problem settings: the Linear Valuation(LV) and Linear Policy(LP).
LV is similar to our setting in this work but assumes an unknown noise distribution. LP is far more different:
customers’ valuations are fully agnostic and the goal is to compete with the best fixed linear pricing policy in
hindsight. Xu & Wang (2022) makes progress on both LV and LP. In this section, we extend both LV and
LP to non-stationary settings. For LV, we establish an algorithm with the help of a non-stationary bandit
algorithm from Chen et al. (2019) and analyze its regret. For LP, we show that it is much more different
from LV in a time-variant setting than in the static setting where it used to be.

C.1 Linear Valuation: Algorithm and Regret

LV adopts the linear noisy valuation model as we did in the main pages, i.e., y; = =, 0} + N; where 2;’s are
adversarial features and NV;’s are noises drawn i.i.d. from a fixed distribution D but assumes no pre-knowledge
on the noise distribution D instead of being known to us in advance (which was our assumptions in the main
pages). Xu & Wang (2022) assumes that 0} is fixed over all ¢, and presents an algorithm D2-EXP4 based on
an EXP-4 (see Auer et al., 2002) learner. Note that the regret of EXP-4 algorithm is O(y/TK log |II|) with T
rounds, K actions and |II| policies. In the D2-EXP4 algorithm, the bounded price domain is discretized into

3By can be defined as the inferior of all B, over all u € [=B, B] and is still a positive constant.
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length-vy intervals, and the bounded parameter (6 candidate) space is discretized into size—(ld)d grids, where
v is a discretizer to be specified later. Besides, they also introduces a discretized distribution family F, and
each function F in F is a discrete CDF with its grid length + and its value an integer multiplier of  for any
3
F(w). In this way, they have |F| = O(27) and therefore the new policy set is a combination of the discrete
parameter space defined above and this discretized distribution family F. Therefore, the current policy set
size is |II| = O((@)d . 2%) Notice that the regret coming from discretizations is still O(T - v). By choosing
v = T-1, they have a bandit regret at O(T T4 d%T%), which also covers the cumulative discretization error
3

O(Ty) =0(T7).

Now, consider the non-stationary setting as we did in this work. In order to construct algorithms suitable for
time-variant settings, we may substitute the EXP-4 base learner used in L2-EXP4 with a non-stationary
bandit algorithm. Here we choose the ADA-ILTCB™ algorithm (see Chen et al., 2019), which inputs

~ 1

(z¢,1) series and attains a regret rate of O(min{+/K log |II|ST, /KT log|II| + (K log |H|)%A%T%}) Here
S:=1+ 232_11 1(D¢ # Dyy1) is the number of switches and Ar is the distributional total variation by their
definition:

T—1 T—1
A= Y |10~ Desillrv = 3 [[ 1Diter) - Dite.r)ldzar
t=1 t=1

Where D;(x,r) is the probability (density) of the occurrence of feature « and reward (function) r at time

t. In consistency with the problem setting, we do not make any specific assumption on distributional

switching, and therefore S = O(T) in general. As a result, we have O(min{\/K log|II|ST, /KT log [IT| +
1 ~ !

(K log |H|)%A%T§}) = O(min{/KTlog |II| 4+ (K log \H|)§A%T§}). By plugging in the discretized action

set, parameter space and distribution family (i.e., K = O(%) and |II] = O((@)d . 2%) ), we may similarly get

. 1

the dynamic regrets: Let v = T—5 and we get the bandit dynamic regret rate O(T'% +dzT'3 —&1— (T%d%T%)CfL)

along with a discretization error O(T'3). Therefore, the total dynamic regret is O(T'5 (CZ V 1) +d2 T3 +
1,11 1

dsTC}).

The last step is to reduce their distributional total variation A to our parameter-wise total variation Crp.
We will make it by proving Lemma 3.14:

Proof. Denote P;(x,v) := Pr[l; = 1|z, = x,v; = v] = 1 — F(v — 2" 0}) we have:

T-1 T-1
Ap =Y |D; = Diallov = Y // |Dy(2,7) — Dypq (z,7)|dadr
t=1 t=1

T—1
< Z max /|Dt(r|x*,v*) — Dyyq (r)z™, v*)|dr

it €D, ,v*€(0,+00)

T-1

=Y TV(Dy(-|a*,v*)||Dyya (-|27,v"))

- s
< Z VEL(D(r|z*,v*)|| D1 (7|2, v*))

t=1

v )_Pt+1(x* U*))Q
- Z Pt+1 v*)(1 = Py (2%, v%))

< Z (P(x*,v*) = Pry1(z*,0%))?
min{F(J(B) + B)(1 — F(J(B) + B)), F(J(—B) — B)(1 - F(J(-B) — B))}

Here the first row is by the definition of Chen et al. (2019), the second row is by the fact that
//Pr[x,y]dxdy = //Pr[y|a:] Pr[z]dxdy < /(maXPr[y|x])dy/Pr[sc]dx = /(maXPr[y|x])dy,
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the third row is by the definition of Total Variation of two distributions, the fourth row is because of
TV(P,Q) < /KL(P||Q), the fifth row is by Taneja & Kumar (2004, Corollary 3.1) since here Dy(r|z*,v*) is
a Bernoulli random variable with Pr = 1 — F(v* — (z*)T6}) to be v* and 0 otherwise and the sixth row (the
last row) is by the fact that F(w) € (F(J(—B) — B), F(J(B) + B)) showed in Appendix B.1. Now, let us
denote ¢p := min{F(J(B) + B)(1 — F(J(B) + B)), F(J(-B) — B)(1 — F(J(—B) — B))}, and we have:

~

1
Ar < | Py (2", v") = Prga(a™,0")]
o Ver
T—1 1
_ . F * * Te* —F * * Ta*
t:1\/a | (U (z%) t+1) (v (z*) 07|
T—1 1
< By * * Ta* _ * * Ta*
,t:1 Jer f [(v (z*) t+1) (v (x*) ;)]
T—1
By T
2 Jr |(x*) (0 t+1)|
T—1
By
< . * - 0* — 9*
<2 Vor 2" [lool16F — 0351 llx
T—1
By
< -16F — 6f
_tzl\/a || t t+1||1
B
=L ¢y

E

Here the first line is from Eq. (24), the second line is from the definition of P;, the third line is from the
definition By := max,, f(w) = max F’ in Section 2.1 (i.e., the Lipschitz condition), the fourth line is by
equivalent transformation, the fifth line is by Holder’s Inequality, the sixth line is by the assumption that
7)o < ||z]|2 < 1,V2 € D, and the last line is by the definition of C7. Therefore, we have proved that
Apr = O(Cr). [ |

As a result, we may substitute the A involved in regret bound rates by Cr without changing anything
substantial. With all the results we showed above, we may claim that the upper dynamic regret bound of LP

and LV problems are O(df T + d%T%C’T%) and O(TT0 +dzT5 + (T3 + d%T%)C}%) sequentially.

Finally, notice that the discretization factor v is only dependent on 7', which requires us to know 7" in advance.
For those infinite-time-horizon setting, i.e., T is unknown and may go large, then we may adopt a doubling-
epoch strategy: Divide the time horizon into epochs, each of whom has a length 7, = 2 k = 0,1,2,.. ..
If the time horizon is 7', and then the total number of epochs is log, T'. For our algorithm D2-ADA that
attains a O(T%) regret for 7 rounds, if we run it in the doubling-epoch setting, then the total regret equals

O( LOEET(QIC)%) = 0(2%1 ; (T)5) that is the same (in the O notation) as if we know 7" in advance. The other

terms in the dynamic reg;et rate has the same property while applying the doubling-epoch strategy. In this
way, we can also handle the case when T is unknown in advance.

C.2 Linear Policy: Discussion and Potential Approach

LP targets at a more agnostic setting where we have no pre-knowledge on customers’ valuations at all, and
the goal is to find out the best fixed linear pricing policy, i.e., the optimal linear prices v} = z, 3* where
[£* maximizes the cumulative reward in hindsight. Therefore, the (static) regret of LP can be defined as
ZZ;I maxg- E[r(v})|v; = 2 B*]E[r¢|ve = ] B;]. The Linear-EXP4 algorithm of Xu & Wang (2022) works
for this LP problem and achieve a O(d%T%) static regret. Now, if we would like to generalize the LP problem
to a non-stationary setting, can we expect to achieve a meaningful dynamic regret by substituting the EXP-4
learner in Linear-EXP4 with the ADA-ILTCB*?
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Unfortunately, the answer is no. The immediate reason is that we do not necessarily have Ap = O(Cr) in
the fully agnostic setting. In other words, the ADA-ILTCB™ algorithm (and other non-stationary bandit
algorithms) is in general not able to achieve a universal dynamic regret guarantee that we require in this
work, since we are comparing the performance with any action sequence subject to the Cr total variation
bound. Remember that Ap is defined as the cumulative difference between adjacent (feature, reward function)
distributions at time ¢ and ¢ 4 1. Consider the setting when D; is a one-point distribution (i.e., deterministic)
and is different from D;y;. In this case, we have | Dy — Dii1||7v = 2 and therefore Ay = 2(T — 1). In

other words, O(T%Aé) = O(T). Therefore, the distributional TV does not imply a restriction on the action
sequence, a simple reduction to this non-stationary bandit algorithm is not necessarily valid. Then why the
reduction of LV still works? Intuitively, this is because that the rewards of LV are indeed randomized by
the noise, even when x; and ;11 can be totally different and deterministic, and the distributional difference
between D; and D,y is intrinsically parameterized by f and 67, ;. Since the global optimal action sequence
is also defined by {07}, it is possible to build up connection between C7 and Ar, which we have finally
revealed in Lemma 3.14.
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