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Abstract

We prove the first generalization bound for large-margin halfspaces that is asymp-
totically tight in the tradeoff between the margin, the fraction of training points
with the given margin, the failure probability and the number of training points.

1 Introduction

Halfspaces are arguably among the simplest and most fundamental classic learning models. Given a
normal vector w € R? and a bias b € R defining a hyperplane, the corresponding halfspace classifier
predicts the label of a data point = € R by returning sign((w, z) + b), corresponding to a +1 label
on points inside the halfspace above the hyperplane, and —1 on points below.

Classic examples of learning algorithms for obtaining a halfspace classifier from a training set of
points S = {(z;,y;)}"; with (z;,y;) € R? x {—1,1}, includes the Perceptron Learning Algorithm
(PLA) (Mcculloch and Pitts|[|1943]]) and Support Vector Machines (SVM) (Cortes and Vapnikl![[1995])).
A key intuition underlying SVM, is the empirical observation that halfspaces with a large margin to
the training data tend to generalize well. Ignoring the bias variable b (which we later handle by adding
a special feature) and assuming w € S9! (i.e. w has unit length), the margin of the halfspace with
normal vector w on a labeled point (z,y) is y(w, ). Observe that (w, z) gives the signed distance of
2 from the hyperplane, and the margin is positive when sign({w, x)) correctly predicts the label y.
With this definition, hard-margin SVM computes the normal vector w of the hyperplane with the
largest minimum margin. There are also margin variants of the Perceptron (Freund and Schapire
[1999]) that computes a halfspace with minimum margin approaching the optimal, as in hard-margin
SVM.

To handle data that is not linearly separable, and to add robustness to outliers, the soft-margin SVM
relaxes the optimization problem to the following

. 2
min ||wl||5 + A is s.t. yi(w, x;) > 1 —§&;, ;> 0.
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Here A > 0 is a regularization parameter. The soft-margin SVM thus allows for smaller margins on
some training points at the cost of a penalty A\¢;. For fast implementations of SVM, see (Gu et al.
[2025]] and |S. Shalev-Shwartz and Cotter|[2011]].

To theoretically justify and explain the empirical success of focusing on large margins, Bartlett
and Shawe-Taylor [[1999]] proved the first generalization bounds upper bounding the probability
Lp(w) := P(x yy~p(sign((w,x)) # y] of misclassifying the label of a new data point. Concretely,
Bartlett and Shawe-Taylor first studied the hard-margin case and proved that for any distribution D
over B x {—1,1} and any 0 < § < 1, it holds with probability at least 1 — & over a training set
S ~ D" that for every w € S?~! and every margin 0 < v < 1, if y(w,x) > ~ for all (z,y) € S
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then

In“(n) ln(e/é)) 7 0

Lp(w) <c ( 2 + -
for a constant ¢ > 0. Here B is the d-dimensional unit ball and S?~! is the d-dimensional unit
sphere, both with respect to the lo-norm. The restriction to z € B¢ can be relaxed by multiplying
the first term by R? for z € R - BS. A dependency on the scaling of input points is inevitable as
margins scale with ||z||2. Throughout the paper, we state bounds for R = 1 and remark that all
bounds generalize to arbitrary R by replacing -y by v/ R.

Defining £ (w) as the fraction of data points in a training set S where w has margin at most -, Bartlett
and Shawe-Taylor [1999] also prove a more general result, saying that with probability 1 — d over
S ~ D", it holds for every w € S that

In?(n)  In(e/d)
L <L N+ —. 2
p(w) < L3(w) + e \/Vzn e @
This was later improved by Bartlett and Mendelsonl [2002] using Rademacher complexity arguments,
replacing the lng(n) term in () by 1. Here, and throughout the paper, we refer to £(w) as the
(empirical) margin loss.

First-Order Bounds. The first work to interpolate between the hard-margin and soft-margin bounds
was due to McAllester|[2003]], who gave a general tradeoff of

1 1 Inn+1 )
Lo(w) < Ly(w) +c- ( - BB W) | 4

Notice how the £Z(w) term is multiplied onto Inn/(y?n) inside the first square-root. Since the
hard-margin case corresponds to this term being 0, this gives a way of interpolating between the
cases. Such bounds are often referred to as first-order bounds. Unfortunately, (EI) still has the
seemingly superfluous /(Inn + In(e/§))/n term even when £ (w) = 0 and thus falls short of even
matching (1) in the hard-margin case.

The current state-of-the-art generalization bound is due to|Grgnlund et al.|[2020a] and states that with
probability 1 — § over S ~ D™, it holds for every w € S~ that

Lp(w) < LI(w) +c- <\/cg(w).<m+mw‘s)>+ln”+m(d5)>. (4)
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This improves previous hard-margin bounds by a logarithmic factor and gives a cleaner interpolation
between the hard- and soft-margin cases. Furthermore, the bound is close to optimal. Concretely, the
dependency on § is optimal by tweaking standard results for agnostic PAC learning, see e.g. Devroye
et al.| [1996] [Chapter 11]. Moreover, \Grgnlund et al.|[2020a] complemented their upper bound by
the following lower bound

Theorem 1 (Grgnlund et al.|[2020a])). There is a constant ¢ > 0 such that for any cn="/? < v < ¢,
any parameter 0 < 7 < 1, and any n > ¢, there is a distribution D such that it holds with constant
probability over S ~ D" that there is a w € S~ such that L (w) < T and

.. In(e/T) n ln('an))

Lp(w) = L(w) +c- ( 2 ~2n

In(e/Lg(w)) |, In(y*n)
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> L3(w) +c- \/ﬁg<w>~

Notice how the parameter 7 allows for showing that the upper bound (@) is nearly tight across the
range of Eg (w). Let us also remark that Grgnlund et al.|[2020a] states their lower bound with a Inn
rather than In(ey?n), but require that v > n~4%9 A careful examination of their proof however
reveals the more general lower bound stated here.



Unfortunately, there still remains a discrepancy between the lower bound and (d). Concretely, there
is a gap of y/Inn/In(e/LE(w)). Moreover, for constant £ (w), the Rademacher complexity based
bound in (2)) improves over both of the first-order bounds (3) and (@), and matches the lower bound
in Theorem|[I] This seems to suggest that a better upper bound might be possible.

Our Contribution. In this work, we settle the generalization performance of large-margin half-
spaces by proving a new upper bound matching the lower bound in Theorem [I] across the entire
tradeoff between ~, £ (w) and n (and is also tight in terms of ). Our result is stated in the following
theorem

Theorem 2. There is a constant ¢ > 0 such that for any distribution D over B x {—1,1}, it

holds with probability at least 1 — § over S ~ D™ that for every w € S and every margin
n~1/2 < v < 1, we have

LD(w)gﬁg(w)+c<\/gg(w). (ln(e/£§<w)) +1H(6/5)) , In(er’n) +ln(e/5)>.

v2n n v2n n

Using a simple reduction, our results generalize to all non-homogeneous halfspaces (i.e. including a
bias term) and data in a ball of radius R, yielding Theoremwith ~/R in place of 7. See Appendix

While one might argue that our improvement is small in magnitude, this finally pins down the exact
generalization performance of a classic learning model. Furthermore, our proof of Theorem 2] brings
several novel ideas that we hope may find further applications in generalization bounds.

We next proceed to give an overview of our proof and new ideas in Section 2} before giving the full
details of the proof in Section[3]

2 Proof Overview

In this section, we present the main ideas in our proof of Theorem[2] As our proof builds on, and
greatly extends, the work of [Grgnlund et al [2020a] establishing the previous state-of-the-art in (@),
we first present their overall proof strategy and the barriers we need to overcome to obtain our tight
generalization bound. Throughout this proof overview, we use the notation = < ¥ to denote that there
is an absolute constant ¢ > 0 so that x < cy.

2.1 Previous Proof

The proof of (Grgnlund et al.| [2020a]] follows a framework proposed by |Schapire et al.| [1998]] for
proving generalization of large-margin voting classifiers (i.e. boosting). The main idea is to randomly
discretize the infinite hypothesis set S%1 to obtain a finite set G C R% — {=1,1}. If G is small
enough, then a standard union bound over all h € G suffices to bound the difference between the
empirical error and the true error Lp(h) for every h € G. The key trick is to exploit large margins to
allow for a discretization to a smaller G.

To elaborate on the above, let us first generalize our notation £p(w) and L} (w) a bit. For a
distribution D over BY x {—1,1}, let L) (w) := Pxy)ply(w,x) < 7], that is, £} (w) is the

probability over a fresh sample (x,y) from D, of w having margin no more than ~von (x,y). Fora
training set S, we slightly abuse notation and write (x,y) ~ S to denote a uniform random sample

from S. We thus have

Lyw)= P Jylwx)<q]= @y €s l¢;/|<w, ) <

When writing L£p(w) we implicitly mean £%(w) and note that this coincides with our previous
definition of Lp(w) = P(xy)~plsign((w,x)) # y] (defining sign(0) = 0).

Random Discretization. With this notation, the main idea in the proof of |Grgnlund et al.| [2020a],
is to apply a Johnson-Lindenstrauss transform (Johnson and Lindenstrauss| [[1984]), followed by
a random snapping to a grid, in order to map each w € S%~! to a point on a grid G of size
exp(ck) in R¥, with ¢ > 0 a sufficiently large constant. In more detail, let A be a k x d matrix



with i.i.d. A(0,1/k) normal distributed entries. Such a matrix is a classic implementation of the
Johnson-Lindenstrauss transform and has the property that |{Aw, Ax) — (w, z)| is greater than £ with
probability at most exp(—¢&2k/c) when ||w||2, |]]2 < 1 (Dasgupta and Gupta [2003]). Note that this
also preserves the norm of a vector w by considering 2 = w and noting (w, w) = ||w||3. Secondly,
following an idea of |/Alon and Klartag| [2017] in a lower bound proof for the Johnson-Lindenstrauss
transform, Grgnlund et al{[2020al] randomly round Aw to a point ha (w) with coordinates integer
multiples of £~1/2 while guaranteeing that |(ha ¢ (w), Ax) — (Aw, Ax)| is less than ¢, except with
probability exp(—e2k/c). Here we use t to denote the randomness involved in the rounding.

Now choosing £ = /4 gives, by the triangle inequality, that |[(ha ¢(w), Az) — (w,z)| < /2,
except with probability 2 exp(—v%k/(16¢)). Furthermore, by plugging in # = w and setting ¢ = 1,
we can also deduce that ||ha ¢(w)|l2 < 2 except with probability exp(—k/c). Simple counting
arguments show that there are only exp(ck) many vectors of norm at most 2 with all coordinates
integer multiples of k~'/2. That is, except with probability exp(—k/c), ha ¢ (w) belongs to a finite
set G of exp(ck) many points.

Framework. With the above random discretization, the proof of |Grgnlund et al.| [2020a] now
follows the framework of |Schapire et al.|[[1998]] by relating Lp(w) to L’Xé(hA,t(w)) and £ (w)

to [ZX/SQ (hat(w)). Here AD is the distribution obtained by sampling (x,y) ~ D and returning
(Ax,y). Similarly, AS is the training set obtained by replacing each (z,y) € S by (Az,y). The
intuition is that the random discretization changes margins by no more than /2 for most data points
and hence points with margin at most 0 under D often have margin at most /2 under AD and
similarly for .S and AS. Let us make this more formal. We have for any A, ¢ in the support of A, t
that

Lp(w) < LY (ha(w)) +Piey)oply(w,x) < 0Ay(ha(w), Ax) > v/2]. ®)
Similarly, we have
LE(w) > LY (har(w)) — Pocyyusly (w,x) > 7 Ay {hag(w), Ax) < ~/2]. (6)

Taking expectation we see that
Lp(w) — L§(w) = Ea¢[Lp(w) — Lg(w)]

< EaslC¥p(hac(w) — L2 (ha e(w))] %
+ IEA,tUP)(x,y)N'D [y<w7 X> <O0A y<hA7t (’LU), AX> > 7/2]] (8)
+Eat[Pxy)~sy(w,x) >y Ay(ha(w), Ax) < v/2]]. )

To bound (7), we exploit that ha ¢(w) belongs to the grid G, except with probability exp(—k/c).
Using Bernstein’s inequality (and a careful partitioning of hypotheses w depending on £}, (w)), it is
possible to union bound over the entire grid and conclude

Eat[LXn(hat(w)) — LY a(has(w))] <
Enfsup LYAh) — LA 2 ()] + Pa glhas(w) ¢ 6] <
1S

a2 DOVD |y <

\/Eg(w)- k—&-h;l(e/é) n k:—l—lr;(e/é) n

exp(—k/c). (10)

To bound @]) we use the guarantees of the random discretization to conclude that
Eat[Pey)~sy(w,x) > v Ay(hat(w), Ax) <v/2]] =
Exy)~s[Pasly(w,x) >y Ay(ha(w), Ax) < v/2]] <

Exy)~sPacly (has(w), Ax) < v/2 | y(w,x) > 9] < 2exp(—+*k/(16¢)).

We can bound (8] in a similar fashion (even with slightly better guarantees scaled by L£p(w), but this
does not help for (). The final generalization error thus becomes

Lp(w) < L(w)+ ¢ - (\/ﬁ%(w) . k+1In(e/d) n k+ 11;(6/5)

n

+exp(—72k/c’>> . an



where ¢’ > 0 is a sufficiently large constant. Comparing this expression with the desired bound from
Theorem we see that we have to choose & large enough that ¢’ exp(—~2k/c’) is no larger than

\/Lg(w). <ln(e/ﬁg(w» N ln(e/6)) | In(er®n) |, In(e/8)

v2n n ¥2n n

This basically solves to

-2, ’an 215 (~2n) .
FRal (cgmnn(e/cg(w)))m tn (77n)

Inserting this k in (TT) recovers the bound by [Grgnlund et al|[2020a] stated in (@).

Barriers. In light of the above discussion, we identify some key barriers for the previous proof
technique. Concretely, if we examine (T1)), the term /£ (w)k/n requires us to choose k no larger
than ¢y~ 2 In(e/LE(w)) to match the optimal bound we get in Theorem Unfortunately, the additive
exp(—v?k/c’) term originating from handling (8) and (@) then becomes poly(LZ (w)), which is too
expensive. In fact, even the additive exp(—k/c) term from handling (7) is too expensive for e.g.

constant . Nonetheless, we will in fact choose such k and identify a tighter strategy for analysing
Lp(w) = Lg(w).

2.2 Our Key Improvements

Our first main observation is that the two upper bounds in (3) and (6)) are not completely tight, i.e.
they are inequalities, not equalities. In (3)) we for instance ignore points (z,y) that had a margin
greater than 0 for w, but where the margin of (Ax, y) is less than /2 for h 4 ;(w). Taking these into
accounts, we get the tighter bounds

Lp(w) = LYp(has(w)) + P y)only(w,%) < 0Aylhay(w), Ax) > 7/2]
- P(va")ND [y<w7 X> >0A y<h‘A,t (w)7 AX> < 7/2]’
and
E}(w) = ﬁlg(hA,t(w)) - P(x,y)wS[Y<w’X> >y Aylha(w), Ax) < /2]
+Pxy)nsly(w, x) <y Ay(has(w), Ax) > v/2].

With these refined bounds, we can now split £ (w) — L (w) into a sum of three terms:

Lop(has(w)) — L3 (ha(w))
+Pply(w,x) <0Ay(hat(w), Ax) > /2] — Ps[y(w,x) <y Ay(has(w), Ax) > 7/2(112)
+ Psly(w,x) >y Ay(ha(w), Ax) < /2] = Pply(w,x) > 0 Ay(ha(w), Ax) < 7/2(]1'3)

The first line is the same as (7)) from before, but (I2)) and (T3) improves over (8] and (9) by subtracting
off a term. Intuitively, our more refined bounds allow us to argue that if the randomized rounding
creates a big difference between Lp(w) and E%/ *(h A.t(w)), then it creates a comparably large

difference between £ (w) and L’g/ *(h A,t(w)), thereby canceling out. We will carefully exploit this
in the following. Let us focus on (T2) and remark that (T3) is handled symmetrically. For (T2), we
see that

Pixy)nsy(w, x) <y Ay(hat(w), Ax) > v/2] > Py y)nsly(w, x) <O0Ay(ha(w), Ax) > /2],
and thus (T2) is at most
Py~ y(w, x) <OAy(ha(w), AX) > 7/2] = P y)ns[y(w, x) <O Ay (ha(w), Ax) > v/2].

Now introducing the expectation over the randomized rounding A and t as in the previous proof, and
using linearity of expectation, we want to bound the following expression with probability 1 — § over



sup <]EA,t [Pixy)~ply(w,x) < 0Ay(hat(w), Ax) > v/2]]—
weSd—1

Et[Prey)osly (%) < 0 A y{ha(w), Ax) > 7/2]]>

sup (B Paclyle,x) <0 Ay (i o(u), A%) > /2]

weSd—1
E s Pacly(w,x) <0 Ay(ha(w), Ax) > 7/211) . (14)

This now has a form that looks familiar. Concretely, we have a function
Yu(2,y) = Hy(w, z) <0} - Pa ¢[yha,c(w), Az) > v/2]. (15)

for each w € §%71, and wish to bound sup,, E(x y)~[¥w (X, ¥)] — E(xy)~s[thw(x,y)] with high
probability over S ~ D™. Rademacher complexity (see e.g.|[Shalev-Shwartz and Ben-David|[2014])
is one key tool for bounding such differences. In particular, the contraction principle from |Ledoux’
and Talagrand| [[1991]] allows us to bound such a supremum when the functions v, are composite
functions ¢,, = f o g, with f : R — R having bounded Lipschitz constant. In (Bartlett and
Mendelson| [2002]) this method is used, with f being the ramp loss, resulting in a bound on (14)) of

v/1/(7?n). We wish to take a similar approach for our 1), in (I3).

To argue that 1, = f o gy, With gy, (2, y) = y{w, ), we need the probability in (T5) to only depend
on the original margin y(w,z). This is precisely the statement of Claim [3] which is proven in
Appendix We thus proceed to bound the Lipschitz constant of the function f in (I3). To
avoid discontinuities, we have to alter v, (x, y) somewhat to not include the discontinuous indicator
function, and we eventually bound the Lipschitz constant L by roughly

L S 'Paglylhac(w), Az) > /2 | yw,z) = 0].
With a slight abuse of notation, we write Pa t[y(ha t(w), Az) > v/2 | y(w,z) = 0] to denote
the probability Pa ¢[y(ha +(w), Az) > ~/2| for an arbitrary z,w € S ! and y € {—1,1} with
y(w, x) = 0 as y(w, x) completely determines this probability as argued above.

Since our randomized rounding preserves inner products to within /2 except with probability
exp(—72k/c), we get L < v~ exp(—~2k/c). This finally bounds by

exp(—y2k/c)
7’n

This should be compared to proof by Grgnlund et al.|[2020a] that got a bound of ¢ exp(—~2k/c) and
the 1/1/(v?n) bound mentioned above. This improvement is precisely enough to derive our tight
Theorem Indeed, as mentioned in (T0), we can bound L2 (ha +(w)) — LYz (ha +(w)) by

\/ C(w)- k+ 12(6/5) L 12(6/5)

+ exp(—k/c).
If we ignore the exp(—k/c) term and set k = ¢y ?In(e/L4(w)), this gives the tight bound in
Theorem 21

Unfortunately, we cannot afford to ignore the exp(—k/c) term and we need additional ideas for
dealing with it. Recall that in the previous proof by |Grgnlund et al.| [2020a], it originates from
bounding

Ea[L¥p(has(w)) — LX3(has(w)] < Eaglsup L¥p(h) — £X3(h)] + Pa c[hac(w) & G,

heg
and upper bounding Pa ¢[ha t(w) ¢ G| by exp(—k/c). Here we instead consider an infinite
sequence of discretizations/grids Gy, G1, . . ., and argue that the random rounding A, t and training

set S is simultaneously good (for some appropriate definition) for all grids with high probability.
Here the grids G; correspond to increasingly large norms of ha (w), i.e. G; contains all vectors of
norm at most 2+ B¢ and all coordinates integer multiples of £~*/2. Multiple careful applications of
Cauchy-Schwartz, Jensen’s inequality and upper bounds on the probability that ha ¢(w) ¢ G; allows
us to finally get rid of the exp(—k/c) factor.



3 Main Proof

We now set out to prove Theorem [2] following the proof outline sketched in Section[2] We start by
a series of reductions that allow us to focus on a simpler task of establishing Theorem [2]only for a
small range of y and £§(w). We describe these reductions in Section and then proceed to the
main arguments in Section [3.2]

3.1 Setup

When eventually bounding the Lipschitz constant, as discussed in Section 2] the task turns out to be
simpler if ||z|2 = 1 (and not just |||z < 1) for all « in the support of D and if [(w, z)| < ¢, for
a constant ¢, sufficiently smaller than 1 for all hypotheses w and data points (z, y) in the support
of D. We reduce to this case in Appendix |Al The reduction maps every w € S to a vector in
H := S9! x {0}, and every z in the support of D to a vector in X', where X’ is the set of all vectors
2’ in 8 where the norm of =’ without its (d + 1)’st coordinate is at most c,,.

From hereon, we let D be an arbitrary distribution over X x {—1,1}, and set out to prove that there
is a constant ¢ > 1, such that with probability at least 1 — § over S ~ D", it holds for all margins
v € (n71/2,c,] and all w € H that

Lo(w) < L4(w) +c <\/ﬁg<w> : (1“(6/ £s(w) | In(e/ ‘”) o) dnle) ‘”) . 6)

v2n n v2n

Theorem 2] follows as a corollary.

Smaller Tasks. We now break the task of establishing (T6)) into smaller tasks, where we consider

margins + in a small range (y;,y;+1] and only vectors w € H with E(DB /i (w) in a small range
(£;,€;41]. The purpose here is, that for one sub-task, we can treat margins and margin losses as the
same within constant factors. A union bound over all the sub-tasks then suffices to establish (16).

For a given distribution D, partition the range of values of the margin v € (n’l/ 2 ¢, into intervals
[ = (27 'n=12 2in71/2) fori = 1,...,1gy(cyn'/?). Similarly, partition the possible values of
L) (w) € [0,1] into intervals Ly = [0,n~ ! and L; = (2°"'n"1, 2'n" | withi = 1,.. . 1g, n.

For a pair (T';, L;) with I'; = (;, Y1), define
HTi, L) = {weH: LY (w) e L}

For each pair (I';, L;) we now prove an equivalent of (16)), but tailored to the sub-task. The result is
stated in the following lemma

Lemma 3. There is a constant ¢ > 1, such that for any 0 < 6 < 1 and any pair (I';, L;) =
((visYix1)s (€5, £541]), it holds with probability at least 1 — § over a random sample S ~ D" that

sup  |Lp(w) — Lg(w)| <c (\/£j+1 (ln(e/@-ﬂ) + ln(e/é)) + Infe/t;1) + 1n(e/5)> .

2 2
weH (T, L) Vig1™ n Yig1M n
RIS ¥

(a7

Observe that while (T6) depends on « and (I7)) depends on +;1, this is fine since v < 7,1 for all

v € T';. However, recall that #(I';, L;) refers to w € H with ﬁg’/4)'yi (w) € Lj = (¢;,¢;41]. But
the £ terms in (T7) need to be replaced by £§(w) to obtain (16). Thus we relate the two via the
following lemma

Lemma 4. There is a constant ¢ > 1, such that for any 0 < § < 1 and any T'; = (i, Vit1], it holds
with probability at least 1 — 6 over a random sample S ~ D" that

y £§§’/4”i(w) . ln(e’yfﬂn) n In(e/0)
= 4 V. " |

Vw e H : L& (w) (18)

We combine the sub-tasks and conclude



Claim 1. For any 0 < § < 1, it holds with probability 1 — 0 over S ~ D" that equations
and (T8) simultaneously hold for all (T';, L;) and T';, with slightly different constants c.

Since Claim [I|follows by a simple union bound, exploiting that for different values of £;, 1 and 7;11,
we can afford to use different §; ; ~ § exp(—y2,; In(e/¢;11)) and §; ~ 5exp(f'yi_+21 In(ev?,1n)),
we have deferred the proof to Appendix [E]

A simple combination of and (I8) now gives

Claim 2. For any 0 < ¢ < 1 and training set S, if equations (IT’ITZP and (T8) hold simultaneously
forall (T';, L;) and T';, then equation (I6) holds for all v € (n="/%, ¢,| and all w € H for a large
enough constant ¢ > 1 in (16).

Claim 2] follows by using that v < ;41 for v € I';, and by using Lemma 4] to relate all occurrences
of {541 in to L1 (w). As this is rather straight forward calculations, we have deferred the proof
to Appendix [E]

What remains is thus to establish Lemma[3]and Lemma[] where we may now focus on a small range

of v and Eg’ /)i (w). While both require substantial work and non-trivial arguments, the proof of
Lemma ] follows mostly the previous work by [Grgnlund et al.| [2020a]] and has thus been deferred to

Appendix D]

3.2 Random Discretization

We now set out to prove Lemma[3| Solet 0 < § < 1, and fix a pair (I';, L;). Following the proof
outline in Section[2} we now consider the following random discretization of hypotheses in 7 (I';, L;):
Let k = k(, j) be an integer parameter to be determined. Sample a random &k X d matrix A with
each entry N'(0, 1/k) distributed as well as k random offsets t = (ty,...,t;) all independent and
uniformly distributed in [0, 1].

Let G be the set of all vectors in R* with coordinates in
{(1/2)10VE) ™t + 2(10VE) ™ | 2 € Z}.

For w € H and an outcome (A4, t) of (A, t), define h4 ((w) € G as the vector obtained as follows:
Consider each coordinate (Aw); and let z; denote the integer such that

(1/2)(10VE) ™! + 2;(10vVE) ™! < (Aw); < (1/2)(10VE) ™Y + (2 + 1)(10VE) L

Let (ha(w)); equal (1/2)(10vk)~" 4 2;(10vVE) "L if t; < p((Aw);) ((Aw); rounded down) and
otherwise let it equal (1/2)(10v/k)~' + (2z; + 1)(10vk)~!. By standard arguments, which we
have deferred to Appendix [E}, we can choose p((Aw);) € [0, 1] such that the expected value of the
coordinates satisfy E¢[(ha,¢(w))i] = (Aw);. The random discretization has the desirable property
that it approximately preserves margins/inner products as stated in the following

Lemma 5. There is a constant ¢ > 0, such that for any integer k > 1, w € H,x € X and any
v € (0,1], it holds that Pa ¢[|{ha +(w), Az) — (w,z)| > 7] < cexp(—v?k/c).

The proof of Lemma 5| follows the work by [Alon and Klartag|[2017] in their work on lower bounds
for the Johnson-Lindenstrauss transform, and has thus been deferred to Appendix [E| We now observe
that

Lo(w) = LIF (has(w)) + Pieyyoply(has(w), Ax) > 7:/2 Ay (w,x) < 0]
— Pixy)~p [y (has(w), Ax) < 7;/2 Ay (w,x) > 0].

Similarly, we have for v € T'; and any training set S that

LL(w) = LXE (has(w)) + Piyysly (has(w), Ax) > 7,/2 Ay (w,x) <]
- IP)(x,y)NS'[Y<hA,t (w)a AX> < 71/2 A y<wv X> > ’7]



We now have for any v € I'; that

sup (Lp(w) - £3(w)) =

weH(T,Ly;)
sup  (Ea LR (hae(w) = LXE (has(w)))+
weH(T;,Ly)

Ea+[Pply(ha t(w), Ax) > vi/2 ANy(w,x) < 0] — Pgly(hat(w), Ax) > v/2 Ny(w,x) < v]]+

Ea t[Psly(hat(w), Ax) <7i/2 Ay(w,x) > 7] = Pply(ha t(w), Ax) <7i/2 Ay (w,x) > OH)-
(19)

A critical observation is that the distribution of y(ha +(w), Az) depends only on y{w, x).

Claim 3. For any (z,y) € X x {—1,1} and any w € H, the distribution of y{ha ¢(w), Azx) is
completely determined from y{w, x).

We prove Claim [3]in Appendix B.1|by exploiting that the entries of A are i.i.d. N'(0, 1/k) distributed
and using the rotational invariance of the Gaussian distribution.

As outlined in the proof overview in Section 2} we can now use Claim 3] together with the contraction
inequality of Rademacher complexity to bound several of the terms in (I9). Similarly to the intro-
duction of the ramp loss in classic proofs of generalization for large-margin halfspaces, we need to
introduce a continuous function upper bounding the probabilities above. With this in mind, we now
define the following functions ¢ and p:

Pa t[y(ha t(w), Az) > /2 | y{w,x) = a] if —c, <a<0
ola) = %%O‘)IPA’t[yMA’t(w),Ax) >v/2 | ylw,z) =0] if0<a<y
0 ify, <a<e,

Pacly(hao(w), Az) <7i/2 | y(w,z) =] ifyi <a<e,
pla) = § 2Patly(ha(w), Az) < vi/2 | ylw,z) =] f0<a <y
0 if —cy <a<0
Here we slightly abuse notation and write Pa ¢[y(ha ¢(w), Ax) > v;/2 | y(w,z) = ] to denote
the probability Pa +[y(ha +(w), Ax) > ~;/2] for an arbitrary w € H, (z,y) € X x {—1,1} with
y(w, ) = a and remark that this probability is the same for all such w, x, y by Claim
We now observe that ¢ and p upper and lower bounds the terms in (T9)
Remark 6. For any training set S and distribution D over X X {—1 1}, we have

Ea t[Pxy)~ply(hat(w), Ax) > 7;/2 Ny(w,x) < 0] E(x y)~p[d(y(w,x))]

] <
Ea [P y)~sy(hat(w), Ax) > 7i/2 Ny(w,x) < 7] > Ex y)ns[@(y(w, x))]
EA,t[P(x,y)NS[Y<hA-,t(w)7 AX> < A/i/2 A Y< w, > 7]] < E 7}')NS'[p(Y< 7X>)]
Ea ¢[Px,y)~ply(hat(w), Ax) <7;/2 Ny(w,x) > 0] > E yyup[p(y(w, x))]

The proof of Remark [f] follows from the definition of ¢ and p, along with monotonicity of
Pa t[y(ha s(w),Az) > v; | y(w,xz) = a] as a function of a. The proofs have been deferred
to Appendix [E] Continuing from (T9) using Remark [6] linearity of expectation and the triangle
inequality, we have for any y € I'; that

sup  Lp(w)— Li(w) < sup E[c’g/?(hA,t(w))ﬁ?”(m,t(wm' 0)
weM(Ti,L;) weH (Ts,Ly) | At
+ s | E _ywx)- E [¢><y<w,x>n\ e
weH(T;,L;) |(xy)~D (x,y)~S
¥ E X)) - E L @
N TR x>>1| 22)

In Appendix [C} we carefully use Bernstein’s plus a (highly non-trivial) union bound over infinitely
many grids of increasing size to bound (20) as follows



Lemma 7. There is a constant ¢ > 0 such that with probability at least 1 — § over S ~ D™ we have

n n

<. \/ (tys1 -+ exp(—12, K/ (k + In(e/8) | (k-+In(e/d))

In Appendix [B] we then use Rademacher complexity and a bound on the Lipschitz constants of ¢ and
p to bound 1) and (22)) as follows

Lemma 8. There are constants ¢,c’ > 0 such that when k > ¢/ 7;_21, it holds with probability at least
1 — 6 over S ~ D™ that

max{ @), @} < coxp(—7Z1k/c) -/ (k+ 73 +In(e/8)/n.

To balance the expressions in Lemma [7| and Lemma [8) we now set k = C%‘fl In(e/€j41) for a
sufficiently large constant ¢ > 0 so that exp(—vZ,,k/c) < ¢;j11/e and k > C/’Yifr Combining
Lemma(7)and Lemma 8] via a union bound with ¢’ = §/2 and inserting into (20), 1)) and (22) gives

LS La(w) - £3) < (651 m(e/tg00) + n(e/a))n)

weof ()G (viza In(e/¢j41) +In(e/9)) N Yipa n(e/lj1) +In(e/d)
n n ’
for a constant ¢ > 0. This completes the proof of Lemma 3] which together with Lemma @] completes
the proof of our main result, Theorem 2}

4 Conclusion

We have established the first asymptotically tight generalization bound for large-margin halfspaces,
resolving a long-standing gap between upper and lower bounds in this fundamental setting. Our main
theorem precisely characterizes the interplay between the margin, empirical margin loss, sample
size, and confidence parameter. The proof introduces several new analytical techniques, including a
refined initial analysis and a Rademacher-based treatment of randomized rounding.

Beyond settling the generalization theory of large margin halfspaces, our framework provides novel
tools that may prove useful for deriving tight bounds in related models. Concretely, our techniques
are in essence a refinement of the techniques introduced by [Schapire et al.| [[1998]] for proving
generalization of large margin voting classifiers. For voting classifiers, the best known generalization
upper (Gao and Zhou|[2013])) and lower bounds (Grgnlund et al.| [2020b]]) for finite hypothesis sets
have a similar logarithmic gap as our techniques managed to remove for halfspaces. Another related
topic is kernel methods, in particular in the context of support vector machines. Here there are also
prior works deriving generalization bounds based on margins, see e.g.|Cortes et al.|[2010]], however
these works are not "first-order bounds", i.e. the /- terms in the generalization bounds do not decrease
with £ (w). We are hopeful that our techniques may also yield improvements in these areas of interest.
In particular, it is worth mentioning that the original Johnson-Lindenstrauss transform |Johnson and
Lindenstrauss|[|1984]] also provides dimensionality reduction from infinite-dimensional Hilbert spaces
(e.g. kernel space), thus suggesting that a similar randomized discretization might be possible.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claim made in the abstract is made explicit in the introduction and proved
in Section 3l

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Limitations inside the setting are discussed when relevant. As the paper is
theoretical, practical application of the theory depends on whether the data fits the theoretical
model, which is intrinsic to theoretical work in general.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: The main theorem is proved in section [3|and all deferred proofs and reduction
arguments have explicit directions to their position in appendices. A proof overview is also
provided.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: The paper does not violate the NeurIPS Code of Ethics
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: The paper and its results are in foundational/pure research.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper does not release new assets or data.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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13.

14.

15.

16.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing and research with human subjects
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing and research with human subjects
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: No LLMs were used to create this paper
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Simplifying the Setting

As is usual in analysis of halfspace classifiers, we restrict to data = of at most unit norm and
normalized halfspaces w without bias. Our main result[2]is stated under this restriction. The more
general result, for non-homogenous halfspaces and data x of any norm, stated below, follows from
the homogeneous case.

Theorem 9. There is a constant ¢ > 0 such that for any radius R > 0 and distribution D over
R-BY x {—1, 1}, it holds with probability at least 1 —§ over S ~ D™ that for everyw € S1. b € R

and every margin Rn~1/2 < v < R, we have
Lp(w,b) < L (w,b)
2 v 2 2 2
—s—c(\/ﬁg(w,b)- (R In(e/L(w,b)) n ln(e/é)) N R?In(ey*n/R?) N ln(e/é)))

v2n n v32n n

where Lp(w,b) = P yyoplsign ((w,x) +b) # y| and Li(w,b) = |{(z,y) € S
y ((w, z) +b) < ~v}|/|S] for a set of samples S.

Proof. First observe that for points in the ball of radius R, any halfspace (w, b) with |b| > R makes
the same classifications as the halfspace (w, sign(b)R). We thus assume wlog. that || < R. Let D
be a distribution over R - B¢ x {—1,1}. Map any sample (z, ) in the support of D to the sample
(2’,y) where 2’ is obtained by prepending a coordinate hardcoded to R and then scaling the resulting
vector by 1/v/2R2. Similarly, map any non-homogeneous halfspace (w, b) € S4~! x [~ R, R] to the
homogeneous halfspace w’ obtained by prepending a coordinate to w that is hardcoded to b/ R and
then scaling the resulting vector by 1/4/(b/R)? 4+ 1. We have ||w’|| = 1 and ||z’|| < 1. Furthermore
(w', 2"y = (2R?((b/R)? + 1))~ Y2(b + (w, z)). It follows that w’ makes the same prediction on z’
as (w, b) does on . Furthermore, the resulting margin is at least a factor (2R?((b/R)? + 1))~ /2 >

1/(2R) of the original margin. Theorem@] now follows from Theoremby replacing all occurrences
of v by v/(2R). O

In the main proof we reduce to a setting more favorable for analysis, here we give the details for the
reduction, and the argument that no generality was lost.

Observation 1. Without loss of generality, we can assume that the vectors x in the support of D have
unit norm and all margins lie in the range [—c.,, c| for a constant 0 < ¢, < 1.

Proof. Consider the following distribution D’ obtained by sampling an (x,y) ~ D and replacing
x by x' = (¢yx) x {{/1 —¢2|x|3} € 8¢ for a sufficiently small constant 0 < ¢, < 1. That
is, scale down all coordinates of x by ¢, and append a (d + 1)’st coordinate taking the value

\/1 — |[x||3. Then the norm of the resulting point X’ is \/C?YHXH% +1—c2|x[3 = 1. Similarly,
for any w € 8?1, consider instead the hypothesis w’ = w x {0}. We observe that for any z, w, we
have that (w’, 2’) = (w, ¢yx) = ¢y (w, x) and thus lies in the range [—c,, ¢,] by Cauchy-Schwartz.
This also implies that sign({w’, 2’)) = sign({w, x)) and thus the generalization error of w’ under D’
and w under D are the same.

Theorem 2] follows as an immediate corollary of (T6), since margins change by a ¢, factor in our
transformation of the input distribution. Since ¢, is a constant, this disappears in the constant factor
¢ in Theorem [2| (note that for margins v € [n~/2, ¢ 'n~1/2) in Theorem 2l we cannot use the
reduction, but here Theoremfollows trivially as c¢In(ey?n)/(y2n) > 1 for sufficiently large ¢). [

B Rademacher Bounds

In this section, we use Rademacher complexity and the contraction inequality to prove Lemmal(§] We
focus on bounding and note that is handled symmetrically.
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For a training set S € (X x {—1,1})", consider the empirical Rademacher complexity (for o =
(01,-..,0n) avector of independent and uniform variables in {—1,1}):

-E, sup Z aid(yi(w, z;))

wGH(Fi,L]‘) (xi,yi)ES

. 1
Romriny)(8) = —

E, [sp Y oi(yidw, )

1

<=

n
_wE?—L (zi,y:)€ES

If ¢ is Ly-Lipschitz, then the contraction inequality from Ledoux and Talagrand| [1991]] gives that

o L
Ren(S) < 2% E, |sup E oy (w, ;)
n weEH
(zi,y4)ES

Using Cauchy-Schwartz, this is bounded by

L

7A2¢77.L(S) g%’ -Eg | sup <w,( Z oq;yixi>

weH i,y €S

= <31€1%||w2) Eq > o

(wi,yi)ES 2

2

Sﬁ' Eq Z TiYii

(zi,y:)€S 2

:% LYY Eoloioglyay (i, xg)

(@i,9i)€S (w5,y;)€S
_Le
=75
Since this inequality holds for all S with each (z,y) € S satisfying ||z||2 = 1, we have for the
distribution D that the Rademacher complexity
Rp.p.1(n) = Es~pn[Rou(S)],
satisfies Rp 4 2(n) < Lg/y/n. By Lemmaand Y = 7Yi+1/2, we have that ¢ is bounded by

0<g(a) < max_ Pailylhac(w) Az) > /2 [y(w,z) = a] < cexp(—kv7,/c),
e

for a constant ¢ > 0. We conclude from standard results on Rademacher complexity (see e.g.|Shalev/
Shwartz and Ben-David|[[2014])), that with probability 1 — § over a sample S ~ D™ it holds that

Sup |E(X7)’)ND[¢(y<w7 X>)] - E(x,y)~5[¢(y<w7 X>)]| <
weH(T;,Lj)

2Rppn(n) +cr (cexp(_k%?ﬂ/c) ln(ln/5)> <

In(1 /5)>

2L
T;f +CRr (CGXP(—/C%QH/C)

where cp > 0 is a constant. Symmetric arguments bounds p by the same, with the Lipschitz constant
L, of pin place of L.

We now use the following bound on the Lipschitz constants of ¢ and p
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Lemma 10. There are constants cr,,c > 0 such that the Lipschitz constants Ly and L, of ¢ and p
are bounded by

cvexp(—r2ik/en) - (VE+7).
when k > 07;_21.

We prove this lemma in the next section. We thus conclude that with probability at least 1 — § over
S ~ D™, we have

sup  [Egey)on d(y(w,x))] — Egyynsloly (w,x))]| <

weH(I'y,Lj)
crexp(—yk/cr) (\/E + %111) ) In(1/4)
2. 7 +cr | cexp(—kvi i /c) p .

The same bound holds for p via Lemma[I0] which completes the proof of Lemma [§]

B.1 Bounding the Lipschitz Constants
In this section, we proceed to bound the Lipschitz constants of ¢ and p and thereby prove Lemma
We split it into two tasks depending on the value of a. The simplest case is the following

Lemma 11. There is a constant ¢ > 0 such that the Lipschitz constants of ¢ and p, when 0 < o < 7y;,
are less than: )
cexp(—kv;y,/c)
Yi+1
Proof. Since ¢ is linear when 0 < a < vy, its Lipschitz constant equals the slope of the line, i.e.
1
— Pasly(has(w), Az) > 7;/2 | y(w,z) = 0].

By Lemma and using 7; = 7;41/2, this is bounded by
cexp(—vZ,,k/c)
Yit+1 ’

for a constant ¢ > 0. The same arguments applies immediately to p. O

The trickier case is when a € [—c,, 0] for ¢ and when « € (7, ¢, ] for p. If we set ¢, < 1/1/2, then
we have

Lemma 12. There is a constant ¢ > 0 such that the Lipschitz constant of ¢ when o € [—1/+/2,0]
and p when o € ('yi, 1/\/ﬂ is less than

cexp (=71 k/c) VE,
fork > C'y;fl.

Combining this result with Lemma [TT|completes the proof of Lemma|I0}

To prove Lemma we need to bound the Lipschitz constants of ¢ when a € [—1/+/2,0] and p
when o € (%-, 1/ \/ﬂ . We will go through the details for ¢, and comment how the argument for p
differs along the way.

First recall the following claim

Restatement of Claim [3| For any (x,y) € X x {—1,1} and any w € H, the distribution of
y(ha t(w), Az) is completely determined from y(w, x).

As we need to understand the distribution of the random variable y(ha ¢(w), Az) to bound the

Lipschitz constants of ¢ and p, we proceed to give the proof of Claim [3| while introducing convenient
notation for establishing Lemma[12]
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Proof. Firstly, write ha t(w) = Aw + v with v = (ha ¢(w) — Aw). Then observe that (Aw); =

(a;, w) ~ N(0, ||lw|]*/k) i/\/(O7 1/k) where a; denotes the i’th row of A.. Here £ denotes equality
in distribution. Now write * = (w,z)w + u where (u,w) = 0 and |[ul]? = |z|? — (w,z)? =
1 — (w,z)? (i.e. a Gram-Schmidt step). We have (Ax); = (a;, w)(w, ) + {(a;,u). By rotational
invariance of the Gaussian distribution and orthogonality of w and u, we have that (a;,u) ~
N(0, (1 — (w,z)?)/k) and that this is independent of (a;,w). Using the independence, we also
conclude that if we condition on any fixed outcome of ¢; = (Aw);, we have that ¢;{a;,u) is
N(0,c2(1 — (w, x)?)/k) distributed.

We now argue that we can sample from the distribution of y(ha ¢(w), Az) = (hat(w), yAz)
knowing only y(w,z) as follows: Sample independent N (0,1/k) distributed random variables
Xi,...,X. Next sample independent N(0, (1 — y?(w, z)?)/k) distributed random variables

Yi,...,Ygand let Z; = y(w,2)X; +Y; 4 y(w, z)X; + yY;, where the last step follows from
independence of X; and Y; and symmetry in the distribution of Y;. Let X be the vector with the
X,’s as entries and Z similarly. Then the joint distribution of (X, Z) is equal to the joint distribution
of (Aw,yAxz). Finally draw offsets t/, . .., t}, uniformly and independently in [0, 1] and round X;

to a number of the form (1/2)(10v/k)~" 4 2(10v/k)~" for z € Z as in the definition of /4 ¢. The
resulting variables X/, satisfy that y{ha ¢(w), Az) 4 (X', Z). O

With Claim [3] established, we will use the notation in the proof as we proceed with bounding the
Lipschitz constants of ¢ and p.

Let a = y(w,z) for some w € H and (z,y) € X x {—1,1} and a € [~1/+/2,0] (for p, let
a € (7i,1/V2)). Let X; ~ N(0,1/k), Y; ~ N(0, (1 — a?)/k) and let X/ be the random rounding
of X;. We argued, in the proof of Claim that y(ha ¢(w), Az) < (X’,aX +Y). Let additionally

E; be the event that X/, is rounded up. For notational convenience, let M; = \/EXZ- and observe that
M; ~ N(0,1). With this notation, we have that X/ has the form

X, = ﬁ QmMi - MZmJ +{E} + ;) :

Hence,
@
VEk

Recall that the variables t; and M; determine X;, E; and thus also X/. If we condition on an outcome
t, = t; and M; = M;, only Y, remains random. We may thus write

y(hat(w), Az) L (X, aX +Y) = — (X', M) + (X', Y).

Ply(ha t(w), Ax) > 7;/2] =

P [\;%(X’,M> +(XY) > %/2} =

/ fMA,t(M,t)IP’[ <X’,M)+<X’7Y>>%/2’Mi:Mi,ti:tl} d(M,t) =
RFx[0,1]% VE

(07

/kam]k v (M, )P {\/E<X’7M> +(X,Y) > %-/2] d(M,t),

where fr (M, t) is the joint probability density function of M and t.

Let us now define N; such that Y; = 4/ 1’;‘2 N; and let N = (Ny,...,Ng). Then N; ~ N (0, 1)
and the event

(X, M) + (X, Y) > /2,

gs
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may be rewritten as

%(X’,M> FUXLY) > /2 = (X Y) > /2 — %(X’,M) —
W(x’,m > /2 — %(X’,M) =
L X, N) > 312 - M) =

(X /X2 N) > ﬁ%gﬁﬁ

Observe that (X'/|| X’||2,N) ~ N(0,1). If we let ® denote the cumulative density function of a
standard normal distribution, then we have established

Plyae) An) >/ = [ e (1 0 (@%gnm» (.1

= o VE/2— (X M)
- /ka[o,l]k faa (M) (1 o < Woer T ah )) d(M, ).
(23)

In the last equality, we use that M and t are independent and that the probability density function of
t is 1 since each t; is uniform in [0, 1]. This reduces fas (M, ) to the probability density function
fm (M) of M alone.

The same arguments for p also gives the integral (23), with the small difference that (1 — ®(-))
is replaced by ®(-). This difference is irrelevant, since to bound the Lipschitz constant, we will
differentiate and bound the differential’s absolute value.

Let g(M, t, «) be the integrant above, we want to differentiate kax[o,uk g(M,t,«) d(M,t) by
differentiating under the integral. Standard measure theory results (Theorem 6.28, Klenke] [2020])
allows us to do this if we satisfy three conditions. These conditions are, in this case, equivalent to the
following

i) for all constant v, the integral fw‘x[o 1" g(M,t,«) d(M,t) is finite.
ii) for all constant M, ¢, the partial differential of g(M, t, o) with respect to « exists.
iii) There exists a function h(M,t), where kax[o 1 h(M,t) d(M,t) is finite and such that
|2 g(M,t, )| < h(M,t) for all a.

The first two conditions are straightforward: The integral is equal to a probability, which is finite.
And g is a combination of differentiable functions making it differentiable itself. The last condition
is more cumbersome, but the goal of this proof is to upperbound the integral by a constant, which
clearly doesn’t depend on «. Hence the last condition will be satisfied during the proof.

Hence we can continue with our differentiation by differentiating under the integral.

‘ y(has(w), Az) > 7,/2)| =

9 _ VEyi/2 — a(X', M) B
/ka[o,uk g M <1 (I)< V1—a?| X[l )) )=

2
S L Vv /2 — a(X', M) ovky (X7 N
37 o 0 2( =X, ) ((1—a2)3/2|X’|2> e

1 (VEyi/2 = afX', M))?\ | 252 — (X', M)
21 Jrkxio, - XE ) |0 e,

IN

fm(M) exp (— d(M,t).
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For both o € [~1/+/2,0] and & € (3, 1/v/2], we have that 1 > (1 — a?) > 1/2 and thus, for both
¢ and p, the above is upper bounded by

i faa(M) exp <_ (VEn/2 = alX’ M>>2> Vi + 1,10

d(M,t)

2m Jrrxjo,1)r 2)1x7113 X" ]l2

_(\/E%/Q — a(X', M))? Vi
< /ka[o’l]ka(M) exp< 21 X712 ) <||X’||2 + ||M|2> d(M,t).

We now use that | X/| > (1/2)(10v/k)~" for all 4. This implies || X’|2 > 1/k(1/4)(10vk)=2 =

1/20. We may thus further upper bound the above by

- exp [ /F7/2 = alX, M))2 |
20 /ka[o,l]ka(M) p( X2 )(\/%%+||M||2) d(M,t). (24

We will bound (24)), by splitting it into 3 cases:

9 9 4 4
i) [IM]5 < 5k ii) 7ok < 1Mz < Sk iii) || M]3 > Sk
The arguments for cases i) and iii) do not depend on «, and hence are identical for p and ¢. In those
cases, we simply exploit that | M||3 ~ x7 and thus these cases are very unlikely. This implies that
the integral over f;(M) is so small that we can afford to upper bound the exponential term in (24)
by 1. For case ii), we can use the assumptions on || M ||3 to show that the exponential term is no more
than cexp(—~y2k/c) for a constant ¢ > 0. We proceed to the three cases.

case i). We simply upper bound the exponential term in (24) by 1 and use the assumption that
[M]|3 < 3k to conclude

o (_ (B2 ol ) ) (Vi + M) < 2VF,

Now since M is multivariate standard normal, || M||3 is x3 distributed. Let Z ~ 3 with probability
density function fz(z). Then the integral in (24) in is bounded by:

9k/10

10V Fa(M) dM = 40\/E/ f2(2) dz = 40VE - P|Z < 9k/10),
(\/9k/10)B% 0

which by Theorem [I7]is less than

80Vk exp (—k~?2/800) .

case ii). We use the assumption that S5k < |[M||3 < 3k together with the following observations

Remark 13. If || X |3 < 4/3, then || X'||2 < 2.
Remark 14. If | X |2 > 9/10, then (8/9)|| X |13 < (X, X") < (10/9)|| X ||2.

We prove Remark and Remark|14|in Appendix Since VEX = M, Remark gives (X', M) >
(8/10)v/k and hence

2

Vv 3VE; Vi 9k~?

; (X M) < - < — C—a(X M) | < -——2

o>y = 5 al(X', M) < 10 <0= 5 (X', M) | < 100
2

a<0= %—Mx’,mz@zo — (‘/;MX/,M)) <- Zﬁ.

Hence for both ¢ and p, the last two factors of the integral in (24) are bounded by:

exp (—(\/E%Q_MXI’M»Q) (\/E%- + ||M||2) < g\/%exp (— Ok >

2 X713 100 - 4
Which gives the following:

2
50V k exp (—k%

2
) / fm (M) dM < 50Vk exp (—k%> .
50/ J(\/ok/10-BE)C N (\/4k/3-BE)

50
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case iii). We bound the last two factors of the integral (24) under the assumption that || M3 > 3k.
Here we simply upper bound the exponential by 1 and get

exp (_(\/E%/Z—;%(’,Mﬂ > (\/g% + ||M||2) < 2| M|z,

hence the integral (24) is bounded by:

40/ fm(M)||M]|2 dM. (25)
(1/4k/3-B5)C

Recall that |[M||3 ~ x? and let Z ~ X7 with probability density function fz(z). Then the inte-
gral (25) is equal to

40 h fz(2)Vz dz.

4k/3

Letalso L; = [4k-2%, 3k - 2"*1) for i € Z>(. By definition, the L;’s partition [3k,00), and we
upper bound with:

k. 1oi/2 4 il o2

40 E /L»fZ(Z) 3k 9it1 sz?O\/EZP[ZeLl]Q g7o\/E§ :p[zzgk 2]2 .
=0 1=0 i=0

Using the following remark:

Remark 15 (Laurent and Massart|[2000], equation 4.3, page 1326).
LetZ ~ X%’ y > 0 then:

P[Z > 2/ky + 2y + k] < exp(—y).

With y = c%k, where ¢ = 8%2i. We have:

4 8 4v/3 1 .4 )
2vVky+2y+ k= <ﬁ\/§+03+1>k§ (;4[+24+1>k-21§3k~2’.

Hence we can finish the bound for this case, using the assumption that k& > ~; 2721n(2)

e 4 J . i 1 N
0VEY P [z > 2k 2%] 22 <T0Vk Y exp (—48k : 2%) 21/2
i=0 =0

1\ & 1\,
< 70Vk exp (—48]6) ZeXp (—4816) 21/2
i=0

1
< 140Vk exp (—48k"yi2> .

Collecting the three cases. Hence in total |2 ¢| for a € [—1/v/2,0] and | 2 p| for o € (i, 1v/2]
are bounded by:

k~? 1
80Vk exp (—ky2/800) + 50Vk exp (— 576 ) + 140Vk exp (—481%2)

< 140Vk exp (—k~72/800) .

Using that ;11 = 2;, this completes the proof of Lemma[12]

C Meet in the Middle Bound

The goal of this section is to prove the following
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Restatement of Lemmal(7, There is a constant ¢ > 0 such that with probability at least 1 — § over
S ~ D" we have

sup  [EaclLhf (hae(w) = £3E (hae(w))]] <

wGH(Fi,LJ)

¢ (g1 + exp(—71 /) (k + In(e/8)) | (k -+ Ine/8))

n n

Notice here that the two losses E'Xg(h A t(w)) and ﬁkéQ(h A t(w)) refer to the same margin -y; /2
and ha ¢(w) has been discretized to have all coordinates of the form (1/2)(10vk) ™" + 2(10vk)~*
for integer z. Intuitively, we will try to exploit this discretization to union bound over a grid
of finitely many hypotheses. Unfortunately, the random matrix A may increase the norm of w
arbitrarily much, and thus a single grid is insufficient. Instead, we need an infinite sequence of
grids. For this, let Gy denote the set of all vectors in 4]]3%’2C whose coordinates are of the form
(1/2)(10vE) =" + 2(10v/k) " for integer 2. More generally, let G; for i > 0 denote the set of all
vectors in (2 - 4B%) whose coordinates are of this form. Since ||z||; < V&|z|2 for any z € R¥,
we have that G; C (2' - 4B%) C V/E(2° - 4B%). For a vector = € G;, let i(z) = (i1,. .., ;) denote
the integers so that z = (10v/k)~%i(x) 4 (1/2)(10vk)~'1 with 1 € RF the all-1’s vector. Then by
the triangle inequality, we have (10v/k)~!i(z)|l2 < ||zl + (1/2)(10vVE) 1|12 < 2 - 4 + 1/20.
This implies ||i(z)||; < (10vVk)VE(2° -4+ 1/20) < (5 - 2'F3 4 1)k. Since each coordinate of i(x)

. . . . 5.2¢13 _ .
is an integer, there are thus at most 2¥ choices for the signs and Zg":g +hk (k+: 1) choices for
the absolute values of the integers. That is, we have

(5-2°F3 1 1)k A ‘
Gl <28 ) <k+§_ 1) < g0k < 92T (26)
t=0

We now start by considering a fixed outcome A of the random matrix A. For such a fixed A, the
training set S behaves well in the sense that £, ,(w) and £),5(w) are close with high probability for
any w. This is formalized in the following remark

Remark 16. For any distribution D over X x {—1,1}, fixed w € H, margin v and any A € R¥*4,
it holds with probability at least 1 — § over S ~ D" that

8L0p(w) In(1/5) | 2In(1/5)

n n

|Cap(w) = Lg(w)] < \/

The proof of Remark[T6]is a simple application of Bernstein’s and can be found in Appendix [E]

In Lemma 7] the matrix A is not fixed but random. Thus we need to find a formal property of the
training set S under which £/ (ha ¢(w)) and L4 (ha +(w)) are close in expectation over the
random choice of A. With this goal in mind, we now say that a matrix A in the support of A and a

training set S has distortion at least 3, if there is a grid G, and a vector w € G, such that

i/2 a n a
|£Zx%2(w) _['ins/z(w” s \/8574@ (w)(2 ;%—H (1/4)) N 2(2 +7I€;|1—1n(1/5))

For a training set S, we use D3(.5) to denote the set of matrices A with distortion at least 3 for S.

We observe that for a fixed matrix A, grid G, and § > 1, we have by Remark [16| with ¢/, =
(6/22"7"%)# and a union bound over all w € G,, that with probability at least 1 — |G, |07, it holds for
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all w € G, that

L2 (w) In(1/67) L 2In(1/%)

£ (w) = L7387 (w) -

L2 (w) (820 7k + BIn(1/6)) | 208247k + BIn(1/6)

QQ

s \/ 8L (w) (294 7k + In(1/5)) | 2027k + In(1/5))

Thus for 5 > 2, we have

Ps[A € Ds(S)] < D 1Gald,
=0

< Z §8 . 9= (B=12""k
a=0
<2.60 .27 (B-12"k,
By Markov’s inequality, we have

Ps[Pa[A € D5(S)] > 2-6%/2 -2~ (0=D2W) < RO =
- EA[]PS[A € DB

T 9.68/2.9-(B—
< P12 . 9= (B~ 1)26 )

Now call a training set S representative if it holds for every 3 = 2" with integer h > 1 that
PAlA € Ds(S)] < 2-6%/2. 27 (B-D2%
A union bound implies that S is representative with probability at least

2h=1 5 (2h—1)25k J
1—225 : >1- oy 210

Now define for integer h 2 1 the set
Kp(S) = Dan(S) \ (UpZ 11 D20 () -
Let K (S) be defined as
Ko(S) = supp(A) \ (UpZ1 Do (95)) -

For any w € H, we may use the triangle inequality to conclude

[EadlCRE (hae(w) = L3E (has(w))]| <

> Ea [|£55 (hasw) = L35 (has(w))] | A € Kn(S)| PAIA € Kn(S)).
h=0

Now consider an A € K}, (S). Then A has distortion no more than 2"+ by definition of K},(S).
This implies that if h 4 ;(w) is in G, but not G, for b < a, then ||k (w)||2 > 24T by definition of
Gp and we get

L35 (hae(w)) — L3587 (ha(w))] <

oht1 \/ 8L (w)(20+7k + In(1/9)) L 22k +1n(1/6))

n n

28y ()] - \/8£ng(w)(k +1n(1/6)  2(k+In(1/9))
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Using Cauchy-Schwartz, we thus get for any w € H that

[EalC3F (hae(w) — L35 (hao(w))]] <

00 vi/2 w n
3 2Ry, [|hA,t(w)||2. <\/8£AD( )(k+1 (1/5))Jr

h=0 n
W) | A e K;L(S)]]P’A[A € Ki(9)) <
S 208\ Eac[lha )]} | A € Ki(S)] -
h=0
vi/2 ?
- (\/ SCRE (W)l +1(1/0) , 2 +1;<1/6>)) A ()| BalA € Ku(S)

By Cauchy-Schwartz, this is at most

\l 222h+16EA7t[”hA7t(w)Hg | A € K,(S)|PA[A € Kx(5)] -
h=0

2

o vi/2
S Ea, (\/SL‘AD (w)(k +10(1/5)) 20k + 1n(1/5))) S
h=0

n n

Using Cauchy-Schwartz again and Jensen’s inequality, the first sum is bounded by

222h+16EA,tH|hA’t(w)||g | A € Kp(S)|PalA € Ku(5)] <
h=0

Y 2HOPA[A € K(S)] - J Y Easllhas(w)3| A € Kn(S)2PalA € Kn(S)] <
h=0 h=0

h=0

S 2HUEA[A € Dy ()] J S Enallbac()li | A € Ki(S)PalA € Kn(S)] <
h=0

J Z 24h+649(§ /22Th+1)(2"~1)/2 . \/EA,t[HhA,t(w)H%] <

h=0

25\ [Ba el e (w)]14)

Using Jensen’s inequality on the second sum, we find that

2

oo vil
> Ea (\/ S ()4 1n(1/9) | 20k +1n(1/ 5”) | A € Kiu(S)| PalA € Ki(S)] =
h=0

n n

2

n n

En. (\/SEX{f(w)(k +In(1/8)) | 2(k+ 1n(1/5)))

For positive constants ¢y, c1, ca, we have that the function f(t) = (y/cot + ¢1 + ¢2)? is concave for
t > 0. To see this, we compute its derivative

") = 2(v/cot + % _ +&’
fo=stvattare) s =" Varra
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and its second derivative

2
" —CpC2
t)=— 02,
7o 2(cot + ¢1)3/2

This is a negative function for ¢ > 0. We thus use Jensen’s inequality to conclude

2
- ( \/ SEXF (0)(k+0(1/8) 20k + 1n(1/5)))

n n

2

J e [ERE ] (- 10/9) 500+ miy/s)

n n

Combining it all, we have thus shown
[EacLXF (has(w) = L35 (hae())]| <

2

SEa L5 (w)] (k+1n(1/6)) | 20+ 1n(1/3))

n n

IN

V2 VB llba )l

8Ea ¢ [Qﬁ{f(w)} (k +1n(1/6)) | 2k +n(1/9))

217 . ]E h 1411/4 A
Atlllhae(w)s] - ~

We now bound E 4 ¢[[|ha ¢(w)]|3] as follows

Eatlllha.c(w)ll3]
Eatll[Aw + (hat(w) — Aw)|)3] <

Encl(|Aw]z + [has(w) = Awls)"]

(14ws+ W)] _

Eas [(1Aw]2 +1/10)*] =

1 /4
> <b>EA,t[|Aw||3]10‘<4"’>.

b=0

IN

Ea ¢

Recalling that || Awl|3 ~ (1/k)x3, we have from the moments of the chi-square distribution that for
even k > 4:

_ 00 (24 EK/2)!
EasllAwlf] < Bac[lAvll) = K Ea(Av])?) = k22 e <4
Hence
174
Easllhac@)li < (b)4 1009 < (44 1/10)" < 5,
b=0
We thus have

[EaC3F (has(w)) = L35 (hae(w))]| <

o J 8Ea.t [CAp (w)] (k+1In(1/6)) | 2k +In(1/6))

n n
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Finally, we exploit that for any w € H(T';, L;), we have by definition that [Z(D?’M)% (w) < £j41. Thus
for any such w, we have
Ea (L35 ()] = Ea ¢[Piy)~p y{ha e(w), Ax) < 7i/2]]
= Exy)~p[Pacly(hac(w), Ax) < 7i/2]]
< Pixy)nply(w, x) < (3/4)7]
+ Eey)nn[Pas[y(hae(w), Ax) <7i/2] | y(w,x) > (3/4)7i]

< LY w)+  sup  [Pasllhas(w), Az) < 7i/2 | y(w,z) = ).
u>(3/4)7i

Using Lemmaand that Eg’/ i (w) € L; by definition of H(T';, L;), there is a constant ¢ > 0 such
that this is bounded by

< LB (w) 4 cexp(—k(vi/4)%/c)
< i1 + cexp(—kn2 /(16¢)).

We have thus reached the conclusion that there is a constant ¢ > 0, such that with probability at least
1 —§ over S ~ D7, it holds that

sup  [EaclLRp (hae(w) — L34 (has(w))]| <
wG"H,(Fi,L_,»)

N ¢ (1 +exp(—haZ, /o) (h+ In(1/)) | k-+1n(1/0)

n n

This completes the proof of Lemma 7]

D Within Constant Factors

In this section we prove

Restatement of Lemma [ There is a constant ¢ > 1, such that for any 0 < § < 1 and any
T = (4, Yi+1], it holds with probability at least 1 — & over a random sample S ~ D™ that

(3/4)7% (en?
Vo e H: Lyw) > L W ( n(erian) | ln(e/5)> '
4 Vi1 n

The proof follows mostly the ideas in|Grgnlund et al.|[2020a]] that were outlined in the proof overview
in Section 21

Proof. Let k > 1 be a parameter to be determined and consider the random construction of A and t
as defined in Section Let G, be defined as in Section i.e. G, contains all vectors in 2¢ - 4]]33’5.
We say that a matrix A in the support of A and a training set S is a-unusual, if there is a vector
w € Gq such that

LI (w) 2"k +In(1/)
2 n '

For a fixed matrix A and vector w € W), we have by Bernstein’s inequality and Eg [E(A?f)w (w)] =
L:gés)% (w) that

142
LU ) — L5 )| > 1/n] < exp |~ |
b 0 )| > t/n] n LT () + 1t

(7/8)vi
- (czw . Z) |
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with Z = 161n(1/a)/n gives

, , £(7/8)%‘
Pg [ ESZS/S)% (w) — Egé&% (’LU)‘ > ( AD (w) +Z

2
2
T/9)% (4
%2 (LAD2 ( )+Z>
- v T/9% (1
n L[S () + 2 (%;2 ( >+Z>

oo [ max{ LG (w), 2)
=P 2n maX{E( /8)'“ (w), Z}
AD ,

< exp

A union bound over all w € Gy with o/ = «/ 627k gives that a fixed matrix A is a-unusual for
S ~ D™ with probability at most
o
‘go ‘ 6277’6 < .
Now call a training set S a-representative if A is a-unusual for S with probability less than 1/4. By
Markov’s inequality, we have

Es[Pa[(S, A) is a-unusuall]

Ps[PA[(S,A) is a-unusual] > 1/4] <

1/4
=4-Ea[Ps[(S, A) is a-unusual]]
< 4a.
Thus
Ps(S is a-representative] > 1 — 4a. (27)

We claim that if the training set S is J-representative, then it holds for all w € H that

L% () 21k 4 In(4/6
LL(w) > "2 1 (w) _ - (4/9) — 30 exp(—kv72,,/2').

To see this, consider an arbitrary such S and a w € H. Sample A and t as in the previous section.
Call A, t good for w if it satisfies both [|ha ¢(w)|}2 < 4 and LY (ha (w)) > L5/ (w) —
25 exp(—k~y2,,/2'*). For ease of notation, let G, denote the set of (A, ¢) that are good for w.
Similarly, let Ug denote the set of A where A is §-unusual for S.

Forall w € H, v € I';, A and ¢, we have that
LL(w) > LY (hag(w)) = Poeyynsly(w,x) >y Ay (hae(w), Ax) < (7/8)7i].
Thus
LL(w) > Ea L5 (hap(w)) = Ppcyyosly (w, %) > v Ay(hae(w), Ax) < (7/8)7]]
Ea (L5507 (hat(w)) | (A t) € Gy A A ¢ UslPat[(At) € Gy A A ¢ Us] (28)
—Eat[Paey)~nsly(w,x) > v Ay(hat(w), Ax) < (7/8)7]]. (29)

For the term (28)), we observe that conditioned on (A, t) € G,,, we have that ha +(w) € Gy since
[lha.t(w)]]2 < 4. Secondly, when A ¢ Ug, this implies by the definition of §-unusual that

L (hag(w) 2"k +1In(1/8)

LY (hap(w)) >

2 n
Hence
Eac[L707 (ha o(w) | (A t) € Gy AA & UsPac[(A,t) € Gy A A ¢ Us] >
(7/8)7: 11
h 2 In(1
Ea . | £AD (2 At(w)) ‘(A,t) € Gu A ¢ Us|Pasl(At) € Gy AA ¢ Us| ’”Tn(/é)
(30)
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Using again that (A, t) € G,,, we have that (30) is at least

(3/4)vi 911 In(1
7£D 5 (w)PA7t[(A,t) €EGuNA¢Ug]— —k +nn( /9)

We now bound P[(A,t) € G,,] and P[A ¢ Ug]. For this, we recall that | Aw||3 ~ (1/k)x%. Thus
E[||Aw]||3] = 1 and by Markov’s, we get P[||Awl|3 > 9] < 1/9. Conditioned on [|Aw||3 < 9, we

have ||ha ¢(w)||2 < [|Aw|2 + |[hat(w) — Awl|l2 < V9 + 1/k(10v/k)~2 < 4. Next observe that

—25exp(—kv7,,/2'"). (3D

L) (has(w)) = L5/ (w) = Puy)mly(w,x) < (3/4)% Ay (has(w), Ax) > (7/8)7].
We have by Lemma [5] that there is a constant ¢ > 0 so that

Ea [P y)~ply(w, x) < (3/4)7i Ay (ha.e(w), Ax) > (7/8)7i]]

Eiy)~pPasly(w,x) < (3/4)% Ay (hat(w), Ax) > (7/8)7]] <

<

sup Pa¢[(has(w), Ax) > (7/8)vi]
zeX:(w,x)<(3/4)v;

cexp(—k(7i/8)%/c) <
cexp(—kv7y/(2°¢)).
Thus by Markov’s inequality, we conclude
Pasllip " (has(w)) < L5 (w) = seexp(—ka?,/(2%))] <
P t[Poy)ny(w,x) < (3/4)7i Ay(hag(w), Ax) > (7/8)7] > beexp(—krfy1/(2%¢))] < 1/5.
<

Finally, since we assumed S is d-representative, we have Pao[A € Ug] < 1/4 by definition of

d-representative. We conclude by a union bound that
Pat[(At) eGuANAEUs]| >1-1/9-1/5—-1/4>1/2.
In summary, we have shown that (3T) is at least

[’g/zx;m(w) _ % B olly, +7in(1/5) _ Scexp(—kr2,/(250)).
Recalling that (Z8) > (31) gives
Ea L5507 (has(w)) | (A t) € Gy A A ¢ Us]Pas[(A,t) € G AA ¢ Us] >
L5 (w) 2k +1n(1/6)
4 n
The term (29) can be bounded using Lemma 3] by

Ea tPixy)~sly(w,x) >y Ay(ha(w), Ax) < (7/8)7i]]
B y)~s[Pasly(w,x) >y Ay(hao(w), Ax) < (7/8)7i]]
sup  Pal(hat(w), Az) < (7/8)v]

TEX {w,T) >
cexp(—k(y = (7/8)7:)* [e) <
cexp(—ky?/(64c)) <
cexp(—kyi41/(2%)).
In summary, we have shown that for (6/4)-representative .S, it holds for all w € H that

LY (w) 21k 4 1n(4/6
cyw) > Lo WL 2 RERARD) G2, (2%0))

We finally conclude from (27) that with probability at least 1 — & over S, it holds for all w € H that

LEM () 21k + In(4/6)
4 n

Picking k = 28¢y;2 In(y2,,n) finally results in

LY w)  2%%ln(12,n)  2In(e/s)
4 %2 N n

— Scexp(—knZ/(25)):

VANVAN

Ly (w) > — 6cexp(—ky71/(2°%)).

Lg(w) =

This completes the proof. O
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E Auxiliary Results

In this section, we prove a number of auxiliary results used throughout the paper. For this, we need
the following concentration inequality:

Theorem 17 (Wainwright|[2019], example 2.11). Let Y ~ Xﬁ, then for any x € (0, 1) it holds that
Y
P Hk’ - 1‘ > z] < 2exp(—kz?/8).

Restatement of Claim[1} For any 0 < & < 1, it holds with probability 1 — § over S ~ D" that (I7)
and (I8) simultaneously hold for all (T';, L;) and T;, with slightly different constants c.

Proof. Let (7i,7i+1] be such that 7,41 := 2'n=1/2. Similarly, let (¢;,€;11] be such that £;,; :=

2in~'. Do a union bound over all (T;, ;) fori = 1,...,lgy(c,n/?) and j = 0,...,lg, n with
8ij := (6/e)® exp(—y; ;3 In(e/l;41)) in (T7). We see that
lgg(cwzl/z)lgzn lgg(cwzl/Q)ngn

S Sas= Y S/ exp(—7 n(e/4))
i=1 7=0 i=1 7=0

lgg(cﬂ,nlm) lgon
(6/e) exp(—2"%'nln(en277))
=0

i=1 j=
lgg(cwnlm) lgy n )
= (5/e)3(en27)2 "',
i=1 j=0

Doing the substitutions j < 1g, n — 7 and i < 1g, (c,ynl/Q) + 1 — 4, this equals

182(07”1/2) lgyn
. 2i—2 —2
= > D @/efe2)T e
i=1  j=0
1g2(c,ynl/2) Igon
2i—2 .
< > (/e 27
i=1  j=0
1g2(ch1/2) ‘
< 2(5/e)3e 2"
i=1
<5/2.
Similarly, do a union bound over all T'; with §; := (§/¢)3 exp(—’y;_fl In(ev?,,n)) in (T8). We have
1g2(ca,n1/2) 132(07”1/2)
Yo di= Y (6/e)f exp(—yi n(erfian)
i=1 i=1
lgy(c ”1/2)
< ) (6/e)* exp(=In(enfin))
i=1
Igo(cy 12y 1
= (d/e)?
= R
152(C~r"1/2) n
= §/e)® —
; (9/e) e22%in
< (3/e)’
<5/2
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We thus have that with probability at least 1 — § that for all (I';, L), we have

sup [Lp(w) — L§(w)] <
weH(T;,L;),v€T;

. ( \/ o <1n(e/ej+1) N 1n(e/5i_j)> L In(e/le) 1n(e/5i,j)) _

YEan n YEan n
1 ; 1 - 1 ; 1
( Wj“ ( n(e/te) n<e/<sw>) b2, 00/ g n(e/é))
Vit n Vit n

and for all I';, we have

(3/4)%‘ 1 2 1 )
inf L3 (w) > %f(“’) . ( n(€2%+1”) B n(@/&))
v Vi1 n
LM w) () ein)  In(e/d)
4 '7i2+1n n ’

O

Restatement of Claim[2} Forany 0 < ¢ < 1 and training set S, if (I7) and (I8) hold simultaneously
for all (T;, L;) and T;, then (I6) holds for all v € (n=Y/2,¢,] and all w € H for large enough
constant ¢ > 1 in (T6).

Proof. Let0 < § < 1 and assume as in the claim that (T7) and (I8) holds for all (I';, L;) and I';.
Now consider an arbitrary v € (n’l/z, cy) and w € H. Let i and j be such that v € (i, Vi+1]
and L3/ (w) € (¢, ;1] with v;41 = 2in~1/2 and £, = 2/n~". We consider two cases. Let
qg > 1 be the constant in Lemmalfd] First, if

2
LYY (w) <16 ag- (111(6%“71) | nle/ 5)> ,

Vn n
then since Lp(w) < L5/ (w) and v < ;11 (using that In(ey?n)/(y?n) is decreasing in v for
v > n~1/2), we have already shown (I6) for sufficiently large constant ¢ in (T6). So assume this is

not the case. Our goal is to show that ¢;; and £ (w) are within constant factors of each other so
that we may replace occurrences of £;41 by L% (w) in (T7). We first see that our assumption implies

1 2 | ) 1
et WY, L
Yig1™ n Vi

Cir > LY (w) > 16 ag- <

This also implies j # 0 and hence ¢;; = 2¢; and therefore ¢; 1 < QEg /i (w). Letting qg be the
constant in Lemma 3] we get from (I7) and (32), that

Li(w) < Lp(w)+ qg- <\/€j+1 <ln(7€_2/flj;1) + 1n(;/5)> + ln(;éijgl) + IH(Z/5)>

0 o (P D) i i)

2 2
’)/H_lﬂ n ")/H_ln n

IN

< L8/ (1) 4 qg- (\/%g/m () £/ (1) 4+ £/ (w))
S 3. a- E(D?’/‘L)’Yz(w)

We thus also have £ > ﬁg/@% (w) > (3~ qg) ' LE(w). Inserting this and (32) in (T7) gives

Lol) < £1w) + ( \/gm <1n<3eqs]/£g<w>> . 1n<e/6>> L n(erdan) 1n<e/6>> |

2 2
Vi n Vi n

(33)
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Finally from (T8) and v > ~;, we have
Li(w) > L (w)
- E(Ds/zl)%(w) - In(ern)  In(e/d)
= 4 Yian n

bt <ln(e%2+1n) B 1n<e/6>> |

2
8 Vi n

>

From (B2)), this is at least £; 1 /16 and thus £; 1 < 16L£%(w). Inserting this in (33) finally gives us

o) < £3(w) + g ( %6 £ (w) (1n<2eqm/£g<w>> . 1n<e/<s>> J edn) | 1n<e/6>> |

2
Vi n Vin n

Since v < 7,41, this completes the proof of Claim 2] for sufficiently large ¢ > 0 in (T6). O

Restatement of Lemmal[5} There is a constant ¢ > 0, such that for any integer k > 1, w € H,z € X
and any v € (0, 1], it holds that Pa ¢[|(ha +(w), Az) — (w,z)| > 7] < cexp(—72k/c).

Proof. We start by observing that || Aw||3, (w—x)||3/||w — z||3 are all (1/k)x3
distributed. Using Theorem|17| with = /3, we have with probability at least 1 — 6 exp(—k~y?/72)
that ||[Awl||3 € 1 ++/3, ||Az[% € 1 £v/3 and ||A(w — 2)||3 € ||w — z||3(1 & v/3). By the polar
identity, this implies

1
(Aw, Aw) = - (|Aw] + [|Az]3 — [|A(w - 2)[13)
c L gl
€ 7 (lwl3 + ||$||2 lw = 2[3) £ 75 (lwll3 + 2113 + [[w - 2[3)
C :I: —(1+1+4
= (w,x) + 7

2
Let us condition on an outcome A of A satisfying the above. We then observe that
(hat(w), Az) = (hat(w) — Aw, Az) + (Aw, Az).

By the randomized rounding procedure, we have that each coordinate i satisfies E¢,[(ha¢(w)):] =
(Aw);. Moreover, these coordinates are independent. Letting A; = (ha ¢(w)); — (Aw),, we then

have that E[A;] = 0 and that A; lies in an interval of length (10v/k)~!. Hoeffding’s inequality
implies
k

> Ai(Ax),;

R,
e ( S (10VER) 2 (Ax)? )

=2exp | — 507"k
RN
< 2exp (—257214;) .

Pef|(has(w) — Aw, Az)| > 7/2] = Pa,...a, > 7/2]

In summary, it holds with probability at least 1 — 6 exp(—kvy2/72) — 2exp(—25+%k) > 1 —

7 exp(—kv?/72) that
[(ha.t(w), Az) — (w,2)| < [(hat(w), Az) — (Aw, Az)| + [(Aw, Az) — (w, 7)|

(hae(w) — Aw, Ax)| +/2

.

A CIN A
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Remark 18. The value p((Aw);) chosen such that E¢[(ha t(w));] = (Aw);, i.e satisfying that

1 2 1 zi +1
()i = plaw)) (o 1o ) + (= plAw)) (o + 200,

where z; is an integer such that

(1/2)(10vVE) ! + 2, (10vE) ™! < (Aw); < (1/2)(10VE) ™ + (2 + 1)(10VE) ~?

is nonnegative, and less than 1.

Proof. By definition of z;.
((1/2)(10VE) ™" + 2,(10VE) ) + (1 = p((Aw),)) (10VE) ™ = (Aw); =
— ((1/2)(10VE) ™" + 2(10VE) ") = (1 = p((Aw),)) (10vVE) "
By definition of z;, we have that the left hand side is a number in [0, (10v/%) '] and thus we conclude
(1= p((Aw):)) € [0,1] = p((Aw);) € [0,1].
O

Restatement of Remark @ For any training set S and distribution D over X x {—1,1}, we have

Ea t[Pxy)~ply(hat(w), Ax) > 7;/2 Ny(w,x) < 0]] < Ex y)~n[o(y(w,x))]
Ea t[Pixy)~s[y(has(w), Ax) > 7 /2 ANy (w,x) <] > B y)ns[d(y(w,x))]
Ea t[Pxy)~sly(has(w), Ax) <7i/2 Ay(w,x) > 7] < Exy)~slo(y(w, x))]
Ea t[Pxy)~ply(hat(w), Ax) <7i/2 Ny(w,x) > 0]] > Ex y)~p[p(y(w, x))].

In the proof, we will need the following monotonicity properties

Claim 4. We have Pa +[y(ha t(w), Az) > v/2 | y(w,z) = a1] < Paly(hat(w), Az) >
i/2 | y(w, z) = as] forany 0 < ay < oz < ;.

Claim 5. We have Pa +[y(ha t(w), Az) < 7;/2 | y(w,z) = 9]
Yi/2 | y{w,z) = ca] for any 0 < ay < az < ;.

IN

Pa ¢[y{ha t(w), Az) <

First we will prove Remark[6|using the two claims. Afterward, we will prove Claim @] and Claim 5]

Proof of Remark[6] For convenience, let us recall the definitions of ¢ and p:

Pa t[y(ha s(w), Az) > v /2 | y{w, x) = a] if —c,<a<0
$(a) = { U=UPy ([y(hae(w), Az) > 7:/2 | y(w,z) = 0] if0 < a <7
0 ify, <a<e,

Patly(hat(w), Ar) <v:/2 | y{w,z) = a] ifvi <a<c,
pla) = ¢ ZPacly(hac(w), Az) <7 /2 [y{w, ) =] f0<a<y
0 if —cy <a<0.

We handle each of the inequalities in turn. First we see that

Ea t[Pixy)~n [y (hat(w), Ax) > 7;/2 A y(w,x) < 0] =
E(x.y)~p[Patly(hat(w), Ax) > 7i/2 Ay (w,x) < 0] <
E (x y)~p[¢(y (w, x))].

Here the inequality follows from the observations that ¢(y(w, z)) > 0 for y(w, z) > 0, whereas
Pa t[y(ha t(w), Ax) > v; /2 ANy (w,x) < 0] = 0 for such y(w, ). Similarly for y(w, z) = a <0,
we have ¢(y(w, 7)) = Pa ely(has(w), Az) > 7/2 | ylw,z) = ] = Paly{has(w), Az) >
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Similarly, we have

Eat[Piy)~sly(hat(w), Ax) > 7i/2 Ny(w,x) <q] =
Exy)~s[Patly(hat(w), Az) > v/2 Ny(w,x) < 9] >
Exy)ms[Pasly(hac(w), Ax) > /2 Ay(w,x) < 7] >

]

E(x,y)~slo(y(w,x))

The last inequality follows by observing that if y(w,x) > ~;, we have ¢(y(w,z)) = 0 and
Pa t[y(ha s(w),Az) > v/2 A y{w,z) < ] = 0. For o = y(w,z) with 0 < a < 7, we
have ¢(ar) = 12Pa ¢[y(has(w), Az) > /2 | y(w,z) = 0] < Pa¢[y(ha(w), Az) > /2 |
y(w,z) = a] = Palylhas(w), Az) > v/2 Aylw,z) < 7 | y(w,x) = «]. This uses the
monotonicity in Claim 4] Finally for y(w, z) = a < 0, the two coincide as in the above argument.

Symmetric arguments for p gives
Eat[Pxy)~s[y(hae(w), Ax) < 7i/2 ANy(w,x) > 9] =
Ex,y)~sPat[y(hac(w), Ax) < v/2 ANy (w,x) > 7]
Exy)~sPaely(has(w), Ax) < 5:/2 Ny(w,x) > 7]
E(xy)~slp(y(w, x))].

Here the last inequality follows from the following considerations. For y{w,z) = « with o < ~;,
we have that Pa ¢[y(ha ¢(w), Az) <v;/2 A y(w,z) > ;] = 0 and p is always non-negative. For
& > 7, we have p(a) = Pa g[y{has(w), Az) < /2 | ylw, z) = a] = Pa clylhac(w), Az) <
vi/2 Ay{w, z) > v; | y(w,x) = o] and the two coincide.

<
<

Finally, we have
Eat[Pxy)~ply{hat(w), Ax) <vi/2 Ny(w,x) > 0] =
E(x,y)N'D[PA,t [y<hA,t(w)7 AX> < ’72/2 A y(u)7 X> > 0] >
E(x,y)~plp(y{w, x))].

Here the inequality follows by observing that for y(w,z) = « with a < 0, both p(a) and
Pa t[y(ha s(w),Az) < /2 A y(w,z) > 0] are 0. For 0 < o < 4, we have by definition
that p(a) = SPa¢[y(hat(w), Ax) < 7i/2 [ y(w,z) = 7] < Pagly(hac(w), Az) < 7;/2 |
ylw,z) = a] = Paly(hat(w), Az) < Yif2 A y{w,z) > 0| y(w,x) = a], where we used that
Pa t[y{ha ¢(w), Ax) < 7;/2 | y{w, x) = @] is decreasing in « (as stated in Clalm . Finally, for
a > ;, the two coincide as above. O

ProofofClaim Let wy,x1,y; be such that oy := yy{wy,x1) and let wq, 22, y> be such that
ag := yo({wa, x2). Consider sampling X;,Y; ~ N(0,1/k) independently. Also sample offsets

{s...,t} uniformly and independently in [0, 1] and let X/ be X; rounded based on t} as above. Let
Zi =Y =1 X+ +/1—-a2Y and Zy = X + /1 — a3Y. Then the marginal distribution of
(X', Z;) equals the distribution of (ha +(w;),y;Ax;) = y;(ha t(w;), Az;).

Consider now an arbitrary outcome X', X of X,X’. We have (Z;, X’) > ~;/2 if and only if
aj (X, X') + /1 = a3(Y,X") > v;/2. We also have that (Y, X") ~ N(0,[|X"||3/k) and thus

P[(Za, X') > /2] = P[(Z1, X') > /2] =

ol vi %-/2—a2<X,X’>>> . <l_¢ <¢E %-/2—a1<X,X'>>> _
( ( Vi—oaj V1—af
o (@ %/2—@1<X’X'>> o <\/E %/2—@2<X7X’>> SENER)

2 2
1—af 1— a3

Here ®(-) denotes the cumulative density function of the normal distribution with mean 0 and variance
1. Now let

= \/E ’}/7;/2—0[1<X,X/>

P Y
1—of
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and ,
E:: \/% 'yi/2—a2<X,X)-

Consider now the derivative

vi/2 — (X, X') B -a'yi/2—<X,X’>
7\/> W—\/% —(1_a2)3/2 .

Assume first that || X ||3 > 9/10. Then (X, X’) > 8/9 by Remark |14l Now since ary; /2 < 72 /2 <
2 /8 < 1/9 for ¢, small enough. Thus the derivative when || X |3 > 9/10 is no more than

V- (1/9—8/9) < —TVk/9.
This implies u« — £ > 7(az — a1)vVk/9 > 0 and therefore
P[(Z2, X') > 7i/2] > P[(Z1, X) > 7i/2)].

If we in addition have that || X ||3 < 4/3, then we may even show that the difference in probabilities
is large as a function of as — o1 as follows

PUZa. X') 2 2/2) - F@a X 2 /2l = o= [ s

V2T
> o~ MaXac(e,u] a?/2 7\/%(0[2 — al) )
B 9v2m
Observing that
max a® < ~max{v?/2,v}(X, X")?},
a€l,u] 1-—

we use Remark |14 to conclude (X, X') < (10/9)||X||§ and thus u? < 2kv2(10/9)? < 3k~? for
¢, < 1/+/2. This gives us that for any X with 9/10 < || X |3 < 4/3, it holds that

o—3k77/2 Wk(az —a1)
927 '

For |1 X[} < 9/10, we have [ X'[l2 = [ X' = X + X[l2 < [ X" = X[l2 + [ X[l2 < {/k(10VF) 2 +

v/9/10 < 11/10. It follows by Cauchy-Schwartz that (X, X")| < || X2 - [| X']l2 < 1/9/10
11/10 < 11/10. For0 < a < v; < ¢, /2 < 1/\/§ for c, < 1/\/5, this upper bounds the derivative
by

P[(Z2, X') > 7i/2] = P[(Z1, X") > 7i/2] >

¥2/2 + 11/10
Vk - ESY520 < 2Vk.

If u > ¢, we already have that
B(Z%, X') > 7,/2] — BI(Z', X') > 7,/2] > 0.

So assume u < £. The bound on the derivative gives us that £ — u < 2v/k(az — ;) and we conclude

1 ¢ 2
P{(Z2, X") >~ /2] — P[(Z, X') > ~;/2 / =2,
[ ) = /2] — P{ ) Z7i/2] = )
o - mingega?/z, 2VE(a2 — 1)
N V2T
o 2Vk(as — )
> N

We finally conclude
P(Z?, X') > /2] = P[(Z', X') > /2] >
“3ky2/2 Vk(ag — ) _ 2Vk(ag — )

P[9/10 < X3 <4/3] - ¢ N R

P(|IX[3 < 9/10] (35)
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Using Theorem|[I7] we get
P[9/10 < [|IX]|3 < 4/3] > 1 — 2 exp(—k/800), (36)

and
P[||X]|3 < 9/10] < 2exp(—k/800).

For k at least a sufficiently large constant, we have that (36)) is at least 1/2 and we get that (33)) is at
least

o—ainirz, TVR(O2 —a1) o0 4VE(az — 1)

1827 V27
For the constant ¢, sufficiently small, this is positive as 7y; < c,. O

Proof of Claim[3} Similarly to the proof of Claim let wy,x1,y1 by such that a; = y3{(wy,z1)
and let wa, o, y2 be such that as = ya(ws,x). Draw X, X’ and Z;, Zs as above. Consider
again an arbitrary outcome X', X of X, X’. We have (Z;, X’) < ~;/2 if and only if a; (X, X") +

1 —a3(Y,X’) < 7:/2. Hence
> <¢g.wi/2—a1<x,x'>) e (wwz—am,m)

V1—af V1—a3

This has the exact same constraints 0 < a7 < as < 7; and exact same form as @ The conclusion
thus follows from the proof of Claim 4] O

Restatement of Remark 13} If|| X2 < 4/3, then || X"||3 < 2.

Proof. By the triangle inequality, and using that all coordinates of X — X’ are bounded by (10v/%) "
in absolute value, we have

IX7)3 = 1X" = X + X3
2
< (X" = X2 + 1X]l2)

< (Vioviy =+ Vi)

= (1/10 4 /4/3)?

< 2.

Restatement of Remark 14} || X3 > 9/10, then (8/9)|| X3 < (X, X') < (10/9)]1 X3

Proof. We have:
(X' X)y=(X"-X+X,X)
= (X' - X, X) + | X3

Since each coordinate of X’ — X is bounded by (10\/@)*1 in absolute value, it follows by Cauchy-
Schwartz that

(X' = X, X)] < [IX" = X2 [|X]2

X113
< \/k(10VE)~2 -
1X1]2
X113
~ 104/9/10
< |1 X3/9.
The conclusion follows. O

40



Restatement of Remark For any distribution D over X x {—1,1}, fixed w € H, margin v and
any A € RF*4 it holds with probability at least 1 — § over S ~ D™ that

8L (w)In(1/9) N 21In(1/6) .

n n

|Cap(w) = Lg(w)] < \/

Proof. Since L g(w) is an average of n i.i.d. 0/1 random variables with mean £ ,(w), we get
from Bernstein’s inequality that

8L
Ps.p |£19<w)—£zs(w)>¢ A - o

Ap(w)n(1/0) 2ln(1/5)‘|

(\/8£ winIn(1/8) + 21n(1 /5))
nﬁzm w) (\/8£ w) In( 1/6)n—|—21n(1/5))

o < L max {8 p (w)n, 41n(1/)} In(2/3) ) |
$ max{nL)y(w),4In(1/8)} + 5 - /2 - max{8L}(w),41In(1/8)} - In(1/0)

IN

exp | —

Using that In(1/8) < § max{8L%p(w),41In(1/8)}, this is at most

In(1/6)

exp(—
1 1 1
§+§'\/;

[N

) < exp(—In(1/9)) =
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