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Abstract

Offline reinforcement learning (RL) learns policies from a fixed dataset, but often requires
large amounts of data. The challenge arises when labeled datasets are expensive, especially
when rewards have to be provided by human labelers for large datasets. In contrast,
unlabelled data tends to be less expensive. This situation highlights the importance of
finding effective ways to use unlabelled data in offline RL, especially when labelled data
is limited or expensive to obtain. In this paper, we present the algorithm to utilize the
unlabeled data in the offline RL method with kernel function approximation and give the
theoretical guarantee. We present various eigenvalue decay conditions of the RKHS Hy,
induced by kernel k which determine the complexity of the algorithm. In summary, our work
provides a promising approach for exploiting the advantages offered by unlabeled data in
offline RL, whilst maintaining theoretical assurances.

1 Introduction

Reinforcement learning (RL) algorithms have demonstrated empirical success in a variety of domains, including
the defeat of Go champions (Silver et al.| 2016)), robot control (Kalashnikov et al.| 2018)), and the development
of large language models such as ChatGPT (Stiennon et al.l 2020)). In particular, these achievements are
largely associated with online reinforcement learning, characterized by dynamic data collection. However,
the widespread adoption of online RL faces significant challenges. In many scenarios, active exploration is
impractical due to factors such as the high cost of data collection (Levine et al.| 2020)). In many scenarios,
active exploration is impractical due to factors such as the high cost of data collection (Levine et al.| 2020]).
To this end, in this paper we explore offline reinforcement learning - a fully data-driven framework similar to
supervised learning. Unfortunately, fully data-driven offline RL demands large datasets. In more realistic
scenarios, offline reinforcement learning (RL) could allow us to use a smaller amount of task-specific data
along with a significant amount of task-agnostic data. This data is not labeled with task rewards, and some
of it may not be directly relevant to the task at hand.

Prior works use learned classifiers that discriminate between successes and failures for reward labeling
(Fu et al., 2018; [Singh et al.l [2019) in the online RL setting. However, these approaches are unsuitable
for the offline RL setting since they require real-time interaction. Alternatively, some research focuses on
learning from data without explicit reward labels by directly imitating expert trajectories (Ho & Ermon)
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2016; |[Kostrikov et al., |2019)) or deriving the reward function through inverse reinforcement learning using
an expert dataset (Fu et al., 2017; |Finn et all [2016]). However, in real-world scenarios, these approaches
may face challenges due to the resource-intensive and costly nature of the expert trajectory acquisition and
reward labelling process.

Yu et al. (2022)) has revealed the challenges associated with learning to predict rewards, highlighting the
surprising efficacy of setting the reward to zero. Despite these findings, the impact of reward prediction
methods on performance and the potential demonstrable benefits of reward-free data in offline reinforcement
learning (RL) remain unclear. In response to this, Hu et al| (2023)) have introduced a novel model-free
approach named Provable Data Sharing (PDS). PDS incorporates uncertainty penalties into the learned
reward functions, maintaining a conservative algorithm. This method allows PDS to take advantage of
unlabeled data for offline RL, especially in linear MDPs. However, the linear MDP assumption is inflexible
and rarely is fulfilled in practice. This question naturally arises.

How can we enhance the performance of offline RL algorithms that use kernel function approximation by
effectively using reward-free data?

This work focuses on the episodic Markov decision process (MDP). The reward function and value function
are both represented by kernel functions. Inspired by the Provable Data Sharing (PDS) (Hu et al., [2023)
framework, we propose a new algorithm. The PDS algorithm has two main components. First, it pessimistically
estimates rewards by applying additional penalties to the reward function learned from labeled data. This
augmentation is designed to prevent overestimation, thus ensuring a conservative algorithm. The second part
of the PDS algorithm uses the Pessimistic Value Iteration (PEVI) algorithm introduced by |Jin et al.| (2021)
to derive the policy. Our main contribution is that

o Extension of PDS framework: We expand the applicability of the Provable Data Sharing (PDS)
framework, initially introduced by |[Hu et al.| (2023)). This extension goes beyond the original linear
Markov Decision Process (MDP) setting, incorporating kernel function approximation. This expansion
enhances the versatility of the PDS framework, making it applicable to a broader range of scenarios.
Our derivation is influenced by methodologies proposed for kernelized contextual bandits (Chowdhury|
& Gopalan| [2017; [Valko et al.| [2013; [Srinivas et al.l 2009), as well as techniques such as pessimistic
value iteration (PEVI) (Jin et al.|[2021) and the kernel optimum least squares value iteration algorithm
(KOVI) (Yang et al., [2020)).

» Focus on finite-horizon MDPs: While Hu et al.| (2023)) focuses on discounted infinite-horizon MDPs,
our work shifts attention to finite-horizon MDPs, which introduce unique challenges due to their
horizon-dependent reward and transition functions. Unlike the discounted setting, where strong
coverage assumptions such as finite concentrability coefficients are often required, our framework
does not rely on such uniform data coverage.

o Feature coverage assessment via concentratability coefficient: In contrast to [Hu et al.| (2023), which
relies on a bounded concentratability coefficient to assess coverage over the state-action space, ,
we introduce a global coverage assumption (Assumption based on the spectrum of feature
covariance matrices. This approach ((Wang et al., |2020al)), widely used in supervised learning, is
particularly well-suited for settings with linear function approximation. Unlike single-policy coverage,
our assumption requires sufficient data coverage across all policies in the considered class, ensuring
broader applicability.

o Enhance the suboptimality: By employing the data-splitting technique discussed by [Xie et al.| (2021)),
the suboptimality can be enhanced by a factor of v/d, which depends on the choice of kernel. This
enhancement comes at the cost of VH, a constant inherent in the MDP. Nevertheless, with an
appropriate selection of kernel, the overall algorithmic performance can be significantly improved.

Our research provides a theoretical guarantee for effectively utilizing the benefits of reward-free data in offline
RL. We aim to enhance the robustness of offline RL methods by maintaining theoretical guarantees, which
offers a valuable contribution to the ongoing development of more resilient and efficient RL frameworks.
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2 Related Works

The issue of suboptimality in discounted and episodic MDP with a model has been considered in linear and
kernel settings. The results are presented in Table In the episodic MDP setting, we have the dataset
with IV trajectories of horizon H, and the suboptimality dependent on N and H. On the other hand, in a
discounted MDP setting, we have the dataset with length IV, and suboptimality dependent on N. The PEVI
algorithm (Jin et al.| [2021)) serves as the foundational algorithm within [Hu et al.| (2023) and our work. If we
assume that the infinite horizon MDP should conclude within H steps (referred to as the effective horizon)
(Yan et al., [2022), we can set the discount factor « such that H = 1/(1 — ). Consequently, the suboptimality

- _1
for the PDS algorithm is expressed as O(dH2N, ?) where Nj is the number of trajectories for the unlabeled
dataset. Similar to [Hu et al.| (2023), we incorporate unsupervised data sharing to enhance the offline RL
algorithm. The linear setting is a special case of the kernel setting with a linear kernel. In this case, we can

recover the suboptimality as @(H dzN n %), where N is the number of trajectories for the labeled dataset, as
provided in [Hu et al|(2023). A notable difference between PEVI and PDS lies in PDS’s utilization of data
sharing to improve the suboptimality through an unlabeled dataset. It’s important to note that Ny > Ny
in general. When comparing PDS with our approach in a linear setting, the H-folds data splitting in our
algorithm enhances the suboptimality by a factor of v/d. However, this improvement comes with a tradeoff,
as our algorithm introduces a suboptimality increment by a factor of v H because we need to partition the
data set into H folds. As a result, each estimated value function is derived from only Ny/H episodes of data.

Algorithm MDP Setting SubOpt
- I
PEVI (Jin et al., 2021) | Episodic Linear (dH?Ny ?)

PDS (Hu et al,, 2023) | Discounted | Linear (dz(1—~)"'N;
kernel-based,

O
O

*) + O(d(1—7)"*N, *)

o A 1,4 A pr8 gl
Our work Episodic d-finite spectrum O(HdzN; %) + O(H=2dzN, ?)

o kernel-based, = P N ~
Our work Episodic general setting O(H+\/G(N1,v)¢p,) + O(H*\/G(F,N(5)

Table 1: The existing suboptimality under weak convergence (see Assumption [4.7) (except for the last row)

, discussed in Section 2. Here, the labeled dataset represented as {(s'},,a’ ;,T,TL)}JTV}Lfl, unlabeled dataset

represented as {(s/7 ", a/ ;J”Nl)}i\%’fl, and DY, which is a combination of labeled dataset and unlabeled

dataset with N = N; + N» trajectories. We partition the dataset DY into H disjoint and equally sized
sub dataset {DY} . Denote v as the discount factor for discounted MDP, G(N, ) is the maximum
information gain, {p = maxj¢(g) (n(D’, D) represents a maximum amount of information from the dataset

D and D', where D’ is the combination of D and observed data z, and 5 = MaXpe(m) Ch((ﬁg)’7 255) Note

that v =1+ Nil and A =1+ % In a linear MDP setting, it is stated that the transition probability can be
represented linearly in a feature map of state-action with d dimensions.

2.1 Offline Reinforcement Learning

In offline reinforcement learning (RL), the goal is to learn a policy from a static data set collected previously
without interacting with the environment. Current approaches in offline RL (Levine et al.l [2020) can be
broadly classified into dynamic programming methods and model-based methods. Dynamic programming
methods aim to learn a state action value function, known as the ) function. Subsequently, this value
function is used either to directly find the optimal policy or, in the case of actor-critic methods, to estimate
a gradient for the expected returns of a policy. The offline dynamic programming algorithm operates in a
tabular setting (Jin et al.| [2018). However, algorithms designed for tabular settings have limitations when
applied to function approximation settings with a large number of effective states. Recent work has centered
around the functional approximation setting, especially in the linear setting, where the value function (or
transition model) can be represented using a linear function of a known feature mapping (Jin et al., [2021}
Cai et al., 2020; Zanette et al.| [2021). As the linear Markov decision process (MDP) assumption is rigid and
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rather restrictive in practice, Wang et al.| (2020b]) explores the kernel optimal least squares value iteration
(KOVI) algorithm (Yang et al.| [2020) for general function approximation. In contrast, model-based methods
rely on their ability to estimate the transition function using a parameterized model, such as a neural network.
Instead of employing dynamic programming methods to fit the model, model-based approaches leverage
their ability to effectively utilize large and diverse datasets to estimate the transition function (Yu et al.l
2021b; [Janner et al., 2019; [Uehara & Sun, 2021). Both of the methods presented above require a large
amount of data to learn a state-action or transition function. In our work, we use reward-free data (i.e.,
unlabeled data) to improve the performance of learning a state-action function. On the theoretical front,
Yin et al.| (2022b) explore offline reinforcement learning with differentiable function class approximations,
extending to non-linear function approximation. Blanchet et al.| (2024) investigate distributionally robust
offline reinforcement learning (robust offline RL), which aims to identify an optimal policy from offline datasets
that remains effective in perturbed environments. Meanwhile, Hu et al.| (2024) addresses the fundamental
challenge of transitioning from offline learning to online fine-tuning.

2.2 Offline Data Sharing

Data sharing strategies in multi-task reinforcement learning (RL) have shown effectiveness, as observed in
works such as|Yu et al.| (2021a); [Eysenbach et al.| (2020); |Chen et al.| (2021). This involves reusing data across
different tasks by relabeling rewards, thereby enhancing performance in multi-task offline RL scenarios. Prior
work has employed various relabeling strategies. These include uniform labeling (Kalashnikov et al.| [2021)),
labeling based on metrics such as estimated @-values (Yu et al., 2021a)), and labeling based on distances to
states in goal-conditioned settings (Chen et al 2021). However, these approaches either necessitate access
to the functional form of the reward for relabeling or are confined to goal-conditioned settings. On the
other hand, [Yu et al.| (2022)) proposes a straightforward strategy by assigning zero rewards to unlabeled
data. On the other hand, [Hu et al.| (2023 employs linear regression to label rewards for unlabeled data.
These approaches present alternative and potentially simpler methods for relabeling, especially in scenarios
where direct access to the reward function is challenging or unavailable. In our work, we propose kernel ridge
regression to exploit unlabeled data which under certain conditions can be reduced to linear regression.

3 Background

3.1 Episodic Markov Decision Process

Consider an episodic MDP (Yang et al. 2020} Sutton & Bartol |2018)), denoted as M = (S, A, H, P, r) with state
space S, action space A, horizon H, transition function P = {Pp }re(m), and reward function r = {rp } ne[#]-
We assume that the reward function is bounded, that is, 75 € [0,1]. For any policy @ = {74 }nem) and
h € [H], we define the state-value function V;* : & — R and the action-valued function (Q-function)
Qr:SxA—=RasV7(s) =E, [Eih ri(st,ae)|sp = s} and Q7 (s,a) =E, [Eih ri(St, a)|sp = s,ap = a} )
These two functions satisfy the well-known Bellman equation: VjT(s) = (QF (s,-), mn(- | 5)) 4 and Qf (s,a) =
E [rh (8n,an) + Vi1 (She1) | sn=s,an = a}. For any function f : S — R, we define the transition operator
at each step h € [H] as (Prf) (s,a) = E[f (Sht1) | sn = s,an, = a], and define the Bellman operator as
(Brf)(s,a) =E[ry (sn,an) | sn = s,an = a] + (Prf) (s,a). Similarly, for all h € [H], the Bellman optimality
equations defined as V;¥(s) = sup,c 4 @7 (s, a) and Q5 (s,a) = (IB%th*H) (s,a). Meanwhile, the optimal policy
7* satisfies 7} (- | s) = argmax (Qj (s, "), 7 (- | 5)) 4, and V;*(s) = (Qj (s,-), 7} (- | 5)) 4 - Reinforcement learning
aims to learn a policy m:;ximizing expected cumulative reward. Accordingly, we define the performance
metric(i.e.,suboptimality) as

SubOpt(m; s) = Vi (s) — V{7 (s). (1)

3.2 Assumption of Offline Data

N,H
T,h=1"
generated by some fixed but unknown MDP M under the behavior policy #” in the following manner:
sT~pPap ~mp (- ]s}) and s, ~ Pr(-|s},a;),1 < h < H. Here p® represents a predetermined initial

In offline RL setting, a learner uses pre-collected dataset D, which consists of IV trajectories {(s},, a},,77,)}
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state distribution associated with the static dataset. The learner may also have partial observations of the
reward in addition to the above state-action observations. More elaborately, we assume access to both a

Ny, H No,H
labeled dataset Dy = {(s',,a'},7})},,—,, and an unlabeled dataset Dy = {<5’2+N1,a’;+Nl>} We

‘r,h:l.
utilize the estimated reward function with parameter 8, as determined in section 4, to relabel dataset D.

~ N2, H

N N N N
The relabeled dataset, denoted as D§ = {(s’ff L/ O (5N 1))} .
T,h=1

3.3 Reproducing Kernel Hilbert Space

Consider a reproducing kernel Hilbert space (RKHS) as a function space. For simplicity, let z = (s, a) denote
a state-action pair and denote Z = § x A. Without loss of generality, we regard Z as a compact subset
of R™, where the dimension m is fixed. Let k : Z x Z — R be a positive definite continuous kernel and
its corresponding kernel matrix [K|; ; = k(z;, 2;), Vi, j € [m]. Note that K is positive semi-definite. Define
Hj. as the RKHS induced by k, containing a family of functions defined in Z. Let (-, )3, : Hi X Hr = R
and || - ||x, : Hr — R denote the inner product and the norm on Hjy, respectively. According to the
reproducing property, for all f € Hy, and z € Z, holds f(z) = (f, k(-, 2))n,. For more details and different
characterizations of RKHS, see|Aronszajn|(1950); Berlinet & Thomas-Agnan|(2011). Without loss of generality,
we assume that sup,cz k(z,2) < 1.

Let £2(Z) be the set of square-integrable functions on Z with respect to the Lebesgue measure and let (, )2 be
the inner product on £2(Z). The kernel function k induces an integral operator T} : £2(Z) — £L?(Z) defined
as Ty f(2) = [ k(2,2') f (2/)dz’ for all f € L2(Z). By Mercer’s theorem (Steinwart & Christmann), 2008),
the integral operator T} has countable and positive eigenvalues {o;};>1 and the corresponding eigenfunctions
{i}i>1. Then, the kernel function admits a spectral expansion k (z, 2') = > 044 (2); (2'). Moreover,

2
the RKHS Hj, can be written as a subset of £2(Z) such that Hj, = {f €LA(Z): 32, (i) g

the inner product of Hj, also can be written as (f, g)u, = > ooy (1/03) (f, i) p2 (9, i) p2 for all f,g € Hy,.
With the above construction, the scaled eigenfunctions {/c;%;};>1 form an orthonormal basis for H;. We
define the mapping ¢ : z — k(z,-) to transform data from Z = S x A to the (possibly infinite-dimensional)
RKHS Hy,, which satisfies k(z, 2’) = (¢(2), ¢(2))n, for all z, 2" € Z (Steinwart & Christmann| 2008, Lemma
4.19). We define the maximum information gain (Srinivas et al.l |2009)) to describe the complexity of Hy:

< oo}, and

1
G(n,/\):sup{2logdet(l—l-KD//\):DCZ,D|§n}7 (2)

where Kp is the kernel matrix for the set D. Furthermore, the magnitude of maximal information gain
G(n,\) depends on how rapidly the eigenvalues decay to zero, serving as a proxy dimension of # in the case
of an infinite-dimensional space. If Hy, is of finite rank, we have that G(n, A\) = O(dlogn) (Yang et all |[2020),
where d is the rank of Hj, — referred as the d-finite spectrum. In the following, we present several conditions
that are often used in the analysis of the RKHS property of Hy (Yang et al. 2020; [Vakili et al. 2021} Yeh
et al.l |2023)) characterizing the eigenvalue decay of Hy.

Assumption 3.1. The integral operator Tx has eigenvalues {o;};>1 and the associated eigenfunctions
{j}j>1. We assume that {o;};>1 satisfies one of the following conditions for some constant d > 0.

o d-finite spectrum: o; = 0,Yj > d, where d is a positive integer.

 d-exponential decay: there exists some constants C1,Cy > 0 such that o; < C - exp (—Cg -jd) ,
Vj > 1, where d > 0.

o d-polynomial decay: there exists some constants Cy > 0 such that o; < Cy-j~% Vj > 1,, where d > 1.

For both d-exponential decay and d-polynomial decay, we assume that there exists Cy, > 0 such that sup ¢ z o7 -
[;(2)] < Cy holds for all j > 1 and T € [0,1/2).
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For instance, let D C R? and assume the kernel function k(z, z’) < 1, the Squared Exponential kernel, defined
as

N _ |z — 2|2
k(z,2") = exp <_2l2 (3)
where [ is a lengthscale parameter, exhibits d-exponential decay. Similarly, the Matérn kernel, given by

21=v V2
oy B T =l

Kz, 2) = l

is characterized by d-polynomial decay. Here, v determines the smoothness of sample paths (with smaller
v producing rougher paths), and B, is the modified Bessel function. Theorem 5 in |Srinivas et al.| (2009)
provides detailed proof for these kernel properties.

We assume that the Bellman operator maps any bounded function onto a bounded RKHS norm ball, which
is the common assumption used in the function approximation (Yang et al., [2020; Jin et al., 2018).

Assumption 3.2. Define the function class Q* = {f € Hy : || flln, < RoH} for some fized constant Rg > 0.
Then, for any h € [H] and any Q : S x A — [0, H], it holds that B,V € Q* for V(s) = maxeea Q(s,a).

A sufficient condition for Assumption to hold is when & = [0,1]™ and that r4(-,-),Pr(s'|--) €

{feHr:||flln, <1} for all h € [H],Vs' € S. To see this, suppose this condition holds, then for any
integrable V' : § — [0, H] holds,

I + BVl < rallse + IBxViie <1+ \

/ Pu(s/], V() ds’
s’€S

He

1t [ PV 8 =1 [P IV s
s'€S s'eS
§1—|—H/ ds' = H + 1.
s'eS

Note that under the assumptions of measurability and boundedness on the kernel k, ||P,V |5, € Hi, which
is given in [Muandet et al. (2017} section 3.1). Thus, Assumption [3.2 holds with Rg = 2. This assumption is
mild and is also used in [Yang et al.| (2020)). Similar assumptions are used in linear MDP’s, which are much
stricter (Jin et all 2021} |Zanette et al., |2020).

3.4 Pessimistic Value lteration and Kernel Setting

We consider the pessimistic value iteration, i.e., PEVI (Jin et al.,|2021) algorithm, described in Algorithm
as the backbone algorithm. This is a model-free, theoretically guaranteed offline algorithm. The fundamental
insight of PEVT lies in the incorporation of a penalty function, which essentially introduces a sense of
pessimism, into the value iteration algorithm. The key challenge to extend PEVI to kernel setting is that the
dimension (even effective dimension) of the kernel based model (when interpreted as linear model) is divergent.
In addition, we apply the data splitting method (Rashidinejad et al., 2021} |Xie et al.l |[2021). As introduced
in Rashidinejad et al.| (2021)), data splitting makes sure that the estimated value IA/hH and estimated Bellman
operator I@h are estimated using different subsets of D, this yields conditional independence that is required

in bounding concentration terms of the form (]/B\Sh — Bh> KA/hH, and hence the suboptimality can be reduced

by a factor of v/d. However, applied naively, this data splitting induces one undesired v/ H factor in the
optimality as we need to split D into H folds and thus each By, is estimated using only N/H episodes of data.
Further details of the PEVI algorithm can be found in Appendix

4 Unsupervised Data Sharing

Our algorithm comprises two main components. The first part involves employing kernel ridge regression to
learn the reward function using the labeled dataset and constructing the confidence set. Next, to mitigate
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overestimation in reward prediction, we construct the pessimism reward parameter 6 within the confidence set.
Section discusses this in more detail. The second part involves using the pessimistic reward estimator 0 to
relabel the entire dataset, which is a combination of the labeled dataset and the relabeled dataset. Following
this, we employ the PEVT algorithm with kernel approximation and data splitting (refer to Algorithm [3)) to
determine the optimal policy. The detailed steps of the algorithm are outlined in Algorithm [f}

Algorithm 1 Data Sharing, Kernel Approximation
1: Data: Labeled dataset Dy, and unlabeled dataset Ds.
2: Input: Parameter §5,(9), 9, B, v, A.
3: Define DY, which is a combination of the labeled dataset D; and the unlabeled dataset D§, and partition
the dataset DY into H disjoint and equally sized sub datasets {15,91}th1.

4: Learn the reward function 64, --- ,0g from D; with
N, 5
Yy . ~Op 4T T 2
#), = argmin E [’I";; — 7y (s, a h)} + ||0nll3, -
On€Hr

5. Construct the pessimistic reward function with parameter 6 := {éh}thl satisfy

o = {{Bot01), 00 [ ot 0} g

6: Annotate the reward in DY with parameter 0 = 0.
7: Learn the policy from the relabeled dataset DY using Algorithm [3{in Appendix.

{Fn )}, « PEVI (Dg, B, A) .

8: Result: 7 = {%h}f:y

4.1 Pessimistic Reward Estimation

We utilize labeled dataset Dy to train a reward function ?ﬁ“, using it to label the unlabeled data. Assume
that the observed reward is generated as r] = r(s'y,a’y) + € where rp, : (s,a) — (05, ¢(s,a))y, satisfies
rp(s,a) € [0,1] for all (s,a) € S x A, and €], are i.i.d. centered 1-SubGaussian noise. Here 0} € H; is an
unknown parameter, and ¢ : S x A — Hj, is a known feature map defined in Section Furthermore, we
assume that |07/, < 8. We learn the reward function from labeled data through a kernel ridge regression
problem. Using the feature representation, we write

N

~ 2
O = argmin > [rf, =7 (s a'7)]” + vl6nll, (5)
OnEH

=1

where ?Z’L (s,a) = (¢ (s,a),0h)4, with parameter 6,. However, this method leads to an overestimation of
predicted reward values, as highlighted in [Yu et al.| (2022). A novel algorithm called Provable Data Sharing
(PDS) is introduced in [Hu et al.| (2023)) to mitigate this problem. PDS incorporates uncertainty penalties into
the learned reward functions and integrates seamlessly with existing offline RL algorithms in a linear MDP
setting. We extend the application of this algorithm to the kernel setting.

To address the problem of overestimating predicted rewards, we analyze the uncertainty in the learned reward
function. The previous solution defines the center of the ellipsoidal confidence set:

Ch(8) = {aem : He—éh\A? </3h(6)}, (6)

1
)
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where ||9Hifl = <9,A?9>H and AP = SN (/7 a') (s, a') T 4 vy, is a positive definite operator,
k

and By (0) is its radius which follows Proposition

D
Proposition 4.1. We define 8,(8) with the labeled data set D1 by Br(8) = /vS + 1/ log %, where

KP' is the Gram matriz constructed from the dataset Dy as [Ki?l] = k(z'7,, z’:), where 2'}, = (s'},,a'7)
for 7,7" € [Ni1] and for each h € [H]| and 6 € (0,1). Then, with probability at least 1 — 6 we have

Hé\h - 05 < Br(9), where 0y, is the solution of equation (5). Furthermore, consider the information gain

AT?
G(N,v), defined in equation @) of the matriz K,?l and set v =1+ 1/Ny, Br(9) is rewritten as

1
ﬁ8+\/2G(N1,1/)—|—1+10g62. (7)

Moreover, define Cp,(0) = {9 € Hy, : H9 - é\h‘

o, S Bh(é)}, we have P(0% € Cy()) > 1—14.

A

Proof. Please refer to Appendix for detailed proof. O

In Proposition the uncertainty of the learned reward function depends on the maximum information gain
of the kernel matrix K }?1. However, finding the optimal parameter within the confidence set is computationally
inefficient. To address this challenge, |Hu et al.| (2023) proposes an approach that preserves the pessimistic
property of the offline algorithm. This method uses pessimistic estimation, allowing the algorithm to remain
pessimistic while mitigating computational challenges. Formally, we construct the pessimistic reward function

7" (s, a) for the parameter 0}, as

Fi’l (s,a) = max {<§h, ¢ (s7a)>%c — Bn(9) H(Afl)_%ﬂs, CL)Hch ,0} : (8)

The equation is guaranteed by the following lemma derived from Cauchy-Schwarz inequalities.

Lemma 4.2. ‘<0h - ah, ¢ (s, a)>7_[

< Bu0) [P Fo(s. @), for any 6, € Cu(6).h € [H]

k

The equation provides a lower bound for the reward function within the confidence set C(6). When
the labeled data is scarce, or when there is a significant shift in the distribution between the labeled and
unlabeled data, the confidence interval becomes wider and then the equation degenerates to 0, which is
reduced to the UDS algorithm (Yu et al., [2022; |Hu et al., |2023).

4.2 Theoretical Analysis

The suboptimality of the Algorithm [1|is characterized by the following theorem.

Theorem 4.3. Consider the MDP described in Section 3.1. Under Assumption[3.1] and Assumption [3.3,
and suppose the labeled dataset Dy and unlabeled dataset DY are defined in Section 3.2. Define DY =
{(sﬁ,a;,?,’;h(s;,a;))}g}il, which is a combination of labeled dataset Dy and unlabeled dataset D§ with
N = Ny 4+ N,. We partition dataset D? into H disjoint and equally sized sub dataset {ﬁZ}hH:l, where |5Z| =
Ny =N/H. Let Tp, = {Ny, - (h = 1)+ 1,...,Ny, - h} = {71, , Th.n, } satisfy DY = {(s7,a],7])}rez,. We
set A=1+ %, v=1+ N% n Algom'thm where

W1+ N%S + \/C’l -d -log N1 + log(35) d-finite spectrum,
Br(d) =< 4+/1+ N%S + \/Cl - (log N1)1+% + log(35) d-exponential decay,

/1 + N%S + \/01 . (Nl)% -log(N1) +log(5)  d-polynomial decay.
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Cy- H -+/dlog (N/¢) d-finite spectrum,
B=<Cy-H-/(log N/6)1+1/d d-exponential decay,
Cy - Nt g it V1og(N/o)  d-polynomial decay.

Here, Cy,C5 > 0 are absolute constants that does not depend on N1, N, nor H. Then, for fived initial state
so € S, with probability 1 — 28, the policy 7t generated by Algorithm[]] satisfies

H
SubOPt (3 50) < 2> Au()Er- [[6(sm,an)l (421 s | 51 = s0]

h=1
H
+2BY Eq- lllqb(sh,amn = ls= 50] ,
h=1 (Ah h)—l
where 0 is defined in equation |Z|
Proof. For a detailed proof, see Appendix O

Two key terms express the suboptimality bound. The first term is the reward bias introduced by uncertainties
in estimating rewards. This term reflects the challenges and inaccuracies associated with predicting or
estimating rewards in a given environment. The second term represents the offline algorithm and optimal
policy 7* error.

Remark 4.4. We use the Lemma[C-3 to rewrite the term of B, (8) and B in the Theorem[{.3 as Bn(8) =
O(/G(N1,1+ ) and B = O(H\/G(N, 1+ 1)).

By Remark both terms (5 (0) and B depend on the kernel function class. It is worth noting that the term
lo(sn, ah)||(A3:)_1 can be expressed as an information quantity for the dataset D, as outlined in Lemma

Proposition 4.5. For all h € [H], we partition dataset D into H disjoint and equally sized sub datasets
{Dp}_,, where D), = {(sh,ahs i) }rez, with Iy = {Np - (h—1)4+1,... . Np-h} = {m1, -+, ThN,} and
Ny = N/H. Denote the operator @E*‘ s Hy = RN: and Afh’ Hr — Hi as
Thoi\ | Th1\ |
N ¢ (2"") k() _ I
o7 = : = : C AR =N L+ (@) TR

o(@) ) \w(amm)

Define gram matriz K;LD’L = @f”((bf")T. Then, for any z € Z, we have
&(2)T(AP) " 1p(z) < 2 [log det (1 + K,?;L/)\) —log det (I + K,?h/A)] , 9)

where D), is the combination of dataset Dy, and z which satisfies Af; =A" +o(2)p(2)T.

Proof. For a detailed proof, see Appendix [B.3] O

Remark 4.6. In Proposition [£-8, Hy can be infinite dimensional. However, for the sake of clarity, we

represent @,11)“ as a matriz and ¢(zf) as a column vector for all T € I,

Here, we define
Ch(D', D) =2 [1og det (1 + KP /A) — logdet (I + KP /A)] : (10)

as the maximal information amount between the dataset D’ and D. Proposition states that if the training
data set is well known about z, then equation will be close to zero. On the other hand, if the training
data set is not well known about z, then equation will be large.



Published in Transactions on Machine Learning Research (03/2025)

We specialize the d-finite spectrum case of Theorem under a weak data coverage assumption to better
understand the convergence of Algorithm

Assumption 4.7 (Weak Convergence). Suppose the dataset D = {(s},, a}, rﬁ)}i\f}fil consists of N trajectories,
for all h € [H], the trajectories are drawn independently and identically from distributions induced by some fized
behavior policy T such that there exists a constant ¢, > 0 satisfying ianfHHk_:l(f, Ez [¢(zn)d(zn) "] f) >

Cmin for any h € [H].

Intuitively, Assumption [£.7] posits that the collected data should be relatively well distributed throughout the
state action space. Notably, assumption [£.7] shares similarities with other explorability assumptions common
in reinforcement learning literature, such as those in [Yin et al. (2022al); Wagenmaker & Pacchiano| (2023).
Corollary 4.8 (Well-Explored Dataset). In the d-finite spectrum case, assume that the Assumption holds
under the same conditions as Theorem[{.5 Then for Ny > Q(log(dH/d)) and N > H - Q(log(dH/6)), with
probability at least 1 — §, we have

SubOpt(7; s) < 28,(0)-H - /\/N1+2B-H - /\/Ny

N o (11)
< O(H\/N71) +O(H2\/N72).

In the d-finite spectrum case, a significant difference between our present study and previous work (Hu et al.
2023) lies in the incorporation of factors v/d and v/ H, introduced by the implementation of the data splitting
technique (Xie et al., 2021). This technique plays a crucial role in the linear case, influencing the overall
convergence behavior of the learned policy. If we aim to transform the feature mapping from a dimensionality
of d to d’, where d’ > d. In this context, the data partitioning method can help mitigate the convergence of
the error bound. Finally, we combine the result in Therorem [£.3] Remark [£:4] and Corollary [£.8| to get the
Table 11

Remark 4.9. For Assumption[].7, the scenarios involving d-exponential and d-polynomial decay are not

generally valid. If Assumption holds true, by integrating Lemma Lemma and equation , we
can deduce the explicit form of SubOpt(T;s) as

- _1 ~ _1
(@) (HN1 )+ O(H3N, 2) d-exponential decay,
m-+1 m+1

SubOpt(7;s) = ¢ _1ymt1 - Sy ml
o (HN]L 2+‘”""> +0 (Hgﬂdivlw N, 2+2(d+m)) d-polynomial decay.

(12)

Nonetheless, Assumption[].7] does not hold under scrutiny. To demonstrate this, let’s assume that Assumption

is true. It means that for every f within the set {||f|ln, = 1}, it satisfies Ez[({f, d(zn)0(zn) T f)] > Cumin-
Then, we express ¢ and f as ¢ = > ooy a;h; and f =Y .0 biy; respectively, where {1);}32, is orthonormal basis
of Hi. Given that f can represent any function satisfying || f|ln, =1, let f be any vector such that f = bj;
for an arbitrary j. Consequently, for all j, the expectation Ex[(f, d(zn)d(zn) " f)] = a? > Cmin 15 satisfied,
which results in a paradoz because the norm should be finite; however, ||¢|l2, = Z]oil a;? > Z;’il Crmin = 00.

5 Experiments

In the following experiments, we execute Algorithm[I]to obtain a policy m and the corresponding value function
V" (s), where s is sampled from the initial distribution p(s). For our experiment, we select the Squared
Exponential kernel from equation as the kernel function K. With this choice of kernel, the pessimistic

reward function fzh (s,a), as defined in equation @) can be computed using the following expression:

- -1
th’(s,a) = kfl(s,a)—r (K,?l + VI) Yn

. 1/2
— Bul8) V2. <K<(s, a), (s,a)) — kP (s,0)7 (K}fl + VI) KD (s, a))

We implemented our algorithm using Python’s NumPy library. To ensure reproducibility, our experimental
code is publicly accessibld!]

Thttps://github.com/d09942015ntu/leveraging_unlabeled_offline_rl
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5.1 Asymptotic Behavior of V" (s)

In this experiment, we investigate the asymptotic behavior of V{™(s). Although we are unable to theoretically
validate the correctness of equation due to the violation of Assumption we provide empirical
evidence that, when the kernel function is the Squared Exponential kernel satisfying d-exponential decay, its
asymptotic behavior closely aligns with equation . We create an toy example of RL environment which
meets Assumption ensuring bounded RKHS norms for r4(+, -) and P(s’|-,-). The MDP M = (S, A, H,P,r)
for this toy example is as follows.

§=10,C], A={0,1,...C}, H=C,
Pu(s’ | s,a) =exp[—a (s' — ((s + a) mod C))z]/\/w/a,
r(s,a) = exp[—a (s — C/2)2]/\/7r/a,

where o and C' are constants, set to o = 3 and C' = 8 in our experiment. To ensure that s’ remains within
the state space S, we replace s’ by “s’ mod C” after sampling s’ ~ Pp(|s,a). To examine the asymptotic
behavior of V{"(s), we varied the parameters N; and N and plotted the resulting values of V{"(s) in the
left column of Fig. |l} For asymptotic approximation, using equation , V™ (s) can be expressed in the
following form:

Vi(s) = c— aN_ ¥ —bN; 2,

where a, b, and ¢ are constants. By applying linear regression to the experimental data (left column of Fig. 1)),
we estimated these constants and plotted the corresponding curve in the right column of Fig. [I} The strong
agreement between the experimental results and the asymptotic approximation validates our hypothesis that
the asymptotic behavior of Vi (s) conforms to our theoretical predictions.

@ Experimental Values of V| (s) N Asymptotic Approximation of V| (s)
[ 3
BN T T T T y T T
6 = 6 -

i

= — N1 =10 — N1 =10
— Ni=20 —— N1 =20
— N1 =50 —— N1 =50
N1 =100 N = 100
4 \ \ \ T 4 \ \ \ T
100 200 300 400 500 100 200 300 400 500
N2 N2

Figure 1: Comparison of experimental values and asymptotic approximation of V| (s).

5.2 Comparison between Finite Dimensional and Kernel Features

In this experiment, we present a real-world example demonstrating the superior performance of our kernel-
based offline RL method compared to finite-dimensional feature representations ¢, which follows the setting of
Hu et al.| (2023)) but in a finite-horizon scenario. We select the CartPole environment from OpenAl Gynﬂ as
our test environment. To implement the ¢ function used in their work, we consider three different realizations
of ¢(s,a)—linear, quadratic, and cubic—denoted as @iin, Pquad, and Geubic, respectively, which are defined as
follows:

¢in = (1, 21,29, - ,2,) where 21, , 2, is the elements in the concatenation of (s,a)
_ 2 2
¢quad - (1,.%1,1‘2, T, XY, T1T2, 0 7xn—1$n7xn)
_ 2 2,3 2 2 2 3
(bcubic - (1a T1,XL2, 3T,y T, T1T2," " 3y Tn—1Tn, LTy, L1, T1T2, LT1T2T3, ** , Tn—-2Tn—-1Tp, Tn—-1Ty, Z‘n)

%https://www.gymlibrary.dev/environments/classic_control/cart_pole/
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We compare these three finite-dimensional feature representations with our kernel-based RL method using the
Squared Exponential kernel feature, denoted as ¢, under various configurations of Ny and Ns. The results
are presented in Fig. [2] Our findings suggest that, the kernel-based ¢ generally outperforms alternative
finite-dimensional ¢ approaches when Ny < 500. The performance gap between ¢k and other ¢ becomes
more pronounced when Ny < 100. This indicates that kernel methods, with their more flexible function
approximation, better capture the reward and transition dynamics—particularly when unlabeled data is
scarce—resulting in higher value estimates compared to finite-dimensional ¢ representations.

Values of V" (s) when N; = 20 Values of V]"(s) when N; = 50

(s)

Vi (s)
.

T T T T T T
60 — — 60 [~ —
40 |- = 40 7///—
¢x(2) — ¢x(2)
vl — beun(®) || ” — bewn(2)
Y — ¢quad (Z) — d’quad(z)
$1in(2) @1in (2)
0 ! ! | T 0 | ! | T
100 200 300 400 500 100 200 300 400 500
N2 N2
> Values of Vi (s) when N; = 100 @ Values of V{"(s) when N1 = 200
kv—( ‘:r—i
-~ T T T T = T T T T
60 — — 60 —

40 [~ 40 |-
— ¢x(2) — ¢xk(2)
20 — d)cub(z) | 20 — (z)cub(z)
—— Pquad(?) —— ¢quad (?)
¢lin(z) d)lin(z)
0 | | L T 0 | | L T
100 200 300 400 500 100 200 300 400 500
N2 N2

Figure 2: Comparison the values of V{"(s) between finite dimensional features and kernel features.

6 Conclusion

In this paper, we demonstrate that incorporating unlabeled data into offline RL can greatly improve offline
RL performance. Our theoretical analysis shows how unlabeled data can improve the performance of offline
RL, especially in a more general function approximation setting, in contrast to the results in |Hu et al.| (2023).
Our analysis is based on the common offline RL assumption about the dataset, providing a comprehensive
examination of the algorithm’s performance under these conditions. In future work, it may be interesting to
extend to the discounted MDP setting to deal with more category problems and the low-rank MDP (Ueharal
et al.l [2021]).
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A Pessimistic Value lteration

The Pessimistic Value Iteration (Jin et al. [2021) (PEVI) algorithm constructs an estimated Bellman operator
B, based on the dataset D so that Iﬁ%hf/ﬁ_l : 8§ x A — R approximates Bh‘A/,E_l : S x A — R. Here
‘A/hDH : S — R is an estimated value function based on D. Define an uncertainty quantifier with the confidence
parameter £ € (0,1) as follows.

Definition A.1 (¢-Uncertainty Quantifier). We say {I‘h}le (Th: S x A= R) is a &-uncertainty quantifier
if the event

€= {( (@hf/,ﬂl) (s,a) — (Bhf/hal) (s, a)‘ <Tw(s,a), V(s,a) €S x Ahe [H]} (13)

satisfies P(E) > 1 —&.

Algorithm 2 Pessimistic Value Iteration (PEVI): General MDP
: Input: Dataset D = {(s}, a;,rg)}f;il .
. Initialization: Set VI?+1(~) « 0.
: forsteph=H,H—1,---,1do
Construct (@h?,gl) (-,-) and T, (-, -) based on D.
5 Set QP ) ¢ (BuVia) ()~ Tul,0)
o~ . — +

Set QP(-,") + min {QP(-,-),H —h+1}".
7. Set @n(-| ) argmaxg, (QF(s, ) mil- | 5))
s Set UP() — (QRC A1),

9: end for R
10: Output: Pess(D) = {#,}L  {VP}L,.

—_

W

By equation , I, quantifies the uncertainty, which allows us to develop the meta-algorithm in Algorithm
Now we introduce the PEVI with the data splitting and the kernel setting. Suppose we have the dataset

Algorithm 3 PEVI: Kernel Approximation with Data Split
1: Input: Dataset D = {(s],a],r7)} "7

T,h=

2: Data split: Randomly split dataset D into H disjoint and equally sub-datasets {5h}hH:1.

, and parameter B and A.

ODPH+1:H

3: Initialization: Set Vi """ () <= 0.

4: for step h=H,---,1 do

5: Compute the Gram matrix K}?h, function k,?h and response vector gy, defined in equation and
(18)), respectively.

~ ~ 1 ~ 1/2
6 Set Fh(~,~)eB~)\1/2~<k(',';',')kf’z(y)T (KP -+ A7) thh(.,-)) .

B ~ ~ —1
St QP () e B ()T (KPP AT) g = Ta(s).

o~ _~ +
s Set Q,?’“H(-,-)emin{ fh:H(.,.),H—hH} .

0 Set 7a(- | 5) ¢ argmaxy, <A§h=H (), 7n(- | s)>A.
10 Set U2 () = (QPC, ) 7n(- 1) o
11: end for

12: Output: Pess(D) = {%h}le , {{A/hDth}le.

D = {(s},a}, r,TL)}hH ’Tjil, we partition the dataset D into H disjoint and equally sub-datasets {YSh}f:l and

16



Published in Transactions on Machine Learning Research (03/2025)

|Dp| := Ny = N/H forall h [H]. Consider the index set Zj, = { N (h 41, Ny hy={mh1, - TN, }
such that Dy, = {(s},a},,77)}rez, . To simplify notation, let Di.pr = Ut A D, for h € [H]. Note that Dp.p =0

if h > H. Then, we construct the pessimistic value iterations (Jin et all |2021) with IB%th Ty, and

VhD’“H. Note that VI? £ = 0. Define the empirical mean squared Bellman error (MSBE) as

2
T 5D, T T T
My (f) = Z (Th + VT (shg) = f (Shaah)) (14)
7Ly
at each step h € [H] and for all f € Hj. Corresponding, we set
(BT ) ) = el where i = argmin 849 + - 115, (15)
EHy

for A > 0. Moreover, we construct I'j, via

—~ ~ —1 ~ 1/2
Dh(z) =B-A"Y2. (K(z,z) —kPm(2)7 (K}L)" + AI) EDn (z)) (16)
where B > 0 is a scaling parameter. Note that it is a bonus function defined in (Yang et al.| 2020) and that
it is clearly a & quantifier. Here, the kernel matrix K, Dy € RV»*Nn and the function k: e Z 5 RV ag
k(2" z)
K] =k (a). WP = 3 e RV, (1)

v k (z,:h’Nh z)
for 7,7’ € Tj,. The entry of y, € RV corresponding to 7 € Zj, is

T 5D, T
[ynl, =1 + Vi (shpa) (18)

We construct the pessimistic value iteration with kernel approximation with kernel k& by
_fh+1;H (Z) V}Z-h1+l H( ) . (2)7

~ +
Sh“:H (2) = min {th“ﬂ(z), H—-h+ 1} ,

ape argmax<“3fw<s, )l | s>>
A

Th

T e) = (@0 A1)

A

The algorithm [3| summarizes the entire PEVTI algorithm with data splitting.

B Proof of Main Result

B.1 Proof of Proposition [4.]

We present a generalization of (Abbasi-Yadkori et all 2011) (Theorem 1). Its proof closely mirrors that
of the special case where Hj has a linear kernel. To simplify notation, denote the labeled dataset as

D, = {s},a}, rh}T }LHl Subsequently, we address the following problem:

OcHy,

¢
¢} € argmin {Z (0,9 (sh,a7)) 2, — 7“2)2 + 1/||9||%L} . (19)

T=1

17
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Here, ¢(s},a}) is a column vector for all h € [H] and t > 0. The solution for the above equation
is that 9% = (A)"L(®)TY), where AL = (®)T®! + viyy, & = [(b (s,ll,a,lL)T,~-~ ,¢(sz,aﬁl)T]T, and
Vii=1[r}, -+ ,r}]. Denote H = [e}, -+ ,€,] and K} = @} (®})T. We then determine the upper bound with
10, — 05l Az . We write

0}, = ((},) " ®f, + vI) " (®}) T (94,05 + Hj)
= ((®5,) " @, + vI) " (((®},) " @, + vIn) — vIn)6; + (®}) " Hj) (20)
= ((®}) " @, + vI3) " (®}) " Hf, + 6" — v((®F,) T @}, +vI) 0"
:(A) ((I)t)THt—f—e*—V(At) 19*
That implies
20, — a0 =2 (ALY @) THE — va T (AL) 710 (@1)

= (x, (®},) "Hp) (ag)-1 — v{z,0) (a1 )1

where (z,y)(at)-1 = " (A},) "'y and A}, is positive definite, then (A})~1/2 < p=1/2. Using Cauchy-Schwarz
inequality, we get
705, — 2 "0 < Nl ag) - (@R T Hi llag)—+ + 165 llazy 1)

(22)
< lallag) -+ (1(@h) T Hillary -+ + V21165 l13.)
where the second inequality uses the fact that
1
* _ t\—1/2p% * *
A (e 1 A e
Next, we show that with probability at least 1 — ¢
||(<I>§L)TH,§H?A2)_1 < H? -logdet [v] 4+ K| + 2H” - log(1/6) (23)
Following (Valko et all 2013), we will use the following identities:
(@) 7@} + VIH) (@) " = (2})" (24,(2})" +v1)
= A (@5)" = (@) (K}, +vI)
-1
= (@) " (&G +vI) = (M) 7H(@})
With the basic operation, we get
(%) T HiIEas -2 = (H}) T @5, (AL) (@) " Hj,
— (H)T L (@) T (Kf +vI) " H (24)
-1
— ()KL (K5 + 1) HY
Setting v = 1 + n, for some n > 0, we have
(Kf+n-1) [Kh+ U +n)- 1) = (KL +0-1) [T+ (KL +0-1)]
_ -1 (25)
= [(Kh+n-1)7"+1]
, which implies
-1
(H}) K (K, +vI) " H), < (H])T (Kf+0-1) (K + (L40) 1) H], o

= (H)T[(Kh+n- 1)+ 1] m

18
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Applying Lemma with By = H} and 02 = 1, we obtain the following result: with a probability of at least
1 — 9, the given condition holds simultaneously for all t > 1

_ -1
(H)T [(Kh +0- 1) +1] Hf <logdet [(1+7) - T+ K}] +2log(1/9)

for any 7 > 0 and ¢ € (0,1). Combine equation and (26)), for any t > 0, we get

det [(1+n) I+ K}]
I(@R) T Hllag )+ < \/10g " (27)

with probability at least 1 — §. Therefore, combine the equation and , one also has

= . det[(1+n) I+ K} .
WzzT0h|s|x||(A;L>-1<\/1og QD TR L B3, (28)

for all ¢ > 0. Plugging in x = AZ(@Z —0;), we get

S S det [(14n) -1+ K]] .
167, — ORlI7; < IIAZ(%—Hh)II(A;)l(\/Iog 53 b+ V|65 ) (29)

Now, [0}, — 05 [a: = [[AL (0], — 03[l (ar)-1 dividing both sides by [0}, — 05 [a: , We get

~ det[(1+mn) I+ K! .
16, - 03y, < (ylog ST L ) (30)

Finally, we fix t = Ny and let 0, = 9/2, Ap = Al and KP* = K}, where Dy is offline dataset, we get

det [VI + Kfl}

10 = 07llan < VP17 g, + \|log —— (31)
Furthermore, observed that det (VI + K,?l) = det (I + Z/_lK}?I) det(vI). Thus, we have
log (det (w1 + KP*)) = log (det (1+ 17 K )) + Nilogw < 2G(Ny,v) + Ni(v — 1) (32)
where v > 1.Thus, set v = 1 + 1/Ny, we have
1~ Bl < VP10, 26031+ 1N, 1+ o (33)

B.2 Proof of Theorem [4.3]

The proof of Theorem and the related supporting lemmas are given in this part. Recall that we denote
the labeled dataset Dy, unlabeled dataset DY, and D? = {(s, a7, ?f;" (s, aﬁ))}ﬁf}il, which is a combination
of labeled dataset D; and unlabeled dataset Dg and N = N; + Ny. We partition dataset DY into H disjoint
and equally sized sub dataset {ﬁZ}hH:p where |15,2| =N,=N/H. Let Z, ={N - (h—1)+1,...,Ny - h} =

~ ~Ty0
{Th1,- -, Thon, } satisfy DY = {(s,a}, 72" (s}, a})) }rez, - Denote {VhD’“H}hH:1 as the estimated value function

constructed by PEVI. These estimations are based on datasets Dj.pr, where rewards have been relabeled
using the parameter 6 := {Gh}thl. Furthermore, let Vlﬂ’a be the value function associated with policy 7 and
the estimated reward function with parameter 6. From equation ({)) in Algorithm [1} for all h € [H], we have

Db 5Dh
Vi, "% (s0) <V, " (s0), VOh € Cn(9) (34)
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where sq is an unique initial state and 0 := {5h}f:1 is the pessimistic estimation of 6.
Let & be the event 05 € C(9), then we have P(&;) > 1 — ¢ from Proposition

Denote {VhDZ:H } = Pess(D) from algorithm [3| Let & be the event where the following inequality holds for
each dataset 25,€ and

(A B, U0k H) (s,a) — ( By V2 H) (s,0)| < Th(s,a) ,Y(s,a) € S x A, h € [H], (35)
where Ty, (s,a) = B||¢(s, a)]| = and
(A )t
Cy- H -+/dlog (N/d) d-finite spectrum,

B=14Cy-H-\/(logN/s) /4 d-exponential decay (36)
Cs - N = {2 V10g(N/6) d-polynomial decay

where C'y > 0 does not depend on N; nor H and Cy > 0 does not depend on N nor H. Then, apply Lemma
such that P(&) > 1 — 0.

Condition on & N &>, we have

VI (s0) = Vi (s0) = Vi7" (s0) — DiPEH (s9) + D0 (50) — VI (s0)
<V (s9) — VP (55)

=V (50) = Vi (s0) + Vi (s0) — VP (s) + DPVH (59) — VP (50)
~o

<V (s0) = VT (s0) + VT (s0) = Vi (s0)
= V77 (s0) = VI (s0) + Vi 7 (s0) = Vi ¥(s0) + VT U (s0) = VM (s0)  (37)

< VT (s0) = VT 0 (so) | + |V P (s0) = Vi ¥ (s0) | + Vi 0 (s0) — V7 (sp)

<m2m v [18(snan) | y2r) 2 | 51 = 50]

+ 2BZE7‘—* l||¢(8h,ah)| ‘AD:; | S1 = 80]

h=1

for sq is the unique initial state and 85 (9) is

W1+ N%S + \/Cl ~d -log Ny + log(55) d-finite spectrum,
Br(6) =4 +/1+ LS + \/Cl - (log Nl)l+é + log(35) d-exponential decay
1+ 7 -8 + \/C’l (Ny)@Fm o -log(N1) +log(5z) d-polynomial decay

Note that the first inequality follows Lemma [B.I] while the second inequality follows directly from equation
([34), and the last inequality follows Lemma and Theorem

Lemma B.1. Under the event &, we have

~0* o

V75 (s0) = Vi (s0) < 0
where sg is the unique initial state.
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~ ~ O™ ~ ~ .
Proof. For simplicity, we denote V;P(sg) = V1D1’H(so) and V™ (sg) = Vfr’e (s0). By Lemma with
7 =" =7 and {QP}L is constructed by PEVI (Algorithm , we have

‘ZD( 0) — V1 50) ZE\ [Qh (sh,an) — (Bh‘/}}g_l) (sh,an) | 81 = 30} }

Recall that QP (s, a) is defined in line 6 in Algonthml For all h € [H] and all (s,a) € S x A, if QP(s,a) <0,
implies Qh (s,a) = 0. Then

QP (s,0) — (BuVR) (5,0) = — (BAVD, ) (5.0) < 0
as 7y, € [0,1]. Otherwise, QP (s,a) > 0, we have
QP (s,0) - (BAVR,) (s.0) < QP(s,0) — (BaVR,) (5.0)
- (@h@ﬂl) (s,a) — (Iazhf/,gl) (s.a) — Dp(s,a) < 0.

Finally, we have R
VP (s0) = Vi"(s0) <0 (38)
O

Lemma B.2. For policy 7*, and offline dataset D = {(s],, aj,, r;)}i\f}fil, and any reward function parameter
0y, € Cr(0), we have

V7 s0) ~ sO|<Zﬁh Ee 196, an)ling)-s |1 =50 (39)

where so is the unique initial state and By (0) is defined in equation (@ Moreover, suppose Assumptz'on
holds, then B1,(8) can be written as

\/1 + %8 + \/Cl ~d-log N +1+ log((;%) d-finite spectrum,
Br(d) = 14+ &8+ \/Cl - (log N)H% + 1+ log(3x) d-exponential decay (40)

1+ 48+ \/C'l (N d+m -log(N) +1+1log($5) d-polynomial decay

Proof. From the definition, we have
7 (s.0) = 77 (s,)| = | 6(5,@) "0 — 6(s5,) "B
<16 = Onllar - [|6(s, a)l|(ap)-1 (41)

< Bu(6)y/0(s.0)T(AD)16(s. a)

Then, we have

~

VI (s0) = VT (s0) = D Be [0 (5,0) = 71 (5,) | 51 = so]

< E H?Zh(s,a) — ?gh(s,a)’ | s1 = so}
(12)
<3 BOEe |yfolon o)D) olon, ) |51 = s

M= 1= 1= 1M

6h(5)E7\'* |:H¢(Shaah)||(AE)—l ‘ S1 = 30] .

>
Il
—
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Recall that 8 (6) = \/vS+ \/2G(N, v) 4+ 1+ log 55 defined in equation . Setting v = 1+ 1/N and applying
Lemma we obtain

1+ +8+ \/Cl -d-log N +log(35) d-finite spectrum,
Br(0) = §4/1+ %8+ \/C’l - (log N)H% + log(35) d-exponential decay (43)
1+ &8+ \/C’l : (N)% -log(N) +1log(s5) d-polynomial decay
for some sufficient large C; and C; is an absolute constant that does not depend on N; nor H. O

Lemma B.3. Suppose Assumptz’on cmd hold, with dataset D = {(s},, aj,, rg)}hH’T]\il, we set A\ =1+1/N
and B > 0 satisfies

2(1 + %)Rg +8G(N/H,1+ 1/N) +2/H + 8log(H/¢) < (B/H)? (44)

in Algorithm|5. Then T'y(s,a) = B -||¢(s, a) >, is a &-quantifier where Dy, is defined in Theorem .
-1

|
A"
That is, for dataset D, the following inequality holds,

(B2 ) o= (350 )

with P(Ey) > 1 — &, where & is defined in equation. In particular, B is given by

<Thp(s,a),¥(s,a) €S x A h € [H] (45)

C-H-+\/dlog(N/¢) d-finite spectrum,
B=SC-H-\/(logN/&)' /1 d-exponential decay (46)

C- N Zarm g w \/010g(N/€) d-polynomial decay

for some absolute constant C' that does not depend on N nor H.

Proof. We present the offline reinforcement setting of (Yang et al., 2020) and combine the data split skill from
(Xie et al.,|2021) (Rashidinejad et al.,2021). Recall that we partition dataset D into H disjoint and equally sized
sub dataset {Dy}L |, where |Dy,| = Ny = N/H. Let Zp, = {Np, - (h = 1)+ 1,..., N, - h} = {mh1, " , TN, }
satisfy ZSh = {(s],,a},r})}rez,. Denote the operator @fh : Hp — RN¥r and AhDh :Hp — Hp as

o ()" k(o)
(I)h?h = = , A}L)hr =\-Iy+ ((I)}?h)T(I)}L)h (47)

o(z) )\ w(amm)

For notation simplicity, let K; = K,?",kh(z) = k,?h (z), and Ap, = Afh. For h € [H], the solution fh of the
kernel ridge regression in equation is that

) =Y [anl, k(zf,) = @) an (48)

TEL)

where oy, = (Kj, + A+ I)"'y;,. Note that both matrix <I>h<I>,;r +X-T and (I)Z(I)h + A\ - Iy are positive definite,
following (Valko et al.| [2013)), we have

OF (By@] + A1) = (0 By + A Iy B (49)
Then, the fitted value function @hf/}grhflﬂ is that

Fu(z) = (J k(s 2)) = Kin(2) T (50)
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Furthermore, in combination with the equation (49), ks (2) can be written as kj(z) = ®5¢(z), we have

¢(2) = A, Ano(2)
:A,j [<I>h<I>h+)\ ka] ?(2)
= AR Br(2) + A} 6(2) (51)
=) (K, +\-1)7* ¢(z)+AA Lo(z)
_@h(Kh+)\ n- Y (2) + AN,

where the forth equality follows equation . Recall that QDh A(z) = min{@f’“” (2),H—h+ 1}t =
min{ky,(2) @y — Th(2), H —h+1}T in Algorlthm Since ij{l " €10, H] for all h € [H], by Assumption

we have IB%hV,S_hl“ TeQ*i VhD_:l“ " < RgH. There exists f, € Q* such that f;, = ]Bthahl“ "
and ]Bthé_hl“ (2) = (fn, k(y 2))2, = 0(2) T fo by the feature representation of RKHS. For any h € [H],
’(@ﬁ,ﬁ?hff) (5725
s,a Tfh‘

= |t
= |ky, z)T Kn+X-1) 7ty —ky (2)(Kp + X 1) 7 @ o — Ao(2) TAL " fa
< [kn(2) (B + A1) yn — ®nfa)l + Ao(2) TAL fl
< (4)+(B)
where the second equality follows equation (51)). Next, we bound (A) and (B) separately. By Cauchy-Schwarz
inequality,
= [Ap(z T/Vlfh\ = MA, ' 6(2), fr)m,
<A A0 4y, I llag,
—\. HA;”QA;W . Hm N fnll,
< RoH - \V/2. HA,;”%(Z)HH

k

= RoH - A2 [g(2) 5

Furthermore, ¥, is defined in equation and Section the 7-th entry of (y, — ®5, fx) can be written as

wnl, — [®nfuls = + VP (sT40) — @(h, af) fi

=] + Vhljfl“ H(s7) — Bhv,}}f (57, a]) (54)
D D
=V, (5;+1) PpV, T (sh,a7,) + €,

With equation and kp(z) = Pro(2), (A) can be written as

= |kn(2) T (Kn +A- D)7 (yn — @i fn)|
= |o(s T‘I’T (Kn+X-1)"" (yn — ®nfn)|
= |p(s,a) "AL Ry (yn — Prfn)]

D 1: T D 1: T T T 55
o(s,a) TA Z o (sh,ar) [V,thr H (5h+1) Vthhl+ " (sh,ah)—keh} (55)

< llg(s, a)llp-+ -

)

-1
Ay

’DL DL
Z ® (s ap,) [ Vi (shy1) — PV, 1 (shyan) + 64
TELY
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where the last inequality uses Cauchy-Schwarz inequality.
For h € [H — 1], we define the filtration

.FhZO'(]SlU"'U'ZSh),

where o(+) is the o-algebra generated by the set of random variables. Let

~

eh = (V™ (shar) + 6h) = PV (s, 0)
is adapted to the filtration {fh+1}hH;11. Then

-~ ~

E |V (shar) + 6 | fh] =E [Vzﬁﬁ“ﬂ (sn+1) + €7, | s = sf,an = af | =PV, (sF, aF)

Thus, we have E [¢] | F5] = 0. Applying Lemma to e, =] and 02 = 2H? as

~

Dht1s T D, : T T
VT (shya) — PuV, T (sh,ah) € [—H, H] (56)

and €] is 1-sub Gaussian noise, for any 7 > 0 and £ > 0, it holds probability at least 1 — §/H that

B [(Kn 417 +1] B
<2H? - logdet [(1+n) - I+ Kp] +4H? -log(H/¢)
Th,1
where Ej, = . Using the equation (|57]), we get

Th,Ny,
3

2
= B D, (2] 0p+ \-Ip) ®F B,

e 1 (58)
=E, ®,®, (2,®,) + A1) Ej
=B Kn(Kn+X-1)"" By

> o(sh.ap)e

TEL)

For A\=n+1>1and n > 0, we have

B K (Kn+X-1)"Ey=E Ky (Kn+(+1)-1)" " E,
SE;T(Kh‘FT}'I)(Kh+(77+1)~I)71Eh (59)

=Ej, [(Kh+77'j)71+1}_1Eh

-1
where the first equality follows the fact ((Kj +n-1)"" + I) = (Kn+n-1)(Kn+ (14n)-I)"". For any
fixed £ > 0, combining equation , (58), and , we get

2

> ¢ (sq.a)er < 2H? logdet [\- I + K] + 4H? - log(H/£) (60)

TELR

-1
Ay

holds simultaneously for all h € [H] with probability at least 1 — &. Clearly, A\- I + K, = (A I) (I + Ki/\),
then

logdet (A - I+ Kp) = Nplog A+ logdet (I + K /)) (61)
< Nh()\ — 1) + logdet (I + Kh/A) s
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where Nj, = |Z;,| = N/H. Hence, for any € > 0 and A > 1,

2

> o (sq.ap) e < 2H? -logdet [I + K, /A] + H2N,(A — 1) + 4H? - log(H/¢) (62)

TELY

-1
Ay

holds simultaneously for all h € [H] with probability at least 1 — £. Finally, combine equation , ,
1} and and take A =1+ ﬁ, we get

(s}~ (o8

< l6()lly | RH -VA+|| > ¢ (sh.af) e
L TEL) Al_l-
- 5 7T1/2

< lé(2)lla-1 [2ARGH? +2{[ > (s}, af) (63)
TELR A;l_

< [lo(2)ll5-2 [2AREH? + 8H? - G(N/H, \) + 2H*> Ny, (A — 1) + 8H? - log(H /)]
- 1/2
< llg(2)ll5-1 | 201+ %)RéHQ +8H?-G(N/H,1+1/N)+2H +8H? - log(H/¢)

1/2

<B-: ||¢(Z)||A;1 =Th(z), VzeS xA,

where the second inequality follows from /z + \/y < 1/2(22 +y?2). Thus, {Tn}tpeim is a {-uncertainty
quantifier. To give explicit expressions for B, we distinguish three cases according to the spectrum of k.

« Case I (d-finite spectrum): By Lemma [C.2] we have G(N/H,1+ 1/N) < Cy - dlog(N/H), where Cj,
is absolute constant that depends on m, and d. Then, B? equals to

1
2(1+ N)RéH2 +8H? - G(N/H,1+1/N) +2H + 8H? - log(H/¢)

< 4R H? + 8H? - Cy, - dlog(N/H) + 2H + 8H? - log(H /£) (64)

< C%.H?-dlog(N/¢)

for sufficient large C' > 0. Hence, we take B=C - H - \/W.
o Case II (d-exponential decay): By Lemma we get
G(N/H, 1+ 1/N) < Cy - (log(N/H))"+/ (65)
where C}, is absolute constant that only depends on m and d. Then, B? equals to
2(1+ %)R%HQ +8H?-G(N/H,1+1/N) + 2H +8H? - log(H/¢)
< 4R%H? + 8H? - Cy - (log(N/H))" /% + 2H + 8H? - log(H /€)
< C2H - [ (log(N/H))"* 1/ + 1og(H /¢)] (66)

< C2H? - [log(N/H) + log(H /)]
< C2- H? - [log(N/€)) H/*

for sufficient large C' > 0. Hence, we take B =C - H - 1/ (log N/§)1+1/d.
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o Case III: (d-polynomial decay) By Lemma we get

m—+1

G(N/H,1+1/N) < Cy - (N/H) % - log(N/H) (67)

where C}, is absolute constant that only depends on m and d. Then, B? equals to
1
2(1+ N)RgHQ +8H?-G(N/H,1+1/N) +2H +8H? - log(H /¢)

< 4RLH’ +8H” - Cy - (N/H)#w - log(N/H) + 2H + 8H - log(H /)

(68)
< CPHP B N - (log(N/H) + log(H/¢)]
< CPH* #En N - [log(N/¢)]
for sufficient large C' > 0. Thus, it suffices to choose B = C' - NG g ot V1og(N/§).
O

Theorem B.4. Under Assumption and we set A=1+1/N and B is defined as equation (@) Then
with probability at least 1 — &, it holds that

~

* 7 0 H
VI (s0) = V0 (0) < 2By Ere [llé(smran)ll = | s1=s0 (69)

h=1 (Ahh)—l

Proof. Recall that the {-quantifier satisfies the following inequality with probability at least 1 — &:

BATE | (5,0) — (BT <r 7
hVh41 (Sva) hVh41 (87a) = h(s7a), ( 0)

for all (s,a) € S x A,h € [H]. Define 7 = {7,}fL, as the policy such that ‘A/hD’e“H(s) =

~

-1 0
<sz=H(s, D, (- s)> . For simplicity, we denote 0y (s,a) = (Bhvfﬁ‘fﬂ) (s,a) — Q?)“H (s,a) Apply-

A
ing Lemma with m = 7, and 7’ = 7*, we have
g - H 7
5DY. * ~DY. ~ *
PP o) = V7 (s0) = 3 B [ (QPF () B (o) = i (1)) 1 = )
h=1 A

H R _
~DY SDh L,
+ ZEw* [Q;?hﬂ (Sh,an) — (Bthﬁ“'H) (Sh,an) | s1 = 801

= L )
=3 B [(@0 1) A L) =i L)) =30

A

"
— > Ex- [0n(sn, an) | 51 = s0]

A~
where E, - is taken with respect to the trajectory generated by 7*. Since 7 is greedy with respect to Qf’“” ,
then

* ~ o
1:

128 ’9(50) - V1D

M=

"(sp) =Y En«[0n(sn,an) | s1 = so]

>
Il
—

e [(QP (o). (L on) = R e )

+

M= 71

) | 51= 30] (72)

Ex- [6n(sn,an) | 51 = so]

>
Il

1
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50
Recall that the construction of th‘H in Line 5 in Algorithm For all h € [H] and all (s,a) € S x A, we
have

_ Do
Q4 (s,a) = B,V h*”’s,a —T'u(s,a
R (s,a) = w1 (s,a) (s,a) (73)
< Bhf/ﬁ‘;w(s,a) <H-h+1
where the first inequality follows the definition of T';(s,a) and the second inequality follows that 7, € [0, 1]

P
and V;Z_hfl:H(Sva) € [H — h]. Then, we have

~5 ~5 + = =5
OPr (s,q) = {Qf’“H (s,0), o} ~ max {Qf’““ (s,a), o} > QP (5, q) (74)

Then, dx(s,a) can be written as
D0 PO~
dn(s,a) = (Ehv,ﬂa*l) (s,a) — Z’Dh (s,a)
D0 =
< (EhV}fﬁ“) (s,a) — Z’Dh’ (s,a) (75)

5 5
< ( vﬁh;l) (s,a) — (Bhvﬂi+l> (s,a) + Th(s,a) < 2T'%(s, a)

where the inequality follows line 4 in Algorithm [2} Hence we have d5(s,a) < 2T',(s,a). Combine Lemma
equation , and equation , we get,

* ~ 0
VI (s0) = V71 (s0) < 2 Z < [Th(sn, an) | s1 = so]

h=t o (76)
<2 Z l|¢ smoan)ll = [s1= 80]
h=1 (A, ™)1
where B satisfies equation . O
B.3 Proof of Proposition [4.5]
Denote Ay, = Af”',A’h = Af;l, and K; = Kf;% Note that Ay, is a self-adjoint operator, then
b= 032 (Do + 8, 0()0() T ) A2 (77)
We take log det on both sides with the equation , then
log det (A},) = logdet (A) + log det (Iq.[,c + A_1/2¢( )(b(Z)TA;l/Q) 78)

= logdet (Ay) +log (14 ¢(2) " A, ' 6(2))
Note that det (A) = det (A + K3), and det (A}) = det (\I + K},) for A > 1 because ¢(2) " A, '¢(2) < 1, we

have Tr—1 Tr—1
3(2)TAL 0(2) < 2log (1+ (=) T A 6(2))
=2 [logdet (A},) — log det (Az)]
=2 [logdet (I + K}, /\) —logdet (I + Kj/\)]
Moreover, by equation , we have

o(2) A} p(2) < 2 [logdet (I + K},/\) — logdet (I + Kp/\)] (79)
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B.4 Proof of Corollary 4.8

The proof is inspired from (Jin et al) [2021; Duan et al), [2020). Recall that we denote D’ =
{ (sﬁ,az,?z (sh, a;))}ivhHl, which is a combination of labeled dataset D; and unlabeled dataset Dj. We

partition dataset DY into H disjoint and equally sized sub dataset {D HL | where \DG\ = Nj = N/H. Let
T ={Np-(h=1)+1,....Ny-h} = {Th1, -, 7, } satisty D) = {(s},a}, 7" (s],a}))}rez,. Define

Zu=3 Al AL=0(s.00) 6 (sTaf) "~ T, (50)

TEL

where 3, = Bz [ (s, an) ¢ (sn,a1) " | for all h € [H]. Clearly, Ex[Af] = 0 from equation . Note that Ex

is taken with respect to the trajectory induced by the fixed behavior policy 7 in the underlying MDP, and
the set {A] }-cz, is ii.d. and centered for all h € [H].

As shown in Section 3.3, The feature mapping ¢ : Z — H satisfies

2) =Y 0y -1(2) =D o i(2) - (Vo ) (81)
j=1

=1

Let t be any positive integer and let II; : H — H denote the projection onto the subspace spanned by
. t
{w]}]e[t]v Le., Ht[d)(zﬂ = Zj:l g5+ 1/’3(2) ! 1/’;

For d-finite Spectrum case, consider the case where o; = 0 for all j > d. Then, ¢(z) = Iy[¢p(2)] for any =z € Z.
That is, A] can be written as

=W[ Wi, Zn= Y Aj=> Wi-W, (82)

TEL) TELy

where W} = ¢(2])¢(2}) " as a d x d matrix, and W), = Ez [¢(21)#(21,) " |. By the boundness of kernel(i.e.
sup,cz k(z,2) < 1), we have ||¢(2)||n, <1,Vz € Z. By Jensen’s inequality, we have

<
op

190l < B [ om0 (ss)”

Similarly, for all h € [H] and all 7 € Z),, as it holds that

[ALlop < IWillop + [IWal

op =
we have .
|B= (22 Z0) |, = N |[Bs [(40)T 47 .
< Nu|[E= [47 (D] |
< 4Ny

Similarly, we have

a4z

<A™ 147l < 4 and |[B5 (2] 2], <4

Applying Lemma for Z;, defined in equation , for any fixed h € [H] and any [ > 0, we have

P <||Zh||0p > Z) Z Arll >1] <2d-exp (F/?)

z AN, +21/3
For all § € (0,1), we set | = /10N, log(4dH/J), for sufficiently large N;, > 5log(4dH/J), we obtain
1 Znllop < +/10N}, log(4dH/§) holds with probability at least 1 — §/2H.

op
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Moreover, Zj defined in equation can be written as

Zn="Y" 6 (@f,ap) 6 (.af)T = Nu-Sh = (Ap— A1) = Ny - Sy (83)
TELR

Recall that there exist positive constant ¢y, such that infl\f\lnk:1<f» Enf)#, > Cmin. For sufficiently large
Nj, > 4% 1og (4dH /6), we have

C

ik J%fm = it (ff}; T Jéf) fi.
2 N, Hf\livrj£=1<f’ Znf)m + |\f\|12£=1<f’ Enf)Hn (84)
> Gnin = | Zallo 2 Cain - c\/ e (O V) Coin
Hence, it holds that
147 op < o (85)
for all h € [H]. This implies that
1A, 2 6(s,0) 12, < 6(s, @)l 1AL 11507 < ¢ //Na (86)

where ¢/ = \/2/cmin and using the fact that ||@(s,a)|s, <1 for all (s,a) € S x A.
We define the event

EF = {||A;%¢(S,a)”7.¢k < /\/Np, for all (s,a) €S x Aand all h € [H]}

- ® log (4dH/0). Recall that for d-finite spectrum case,

C

By equation , we have P(E) > 1 —0/2 for Ny >

we have
1 1
=4/14+ — -d-log Ny + log(—=
310) = 1+ 35+ [C1-d g My +108() .
B=Cy-H-+/dlog(N/J)
Use big tilde O notation, they can be written as
Bu(8) = O(Vd) (88)
B =O(HVd)
Combining the result in Theorem and equation with § = §/4, we have
H
SubOPE(F35) <23 Bu(0)Ex [ 6(sn, an) yo1)-s | 51 = 5]
h=1
H
+2B Y Eq |[|[d(sn,an)|l = |s1= s]
2 l . (59)

< 90,(8) - H-¢ /N +2B-H-d/\/N,

LUNERERIENER

where the last equality follows from the fact that N, = N/H and N = Ny + N, for all h € [H].
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C Sufficient Lemma

Lemma C.1 (Concentration of Self-Normalized Processes in RKHS (Chowdhury & Gopalanl [2017))). Let H
be an RKHS defined over X C R? with kernel function K(-,-): X x X — R. Let {z,}.—, C X be a discrete
time stochastic process that is adapted to the filtration {Fy},° . Let {e;}.7 | be a real-valued stochastic process
such that (i) €, is Fr-measurable and (ii) €, is zero-mean and o-sub-Gaussian conditioning on F._1, i.e.,

Ele, | Fr1] =0, E[e* | Frq] <eX7/2 WAeR

Moreover, for any t > 2, let By = (61,...,€t_1)—r e Rt~ and K; € RE-DXCE=1D) pe the Gram matriz of
{xT}TE[t_I]. Then for any n > 0 and any § € (0,1), with probability at least 1 — &, it holds simultaneously for
allt > 1 that

-1
El [(Ki+n-D)"'+1| E, <02 logdet[(1+n) I+ K]+ 202 -log(1/5)

Proof. Please refer to Theorem 1 in (Chowdhury & Gopalan| [2017)) O

Lemma C.2 (Lemma D.5 in (Yang et al.,[2020)). Let Z be a compact subset of RY and K : Z x Z — R be
the RKHS kernel of H. We assume K is a bounded kernel so that sup,cz K(z,2) <1, and K is continuously
differentiable on Z x Z. Moreover, let Tk be the integral operator induced by K and the Lebesgue measure on
Z, such that Ty f(2) = [; k(2,2") - f(2))d2/, VfeL(Z).. Let {oj};>, be the non-increasing sequence of
eigenvalues of Ty . Recall the definition of mazimal information gain in equation (@) We assume {o; }j>1
satisfies one of the following eigenvalue decay conditions:

o v-finite spectrum: o; = 0 for all j > v, where vy is a positive integer.

o ~y-exponential decay: there exists some constants Cq,Cy > 0 such that o; < C1 -exp (—Cy - j7) for
all 7 > 1, where v > 0 is a positive constant.

o y-polynomial decay: there exists some constants C1 > 0,7 € [0,1/2) and Cy > 0 such that o; <
Cy-j77 and sup,cz o - |1;(2)] < Cy for all j > 1, where v > 1.

Suppose X € [c1, ca] for absolute constants c1,ca. Then we have

C-v-logK y-finite spectrum
G(K,\) << C-(log K)'*1/7 ~-exponential decay
C - KW@+D/0r+d) og K y-polynomial decay

where C' is an absolute constant that only depends on d,~,Cy,Co,C,c1 and ca.

Proof. Please refer to Lemma D.5 in (Yang et al.| [2020) for a detailed proof. O

Lemma C.3 (Extended Value Difference (Cai et al., [2020)). Let 7 = {ﬂ'h}f:l and 7’ = {ﬂ';l}f:l be any
\H

two policies and let {Qh}h ) be any estimated Q-functions. For all h € [H], we define the estimated value

function Vi, : 8 — R by setting Vy(z) = <@h(x, Vs mn(- | x)>A forallz € S. For all x € S, we have

Pa@) = W' @) = i B (@ (o) omn () = L)) [ on =]
+ZhH:1 K [Q\h (Sh’ah) — (Bh‘/}h-i-l) (Sh,ah) | S1 = x}

where B is taken with respect to the trajectory generated by 7', while By, is the Bellman operator defined in

Section[31]
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Proof. Fix h € [H]. Denote that ¢; = le — IB%Z-‘A/Z-H. For all ¢ € [h, H] and s € S, we have

En Vi () = Vi (s0) | sn = 3]
= Ex [(Qi (si)omi (1 50)) = (QF (s0:) (-1 50)) s = 5]
= Eq [(Qu (i) mi ([ 30) =7 (1 0)) + (Qu (i) = QF (s00)omi (- ) | sn = 5|
=B [(Qi(si) mi (| s0) =7l (- 5)) | sn = 3]
B [ (1 (539) + BV (s07) = (7 (500) + BVT (500)) i [ 32)) | s = s (90)
= Ex [(Qi (i) omi (| 52) = w50 | 30 = ] + B [ (s1,05) | 51 = o
+ En []P’i (‘72‘+1 - Vfiﬁ) (8i,0) | s = S}

= Ex [(@i(s0)omi (| 50) =7 (| 50) | 51 = ] + B [ (s1,05) | 50 = o
+Er {‘Z’H (si+1) = ViTy (si41) | s = 5]

where IP; is the transition operator defined in Section Rewrite equation , we have

Eq [‘71 (si) = Vi (s3) | s = 8} —Eqn [‘Z‘H (si+1) = Vi (8i11) | 80 = S}

- (91)
=B [(Qi (1) i (- L si) = 7 (- | 50)) | 5w = | + B [t (s, | 5n =
Taking ZzH:h on equation , then
A~ H o~
Vi (5) = ViT' () = DB [(Qi (s1) i ([ s0) = i - 52) ) [ sn = 5]
i=h
o ) ) (92)
+ ZEW [Qh (8i,ai) — B;iVig1 (si,a:) | sp = 8]
i=h
letting h = 1 completes the proof. O

Lemma C.4 (Matrix Bernstein Inequality (Tropp et all [2015)). Suppose that {Ay},_, are independent
and centered random matrices in R¥1>*92  that is, E[Ag] = 0 for all k € [n]. Also, suppose that such random
matrices are uniformly upper bounded in the matriz operator norm, that is, ||Ak||op < L forallk € [n]. Let
Z =% 4_, Ay and

n

Z]E [AAL]

k=1

i

v(2) = max {||E [227]],,.[E [27 2], } = max

> E[A74]
k=1

op op
For allt > 0, we have

P([|Z]lop > t) < (d1 + d2) - exp <_U(Z)t+/z/3t)

Proof. See|Tropp et al| (2015, Theorem 1.6.2) for a detailed proof. O

31



	Introduction
	Related Works
	Offline Reinforcement Learning
	Offline Data Sharing

	Background
	Episodic Markov Decision Process
	Assumption of Offline Data
	Reproducing Kernel Hilbert Space
	Pessimistic Value Iteration and Kernel Setting

	Unsupervised Data Sharing
	Pessimistic Reward Estimation
	Theoretical Analysis

	Experiments
	Asymptotic Behavior of V1(s)
	Comparison between Finite Dimensional and Kernel Features

	Conclusion
	Pessimistic Value Iteration
	Proof of Main Result
	Proof of Proposition 4.1
	Proof of Theorem 4.3
	Proof of Proposition 4.5
	Proof of Corollary 4.8

	Sufficient Lemma

