
000
001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051
052
053

Under review as a conference paper at ICLR 2026

CONVERGENCE OF NEAR-LINEAR WIDTH RELU NET-
WORKS WITH UNBALANCED INITIALIZATION

Anonymous authors
Paper under double-blind review

ABSTRACT

The optimization of neural networks is fundamental in machine learning. While
the conjecture that linear width suffices for convergence has been confirmed in
some restrictive settings, a significant gap remains for non-smooth ReLU net-
works, for which prior works require substantially wider, polynomial-width net-
works. We significantly narrow this gap by developing an analysis that simultane-
ously achieves near-linear width and accelerated convergence for two-layer ReLU
networks with shared first layer and vector-valued outputs. Our results are en-
abled by a novel unbalanced Gaussian initialization that tightly controls the kernel
shift for the non-smooth ReLU activation. We prove that gradient descent (GD)
achieves linear convergence for networks with only Ω̃(Nn/λ) neurons, where N
is the sample size, n is the output dimension, and λ denotes the smallest eigenvalue
of the (limiting) neural tangent kernel (NTK), which is standard in prior analyses
operating in the NTK regime. Within the same framework, Nesterov’s accelerated
gradient (NAG) attains a provable speedup without sacrificing near-linear width,
improving the iteration complexity from O(nκ log 1

ϵ ) to O(
√
nκ log 1

ϵ ), where κ
is the NTK condition number. Finally, our analysis establishes low-rank adaptiv-
ity: by introducing a sketching step at initialization and a subspace analysis, the
width requirement reduces to Ω̃(Nr/λ) for responses of rank r ≪ n. By tackling
the key analytical hurdles of non-smoothness and vector output with a shared first
layer, our work substantially tightens the required width for provable convergence
in ReLU networks and brings theory closer to long-standing conjectures.

1 INTRODUCTION

The study of neural network training dynamics has seen substantial progress in recent years, partic-
ularly in the overparameterized regime where networks can perfectly fit the training data (Du et al.,
2018; Allen-Zhu et al., 2019). A central question is the minimum width needed to guarantee that
first-order methods converge to a global minimum, and it is widely conjectured that a width linear
in the sample size N should suffice. While this has been confirmed for networks with smooth acti-
vation functions (Liu et al., 2022a; Bombari et al., 2022), a significant gap remains for the widely
used non-smooth ReLU activation. For two-layer ReLU networks, existing theories require widths
that scale polynomially with N and depend on data properties, such as the smallest eigenvalue λ of
the (limiting) neural tangent kernel (NTK, Jacot et al. 2018). Although the best-known requirement
has improved from Ω(N6λ−4) (Du et al., 2018) to Ω̃(N2λ−2) (Munteanu et al., 2022), this is still
far from the conjectured linear dependence on N .

We substantially narrow this gap by providing the first analysis showing that a near-linear width is
sufficient for the provable convergence of two-layer ReLU networks trained with gradient descent
(GD) and Nesterov’s accelerated gradient (NAG). Our work tackles the more challenging and prac-
tical setting of vector-valued outputs with a shared first layer, which introduces significant analytical
hurdles due to the Kronecker product structure of the empirical kernel not present in the simpler
scalar-output models.

Our key enabling technique is a novel unbalanced Gaussian initialization scheme. By setting the
output layer weights to be larger than the hidden layer by a factor, we bias training toward the NTK
regime, which allows controlled feature movement; in contrast, the opposite scaling leads to the
random feature regime where the hidden layer is essentially frozen (Nguyen, 2021). The use of
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Gaussian-initialized weights provides the necessary technical machinery to derive tight bounds on
the evolving kernel matrix, a crucial step for handling non-smooth activations.

We summarize our main contributions as follows:

• Near-linear width for ReLU networks: We first prove that a near-linear width of
Ω̃(Nnλ−1) is sufficient for GD to globally optimize two-layer ReLU networks with vector
outputs in the NTK regime (Theorem 3.1). This significantly improves upon the previous
best-known quadratic bound in this regime (Munteanu et al., 2022).

• Provable acceleration at near-linear width: We show that Nesterov’s acceleration can
be achieved in this challenging setting without requiring a larger network width, some-
thing prior analyses of acceleration for ReLU networks did not establish. Our framework
confirms that NAG improves the rate from O(nκ log 1

ϵ ) to O(
√
nκ log 1

ϵ ) (Theorem 3.2).
• Novel analysis for low-rank adaptivity: For low-rank responses, we introduce a sketching

step at initialization. While this reduces the width requirement to depend on the response
rank r ≪ n, it makes the empirical kernel rank-deficient, breaking standard contraction
arguments used for convergence. We resolve this with a novel subspace analysis, proving
that the training dynamics remain confined to an invariant, contracting subspace, thereby
recovering a fast linear rate for a problem that is not strongly convex. This reduces the
width requirement to Ω̃(Nrλ−1) (Theorem 4.1).

Collectively, these results, summarized in Table 1, push the theory of ReLU network optimization
significantly closer to long-standing conjectures. The remainder of the paper develops these results,
with full proofs and numerical experiments provided in the appendix.

Table 1: Results for two-layer ReLU networks. N is the sample size, λ is the smallest NTK
eigenvalue, κ is the NTK condition number, κ′ is the condition number of the conjugate kernel (CK,
Neal 2012), κr and r are the condition number and rank of the response matrix, respectively. “RF”
denotes the random feature regime where the training dynamics are driven by CK.

Output Algorithm Initialization Width Rate Regime

Scalar
(n = 1)

GD (Du et al., 2018) Random Ω(N6λ−4) O(N2λ−2 log 1
ϵ
) NTK

GD (Song & Yang, 2019) Random Ω̃(N4λ−4) O(N2λ−2 log 1
ϵ
) NTK

HB (Wang et al., 2021) Random Ω̃(N4κ2λ−4) O(
√
κ log 1

ϵ
) NTK

NAG (Liu et al., 2022b) Random Ω̃(N4κ2λ−2) O(
√
κ log 1

ϵ
) NTK

GD (Munteanu et al., 2022) Coupled Ω̃(N2λ−2) O(N2λ−2 log 1
ϵ
) NTK

GD (Ours, Theorem 3.1) Unbalanced Ω̃(Nλ−1) O(κ log 1
ϵ
) NTK

NAG (Ours, Theorem 3.2) Unbalanced Ω̃(Nλ−1) O(
√
κ log 1

ϵ
) NTK

n-dim.
Vector

GD (Nguyen, 2021) Unbalanced Ω(N) O(κ′ log 1
ϵ
) RF

GD (Ours, Theorem 3.1) Unbalanced Ω̃(Nnλ−1) O(nκ log 1
ϵ
) NTK

NAG (Ours, Theorem 3.2) Unbalanced Ω̃(Nnλ−1) O(
√
nκ log 1

ϵ
) NTK

NAG (Ours, Theorem 4.1) Unbalanced Ω̃(Nrκ2
rλ

−1) O(
√
rκκr log

1
ϵ
) NTK

1.1 ADDITIONAL RELATED WORKS

Overparameterization and training regimes. In the infinite-width limit, training suitably scaled
neural networks by gradient descent reduces to kernel regression with a fixed NTK, explaining
linearized (“lazy”) dynamics (Jacot et al., 2018; Lee et al., 2019; Chizat et al., 2019). Different
scalings place training in the random feature (or conjugate kernel, CK, Neal 2012) regime, an NTK-
leaning regime that permits controlled feature movement, or richer feature-learning regimes. For
two-layer networks with smooth activations, linear widths are attainable in various settings (Bombari
et al., 2022; Liu et al., 2022a). In contrast, for the non-smooth ReLU activation, classical NTK-
type analyses progressed from Ω(N6) (Du et al., 2018) to Ω̃(N4) (Song & Yang, 2019; Oymak
& Soltanolkotabi, 2020) and further to Ω̃(N2) via coupled initialization (Munteanu et al., 2022),
yet still far from the conjectured linear width. Nguyen (2021) obtain linear width in the random
feature regime by unbalancing toward a zero output layer. By contrast, our unbalanced scaling biases
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training toward the NTK-leaning regime that allows more substantial hidden layer movement, which
is often associated with improved representation learning; this controlled movement is crucial for
bounding kernel shift with non-smooth ReLU activation, especially in the vector-valued case.

Width and NTK eigenvalues. Our near-linear width bounds scale with the smallest (limiting)
NTK eigenvalue λ, which is standard in NTK regime analyses. Recent results give lower bounds
or concentration for empirical NTK eigenvalues at initialization (scalar outputs) and clarify when
λ remains well-conditioned under mild geometric conditions (Karhadkar et al., 2024; Yang et al.,
2024). These insights help justify Ω̃(Nn/λ)-type requirements in our vector-valued setting, where
we further control kernel shift during training.

Vector-valued outputs with a shared first layer. Unlike training n independent scalar heads,
vector outputs with a shared first layer induce a matrix-valued kernel, which admits a Kronecker
product structure when expressed in the standard kernel matrix form. This is classical in vector-
valued RKHS and multi-output Gaussian processes (Micchelli & Pontil, 2005; Alvarez et al., 2012).
Handling this coupling makes concentration and kernel-shift control more delicate than in the scalar
case, and is central to our analysis.

Acceleration and low-rank adaptivity. Momentum methods provably accelerate NTK-style train-
ing for ReLU networks (Wang et al., 2021; Liu et al., 2022b; Liao & Kyrillidis, 2024), but prior
proofs require widths at least Ω̃(N4) and focus on scalar outputs. We obtain NAG’s

√
κ speedup at

near-linear width in the vector/shared-feature setting. Moreover, with sketching at initialization, we
establish low-rank adaptivity, reducing width from Ω̃(Nn/λ) to Ω̃(Nr/λ) for rank-r responses via
a subspace analysis. Our sketching approach is in line with randomized sketching methods (Halko
et al., 2011; Pilanci & Wainwright, 2016), and complements tailored-initialization analyses in matrix
factorization and linear networks (Ward & Kolda, 2023; Xu et al., 2024).

2 PRELIMINARIES

Throughout this paper, ∥·∥ denotes the Euclidean norm of vectors or spectral norm of matrices, ∥·∥F
denotes the Frobenius norm of matrices. For any matrix, [·]i,: and [·]:,i denote the i-th row and
column, respectively, σi(·) denotes the i-th largest singular value. For a square matrix, λi(·) denotes
its i-th largest eigenvalue. For a matrix X, we use col(X), row(X) and ker(X) to denote its column
space, row space and null space respectively, and denote its condition number as κ(X). We use ⊙
and ⊗ to denote the Hadamard and Kronecker product, ⊕ to denote the direct sum of vector spaces,
vec(·) to denote the column-first vectorization of a matrix, and diag(·) to denote the diagonal matrix
from a vector. For scalars a, b, we occasionally use a ∨ b and a ∧ b to denote their maximum and
minimum. We use ≲ and ≳ to omit absolute constants.

We consider training vector-valued two-layer ReLU networks for regression under the square loss:

min
V,W

L(V,W) =
1

2

∥∥Y −Vσ(W⊤X)
∥∥2
F
. (1)

Here, X = (x1,x2, . . . ,xN ) ∈ Rd×N denotes the input data where d is the input dimension and N
is the sample size, Y = (y1,y2, . . . ,yN ) ∈ Rn×N denotes the responses where each response is
an n-dimensional vector, σ(·) = max(·, 0) denotes the element-wise ReLU activation, V ∈ Rn×2m

and W ∈ Rd×2m are the output and hidden layers of neural network with even number 2m of
neurons. We assume the data is normalized as in Du et al. (2018; 2019); Munteanu et al. (2022).
Assumption 2.1. For any j ∈ [N ], ∥xj∥ = 1, ∥yj∥ ≤ 1.

2.1 GRADIENT DESCENT AND NESTEROV’S ACCELERATION

Let R(V,W) = Vσ(W⊤X)−Y denote the residual. The (sub)gradient of the loss function in (1)
w.r.t. V and W are:

∇V L(V,W) = R(V,W)σ(X⊤W), ∇WL(V,W) = X((R(V,W)⊤V)⊙ 1[X⊤W ≥ 0]),

where 1[·] denotes entry-wise indicator. At the t-th iteration, GD performs the following update:

Vt+1 = Vt − η∇V L(Vt,Wt), Wt+1 = Wt − η∇WL(Vt,Wt), (2)

3
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where η is the step size. For NAG, we take the form initially designed for smooth strongly convex
loss (Nesterov, 2013) with a fixed momentum parameter β for all iterations:

Vt+1 = (1 + β)(Vt − η∇V L(Vt,Wt))− β(Vt−1 − η∇V L(Vt−1,Wt−1)),

Wt+1 = (1 + β)(Wt − η∇WL(Vt,Wt))− β(Wt−1 − η∇WL(Vt−1,Wt−1)), (3)

where we set V−1 = V0 and W−1 = W0. When β = 0, NAG (3) reduces to GD (2). Therefore,
we can study the convergence rate of GD and NAG in a unified form.

2.2 LIMITING AND EMPIRICAL KERNELS

Our analysis relies on the neural tangent kernel (NTK, Jacot et al. 2018). We make the following
standard assumption on the limiting NTK K ∈ RN×N of two-layer ReLU networks, defined as
Kj,k = Ew∼N (0,Id)

[
x⊤
j xk · 1[w⊤xj ≥ 0,w⊤xk ≥ 0]

]
.

Assumption 2.2. Assume K has smallest eigenvalue λ := λN (K) > 0, and thus its condition
number κ := κ(K) <∞.

Assumption 2.2 holds when no two data points are parallel (Du et al., 2018). The value of λ depends
on data collinearity and remains well-behaved for common distributions (see Remark 3.4).

Since we consider training both layers, the limiting conjugate kernel (CK, Neal 2012) G :=
Ew∼N (0,Id)[σ(X

⊤w)σ(w⊤X)] is also involved. According to the original definition in Jacot et al.
(2018), the full NTK for training both layers is K + G. We refer to K as the NTK to align with
prior works that only consider optimizing the hidden layer (Du et al., 2018; Munteanu et al., 2022).

In our finite-width setting, the empirical NTK and CK matrices at iteration t are defined as Kt :=∑2m
i=1 B

⊤
i,t ⊗Ai,t and Gt := (σ(X⊤Wt)σ(W

⊤
t X))⊗ In respectively, where Ai,t = [Vt]:,i[Vt]

⊤
:,i

and Bi,t = diag(1[W⊤
t X ≥ 0]i,:)X

⊤Xdiag(1[W⊤
t X ≥ 0]i,:).

3 RESULTS FOR GENERAL VECTOR RESPONSES

We first introduce our unbalanced initialization scheme for general vector responses:

V0 = (c1Φ,−c1Φ), W0 = (c2Ψ, c2Ψ), (4)

where Φ ∈ Rn×m and Ψ ∈ Rd×m are standard Gaussian random matrices, and c1, c2 > 0 are
scaling factors. The first and second halves of neurons are coupled at initialization, ensuring the
initial network output is zero, allowing flexible choice of c1 and c2 without changing the initial loss.

The key to our results is to make this initialization sufficiently unbalanced by imposing specific
scaling conditions on c1 and c2. For GD, we require the following conditions:

c31
c2

≥ Ω̃

(√
Nd(

√
N ∨ κ4(K0))√

nλκ3(K0)

)
,

c1
c2

≥ Ω̃

( √
d√

nκ(K0)

)
, c1c2 ≥ Ω̃

(√
Nnκ(K0)

λ

)
. (5)

Since changing the scaling factors does not affect the condition number of K0, there is no recursive
definition in (5). With this unbalanced scaling, we establish the main result for GD.

Theorem 3.1 (General vector responses, GD). Consider a two-layer ReLU network with initializa-
tion (4) satisfying the scaling conditions in (5). If the network width is near-linear,

m ≥ max

{
Ω

(
Nn

λ
· poly

(
log

Nndκ

δ

))
,Ω

(
1

δ

)}
,

then for any δ ∈ (0, 1), GD with step size η = 1/L achieves L(VT ,WT ) ≤ ϵ · L(V0,W0) in

T = O (nκ · log(1/ϵ))

iterations with probability at least 1 − δ, where L = λ1(K0) is the largest eigenvalue of the initial
empirical NTK, λ and κ are the smallest eigenvalue and condition number of the limiting NTK
(Assumption 2.2), respectively.
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Theorem 3.1 shows that if the output layer is sufficiently large compared to the hidden layer, then
GD exhibits global linear convergence at a near-linear width.

For NAG, we have similar initialization scalings that lead to acceleration at the same width:

c31
c2

≥ Ω̃

(
N
√
d√

nλ

)
,

c1
c2

≥ Ω̃

(√
d√
n

)
, c1c2 ≥ Ω̃

(√
Nn

λ

)
. (6)

Theorem 3.2 (General vector responses, NAG). Consider a two-layer ReLU network with initial-
ization (4) satisfying the scaling conditions in (6). If the network width is near-linear,

m ≥ max

{
Ω

(
Nn

λ
· poly

(
log

Nndκ

δ

))
,Ω

(
1

δ

)}
,

then for any δ ∈ (0, 1), NAG with step size η = 1/L and momentum β = (
√
L−√

µ)/(
√
L+

√
µ)

finds a solution satisfying L(VT ,WT ) ≤ ϵ · L(V0,W0) in

T = O
(√
nκ · log(1/ϵ)

)
iterations with probability at least 1− δ, where L = λ1(K0), µ = λNn(K0).

Theorem 3.2 shows that NAG accelerates the convergence rate from O(nκ) to O(
√
nκ). It simulta-

neously achieves the best-known convergence rate and smallest-known width requirement for ReLU
networks. Numerical evidence of such an acceleration is provided in Figure 1 in Appendix A.
Remark 3.3. Our unbalanced scaling allows the hidden layer to change by a factor of O

(
λ

Nn
√
d

)
.

For comparison, the opposite scaling in Nguyen (2021) leads to the random feature regime where
the hidden layer weight is only allowed to change by a factor of O

(λ3
N (G)

N3
√
d

)
, essentially reducing the

problem to linear regression with slower convergence (see Figures 3 and 4 in Appendix A).
Remark 3.4. The smallest NTK eigenvalue λ := λN (K) depends on the data collinearity
δ := mini ̸=j min(∥xi − xj∥ , ∥xi + xj∥). By Lemma 7 in Karhadkar et al. (2024), λ ≳(
1 + d log(1/δ)

log d

)−3
δ2. For Gaussian or uniform spherical data (equivalent after normalization),

δ = Ω(N−2/d) with high probability, and thus λ = Ω̃(1) whenever logN ≲ d, which holds in
the typical high-dimensional regime. Therefore, the dependence on λ would not dominate the de-
pendence on N . Meanwhile, it is difficult to derive an explicit dependence for general distributions.

3.1 PROOF OVERVIEW FOR GENERAL RESPONSES

Our proof strategy is to show that the residual dynamics closely approximates a fixed, contracting
linear system, a common approach in the NTK literature (Wang et al., 2021; Liu et al., 2022b). How-
ever, its success hinges on tightly controlling the deviation from the linear system, and prior analyses
fall short in our setting due to two interacting technical hurdles. First, the shared vector-output layer
induces a complex Kronecker product structure in the initial kernel K0. To overcome this, we
leverage matrix Chernoff bounds to prove that a near-linear width is sufficient for the kernel to be
well-conditioned at initialization, establishing a stable starting point for the dynamics (Lemma 3.6).
Second, and more critically, the non-smooth ReLU activation causes discrete shifts in the kernel
matrix during training, and a naive analysis of this process leads back to the suboptimal Ω̃(N2)
width requirement (Munteanu et al., 2022). Our key innovation, the unbalanced Gaussian initial-
ization, provides the necessary machinery to tightly control this evolution, allowing us to break this
quadratic barrier (Lemma 3.9). Building on these two pillars, the proof proceeds by an inductive
argument to show that the kernel shift and other error terms remain bounded, ensuring the dynamics
stay approximately contractive and converge linearly.

3.1.1 INITIAL CONDITION

Firstly, we have ∥r0∥ ≡ ∥Y∥F by coupled initialization. Define RV := maxi∈[2m] ∥[V0]:,i∥,
RW := maxi∈[2m] ∥[W0]:,i∥. We have the following bounds with proof in Appendix C.1.

Lemma 3.5. Suppose V0 and W0 are as (4), then with probability at least 1− 2
m − 2e−

9m(n∧d)
64 ,

1
2c1

√
n ≤ RV ≤ c1(

√
n+ 2

√
logm),

1
2c2

√
d ≤ RW ≤ c2(

√
d+ 2

√
logm).
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By Lemma 3.5, RV and RW are roughly O(c1
√
n) and O(c2

√
d).

The convergence rate depends on the condition number of the initial empirical NTK, K0. We show
that a width of Ω̃(Nn) suffices to bound its extreme eigenvalues under our initialization.

Lemma 3.6 (Eigenvalues of K0). Suppose V0 and W0 are as (4), δ ∈ (0, 1), if the width satisfies

m = max

{
Ω̃

(
∥X∥2 n
λ

log
Nn

δ

)
,Ω

(
1

δ

)}
,

then λNn (K0) ≥ 1
2c

2
1mλ and λ1 (K0) ≤ 9c21mnλ1(K) with probability at least 1− δ.

The proof is provided in Appendix C.2. Unlike prior works that use entry-wise deviation bounds
requiring quadratic width (Du et al., 2018; Song & Yang, 2019), we achieve near-linear width by
exploiting the Kronecker product structure and positive-semidefiniteness of the summands via ma-
trix Chernoff bound (Proposition B.5). While similar ideas have been adopted for scalar-valued
networks at initialization (Yang et al., 2024; Karhadkar et al., 2024; Kim & Pilanci, 2024), vector-
valued networks pose additional challenges due to the Kronecker structure and unbounded support
of Gaussians. By Lemma 3.6, K0 has condition number O(nκ) with high probability. The depen-
dence on n arises from the largest eigenvalue and is likely to be necessary: ignoring Bi,0 and con-
sidering only Ai,0 reduces the problem to the concentration of Gaussian sample covariance, where
this dimensional dependence appears naturally (Koltchinskii & Lounici, 2017). Lemma 3.6 allows
even smaller width than Ω̃(Nn) for initialization when ∥X∥ ≪ ∥X∥F. For uniformly distributed
data where ∥X∥2 = O(N/d) (Vershynin, 2010), the width requirement become m = Ω̃(Nn/d),
matching the expressivity bound in Zhang et al. (2021) up to logarithmic factors.

3.1.2 TRACKING THE RESIDUAL DYNAMICS

We now track the residual dynamics. Let Pt = Vt+1 − Vt and Qt = Wt+1 − Wt denote the
updates at each step, Rt := R(Vt,Wt) denote the residual and rt = vec(Rt) denote vectorized
residual. For j ∈ [N ], let Sj be the indices of neurons that do not change their activation patterns on
xj , i.e., Sj =

{
i ∈ [2m] | 1[W⊤

t X ≥ 0]i,j ≡ 1[W⊤
0 X ≥ 0]i,j , ∀t ≥ 0

}
, and let S⊥

j = [2m] \ Sj .
Proposition 3.7 (Dynamics). NAG admits the following residual dynamics:(

rt+1

rt

)
= TNAG

(
rt

rt−1

)
+

(
ξt
0

)
, (7)

where ξt is specified as (10) in Appendix D and

TNAG :=

(
(1 + β)(INn − ηK0) −β(INn − ηK0)

INn 0

)
.

When β = 0, (7) corresponds to the GD dynamics rt+1 = TGDrt+ ξt, where TGD = INn− ηK0.

The proof is provided in Appendix D.1. By Proposition 3.7, the evolution of the residual is mainly
driven by the transition matrices TGD and TNAG corresponding to the reference systems for GD
and NAG. By Lemma 3.6, K0 has full rank and bounded condition number. Therefore, with proper
choice of η and β, TGD and TNAG are contraction maps. We provide the proof in Appendix D.2.

Lemma 3.8 (Contraction). Denote L := λ1(K0), µ := λNn(K0). By setting β = 0 and η = 1
L it

holds ∥TGD∥ ≤ 1− 1
κ(K0)

. By setting β =
√
L−√

µ√
L+

√
µ

and η = 1
L it holds ∥TNAG∥ ≤ 1− 1√

κ(K0)
.

3.1.3 CONTROLLING ERROR TERMS

We prove convergence via an inductive argument. We assume that up to iteration t, the weights
remain close to their initialization and the residual contracts exponentially. We then show that these
conditions continue to hold at iteration t + 1. For this purpose, we bound the deviation from the
reference system, including the kernel shift in NTK, Kt−K0, and the whole CK, Gt, by leveraging
the assumption that the weights remain close to their unbalanced initialization.

6
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Lemma 3.9 (Kernel shift). For any δ ∈ (0, 1), R1 > 0 andR2 ∈ (0, c2), suppose the width satisfies

m ≥ Ω

(
c2
R2

· log2
(
2nm

δ

))
.

Then with probability at least 1 − δ, following inequalities hold for any Vt and Wt such that
∥[Vt]:,i − [V0]:,i∥ ≤ R1, ∥[Wt]:,i − [W0]:,i∥ ≤ R2, ∀i ∈ [2m]:

∥K0 −Kt∥ ≤ 6mNR2
V (R2/c2) + 4mNR1(2RV +R1),

∥Gt∥ ≤ 2m ∥X∥2 (RW +R2)
2.

Moreover, if R2
V · R2

c2
≥ R1(2RV +R1), then ∥K0 −Kt∥ ≤ 10mNR2

V (R2/c2).

The proof is provided in Appendix E.1. As mentioned earlier, bounding the kernel shift for vector-
valued ReLU networks is non-trivial. Naive reduction to the scalar output case could yield worse
dependencies on N and R2

c2
, making linear width insufficient. By Lemma 3.9, the kernel shift can

be properly controlled by ∥rt∥, thus shrinking exponentially given the induction condition.

We then bound the error induced by the change in the activation pattern and higher-order error
terms. Here, higher-order terms refer to those whose norm can be bounded by degree-2 monomials
of ∥rt∥, ∥Pt∥F and ∥Qt∥F. For GD, we have ∥Pt∥F = ∥∇V L(Vt,Wt)∥F = O(∥rt∥), and
similarly ∥Qt∥F = O(∥rt∥), hence they are properly controlled under the induction assumption.
For NAG, by recursion we have

Pt = −η∇L(Vt,Wt) + ηβt+1∇L(V0,W0)− η

t∑
s=0

βt+1−s∇L(Vs,Ws).

Therefore, as long as β ≤ θ2, by triangle inequality it holds ∥Pt∥F = O(θt). Similarly we have
∥Qt∥F = O(θt), and thus higher-order terms can be controlled in O(θ2t).

For the change in activation pattern, we first call the following result from Wang et al. (2021).
Lemma 3.10 (Lemma 11 in Wang et al. (2021)). Suppose W0 is as (4), R2 ∈ (0, c2),
∥[Wt]:,i − [W0]:,i∥ ≤ R2 for all t ≥ 0. Denote S := maxj∈[N ] |S⊥

j |. Then with probability
at least 1−N · exp(−mR2/c2),

|S⊥
j | ≤ 8mR2/c2, ∀j ∈ [N ].

For completeness, we provide a proof in Appendix G.2. Lemma 3.10 relates the pattern change
to the hidden layer weight change. The error terms involving M⊥ and φt in Proposition 3.7 can
be bounded in terms of S and factors of O(∥rt∥) or O(∥Qt∥F), which are of O(θt). Wrapping up
these terms, we have the following bound on the error ∥ξt∥.
Lemma 3.11. Suppose 0 ≤ β ≤ θ2 ≤ θ < 1. If for all 0 ≤ s ≤ t and i ∈ [2m], ∥rs∥ ≤
C1θ

s ∥Y∥F, ∥[Vs]:,i − [V0]:,i∥ ≤ R1, ∥[Ws]:,i − [W0]:,i∥ ≤ R2 and the events in Lemma 3.9
happen, then

∥ξt∥ ≤ 2θt

1− θ
ηC1

√
SC2

V ∥Y∥F + 3ηSN (RV +R1)
2
C1θ

t ∥Y∥F

+
8θ2t

(1− θ)2
η2C2

1mCV CW ∥X∥F ∥Y∥2F + 6

(
5N

√
R2

c2
R2
V + C2

W

)
mηC1θ

t ∥Y∥F ,

where CV := ∥X∥F (RV +R1), CW := ∥X∥F (RW +R2).

Moreover, the weights at the next step are still close to their initialization under some additional
conditions. We provide proofs for Lemmas 3.11 and 3.12 in Appendices G.3 and G.4.
Lemma 3.12. With the same assumptions as Lemma 3.11, if

ηC1CW ∥Y∥F ≤ (1− θ)2R1, ηC1CV ∥Y∥F ≤ (1− θ)2R2,

then for all i ∈ [2m], ∥[Vt+1]:,i − [V0]:,i∥ ≤ R1, and ∥[Wt+1]:,i − [W0]:,i∥ ≤ R2.

Finally, by properly choosing the width m and scaling factors c1 and c2 in (4), we can verify that all
the induction conditions are satisfied, and we get the GD convergence rate in Theorem 3.1. The full
proofs for GD and NAG in Theorems 3.1 and 3.2 are provided in Appendices G.5 and G.6.
Remark 3.13. While initialization only requires Ω̃(∥X∥2) width, our full convergence proof re-
quires Ω̃(N) due to the dependence on N in Lemmas 3.9, 3.11 and 3.12.
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4 RESULTS FOR LOW-RANK RESPONSES

In the general results of Section 3, the network width and convergence rate depend on the ambient
output dimension n. This can be suboptimal when the response matrix Y has a low-rank structure
(i.e., rank(Y) =: r ≪ n). To exploit this structure, we introduce a sketching step at initialization:

V0 = (c1YΦ,−c1YΦ), W0 = (c2Ψ, c2Ψ), (8)

where Φ ∈ RN×m. Compared to (4), the initialization of V0 now involves a random projection of
the response matrix Y, which embeds its low-dimensional structure directly into the output layer.
However, this intuitive step introduces a major analytical challenge. In particular, the sketching step
renders the initial empirical kernel K0 rank-deficient, a critical departure from the full-rank case
in Section 3. Consequently, the idealized linear dynamics are no longer a contraction on the entire
space, and the convergence proof from Section 3.1 no longer applies.

Our analysis overcomes this by proving that the dynamics remain confined to an invariant, contract-
ing subspace corresponding to the positive eigenvalues of K0. The success of this approach again
hinges on the following unbalanced scaling, which ensure the dynamics are well-behaved:

c31
c2

≥ Ω̃

(√
Nd(κ(Y) ∨

√
N)√

rλλ2r(Y) ∥Y∥

)
,
c1
c2

≥ Ω̃

( √
d√

r ∥Y∥

)
, c1c2 ≥ Ω̃

(√
Nrκ(Y)

λλr(Y)

)
. (9)

Theorem 4.1 (Low-rank vector responses). Consider a two-layer ReLU network with sketching
initialization (8) satisfying the scaling conditions in (9). If the network width is near-linear in both
the sample size N and the rank r,

m ≥ max

{
Ω

(
Nrκ2(Y)

λ
· poly

(
log

Nrdκκ(Y)

δ

))
,Ω

(
1

δ

)}
,

then for any δ ∈ (0, 1), NAG finds a solution satisfying L(VT ,WT ) ≤ ϵ · L(V0,W0) in
T = O

(√
rκκ(Y) · log(1/ϵ)

)
iterations with probability at least 1− δ, where r = rank(Y) and κ is the NTK condition number.

Theorem 4.1 shows that sketching enables low-rank adaptivity in both width requirement and con-
vergence rate, with an added dependency on the condition number of the response matrix. When
κ(Y) = O(1), the result matches Theorem 3.2 with n replaced by r. This can happen, for instance,
if r ≪ min(N,n) and the observed responses are r-dimensional Gaussian responses randomly
embedded into n-dimensional Euclidean space (Vershynin, 2010).

4.1 PROOF OVERVIEW FOR LOW-RANK RESPONSES

As established, the central challenge is the rank deficiency of the initial kernel K0, which invalidates
the global contraction argument from the general case. Our proof overcomes this by demonstrating
that the residual dynamics are surprisingly confined to an invariant, contracting subspace where a
linear convergence rate can be recovered. The first step in our analysis is to precisely characterize
this subspace; we prove that the positive eigenspace of K0 aligns perfectly with the low-rank struc-
ture of the responses, showing that col(K0) = RN ⊗ col(Y) (Lemma 4.4). The crucial technical
step is then to prove that the dynamics remain confined within this subspace throughout training.
We show by induction that for all t ≥ 0, both the residual rt and the error term ξt lie in this invari-
ant subspace (Lemma 4.5), a highly non-trivial result given the non-linear ReLU activation. With
this subspace confinement established, we formally prove a contraction mapping for the operator
TNAG when restricted to this subspace (Lemma 4.6). This re-establishes the key condition for lin-
ear convergence, and the remainder of the proof follows the inductive argument from Section 3.1:
controlling the kernel shift and other error terms to derive the final accelerated rate in Theorem 4.1.

We first provide a counterpart of Lemma 3.5 for initialization (8) with a spectral lower bound.
Lemma 4.2. Suppose V0 and W0 are initialized as (8), τ ≥ 0, then with probability at least
1− 2

m − 2e−
9m(r∧d)

64 − 2e−min{(m−r+1) log 1
cτ ,c

′m},
1
2c1σr(Y)

√
r ≤ RV ≤ c1 ∥Y∥ (

√
r + 2

√
logm),

1
2c2

√
d ≤ RW ≤ c2(

√
d+ 2

√
logm),

σr(V0) ≥ c1
√
2τ
(√
m−

√
r − 1

)
σr(Y).

8



432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485

Under review as a conference paper at ICLR 2026

If the failure probability is small for some τ > 0 and m ≥ r, then col(V0) = col(Y).

The proof is provided in Appendix C.3. By Lemma 4.2, RV scales with Θ(
√
r) instead of Θ(

√
n),

and V0 keeps the column space of Y with high probability. Equipped with these results, we show
the following counterpart of Lemma 3.6 with complete proof in Appendix C.4 for initialization (8).
Lemma 4.3 (Eigenvalues of K0). Suppose V0 and W0 are as (8), δ ∈ (0, 1), if the width satisfies

m ≥ max

{
Ω̃

(
∥X∥2 rκ2(Y)

λ
log

Nr

δ

)
,Ω

(
1

δ

)}
,

then λNr (K0) ≥ 1
2c

2
1mλσ

2
r(Y) and λ1 (K0) ≤ 9c21mrλ1(K) ∥Y∥2 with probability at least 1−δ.

By Lemma 4.3, rank(K0) ≥ Nr and κ(K0) = O(rκκ2(Y)) with high probability. We characterize
the positive eigensubspace of K0 and show its connection to the column space of Y.
Lemma 4.4 (Eigensubspace of K0). Assume the results in Lemma 4.3 holds, then

ker(K0) ⊥ row(K0) = col(K0) = RN ⊗ col(Y).

We further show that rt and ξt are in the positive eigensubspace of K0 for all t ≥ 0.
Lemma 4.5. Assume the results in Lemma 4.3 holds, then {rt, ξt}t≥0 ⊆ RN ⊗ col(Y).

The proofs of Lemmas 4.4 and 4.5 are provided in Appendices F.1 and F.2. With these two lemmas,
we can show that residual and error are contracted by the NAG dynamics in the low-rank setting.
Lemma 4.6 (Low-rank contraction). Denote L := λ1(K0), µ := λNr(K0), κ(K0) =

L
µ . By setting

β =
√
L−√

µ√
L+

√
µ

and η = 1
L it holds for any u,v ∈ RN ⊗ col(Y) that∥∥∥∥TNAG

(
u
v

)∥∥∥∥ ≤

(
1− 1√

κ(K0)

)∥∥∥∥(uv
)∥∥∥∥

In particular, rt and ξt are contracted.

The proof is provided in Appendix D.3. After resolving the low-rank subspace issue, the rest of the
proof follows Section 3.1. By modifying the proof of Lemma 3.9 (see Appendix E.2), we show that
kernel shift is properly controlled by the change in weights. Meanwhile, Lemmas 3.11 and 3.12 still
hold for initialization (8). Therefore, we can show Theorem 4.1 by properly choosing c1, c2 and m
as for Theorem 3.2. The complete proof is provided in Appendix G.7.

5 CONCLUSION AND FUTURE DIRECTIONS

We establish the first convergence guarantees for two-layer ReLU networks that simultaneously
achieve near-linear width and provable acceleration, significantly narrowing the gap between theory
and the long-standing conjecture that linear width suffices. Our analysis, enabled by a novel unbal-
anced Gaussian initialization, demonstrates that: (i) a near-linear width of Ω̃(Nn/λ) is sufficient
for GD to find a global minimum; (ii) NAG provably accelerates convergence to an O(

√
nκ) rate

without requiring additional width; and (iii) for low-rank responses, a sketching technique adapts
the width requirement to the intrinsic rank r ≪ n. These findings substantially advance the state of
the art for training non-smooth neural networks in the challenging NTK regime.

Our work lays a rigorous foundation for some critical avenues of future research. One is to extend
our optimization analysis to the study of generalization. While our focus is on optimization, the
ability to guarantee convergence under mild overparameterization provides a crucial stepping stone.
Understanding how the choice of unbalanced scaling impacts the learned features and subsequent
generalization is an important open question that our framework is well-suited to explore.

Furthermore, our analysis considers full-batch gradient methods. Extending these near-linear width
guarantees to the stochastic setting (SGD) is a highly challenging but vital next step for aligning the-
ory with modern practice. Similarly, adapting our techniques from shallow networks under square
loss to deeper architectures and other loss functions, such as cross-entropy, would broaden the ap-
plicability of these results. We believe the tight control over kernel dynamics demonstrated in our
work provides a robust analytical toolkit for tackling these future challenges.
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A NUMERICAL EXPERIMENTS

This section provides supporting numerical experiments. All experiments are conducted on an Intel
Core i7-13700F CPU and an NVIDIA GeForce RTX 4060 Ti GPU.

Firstly, we compare the convergence rates of GD and NAG. We set input dimension d = 20, output
dimension n = 10, sample size N = 100, and width 2m = 2000. We generate input data {xi}Ni=1

and {yi}Ni=1 independently from uniform distribution on shpere Sd−1. We apply initialization (4)
with c1 = 10 and c2 = 0.1. We choose step size η = 1

L for GD and NAG, and momentum parameter

β =
√
L−√

µ√
L+

√
µ

, according to Theorems 3.1 and 3.2. We run 5 trials independently and plot the GD
and NAG loss curves in Figure 1. As illustrated, NAG achieves an accelerated convergence rate.
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Figure 1: Convergence rates of GD and NAG. Solid curves represent average loss values across five
independent runs, with semi-transparent lines showing individual runs. Shaded regions denote ±1
standard deviation from the mean. NAG converges much faster than GD.
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Figure 2: Iteration complexity vs rank of response matrix. When width is of Ω̃(Nrκ2r) as required
in Theorem 4.1, the convergence rates exhibit similar behaviors and grow with the rank as predicted
(green and yellow lines). Smaller widths are out of the scope of our theory and exhibit different
convergence behaviors (blue and purple lines).

Secondly, we demonstrate the low-rank adaptivity when applying initialization (8). We keep d, N ,
c1 and c2 as before, while changing the output dimension to n = 50. We sample input data from

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

the uniform distribution on unit sphere Sd−1. For low-rank responses, we first generate standard
Gaussian random matrices Ỹ1 ∈ Rn×r and Ỹ2 ∈ RN×r, then form Ỹ = Ỹ1Ỹ

⊤
2 , and finally

normalize each column of Ỹ to get Y so that ∥yi∥ = 1, ∀i ∈ [N ]. The rank r is chosen from 1 to 8.
We select m = α ·Nrκ2r , where κr := κ(Y) denotes the condition number of the response matrix
and α is a scaling factor chosen from {2−2, 2−1, 20, 21, 22}. We apply NAG with η and β specified
in Theorem 4.1. We run 5 trials independently and plot the average number of iterations to make
the loss smaller than tolerance 10−6 for each α and r in Figure 2. As depicted, when α is large,
the iteration complexity grows with the rank, and increasing its value further would not change the
iteration complexity by much, indicating the width requirement in Theorem 4.1 is fulfilled. The
width for α = 1 ranges from 200 to 7000 depending on the rank, which is much smaller than the
prediction of Theorem 3.2 yielding 2Nn = 10000, demonstrating low-rank adaptivity. When α is
small, the width may fail to meet the requirement in Theorem 4.1, resulting in slower convergence
which is out of the scope of our theory.
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Figure 3: Hidden layer weight change (normalized by initial weight) vs initialization ratio after 100
NAG iterations. If the hidden layer is initialized to be larger than the output layer (towards the left in
plots), then the weight change is small and the training falls into the CK (or random feature) regime.
If the output layer is initialized to be larger than the hidden layer (towards the right in plots), then
the weight change is relatively large and the training falls into the NTK regime. In the left plot, we
fix N = 100. In the right plot, we fix c1c2 = 1.

Thirdly, we illustrate that different unbalancedness leads to different training regimes, namely the
CK (random feature) regime and the NTK regime. For this part, we set d = 20, n = 10, m = Nn,
and apply NAG with initialization (4) for T = 100 iterations. To illustrate smoother transitions
between the two kernel regimes, we set η = 1

L′ and β =
√
L′−

√
µ′

√
L′+

√
µ′ where L′ = λ1(H0), µ′ =

λNn(H0), and H0 = K0 + G0 is the total kernel matrix at initialization. The input data and
responses are again sampled uniformly from Sd−1. We plot the relative weight change in the hidden
layer ∥WT−W0∥F

∥W0∥F
with respect to the varying initialization scaling ratio c1/c2 in Figure 3, and

plot the training loss L(VT ,WT ) along with the condition number L′/µ′ of H0 in Figure 4. As
illustrated, when the ratio c1/c2 is small, the hidden layer is larger at initialization and CK dominates
the dynamics, leading to smaller weight change and slower convergence. When the ratio is large, the
output layer is larger and NTK dominates the dynamics, leading to larger weight change and faster
convergence. We (also Song et al. (2021); Bombari et al. (2022)) consider the latter scaling, while
Nguyen (2021) considers the former one.

B PROBABILITY TOOLS

B.1 CONCENTRATION INEQUALITIES

This section provides some basic concentration inequalities for random variables.

13
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Figure 4: Training loss after 100 NAG iterations and condition number of empirical kernel matrix
vs initialization ratio. We fix c1c2 = 1. The left plot shows that the convergence of training loss in
the CK regime (hidden layer larger, to left) is slower than in the NTK regime (output layer larger,
to right). This phenomenon is captured by the difference between condition numbers of the initial
kernel matrix H0 = K0 +G0 in the two regimes, as shown in the right plot.

Proposition B.1 (Lemma 1 in Laurent & Massart (2000)). LetW ∼ χ2(r) be the squared Euclidean
norm of a standard Gaussian random vector in Rr. Then for any s > 0,

P
(
W ≥ r + 2

√
rs+ 2s

)
≤ e−s,

P
(
W ≤ r − 2

√
rs
)
≤ e−s.

Lemma B.2 (Bernstein’s inequality, Theorem 2.8.1 in Vershynin (2018)). Let X1, . . . , Xm be inde-
pendent zero-mean sub-exponential random variables. Then for every t ≥ 0,

P

(∣∣∣∣∣
m∑
i=1

Xi

∣∣∣∣∣ ≥ t

)
≤ 2 exp

(
−cmin

{
t2∑m

i=1 ∥Xi∥2ψ1

,
t

max1≤i≤m ∥Xi∥ψ1

})
,

where c > 0 is an absolute constant.

Lemma B.3 (Weighted Chernoff, Theorem 1 in Raghavan (1988)). Suppose max1≤i≤m ai > 0,
X1, X2, . . . , Xm are independent Bernoulli random variables with E[Xi] = pi, then for δ > 0,

P

(
m∑
i=1

aiXi > (1 + δ)

m∑
i=1

aipi

)
≤
[

eδ

(1 + δ)(1+δ)

](∑m
i=1 aipi)/(max1≤i≤m ai)

.

B.2 SINGULAR VALUE OF RANDOM MATRIX

This section provides a tail bound for the smallest singular value of sub-Gaussian random matrices.

Proposition B.4 (Rudelson & Vershynin (2009)). Let A be an N × n random matrix, N ≥ n,
whose elements are i.i.d. zero mean sub-Gaussian random variables with unit variance. Then for
τ ≥ 0, we have

P
(
σn(A) ≤ τ(

√
N −

√
n− 1)

)
≤ (c1τ)

N−n+1 + e−c2N

where c1, c2 > 0 depend (polynomially) only on the sub-Gaussian moment.

B.3 MATRIX CONCENTRATION

This section provides concentration inequalities for eigenvalues of the sum of random matrices.

14
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Proposition B.5 (Matrix Chernoff, Theorem 4.1 in Gittens & Tropp (2011)). Suppose {Zi}mi=1 is a
set of independent random positive-semidefinite matrices with dimension n, ∥Zi∥ ≤ B. For k ∈ [n],
let µk = λk(

∑m
i=1 EZi), then

P

(
λk

(
m∑
i=1

Zi

)
≥ (1 + δ)µk

)
≤ (n− k + 1)

[
eδ

(1 + δ)1+δ

]µk/B

, ∀δ > 0,

P

(
λk

(
m∑
i=1

Zi

)
≤ (1− δ)µk

)
≤ k

[
e−δ

(1− δ)1−δ

]µk/B

, ∀δ ∈ [0, 1).

C PROOF FOR INITIALIZATION

This section provides proofs for Gaussian initialization (4) and Sketching initialization (8).

C.1 PROOF OF LEMMA 3.5

Proof of Lemma 3.5. Applying Proposition B.1 with s = 2 logm for the upper part and taking the
union bound, we get

P
(
∃i ∈ [m], ∥[Φ]:,i∥ >

√
n+ 2

√
logm

)
≤ 1

m
,

P
(
∃i ∈ [m], ∥[Ψ]:,i∥ >

√
d+ 2

√
logm

)
≤ 1

m
,

where Φ and Ψ are defined as in (4). On the other hand, since the columns of Φ and Ψ are
independent, plugging s = 9n

64 in Proposition B.1, we get

P
(
∀i ∈ [m], ∥[Φ]:,i∥ ≤

√
n

2

)
≤ e−

9nm
64 .

Similarly, we have

P

(
∀i ∈ [m], ∥[Ψ]:,i∥ ≤

√
d

2

)
≤ e−

9dm
64 .

Combining the upper and lower bounds with coupled initialization and definition of RV and RW ,
we get the final results.

C.2 PROOF OF LEMMA 3.6

Proof of Lemma 3.6. In this proof, we omit the iteration index and denote Ai := Ai,0, Bi := Bi,0.
Given coupled initialization (4), we have K0 = 2

(∑m
i=1 B

⊤
i ⊗Ai

)
, hence it suffices to consider

the sum of the first m neurons and multiply the final results by a factor of 2. For any i ∈ [m], the
expectation of B⊤

i ⊗Ai is given by

E[B⊤
i ⊗Ai] = E[Bi]⊗ E[Ai]

= Ew∼N (0,Id)

[
diag(1[w⊤X ≥ 0])X⊤Xdiag(1[w⊤X ≥ 0])

]
⊗
(
c21In

)
= c21K⊗ In.

Let L = c21λ1(K), µ = c21λ, then Assumption 2.2 implies

λ1
(
E[B⊤

i ⊗Ai]
)
= L ≥ λNn

(
E[B⊤

i ⊗Ai]
)
= µ > 0.

We first derive a lower bound for λNn(K0). Let Zi = (B⊤
i ⊗ Ai) · 1[∥[V0]:,i∥ ≤ MV ] where

MV > 0 is a threshold to be specified, we have

E[Zi] = E
[
(B⊤

i ⊗Ai) · 1[∥[V0]:,i∥ ≤MV ]
]

= c21K⊗ In − E
[
(B⊤

i ⊗Ai) · 1[∥[V0]:,i∥ > MV ]
]
,
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and hence

µNn := λNn

(
m∑
i=1

E[Zi]

)

= λNn

(
m · E[B⊤

i ⊗Ai]−
m∑
i=1

E
[
(B⊤

i ⊗Ai) · 1[∥[V0]:,i∥ > MV ]
])

≥ mµ−
m∑
i=1

λ1 (E[Bi]⊗ E [Ai · 1[∥[V0]:,i∥ > MV ]])

= mµ−
m∑
i=1

λ1
(
K
)
λ1 (E [Ai · 1[∥[V0]:,i∥ > MV ]]) ,

where the third line is from Weyl’s inequality and the fourth line is the property of the eigenvalue of
the Kronecker product. For any i ∈ [m], let ϕi := [Φ]:,i, we have ϕi ∼ N (0, In) and

λ1 (E [Ai · 1[∥[V0]:,i∥ > MV ]]) ≤ E [λ1 (Ai · 1[∥[V0]:,i∥ > MV ])]

≤ E
[
λ1
(
c21ϕiϕ

⊤
i · 1 [c1 ∥ϕi∥ > MV ]

)]
≤ Eϕ∼N (0,In)

[
c21 ∥ϕ∥

2 · 1 [c1 ∥ϕ∥ > MV ]
]

= c21EW∼χ2(n)

[
W · 1

[
c1
√
W > MV

]]
= c21

∫ ∞(
MV
c1

)2
P (W > x) dx

≤ c21

∫ ∞

s

e−s
(
2 +

√
n

s

)
ds

≤ c21e
−s
(
2 +

√
n

s

)
.

Here, the first line is by the convexity of the top eigenvalue and Jensen’s inequality. The second
line is by relaxing the condition within the indicator. The fifth line uses the integral identity for non-
negative random variables. The sixth line uses the tail bound for χ2(n) distribution (Proposition B.1)
with change of variable x = n+ 2

√
ns+ 2s, and MV = c1

√
n+ 2

√
ns+ 2s for some s > 0.

By choosing s = max{n, log(6κ(K))}, we have

µNn ≥ mµ−mLe−s
(
2 +

√
n

s

)
≥ mc21λ− 3mc21λ1(K)(6κ(K))−1

≥ 1

2
mµ,

and correspondingly

MV = c1 ·max

{
√
5n,

√
n+ 2

√
n log(6κ(K)) + 2 log(6κ(K))

}

≤ c1

(√
5n+

√
2 log(6κ(K))

)
.

Moreover, for every i ∈ [m] we have

∥Zi∥ = ∥Bi∥ ∥Ai · 1[∥[V0]:,i∥ ≤MV ]∥
≤
∥∥diag(1[W⊤

0 X ≥ 0]i,:)X
⊤Xdiag(1[W⊤

0 X ≥ 0]i,:)
∥∥M2

V

≤ ∥X∥2M2
V .
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By plugging Zi into the matrix Chernoff bound (Proposition B.5) and setting δ = 1
2 for the smallest

eigenvalue, we get

P

(
λNn

(
m∑
i=1

B⊤
i ⊗Ai

)
≤ 1

4
mµ

)

≤P

(
λNn

(
m∑
i=1

(B⊤
i ⊗Ai) · 1[∥[V0]:,i∥ ≤MV ]

)
≤ 1

2
µNn

)

≤ exp

(
− µNn

10 ∥X∥2M2
V

+ log(Nn)

)

≤ exp

(
− mλ

40 ∥X∥2 (5n+ 2 log(6κ(K)))
+ log(Nn)

)
,

and the bounds for λ1(K0) and λNn(K0) follow immediately. The first inequality is because Bi

and Ai are positive-semidefinite, thus removing summands will only make the eigenvalue smaller.
Plugging in m = Ω̃

(
∥X∥2n
λ log Nn

δ1

)
we get failure probability less than δ1.

We now derive an upper bound for λ1(K0). Conditioned on V0, Ai ⪯ ∥[V0]:,i∥2 In for all i ∈
[m]. Denote ai = ∥[V0]:,i∥2, then by Kronecker product and positive semidefinite summands,
B⊤
i ⊗Ai ⪯ ai ·Bi ⊗ In ⪯ ai ∥X∥2 · INn and

λ1

(
m∑
i=1

B⊤
i ⊗Ai

)
≤ λ1

(
m∑
i=1

ai ·B⊤
i ⊗ In

)
≤ λ1

(
m∑
i=1

ai ·Bi

)
.

Let Zi = aiBi, then λ1 (
∑m
i=1 E[Zi]) = (

∑m
i=1 ai)λ1(K). By Proposition B.5, and independence

between V0 and W0, we have

P

(
λ1

(
m∑
i=1

Zi

)
≥ 3

2

(
m∑
i=1

ai

)
λ1(K)

)
≤ exp

(
−

(
∑m
i=1 ai)λ1(K)

10 ∥X∥2 maxi∈[m] ai
+ log n

)
.

By definition,
∑m
i=1 ai = c21 ∥Φ∥2F = c21W where W ∼ χ2(mn), maxi∈[m] ai = R2

V . By setting
s = mn

4 in Proposition B.1, we have mn
2 ≤W ≤ 5mn

2 < 3mn with probability at least 1− 2e−
mn
4 .

On the other hand, by Lemma 3.5, R2
V ≤ 2c21(n + 4 logm) with probability at least 1 − 2

m −
2e−

9m(n∧d)
64 . Hence with probability at least 1− 2

m − 4e−
9m(n∧d)

64 ,

P

(
λ1

(
m∑
i=1

B⊤
i ⊗Ai

)
>

9

2
c21mnλ1(K)

)

≤P

(
λ1

(
m∑
i=1

Zi

)
≥ 3

2

(
m∑
i=1

ai

)
λ1(K)

)

≤ exp

(
− mnλ1(K)

40 ∥X∥2 (n+ 4 logm)
+ log n

)
,

where the first inequality is from the upper bound of W , the second inequality is from the lower
bound of W and the upper bound of RV . By setting m = max

{
Ω̃
(

∥X∥2n
λ log Nn

δ1

)
,Ω
(

1
δ1

)}
, the

failure probability can be bounded by δ1.

C.3 PROOF OF LEMMA 4.2

Proof of Lemma 4.2. We only need to show the RV part, as RW is the same as in Lemma 3.5.
Suppose Y has singular value decomposition Y = UYΣYV

⊤
Y , then the columns of V⊤

YΦ ∈ Rr×m
are independent Gaussian vectors with distribution N (0,V⊤

YVY ) = N (0, Ir).
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Applying Proposition B.1 with s = 2 logm for the upper part and taking the union bound, we get

P
(
∃i ∈ [m],

∥∥[V⊤
YΦ]:,i

∥∥ > √
r + 2

√
logm

)
≤ 1

m
.

On the other hand, since the columns of Φ and Ψ are independent, plugging s = 9n
64 in Proposi-

tion B.1, we get

P
(
∀i ∈ [m],

∥∥[V⊤
YΦ]:,i

∥∥ ≤
√
r

2

)
≤ e−

9rm
64 .

Combining the upper and lower bounds and the singular values of Y yields the results for RV and
RW .

By Proposition B.4,

P
(
σr(V

⊤
YΦ) ≤ τ

(√
m−

√
r − 1

))
≤ e−(m−r+1) log 1

cτ + e−c
′m

for some absolute constants c and c′ and any τ ≥ 0. Therefore, we have

P
(
τ(
√
m−

√
r − 1) ≤ σr(V

⊤
YΦ) ≤ σ1(V

⊤
YΦ) ≤ 2

√
m+

√
r

)
≥ 1− δ,

where δ = 2e−min{(m−r+1) log 1
cτ ,c

′m}, and the spectral bound follow immediately from the fact
that

c1
√
2 · σr(V⊤

YΦ)σr(Y) ≤ σr(V0),

where the factor
√
2 is due to the coupled initialization.

C.4 PROOF OF LEMMA 4.3

Proof of Lemma 4.3. Similar to the proof of Lemma 3.6, we omit the iteration index and denote
Ai := Ai,0, Bi := Bi,0, and consider the sum of the first m neurons and multiply the final results
by a factor of 2. For any i ∈ [m], the expectation of B⊤

i ⊗Ai is given by

E[B⊤
i ⊗Ai] = E[Bi]⊗ E[Ai]

= Ew∼N (0,I)

[
diag(1[w⊤X ≥ 0])X⊤Xdiag(1[w⊤X ≥ 0])

]
⊗
(
c21YY⊤)

= K⊗
(
c21YY⊤) ,

where we use E[Ai] = E[[V0]:,i[V0]
⊤
:,i] = c21Eϕi∼N (0,IN )[Yϕiϕ

⊤
i Y

⊤] = c21YINY⊤ = c21YY⊤.

Let L = c21λ1(K)λ1(YY⊤), µ = c21λλr(YY⊤), then Assumption 2.2 and rank(Y) = r implies

λ1
(
E[B⊤

i ⊗Ai]
)
= L ≥ λNr

(
E[B⊤

i ⊗Ai]
)
= µ > 0 = λNr+1

(
E[B⊤

i ⊗Ai]
)
.

We first derive a lower bound for λNr(K0). Let Zi = (B⊤
i ⊗ Ai) · 1[∥[V0]:,i∥ ≤ MV ] where

MV > 0 is a threshold to be specified, we have

E[Zi] = E
[
(B⊤

i ⊗Ai) · 1[∥[V0]:,i∥ ≤MV ]
]

= K⊗
(
c21YY⊤)− E

[
(B⊤

i ⊗Ai) · 1[∥[V0]:,i∥ > MV ]
]
,

and hence

µNn := λNn

(
m∑
i=1

E[Zi]

)

= λNn

(
m · E[B⊤

i ⊗Ai]−
m∑
i=1

E
[
(B⊤

i ⊗Ai) · 1[∥[V0]:,i∥ > MV ]
])

≥ mµ−
m∑
i=1

λ1 (E[Bi]⊗ E [Ai · 1[∥[V0]:,i∥ > MV ]])

= mµ−
m∑
i=1

λ1
(
K
)
λ1 (E [Ai · 1[∥[V0]:,i∥ > MV ]]) ,
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where the third line is from Weyl’s inequality and the fourth line is the property of the eigenvalue
of the Kronecker product. Suppose Y has SVD Y = UYΣYV

⊤
Y . For any i ∈ [m], we have

V⊤
Y ϕi ∼ N (0, Ir), thus

λ1 (E [Ai · 1[∥[V0]:,i∥ > MV ]]) ≤ E [λ1 (Ai · 1[∥[V0]:,i∥ > MV ])]

≤ E
[
λ1
(
c21UYΣYV

⊤
Y ϕiϕ

⊤
i VYΣYU

⊤
Y · 1

[
c1 ∥Y∥

∥∥V⊤
Y ϕi

∥∥ > MV

])]
≤ Eψ∼N (0,Ir)

[
c21 ∥Y∥2 ∥ψ∥2 · 1 [c1 ∥Y∥ ∥ψ∥ > MV ]

]
= c21 ∥Y∥2 EW∼χ2(r)

[
W · 1

[
c1 ∥Y∥

√
W > MV

]]
= c21 ∥Y∥2

∫ ∞(
MV

c1∥Y∥

)2
P (W > x) dx

≤ c21 ∥Y∥2
∫ ∞

s

e−s
(
2 +

√
r

s

)
ds

≤ c21 ∥Y∥2 e−s
(
2 +

√
r

s

)
.

Here, the first line is by the convexity of the top eigenvalue and Jensen’s inequality. The second
line is by relaxing the condition within the indicator. The third line substitutes ψ = V⊤

Y ϕi, and the
fourth line substitutes W = ∥ψ∥2. The fifth line uses the integral identity for non-negative random
variables. The sixth line uses the tail bound for χ2(r) distribution (Proposition B.1) with change of
variable x = r + 2

√
rs+ 2s, and MV = c1 ∥Y∥

√
r + 2

√
rs+ 2s for some s > 0.

By choosing s = max{r, log(6κ(K)κ(YY⊤))}, we have

µNr ≥ mµ−mLe−s
(
2 +

√
r

s

)
≥ mc21λλr(YY⊤)− 3mc21λ1(K)λ1(YY⊤)(6κ(K)κ(YY⊤))−1

≥ 1

2
mµ,

and correspondingly

MV = c1 ∥Y∥ ·max

{
√
5r,

√
r + 2

√
r log(6κ(K)κ(YY⊤)) + 2 log(6κ(K)κ(YY⊤))

}

≤ c1 ∥Y∥
(√

5r +

√
2 log(6κ(K)κ(YY⊤))

)
.

Moreover, for every i ∈ [m] we have

∥Zi∥ = ∥Bi∥ ∥Ai · 1[∥[V0]:,i∥ ≤MV ]∥ ≤ ∥X∥2M2
V .

By plugging Zi into the matrix Chernoff bound (Proposition B.5) and setting δ = 1
2 for the smallest

eigenvalue, we get

P

(
λNr

(
m∑
i=1

B⊤
i ⊗Ai

)
≤ 1

4
mµ

)

≤P

(
λNr

(
m∑
i=1

(B⊤
i ⊗Ai) · 1[∥[V0]:,i∥ ≤MV ]

)
≤ 1

2
µNr

)

≤ exp

(
− µNr

10 ∥X∥2M2
V

+ log(Nr)

)

≤ exp

(
− mλλr(YY⊤)

40 ∥X∥2 ∥Y∥2 (5r + 2 log(6κ(K)κ(YY⊤)))
+ log(Nr)

)

≤ exp

(
− mλ

40 ∥X∥2 κ(YY⊤)(5r + 2 log(6κ(K)κ(YY⊤)))
+ log(Nr)

)
,

19



1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079

Under review as a conference paper at ICLR 2026

and the bounds for λ1(K0) and λNr(K0) follow immediately. The first inequality is because Bi

and Ai are positive-semidefinite, thus removing summands will only make the eigenvalue smaller.
Plugging in m = Ω

(
∥X∥2rκ(YY⊤) log(κ(K)κ(YY⊤))

λ log Nr
δ1

)
we get failure probability less than δ1.

We now derive an upper bound for λ1(K0). Similar to the proof of Lemma 3.6 in Appendix C.2, we
denote ai = ∥[V0]:,i∥2. Let Zi = aiBi, then conditioned on V0, by Proposition B.5 we have

P

(
λ1

(
m∑
i=1

Zi

)
≥ 3

2

(
m∑
i=1

ai

)
λ1(K)

)
≤ exp

(
−

(
∑m
i=1 ai)λ1(K)

10 ∥X∥2 maxi∈[m] ai
+ log n

)
.

By definition,
∑m
i=1 ai = c21

∥∥UYΣYV
⊤
YΦ
∥∥2
F

. Let W ∼ χ2(mr), then by independence of entries
of V⊤

YΦ ∈ Rr×m due to orthogonality, we have

c21σ
2
r(Y)W ≤

m∑
i=1

ai ≤ c21 ∥Y∥2W.

By setting s = mr
4 in Proposition B.1, we have mr

2 ≤ W ≤ 5mr
2 < 3mr with probability at least

1 − 2e−
mr
4 . On the other hand, By Lemma 4.2, R2

V ≤ 2c21 ∥Y∥2 (r + 4 logm) with probability at
least 1− 2

m − 2e−
9m(r∧d)

64 . Hence with probability at least 1− 2
m − 4e−

9m(r∧d)
64 ,

P

(
λ1

(
m∑
i=1

B⊤
i ⊗Ai

)
>

9

2
c21 ∥Y∥2mrλ1(K)

)

≤P

(
λ1

(
m∑
i=1

Zi

)
≥ 3

2

(
m∑
i=1

ai

)
λ1(K)

)

≤ exp

(
− mrλ1(K)

40 ∥X∥2 (r + 4 logm)κ2(Y)
+ log n

)
,

where the first inequality is from the upper bound of W , the second inequality is from the lower
bound ofW and the upper bound ofRV . By settingm = max

{
Ω̃
(
Nrκ2(Y)

λ log ∥X∥2r
δ1

)
,Ω
(

1
δ1

)}
,

the above probability is less than δ1 and we get the final result.

D PROOF FOR DYNAMICS

This section provides detailed proof of the residual dynamics in Proposition 3.7 and Lemmas 3.8
and 4.6. We define several additional notations. Let Ht = Gt + Kt where Gt and Kt are de-
fined in Sec.2.2. Let Jt = 1[W⊤

t X ≥ 0] be the activation pattern at the t-th iteration, M be
the mask of the neuron-data pairs that do not change their activation pattern during training, i.e.,
Mi,j = 1 [[Jt]i,j ≡ [J0]i,j , ∀t ≥ 0], and M⊥ = 1n1

⊤
N − M be its negation. For j ∈ [N ],

Sj = {i ∈ [2m] | Mi,j = 1}, and let S⊥
j = [2m] \ Sj . In Proposition 3.7, we have

ξt = ιt + ζt, (10)
ιt = (1 + β)η(K0 −Ht)rt − βη(K0 −Ht−1)rt−1, (11)

ζt = vec
(
βηRt−1σ(X

⊤Wt−1)(σ(W
⊤
t X)− σ(W⊤

t−1X))

+ βηPt−1

((
((V⊤

t−1Rt−1)⊙ Jt−1)X
⊤X
)
⊙ Jt−1 ⊙M

)
+ βPt−1

((
Q⊤
t−1X

)
⊙ J0 ⊙M

)
+Pt

(
σ(W⊤

t+1X)− σ(W⊤
t X)

)
+Vt

((
(W⊤

t+1X)⊙ Jt+1 − (W⊤
t X)⊙ Jt

)
⊙M⊥)

− βVt−1

((
(W⊤

t X)⊙ Jt − (W⊤
t−1X)⊙ Jt−1

)
⊙M⊥)

+ (1 + β)ηφt − βηφt−1

)
, (12)

[φt]:,j =
∑
i∈S⊥

j

[Ai,tRtBi,t]:,j , ∀j ∈ [N ]. (13)
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D.1 PROOF OF PROPOSITION 3.7

Proof of Proposition 3.7. In this proof we use blue color to mark the terms that go into the linear
part or ιt of the dynamics, while we use red color to mark the terms that go into ζt. The NAG update
is written as(
Vt+1

Wt+1

)
=

(
(1 + β)(Vt − ηRtσ(X

⊤Wt))− β(Vt−1 − ηRt−1σ(X
⊤Wt−1))

(1 + β)(Wt − ηX((R⊤
t Vt)⊙ 1[X⊤Wt ≥ 0]))− β(Wt−1 − ηX((R⊤

t−1Vt−1)⊙ 1[X⊤Wt−1 ≥ 0]))

)
.

and we have

Pt = βPt−1 − (1 + β)ηRtσ(X
⊤Wt) + βηRt−1σ(X

⊤Wt−1),

Qt = βQt−1 − (1 + β)ηX((R⊤
t Vt)⊙ 1[X⊤Wt ≥ 0]) + βηX((R⊤

t−1Vt−1)⊙ 1[X⊤Wt−1 ≥ 0]).

According to the NAG update rule, we have

Rt+1 = Vt+1σ(W
⊤
t+1X)−Y

= (Vt +Pt)σ(W
⊤
t+1X)−Y

= Rt +Ptσ(W
⊤
t X)︸ ︷︷ ︸

T1

+Vt

(
σ(W⊤

t+1X)− σ(W⊤
t X)

)︸ ︷︷ ︸
T2

+Pt

(
σ(W⊤

t+1X)− σ(W⊤
t X)

)︸ ︷︷ ︸
T3

.

For the first part, we have

T1 =
(
βPt−1 − (1 + β)ηRtσ(X

⊤Wt) + βηRt−1σ(X
⊤Wt−1)

)
σ(W⊤

t X)

= βPt−1σ(W
⊤
t X)− (1 + β)ηRtσ(X

⊤Wt)σ(W
⊤
t X) + βηRt−1σ(X

⊤Wt−1)σ(W
⊤
t X)

= βPt−1σ(W
⊤
t X)− (1 + β)ηRtσ(X

⊤Wt)σ(W
⊤
t X) + βηRt−1σ(X

⊤Wt−1)(σ(W
⊤
t−1X))

+ βηRt−1σ(X
⊤Wt−1)(σ(W

⊤
t X)− σ(W⊤

t−1X))

= −(1 + β)ηRtσ(X
⊤Wt)σ(W

⊤
t X) + βηRt−1σ(X

⊤Wt−1)(σ(W
⊤
t−1X))

+ β(Vt −Vt−1)σ(W
⊤
t X) + βηRt−1σ(X

⊤Wt−1)(σ(W
⊤
t X)− σ(W⊤

t−1X))

= βRt − βRt−1 − (1 + β)ηRtσ(X
⊤Wt)σ(W

⊤
t X) + βηRt−1σ(X

⊤Wt−1)(σ(W
⊤
t−1X))

− βVt−1(σ(W
⊤
t X)− σ(W⊤

t−1X)) + βηRt−1σ(X
⊤Wt−1)(σ(W

⊤
t X)− σ(W⊤

t−1X)).

For the second part, we have

T2 = Vt

(
σ(W⊤

t+1X)− σ(W⊤
t X)

)
= Vt

(
(W⊤

t+1X)⊙ 1[W⊤
t+1X ≥ 0]− (W⊤

t X)⊙ 1[W⊤
t X ≥ 0]

)
= Vt

(
(W⊤

t+1X)⊙ 1[W⊤
0 X ≥ 0]⊙M− (W⊤

t X)⊙ 1[W⊤
0 X ≥ 0]⊙M

)
+Vt

(
(W⊤

t+1X)⊙ 1[W⊤
t+1X ≥ 0]⊙M⊥ − (W⊤

t X)⊙ 1[W⊤
t X ≥ 0]⊙M⊥)︸ ︷︷ ︸

T5

= βVt

((
Q⊤
t−1X

)
⊙ 1[W⊤

0 X ≥ 0]⊙M
)
+ T5

− (1 + β)ηVt

((
((R⊤

t Vt)⊙ 1[X⊤Wt ≥ 0])⊤X⊤X
)
⊙ 1[W⊤

t X ≥ 0]⊙M
)︸ ︷︷ ︸

T7

+ βηVt

((
((R⊤

t−1Vt−1)⊙ 1[X⊤Wt−1 ≥ 0])⊤X⊤X
)
⊙ 1[W⊤

t−1X ≥ 0]⊙M
)︸ ︷︷ ︸

T8

.
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For any l ∈ [n], j ∈ [N ],

[T7]l,j =

2m∑
i=1

[Vt]l,i[
(
((R⊤

t Vt)⊙ 1[X⊤Wt ≥ 0])⊤X⊤X
)
⊙ 1[W⊤

t X ≥ 0]⊙M]i,j

=

2m∑
i=1

[Vt]l,i[
(
((R⊤

t Vt)⊙ 1[X⊤Wt ≥ 0])⊤X⊤X
)
]i,j 1[W

⊤
t X ≥ 0]i,j [M]i,j

=

 2m∑
i=1

−
∑
i∈S⊥

j

 [Vt]l,i[
(
((V⊤

t Rt)⊙ 1[W⊤
t X ≥ 0])X⊤X

)
]i,j 1[W

⊤
t X ≥ 0]i,j

=

 2m∑
i=1

−
∑
i∈S⊥

j

 N∑
k=1

[Vt]l,i[V
⊤
t Rt]i,k 1[W

⊤
t X ≥ 0]i,k[X

⊤X]k,j 1[W
⊤
t X ≥ 0]i,j

=

 2m∑
i=1

−
∑
i∈S⊥

j

 N∑
k=1

m∑
r=1

[Vt]l,i[Vt]r,i[Rt]r,k 1[W
⊤
t X ≥ 0]i,k[X

⊤X]k,j 1[W
⊤
t X ≥ 0]i,j .

For T7, we have

[T7]l,j =

 2m∑
i=1

−
∑
i∈S⊥

j

 N∑
k=1

m∑
r=1

[Ai,t]l,r[Rt]r,k[Bi,t]k,j

=

 2m∑
i=1

−
∑
i∈S⊥

j

 [Ai,tRtBi,t]l,j ,

thus

T7 =

2m∑
i=1

Ai,tRtBi,t − T9,

where [T9]l,j =
∑
i∈S⊥

j
[Ai,tRtBi,t]l,j . Meanwhile,

T8 = Vt

((
((R⊤

t−1Vt−1)⊙ 1[X⊤Wt−1 ≥ 0])⊤X⊤X
)
⊙ 1[W⊤

t−1X ≥ 0]⊙M
)

= (Vt−1 +Pt−1)
((
((R⊤

t−1Vt−1)⊙ 1[X⊤Wt−1 ≥ 0])⊤X⊤X
)
⊙ 1[W⊤

t−1X ≥ 0]⊙M
)

=

2m∑
i=1

Ai,t−1Rt−1Bi,t−1 − T10

+Pt−1

((
((R⊤

t−1Vt−1)⊙ 1[X⊤Wt−1 ≥ 0])⊤X⊤X
)
⊙ 1[W⊤

t−1X ≥ 0]⊙M
)
,

where T10 is T9 with t replaced by t− 1. The remaining part of T1 and T2 can be combined:

βVt

((
Q⊤
t−1X

)
⊙ 1[W⊤

0 X ≥ 0]⊙M
)
− βVt−1(σ(W

⊤
t X)− σ(W⊤

t−1X))

=βPt−1

(
(Q⊤

t−1X)⊙ 1[W⊤
0 X ≥ 0]⊙M

)
− βT6,

where T6 is T5 with t replaced by t − 1. By changing the notations we get the results in the
proposition.

D.2 PROOF OF LEMMA 3.8

Proof of Lemma 3.8. Since K0 and INn can be simultaneously diagonalized, eigenvalues of TGD

correspond to 1− ηλi(K0), i ∈ [Nn]. Plugging in η = 1
L yields ∥TGD∥ = 1− µ

L = 1− 1
κ(K0)

.

For NAG, suppose λ is an eigenvalue of TNAG, then we have

det(TNAG − λI2Nn) = det((β + λ2 − (1 + β)λ)INn + (η(1 + β)λ− ηβ)K0) = 0.
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By simultaneous diagonalization the above equation becomes

λ2 − (1 + β)λ+ β + η(1 + β)λi(K0)λ− ηβλi(K0) = 0

for some 1 ≤ i ≤ Nn. Solving the equation yields

λ =
1

2

(
(1 + β)(1− ηλi(K0))±

√
(1− ηλi(K0)) (−4β + (1 + β)2(1− ηλi(K0)))

)
.

By checking the monotonicity of |λ| with respect to 1− ηλi(K0) ∈ [1− ηL, 1− ηµ], we have

|λ| ≤ max

{
1

2

(
(1 + β)(1− ηµ) +

√
(1− ηµ) (−4β + (1 + β)2(1− ηµ)

)
,

1

2

(
−(1 + β)(1− ηL) +

√
(1− ηL) (−4β + (1 + β)2(1− ηL)

)}
.

Choosing step size η = 1
L and momentum parameter β =

√
L−√

µ√
L+

√
µ

yields |λ| ≤ 1−
√

µ
L .

D.3 PROOF OF LEMMA 4.6

Proof of Lemma 4.6. Similar to the proof of Lemma 3.8 in Appendix D.2, let λ be an eigenvalue of
TNAG, then

λ =
1

2

(
(1 + β)(1− ηλi(K0))±

√
(1− ηλi(K0)) (−4β + (1 + β)2(1− ηλi(K0)))

)
.

By Lemma 4.3, λi(K0) = 0 for any i > Nr, hence λ = 1 or λ = β < 1. The corresponding
eigensubspaces are

H1 =
{
(u⊤,v⊤)⊤ | u = v ∈ ker(K0)

}
,

Hβ =
{
(u⊤,v⊤)⊤ | u = βv ∈ ker(K0)

}
.

The dimensions are dim(H1) = dim(Hβ) = dim(ker(K0)) = N(n − r). It is easy to verify that
whenever 0 < β < 1,

H1 ⊕Hβ = ker(K0)× ker(K0).

The orthogonal complement of H1⊕Hβ corresponds to the eigensubspace with positive eigenvalues.
By checking the dimension and orthogonality, we have

(H1 ⊕Hβ)
⊥ = col(K0)× col(K0).

For i ≤ Nr, λi(K0) > 0 and the corresponding subspace lie in col(K0)×col(K0). By Lemma 4.4,
col(K0) = RN ⊗ col(Y), thus u and v reside in this positive eigensubspace. Similar to Ap-

pendix D.2, by choosing η = 1
L and β =

√
L−√

µ√
L+

√
µ

we have |λ| ≤ 1 −
√

µ
L and hence show the

contraction of (u⊤,v⊤)⊤. The contraction of rt and ξt follows immediately from Lemma 4.5.

E PROOF FOR KERNEL SHIFT

We first state an auxiliary result on the mean absolute value of the product of correlated Gaussian
random variables.

Proposition E.1 (Corollary 3.1 in Li & Wei (2009)). Let u,v ∈ RN , ϕ ∼ N (0, IN ), ρ := u⊤v
∥u∥∥v∥ ,

then

E
∣∣(u⊤ϕ)(v⊤ϕ)

∣∣ = 2

π

(√
1− ρ2 + ρ arcsin ρ

)
∥u∥ ∥v∥ ≥ 2

π
∥u∥ ∥v∥ .

With this result, we show the kernel shift can be properly controlled by the change in weights with
high probability.
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E.1 PROOF OF LEMMA 3.9

Proof of Lemma 3.9. Given our coupled initialization, we can consider the first m neurons and then
multiply the final result by a factor of 2, as we have Ai,0 = Ai+m,0 and Bi,0 = Bi+m,0 for all
i ∈ [m] and the radius R1 and R2 are uniform among all i ∈ [2m]. We decompose the kernel shift
as follows:

∥K0 −Kt∥ ≤ 2

∥∥∥∥∥
m∑
i=1

(
B⊤
i,t ⊗Ai,t −B⊤

i,0 ⊗Ai,0

)∥∥∥∥∥
F

≤ 2

∥∥∥∥∥
m∑
i=1

(Bi,t −Bi,0)
⊤ ⊗Ai,0

∥∥∥∥∥
F

+ 2

∥∥∥∥∥
m∑
i=1

B⊤
i,t ⊗ (Ai,t −Ai,0)

∥∥∥∥∥
F

.

For the first part, we have∥∥∥∥∥
m∑
i=1

(Bi,t −Bi,0)
⊤ ⊗Ai,0

∥∥∥∥∥
2

F

=

n∑
p=1

n∑
q=1

N∑
j=1

N∑
k=1

(
m∑
i=1

[Bi,t −Bi,0]j,k[Ai,0]p,q

)2

≤
n∑
p=1

n∑
q=1

N∑
j=1

N∑
k=1

(
m∑
i=1

si,j,kai,p,q

)2

,

where we denote

ai,p,q := |[Ai,0]p,q| , si,j,k := |[Jt]i,j [Jt]i,k − [J0]i,j [J0]i,k| .
For notation simplicity, we fix p, q, j, k for now and denote si = si,j,k and ai = ai,p,q . By construc-
tion, si’s are independent Bernoulli random variables, and

E[si] = P(si = 1) ≤ 2R2

c2
,

where the inequality follows from Lemma G.2 in Munteanu et al. (2022). Therefore, we can con-
struct another set of independent Bernoulli random variables X1, . . . , Xm such that E[Xi] =

2R2

c2
and Xi ≥ si for all i ∈ [m]. By weighted Chernoff inequality (Lemma B.3), we have the following
bound for fixed ai’s:

P

(
m∑
i=1

aisi ≥
3R2

c2

m∑
i=1

ai

)
≤ P

(
m∑
i=1

aiXi ≥
3

2
·
m∑
i=1

aiE[Xi]

)

≤ exp

(
− 1

10

∑m
i=1 ai ·

2R2

c2

maxi∈[m] ai

)
. (14)

Now we study the concentration properties for ai’s to ensure the above bound is valid. By Proposi-
tion E.1 we have

E[ai] = c21E |[Φ]p,i[Φ]q,i| = c21E
∣∣(e⊤p ϕi)(e⊤q ϕi)∣∣ ≥ 2c21

π
.

On the other hand, since [Φ]p,i and [Φ]q,i are Gaussian, ai and its centered version are sub-
exponential with bounded ψ1-norm

∥ai − E[ai]∥ψ1
≲ ∥ai∥ψ1

≲ c21.

By plugging in t = c21m
π in Bernstein’s inequality (Lemma B.2), we have

P

(∣∣∣∣∣
m∑
i=1

(ai − E[ai])

∣∣∣∣∣ ≥ c21m

π

)
≤ 2 exp (−c′m) ,

where c′ is an absolute constant. Therefore, for any δ2 ∈ (0, 1), by setting m ≥ Ω(log 2n
δ2
), with

probability at least 1− δ2 we have
m∑
i=1

ai,p,q ≥
c21m

π
, ∀p, q ∈ [n].
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For the denominator, by union bound on sub-Gaussian tails, it holds

P
(
∃i ∈ [m],∃p ∈ [n], |[Φ]p,i| >

√
c log

2mn

δ3

)
≤ δ3

for any δ3 ∈ (0, 1), where c is an absolute constant. Thus with probability at least 1− δ3, we have

ai,p,q ≲ c21 log

(
2mn

δ3

)
, ∀i ∈ [m],∀p, q ∈ [n].

Plug the lower bound on the numerator and upper bound on the denominator back to (14), with
probability at least 1− δ2 − δ3 we have

P

(
m∑
i=1

aisi ≥
3R2

c2

m∑
i=1

ai

)
≤ exp

(
− c′′mR2

c2 log
2mn
δ3

)

for some absolute constant c′′ > 0. For any δ4 ∈ (0, 1), by setting

m = max

{
Ω

(
c2
R2

· log
(
2mn

δ3

)
log

(
n

δ4

))
,Ω

(
log

(
2n

δ2

))}
,

we have with probability at least 1− δ2 − δ3 − δ4 that∥∥∥∥∥
m∑
i=1

(Bi,t −Bi,0)
⊤ ⊗Ai,0

∥∥∥∥∥
2

F

≤
(
3NR2

c2

)2 n∑
p=1

n∑
q=1

(
m∑
i=1

|[Ai,0]p,q|

)2

≤
(
3NR2

c2

)2 n∑
p=1

n∑
q=1

(
m

m∑
i=1

|[Ai,0]p,q|2
)

≤
(
3NR2

c2

)2

m

m∑
i=1

∥Ai,0∥2F

≤
(
3mNR2

c2

)2

R4
V ,

where the second line uses the Cauchy–Schwarz inequality.

For the second part, we have∥∥∥∥∥
m∑
i=1

B⊤
i,t ⊗ (Ai,t −Ai,0)

∥∥∥∥∥
2

F

≤
n∑
p=1

n∑
q=1

N∑
j=1

N∑
k=1

(
m∑
i=1

[Bi,t]
2
j,k

)(
m∑
i=1

[Ai,t −Ai,0]
2
p,q

)

≤ mN2
m∑
i=1

∥Ai,t −Ai,0∥2F

≤ 4m2N2R2
1(2RV +R1)

2,

where we use Cauchy–Schwarz for the first line and [Bi,t]j,k ≤ 1 for the second line. Combining
the results, we get

∥K0 −Kt∥ ≤ 6mN
R2

c2
R2
V + 4mNR1(2RV +R1).

Meanwhile, by 1-Lipschitzness of ReLU, we have

∥Gt∥ ≤
∥∥σ(X⊤Wt)σ(W

⊤
t X)

∥∥ ≤
∥∥W⊤

t X
∥∥2
F
≤ 2m(RW +R2)

2 ∥X∥2 ≤ 2mN(RW +R2)
2.

Picking δi = δ
3 for i = 2, 3, 4 we get the final result.
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E.2 LOW-RANK KERNEL SHIFT

For low-rank responses, we show the bound on kernel shift still holds.
Lemma E.2 (Low-rank kernel shift). Lemma 3.9 holds for sketching initialization (8).

Proof of Lemma E.2. Most of the proof follows Appendix E.1. We only need to show that under
initialization (8), the concentration of

∑m
i=1 aisi is valid, where ai and si are defined as in Ap-

pendix E.1. By weighted Chernoff inequality (Lemma B.3), we have

P

(
m∑
i=1

aisi ≥
3R2

c2

m∑
i=1

ai

)
≤ exp

(
− 1

10

∑m
i=1 ai ·

2R2

c2

maxi∈[m] ai

)
. (15)

Given sketching initialization (8) and Proposition E.1, we have

E[ai] = c21E |[YΦ]p,i[YΦ]q,i| ≥
2c21
π

∥[Y]p,:∥ ∥[Y]q,:∥ .

On the other hand, we have

∥[YΦ]p,i∥ψ2
≲ ∥[Y]p,:∥ ,

thus ai and its centered version are sub-exponential with ψ1-norm bounded by

∥ai − E[ai]∥ψ1
≲ ∥ai∥ψ1

≲ c21 ∥[Y]p,:∥ ∥[Y]q,:∥ .

By plugging in t = c21m∥[Y]p,:∥∥[Y]q,:∥
π in Bernstein’s inequality (Lemma B.2), we have

P

(∣∣∣∣∣
m∑
i=1

(ai − E[ai])

∣∣∣∣∣ ≥ c21m

π
∥[Y]p,:∥ ∥[Y]q,:∥

)
≤ 2 exp (−c′m)

for some absolute constant c′. Therefore, for any δ2 ∈ (0, 1), by setting m ≥ Ω(log 2n
δ2
), we have

m∑
i=1

ai,p,q ≥
c21m

π
∥[Y]p,:∥ ∥[Y]q,:∥ , ∀p, q ∈ [n].

with probability at least 1− δ2. For the denominator, by union bound on sub-Gaussian tails, it holds

P
(
∃i ∈ [m],∃p ∈ [n], |[YΦ]p,i| >

√
c log

2mn

δ3
∥[Y]p,:∥

)
≤ δ3

for any δ3 ∈ (0, 1), where c is an absolute constant. Thus with probability at least 1− δ3, we have

ai,p,q ≲ c21 ∥[Y]p,:∥ ∥[Y]q,:∥ log
(
2mn

δ3

)
, ∀i ∈ [m],∀p, q ∈ [n].

Plug the lower bound on the numerator and upper bound on the denominator back to (15), with
probability at least 1− δ2 − δ3 we have

P

(
m∑
i=1

aisi ≥
3R2

c2

m∑
i=1

ai

)
≤ exp

(
− c′′mR2

c2 log
2mn
δ3

)
for some absolute constant c′′ > 0. The rest of the proof follows the same lines as Appendix E.1.

F PROOF FOR SUBSPACE ALIGNMENT

F.1 PROOF OF LEMMA 4.4

Proof of Lemma 4.4. By sketching initialization (8), col(V0) = col(YΦ) ⊆ col(Y). Since
K0 =

∑2m
i=1 B

⊤
i ⊗ Ai is symmetric, its row space is equivalent to column space. For any
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w = (w⊤
1 , . . . ,w

⊤
N )⊤ ∈ RNn, wj ∈ Rn, ∀j ∈ [N ], it holds for every i ∈ [2m] that

(B⊤
i ⊗Ai)w =

 [Bi]1,1Ai . . . [Bi]1,NAi

...
...

[Bi]N,1Ai . . . [Bi]N,NAi


w1

...
wN



=


∑N
j=1[Bi]1,jAiwj

...∑N
j=1[Bi]N,jAiwj

 ∈ RN ⊗ col(Y),

where the second line is from that col(Ai) = col([V0]:,i[V0]
⊤
:,i) ⊆ col(V0) ⊆ col(Y). Therefore,

we have col(K0) ⊆ RN⊗col(Y). By assumption, rank(Y) = r, hence dim(RN⊗col(Y)) = Nr.

By Lemma 4.3, λrN (K0) ≥ c21dλλr(YY⊤)
2 , thus we haveNr ≤ rank(K0) ≤ dim(RN⊗col(Y)) =

Nr, which implies that col(K0) = RN ⊗ col(Y).

F.2 PROOF OF LEMMA 4.5

Proof of Lemma 4.5. We prove the lemma by induction. By Lemma 4.3, col(V0) = col(Y). For
t = 0, col(R0) = col(V0σ(W

⊤
0 X) − Y) ⊆ col(Y), thus r0 = vec(R0) ∈ RN ⊗ col(Y).

For ξ0, we examine ζ0 and ι0. By definition of ζt, recursive definition of Pt, R−1 = R0 and
P−1 = 0 in Proposition 3.7, we have span(ζ0) ⊆

(
RN ⊗ (col(R0) ∪ col(V0) ∪ col(φ0))

)
⊆(

RN ⊗ (col(Y) ∪ col(φ0))
)
. By definition of φt, for any j ∈ [N ],

[φt]:,j =
∑
i∈S⊥

j

[Ai,tRtBi,t]:,j ∈ col(Vt),

where the inclusion is due to Ai,t = [Vt]:,i[Vt]
⊤
:,i. Therefore, span(ζ0) ⊆ RN ⊗ col(Y). For ιt,

we have

Ktrt =

 [Bi,t]1,1Ai,t . . . [Bi,t]1,NAi,t

...
...

[Bi,t]N,1Ai,t . . . [Bi,t]N,NAi,t


 [Rt]:,1

...
[Rt]:,N



=


∑N
j=1[Bi,t]1,j [Ai,tRt]:,j

...∑N
j=1[Bi,t]N,j [Ai,tRt]:,j

 ∈ RN ⊗ col(Vt).

Similarly, we have

Gtrt =
(
(σ(x⊤Wt)σ(W

⊤
t x))⊗ In

)
rt

=

(σ(x⊤
1 Wt)σ(W

⊤
t x1))In . . . (σ(x⊤

1 Wt)σ(W
⊤
t xN ))In

...
...

(σ(x⊤
NWt)σ(W

⊤
t x1))In . . . (σ(x⊤

NWt)σ(W
⊤
t xN ))In


 [Rt]:,1

...
[Rt]:,N



=


∑N
j=1(σ(x

⊤
1 Wt)σ(W

⊤
t xj))[Rt]:,j

...∑N
j=1(σ(x

⊤
NWt)σ(W

⊤
t xj))[Rt]:,j

 ∈ RN ⊗ col(Rt).

Therefore, ι0 ∈ RN⊗(col(V0) ∪ col(R0)) ⊆ RN⊗col(Y). Suppose {rs, ξs}s≤t ⊆ RN⊗col(Y),
then by Proposition 3.7, we have rt+1 ∈ span({rt, rt−1, ξt}) ∪ col(K0) = RN ⊗ col(Y), and
ξt ∈ RN⊗ follows immediately. Thus we complete the proof by induction.
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G PROOF FOR CONVERGENCE

G.1 AUXILIARY LEMMA

Lemma G.1. Suppose {at}t≥0 and {bt}t≥0 are two non-negative sequences satisfying

at+1 ≤ ρ · at + bt, bt ≤ θt · c0,
where 0 ≤ ρ < θ < 1, c0 ≥ 0, then the following holds for all t ≥ 0:

at ≤ θt ·
(
a0 +

c0
θ − ρ

)
.

Proof of Lemma G.1. The inequality holds trivially for t = 0. For t ≥ 0, we have

at+1 = ρt+1 · a0 +
t∑

s=0

ρt−sθs · c0

= ρt+1 · a0 +
θt+1 − ρt+1

θ − ρ
· c0

= θt+1 ·
(
a0 +

1

θ − ρ
· c0
)
.

G.2 PROOF OF LEMMA 3.10

Proof of Lemma 3.10. The proof follows the proof of Claim 3.12 in (Song & Yang, 2019). Recall

S⊥
j =

{
i ∈ [2m] | ∃t ≥ 0, 1[W⊤

t X ≥ 0]i,j ̸= 1[W⊤
0 X ≥ 0]i,j

}
.

Given the condition that ∥[Wt]:,i − [W0]:,i∥ ≤ R2 for all t ≥ 0, we can relax the constraint in S⊥
j

and consider the following random variable sj for each j ∈ [N ]:

sj :=

2m∑
i=1

1
[
∃w ∈ Rd, ∥w − [W0]:,i∥ ≤ R2, (w

⊤xj) · ([W0]
⊤
:,ixj) < 0

]
.

By definition, we always have
∣∣S⊥
j

∣∣ ≤ sj , so we only need to bound sj with high probabil-
ity. Denote event Ai,j :=

{
∃w ∈ Rd, ∥w − [W0]:,i∥ ≤ R2, (w

⊤xj) · ([W0]
⊤
:,ixj) < 0

}
. By anti-

concentration inequality of Gaussian (Lemma A.4 in Song & Yang 2019),

P(Ai,j) = Pz∼N (0,c2)(|z| < R2) ≤
2R2√
2πc2

<
R2

c2
,

hence E[1[Ai,j ]] ≤ R2

c2
. We can also bound the absolute value |1[Ai,j ]| ≤ 1 and variance

E[(1[Ai,j ]− E[1[Ai,j ]])2] = E[1[Ai,j ]2]− (E[1[Ai,j ]])2 ≤ E[1[Ai,j ]] ≤
R2

c2
.

Since {Ai,j}mi=1 are independent, we can apply Bernstein’s inequality and get that for all ∆ > 0,

P

(
m∑
i=1

1[Ai,j ] > m · R2

c2
+∆

)
≤ exp

(
− ∆2/2

mR2

c2
+∆/3

)
.

By setting ∆ = 3mR2

c2
and using the fact that Ai,j = Am+i,j for i ∈ [m] due to the coupled

initialization, we have sj = 2
∑m
i=1 1[Ai,j ] and thus

P
(
sj >

8mR2

c2

)
≤ exp

(
−9mR2

4c2

)
< exp (−mR2/c2) .

Lemma 3.10 follows immediately from the union bound on j ∈ [N ].
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G.3 PROOF OF LEMMA 3.11

Proof of Lemma 3.11. By assumptions and the 1-Lipschitzness of σ(·), we have∥∥[σ(X⊤Ws)]:,i
∥∥ ≤ ∥X∥F (∥[W0]:,i∥+ ∥[Ws −W0]:,i∥) ≤ ∥X∥F (∥[W0]:,i∥+R2) ≤ CW .

By recursion, we have

Pt = βPt−1 − (1 + β)ηRtσ(X
⊤Wt) + βηRt−1σ(X

⊤Wt−1)

= −ηRtσ(X
⊤Wt)− βη

t∑
s=0

βt−sRsσ(X
⊤Ws) + ηβt+1R0σ(X

⊤W0),

thus

∥[Pt]:,i∥ ≤

(
θt + βt+1 + β

t∑
s=0

βt−sθs

)
ηC1 ∥R0∥F CW

≤ θt

1− θ
ηC1 ∥R0∥F CW ,

and

∥Pt∥F ≤ θt

1− θ
ηC1

√
2m ∥R0∥F CW ,

where we use C1 ≥ 1 and β ≤ θ2 < θ < 1. Similarly, we have

Qt = −η∇WL(Vt,Wt)− βη

t∑
s=0

βt−s∇WL(Vs,Ws) + ηβt+1∇WL(V0,W0)

= −ηX((R⊤
t Vt)⊙ 1[X⊤Wt ≥ 0]) + ηβt+1X((R⊤

0 V0)⊙ 1[X⊤W0 ≥ 0])

− βη

t∑
s=0

βt−sX((R⊤
s Vs)⊙ 1[X⊤Ws ≥ 0]).

We can bound the norm of each column of Qt by

∥[Qt]:,i∥ ≤ η ∥X∥F

(∥∥[R⊤
t Vt]:,i

∥∥+ β

t∑
s=0

βt−s
∥∥[R⊤

s Vs]:,i
∥∥+ βt+1

∥∥[R⊤
0 V0]:,i

∥∥)

≤ θt

1− θ
ηC1 ∥R0∥F CV ,

and bound the overall Frobenius norm by

∥Qt∥F ≤ θt

1− θ
ηC1

√
2m ∥R0∥F CV .

Next, we bound ∥ζt∥ and ∥ιt∥. We begin with ∥ζt∥.

∥ζt∥ =
∥∥βηRt−1σ(X

⊤Wt−1)(σ(W
⊤
t X)− σ(W⊤

t−1X))
∥∥
F︸ ︷︷ ︸

ℓ1

+
∥∥βηPt−1

((
((R⊤

t−1Vt−1)⊙ 1[X⊤Wt−1 ≥ 0])⊤X⊤X
)
⊙ 1[W⊤

t−1X ≥ 0]⊙M
)∥∥

F︸ ︷︷ ︸
ℓ2

+ ∥T5 − βT6 + (1 + β)ηT9 − βηT10∥F︸ ︷︷ ︸
ℓ3

+
∥∥βPt−1

((
Q⊤
t−1X

)
⊙ 1[W⊤

0 X ≥ 0]⊙M
)
+ T3

∥∥
F︸ ︷︷ ︸

ℓ4

,
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where T3, T5, T6, T9 and T10 are defined in the proof of Proposition 3.7 in Appendix D.1. We
provide upper bounds for ∥T3∥F, ∥T5∥F, and ∥T9∥F, and the bounds for ∥T6∥F and ∥T10∥F follows
immediately by replacing t with t− 1. By 1-Lipschitzness of ReLU activation σ(·),

∥T3∥F ≤ ∥Pt∥F
∥∥σ(W⊤

t+1X)− σ(W⊤
t X)

∥∥
F
≤ ∥Pt∥F

∥∥Q⊤
t X
∥∥
F
.

For T5, we have ∥T5∥F ≤
√
S ∥Vt∥F ∥X∥F max1≤i≤2m ∥[Qt]:,i∥ due to the followings:

∥T5∥2F ≤ ∥Vt∥2
N∑
j=1

∑
i∈S⊥

j

(
σ([Wt+1]

⊤
:,ixj)− σ([Wt]

⊤
:,ixj)

)2
≤ ∥Vt∥2

N∑
j=1

∑
i∈S⊥

j

(
[Qt]

⊤
:,ixj

)2
≤ ∥Vt∥2 S max

1≤i≤2m
∥[Qt]:,i∥2

N∑
j=1

∥xj∥2

= ∥Vt∥2 S max
1≤i≤2m

∥[Qt]:,i∥2 ∥X∥2F ,

where the second line uses 1-Lipschitzness of ReLU, and the third line is by Cauchy–Schwarz
inequality. For T9, we have

∥T9∥2F =

n∑
l=1

N∑
j=1

∑
i∈S⊥

j

[Ai,tRtBi,t]l,j

2

≤
n∑
l=1

N∑
j=1

∣∣S⊥
j

∣∣ ∑
i∈S⊥

j

[Ai,tRtBi,t]
2
l,j

=

N∑
j=1

∣∣S⊥
j

∣∣ ∑
i∈S⊥

j

∥[Ai,tRtBi,t]:,j∥2

≤
N∑
j=1

∣∣S⊥
j

∣∣ ∑
i∈S⊥

j

∥Ai,t∥2 ∥Rt∥2 ∥[Bi,t]:,j∥2

≤ ∥Rt∥2 max
1≤i≤2m

∥Ai,t∥2
N∑
j=1

N∑
k=1

∣∣S⊥
j

∣∣ ∑
i∈S⊥

j

[Bi,t]
2
k,j

≤ ∥Rt∥2 max
1≤i≤2m

∥Ai,t∥2 S2N2,

where the second line is by convexity of quadratic function, and the fifth line is by |[Bi,t]k,j | ≤ 1.

We now bound terms ℓ1, ℓ2, ℓ3 and ℓ4. For ℓ1, we have

ℓ1 = βη
∥∥Rt−1σ(X

⊤Wt−1)(σ(W
⊤
t X)− σ(W⊤

t−1X))
∥∥
F

≤ βη ∥Rt−1∥F
∥∥σ(X⊤Wt−1)

∥∥
F

∥∥σ(W⊤
t X)− σ(W⊤

t−1X)
∥∥
F

≤ βη ∥Rt−1∥F
∥∥X⊤Wt−1

∥∥
F

∥∥Q⊤
t−1X

∥∥
F

≤ 2θ2t

1− θ
η2C2

1mCV CW ∥X∥F ∥R0∥2F ,

where the second inequality uses 1-Lipschitzness of ReLU. For ℓ2, we have

ℓ2 = βη
∥∥Pt−1

((
((R⊤

t−1Vt−1)⊙ 1[X⊤Wt−1 ≥ 0])⊤X⊤X
)
⊙ 1[W⊤

t−1X ≥ 0]⊙M
)∥∥

F

≤ βη ∥Pt−1∥F ∥Rt−1∥F ∥Vt−1∥F
∥∥X⊤X

∥∥
≤ 2θ2t

1− θ
η2C2

1mCV CW ∥X∥F ∥R0∥2F .
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For ℓ3, we have

ℓ3 ≤ ∥T5∥F + β ∥T6∥F + (1 + β)η ∥T9∥F + βη ∥T10∥F
≤ ∥T5∥F + θ2 ∥T6∥F + ηSN (RV +R1)

2
C1

(
1 + θ + θ2

)
θt ∥R0∥F

≤ 2θt

1− θ
ηC1

√
SC2

V ∥R0∥F + ηSN (RV +R1)
2
C1

(
1 + θ + θ2

)
θt ∥R0∥F

where we use the bound for T5, T9 and T10 in Proposition 3.7. For ℓ4, we have

ℓ4 =
∥∥βPt−1

((
Q⊤
t−1X

)
⊙ 1[W⊤

0 X ≥ 0]⊙M
)
+Pt

(
σ(W⊤

t+1X)− σ(W⊤
t X)

)∥∥
F

≤ β ∥Pt−1∥F
∥∥Q⊤

t−1X
∥∥
F
+ ∥Pt∥F

∥∥Q⊤
t X
∥∥
F

≤ 4θ2t

(1− θ)2
η2C2

1mCV CW ∥X∥F ∥R0∥2F .

Combine the results, we get

∥ζt∥ ≤ θ2t(8− 4θ)

(1− θ)2
η2C2

1mCV CW ∥X∥F ∥R0∥2F

+
2θt

1− θ
ηC1

√
SC2

V ∥R0∥F + ηSN (RV +R1)
2
C1

(
1 + θ + θ2

)
θt ∥R0∥F .

Now we turn to ∥ιt∥. By Lemma 3.9, we have

∥K0 −Kt∥ ≤ 10dN
R2

c2
∥[V0]:,i∥2 , ∥Gt∥ ≤ 2mC2

W .

Therefore, we get

∥ιt∥ ≤ (1 + β)η ∥(K0 −Ht)rt∥+ βη ∥(K0 −Ht−1)rt−1∥
≤ (1 + β)η (∥K0 −Kt∥+ ∥Gt∥) ∥Rt∥F + βη (∥K0 −Kt−1∥+ ∥Gt−1∥) ∥Rt−1∥F

≤ 6

(
5N

√
R2

c2
R2
V + C2

W

)
mηC1θ

t ∥R0∥F .

Combining the results for ∥ζt∥ and ∥ιt∥ with θ < 1 we get the final result.

G.4 PROOF OF LEMMA 3.12

Proof of Lemma 3.12. By Lemma 3.11, ∥[Ps]:,i∥ ≤ θs

1−θηC1CW ∥Y∥F. When ηC1CW ∥Y∥F ≤
(1− θ)2R1, for any i ∈ [2m] we have

∥[Vt+1]:,i − [V0]:,i∥ ≤
t∑

s=0

∥[Ps]:,i∥ ≤
t∑

s=0

θs

1− θ
ηC1 ∥Y∥F CW ≤ 1

(1− θ)2
ηC1 ∥Y∥F CW ≤ R1.

Similarly, when ηC1CV ∥Y∥F ≤ (1−θ)2R2 we have ∥[Wt+1]:,i − [W0]:,i∥ ≤ R2, ∀i ∈ [2m].

G.5 PROOF OF THEOREM 3.1

Proof of Theorem 3.1. Let at = ∥rt∥, bt = ∥ξt∥, ρ = 1− 1
κ(K0)

, θ = 1− 1
2κ(K0)

, and define c0 as

c0 = C1 ∥Y∥F

[
4

L

√
8mR2

c2
C2
V +

24mR2

c2L
N (RV +R1)

2

+
32m

L2
C1CV CW ∥X∥F ∥Y∥F

+
6m

L

(
5N

R2

c2
R2
V + C2

W

)]
. (16)
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By Lemma 3.8, at+1 ≤ ρ ·at+bt for any t ≥ 0. Take C1 = 2 andR1 = R2

3c2
RV , ensuringR1 < RV

and R2
V · R2

c2
≥ R1(2RV +R1). Let

m ≥ max

{
Ω̃

(
Nn

λ

)
, Ω̃

(
c2
R2

)
,Ω

(
1

δ

)}
.

Then conditions in Lemmas 3.5, 3.6, 3.9 and 3.10 hold at t = 0 with probability at least 1− δ, and
1
2c1

√
n ≤ RV ≤ c1(

√
n+ 2

√
logm), (17)

1
2c2

√
d ≤ RW ≤ c2(

√
d+ 2

√
logm), (18)

1
2c

2
1mλ ≤ µ ≤ L ≤ 9c21nmλ1(K). (19)

Suppose these conditions hold until step t. In GD, 0 = β < θ2 < θ, thus by Lemma 3.11, bt ≤ c0·θt,
and

∥rt+1∥ ≤ at+1 ≤
(
a0 +

c0
θ − ρ

)
θt+1.

For the induction to hold at step t+ 1, we need:

a0 +
c0

θ − ρ
≤ C1 ∥Y∥F , (20)

4LC1CW ∥Y∥F ≤ µ2R1, (21)

4LC1CV ∥Y∥F ≤ µ2R2. (22)
By plugging in the initial conditions (17) to (19), we get the following sufficient conditions for
Equations (20) to (22): √

R2

mc2

N

λκ2(K0)
(n+ logm) ≲ 1, (23)

R2

c2

N

λκ2(K0)
(n+ logm) ≲ 1, (24)

c2N
2

c31mλ
2
N (K)κ3(K0)

(
√
nd+ logm) ≲ 1, (25)

R2

c2

c22N

c21λκ
2(K0)

(d+ logm) ≲ 1, (26)

c2(
√
d+

√
logm)

√
Nκ(K0) ≲ c31mλ

R2

c2

√
n, (27)

(
√
n+

√
logm)

√
Nκ(K0) ≲ c1c2mλ

R2

c2
, (28)

where Equations (23) to (26) are sufficient for (20) by making each monomial in the square bracket
in (16) to be less than 1

20 , (27) is sufficient for (21), and (28) is sufficient for (22). These conditions
can be satisfied by the following specification of c1, c2 and R2:

c2
R2

≥ Ω̃

(
Nn

λ

)
,
c31
c2

≥ Ω̃

(√
Nd
(√
N ∨ κ4(K0)

)
√
nλκ3(K0)

)
,

c21
c22

≥ Ω̃

(
d

nκ2(K0)

)
, c1c2 ≥ Ω̃

(√
Nnκ(K0)

λ

)
.

The convergence result follows by induction, with rate θ ≤ 1− Θ(1)
nκ by Lemma 3.6.

G.6 PROOF OF THEOREM 3.2

Proof of Theorem 3.2. We prove the theorem by induction Lemma G.1, where we set at =∥∥(r⊤t , r⊤t−1)
⊤
∥∥, bt = ∥ξt∥, ρ = 1− 1√

κ(K0)
, θ = 1− 1

2
√
κ(K0)

, and

c0 = C1 ∥Y∥F

[
4

√
8mR2

c2µL
C2
V +

24mR2

c2L
N (RV +R1)

2
+

32m

µL
C1CV CW ∥X∥F ∥Y∥F +

6m

L

(
5N

R2

c2
R2
V + C2

W

)]
.

(29)
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By Lemma 3.8, at+1 ≤ ρ · at + bt for any t ≥ 0. Our choice of η = 1
L and β =

√
L−√

µ√
L+

√
µ

satisfies

β < θ2 < θ < 1. Take C1 = 2
√
2, then at the 0-th step, ∥r0∥ ≤ a0 =

√
2 ∥Y∥F ≤ C1 ∥Y∥F. Take

R1 = R2

3c2
RV , then R1 < RV and R2

V · R2

c2
≥ R1(2RV +R1). Let

m ≥ max

{
Ω̃

(
Nn

λ

)
, Ω̃

(
c2
R2

)
,Ω

(
1

δ

)}
,

then the conditions in Lemmas 3.5, 3.6, 3.9 and 3.10 hold for the 0-th step, and R2 > 0 can be
arbitrarily small as the initial weight change is 0. In particular, the initialization yields

c1
√
n

2
≤ RV ≤ c1(

√
n+ 2

√
logm),

c2
√
d

2
≤ RW ≤ c2(

√
d+ 2

√
logm),

L ≤ 9c21nmλ1(K),

µ ≥ 1

2
c21mλ.

Now suppose these conditions hold from step 0 to t, then with probability at least 1 − δ, all results
in Lemmas 3.5, 3.6, 3.9 and 3.10 hold until the t-th step. By Lemma 3.11, bt ≤ c0 · θt, and thus

∥rt+1∥ ≤ at+1 ≤
(
a0 +

c0
θ − ρ

)
θt+1

by Lemma G.1. To show the induction conditions in Lemmas 3.5, 3.6, 3.9 and 3.10 for step t+1, it
remains to show the followings:

a0 +
c0

θ − ρ
≤ C1 ∥Y∥F , (30)

4C1CW ∥Y∥F ≤ µR1, (31)
4C1CV ∥Y∥F ≤ µR2, (32)

where the first condition corresponds to residual convergence, and the last two conditions corre-
spond to bounds on the weight changes. By plugging in the initial conditions, we get the following
sufficient conditions for Equations (30) to (32):√

R2

mc2

N

λ
(n+ logm) ≲ 1, (33)

R2

c2

N

λ
√
κ(K0)

(n+ logm) ≲ 1, (34)

c2N
2

c31mλ
2
N (K)

√
κ(K0)

(
√
nd+ logm) ≲ 1, (35)

R2

c2

c22N

c21λ
√
κ(K0)

(d+ logm) ≲ 1, (36)

c2(
√
d+

√
logm)

√
N ≲ c31mλ

R2

c2

√
n, (37)

(
√
n+

√
logm)

√
N ≲ c1c2mλ

R2

c2
, (38)

where Equations (33) to (36) are sufficient for (30) by making each summand in the square bracket
in (29) to be less than 1

20 , Equation (37) is sufficient for (31), and Equation (38) is sufficient for (32).
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By additionally choosing c1 and c2 so that

c2
R2

≥ Ω̃

(
Nn

λ

)
> 1,

c31
c2

≥ Ω̃

(
N
√
d√

nλ

)
,

c21
c22

≥ Ω̃

(
d

n
√
κ(K0)

)
,

c1c2 ≥ Ω̃

(√
Nn

λ

)
,

Equations (33) to (38) are satisfied and the induction conditions for the t + 1 step hold. The final
convergence result follows immediately from induction, where the convergence speed is θ. By
Lemma 3.6, θ = 1− 1

2
√
κ(K0)

≤ 1− Θ(1)√
nκ

.

G.7 PROOF OF THEOREM 4.1

Proof of Theorem 4.1. We prove the theorem by induction Lemma G.1, where we set at =∥∥(r⊤t , r⊤t−1)
⊤
∥∥, bt = ∥ξt∥, ρ = 1− 1√

κ(K0)
, θ = 1− 1

2
√
κ(K0)

, and

c0 = C1 ∥Y∥F

[
4

√
8mR2

c2µL
C2
V +

24mR2

c2L
N (RV +R1)

2
+

32m

µL
C1CV CW ∥X∥F ∥Y∥F +

6m

L

(
5N

R2

c2
R2
V + C2

W

)]
.

(39)

By Lemma 4.6, at+1 ≤ ρ · at + bt for any t ≥ 0. Our choice of η = 1
L and β =

√
L−√

µ√
L+

√
µ

satisfies

β < θ2 < θ < 1. Take C1 = 2
√
2, then at the 0-th step, ∥r0∥ ≤ a0 =

√
2 ∥Y∥F ≤ C1 ∥Y∥F. Take

R1 = R2

3c2
RV , then R1 < RV and R2

V · R2

c2
≥ R1(2RV +R1). Let

m ≥ max

{
Ω̃

(
Nrκ(YY⊤)

λ

)
, Ω̃

(
c2
R2

)
,Ω

(
1

δ

)}
,

then the conditions in Lemmas 3.10, 4.2, 4.3 and E.2 hold for the 0-th step, and R2 > 0 can be
arbitrarily small as the initial weight change is 0. In particular, the initialization yields

c1σr(Y)
√
r

2
≤ RV ≤ c1 ∥Y∥ (

√
r + 2

√
logm),

c2
√
d

2
≤ RW ≤ c2(

√
d+ 2

√
logm),

1

2
c21mλσ

2
r(Y) ≤ µ ≤ L ≤ 9c21mrλ1(K) ∥Y∥2 .

Now suppose these conditions hold from step 0 to t, then with probability at least 1 − δ, all results
in Lemmas 3.10, 4.2, 4.3 and E.2 hold until the t-th step. By Lemma 3.11, bt ≤ c0 · θt, and thus

∥rt+1∥ ≤ at+1 ≤
(
a0 +

c0
θ − ρ

)
θt+1

by Lemma G.1. To show the induction conditions in Lemmas 3.10, 4.2, 4.3 and E.2 for step t + 1,
it remains to show the followings:

a0 +
c0

θ − ρ
≤ C1 ∥Y∥F , (40)

4C1CW ∥Y∥F ≤ µR1, (41)
4C1CV ∥Y∥F ≤ µR2, (42)
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where the first condition corresponds to residual convergence, and the last two conditions corre-
spond to bounds on the weight changes. By plugging in the initial conditions, we get the following
sufficient conditions for Equations (40) to (42):√

R2

mc2

Nκ(YY⊤)

λ
(r + logm) ≲ 1, (43)

R2

c2

Nκ(YY⊤)

λ
√
κ(K0)

(r + logm) ≲ 1, (44)

c2N
2

c31mλ
2
N (K)λ2r(YY⊤)

√
κ(K0)

(
√
dr + logm) ∥Y∥ ≲ 1, (45)

R2

c2

c22N

c21λλr(YY⊤)
√
κ(K0)

(d+ logm) ≲ 1, (46)

c2(
√
d+

√
logm)

√
N ≲ c31mλλr(YY⊤)

R2

c2

√
rσr(Y), (47)

(
√
r +

√
logm)

√
N ∥Y∥ ≲ c1c2mλλr(YY⊤)

R2

c2
, (48)

where Equations (43) to (46) are sufficient for (40) by making each summand in the square bracket
in (39) to be less than 1

20 , Equation (47) is sufficient for (41), and Equation (48) is sufficient for (42).

By additionally choosing c1 and c2 so that

c2
R2

≥ Ω̃

(
Nrκ(YY⊤)

λ

)
> 1,

c31
c2

≥ Ω̃

(√
Nd(κ(Y) ∨

√
N)√

rλλr(YY⊤) ∥Y∥

)
,

c21
c22

≥ Ω̃

(
d

r ∥Y∥2

)
,

c1c2 ≥ Ω̃

(√
Nrκ(Y)

λλr(Y)

)
,

Equations (43) to (48) are satisfied and the induction conditions for the t + 1 step hold. The final
convergence result follows immediately from induction, where the convergence speed is θ. By
Lemma 4.3, θ = 1− 1

2
√
κ(K0)

≤ 1− Θ(1)√
rκκ(Y)

.

H LLM USAGE

In preparing this paper, large language models (LLMs) such as ChatGPT were used only for light
editing purposes, including minor grammar checking and sentence polishing. No part of the re-
search ideation, methodology design, experimental execution, or analysis was conducted with the
assistance of LLMs.
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