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ABSTRACT

The optimization of neural networks is fundamental in machine learning. While
the conjecture that linear width suffices for convergence has been confirmed in
some restrictive settings, a significant gap remains for non-smooth ReLU net-
works, for which prior works require substantially wider, polynomial-width net-
works. We significantly narrow this gap by developing an analysis that simultane-
ously achieves near-linear width and accelerated convergence for two-layer ReLU
networks with shared first layer and vector-valued outputs. Our results are en-
abled by a novel unbalanced Gaussian initialization that tightly controls the kernel
shift for the non-smooth ReLLU activation. We prove that gradient descent (GD)

achieves linear convergence for networks with only Q(Nn/\) neurons, where N
is the sample size, n is the output dimension, and A denotes the smallest eigenvalue
of the (limiting) neural tangent kernel (NTK), which is standard in prior analyses
operating in the NTK regime. Within the same framework, Nesterov’s accelerated
gradient (NAG) attains a provable speedup without sacrificing near-linear width,
improving the iteration complexity from O(nxlog 1) to O(y/nrlog 1), where &
is the NTK condition number. Finally, our analysis establishes low-rank adaptiv-
ity: by introducing a sketching step at initialization and a subspace analysis, the
width requirement reduces to (N7 /) for responses of rank r < n. By tackling
the key analytical hurdles of non-smoothness and vector output with a shared first
layer, our work substantially tightens the required width for provable convergence
in ReLU networks and brings theory closer to long-standing conjectures.

1 INTRODUCTION

The study of neural network training dynamics has seen substantial progress in recent years, partic-
ularly in the overparameterized regime where networks can perfectly fit the training data (Du et al.,
2018} |Allen-Zhu et al.| [2019). A central question is the minimum width needed to guarantee that
first-order methods converge to a global minimum, and it is widely conjectured that a width linear
in the sample size N should suffice. While this has been confirmed for networks with smooth acti-
vation functions (Liu et al., [2022a; [Bombari et al., 2022), a significant gap remains for the widely
used non-smooth ReL.U activation. For two-layer ReLU networks, existing theories require widths
that scale polynomially with [V and depend on data properties, such as the smallest eigenvalue A of
the (limiting) neural tangent kernel (NTK, Jacot et al.|2018)). Although the best-known requirement

has improved from Q(N°A=%) (Du et al., 2018) to ﬁ(NZ)\’Q) (Munteanu et al., 2022), this is still
far from the conjectured linear dependence on V.

We substantially narrow this gap by providing the first analysis showing that a near-linear width is
sufficient for the provable convergence of two-layer ReLU networks trained with gradient descent
(GD) and Nesterov’s accelerated gradient (NAG). Our work tackles the more challenging and prac-
tical setting of vector-valued outputs with a shared first layer, which introduces significant analytical
hurdles due to the Kronecker product structure of the empirical kernel not present in the simpler
scalar-output models.

Our key enabling technique is a novel unbalanced Gaussian initialization scheme. By setting the
output layer weights to be larger than the hidden layer by a factor, we bias training toward the NTK
regime, which allows controlled feature movement; in contrast, the opposite scaling leads to the
random feature regime where the hidden layer is essentially frozen (Nguyen, 2021). The use of
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Gaussian-initialized weights provides the necessary technical machinery to derive tight bounds on
the evolving kernel matrix, a crucial step for handling non-smooth activations.

‘We summarize our main contributions as follows:

* Near-linear width for ReLU networks: We first prove that a near-linear width of
Q(NnA~1) is sufficient for GD to globally optimize two-layer ReLU networks with vector
outputs in the NTK regime (Theorem [3.1)). This significantly improves upon the previous
best-known quadratic bound in this regime (Munteanu et al.| 2022]).

* Provable acceleration at near-linear width: We show that Nesterov’s acceleration can
be achieved in this challenging setting without requiring a larger network width, some-
thing prior analyses of acceleration for ReLU networks did not establish. Our framework
confirms that NAG improves the rate from O(nx log 1) to O(y/nklog ) (Theorem .

* Novel analysis for low-rank adaptivity: For low-rank responses, we introduce a sketching
step at initialization. While this reduces the width requirement to depend on the response
rank r < n, it makes the empirical kernel rank-deficient, breaking standard contraction
arguments used for convergence. We resolve this with a novel subspace analysis, proving
that the training dynamics remain confined to an invariant, contracting subspace, thereby
recovering a fast linear rate for a problem that is not strongly convex. This reduces the

width requirement to Q(N7A~1) (Theorem .

Collectively, these results, summarized in Table (1| push the theory of ReLU network optimization
significantly closer to long-standing conjectures. The remainder of the paper develops these results,
with full proofs and numerical experiments provided in the appendix.

Table 1: Results for two-layer ReLU networks. N is the sample size, A is the smallest NTK
eigenvalue, x is the NTK condition number, ' is the condition number of the conjugate kernel (CK,
Neal|2012), x,- and 7 are the condition number and rank of the response matrix, respectively. “RF”
denotes the random feature regime where the training dynamics are driven by CK.

Output Algorithm Initialization Width Rate Regime

GD (Du et al.,[2018) Random Q(NG)\ Y O(N*A”logl) NITK
GD (Song & Yang,2019)  Random QN* A O(N*X?logl) NTK
Scalar  HB (Wang et al.,[2021) Random Q(N*k 2x4) O(y/klog 2) NTK
(n=1) NAG (Liuetal,2022b)  Random Q(N*k2A\72)  O(y/rlogl)  NTK
GD (Munteanu et al.;2022) Coupled Q(N?A7%)  O(N?XA72?logl) NTK
GD (Ours, Theorem | Unbalanced Q(NA™Y) O(rlog 1) NTK
NAG (Ours, Theorem b Unbalanced Q(NA™Y) O(y/klog?t) NTK

GD (Nguyen, [2021) Unbalanced Q(N) O(r'log 1) RF
n-dim.  GD (Ours, Theorem | Unbalanced Q(NnA~1) O(nklog 1) NTK
Vector  NAG (Ours, Theorem 3.2)  Unbalanced (~2(N nA™t) O(y/nrlogl)  NTK
NAG (Ours, Theorem{d.1)  Unbalanced Q(NrxiA™") O(y/rkk,logl) NTK

1.1 ADDITIONAL RELATED WORKS

Overparameterization and training regimes. In the infinite-width limit, training suitably scaled
neural networks by gradient descent reduces to kernel regression with a fixed NTK, explaining
linearized (“lazy”) dynamics (Jacot et al., 2018} [Lee et al.l 2019; |Chizat et al., [2019). Different
scalings place training in the random feature (or conjugate kernel, CK, Neal[2012)) regime, an NTK-
leaning regime that permits controlled feature movement, or richer feature-learning regimes. For
two-layer networks with smooth activations, linear widths are attainable in various settings (Bombari
et al., 2022; [Liu et al., 2022a). In contrast, for the non-smogth ReLU activation, classical NTK-
type analyses progressed from Q(N®) (Du et al., 2018) to Q(N*) (Song & Yang, [2019; Oymak

& Soltanolkotabil [2020) and further to §~2(N 2) via coupled initialization (Munteanu et al., 2022},
yet still far from the conjectured linear width. Nguyen| (2021)) obtain linear width in the random
feature regime by unbalancing toward a zero output layer. By contrast, our unbalanced scaling biases
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training toward the NTK-leaning regime that allows more substantial hidden layer movement, which
is often associated with improved representation learning; this controlled movement is crucial for
bounding kernel shift with non-smooth ReLU activation, especially in the vector-valued case.

Width and NTK eigenvalues. Our near-linear width bounds scale with the smallest (limiting)
NTK eigenvalue A, which is standard in NTK regime analyses. Recent results give lower bounds
or concentration for empirical NTK eigenvalues at initialization (scalar outputs) and clarify when
A remains well-conditioned under mild geometric conditions (Karhadkar et al., 2024} [Yang et al.,
2024). These insights help justify Q(Nn/\)-type requirements in our vector-valued setting, where
we further control kernel shift during training.

Vector-valued outputs with a shared first layer. Unlike training n independent scalar heads,
vector outputs with a shared first layer induce a matrix-valued kernel, which admits a Kronecker
product structure when expressed in the standard kernel matrix form. This is classical in vector-
valued RKHS and multi-output Gaussian processes (Micchelli & Pontil, 2005; |Alvarez et al.,|2012).
Handling this coupling makes concentration and kernel-shift control more delicate than in the scalar
case, and is central to our analysis.

Acceleration and low-rank adaptivity. Momentum methods provably accelerate NTK-style train-
ing for ReLU networks (Wang et al, 2021} [Liu et al.| [2022b} |Liao & Kiyrillidis| [2024), but prior

proofs require widths at least 2(N*) and focus on scalar outputs. We obtain NAG’s /k speedup at
near-linear width in the vector/shared-feature setting. Moreover, with sketching at initialization, we
establish low-rank adaptivity, reducing width from Q(Nn/X) to Q(Nr/\) for rank-r responses via
a subspace analysis. Our sketching approach is in line with randomized sketching methods (Halko
et al.}|2011;Pilanci & Wainwright,|2016), and complements tailored-initialization analyses in matrix
factorization and linear networks (Ward & Koldal [2023; |Xu et al.| 2024).

2 PRELIMINARIES

Throughout this paper, ||-|| denotes the Euclidean norm of vectors or spectral norm of matrices, |||
denotes the Frobenius norm of matrices. For any matrix, [-];. and [-].; denote the i-th row and
column, respectively, o;(-) denotes the i-th largest singular value. For a square matrix, A;(-) denotes
its i-th largest eigenvalue. For a matrix X, we use col(X), row(X) and ker(X) to denote its column
space, row space and null space respectively, and denote its condition number as x(X). We use ®
and ® to denote the Hadamard and Kronecker product, & to denote the direct sum of vector spaces,
vec(-) to denote the column-first vectorization of a matrix, and diag(-) to denote the diagonal matrix
from a vector. For scalars a, b, we occasionally use a V b and a A b to denote their maximum and
minimum. We use < and 2 to omit absolute constants.

We consider training vector-valued two-layer ReLU networks for regression under the square loss:

. 1 T 2
min £(V, W) =5 Y = Vo(WTX)||. (1
Here, X = (x1,X2,...,XN) € R*N denotes the input data where d is the input dimension and N
is the sample size, Y = (y1,y2,...,y~n) € R™¥ denotes the responses where each response is

an n-dimensional vector, o(-) = max(-, 0) denotes the element-wise ReLU activation, V € R"™*2m
and W € R9*2™ are the output and hidden layers of neural network with even number 2m of
neurons. We assume the data is normalized as in|Du et al.| (2018} [2019); Munteanu et al.| (2022).

Assumption 2.1. For any j € [N], vill <L

x|l =1,

2.1 GRADIENT DESCENT AND NESTEROV’S ACCELERATION

Let R(V,W) = Vo(W "X) — Y denote the residual. The (sub)gradient of the loss function in ()

wrt. Vand W are:

VyL(V,W)=R(V,W)o(X'W), VyL(V,W)=X(R(V,W) V)0 1[X"W >0)),

where 1[-] denotes entry-wise indicator. At the ¢-th iteration, GD performs the following update:
Vipr =V =V L(V, W), Wi =W, — Vi L(Vy, W), (2)
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where 7 is the step size. For NAG, we take the form initially designed for smooth strongly convex
loss (Nesterov}, [2013) with a fixed momentum parameter [ for all iterations:

Vi1 =1+ 8) (Ve = Vv L(Vy, Wy)) = B(Vie1 = Vv L(ViZ1, Wiq)),
Wi =1+ B) (W —nVwL(Ve, Wy)) — B(Wi1 —nVw L(Vi—1, Wi_1)), 3

where we set V_; = Vand W_; = Wy. When 3 = 0, NAG (@) reduces to GD (@). Therefore,
we can study the convergence rate of GD and NAG in a unified form.

2.2 LIMITING AND EMPIRICAL KERNELS

Our analysis relies on the neural tangent kernel (NTK, Jacot et al.|2018). We make the following
standard assumption on the limiting NTK K € RV*Y of two-layer ReLU networks, defined as

Kji =Ewono1) [X;—er Aw Tx; >0, w x> OH

Assumption 2.2. Assume K has smallest eigenvalue A\ := Ay (K) > 0, and thus its condition

number k = k(K) < oo.

Assumption[2.2]holds when no two data points are parallel (Du et al.,[2018). The value of A depends
on data collinearity and remains well-behaved for common distributions (see Remark [3.4).

Since we consider training both layers, the limiting conjugate kernel (CK, [Neal 2012) G :=
Ew~n(01)[0(XTw)o(w ' X)] is also involved. According to the original definition inJacot et al.
(2018), the full NTK for training both layers is K + G. We refer to K as the NTK to align with
prior works that only consider optimizing the hidden layer (Du et al.| [2018}; |Munteanu et al., [2022).

In our finite-width setting, the empirical NTK and CK matrices at iteration ¢ are defined as K; =
S B/, ® A;yand G; = (0(XTW,)o(W/ X)) ® I, respectively, where A; ; = [V,].;[V,];
and B; ; = diag(1[W, X > 0]; )X T Xdiag(1[W] X > 0];..).

3 RESULTS FOR GENERAL VECTOR RESPONSES

We first introduce our unbalanced initialization scheme for general vector responses:
Vo = (01@,—014’), Wo = (CQ‘I’,CQ‘I’), (4)

where & € R™*™ and ¥ € R¥>*™ are standard Gaussian random matrices, and ¢1,cy > 0 are
scaling factors. The first and second halves of neurons are coupled at initialization, ensuring the
initial network output is zero, allowing flexible choice of ¢; and co without changing the initial loss.

The key to our results is to make this initialization sufficiently unbalanced by imposing specific
scaling conditions on c¢; and cy. For GD, we require the following conditions:

Since changing the scaling factors does not affect the condition number of Ky, there is no recursive
definition in (3). With this unbalanced scaling, we establish the main result for GD.

Theorem 3.1 (General vector responses, GD). Consider a two-layer ReLU network with initializa-
tion (@) satisfying the scaling conditions in (3). If the network width is near-linear,

Nn Nndrk 1
> . -
m_max{Q( \ poly(log 5 )),Q(5>},

then for any 6 € (0, 1), GD with step size n = 1/ L achieves L(V1, W) < e L(Vy, Wy) in
T = O (nk -log(1/e))

iterations with probability at least 1 — 6, where L = \1(Ky) is the largest eigenvalue of the initial
empirical NTK, A\ and r are the smallest eigenvalue and condition number of the limiting NTK

(Assumption 2.2), respectively.



Under review as a conference paper at ICLR 2026

Theorem [3.1] shows that if the output layer is sufficiently large compared to the hidden layer, then
GD exhibits global linear convergence at a near-linear width.

For NAG, we have similar initialization scalings that lead to acceleration at the same width:
3~/ NVd ~ d ~ (VN
(VD) e g(VAY L, s q( YA, (©)
Co \/’Tl)\ Co \/ﬁ A
Theorem 3.2 (General vector responses, NAG). Consider a two-layer ReLU network with initial-
ization [@)) satisfying the scaling conditions in (0)). If the network width is near-linear,

m > rnax{Q (]\;\n . poly(log NT;dK)) , Q(;) },
then for any § € (0, 1), NAG with step size n = 1/L and momentum 3 = (V'L — \/i)/ (VL + /i)
finds a solution satisfying LV, Wr) < e-L(Vy, Wy) in
T = O (v/nk - log(1/e))
iterations with probability at least 1 — 6, where L = A1 (Ky), 1 = Ann(Ko).
Theorem |3.2|shows that NAG accelerates the convergence rate from O(n«x) to O(y/nk). It simulta-

neously achieves the best-known convergence rate and smallest-known width requirement for ReLU
networks. Numerical evidence of such an acceleration is provided in Figure[T]in Appendix [A]

Remark 3.3. Our unbalanced scaling allows the hidden layer to change by a factor of O( ¥ 7;\ \/E)'
For comparison, the opposite scaling in |[Nguyen| (2021) leads to the random feature regime where
the hidden layer weight is only allowed to change by a factor of O ( )]‘\?]VB((? ) , essentially reducing the
problem to linear regression with slower convergence (see Figures [3|and d]in Appendix [A).

Remark 3.4. The smallest NTK eigenvalue A = An(K) depends on the data collinearity

d = min;z; min(||x; — x;||,[|x; + x;||). By Lemma 7 in Karhadkar et al| (2024), A =
(1+ %)_352. For Gaussian or uniform spherical data (equivalent after normalization),

§ = Q(N~2/4) with high probability, and thus A\ = (1) whenever log N < d, which holds in
the typical high-dimensional regime. Therefore, the dependence on A would not dominate the de-
pendence on N. Meanwhile, it is difficult to derive an explicit dependence for general distributions.

3.1 PROOF OVERVIEW FOR GENERAL RESPONSES

Our proof strategy is to show that the residual dynamics closely approximates a fixed, contracting
linear system, a common approach in the NTK literature (Wang et al.,|2021}; Liu et al., 2022b). How-
ever, its success hinges on tightly controlling the deviation from the linear system, and prior analyses
fall short in our setting due to two interacting technical hurdles. First, the shared vector-output layer
induces a complex Kronecker product structure in the initial kernel Ky. To overcome this, we
leverage matrix Chernoff bounds to prove that a near-linear width is sufficient for the kernel to be
well-conditioned at initialization, establishing a stable starting point for the dynamics (Lemma [3.6).
Second, and more critically, the non-smooth ReLLU activation causes discrete shifts in the kernel
matrix during training, and a naive analysis of this process leads back to the suboptimal (N?)
width requirement (Munteanu et al., 2022). Our key innovation, the unbalanced Gaussian initial-
ization, provides the necessary machinery to tightly control this evolution, allowing us to break this
quadratic barrier (Lemma [3.9). Building on these two pillars, the proof proceeds by an inductive
argument to show that the kernel shift and other error terms remain bounded, ensuring the dynamics
stay approximately contractive and converge linearly.

3.1.1 INITIAL CONDITION

Firstly, we have |[ro|| = |Y||p by coupled initialization. Define Ry = max;ciom ||[Vol. il
Rw = maX;c[2m [[[Wo].,i||. We have the following bounds with proof in Appendix

9m(nAd)

Lemma 3.5. Suppose V and W are as (@), then with probability at least 1 — % —2e” " 61,

Ler/i < Ry < ey(Vi + 2y/logm),
%62\/3 < Ry < ca(Vd + 2+/logm).
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By Lemma Ry and Ry, are roughly O(c;v/n) and O(coV/d).

The convergence rate depends on the condition number of the initial empirical NTK, K. We show
that a width of 2(Nn) suffices to bound its extreme eigenvalues under our initialization.

Lemma 3.6 (Eigenvalues of K). Suppose Vo and W are as @), § € (0, 1), if the width satisfies

2
mmax{fl ('Xﬂ nlog]\;n> ,Q((ls)},

then Ay, (Ko) > 3c3mA and M\ (Ko) < 9ctmn (K) with probability at least 1 — 6.

The proof is provided in Appendix [C.2] Unlike prior works that use entry-wise deviation bounds
requiring quadratic width (Du et al.| 2018} Song & Yang} 2019), we achieve near-linear width by
exploiting the Kronecker product structure and positive-semidefiniteness of the summands via ma-
trix Chernoff bound (Proposition [B.3). While similar ideas have been adopted for scalar-valued
networks at initialization (Yang et al., 2024} |[Karhadkar et al.| 2024} [Kim & Pilanci} [2024]), vector-
valued networks pose additional challenges due to the Kronecker structure and unbounded support
of Gaussians. By Lemma K has condition number O(nx) with high probability. The depen-
dence on n arises from the largest eigenvalue and is likely to be necessary: ignoring B; o and con-
sidering only A; o reduces the problem to the concentration of Gaussian sample covariance, where
this dimensional dependence appears naturally (Koltchinskii & Lounicil 2017). Lemma [3.6] allows
even smaller width than Q(NNn) for initialization when ||X|| < ||X||z. For uniformly distributed
data where ||X||> = O(N/d) (Vershynin, 2010), the width requirement become m = Q(Nn/d),
matching the expressivity bound in Zhang et al.|(2021) up to logarithmic factors.

3.1.2 TRACKING THE RESIDUAL DYNAMICS

We now track the residual dynamics. Let Py = V1 — Vi and Q; = W1 — W, denote the
updates at each step, R; := R(V,;, W;) denote the residual and r; = vec(R;) denote vectorized
residual. For j € [N], let S; be the indices of neurons that do not change their activation patterns on
xj,ie., S5 = {i € [2m] | I{W]X > 0];; = 1[W] X > 0], ;, Vt > 0}, and let S}~ = [2m] \ S.

Proposition 3.7 (Dynamics). NAG admits the following residual dynamics:

Tep1) ry &t
( r, ) = Tnac <I‘t1> + (0> ) (7
where & is specified as (I0) in Appendix|D|and

(1 + ﬂ)(INn - 77K0) _IB(INTL - UK0)> )

Tnag = ( Iy, 0

When 3 = 0, (7)) corresponds to the GD dynamics r+1 = Tgpry + &, where Tap = In, — 7K.

The proof is provided in Appendix By Proposition the evolution of the residual is mainly
driven by the transition matrices Tgp and Tyag corresponding to the reference systems for GD
and NAG. By Lemma 3.6} K has full rank and bounded condition number. Therefore, with proper
choice of 7 and 3, Tgp and Txag are contraction maps. We provide the proof in Appendix

Lemma 3.8 (Contraction). Denote L := Xy (Ko), pt := Ann(Ko). By setting 3 = 0and n = it

_ 1 . o \/f,\/,j _ 1 _ 1
holds | Tapl| < 1 O By setting 3 = N andn = 1 it holds | Tyac|l <1 T

3.1.3 CONTROLLING ERROR TERMS

We prove convergence via an inductive argument. We assume that up to iteration ¢, the weights
remain close to their initialization and the residual contracts exponentially. We then show that these
conditions continue to hold at iteration ¢t + 1. For this purpose, we bound the deviation from the
reference system, including the kernel shift in NTK, K; — K, and the whole CK, Gy, by leveraging
the assumption that the weights remain close to their unbalanced initialization.
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Lemma 3.9 (Kernel shift). Foranyd € (0,1), Ry > 0and Ry € (0, ¢2), suppose the width satisfies

m>Q<R2 los (2?»

Then with probability at least 1 — 6, following inequalities hold for any V; and W, such that
I[Vi):i = [Vol.ill < Ru, [[[Wil.i — [Wol.ill < Ro, Vi € 2m)]:

Ko — K;|| < 6mNRZ(Ra/co) + 4mNR1(2Ry + Ry),
1G]] < 2m | X|* (Rw + Ra)*.
Moreover, if R%, - f—; > R1(2Rv + Ry), then | Ko — K¢|| < 10mNRZ,(Ra/c2).

The proof is provided in Appendix [E.I] As mentioned earlier, bounding the kernel shift for vector-
valued ReLU networks is non-trivial. Naive reduction to the scalar output case could yield worse
dependencies on N and £2 <2, making linear width insufficient. By Lemma | the kernel shift can

be properly controlled by ||r¢|, thus shrinking exponentially given the induction condition.

We then bound the error induced by the change in the activation pattern and higher-order error
terms. Here, higher-order terms refer to those whose norm can be bounded by degree-2 monomials
of [[ri]l. ||/l and ||Qq ]l For GD, we have [Pylly = [|VyL(Ve, W)l = O([r]). and
similarly ||Q:||z = O(]|r:]|), hence they are properly controlled under the induction assumption.
For NAG, by recursion we have

¢
P, = —nVL(V,, W)+ 98 VL(V, Wo) =0 > BT VLIV, W,).
s=0
Therefore, as long as 3 < 62, by triangle inequality it holds | P||p, = O(#?). Similarly we have
[Q¢llz = O(6"), and thus higher-order terms can be controlled in O(62").

For the change in activation pattern, we first call the following result from Wang et al.|(2021}).
Lemma 3.10 (Lemma 11 in [Wang et al| (2021)). Suppose Wq is as @), Ry € (0,c2),
[[Wil.i — [Wol.ill < Ra forallt > 0. Denote S := max;e[n]|S;|. Then with probability
at least 1 — N - exp(—mRz/c2),

|S;| < 8mRy/ca, Vj € [N].

For completeness, we provide a proof in Appendix [G.2} Lemma relates the pattern change
to the hidden layer weight change. The error terms involving M+ and ¢ in Proposition can
be bounded in terms of S and factors of O(||r||) or O(||Q¢|l), which are of O(6?). Wrappmg up
these terms, we have the following bound on the error ||&;||.

Lemma 3.11. Suppose 0 < < 0> < 0 < 1. Ifforall0 < s < tandi € [Zm]
Ci0° | Y| 1[Vs)i — [Vol: Iw slii — [Wol.ill < Ra and the events in Lemma
happen, then

0
1&¢ll <

VSCZ Y |l + 305N (Ry + R1)? C16* Y |

892t
b g PCHmCy Cor Xl IYIE + 658 2% + Gy )t ¥

where Cy = || X||p (Rv + R1), Cw = || X||p (Rw + R2).

Moreover, the weights at the next step are still close to their initialization under some additional
conditions. We provide proofs for Lemmas and[3.12]in Appendices[G.3]and
Lemma 3.12. With the same assumptions as Lemma[3.11) if
NC1Cw Y]y < (1= 0)* Ry, nCiCv || Y|y < (1= 0)*Re,
thenfor alli € [Qm], [Vt+1]:,i — [VO]JH S Rl, and ||[Wt+1]:,i — [Wo]J” S RQ.

Finally, by properly choosing the width m and scaling factors c¢; and cs in (@), we can verify that all
the induction conditions are satisfied, and we get the GD convergence rate in Theorem[3.1] The full
proofs for GD and NAG in Theorems [3.1] and [3.2] are provided in Appendices[G.5]and|G.6}
Remark 3.13. While initialization only requires €(||X | width, our full convergence proof re-
quires (V) due to the dependence on N in Lemmas 3 and-
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4 RESULTS FOR LOW-RANK RESPONSES

In the general results of Section [3] the network width and convergence rate depend on the ambient
output dimension n. This can be suboptimal when the response matrix Y has a low-rank structure
(i.e., rank(Y) =: r < n). To exploit this structure, we introduce a sketching step at initialization:

VO = (ClY@, —ClY‘I’), WO = (02\11702‘:[’), (8)

where ® € RV*™. Compared to (@), the initialization of V now involves a random projection of
the response matrix Y, which embeds its low-dimensional structure directly into the output layer.
However, this intuitive step introduces a major analytical challenge. In particular, the sketching step
renders the initial empirical kernel K rank-deficient, a critical departure from the full-rank case
in Section [3] Consequently, the idealized linear dynamics are no longer a contraction on the entire
space, and the convergence proof from Section [3.1]no longer applies.

Our analysis overcomes this by proving that the dynamics remain confined to an invariant, contract-
ing subspace corresponding to the positive eigenvalues of K. The success of this approach again
hinges on the following unbalanced scaling, which ensure the dynamics are well-behaved:

3 ~(VN Y N ~ Nrie(Y
a4 Q<v dn(Y) v v >), a. Q(\/g> e > Q<m(>) )
VR IYT ) o = N\ F I O (Y)
Theorem 4.1 (Low-rank vector responses). Consider a two-layer ReLU network with sketching

initialization ®) satisfying the scaling conditions in Q). If the network width is near-linear in both
the sample size N and the rank r,

Nre2(Y) Nrdkr(Y) 1
> -~ . -~ 7 —
m > max{Q( \ poly <log 5 ) , 0 5)(
then for any 6 € (0, 1), NAG finds a solution satisfying L(Vp, W) < e- L(Vy, W) in

T = O (Vres(Y) -log(1/e))

iterations with probability at least 1 — 0, where r = rank(Y) and k is the NTK condition number.

Theorem shows that sketching enables low-rank adaptivity in both width requirement and con-
vergence rate, with an added dependency on the condition number of the response matrix. When
x(Y) = O(1), the result matches Theorem [3.2] with n replaced by r. This can happen, for instance,
if r < min(N,n) and the observed responses are r-dimensional Gaussian responses randomly
embedded into n-dimensional Euclidean space (Vershynin, [2010).

4.1 PROOF OVERVIEW FOR LOW-RANK RESPONSES

As established, the central challenge is the rank deficiency of the initial kernel K, which invalidates
the global contraction argument from the general case. Our proof overcomes this by demonstrating
that the residual dynamics are surprisingly confined to an invariant, contracting subspace where a
linear convergence rate can be recovered. The first step in our analysis is to precisely characterize
this subspace; we prove that the positive eigenspace of K aligns perfectly with the low-rank struc-
ture of the responses, showing that col(Ky) = RY ® col(Y) (Lemma 4.4). The crucial technical
step is then to prove that the dynamics remain confined within this subspace throughout training.
We show by induction that for all ¢ > 0, both the residual r; and the error term &; lie in this invari-
ant subspace (Lemma [4.5), a highly non-trivial result given the non-linear ReLU activation. With
this subspace confinement established, we formally prove a contraction mapping for the operator
Tnac when restricted to this subspace (Lemma.6). This re-establishes the key condition for lin-
ear convergence, and the remainder of the proof follows the inductive argument from Section
controlling the kernel shift and other error terms to derive the final accelerated rate in Theorem

We first provide a counterpart of Lemma [3.5] for initialization (8) with a spectral lower bound.
Lemma 4.2. Suppose Vo and W are initialized as (B), 7 > 0, then with probability at least

1— 2 _9¢ M — 9e— min{(m— r+1)log Lt ,c m}

Lero (Y)W < Ry < e [Y] (Vi + 2y/iogm)
*Cg\[< Ry < CQ \f+2\/10g
0-(Vo) > e1V2r (Vim —Vr — )Ur( )-
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If the failure probability is small for some T > 0 and m > r, then col(Vy) = col(Y).

The proof is provided in Appendix[C.3] By Lemmaf4.2] Ry scales with ©(y/7) instead of ©(y/n),
and Vg keeps the column space of Y with high probability. Equipped with these results, we show
the following counterpart of Lemma [3.6] with complete proof in Appendix [C.4] for initialization ().

Lemma 4.3 (Eigenvalues of K). Suppose Vo and W are as @), § € (0, 1), if the width satisfies

~ HX||27%2(Y) Nr 1
> il
m maX{Q ( \ log 5 Q2 5 )

then Any (Ko) > 2cimAo2(Y) and My (Ko) < 9c¢tmrA; (K) Y ||? with probability at least 1 — 6.

By Lemmal4.3] rank(Ko) > N7 and x(Ko) = O(rrx?(Y)) with high probability. We characterize
the positive eigensubspace of K and show its connection to the column space of Y.

Lemma 4.4 (Eigensubspace of K). Assume the results in Lemma.3| holds, then
ker(Ko) L row(Kjp) = col(Ko) = RY ® col(Y).

We further show that r; and &; are in the positive eigensubspace of Ky for all ¢ > 0.
Lemma 4.5. Assume the results in Lemmaholds, then {r;, & }1>0 C RY @ col(Y).

The proofs of Lemmas 4.4 and [4.5]are provided in Appendices [F.I]and[F2] With these two lemmas,
we can show that residual and error are contracted by the NAG dynamics in the low-rank setting.

Lemma 4.6 (Low-rank contraction). Denote L := \1(Ky), p := Ay, (Ko), x(Kp) = % By setting
8= VLR andn = % it holds for any u,v € RN ® col(Y) that

- (1= ) )]

In particular, vy and &; are contracted.

The proof is provided in Appendix[D.3] After resolving the low-rank subspace issue, the rest of the
proof follows Section By modifying the proof of Lemma[3.9|(see Appendix [E.2), we show that
kernel shift is properly controlled by the change in weights. Meanwhile, Lemmas|3.1T]and [3.12]still
hold for initialization (8). Therefore, we can show Theorem [d.1|by properly choosing c1, ¢ and m
as for Theorem [3.2] The complete proof is provided in Appendix

5 CONCLUSION AND FUTURE DIRECTIONS

We establish the first convergence guarantees for two-layer ReLU networks that simultaneously
achieve near-linear width and provable acceleration, significantly narrowing the gap between theory
and the long-standing conjecture that linear width suffices. Our analysis, enabled by a novel unbal-
anced Gaussian initialization, demonstrates that: (i) a near-linear width of Q(Nn/)\) is sufficient
for GD to find a global minimum,; (ii) NAG provably accelerates convergence to an O(+/nk) rate
without requiring additional width; and (iii) for low-rank responses, a sketching technique adapts
the width requirement to the intrinsic rank r» < n. These findings substantially advance the state of
the art for training non-smooth neural networks in the challenging NTK regime.

Our work lays a rigorous foundation for some critical avenues of future research. One is to extend
our optimization analysis to the study of generalization. While our focus is on optimization, the
ability to guarantee convergence under mild overparameterization provides a crucial stepping stone.
Understanding how the choice of unbalanced scaling impacts the learned features and subsequent
generalization is an important open question that our framework is well-suited to explore.

Furthermore, our analysis considers full-batch gradient methods. Extending these near-linear width
guarantees to the stochastic setting (SGD) is a highly challenging but vital next step for aligning the-
ory with modern practice. Similarly, adapting our techniques from shallow networks under square
loss to deeper architectures and other loss functions, such as cross-entropy, would broaden the ap-
plicability of these results. We believe the tight control over kernel dynamics demonstrated in our
work provides a robust analytical toolkit for tackling these future challenges.
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A NUMERICAL EXPERIMENTS

This section provides supporting numerical experiments. All experiments are conducted on an Intel
Core 17-13700F CPU and an NVIDIA GeForce RTX 4060 Ti GPU.

Firstly, we compare the convergence rates of GD and NAG. We set input dimension d = 20, output
dimension n = 10, sample size N = 100, and width 2m = 2000. We generate input data {x;}¥ ;
and {y,;}¥ , independently from uniform distribution on shpere S?~*. We apply initialization (@)
with ¢; = 10 and ¢ = 0.1. We choose step size n = % for GD and NAG, and momentum parameter

b= g;ﬁ, according to Theorems and We run 5 trials independently and plot the GD

and NAG loss curves in Figure[I] As illustrated, NAG achieves an accelerated convergence rate.

— GD
04
10 NAG
107*
1078
£102
10716
10720
10
0 200 400 600 800 1000

Iteration

Figure 1: Convergence rates of GD and NAG. Solid curves represent average loss values across five
independent runs, with semi-transparent lines showing individual runs. Shaded regions denote £1
standard deviation from the mean. NAG converges much faster than GD.
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Figure 2: Iteration complexity vs rank of response matrix. When width is of Q(Nrx2) as required
in Theorem 4.1} the convergence rates exhibit similar behaviors and grow with the rank as predicted
(green and yellow lines). Smaller widths are out of the scope of our theory and exhibit different
convergence behaviors (blue and purple lines).

Secondly, we demonstrate the low-rank adaptivity when applying initialization (). We keep d, N,
c1 and co as before, while changing the output dimension to n = 50. We sample input data from

12
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the uniform distribution on unit sphere S?~!. For low-rank responses, we first t generate standard
Gaussian random matrices Yl € R™ " and Y2 € RY*" then form Y = Y1Y2 , and finally

normalize each column of Y to get Y so that ||y;|| = 1, Vi € [N]. The rank r is chosen from 1 to 8.
We select m = a - Nrx2, where K, = K,(Y) denotes the condition number of the response matrix
and « is a scaling factor chosen from {272,271 20 21 22}, We apply NAG with 1) and /3 specified
in Theorem {f.1 We run 5 trials 1ndependent1y and plot the average number of iterations to make
the loss smaller than tolerance 10~° for each « and r in Figure 2} As depicted, when « is large,
the iteration complexity grows with the rank, and increasing its value further would not change the
iteration complexity by much, indicating the width requirement in Theorem is fulfilled. The
width for & = 1 ranges from 200 to 7000 depending on the rank, which is much smaller than the
prediction of Theorem [3.2] yielding 2Nn = 10000, demonstrating low-rank adaptivity. When « is
small, the width may fail to meet the requirement in Theorem resulting in slower convergence
which is out of the scope of our theory.

1073
51073 8
- =107
< 5
3 z
210°° =
g = 1075 4
[} o
e0 o0
g g
<1077 < 1079 4
2 £
k- e=01 | E
3 1o <107
=T Cc1C=1 ~
1077
—¥— (1C2=10
—=— (102=100 1078

0% 102 10" 10° 100 10®  10° 0% 102 10" 100 100 10*  10°
Initialization ratio c1/C3 Initialization ratio ¢1/C5

Figure 3: Hidden layer weight change (normalized by initial weight) vs initialization ratio after 100
NAG iterations. If the hidden layer is initialized to be larger than the output layer (towards the left in
plots), then the weight change is small and the training falls into the CK (or random feature) regime.
If the output layer is initialized to be larger than the hidden layer (towards the right in plots), then
the weight change is relatively large and the training falls into the NTK regime. In the left plot, we
fix N = 100. In the right plot, we fix c1co = 1.

Thirdly, we illustrate that different unbalancedness leads to different training regimes, namely the
CK (random feature) regime and the NTK regime. For this part, we set d = 20, n = 10, m = Nn,
and apply NAG with initialization for T = 100 iterations. To illustrate smoother transitions

between the two kernel regimes, we set = % and 8 = % where L' = A\ (Hy), ¢/ =

Ann(Hp), and Hy = Ko + Gy is the total kernel matrix at initialization. The input data and

responses are again sampled uniformly from S?~!. We plot the relative weight change in the hidden

layer % with respect to the varying initialization scaling ratio c¢;/ce in Figure [3] and

plot the training loss £(Vr, W) along with the condition number L'/u’ of Hy in Figure l As
illustrated, when the ratio ¢1 /¢ is small, the hidden layer is larger at initialization and CK dominates
the dynamics, leading to smaller weight change and slower convergence. When the ratio is large, the
output layer is larger and NTK dominates the dynamics, leading to larger weight change and faster
convergence. We (also |Song et al.[(2021)); Bombari et al.| (2022)) consider the latter scaling, while
Nguyen|(2021) considers the former one.

B PROBABILITY TOOLS

B.1 CONCENTRATION INEQUALITIES

This section provides some basic concentration inequalities for random variables.

13
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Figure 4: Training loss after 100 NAG iterations and condition number of empirical kernel matrix
vs initialization ratio. We fix cjco = 1. The left plot shows that the convergence of training loss in
the CK regime (hidden layer larger, to left) is slower than in the NTK regime (output layer larger,
to right). This phenomenon is captured by the difference between condition numbers of the initial
kernel matrix Hy = Ky 4+ G in the two regimes, as shown in the right plot.

Proposition B.1 (Lemma 1 in Laurent & Massart|(2000)). Let W ~ x%(r) be the squared Euclidean
norm of a standard Gaussian random vector in R". Then for any s > 0,

P(W=>r+2yrs+2s) <e®
P(W <r—2rs) <e*.

Lemma B.2 (Bernstein’s inequality, Theorem 2.8.1 in|Vershynin|(2018))). Let X1, ..., X,, be inde-
pendent zero-mean sub-exponential random variables. Then for every t > 0,

t2 t
P >t] <2exp | —cmin — o :
>ic 1 X[, maxici<m 1 Xl

where ¢ > 0 is an absolute constant.

m

> Xi

i=1

Lemma B.3 (Weighted Chernoff, Theorem 1 in [Raghavan| (1988)). Suppose maxi<;<m a; > 0,
X1, Xo, ..., X, are independent Bernoulli random variables with E[X;] = p;, then for 6 > 0,

P (i a;Xi > (1+9) iaipi> <
=1 =1

el (i aipi)/(maxi<i<m a;)
[(1 + 6)“*5)}
B.2 SINGULAR VALUE OF RANDOM MATRIX

This section provides a tail bound for the smallest singular value of sub-Gaussian random matrices.

Proposition B.4 (Rudelson & Vershynin| (2009)). Let A be an N x n random matrix, N > n,
whose elements are i.i.d. zero mean sub-Gaussian random variables with unit variance. Then for
T > 0, we have

P(o,(A) < 7(VN — V= 1)) < (err)V 7 g7 2N

where cy,ca > 0 depend (polynomially) only on the sub-Gaussian moment.

B.3 MATRIX CONCENTRATION

This section provides concentration inequalities for eigenvalues of the sum of random matrices.
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Proposition B.5 (Matrix Chernoff, Theorem 4.1 in |Gittens & Tropp|(2011)). Suppose {Z;}, is a
set of independent random positive-semidefinite matrices with dimension n, ||Z;|| < B. For k € [n],
let p, = M\ (O 1| EZ;), then

5 Ki/B
] , V6 >0,

P <>\k: <;Zz> > (1+(5),uk> <(n—-k+1) [(14_5)14—6
m 6_5 wi/B

C PROOF FOR INITIALIZATION
This section provides proofs for Gaussian initialization (4)) and Sketching initialization (g].

C.1 PROOF OF LEMMA[3.3]

Proof of Lemma[3.5] Applying Proposition with s = 2log m for the upper part and taking the
union bound, we get

)

P (3 € ], [|[@):4l) > v +2y/logm) <
}P’(Eli € [m], |[®).] > \/a+2«/logm) <—,

where @ and W are defined as in (@). On the other hand, since the columns of @ and ¥ are
independent, plugging s = %—Z in Proposition we get

IS\éﬁ> < e

»—lg‘»—t

3

P (Vi € [m], [|[®]..

Similarly, we have
d m
P (\ﬁ & [m], [, < f) <ot

Combining the upper and lower bounds with coupled initialization and definition of Ry and Ry,
we get the final results. O

C.2 PROOF OF LEMMA[3.6]

Proof of Lemma@ In this proof, we omit the iteration index and denote A; := A, o, B; = B, o.
Given coupled initialization (), we have K( = 2 (Z:’;l B/ ® Ai), hence it suffices to consider
the sum of the first m neurons and multiply the final results by a factor of 2. For any ¢ € [m], the
expectation of B, ® A, is given by

EB; © A;] = E[B;] © E[A|]
= Ewn01,) [diag(l[w'X > 0))X " Xdiag(L[w' X > 0])] ® (ciL,)
=K ®1,.

Let L = ¢2\;(K), i = c¢3), then Assumptionimplies
M (EB] @ A)]) =L > Ay, (EB] ®A;]) =1 >0.
We first derive a lower bound for Ax,,(Ko). Let Z; = (B] ® A;) - 1[||[Vo]..|| < My] where
My, > 0 is a threshold to be specified, we have
E[Z] =E[B] ® Ai) - 1[[[[Vol.ill < Mv]]
= C%K L, —E [(Bj ®A;) - ]l[||[VO]:,i|

> Mv]] ,
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and hence

m

= Ann (m.]E[BiT ®A] =Y E[B] @A) 1[l[Vol.ll > MVH)

> mji — ZM B @ E[A; - 1[[[[Vo]..il| > Mv]])
=mji — ZM E[A; - 1{[[[Vo]..ll > Mv]]),

where the third line is from Weyl’s inequality and the fourth line is the property of the eigenvalue of
the Kronecker product. For any i € [m], let ¢; := [®]. ;, we have ¢; ~ N (0,L,) and

AL (EJA; - 1{[[[Vol.all > My]]) <E A (A - 1[||[[Vo]..s DI
<E[M (Ggig] Ll |sll > My])]
< Egnonn [l Tler 6] > Mv)]

= Ewnnxz(m) [W 1 [cl\/w = MVH

cf/(oo P(W >z)dx

My 2
1

§c§/ 6_3(24-\/%) ds
s s
Scfes<2+ n)

s

Here, the first line is by the convexity of the top eigenvalue and Jensen’s inequality. The second
line is by relaxing the condition within the indicator. The fifth line uses the integral identity for non-
negative random variables. The sixth line uses the tail bound for x?(n) distribution (Proposition|B. 1)

with change of variable x = n + 2/ns + 2s, and My = c¢;/n + 2,/ns + 2s for some s > 0.

By choosing s = max{n, log(6x(K))}, we have

UNn > mfi —mLe <2 + \/ﬁ)
S

> mei — 3mei (K) (6x(K)) ™
1
-2

\/

~miji,

and correspondingly

My = ¢ - max {\/571, \/n +2¢/nlog(6x(K)) + 2log(6/<(K))}

< <\/5Tz+ 2log(6/<;(K))) .

Moreover, for every i € [m] we have
1Zil] = 1Bl [[Ai - L[[[[Vol..ill < My]]|
< ||diag(1[W¢ X > 0];,,)X " Xdiag(1[W] X > 0];..)|| M7
< |IX))* M3
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By plugging Z; into the matrix Chernoff bound (Proposition i and setting § = % for the smallest

eigenvalue, we get
- 1
P <>\Nn (Z B/ ® Ai) < 4m,u>

i=1

,Uan>

N |

i=1

HUNn
<exp| ————5—— + log(Nn
( ogx P )>
mA
<exp | — —— +log(Nn) |,
( 40 [|X1? (5 + 21log(6x(K)))

and the bounds for A1 (Ky) and Ay, (Ko) follow immediately. The first inequality is because B;
and A; are positive-semidefinite, thus removing summands will only make the eigenvalue smaller.

Plugging inm = Q (w log %") we get failure probability less than ;.

We now derive an upper bound for A\; (Kj). Conditioned on Vi, A; = |[[Vo]. H2 I, foralli e
[m]. Denote a; = |[|[Vo]..||°. then by Kronecker product and positive semidefinite summands,
B/ ®A; <a;-B;®L, <a;|X|* Ly, and

AL (iBIQ?Ai) <\ (iai'BiT@In) <M (iai'Bz) .
im1 i1

i=1

Let Z; = a;B;, then \; (31", E[Z;]) = (321", a;) M (K). By Proposition and independence
between Vy and Wy, we have

- 3 (% = (it ai) M(K)
Pl A Z;,| > = a; | M(K) | <exp| — = +logn | .
( ' (; > 2 (; ) 1( )> P ( 10 HXH2 maX;e[m] Qi &

By definition, 37", a; = ¢} | ®||5 = }W where W ~ x2(mn), max;cpn a; = R}, By setting

s =" in Proposition we have 5% < W < 5’”7" < 3mn with probability at least 1 —2e™ "1 .

4
On the other hand, by Lemma R < 2¢%(n + 4logm) with probability at least 1 — % -

_ 9m(nAd) K . 2 _ 9m(nAd)
2e 61 . Hence with probability at least 1 — = — 4e 64

P ()\1 (Z B ® Ai> > gc%mn)\l(K)>

i=1

<P (/\1 (i Zi) > g <§: Gz‘) )\1(K)>

mnA; (K)
<exp | — 5 +logn |,
40 [|X]|* (n + 41log m)
where the first inequality is from the upper bound of W, the second inequality is from the lower

bound of W and the upper bound of Ry . By setting m = max {ﬁ (w log ]g—ln) , (i) }, the
failure probability can be bounded by J;. O

C.3 PROOF OF LEMMA [4.2]

Proof of Lemma[.2] We only need to show the Ry part, as Ry is the same as in Lemma [3.5]
Suppose Y has singular value decomposition Y = Uy EyV;E, then the columns of V;@ € R"xm

are independent Gaussian vectors with distribution A'(0, V{. Vy) = N(0,1,.).
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Applying Proposition BT with s = 21og m for the upper part and taking the union bound, we get

1
P(3i € [m], VY@ > v +2/logm) < —.
On the other hand, since the columns of @ and ¥ are independent, plugging s =

tion[B-1] we get

In

54 in Proposi-

IP’<W€ [m], ||[[Vy®].q]| < \2[) <e %R
Combining the upper and lower bounds and the singular values of Y yields the results for Ry and
Rw.
By Proposition[B.4]

50D
for some absolute constants ¢ and ¢’ and any 7 > 0. Therefore, we have
]P(T(\/TTL— Vr—1) <o, (Vy®) < 01 (Vy®) < 2/m + f) >1-

where § = 2~ min{(m—r+1)log Z.c'm} and the spectral bound follow immediately from the fact
that

V2 - UT(V;@)UT(Y) < 0,(Vo),
where the factor v/2 is due to the coupled initialization. O

C.4 PROOF OF LEMMA[4.3]

Proof of Lemma[.3| Similar to the proof of Lemma [3.6] we omit the iteration index and denote
A; = A, o, B; = B, 0, and consider the sum of the first m neurons and multiply the final results

by a factor of 2. For any i € [m)], the expectation of B ® A; is given by
EB/ ® A;] =E[B;| © E[A;]

= Ew~n(o,n) [diag(L[w X > 0))X " Xdiag(L[w'X > 0))] ® (YY)

=K® (dYY'),
where we use E[A;] = E[[VO}:J[VO]E] = cfE@NN(O,IN)[Yqbi(biTYT] =AYINY =YY,
Let L =AM (K)M(YY "), =2\ (YY "), then Assumptionand rank(Y) = r implies

M (EB] ® A)]) =L >, (EB] ®Ay]) =1 > 0= Ayry1 (EB] ®@A)]).
We first derive a lower bound for Ay, (Ko). Let Z; = (B ® A;) - 1[||[Vo]..ill < My] where
My > 0 is a threshold to be specified, we have
E[Z]| =E[B] ® A;) - 1[[[[Vo].sl| < Mv]]
=Ko (@YY") —E[B] @A) - 1[[|[Vol.ill > Mv]],

and hence
i = A (Z E%J)
= Avn (m ‘E[B] ® Aj] - iﬂi (B @A) - 1[|[[Vo].. H)
> mfi - ZAl Bi] @ E[A; - 1[[[[Vol.ill > My]))
= mfi — ZM E[A; - 1[[[Vo]..ll > Mv]]),

18
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where the third line is from Weyl’s inequality and the fourth line is the property of the eigenvalue
of the Kronecker product. Suppose Y has SVD Y = UyEyV,T,. For any ¢ € [m], we have

Vy i ~ N(0,1,.), thus
A (E[A; - 1[[Vol.ill > Mv]]) < E[A (Aq - L[||[Vol.ill > Mv])]

<E [\ (fUyEyVygid Vy Sy Uy -1 [er | Y| ||Vy o] > My])]
< Eyponor,) [C? Y1 [l D fer Y]] opl] > Mv]}
= Y Bweegry (W1 [er [YIVIV > My ]

oo
=2 |Y|? LP(W > ) dz

( My, )
c1lIYll

<Y | e <2+ f) ds
s S
< E|Y|2es (2+ f) .
S

Here, the first line is by the convexity of the top eigenvalue and Jensen’s inequality. The second
line is by relaxing the condition within the indicator. The third line substitutes 1) = V{.¢;, and the

fourth line substitutes W = ||||%. The fifth line uses the integral identity for non-negative random
variables. The sixth line uses the tail bound for x?(r) distribution (Proposition @) with change of

variable © = r + 2y/rs + 2s, and My = ¢1 | Y|| /7 + 2,/75 + 25 for some s > 0.
By choosing s = max{r, log(6x(K)x(YY "))}, we have

finy > mfi —mLe™* (2 n \/7>
S

>meEAN (YY) = 3me M (K)A (YYD (66(K)r(YY T))~?

—_

2 §mp’7
and correspondingly

My = ¢ ||Y] - max {\/ﬁ, r+24/rlog(6x(K)x(YYT)) + 210g(6/{(K)/{(YYT))}

< [[Y] <\/57+ \/2 1og(6fa(K)n(YYT))> .

Moreover, for every i € [m] we have
2
1Z: ]| = 1Bl 1A - L[V o).l < My]|| < X" M-
By plugging Z; into the matrix Chernoff bound (Proposition|B.5) and setting § = 3 for the smallest
eigenvalue, we get
mu)

P (AN,. <ZB?®A1'> <
=1
i 1

<P (AN’P (Z(B: ® Aj) - L[[|[Vol.ill < MV]) < 2MNT>
=1

HNr
<exp | ———————— +log(Nr
p( wixPag T )>

N

o[- mA (YY)
=P T XY P 5+ 2 1o (6r(K)R(YY T)))

+ log(Nr))

<

mA
exp <_4O X% R(YY ) (5r + 2log(6r(K)n(YYT))) —|—10g(N7~)> ’

19
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and the bounds for A (Ko) and An.,.(Kj) follow immediately. The first inequality is because B;

and A; are positive-semidefinite, thus removing summands will only make the eigenvalue smaller.

HXH"M(YYT)lcig(n(ﬁ)ﬁ(YYT)) log %)
1

Plugging inm = Q) ( we get failure probability less than 4;.

We now derive an upper bound for A\ (Ky). Similar to the proof of Lemma[3.6]in Appendix|C.2] we
denote a; = ||[Vo]. ||2 Let Z; = a;B;, then conditioned on Vg, by Proposition we have

. (Al (f: Zi) . (Z ) N (K)> o ( (T ) +10gn) |
=1 i=1 i

10 [1X]* maxieg

By definition, " | a; = ¢} || Uy EyV;‘I)Hi. Let W ~ x?(mr), then by independence of entries
of V4. & € R™*™ due to orthogonality, we have
m
G2 VIW <D 0 < Y|P W.
i=1
By setting s = 77" in Proposition we have 55 < W < 5% < 3mr with probability at least
“1". On the other hand, By Lemma R% < 22 ||Y||? (r + 4logm) with probability at

1—2e 1
_ 9m(rad) _ 9m(rad)

least 1 — n% — 2e 61 . Hence with probability at least 1 — 7% —4e 61,

m 9 .
P </\1 (Z B ® AZ-> > 5 Y|? mr)\l(K)>

i=1

§P<M<§EZJ532<§3W>A“KO

mrA; (K)
<exp| — 5 +logn |,
40 [|X]|* (r + 41logm)K2(Y)
where the first inequality is from the upper bound of W, the second inequality is from the lower
~ 2 2
bound of W and the upper bound of Ry . By setting m = max {Q (Nm)\ ) Jog H)ﬂ r) ,Q (%) },

1

the above probability is less than d; and we get the final result.

D PROOF FOR DYNAMICS

This section provides detailed proof of the residual dynamics in Proposition and Lemmas
and £.6] We define several additional notations. Let H; = G; + K; where G; and K; are de-
fined in Sec Let J; = 1[W/X > 0] be the activation pattern at the ¢-th iteration, M be
the mask of the neuron-data pairs that do not change their activation pattern during training, i.e.,
M, ; = 1[Jii; =[Jolij, V¢t >0], and M+ = 1,15 — M be its negation. For j € [N],
S; ={i € 2m]| M, ; =1}, and let SJJ.- =[2m]\ S;. In Proposition we have

&=+ (10)
v = (1+ B)n(Ko — He)ry — Bn(Ko — Hy—1)rs—1, (1n
¢t = vec (ﬁnRt_la(XTWt_l)(o(WtTX) —o(W,_,X))

+ BnP1 (VI Ri1) © 3,21)XTX) © i1 © M)

+ AP ((Q1X) ©Jo @ M)

+P; (0c(W/,X) — 0(W/ X))

+V: (W X) 0T — (W] X) 0 J;) o MH)

AT (((WtTX) 0J;— (W X)o Jio1) © ML)

+ﬂ+ﬂh¢rw%¢hﬁ, (12)
[pi)g = D [ALRBi. 5, Vi € [N]. (13)
v:eSjL
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D.1 PROOF OF PROPOSITION[3.7]

Proof of Proposition[3.7} In this proof we use blue color to mark the terms that go into the linear
part or ¢, of the dynamics, while we use red color to mark the terms that go into ¢;. The NAG update
is written as

(Vt+1) _ < (14 8) (Vi =R o(XTWy)) — B(Vi1 — nRy—_10(XTW,_y)) )
Wi (1+8) (W —nX((R] Vy) © LXTW, > 0])) = B(Wi_1 — X (R, V1) OU[XTW,_; >0]) )
and we have

P, =Py — (14 B)nRso(XTW,) + BnRy_10(XTW,_y),
Q: = Qi—1 — (1 + B)nX((R{ V) © U[XTW, > 0]) + AnX((R_; Vi—1) © L[XTW¢_y > 0]).

According to the NAG update rule, we have

Rit1 = VoW, X) - Y
= (Vi +P)o(W, X)-Y
=R; +Pio(W/X)+V,; (c(W/,X) — 0o(W/ X)) +P; (¢(W, [, X) — (W, X)).

T1 T2 /Tii

For the first part, we have

Ty = (BPi—1 — (1 + B)nReo (X W) + BnRy_10(XTW,_1)) 0(W/ X)

= BP;_10(W/]X) — (1+ B)nRo0(XTWy)a(W,/ X) + Ry _10(X T W,;_1)o(W] X)

= AP 10(W/] X) — (1+ B)nRso (X W)o(W/ X) + Ry 10(XTW,_1)(a(W, X))
+ BnRy_10(XTW;_1)(0(W]X) — o(W/ ;X))

= —(1+ B)nRo(X ' W1)a(W/ X) + R 10(XTW,;_1)(a(W/ X))
+B(Vi = Vi1)o(W/ X) + Ry 10(XTW, 1)(0(W/ X) — o(W, X))

= fR; — BRy-1 — (14 B)nRo(XTW)o (W[ X) + R 10(X W, _1)(0(W /X))
— BV 1(o(W/X) —o(W,_, X)) + R 10(XTW, ) (0(W/ X) — o(W,,X)).

For the second part, we have

T

Vi (0(W/1X) - o(W/ X))
Vi (W, X)01[W/ X >0 - (W/X)o 1[W/,X >0])
Vi (W1 X)01[WiX > 0] oM~ (W/X) o 1[W;X > 0] o M)
+V (W, X)01W/ X >0 oM — (W/,/X)o1[W/X >0 oM
Ts
=BV ((QL1X) 0 I[WiX > 0o M) + 75
—(1+B8)nV: (R V) 0 1[XTW, > 0))'XTX) © 1[W/ X > 0] © M)
T7
+ B8V (R Vis) @ 1XTW,_1 > 0)'XTX) 0 1[W,_ ;X > 0o M).

Ty
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Forany ! € [n], j € [N],
[T7]1,; = f:[Vt]z,i[(((RtTVt) O1XTW, >0))'X"X) 0 1[W/X > 0] M, ;
o
— Z[Vt]l’i[(((Rth) O1XTW, >0)"X"X)];; 1[W, X > 0]; ;[M]; ;
=1

=D - > | Vil (Vi Ry) @ 1[W/] X > 0)X X)), ; 1[W] X > 0],
=1 jest
2m N
= (D= D0 | DIVl VI Raig 1[W, X > 0], 1 [X X 1[W, X > 0
=1 jest) k=1
2m N m
= 1)Y= DD IV ViRl LW/ X > 0] 1 [X "X 1[W/ X > 0],
=1 jest) k=1r=1
For T+, we have
2m N m
[T7)i,; = Z— Z Z [Ai )i [Relrk[Bilk.s
i=1  iest) k=1r=1
2m
= Z - Z [A; :R:B; ¢ 5,
i=1 s}

thus

2m

= Z A RB; — Ty,
i=1
where [Ty];; = >, cgr [Ai 1 R¢Bi ¢]1,j. Meanwhile,
J

Ts = Vi (R Vis) @ 1XTW_y > 0)'XTX) @ 1[W,_, X > 0] © M)
= (Vi1 +Po) (R, Vim) @ 1XTW, > 0) TX TX) @ 1[W, ;X > 0] 0 M)

2m

= E A 1R 1Bi—1 —Tio
i—1

+P (R Vi) @ 1[XTW_y > 0)'XTX) @ 1[W,_, X > 0] © M),
where T is Ty with ¢ replaced by ¢ — 1. The remaining part of 7} and 75 can be combined:
BV ((Q[1X) ©1U[W X > 0] © M) = V1 (0(W/ X) — o(W/ ;X))
=8P, ((Q/_1X) © 1[Wg X > 0] © M) — T,
where Ty is Ty with ¢ replaced by ¢ — 1. By changing the notations we get the results in the

proposition. O

D.2 PROOF OF LEMMA[3.8]

Proof of Lemma@ Since K and I, can be s1multaneously diagonalized, elgenvalues of Tap
correspond to 1 — nA;(Ko), i € [Nn]. Plugginginn = 1 yields |[Tgp||=1— £ =1— K(KO)

For NAG, suppose ) is an eigenvalue of Txaq, then we have

det(Txac — Mann) = det((8 4 A2 = (1 4+ BN Inn + (n(1 + B)A — nB)Kg) = 0.
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By simultaneous diagonalization the above equation becomes
N = (L+B)A+ B+ (1 + B)Xi(Ko)A — n8Xi(Ko) = 0
for some 1 < ¢ < Nn. Solving the equation yields

1
)

By checking the monotonicity of || with respect to 1 — n;(Ko) € [1 — nL,1 — nul, we have

A= (14 B)(1 = nhi(Ko)) % /(T = ni(Ko)) (—45+ (1 + B)2(1 — n(Ko)))

A < max{ 3 (14 )0 = )+ V=) (35 5 (L5 BP0~ ).

1
3 (-0 B D)+ VA= AE -1+ A+ P - aD) |
Choosing step size n = % and momentum parameter 5 = g;g yields [A\| <1 — \/% O

D.3 PROOF OF LEMMA [4.6]

Proof of Lemma Similar to the proof of Lemma[3.8]in Appendix let A be an eigenvalue of
Tnag, then

A= 5 (4 )1~ (Ko = /T~y (Ko) (485 (11 BP0~ (o) )

By Lemma Ai(Kp) = 0 forany ¢ > Nr, hence A\ = 1 or A = § < 1. The corresponding
eigensubspaces are

Hi={(u",v)T Ju=v e ker(Ko)},
He={(u",v)" |u=Bveker(Ko)}.

The dimensions are dim(#;) = dim(#Hg) = dim(ker(Ko)) = N(n — r). It is easy to verify that
whenever 0 < 8 < 1,

Hl ©® Hﬁ = keI‘(Ko) X ker(Ko).

The orthogonal complement of H, ©H g corresponds to the eigensubspace with positive eigenvalues.
By checking the dimension and orthogonality, we have

(H1 @ Hp)™ = col(Ky) x col(Kj).
Fori < Nr, \;(Ko) > 0 and the corresponding subspace lie in col(Kp) x col(Kp). By Lemmal4.4]
col(Kgy) = RY @ col(Y), thus u and v reside in this positive eigensubspace. Similar to Ap-
VI-VE e have |A] <1 — /% and hence show the

VIt
contraction of (u',v')T. The contraction of r; and &; follows immediately from Lemma O

pendix , by choosing 7 = + and 3 =

E PROOF FOR KERNEL SHIFT

We first state an auxiliary result on the mean absolute value of the product of correlated Gaussian
random variables.

Proposition E.1 (Corollary 3.1 in|Li & Wei|(2009)). Let u,v € RN, ¢ ~ N(0,Iy), p= HITHH\‘]/H’
then

2 2
E|@T¢)(v )| = = (VI=p + parcsing) [u] [v] = = [Ju] |v]].

With this result, we show the kernel shift can be properly controlled by the change in weights with
high probability.
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E.1 PROOF OF LEMMA[3.9]

Proof of Lemma Given our coupled initialization, we can consider the first m neurons and then
multiply the final result by a factor of 2, as we have A; g = A0 and B; o = By o for all
i € [m] and the radius Ry and R are uniform among all ¢ € [2m]. We decompose the kernel shift
as follows:

Ko — Ky <2 Z LA, -Bli®A)

F

®Alo +2 ZB”Q@ —Aip)

i Ms i

F

For the first part, we have

2

> [Bii— Bi,o]j,k[Ai,o]p,q>
N N /m 2

< ZZ (Z Si,j7kai7p7q> )

where we denote

Qip,q = |[Aiolpals Sige = [[Telij[Telie — [Joli;[Jols,
For notation simplicity, we fix p, g, j, k for now and denote s; = s; ; 1 and a; = a; p 4. By construc-
tion, s;’s are independent Bernoulli random variables, and
2R
Els;] = P(s; = 1) < =2,
C2

where the inequality follows from Lemma G.2 in Munteanu et al.| (2022). Therefore, we can con-
struct another set of independent Bernoulli random variables X7, ..., X, such that E[X;] = %

and X; > s; for all ¢ € [m]. By weighted Chernoff inequality (Lemma , we have the following
bound for fixed a;’s:

=1 i=1 i=1 i=1

m 2Ro
1 i a; * c
<exp< 12t ) (14)

10 max;e(m) a;

Now we study the concentration properties for a;’s to ensure the above bound is valid. By Proposi-
tion[E.Il we have

2¢2
Bla] = R |[®],1(@],4] = E|(e] #0)(e] 60)] > L.
On the other hand, since [®],; and [®],,; are Gaussian, a; and its centered version are sub-
exponential with bounded /1 -norm

lla; — Elai]lly, < llaill,, < -

By plugging in t = L™ in Bernstein’s inequality (Lemma i we have

o

where ¢’ is an absolute constant. Therefore, for any d; € (0, 1), by setting m > Q(log %—Z), with
probability at least 1 — d we have

C
Zawq ™ Vp,q € [n].

m

> (a; — Ela;])

i=1

2
> clm) < 2exp (—'m),
™
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For the denominator, by union bound on sub-Gaussian tails, it holds

P (3@ e [m],3p € [n], |[®]p.] > 1/clog 275””) < 65
3

for any 05 € (0, 1), where c is an absolute constant. Thus with probability at least 1 — d3, we have

2
Aipg S c? log <Z;n> , Vi € [m],Vp,q € [n].

Plug the lower bound on the numerator and upper bound on the denominator back to (14), with
probability at least 1 — 65 — J3 we have

R
(Zazsz > Zal> < exp < CclngQ:zn>

for some absolute constant ¢’/ > 0. For any d4 € (0, 1), by setting

- (5 e () 2 o (2)

we have with probability at least 1 — §o — §3 — J,4 that

2 2 n n m
3N R,
< (IS (z| |)
1

F p=1g=

p=1g=1 i=1

3NRy,\? &
< A,
< ( o ) m>_ [lAio

m

Z (Bix — Bio) ® A0

i=1

where the second line uses the Cauchy—Schwarz inequality.

For the second part, we have

1t® At —Aip

[FEEEE () (En o)

p=1q=1j=1k

< mN? Z | A — Ai,O”fv
< 4m*N2R%(2Ry + R1)?,

where we use Cauchy—Schwarz for the first line and [B; ;] < 1 for the second line. Combining
the results, we get

1Ko — Ky < GmN%R%, +4mNR;(2Ry + Ry).
2

Meanwhile, by 1-Lipschitzness of ReLU, we have
2
1G] < [|o(XTW)o (W X)|| < [|[W/] X[, < 2m(Rw + Ry)? IX|* < 2mN(Rw + R»)?.

Picking §; = g for i = 2, 3,4 we get the final result. O
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E.2 Low-RANK KERNEL SHIFT

For low-rank responses, we show the bound on kernel shift still holds.
Lemma E.2 (Low-rank kernel shift). Lemma[3.9holds for sketching initialization (8).

Proof of Lemma|E.2] Most of the proof follows Appendix [E.Il We only need to show that under
initialization (8), the concentration of 21 1 @;8; is valid, where a; and s; are defined as in Ap-
pendix [E.T} By weighted Chernoff inequality (Lemma [B.3)), we have

= 1 D @i QCRQ
i=1 7 m 7

Given sketching initialization (8) and Proposition [E.I] we have

Ela;] = iR [[Y®],:[Y®]q.| > 2} 1Yo 1Y g

On the other hand, we have

1Y ®p,ill s, S NTY]p.:ll

thus a; and its centered version are sub-exponential with ¢;-norm bounded by
Y Tg.cl-
2
By plugging int = w in Bernstein’s inequality (Lemma , we have

IP’( m(aL

1

la; = Elad]ll,, < llailly, < et (Y],

> 1y, ) 1), ||> < 2exp (~¢'m)

for some absolute constant ¢’. Therefore, for any d2 € (0, 1), by setting m > (log %—Z) we have
Zawq A Y Y g, Vo € [

with probability at least 1 — J. For the denominator, by union bound on sub-Gaussian tails, it holds

P (31 € I 30 € B, (¥Rl >y feton 25 1Y), ) < 6

for any d3 € (0, 1), where c is an absolute constant. Thus with probability at least 1 — J3, we have
2mn .
i S N ¥yl o (57 ) i € . Yo €

Plug the lower bound on the numerator and upper bound on the denominator back to (I5)), with
probability at least 1 — 6o — d3 we have

cd'"mRs
a;S; 2 — a; | <ex
(S z 230 <o ()
for some absolute constant ¢”” > 0. The rest of the proof follows the same lines as Appendix[E.1} [

F PROOF FOR SUBSPACE ALIGNMENT

F.1 PROOF OF LEMMA [4.4]

Proof ofLemma By sketching initialization (8), col(Vy) = col(Y®) C col(Y). Since
Ko = 7" B/ @ A, is symmetric, its row space is equivalent to column space. For any

26



Under review as a conference paper at ICLR 2026

w=(w{,...,wi)" € RV w; € R", Vj € [N], it holds for every i € [2m)] that
Bi11A; ... [BilinA; w1
(B ® Aj)w = : : :
Bilni1A; ... [BilynA; WN

N
Zj:1[Bi]l,inWj
= : € RY @ col(Y),

N
> j=1Biln AW,

where the second line is from that col(A;) = col([Vo]:ﬁi[Vo]:':i) C col(Vy) C col(Y). Therefore,

we have col(Ky) € RY ®@col(Y). By assumption, rank(Y) = 7, hence dim(RY ®@col(Y)) = Nr.
2 T

By Lemma , Arn (Ko) > %(YY), thus we have N7 < rank(Kj) < dim(RY ®col(Y)) =

N7, which implies that col(Kg) = RY ® col(Y). O

F.2 PROOF OF LEMMA [4.3]

Proof of Lemmad.5] We prove the lemma by induction. By Lemma col(Vy) = col(Y). For
t = 0, col(Rg) = col(Voo(WJX) —Y) C col(Y), thus ryg = vec(Rg) € RV ® col(Y).
For &y, we examine (y and ¢o. By definition of (;, recursive definition of P;, R_; = Ry and
P_; = 0 in Proposition we have span(¢p) € (RY ® (col(Rg) U col(Vy) Ucol(gg))) C

(RN ® (col(Y) U col(sp))). By definition of ¢, for any j € [N],

[pt).; = Z [A; :R¢B;¢]. ; € col(Vy),

I
1€S;

where the inclusion is due to A; ; = [Vt}:_’i[Vt]:':i. Therefore, span(¢p) € RY @ col(Y). For ¢4,
we have

Biti1Aie . [BidinAig [Rel 1

Ktrt — . . .

Biin1Air ... BidnnAit [Ry]: n

> m Bidli AR
= € RY ® col(Vy).

Y Bidln i [Ai R

Similarly, we have

Giry = ((G(XTWt)U(Wth)) ®I,) 1

(T W)o(WIx )T, ... (oI W)o(WTxy )L\ /Rl
(LW (W)L, ... (o(xEW)o(Wxx))I, ) \[Ril:x
S (0] Wo)a (W[ %)) [Ral.

— e RN @ col(Ry).

S Y (A W)o (W] x;))[Ra.

j=1
Therefore, 1y € RN ®(col(V) Ucol(Rg)) € RN ®col(Y). Suppose {rs, &s}s<: € RY @col(Y),

then by Proposition we have r;, 1 € span({ry,r;_1,&}) Ucol(Ky) = RY ® col(Y), and
& € RV® follows immediately. Thus we complete the proof by induction. O
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G PROOF FOR CONVERGENCE

G.1 AUXILIARY LEMMA

Lemma G.1. Suppose {a;}i>0 and {b; }1>0 are two non-negative sequences satisfying
a1 <prag+by, by <0,
where 0 < p < 0 < 1, ¢y > 0, then the following holds for all t > 0:

at§0to<ag+c—0>.
0—p

Proof of Lemma[G.1} The inequality holds trivially for ¢ = 0. For t > 0, we have

t
ary1 =p"tag + Zpt_ses - Co
s=0

9t+1_ t+1
:pt+1.a0+9—p.co
—-p

1
=gttt (ao—l-a -Co>.
- P

G.2 PROOF OF LEMMA [3. 10

Proof of Lemma[B.10] The proof follows the proof of Claim 3.12 in (Song & Yang| [2019). Recall
Sf={ie2m]|3t>0, 1[W/X >0];; # L[W; X >0];;}.

Given the condition that ||[W,].; — [Wy]. ;|| < Ry forall t > 0, we can relax the constraint in S jJ-
and consider the following random variable s; for each j € [N]:

2m

sj = 1[3w e R [w — [Wol.sl| < Ra, (w'x;) - ((Wollix;) < 0].

i=1
By definition, we always have |Sj-| < s;, so we only need to bound s; with high probabil-
ity. Denote event 4; ; = {3w € R?, [[w — [Wo].;|| < Rs, (w'x;) - ([WO}LXJ-) < 0}. By anti-
concentration inequality of Gaussian (Lemma A.4 in[Song & Yang|2019),

2R _ Rz
C2

P(A; ;) =P.an(0,e0) (2] < R2) <

2mey
hence E[1[A4; ;]] < R—;. We can also bound the absolute value |1[4; ;]| < 1 and variance

E[(1[As;] - E[L[A;;])*] = E[L[A;,;]%] — (E[L[A; ;])* < E[L[Ai] < %~

Since {A; ; }7*, are independent, we can apply Bernstein’s inequality and get that for all A > 0,

- Ry A?)2

i=1
By setting A = ‘3”}232 and using the fact that A; ; = A, ; for i € [m] due to the coupled

initialization, we have s; = 231" | 1[A; ;] and thus

8mR 9mR
]P’(sj > 2) < exp (— m 2) <exp (—mRy/ca) .
o dcy

Lemma [3.10] follows immediately from the union bound on j € [N]. O
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G.3 PROOF OF LEMMA [B.TT]
Proof of Lemma By assumptions and the 1-Lipschitzness of o(-), we have

e (XTW L) < 1Kl (TWol.ill + ITW, — Wol.all) < X (IWol.ll + Ra) < Cuv.
By recursion, we have

P, =8P, — (1+B)nRo(X W) + nRy_10(X"W,_;)

t
= —nRo(XTW,) = 87 ) B Reo(XTW,) + n8" ' Roo (X W),

5=0
thus
t
IP].ill < <9t + A+ ﬁZﬁ”95> nC1 [[Rollp Cw
) 5=0
< T—51C1 [Rollx Cw,
and

t

0
IPelly < 7—5nC1vV2m |[Rollp Cw,

where weuse C; > land 8 < 62 < 0 < 1. Similarly, we have

t
Qi = —nVwL(Ve, W) = B0 B Vi L(V, W) + 08" Vi L(Vo, W)
s=0

= —X((R/ Vy) © 1[XTW, > 0]) + 78" X((Rg Vo) © 1[X W, > 0])

t
— B0 > BTUX((R] VL) 0 1XTW, > 0]).
s=0

We can bound the norm of each column of Q; by

t
1Qulill < nl1X]lp <||[R3Vt]:,i!| +8Y BRIV + 5 H[RoTVo]:,iH>
et s=0
<
—1-40

and bound the overall Frobenius norm by

nCh ||R0||FCV7

et
1Q:llr < mnCH V2m || Rollp Cv.

Next, we bound ||{;|| and ||¢¢||. We begin with |||
ICell = [[BrRe-10(XTW 1) (0(W[ X) = o(W,_, X))
£y
By (BT Vi) © UXTWoy > 0)TXTX) © 1[W] (X > 0] 0 M)

12

I

+|Ts — BT + (1 + B)nTo — BnTiollp
£3
+ 18P ((Q1X) ©1[W X > 0] © M) + Ts ||

Ly
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where T3, Ts, Tg, To and Tiq are defined in the proof of Proposition in Appendix [D.1] We
provide upper bounds for || 73|, || 75|, and || T ||, and the bounds for || Ts|| and || 71| follows
immediately by replacing ¢ with ¢ — 1. By 1-Lipschitzness of ReLU activation o (),

ITsllp < I1Pellp oW1 X) = o(W]X)[|, < [Pellp |Q X -
For T5, we have ||T5||p < VS ||VtHF | X || p maxi<i<am ||[Q¢]:i]| due to the followings:

IT5 ]z < [IV.]l® ZZ (Wea] %)) = o((WilTx;))”

Jj=1 zGS,L

< IViPS Y ([Qdlixg)”

i=1;c9L1
J zeSj

1<i<2m

N

2 2

<IVel* 5 max [[Qdlal* Y lx
=1

= IVel* S max [[1Qdl.l” X

1<i<2m

where the second line uses 1-Lipschitzness of ReLU, and the third line is by Cauchy—Schwarz
inequality. For Ty, we have

n N
1Tl =D | D [AuRB

I=1j5=1 \ieS;

SIS Y AR

2

=1 j=1 ZGSJ‘
—ZISLI > IAGRB )1
165L
N
2 2 2
<Y IS DD 1A IR 1B 5
j=1 ieS;

< IRi|? max A Y s S Bk,

Jj=1k=1 1€$’L

< IR¢|)? max A, |I> 52 N2,

where the second line is by convexity of quadratlc function, and the fifth line is by |[B; |5 ;| < 1.
We now bound terms #1, {5, {5 and £4. For /1, we have

= 1| Ri10(XTWit)(0(W/ X) = o(W, X)) [

<A Re-1llp o(XT W) oW X) = o(W,, X)),

< B [Ruc [ X7 W [ [|QU1 X

92
-0

where the second mequahty uses 1-Lipschitzness of ReL.U. For /5, we have

=Bn||Pi—1 (R, Vim) @ 1[XTW,1 > 0) X TX) 0 1[W,, X > 0] o M),
< BN IPe-1llp IRe—1llp [ Vet llp | XTX]|

021&
-0

1 CEmCy Cw || X | Roll ,

n*CImCy Cy || X | Ro5-
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For /3, we have
ls < || Tsllg + B Tsllp + (L + B)n ([ Tollp + Bn | Twollp
IT5 ] + 6% | Tollx +nSN (Ry + R1)* Cy (146 +6%) 6" | Ro|
201
1-0"
where we use the bound for 75, Ty and T in Proposition For /4, we have

IN

C1V'SC2 |Rolp + nSN (Ry + R1)2Cy (140 +6%) 6 | Ro |l

IN

ly = ||pPi1 ((Q/_1X) @ 1[W X > 0] @ M) + Py (¢(W/,X) — 0(W/ X))

< BIP e e [|Q Xl + 1Pl | QX[
16”

I

2CmCy Cw | X g IR0l -

Combine the results, we get

62t(8 — 40)

2
1-0)2 1°CimCy Cw | X[ | Ro[

[1€ell <
26 V3e2 = 2 2\ pt
+71_07701 SCVHR()||F+775N(R\/+R1) C1 (1+9+9 )9 ”RO”F

Now we turn to ||¢¢]|. By Lemma 3.9} we have
R
Ko — Kol < 100N 2 Vol o, G| < 2mC
2

Therefore, we get

leell < (14 B)n l|(Ko — Ho)r|| + B [|(Ko — Hy—1)rs 1 |
< (1+8)n (I[Ko = K[| + |G []) [[Re | + 58 (Ko = Kiea ]| + [[Gea]]) [Re-alle

<6 <5N %R% + C%) mnC16" |Ro|lp -
2

Combining the results for ||{;|| and ||¢¢|| with 6 < 1 we get the final result. O

G.4 PROOF OF LEMMA [3.12)
Proof of Lemma[3.12] By Lemma , IPs].qll < %nClCW IY||z. When nCiCw |[Y]lp <
(1 — 6)2Ry, for any i € [2m] we have

t s

t

0 1

[ Verali = [Voloall < D IPJall < T—g"C1 Y e Cw < WnCl IY[lp Cw < R
s=0 s=0

Similarly, when nC1Cy || Y ||y < (1—0)%Re we have |[[Wyi1].; — [Wol.ill < Rz, Vi € [2m]. O

G.5 PROOF OF THEOREM [3.1]

1

Proof of Theorem[3.1} Let a; = ||r; ,p=1-— ﬁ 0=1-— STGOR and define ¢ as

b = H&t

o 4 /Sng 2 24mR2 2
Co = Cl ||Y||F |:L s CV + CQL N (RV + Rl)

32m
+ 72 v Ow X[ Yl

4 6m (5NR2R2V + C%vﬂ (16)
L Co
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By Lemma a1 < p-ag+by forany t > 0. Take C; = 2and R; = %RV, ensuring Ry < Ry
and R}, - %2 > R, (2Ry + Ry). Let

wmfo(2)0() ()}

Then conditions in Lemmas and hold at ¢ = 0 with probability at least 1 — 4, and

sa1v/n < Ry < (v + 2v/logm), 17)
3Vd < Rw < eo(Vd +2\/logm), (18)
tdmA < p < L < 9cinmA; (K). (19)

Suppose these conditions hold until step £. In GD, 0 = 3 < 62 < 6, thus by Lemma[3.11] b; < ¢-6°,
and

€0 t+1
WHASawls(%+)e |
0—p

For the induction to hold at step ¢ + 1, we need:

c
ao + 5—— < C1|[Y]p. (20)
ALC\Cw || Y |lp < 1Ry, @)}
4LC\Cy ||Y||p < p*Rs. (22)
By plugging in the initial conditions (T7) to (I9), we get the following sufficient conditions for
Equations (20) to (22):
| Ry N
—_—— 1 <1 23
mCQ )\KZQ(KO)(TL+ Ogm)r\/ ’ ( )
Ry N
2 1 <1 24
co /\/QQ(KO) (n+ Ogm) ~ ( )
C2N2 \/7
— nd +logm) <1, 25
ci)mA?V(K)KS(KO)( gm) S (25)
R2 C%N
— ———(d+1 <1 26
2 C%)\,@(KO)( +logm) < 1, (26)
co(Vd + /logm)VNk(Ko) < c‘;’m)\&\/ﬁ, 7
C2
R
(vn + Vlogm)VNk(Ko) < crecomA—2, (28)
C2

where Equations (23) to are sufficient for (20) by making each monomial in the square bracket
in (T6) to be less than 55, is sufficient for (21)), and (28) is sufficient for (22)). These conditions
can be satisfied by the following specification of ¢, co and Ry:

072>§'2 Nn §>ﬁ \/Nd(\/N\/H4(K0))
Ry — A ’ co \/ﬁ)\ﬁﬁ(Ko) ’
2 ~ Nnx(K
Goaf L ) ez a YK
s nk?(Kop) A
The convergence result follows by induction, with rate < 1 — % by Lemma O

G.6 PROOF OF THEOREM [3.2]

Proof of Theorem[3.2] We prove the theorem by induction Lemma [G.I] where we set a; =

T T N\T — 1 1 1 1
H(rt art—l) ’bt_ ||£t||,P—1 m»e_ 1 2m9and
8mRy o 24mRy 5  32m 6m Ry , 9
=C1|Y 4 C N (R R —C1CyCw ||IX Y — | BN—R C
Co 1| F[V canil vt 3 (Ry + R1)” + oL vCw I Xlg Y lp + 17 < o v+ 0w

(29)
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By Lemma at+1 < p-ap + b for any t > 0. Our choice of n = % and § = \‘g;‘/g

B < 6% < 6 < 1. Take C; = 21/2, then at the 0-th step, ||ro|| < ap = V2| Y|l < C1 [|[Y||p. Take
Ry = £2 Ry, then Ry < Ry and R?, - 22 > R (2Ry + R). Let
3c2 4 Cc2

e fo(3) () o (1))

then the conditions in Lemmas [3.3] [3.6] [3-9] and [3.10] hold for the 0-th step, and R, > 0 can be
arbitrarily small as the initial weight change is 0. In particular, the initialization yields

satisfies

Clg/ﬁ < Ry < c1(v/n+ 24y/logm),

CQ;@ < Ry < ca(Vd +2¢/logm),

L < 9cinmA; (K),

1
w> gc%m)\.

Now suppose these conditions hold from step O to ¢, then with probability at least 1 — §, all results

in Lemmas[3.5] 3.6, B.9]and hold until the ¢-th step. By Lemma3.11} b, < ¢ - 6%, and thus
lrep1]] < aper < (ao + CO) gt
0—p

by Lemma|[G.1] To show the induction conditions in Lemmas [3.3] 3.6] 3.9 and [3.10| for step ¢ + 1, it
remains to show the followings:

Co
ap + m <Cy ||YHF , (30)
4C Cw ||Y||p < pRy, 31
4C,Cy [[Y |l < pRa, (32)

where the first condition corresponds to residual convergence, and the last two conditions corre-
spond to bounds on the weight changes. By plugging in the initial conditions, we get the following
sufficient conditions for Equations (30) to (32):

Ry N
,/m—éy(nﬂogm)gl, (33)

Ro N

—————(n+logm) <1, 34

Y T(KO)( gm) S (34)

02N2

= (Vnd +logm) < 1, (35)

cimAy (K)/£(Ko)

R2 C%N

9% (gilogm) <1, 36

& 2 T(Ko)( gm) (36)

(Vi + g mVN S dmA2 /. (37)
2

(v/n + /logm)VN < 0162m>\&7 (38)
C2

where Equations (33) to (36) are sufficient for (30) by making each summand in the square bracket

in (29) to be less than 55, Equation is sufficient for (31)), and Equation is sufficient for (32).
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By additionally choosing c; and ¢ so that

Co ~ (Nn
—>Q—)>1
Ry — <)\ ’

~ (NVd
(),
dee)
n/k(Ko) )’
0102Z§<@>7

Equations (33) to (38) are satisfied and the induction conditions for the ¢ + 1 step hold. The final
convergence result follows immediately from induction, where the convergence speed is . By

_ _ e
Lemmanl \/m<1 N O

G.7 PROOF OF THEOREM [4.1]

=t
A%

8 |2

Sl S
\%

Proof of Theorem We prove the theorem by induction Lemma [G.I] where we set a; =
1
|| rt art 1)

= ———,0=1— ————, and
||§t|| pP= TK o)’ , an

8mR 24mR. 6 R
co=C1|Y|lg [4 Cm 202+ 2N (Ry + Ri)* + TchvCW Xl Yl + = <5 R} + CW>‘| .

QIU/L v 02L
(39)

VI-vE
f+f

B < 6? <6< 1. Take C; = 2v/2, then at the O-th step, ||ro|| < ap = V2| Y|lp < C1 || Y||p. Take
Ry = £2 Ry, then Ry < Ry and R?, - #2 > R (2Ry + R;). Let
362 V C2

~ (Nre(YY'T ~ 1
e (2 (F5) 2 (5) 9 ()
then the conditions in Lemmas [3.10, {.2] 3] and [E2] hold for the O-th step, and R, > 0 can be

arbitrarily small as the initial weight change is 0. In particular, the initialization yields

Y
AT COVT < Ry <y Y]] (VF + 21/logm).

62;/3 < Rw < ca(Vd +2¢/logm),

1 —
§c%m)\af(Y) <p < L<93mra(K)|Y)?.

Now suppose these conditions hold from step O to ¢, then with probablht at least 1 — 4, all results
in Lemmasu -, nand-hold until the ¢-th step. By Lemma 1} b, < ¢g - 0%, and thus

Irepi]l < aper < (ao + = ) s
p

satisfies

By Lemma at+1 < p-a + b for any t > 0. Our choice of n = L and 8 =

by Lemma|[G.I] To show the induction conditions in Lemmas [3.10] @.2} -3 and [E2] for step ¢ + 1,
it remains to show the followings:

Co
ag + m <Cy ||YHF, (40)
4C:1Cw Y |lp < Ry, 41
4010{/ ||Y||F < /JRQ, (42)
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where the first condition corresponds to residual convergence, and the last two conditions corre-
spond to bounds on the weight changes. By plugging in the initial conditions, we get the following
sufficient conditions for Equations (#0) to @2):

Nr(YYT
&M(r +logm) <1, (43)
mes A
Ne(YYT
@M(r—i—logm) S, (44)
& \/n(Kg)
02N2
____aN (Vi + logm) [ Y] 5 1 @)
smAR (K)A2(YY T)/k(Ko)
2
N
R 2 (d +logm) < 1, (46)
c2 AEM(YYT)/k(Ko)
(V4 VIogmIVN S m (YY) 2 g, (1), @7)
2

Ry
D]
C2

where Equations (@3) to ([@6) are sufficient for by making each summand in the square bracket
in (39) to be less than 55, Equation is sufficient for (@T)), and Equation is sufficient for (@2)).

(V7 + Vlogm)VN || Y] < creamA. (YY) (48)

By additionally choosing c; and ¢y so that

g Q(NTH(YYT)) 51

Ry A
cico > ~( )f\gl({ﬁ(;;))

Equations (43) to are satisfied and the induction conditions for the ¢ + 1 step hold. The final
convergence result follows immediately from induction, where the convergence speed is 6. By

/ —1_ 1 __em
Lemma =1 o) <1 (Y O

H LLM USAGE

In preparing this paper, large language models (LLMs) such as ChatGPT were used only for light
editing purposes, including minor grammar checking and sentence polishing. No part of the re-
search ideation, methodology design, experimental execution, or analysis was conducted with the
assistance of LLMs.
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